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June 9-11, Växjö, Sweden, 2008
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ABSTRACT

This paper analyzes the symbol error rate (SER)
of spatially correlated multiple-input multiple-output
(MIMO) systems with linear precoding, space-time
block codes, and long-term statistical channel state
information at the transmitter. Majorization theory
and the notion of Schur-convexity is used to show how
the SER depends on the signal-to-noise ratio (SNR),
on the transmit and receive correlation, and on the
choice of precoder. Depending on these conditions,
the Chernoff bound on the SER is shown to be Schur-
convex (i.e., increasing with the amount of correla-
tion) with respect to the receive correlation, while it is
Schur-convex at high SNR and Schur-concave (i.e., de-
creasing with increasing amount of correlation) at low
SNR with respect to the transmit correlation. These
properties are inherited by the exact SER, as shown
analytically and illustrated numerically.

1. INTRODUCTION

Wireless communication systems with multiple anten-
nas at the transmitter and the receiver have gained
much attention. They have the ability to increase the
throughput linearly with the number of antennas, but
then it is required to have full channel state informa-
tion (CSI) at both the transmitter and the receiver
[1]. Unfortunately, such an assumption is unrealis-
tic in many fast-fading communication scenarios. The
channel statistics, on the other hand, change much
slower than the channel realization and it is thus usu-
ally possible to achieve statistical channel information
with a negligible long-term feedback overhead.

Multiple antennas are used to mitigate fading to
increase the reliability and to transmit data streams
in parallel to increase throughput, cf. [2]. When the
transmitter has no CSI, one common approach is to
use space-time block codes (STBCs) for this purpose
[3]. Herein, we have assumed statistical CSI at the
transmitter, which makes it possible to also use a lin-
ear precoder to adapt the STBCs to the statistical
properties of the channel. Precoding of STBCs has
been studied before, see for example [4], [5], and [6].

In this paper, we consider a spatially correlated
multiple-input multiple-output (MIMO) system with

linear precoding and STBCs. The influence of the lin-
ear precoder and the spatial channel correlation on
the symbol error rate (SER) will be analyzed using
Majorization theory, cf. [7]. In Section 2, the sys-
tem model is introduced. The Chernoff bound and
the exact SER is analyzed in Section 3 and the results
are illustrated numerically and discussed in Section 4.
The conclusions are presented in Section 5 and proofs
of lemmas and theorems are given in Appendix A.

1.1. Notation and preliminaries

Vectors and matrices are denoted with boldface in
lower and upper case, respectively. The elements of
a vector are denoted without boldface and with the
index as a subscript. If a = [a1, . . . , an]T is a vector,
then diag(a) denotes the diagonal matrix with a at the
main diagonal. The Kronecker product of two matri-
ces X and Y is denoted X ⊗Y. The vector space of
dimension m where all elements are non-negative and
real-valued is denoted Rm

+ .
When nothing else is stated, all vectors that con-

tains eigenvalues will have their elements ordered in a
non-decreasing order. Let x and y be vectors in RN

+ ,
then we say that x majorizes y if

m∑
k=1

xk≥
m∑

k=1

yk, m=1, . . . , N−1, and
N∑

k=1

xk =
N∑

k=1

yk.

This property is denoted x � y. Let f(·) be a real-
valued function on RN

+ . We say that f(·) is Schur-
convex for all x and y, such that x � y, if f(x) ≥ f(y)
and that f(·) is Schur-concave if f(x) ≤ f(y).

2. SYSTEM MODEL

The system model considers a spatially correlated
Rayleigh fading channel with n receive antennas and
m transmit antennas. The channel is represented by
the matrix H ∈ Cn×m and is modeled using the Kro-
necker model

H = RT/2
R WR1/2

T , (1)

where RR ∈ Cn×n and RT ∈ Cm×m are the positive
semi-definite receive and transmit side correlation ma-
trices, respectively, and W has i.i.d. complex Gaus-



sian elements with zero-mean and unit variance. The
receive and transmit correlation are independent.

The transmission takes place using a positive semi-
definite precoder Q ∈ Cm×m and an STBC matrix
C ∈ Cm×T that codes S symbols over T simultaneous
streams (i.e., the code rate is S/T ). The precoder has
the power constraint tr(Q) ≤ P , and the symbols used
in the STBC matrix have unit average power and are
chosen from an M -PAM symbol constellation. Hence,
the received signal Y ∈ Cn×T can be written as [5]

Y =
√

γHQ1/2C + Z, (2)

where γ is the transmission power allocated per sym-
bol, and Z ∈ Cn×T is additive white complex Gaus-
sian noise with zero-mean and variance σ2.

Herein, we will analyze how the symbol error rate
(SER) depends on the precoder, and on the receive
and transmit correlation. The transmitter is assumed
to have statistical CSI, while perfect CSI is available
at the receiver. From [5], we have that the exact SER
for the system model in (2) is

SER =
2
π

M−1
M

∫ π/2

0

det
(
I+

ρ

sin2(φ)
RR⊗[QRT ]

)−1

dφ,

(3)
where M comes from the M -ary signal constellation
and ρ = γgPAM/σ2, with gPAM = 3/(M2 − 1). The
Chernoff bound on the exact SER is often used to
simplify analysis. The Chernoff bound is achieved by
substituting sin2(φ) = 1 in (3), and is given by

SERChernoff =
M−1

M
det

(
I + ρRR ⊗ [QRT ]

)−1

. (4)

3. ANALYSIS OF THE CHERNOFF
BOUND ON THE SER

In this section, we will analyze how the Chernoff
bound on the SER in (4) depends on the receive and
transmit correlation. Observe that the performance in
(3) and (4) is independent of the eigenvectors of the re-
ceive and transmit correlation. Therefore, the analysis
focuses on the eigenvalues of the correlation matrices.
Observe that low correlation is represented by eigen-
values that are almost identical, while high correlation
means that only a few eigenvalues are large. Hence, a
vector with highly correlated eigenvalues will typically
majorize eigenvalues that are close-to-identical.

Herein, both the optimal linear precoder, in the
sense of minimizing the Chernoff bound, and equal
power allocation (i.e., Q = P

mI) will be considered. In
the latter case, the following theorem and its corollary
shows that the SER is Schur-convex in the receive and
transmit correlation, at all SNRs. Hence, the error
rate will increase with the spatial correlation.

Theorem 1. Let A ∈ Cn×n and B ∈ Cm×m be
two positive semi-definite matrices and collect their
eigenvalues in the decreasingly ordered vectors a =

[a1, . . . , an]T and b = [b1, . . . , bm]T , respectively.
Then, for ρ > 0, the function

f(a,b) = det(I+ ρA⊗B)−1 =
n∏

k=1

m∏
l=1

1
1 + ρakbl

(5)

is Schur-convex with respect to a when b is fixed and
with respect to b when a is fixed.

Proof. See Appendix A.1.

Corollary 1. The exact SER in (3), with the precoder
Q = P

mI, is Schur-convex with respect to the receive
and transmit correlation.

Proof. This corollary follows from Theorem 1 by not-
ing that the integrand of (3) is Schur-convex in the
receive correlation for fixed transmit correlation, and
vice versa.

Next, we proceed with the case when the precoder
matrix Q is chosen to minimize the Chernoff bound
on the SER. The following lemma gives the optimal
precoder at high and low SNR and a general condition
that needs to be fulfilled by the optimal precoder. The
general condition has been shown in [5].

Lemma 1. Let a ∈ Rn and b ∈ Rm be vectors
with non-negative elements, and let UR ∈ Rn×n and
UT ∈ Rm×m be unitary matrices. Define RR(a) =
URdiag(a)UH

R and RT (b) = UT diag(b)UH
T . The op-

timal value of

min
Q�0,tr(Q)=P

det(I + ρRR(a)⊗ [QRT (b)])−1 (6)

is achieved for Q = UT diag(q)UH
T , where the vector

q = [q1, . . . , qm]T has non-negative elements and is
given as a solution to the following system of equa-
tions:

n∑
k=1

ρakbl

1 + ρakblql
= µ, ∀l s.t. pl > 0, (7)

with µ ≥ 0 chosen such that
∑m

l=1 ql = P .
For high values of ρ the solution to (6) is given by

qhigh = P
m1T (i.e., equal allocation), and for low val-

ues of ρ the solution is qlow = [P, 0, . . .]T (i.e., selec-
tive allocation).

Proof. See Appendix A.2.

The following theorem shows how the Chernoff
bound, with an optimal precoder, behaves at low and
high SNR; it is Schur-convex with respect to the re-
ceive correlation while it changes from Schur-concave
to Schur-convex, with respect to the transmit correla-
tion, depending on the SNR. Then, Corollary 2 shows
how these results are inherited by the exact SER.

Theorem 2. Let a ∈ Rn and b ∈ Rm be vectors
with non-negative elements, and let UR ∈ Rn×n and
UT ∈ Rm×m be unitary matrices. Define RR(a) =



URdiag(a)UH
R and RT (b) = UT diag(b)UH

T . For ρ >
0 and P > 0, the function

g(a,b) = min
Q�0,tr(Q)=P

det(I + ρRR(a)⊗ [QRT (b)])−1

(8)
is Schur-convex with respect to a for fixed b, and vice
versa, at high SNR, while it is Schur-convex with re-
spect to a and Schur-concave with respect to b at low
SNR.

Proof. See Appendix A.3.

Corollary 2. Consider the exact SER in (3) with the
precoder chosen to minimize the SER. This function is
Schur-convex with respect to the receive and transmit
correlation at large SNR.

Proof. From Lemma 1 we have that at large SNR, the
integrand of (3) is minimized by a precoder Q that
performs equal power allocation. Hence, the same
precoder is optimal for the integrand for 0 ≤ φ ≤ π/2
and from Theorem 2 we have that the integrand is
Schur-convex with respect to the receive and transmit
correlation. Observe that the non-negative integral of
a Schur-convex function is still Schur-convex.

Next, we will summaries the results of Section 3.
When no precoder is used, the symbol error rate in-
creases with both the transmit and receive correla-
tion. This also holds at high SNR when an optimal
precoder is used and with respect to the receive cor-
relation at low SNR. The Chernoff bound on the SER
has however the opposite behavior with respect to
the transmit correlation at low SNR—that is, decreas-
ing SER with increasing correlation. In the low SNR
regime, the system performance will thus favor from
high transmit correlation and low receive correlation.
Numerical evidence of this fact is provided in [5].

4. NUMERICAL RESULTS

In this section, the Schur-convexity of the exact SER
in (3) will be illustrated numerically. When an op-
timal linear precoder is used, Theorem 2 proves that
the Chernoff bound on the SER is Schur-convex with
respect to the receive correlation (at both high and
low SNR), while it is Schur-convex at high SNR and
Schur-concave at low SNR with respect to the trans-
mit correlation. In Corollary 2, it was proven that the
exact SER inherits these properties at high SNR, and
next it will be illustrated that also the low SNR part
is inherited. The waterfilling behavior of the optimal
power allocation will also be illustrated.

In the following numerical evaluation we consider
a 4-PAM system with 3 transmit, 3 receive antennas,
and an optimal precoder. Without loss in general-
ity, it is assumed that the power allocation q and the
eigenvalues of the receive correlation a and transmit
correlation b have unit L1-norm. Hence, ρ/gPAM will
correspond to the SNR.
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Fig. 1. The exact SER (in dB) as a function of
τ for three different SNR values: (a), (b), and (c).
The transmit correlation is b(τ) = τ [1, 0, 0]T + (1 −
τ)[1/3, 1/3, 1/3]T , while receive correlation a is fixed.

First, consider the case when the receive correlation
is fixed at a = [4/9, 3/9, 2/9]T , while the transmit cor-
relation b(τ) changes linearly from the uncorrelated
case (τ = 0) to the completely correlated case (τ = 1).
The optimal precoder, in the sense of minimizing the
exact SNR is determined numerically. The exact SER,
as a function of the transmit correlation, is shown in
Fig. 1(a) at an SNR of 0dB, in Fig. 1(b) at 22dB, and
in Fig. 1(c) at 40dB. It is clear that the function is
Schur-concave at low SNR and Schur-convex at high
SNR. In this evaluation, the SER is actually Schur-
concave all the way up to 20 dB (i.e., for most practical
SNRs) before the transition into a Schur-convex func-
tion begins. The transition behavior can been seen
in Fig. 1(b); the function first becomes increasing at
low correlation and then the behavior spreads over the
whole correlation spectra. It is interesting to note that
the behavior changes at medium/high SNR. However,
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Fig. 2. The exact SER (in dB) as a function of τ
at (a) low and (b) high SNR. The receive correlation
is a(τ) = τ [1, 0, 0]T + (1 − τ)[1/3, 1/3, 1/3]T , while
transmit correlation b is fixed.
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Fig. 3. The optimal power allocation q = [q1, q2, q3]T

(with unit L1-norm) as a function of the SNR in a
correlation scenario with a = [5/8, 2/8, 1/8]T and b =
[4/9, 3/9, 2/9]T .

the resulting SER over τ is unimodal (compare with
the outage probability analysis in [8]).

Next, consider the opposite case when the transmit
correlation is fixed at b = [4/9, 3/9, 2/9]T , while the
receive correlation a(τ) changes linearly from the un-
correlated case (τ = 0) to the completely correlated
case (τ = 1). The exact SER, as a function of the
receive correlation, is shown in Fig. 2(a) at an SNR
of 0dB and in Fig. 2(b) at 40dB. It is observed that
the SER is Schur-convex with respect to the receive
correlation at both low and high SNR. Although not
proven analytically, the SER is probably Schur-convex
with respect to the receive correlation at all SNRs.

Finally, the behavior of the optimal power allo-
cation, in the sense of minimizing the exact SER,
will be illustrated for fixed correlation and different
SNRs. Consider a system with a = [5/8, 2/8, 1/8]T

and b = [4/9, 3/9, 2/9]T . Let the optimal power allo-
cation be represented by q = [q1, q2, q3]T , where q1 is
applied to the strongest eigenvalue of b and q3 to the
weakest. The optimal power allocation, as a function
of the SNR, is shown in Fig. 3. As proved in Lemma
1, the strongest eigenvalue gets all the power at low
SNR while equal power allocation is the optimal so-
lution at high SNR. Between these two extremes, the
allocation shows the typical waterfilling behavior.

5. CONCLUSIONS

In this paper we have analyzed the symbol error rate of
spatially correlated PAM-MIMO systems with space-
time block codes and statistical CSI at the transmit-
ter. Using Majorization theory, it was proved analyt-
ically that the Chernoff bound on the SER is Schur-
convex with respect to the receive and transmit corre-
lation. When an optimal linear precoder is introduced,
the Chernoff bound becomes Schur-concave, with re-
spect to the transmit correlation, at low SNR while it
is still Schur-convex at high SNR. Optimal precoding
will however not affect the influence of the receive cor-
relation on the Chernoff bound. At high SNR, these
results have been shown to be inherited by the ex-
act SER. But as illustrated numerically, all the Schur-
convexity properties of the Chernoff bound seems to
be valid also for the exact SER.

The important result of the paper is thus that the
channel correlation usually reduces the system qual-
ity, but at low SNR an increasing transmit correlation
will actually give a performance improvement (if an
optimal precoder is used). Future work would be to
extend these results to a general correlation model.

In addition, the optimal linear precoder was shown
to be equal power allocation at high SNR, while all
power is allocated to the strongest eigenmode at low
SNR. In between these two extremes, the optimal
power allocation has a waterfilling behavior.

A. COLLECTION OF PROOFS

A.1. Proof of Theorem 1

Since log(x) is a monotonic increasing function in x,
we can apply it on both sides of (5) without loss of
the generality. The logarithm of f(a, b) in (5) can be
rewritten as

lf(a,b) = −
n∑

k=1

m∑
l=1

log(1 + ρakbl). (9)

Since lf(a,b) is symmetric in a and b, we can use
the reduced Schur’s condition [9], which states that



a function f is Schur-convex with respect to the non-
negative decreasingly ordered vector x = [x1, x2, . . .]T ,
if and only if

(x1 − x2)
(

∂f

∂x1
− ∂f

∂x2

)
≥ 0. (10)

For fixed b, we have the following partial derivatives

∂lf

∂ai
= −

m∑
l=1

ρbl

1 + ρaibl
, for i = 1, . . . , n. (11)

Since a1 ≥ a2 by definition, we see that(
∂lf
∂a1

− ∂lf
∂a2

)
≥ 0 and therefore the function f(a,b)

is Schur-convex with respect to a. Due to the sym-
metry in a and b (and because it is also symmetric
with respect to the components a1, ..., an), the same
approach can be used to prove that f(a,b) is Schur-
convex with respect to b for fixed a.

A.2. Proof of Lemma 1

From [6, Theorem 1], we know that the optimal Q
will have the same eigenvectors as RT (b). Hence, let
Q = UT diag(q)UH

T be the eigenvalue decomposition
of the optimal power allocation, where q is some vec-
tor that fulfills q = [q1, . . . , qm]T ∈ Rm

+ . By noting
that we can remove pairs of unitary matrices from the
determinant, we see that (6) is equal to

min
Q�0,tr(Q)=P

det(I + ρdiag(a)⊗ [diag(q)diag(b)])−1.

(12)
The optimum of (6) is the same as the optimum of
logarithm of the same function. Hence, we can use
(5) and then consider the Lagrangian

L(q1, . . . , qm, µ, λ1, . . . , λm) =

−
n∑

k=1

m∑
l=1

log(1 + ρakblql) + µ
( m∑

l=1

ql − P
)
−

m∑
l=1

λlql,

(13)

where µ, λ1, . . . , λm are the Lagrange multipliers.
Since the objective function is convex, the Karush-
Kuhn-Tucker condition gives (7) as a necessary and
sufficient condition, provided that µ ≥ 0 is chosen
such that

∑m
l=1 ql = P .

Next, for high values of ρ the condition in (7)
becomes µ = n

pl
. Hence, the optimal solution is

pl = P
m for l = 1, . . . ,m. For low values of ρ,

the first term of the Taylor series expansion gives∑n
k=1

∑m
l=1 log(1 + ρakblql) ≈ (

∑n
k=1 ak)(

∑m
l=1 blql).

Since b1 ≥ bl for all l, the optimal solution is b1 = P
and bl = 0 for l = 2, . . . ,m.

A.3. Proof of Theorem 2

As described in the proof of Lemma 1, the problem
at hand is equivalent to (12). Let tr(RR(a)) = A
and tr(RT (b)) = B, then the natural definition of the
SNR is SNR = ρPAB/gPAM.

Next, observe that the cases of high SNR and low
SNR corresponds to those of high and low ρ in Lemma
1, respectively. Hence, at high SNR the optimal power
allocation is Q = P

mI. Since Q only scales the eigen-
values of the transmit correlation, Theorem 1 can be
used to conclude that the function in (8) is Schur-
convex with respect to a for fixed b and vice versa.

At low SNR, Lemma 1 states that the optimal power
allocation is q1 = P and ql = 0, for l 6= 1. Using this
Q, we can rewrite (8) as

g(a,b) =
n∏

k=1

1
1 + ρPakb1

, (14)

which is Schur-concave function in b for fixed a. The
receive correlation is however unaffected by Q, so The-
orem 1 can be used to conclude that the function is
still Schur-convex with respect to a for fixed b.
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