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Abstract 
Nowadays, people face a series of choices every day, what kind of factors will 

influence their choices has become a research subject. People are always looking for 

the best choice which they benefit the most. In this project, the mode choices 

people face are car, bus, train and air. The study is focused on long distance intercity 

trips and high speed rail assessment. In the discrete choice model, the benefit of 

each choice is represented by the utility function of the corresponding characters 

and people’s preference. MNL model and NL model are built to estimated people’s 

choices towards mode choices and destination-mode choices. Models with respect 

to trip purposes, income and SP combined with RP are discussed. FASTBIOGEME and 

ALOGIT are used as tools to do the model estimation, validation and making forecast. 

Market share for different modes are forecasting according to different polices. 

Elasticity with respect to cost and travel time is discussed.     
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1. Introduction 

1.1 Motivation 

With the development of technology, travel times have decreased rapidly; people 

are able to travel further using the same amount of travel time. Due to economic 

growth and shorter travel time, more and more long distance trips are made. In 

Sweden, high speed rail service is proposed to connect major cities; people will face 

new alternatives when they make long distance travels. As transport planners, we 

want to know how people choose between diverse transportation modes and what 

kind of factors will influence their choices. As a result, if high speed rail is 

implemented in Sweden, a lot of predictions need to be done in order to assess the 

new plan. For instance, what kind of influence it will bring for the current market 

share, how much travelers are willing to pay to save travel time. To carry out the 

assessment of new infrastructure, we need to understand people’s behaviors. 

1.2 Background 

Generally speaking, current long distance travel modes in Sweden are cars, trains, 

buses and air. In the railway network, most of the trains are running below 

200km/hr. A lot of slower regional trains and even slower cargo trains are running all 

over Sweden especially in the congested southern part. Under this circumstance, the 

idea of high speed train is proposed to provide more reliable trips and cut down the 

travel time. The planned high speed lines connect 

Stockholm-Linköping-Jönköping-Borås-Gothenburg and Jönköping-Helsingborg.[1]  

 

The current national model for long distance trips was updated in 2004 and four 

alternatives are included in the mode choices level which are Car, Bus, train and Air. 

The model is specified as a Nested Logit (NL) model, in which destination choices are 

in the upper level and the mode alternatives are grouped as nests for each 

destination. There are two models for private trips, and the segmentation is done 

according to tour trip duration. The first model deals with the trips duration which is 

less than six days. The second one focuses on the trips with longer duration. The 

value of time estimated from these two models differs.[2] 

 

A new national model is planned to be built for two reasons. On one hand, the travel 

condition of the rail system is different: More X2000 and less IC trains are operated 

in the network. Due to the proposal of building new infrastructure, the current 

model is not able to predict new alternative. On the other hand, the economic 

situation is different from what it was six years ago. The criteria people used to 

evaluate trade-off between different attribute might have changed.  

 

http://en.wikipedia.org/wiki/Stockholm
http://en.wikipedia.org/wiki/Link%C3%B6ping
http://en.wikipedia.org/wiki/J%C3%B6nk%C3%B6ping
http://en.wikipedia.org/wiki/Bor%C3%A5s
http://en.wikipedia.org/wiki/Gothenburg
http://en.wikipedia.org/wiki/J%C3%B6nk%C3%B6ping
http://en.wikipedia.org/wiki/Helsingborg
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1.3 Objective 

The new model for long distance trips will be proposed to deal with the limitation of 

the current one. The model will still be formulated as NL model and the essential 

part of the model estimation is to catch travelers’ behaviors as accurate as possible 

by using new dataset. New RP data doesn’t separate the X2000 from ICtrain since 

there are more X2000 running in the network and all the trains will be upgraded in 

the future. There are also plans for upgrading the existing track to adapt to higher 

speed 250km/hr, and based on this policy orientation, this aggregation of the rail 

sector will be more reasonable than the splitting one. Another reason why the train 

service is treated as a whole is that people always have the similar perception for the 

whole train market no matter what type the train is, this situation can also be 

verified by the SP study carried out by Wang. [3] Consequently, the rail service for 

long distance trip is only expressed as “Train”. New SP data has been collected 

recently in order to get more reliable trade-off between “Travel Time” and “Travel 

Cost”. This “trade-off” will be combined with the parameter estimated from the NL 

model based on RP data to represent people’s real perception of travel time and cost. 

Another task is to discuss people’s perception of VoT with respect to different 

income group. The aim of building the model is to understand people’s behaviors 

and how people will choose between different modes combined with different 

destinations. The best model will be selected and used to do the policy analysis. 

Different scenarios with respect to policy changes and infrastructure improvements 

are built to study the elasticity. 

2. Literature Review 

The long distance model is a type of discrete choice model which is based on 

disaggregated data. The discrete choice model is proposed by McFadden and the 

choices in the choice set are mutually exclusive. The specification of the discrete 

choice model may have different forms, and the most common applied are NL model 

and MNL model (McFadden, 1973). 

 

At the beginning of the modeling procedure, only the mode choices are studied due 

to the limitation of the model structure. In the first disaggregated choice model 

(Warner,1962), the binary choices of travel modes between car and transit for a 

given trip were studied. [4]After that, more and more studies are targeted to the 

mode choices of long distance travel. In the year 1981, the disaggregate logit model 

was estimated in the US by using the national travel survey which was carried out in 

1977 by Grayson. The model was used to forecasts national and regional scenarios 

for the market share of car, air, bus and rail.[5] When a NL model was developed by 

Koppelman in the year 1989[6], the destination choices, mode choices, trip frequency 

can be included in the same model. The Swedish transportation authorities have 

been developing traffic demand models for 30 years. The national model is kept 
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updated according to new travel condition and policy.[7] The first model was 

established in 1980 and was renewed in 1995. In early 90s, the NL model was used 

for long distance model formulation and estimation (Algers, 1993). The model was 

based on the national travel study conducted in 1984 and 1985. The model covered 

trip frequency, destination choices and mode choices.[8] The most recent model was 

established as NL model in the year 2004 using segmented data according to trip 

duration for private trips. 

 

In the Swedish national value of time study (Algers, 1994) carried out in 1994, 

private trips and business trips are separated to obtain more reliable results. VoT 

may vary between different travel modes as well as trip purposes. The studied travel 

modes were car, air, long distance train (X2000 and IC train), regional train, long 

distance bus and regional bus. In this study, not only the in vehicle time is studied, 

the delay time, transfer time are also the study interests. The study has the emphasis 

on the business trips and SP survey results are used. Similar study for private trips 

has been carried out in 2009-2010 to represent people’s perception under current 

economic condition. The SP data could provide a direct trade-off between time and 

cost and thus the results are more close to the reality which can be used to improve 

the performance of the RP model.[9]           

 

Recently, the feasibility studies of high speed rail have been carried out in a lot of 

countries. The economic effects and cost benefit analysis relating to the 

implementation of the high speed rail are always controversial. A lot of studies with 

respect to modeling the demand of high speed train are carried out by Spanish 

academic organizations. A competition study between high speed trains and airlines 

for the same OD pair Madrid-Barcelona (Roman, Espino, Martin, 2007) has been 

carried out.[10] In this case, the nested logit model (Ortúzar, 2001) is selected and the 

trip purpose is interacted with the travel time, so the perception of travel time in 

terms of trip purpose is able to be captured (Roman, Espino, Martin, 2007).The 

results show that the air is always the dominant mode whatever the policy is, and 

the high speed train gets the most optimistic situation when the air service faces the 

worst combination of scenarios such as delay, uncomfortable travel, longer access 

time and longer waiting time. However, this situation is actually hardly to find in real 

world. Although the accessibility increased in these cities as well as the adjacent area, 

it can hardly be measured with respect to the benefit and cost (Gutierrez, 2001).[11] 

Different scenarios are built to obtain new demand for train mode by changing the 

current travel time and cost.  

 

At the beginning of the development of long distance models, both MNL model and 

NL models have a linear specification in parameters and fixed coefficients which are 

not consistent with the reality. To solve the problem, the Box-Cox logit model is 

proposed by Gaudry and Wills at 1978 which could accommodate nonlinearity in 

parameters. This specification can also be applied to the Mix logit model (Train, 2003) 

as well, and results from this type of model are more close to the reality (Alfonso 
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Orro, Margarita Novales, Francisco G. Benitez, 2005).[12] This result is verified by the 

researchers, which shows that the results are really different and release the over 

predicted situation caused by the linear form (Mandel, Gaudry, Rothengatter, 

1997).[13] 

 

3. Methodology 

The construction of the model involves the discussion of the model type. The 

characters of different discrete choice models are stated clearly in some articles 

(Train, 2003).[14] In discrete choice models, only one alternative is chosen from the 

choice set. The choices that travelers made are based on the characteristics of the 

alternatives, zones and the preferences of themselves. Each traveler will settle for 

nothing less than the best. 

3.1 The Multinomial Logit Model (MNL) 

 

Decision maker n associates a utility with each alternative i from the choice set Cn. 

Utility is a function of socio-economic characteristics of travelers and attributes of 

the alternatives. The utility function contains two components named deterministic 

part and random part. The deterministic part Vin is a function of observed variables, 

and the random part εin represents the unobserved attributes and taste variation etc. 

The error term is assumed to be distributed Extreme Value. The special property of 

the multinomial logit model is the Independence of Irrelevant Alternatives, so the 

alternatives are independent of each other. The probability of choosing a certain 

alternative is decided by the corresponding utility. 

Uin = Vin +εin                                           (1) 

εin ~ EV (0, μ)                            

      μ ~ scale parameter                       

Vin =                                   (2) 

K ~ Observable factors                                                             

 

The value of μ cannot be identified by estimation and it is inversely proportional to 

variance of random terms. When the value of μ tends to zero, the variance is close to 

infinity which leads to equally good alternatives. On the contrary, the MNL model 

becomes deterministic model when μ tends to infinity. 

 

The existence of the error term makes sure that choices won’t change suddenly at 

certain point. The Probability of choosing a certain alternative i is shown in formula 

(3). 
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                             P(i|  ) =  
   

         
                     (3) 

 

3.2 The Nested Logit Model (NL) 

Since the random errors are subjected to the independent identical distribution in 

the MNL model, sometimes the assumption might be unrealistic. If there’s 

correlation in the unobserved attributes, a new model structure is needed. The 

nested logit model allows the random terms to be correlated, so the destination and 

mode choice will be represented by the nested logit model. A group of similar 

alternatives is called a nest;[15]in this case, each destination corresponds to a group 

of mode choices. The probability of choosing m among the alternatives in nest d is 

the joint probability of destination choice and mode choice. 

P(d,m) = P(m|d)P(d)                      (4) 

P(m|d) is the probability of choosing a mode of transport m conditional on the 

chosen destination. 

                          
 
     

 
  
    

     
    

  
  
  
  
 
  
    

 
  
 
       

    

           (5) 

P(m|d) = 
      

             

                 (6)  

 

In formula 5 and 6, μd is the scale parameter associated with the scale parameter in 

MNL model of mode choices for destination d. μ is the scale parameter associated 

with the destination choices which is always normalized to 1. The ratio of μ and μd 

should be estimated from data and the value should between 0 and 1. The ratio 

indicates the degree of independence of unobserved factors among alternatives 

within each nest. If the ratio is equal to 1, there is no correlation between any pair of 

four alternatives in the same nest. In other words, they are independent of each 

other, there’s no difference between MNL model and NL model. The ratio is 

assumed to be the same over all the nests, which means the correlation of 

unobserved factors within each nest is assumed to be identical. IIA (independence of 

irrelevant alternative) only holds within each nest. For alternatives belong to 

different nests, the relation doesn’t hold any more. 

 

The basic structure of the nested logit model is shown in fig.1 below, the destination 

choice is displayed in the upper level and the mode choices belong to the lower 

level.  

 

The model assumes that each nest has the same scale parameter, as a result, μd is 

the same for each destination d and it is considered as unknown parameter. The 
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parameter μ is assumed to be one. The ratio of μ and μd is the target we should 

estimate from the data. 

 

 

Fig.1 NL Model structure 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3 Box-Cox Transformation 

 

The Box-Cox transformation allows the data to decide the proper shape adapted to 

people’s response. The Box-Cox specification for the data is expressed in formula 7. 

                                                    
    

 
  

    

  
           

                    

                       (7) 

The biggest advantage of the Box-Cox transformation is to let the data itself decide 

the most suitable function and shape in order to improve the model precision.  

 

3.4 Calculation algorithms 

The coefficients of selected variables in utility functions are estimated under the 

maximum likelihood method.[16]  

 

The definition of likelihood is shown in formula 8. The function is specified as the 

joint probability for all observations by using observed variable values and estimated 

parameters vectors θ. 

 

Destination n 

Car    Bus    Train    Air 

Destination 1 Destination 2 Destination 3  ............ Destination n-1 

Decision maker 
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            (8) 

 

In practice it is more convenient to work with the logarithm of the likelihood 

function which is shown in formula 9. 

  

                                                 
 
                  (9) 

 

The ideal value for log-likelihood function is 0 which means that the model could 

capture people’s choices perfectly.[17] 

 

Referring to the extreme value of the function, it contains highest value and lowest 

value which is determined by the shape of the curve beside the extreme point – 

concave or convex. In principle, the value will reach extreme value when the slope of 

the log-likelihood function is equal to zero. The shape of the function curve can be 

calculated by the second derivative of the function, which is represented by the 

Hessian Matrix. The analysis procedure is searching for the optimal point step by 

step until the log-likelihood function reach the maximum value. However, if the 

function is not a simple quadratic equation but more complicated and has several 

extreme values. The calculation may lead to local optimal instead of global optimal. 

To avoid this problem, the function is required to have a range which is a totally 

ordered set to make sure the local highest values can be compared.  

 

In estimation procedure, two calculation algorithms are used, which are 

BIO(BIerlaire's Optimization) and DONLP2.  

 

BIO is a trust-region algorithm which first chooses a step size and then a step 

direction. The method only approximates a certain region of the objective function. 

In other words, it can be regarded as restricted step methods. This algorithm is used 

to estimate MNL models.[18] 

 

DONPL2, developed by Spellucci, is able to solve problems which have non-trivial 

constraint on parameters.[10] The estimation procedure is the minimization of a 

differentiable real function subject to nonlinear inequality and equality 

constraints.[19] This algorithm is used to estimate NL model. 

 

None of these two methods could guarantee that the maximum log-likelihood 

achieved from the estimation is a global optimal, which means there’s risk that the 

parameters might be the estimation results from the local maximum log-likelihood 

values. 

 

dict://key.0895DFE8DB67F9409DB285590D870EDD/second%20derivative
http://en.wikipedia.org/wiki/Totally_ordered_set
http://en.wikipedia.org/wiki/Totally_ordered_set
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3.5 Combine RP data with SP data 

When mode split problem is related to a hypothetical situation, then hypothetical 

data is needed. Because by using the actual data, new transport options are not 

available and the models are not able to predict the options of people according to 

the future situation (The RP/SP combined estimation method) (Ben Akiva and 

Morikawa, 1994).[20] 

 

RP data stands for Reveal preference data, and SP data stands for Stated Preference 

data. RP data is based on actual choices of decision makers. SP data is based on 

hypothetical scenarios. Choices which are unavailable under a current situation can 

be added to the SP survey. Attributes in RP data are always limited and correlated, 

but the correlation can be reduced or even eliminated by proper SP survey design 

and the attributes range can be extended. The preference indicator in RP data is the 

choice. However, in SP data the preference indicator can be ranked and rated. The 

RP data is cognitively consistent with real market demand, but SP data might be 

cognitively non-congruent.[21]  

 

The reason why SP data is combined with RP is to take the advantages of both 

approaches. RP data is collected from the real choice of travelers and SP could 

provide reliable trade-off between different hypothetical scenarios. In SP survey, the 

questionnaire is designed to reflect people’s preference, like willingness to pay with 

respect to different travel conditions. For instance, expensive train ticket with 

shorter travel time VS cheap ticket with longer travel time. People are facing 

questions that how much money they would like to pay to gain travel time. This is 

called value of time (VoT). Under this situation, how people evaluate their value of 

time will be reflected clearly by such kind of binary choices. The trade-off between 

time and cost will be more reliable from the model based on SP data than model 

based on RP data.  

 

In order to combine RP data with SP data, what is called scale parameter needs to be 

clarified. The utility is expressed as the sum of the deterministic part and random 

part. Assuming that the variance of the random part is v2, the actual variance can be 

written as v2=π2/62. If the variance of unobserved factor is normalized to π2/6, the 

utility will be multiplied by. Since all the utility functions are multiplied by the same 

value , each parameter is scaled by  and the choice probability is irrelevant to the 

scale parameter . [22] 

    

Since the SP dataset and RP dataset have different scale parameter, parameters of 

cost and time cannot be merged directly. The ratio of the parameters of time and 

cost is regarded as the trade-off between time and cost, in other words, the ratio is 

just the value of time. When the ratio of the parameter is taken, the scale parameter 

will be cancelled out. As a result, to eliminate the effects of different scale 
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parameters, the ratio of time and cost parameter from SP model estimation results 

will be set as constraint instead of setting constraint for parameters of time and cost 

respectively.   

4. Data 

The purpose of conducting data analysis is to identify the most important variables 

for travelers from a statistical point of view. And useful data analysis could improve 

the efficiency of model formulation and estimation.   

4.1 Overview 

In this study, Sweden is simplified into 670 zones with specific social-economic 

properties which influence the trip attraction and distribution. The characteristics 

and the choices of studied population have been obtained from the RP survey, which 

was carried out in the year 2005/2006. There are a considerable number of 

combinations of mode and destination, so it is impossible to study each choice. As a 

result, sampling of the destination is necessary. Stratified sampling is chosen to focus 

on the southern part of Sweden where the high speed rail is planned to be built. This 

method is useful when there are quite large numbers of subpopulations.[23] 

 

The data analysis in this part is the statistical analysis for each variable without 

imposing a specific model. Generally speaking, the steps of the whole procedure can 

be divided into two parts: 

1. Data Analysis for Model choices 

2. Data Analysis for destination choices 

 

    

4.2 MNL Model data analysis 

Most of the travelers face the same choice set which contains car, train, bus and air 

when they make inter-zonal trips. However, some of them do not have access to car 

mode, or the distance between two zones is too close for flight operation. Under this 

situation, people will make their choices between other available alternatives. Data 

used to describe the availability of the mode choices is obtained by the network 

analysis software Emme/2, and the data has been matched to the survey data. There 

are 12048 respondents in the data set. Excluding those respondents who have no 

access to all the alternatives, 11800 individuals are selected by BIOGEME to estimate 

the model. The socio economic factors collected in RP survey together with the 

characters of each mode obtained by network analysis are used in MNL model 

estimation part. The discussed variable names and explanations are shown in Table 

dict://key.0895DFE8DB67F9409DB285590D870EDD/imperative
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1. 

 

Table.1 Data for MNL model 

Variable Name Defination 

N_childu6 Number of children < 6 years 

Age_ychild Age of the youngest child if< 6 years 

Mode Main mode 

Purpose Main purpose 

Origin Origin zone 

Dest Destination zone main purpose 

Length_km Trip length 

Psize Party size 

HHINK Household income, SEK/year 

INKUP Respondent income, SEK/year 

UP_FORV Respondents occupation 

AGE  Age  

Car time (zone 1 - 51) Minutes  

Car distance Kilometres 

Mode_Nbo Number of boardings 

Mode _Fwai First waiting time 

Mode _AccEgr Acces Egress distance km 

Mode _Inveh Minutes  

Mode _FareY Youth Fare, SEK 

Mode _Fare Fare, SEK 

BILANT Number of cars in household 

GENDER Respondents gender 

LICENSE Respondents license ownership 

Before combine mode choices with destination choices, the basic module is to 

formulate the MNL model for the mode choice part. Travelers’ choices are the 

results from the combined effect of their preference, social economic status and the 

characteristics of the alternative.  

 

There are several types of variables, for instance, continuous variables and discrete 

variables. Most continuous variables describe the character of travel modes, for 

instance, in vehicle time, first waiting time, access and egress time, and travel cost. 

These variables are the most important information which could represent the 

trade-off between time and cost. Characteristics of modes will also be used to 

represent the improvement of infrastructures and forecast people’s response 

according to new policy. As a result, these variables are called indispensable 

variables. Most of the rest variables are discrete variables which represent social 

economic characteristics of respondents.   
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4.2.1 Continuous and indispensable variables discussion 

There are several continuous and indispensable variables, and most of them are the 

characters of the alternatives like travel time, access time, travel cost and so on. Trip 

length is another continuous variable which is not suitable to be added to the utility 

functions directly as a continuous variable. This is because the trip length is a fixed 

number no matter how the policy or the mode property changes. For instance, the 

travel time will be shorter if the high speed rail is implemented, but the distance 

won’t change at all and the trade-off between two variables will not be represented 

by such kind of variables. In this study, distance enters the utility function because 

car cost is calculated as product of travel distance and car cost per kilometer. Under 

this situation, car cost will be different because travel cost per kilometer will be 

varied with fuel price and policy.  

 

There are only two continuous variables for car mode, which are car time and car 

distance, car distance is used to calculate the car cost. They are all crucial variables 

which cannot be removed even if they are not significant different from zero.  

 

For the other three modes, the important continuous variables are exactly the same, 

which are first waiting time, access egress time, in vehicle time and fare. 

  

Another issue is that the reaction of people towards travel time, waiting time and 

travel cost is not a linear response. For instance, the cost of a bus ticket is 10kr, then 

the price of the bus ticket may be increased by 5kr. In another case, the cost of the 

bus tickets is 100kr, and then it may be increased to 105kr. In both cases, bus fare 

has increased by 5kr, but the influence on people’s choice may differ. As a result, the 

Box-Cox transformation for these non-linear response variables is required. 

  

4.2.2 Discrete variables discussion 

4.2.2.1 Trip purposes 

People made private trips for several purposes. Generally speaking, they go for 

shopping and travelling, visiting friends and relatives, entertainment, and so on. The 

commuting trip is also regarded as a private trip, but it shares some property with 

business trips as well. On one hand, most of the commuting costs are afforded by 

travelers not the company, which is quite different from the business trip. On the 

other hand, the aim of commuting trip is working, which is the same as business trip 

purpose. Because of this property, the commuting trip is included in both private trip 

modeling and business trip modeling. In this case, 21 purposes are obtained from the 

investigation results.  
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Table.2 Number of observations w.r.t. purpose and mode 

Purpose Definition Number of 

Observation 

CAR BUS TRAIN AIR 

2 Housing-work 1635 991 86 442 116 

3 Residential-school 324 81 43 195 5 

5 Study trip 119 34 46 36 3 

6 Purchase of groceries 14 14 0 0 0 

7 Other purchases 494 412 42 39 1 

8 Healthcare 132 90 15 25 2 

9 Postal or bank 3 3 0 0 0 

11 Nursery 7 3 0 4 0 

12 Other services 74 63 6 5 0 

13 A ride fetch another person 233 221 5 6 1 

14 Relatives and friends 3865 2734 238 733 160 

15 Hobbies 101 76 14 9 2 

16 Restaurant, cafe 14 11 2 1 0 

17 Exercise and outdoor activities 625 473 105 36 11 

18 Entertainment  580 383 118 66 13 

19 Associations, religious practice 183 116 42 16 9 

20 Participate in or comply with 

leisure 

34 27 5 2 0 

21 holiday 1517 1301 65 112 39 

22 Other leisure 604 521 35 32 16 

25 Other matters 1473 1232 85 103 53 

96 Crew Travel 17 0 3 3 11 

 

From the table above, the purposes of private trip look diverse and plentiful. Actually, 

only several purposes which share a large proportion of total observation number 

are important. 

 

There are two criteria for testing the importance of each purpose, which are testing 

of parameters and likelihood ratio test.[24] Each time, one purpose is added to one 

alternative in the form of a dummy variable, and then the test can be performed. 

Each purpose can be added to three out of four alternatives at most. The first 

criterion is to test if the coefficients of explanatory variables are significantly different 

from zero. In this case, the 0.05 significance level is set. If the absolute t-value of the 

parameter is greater than 1.96, which indicates the parameter is significant different 

from zero, the corresponding purpose can be added. 

 

The likelihood ratio test is more complicated than the previous test and is used to 

test if two models are equivalent. If two times of the log-likelihood difference 

between two models is larger than the critical value, the second model is regarded as 
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significant better than previous one. The probability of exceeding the critical value is 

set at 0.05.[25] 

 

If the added variable meets the standard, it will be kept in the model and the next 

variable will be added. If not, it will be replaced by the next tested variable. The 

analyzing process will be discussed later.  

 

4.2.2.2 Number of children under six & age of the youngest 

children 

Besides the purposes, the characters of group members will also influence people’s 

decision, for instance, number of children under six, age of the youngest children 

and party size. 

 

Since the variables indicating the number of children under six and the age of the 

youngest children use the same analysis methods, they are discussed together in this 

part. Party size analysis will be described in next part alone.  

 

Over 90% of respondents have less than or just two children, so the number of 

children greater than 2 is less important.  

 

In order to get an intuitive impression of the data, a mode share analysis is 

performed. The share of each mode according to different number of children is 

calculated as what is shown in Table 3. 

 

Table.3 Mode share according to different number of children under six years old 

Number of children under six Car Bus Train Air Sum 

0 0.72  0.08  0.16  0.04  1 

1 0.92  0.01  0.06  0.01  1 

2 0.88  0.03  0.06  0.03  1 

3 0.92  0.00  0.08  0.00  1 

4 1.00  0.00  0.00  0.00  1 

 

From the table above, if there is no child traveling together, the share of car is 

relatively lower than the other situations. On the contrary, bus, train and air share is 

higher. According to this analysis, a dummy variable corresponding to different 

number of children can be tested in the utility function. After performing similar 

tests, other dummy variables can be decided to be added to different modes or not. 

Similarly, the mode share of different children age is obtained and shown in table 4.   
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Table.4 Mode share according to age of children under six years old 

Age of child  Car Bus Train Air Sum 

0 0.72  0.08  0.16  0.04  1 

1 0.88  0.02  0.08  0.04  1 

2 0.87  0.03  0.08  0.02  1 

3 0.94  0.01  0.04  0.01  1 

4 0.93  0.01  0.05  0.01  1 

5 0.93  0.02  0.03  0.02  1 

6 1.00  0.00  0.00  0.00  1 

 

The same as number of children, the mode share varied with the changes in children 

age. However, the dummy variables created for it didn’t show their importance in 

the model. 

4.2.2.3 Party size 

The variable is analyzed by using Matlab. The Cumulative distribution function is 

used to plot the distribution curve in order to get an intuitive understanding of the 

data. In this part, the party size variable value starts from 1 and ends at 201, which is 

impossible to do the mode share according to each value, so a more aggregate 

method is selected for this part.  

 

The CDF function is a more powerful method which can be used to do the data 

analysis when the value range of a variable is much larger. As a result, the dummy 

variable is defined as an aggregate range instead of single variable value. This 

concept comes from probability theory and statistics. It is used to do the data 

analysis with respect to different modes. The function is defined as follows: 

 

Every cumulative distribution function F is (not necessarily strictly) monotone 

non-decreasing and right-continuous.  

                                                                                        (10) 

 

For continuous variable, the cumulative distribution function is the probability that 

the random variable X takes on a value less than or equal to , or the probability that 

X located between interval b and a.[26] 

                                                     
 

 
             (11) 

For discrete variable, the only difference is the X value is discontinuous at point   , 

and the function value is constant between each two points. 

              

                                                        
          (12) 

 

 

http://en.wikipedia.org/wiki/Probability_theory
http://en.wikipedia.org/wiki/Statistics
http://en.wikipedia.org/wiki/Right-continuous
http://en.wikipedia.org/wiki/Probability
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The cumulative distribution function (CDF) of party size according to each mode is 

calculated. The value of CDF at certain point can be regarded as the proportion of 

the whole sample whose value is less than the point. The CDF curve of each mode is 

plotted in Fig.2. 

 

Fig.2 Cumulative distribution function of Party Size 

 
 

In the figure above, the red curve represents car, yellow represents bus, blue 

represents train, and green represents air. All the curves have the comparable shape 

except bus mode. With the increasing of the party size, the CDF value for car, train 

and air increased faster than bus. For instance, the CDF value for bus is just 0.72 

when the party size is equal to 8. However, the value of other three modes is close 

to 1 which means no respondent will choose them if there are more than 8 people 

traveling together. Consequently, dummy variable corresponding to large party size 

is planned to bus utility function.  

 

There are still a lot of variables will influence people’s choices, which are called social 

economic factors. In the dataset, the social economic factors contain respondent 

household income, respondent income, respondent occupation, respondent age, 

respondent gender, car ownership in respondent’s household, respondent license 

ownership and so on. 

4.2.2.4 Age 

The same analysis has been done to the age factor. From the slope of the curve, the 
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different age sensitivity towards the four alternatives can be discussed. If the slope is 

steep at certain age range, which means the number of respondents increases faster 

at this part. As a result, the assumption that people at this age have preference for 

the alternative can be made.    

 

The CDF curve of each mode is plotted in figure 3, different color represents 

different mode just the same as Party size figure. The red curve stands for car, and 

the shape is smooth. The slope doesn’t vary a lot except the age range above 66 

years old which is more flat than the other part. This discovery has been tested by 

using dummy variables, and the same test is conducted to train and air. In the age 

trails, young people show their preference for bus which is understandable. 

Compared to other modes, bus cost is relatively low and young people are always 

the lower income group. 

 

Fig.3 Cumulative distribution function of Age 

 

4.2.2.5 Occupation 

The analysis methods of respondent occupation, respondent gender, car ownership 

and respondent license ownership are analogous. The number of occupation type is 

not large, so the mode share with respect to different definitions is obtained just like 

what has been done for number of children under six and age of the youngest 

children. 

 

Different Occupations are represented by different number. The definition of each 

number is shown in table 5. 
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Table.5 Occupation Defination 

Occupation Number Defination 

1 Self-employed 

2 Employed full time 

3 Employed part time 

4 Works in this household 

5 pensioner 

6 study 

7 unemployed 

8 In program (not studies) 

9 Conscript 

10 Children in school 

11 Other Employment 

 

Modes share according to different occupations are shown in figure 4 by the 

histograms. The reason why occupations 9, 10 and 11 are not shown in figure 4 is 

that the observation number for them is too small to influence the model results. 

From the top to the bottom, four segments represent car share, bus share, train 

share and air share respectively. Take the bus mode as an example, the bus share 

suddenly increased for the occupation 5, 6 and 7 which correspond to pensioner, 

study and unemployed.  

 

Fig.4 Mode share according to Occupation 

 

After the tests, dummy variables for occupations are added to bus. 
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4.2.2.6 Car Ownership 

The mode share according to car ownership in the respondent’s household will also 

influence people’s choices. Before the analysis with respect to number of cars in one 

household, the sample size needs to be clarified.  

 

When car ownership is greater than 4, the observation number is too small to 

influence the model results. The attention will only be paid to the car ownership no 

larger than 4. If car is available to the respondent, the car share is larger. On the 

contrary, if car is not available, the mode share for bus, train and air is higher. 

 

Fig.5 Mode share according to Car Ownership 

 

4.2.2.7 Gender 

Women and men have different response to different modes. Compared to male, 

the car mode is less preferred by female.  
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Fig.6 Mode share according to Gender 

 

4.2.2.8 License 

Driver license is another important issue, if the respondent doesn’t have driver 

license, the problility of choosing car is lower. 

Fig.7 Mode share according to License 

 

4.2.2.9 Income 

In this section, the CDF analysis is used again because of the large range of income 

values. The cumulative distribution curve with respect to the increasing in the 

personal income per year is shown in figure 4. The magnitude of income is 106.  
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Fig.8 Cumulative distribution function of Personal Income 

From the figure above, when the income is lower than 200000SEK/year, car is the 

undesirable mode and only 30% of the car users choose it at this stage. However, 

over 50% of the public transport users have made their choice. The same thing 

happened to air as well; when personal income is higher than 600000SEK/year, there 

are still 10% people choosing air but nobody chooses bus and train any more. This 

situation explained that car and air are always preferred by high income group. 

 

Fig.9 Cumulative distribution function of Household Income 

 
If the household income is used; the same trends can be obtained. More people 

choose bus and train at lower income value. 
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The income part is hard to deal with because sometimes people are not traveling 

alone but with their family, friends or colleagues. Under this situation, party size is 

larger than one and the personal income is not suitable to be used here. If the 

respondent is neither traveling alone nor with his family, the household income is 

not suitable to be used. 

 

The initial idea is to separate the respondents into two parts according to some basic 

assumptions. At first, for those respondents whose traveling party size are greater 

than 1 and the traveling purposes are health care, holiday, and visiting relatives, this 

part of respondents will be classified to the household income group. Secondly, if 

there are children traveling together and the party size is less than 8, it is probably a 

household journey. At last, respondents travel for other purposes and alone belong 

to personal income group. Due to such kind of assumption, the variable “income” is 

composed of two parts with two parameters. For instance, the income specification 

is described as “BETAp * Personal Income + BETAhh * Household Income”. If one 

respondent belongs to the personal income group, the second part will be zero, vice 

verse.  

 

At last, what needs to be emphasized is the constraint set for all the social economic 

factors. For factors like gender, occupation, car ownership and license, they cannot 

be added to the utility function unless the respondents are traveling alone. The 

reason why to set the party size constraint is that there’s only information available 

for the respondent himself but not the whole group. The preference of other group 

members cannot be captured by the social economic factors. If the constraint is not 

set here, it is improper to use one person’s information to represent the whole travel 

group. 

 

 

4.3 Destination data analysis 

According to the objective of the study, mode choice should be combined with 

destination choice. As a result, the property of each zone will determine the choice 

as well. From the destination sampling strategy, 21 destinations with detailed social 

economic information are chosen. The relevant variables are shown in Table 6. 

 

Table.6 Data for NL model 

Variable Name Defination 

Population Number of persons 

Total number of workplaces Number of workplaces 

Culture and sport Number of activities 

Retail Number of retails 
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Summerhouse building area 1000 square meters 

TuristOmrSommar 1 if the destination is an attractive summer area 

TuristpunktSommar 1 if destination includes specific tourist summer 

attraction 

TuristOmrVinter 1 if the destination is an attractive winter area 

TuristPunktVinter 1 if destination includes specific tourist winter attraction 

TuristOmrHelar 1 if destination is attractive for tourists all year 

 

The destination utility is a function of characteristics of the destination zones. The 

representative variables according to each zone are already shown in table 2. The 

different characteristics of each zone can be regarded as the attraction of the zone, 

for instance, when someone is planning to do some shopping, the area where 

contains more retails will be more attractive than the other zones. 

 

The number of population represents the zone size to some extent. 

 

The number of workplace represents the commercial and economic development of 

the zone. 

 

The number of culture and sport centers will influence the travelers’ decision when 

they are planning to do exercises or other entertainments. 

 

The summerhouse area is a continuous variable indicating the building area of 

summer house in certain area. 

 

Attractive summer/winter area and tourist summer/winter attractive area will 

influence travelers’ decision when they are trying to spend their holidays. They are 

expressed as dummy variables in the data set: 1 means the area is popular, and 0 

means not.  

 

These variables are expressed as dummy variable which means there are only two 

types of area: facilitated or not facilitated, and the different attractiveness level of 

each area cannot be learned. In other words, the zones which got the value 1 are 

equally facilitated. The variables are unable to provide any quantity information 

about corresponding zones. As a result, they are less representative than other 

variables. However, they can be put into mode level to indicate the property of the 

zone. 

 

The drawback of using BIOGEME to estimate the model is that each time only one 

variable can be used to build the destination utility function. The utility function 

specification is shown in formula 13. 

                             Vd = β * Xd                           (13) 

Xd in the formula could be any variables relevant to the property of destination. It 

could be either linear form of the variable or the log form of the variable. The final 
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model will be determined by the final log-likelihood value and prediction ability with 

respect to the added variable from the destination sector on the basis of MNL 

model. 

5. Results 

In this section, the estimation results from MNL model and NL model will be 

discussed. In the MNL model results part, the progresses of improving the model by 

adding different types of variables are discussed. The NL model is estimated on the 

basis of the best MNL model.  

5.1 MNL Model Results 

In MNL model estimation, the variables are added one by one according to the 

information types, for instance, trip purposes, social economic factors and so on. The 

purpose of doing this is to find the variables which will influence the model most 

step by step and what factors are considered to be important for travelers.     

5.1.1 Basic Model – Model 1 

The basic example only includes the continuous and indispensable variables, for 

instance, cost, in vehicle time, first waiting time, and access egress time. The cost is 

considered to be the ticket price per person for bus, train and air. There is no direct 

information about the car cost, an assumption needs to be made. The car cost per 

person is calculated as 1.6 times driving distance and then divided by the 

corresponding party size. This adjusted parameter has taken wear and tear, fuel 

price and maintenance expenditure into consideration.  

 

Model 1 specification 

 

Vcar = β1 * car_cost +β2 * car_time 

Vbus = ASCbus + β1 * bus_cost + β3 * bus_Fwai + β4 * bus_accegr + β5 * bus_Inveh 

Vtrain = ASCtrain + β1 * train_cost + β6 * train_Fwai + β7 * train_accegr 

 + β8 * train_Inveh  

Vair = ASCair + β1 * air_cost + β9 * air_Fwai + β10 * air_accegr + β11 * air_Inveh 

 

All the cost variables share the same parameter because the money effect is 

assumed to be the same for all modes. Before model estimation, the expected sign 

of all the parameters is negative except constants. The results are shown in table 7. 

 

Table.7 Basic Model Results 

Variable Value t-test 
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ASCcar 0 --fixed-- 
-26.53 ASCbus -2.17 

ASCtrain -1.25 -22.13 
ASCair -0.264 -1.14 
Cost -0.00231 -21.54 

Car_time -0.00802 -20.68 
Bus_Fwai -0.000537 -1.58 

Bus_AccEgr -0.00892 -6.11 
Bus_Inveh -0.00492 -18.23 
Train_Fwai -0.002 -3.23 

Train_AccEgr -0.0292 -19.24 
Train_Inveh -0.00446 -11.54 

Air_Fwai -0.00311 -2.41 
Air_AccEgr -0.0236 -12.18 
Air_Inveh -0.0202 -9.82 

Final log-likelihood: -8385.643 
Rho-square: 0.484 
Adjusted rho-square: 0.483 

 

All the parameters’ signs are consistent with what they are expected to be. Since the 

constant of car utility function is fixed to zero, the other constants are negative 

which means if all other conditions are the same for all of them, car is the preferred 

one. Besides car, air is the second preferred mode, and bus is ranked at last.  

 

From the estimated parameter value, the parameters of ASCair and Bus_Fwai are 

not significantly different from zero. However, they are important factors which 

cannot be removed from the utility function. Another issue is that variable 

Air_AccEgr and variable Air_Inveh have similar parameter values, so these two 

variables can be combined by using the same parameter. The parameter values of 

homogeneous variables like Fwai, Inveh and AccEgr of bus, train and air have the 

same sensitivity order. The sensitivity means that people have different response 

towards the same changes in different variables, and the sensitivity is subject to the 

absolute parameter value. The larger absolute value means higher sensitivity. In this 

model, with respect to one minute increasing in Fwai, Inveh and AccEgr respectively, 

the utility decreasing order is AccEgr > Inveh > Fwai. People are more sensitive to the 

access and egress time, if there’s same change in them, the changes in access and 

egress time will decrease the utility most.    

5.1.2 Group member characters & Number of boarding – 

Model 2 

The analysis procedure has been described in data part, and the best results after 

adding member characters are shown in table 8. Larger group has preference for bus, 

dict://key.0895DFE8DB67F9409DB285590D870EDD/homogeneous
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so Psize >= 8 is added to bus utility function. Similarly, when number of children 

under six is larger than 1, bus share decreased most.  

 

Another factor which relates to the character of the alternatives is called number of 

boardings. Theoretically, when the number of boarding of certain alternative is 

larger, people are less willing to use it.  

 

Model 2 specification 

 

Vcar = β1 * car_cost +β2 * car_time 

Vbus = ASCbus + β1 * bus_cost + β3 * bus_Fwai + β4 * bus_accegr + β5 * bus_Inveh 

 +β12 * Psize >= 8 + β13 * N_childu6 >= 1 

Vtrain = ASCtrain + β1 * train_cost + β6 * train_Fwai + β7 * train_accegr  

+ β8 * train_Inveh + β14 * Train_Nbo 

Vair = ASCair + β1 * air_cost + β9 * air_Fwai + β10 * air_accegr + β11 * air_Inveh 

 

The estimation results are shown in table 8. 

Table.8 Basic Model Results 

Variable  Value t-test 

ASCcar  0 --fixed-- 
ASCbus  -2.24 -24.77 

ASCtrain  -0.272 -3.19 
ASCair  -0.225 -0.94 
Cost  -0.00278 -22.74 

Car_time  -0.00809 -20.48 
Bus_Fwai  -0.000986 -2.56 

Bus_AccEgr  -0.0111 -6.77 
Bus_Inveh  -0.00556 -19.13 
Train_Fwai  -0.00433 -6.43 

Train_AccEgr  -0.0289 -18.94 
Train_Inveh  -0.00241 -6.27 

Air_Fwai  -0.00271 -2.06 
Air_AccEgr  -0.0241 -12.13 
Air_Inveh  -0.0198 -9.16 

Psize >= 8 (bus)  4.38 33.76 
N_childu6 >= 1 (bus)  -1.72 -6.40 

Train_Nbo  -0.679 -15.13 

Final log-likelihood: -7614.796 
Rho-square: 0.531 
Adjusted rho-square: 0.530 

 

From the results of this model, air constant is still not significantly different from 

zero while the parameter of Bus_Fwai shows its importance. 

 

The parameter of Psize >= 8 is positive, which verified the discovery in the data 
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analysis part. The N_childu6 >= 1 parameter is negative which is also consistent with 

the assumption that bus is less preferred mode if there is child travel together. The 

number of boarding of train is negative. What need to be clarified is that other party 

size numbers and numbers of children, like Psize=0, N_children=0, Air_Nbo, 

Train_Nbo have also been tested in other mode function. The reason why they are 

not included in the utility function is that the t-test shows the corresponding 

parameter is not significantly different from zero, or the likelihood ratio test shows 

that the model is not significantly better than the model without these variables. 

 

The parameters of in vehicle time for different modes can also be discussed. 

Definitely, all of them are negative and the absolute parameter values descend by 

the following order: air, car, bus and train. One minute decreasing in the travel will 

improve the air utility most. Car has the second large absolute value, which is also 

reasonable since driving is tiring. Train is more comfortable than bus because of the 

larger space on train, so the decreasing in the bus utility due to the longer travel time 

is larger than train.  

 

The likelihood ratio test is applied for the two models.  

 

The null hypothesis is that the second model is the same as the first one, so the new 

variables’ parameters are assumed to be zero.  

Table.9 Comparison of model results 

H0 (null hypothesis): parameters of three variables are equal to zero 

LL(β)1= -8385.643, LL(β)2= -7614.796 

Degree of freedom = 18-15=3  

Critical value of chi-squared = 7.815 

-2(LL(β)1 - LL(β)2) = 1541.7 > 7.815 

Reject H0, second model is significantly better than first model 

 

The variables describing the characters of group members have improved the model 

a lot. The second model is proved to be significantly better than the first model. 

5.1.3 Purpose study – Model 3 

The purpose discussion is quite time consuming because there are numerous 

combination of purposes. The estimation procedure is started from purpose2, and 

the purposes are defined as dummy variables. From the testing results, purpose2 can 

be added to car, train and air mode. Then purpose3 is added to car and train, and 

purpose5 is added to car only. All the purposes are tested in the same way. Finally, 

due to the combined effect of different variables, some variables which have passed 

the two tests become less significant. For instance, purpose2 is removed from the car 

utility function because of the correlation with other newly added variables.  
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According to the two criterions described before, the purpose test results are shown 

in Table 10.   

Table.10 Purpose testing results 

Purpose CAR BUS TRAIN AIR 

2 Housing-work 0 0 1 1 

3 Residential-school 1 0 1 0 

5 Study trip 1 0 0 0 

6 Purchase of groceries 0 0 0 0 

7 Other purchases 0 0 0 0 

8 Healthcare 1 0 0 0 

9 Postal or bank 0 0 0 0 

11 Nursery 0 0 0 0 

12 Other services 0 0 0 0 

13 A ride fetch another person 1 0 0 0 

14 Relatives and friends 0 0 1 1 

15 Hobbies 0 0 0 0 

16 Restaurant, cafe 0 0 0 0 

17 Exercise and outdoor activities 1 0 1 0 

18 Entertainment 1 1 0 0 

19 Associations, religious practice 1 0 1 0 

20 Participate in or comply with leisure 0 0 0 0 

21 holiday 0 1 0 0 

22 Other leisure 1 0 0 0 

25 Other matters 1 0 0 1 

96 Crew Travel 0 0 0 0 

 

In this table, 1 means the purpose can be added to the utility function, 0 means not. 

Most purposes have influence on car mode because car is always the preferred one. 

From the two tests’ results, different purposes are added to different modes. 

 

After the step by step study of purposes, the best model specification is shown as 

follows. 

 

Model 3 specification 

 

Vcar = β1 * car_cost +β2 * car_time+ β14 * Train_Nbo+ β15 * Residential-school trip 

 +β16*Purpose_Study + β17 * Purpose_Healthcare + β18 * Purpose_Fetch people 

 + β19 * Purpose_Entertainment + β20 * Purpose_Associations&religious 

 + β21 * Purpose_Other leisure + β22 * Purpose_Other matters 

Vbus = ASCbus + β1 * bus_cost + β3 * bus_Fwai + β4 * bus_accegr + β5 * bus_Inveh 

 +β12 * Psize >= 8 + β13 * N_childu6 >= 1+ β23 * Purpose_Entertainment 

 + β24 * Purpose_Holiday 

Vtrain = ASCtrain + β1 * train_cost +β6*train_Fwai+β7 * train_accegr + β8 * train_Inveh 

 + β14 * Train_Nbo+ β25 * Train_Nbo+ β25 * Purpose_Housing-work  

+ β26 * Purpose_Study + β27 * Purpose_Relatives and friends 
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Vair = ASCair + β1 * air_cost + β9 * air_Fwai + β10 * air_accegr + β11 * air_Inveh 

+ β28 * Purpose_Housing-work 

 

The estimation results are shown in table 11. 

Table.11 Basic Model Results 

Variable  Value t-test 

ASCcar  0 --fixed-- 
ASCbus  -1.19 -24.94 

ASCtrain  -0.272 -10.76 
ASCair  -0.933 -3.81 
Cost  -0.00242 -20.58 

Car_time  -0.00989 -23.67 
Bus_Fwai  -0.000990 -2.54 

Bus_AccEgr  -0.0100 -5.99 
Bus_Inveh  -0.00608 -20.05 
Train_Fwai  -0.00430 -6.28 

Train_AccEgr  -0.0258 -16.93 
Train_Inveh  -0.00281 -7.30 

Air_Fwai  -0.00254 -2.00 
Air_AccEgr  -0.0245 -12.23 
Air_Inveh  -0.0212 -9.81 

Psize >= 8 (bus)  4.14 30.70 
N_childu6 >= 1 (bus)  -1.54 -5.81 

Train_Nbo  -0.659 -14.13 
Purpose_Residential-school (car)  -1.68 -7.84 

Purpose_Study (car)  -1.74 -7.30 
Purpose_Healthcare (car)  -0.968 -4.78 

Purpose_Fetch people (car)  1.39 4.33 
Purpose_Entertainment (car)  -0.306 -2.08 

Purpose_Associations&religious (car)  -0.517 -2.79 
Purpose_Other leisure (car)  0.478 3.43 

Purpose_Other matters (car)  0.373 3.99 
Purpose_Entertainment (bus)  0.653 3.62 

Purpose_Holiday (bus)  -0.729 -4.69 
Purpose_Housing-work (train)  1.23 13.50 

Purpose_Study (train)  1.55 7.71 
Purpose_Relatives and friends (train)  0.675 8.99 

Purpose_Housing-work (air)  1.94 12.26 

Final log-likelihood: -7154.523 
Rho-square: 0.560 
Adjusted rho-square: 0.558 

 

In this model, all the parameters are significant different from zero. Car is still the 

most preferred mode, and the second preferred mode air is replaced by train in the 

new model. 
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Except Residential-school trip and Study trip, car has the largest share for all other 

purposes. Theoretically, the parameters for these purposes should be positive. 

However, the parameters of Purpose_Healthcare, Purpose_Entertainment and 

Purpose_Associations&religious are negative which shows that the signs of different 

parameters are not only decided by the variable itself but also the combined effect 

of other variables.  

 

The comparison of this model and the previous one is shown in table 12. The null 

hypothesis is that the new model is the same as the second model, accordingly, the 

parameters of the newly added variables are assumed to be zero. There are 14 new 

variables in this model. 

Table.12 Comparison of model results 

H0 (null hypothesis): parameters of fourteen variables are equal to zero 

LL(β)2= -7614.796, LL(β)3= -7154.523 

Degree of freedom = 32-18=14  

Critical value of chi-squared = 23.685 

-2(LL(β)2 - LL(β)3) = 920.5 > 23.685 

Reject H0, third model is significant better than second model 

 

The testing results show that the model after adding the purposes is significantly 

better than previous one. Different purposes will also influence people’s mode 

choice. 

5.1.4 Social economic factor study – Model 4 

The social economic factors of each traveler will indicate his preference; the social 

economic factors are added to different modes, and the best combination is 

selected. 

 

The idea of separated income according to different group member number and 

purposes which has been defined as ‘’BETAp * Personal Income + BETAhh * 

Household Income’’ in data part doesn’t show its significance. The significance is 

defined as parameters of personal income and household income are both 

significantly different from zero. For instance, the separated income is added to car, 

train and bus but the parameter of household income for bus and train is not 

significant different from zero, so does the personal income for car. The testing 

results show that for train and bus, people are only sensitive to personal income. For 

car, people are only sensitive to household income.  

 

Model 4 specification 

 

Vcar = β1 * car_cost +β2 * car_time+ β14 * Train_Nbo+ β15 * Residential-school trip 

 + β16*Purpose_Study+ β17 * Purpose_Healthcare + β18 * Purpose_Fetch people 
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 + β19 * Purpose_Entertainment + β20 * Purpose_Associations&religious 

 + β21 * Purpose_Other leisure + β22 * Purpose_Other matters + β32 * car_age 

 + β42 * HHincome 

Vbus = ASCbus + β1 * bus_cost + β3 * bus_Fwai + β4 * bus_accegr + β5 * bus_Inveh 

 +β12*Psize >= 8 + β13 * N_childu6 >= 1+ β23 * Purpose_Entertainment 

 + β24*Purpose_Holiday + β30 * Personal Income + β33 * bus_age 

 + β34*job_pensioner&unemployed+β35*carownership=0+ β39 * gender_female 

 + β40 * No_license 

Vtrain = ASCtrain +β1 * train_cost+β6*train_Fwai + β7 * train_accegr + β8 * train_Inveh 

 + β14 * Train_Nbo+β25 * Purpose_Housing-work + β26 * Purpose_Study 

 +β27*Purpose_Relatives&friends+β31* Personal Income + β37 * carownership=0 

 + β38 * gender_female + β41 * No_license 

Vair = ASCair + β1 * air_cost + β9 * air_Fwai + β10 * air_accegr + β11 * air_Inveh 

+ β28 * Purpose_Housing-work+β29 * carownership=2 + β36 * carownership=0  

 

All the social economic variables are subject to the party size 1, which is more 

reasonable specification. The best model results are shown in table 13. 

 

Table.13 Basic Model Results 

Variable Value T-test 

ASC1 0 -fixed- 

ASC2 -2.43 -20.44 

ASC3 -0.849 -6.79 

ASC4 -1.55 -6.25 

cost -0.00166 -15.21 

Car_time -0.0116 -26.66 

Bus_Fwai -0.00097 -2.4 

Bus_AccEgr -0.011 -6.29 

Bus_Inveh -0.00662 -21.23 

Train_Fwai -0.00446 -6.56 

Train_AccEgr -0.026 -16.5 

Train_Inveh -0.00326 -8.34 

Air_Fwai -0.00283 -2.27 

Air_AccEgr -0.0239 -12.39 

Air_Inveh -0.0216 -10.44 

Psize >= 8 (bus) 4.29 30.69 

N_childu6 >= 1 (bus) -1.3 -4.74 

Train_Nbo -0.728 -14.42 

Purpose_Residential-school (car) -1.18 -5.3 

Purpose_Study (car) -1.64 -6.34 

Purpose_Healthcare (car) -1.05 -4.76 

Purpose_Fetch people (car) 1.12 3.37 

Purpose_Entertainment (car) -0.447 -2.92 

Purpose_Associations&religious (car) -0.644 -3.32 
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Purpose_Other leisure (car) 0.315 2.09 

Purpose_Other matters (car) 0.369 3.59 

Purpose_Entertainment (bus) 0.864 4.67 

Purpose_Holiday (bus) -0.613 -3.78 

Purpose_Housing-work (train) 1.47 14.83 

Purpose_Study (train) 1.46 6.98 

Purpose_Relatives and friends (train) 0.489 6.1 

Purpose_Housing-work (air) 1.54 9.18 

carownership=2 (air) 1.06 5.83 

Hhincome(car) 5.40E-07 5.47 

Personal Income(bus) -1.68E-06 -6.03 

Pincome(train) -2.96E-06 -13.05 

car_age -0.654 -5.3 

bus_age 0.446 3.33 

job_pensioner & unemployed (bus) 0.725 4.73 

carownership=0 (bus) 2.49 11.77 

carownership=0 (train) 2.86 14.85 

carownership=0 (air) 2.99 10.75 

gender_female(bus) 0.945 8.19 

gender_female(train) 0.766 8.63 

No_license(bus) 1.31 4.89 

No_license(train) 1.46 5.97 

Final log-likelihood: -6339.530 

Rho-square: 0.61 

Adjusted rho-square: 0.607 

 

All the parameters are significantly different from zero. The new variables are listed 

at the bottom rows.  

 

The idea which separated the income apart is not feasible, as a result, the household 

income is added to car utility without any transformation, and the personal income 

is added to bus and train utility function. From the estimation results, HHincome is 

positive in car utility function while Pincome is negative in train and bus utility 

function. These signs are consistent with what has been discussed in data part: the 

higher income groups have preference for car, the lower income groups have 

preference for public transport service. 

 

The variable car_age is defined as AGE >= 70 and AGE <= 24 subject to Psize=1, the 

sign is expected to be negative according to the data analysis results before 

estimation. This is because of young people and old people are less likely to use cars 

in real world, and this is also proved by the slope of the cumulative distribution curve 

of car users with respect to age. The variable job_pensioner & unemployed (bus) is 

defined as dummy variable when the occupation is pensioner or unemployed, 

according to the data analysis, the bus share is higher when the occupations are 
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pensioner, study and unemployed. However, the parameter of occupation study is 

not significantly different from zero. On the contrary, the parameters of occupation 

pensioner and unemployed are important and the values are almost the same. 

Consequently, occupation pensioner and unemployed is specified to use the same 

parameter. The variable bus_age is defined as AGE <= 27 subject to Psize=1, because 

most of the young people belong to the low income group, so the bus share is 

relatively higher. The variable carownership=0 is defined as car ownership being 

equal to zero and party size is one. Under this circumstance, bus, train and air have 

higher share rates. Accordingly, this variable is added to bus, train and air with 

different parameters. Variable gender_female(bus) and gender_female(train) is 

defined as female respondents, because bus share and train share are higher among 

female respondents. Variable no_licensebus and no_licensetrain is defined as single 

traveler who doesn’t own a driver license, the reason is similar as gender problem: 

people who do not have driver license are more likely to choose other modes. 

 

The signs of all variables explained in last paragraph are consistent with the analysis. 

The number of new variables is 13, and the hypothesis test is shown in table 14.      

 

Table.14 Comparison of model results 

H0 (null hypothesis): parameters of thirteen variables are equal to zero 

LL(β)3= -7154.523, LL(β)4= -6339.530 

Degree of freedom = 46-32=14  

Critical value of chi-squared = 23.685 

-2(LL(β)3 - LL(β)4) = 1623.0 > 23.685 

Reject H0, forth model is significant better than third model 

 

Two times of the log-likelihood difference is much larger than the critical value, so 

this model is significant better than the previous one.  

5.1.5 Model simplification – Model 5 

The parameters of some variables are similar, for example, Air_AccEgr is equal to 

-0.0239 and Air_Inveh is equal to -0.0216. These two values are quite close to each 

other, and they can share the same parameter. To make the model simpler, several 

variables are combined in the sense of sharing the same parameter. 

Residential-school, Study trip and healthcare trip have similar coefficients value. 

However, the reason why only Residential-school trip and Study trip are combined 

together is that they have similar aim and they can be aggregated. On the contrary, 

the health care purpose is far away from them. The other two purposes which are 

combined for car utility function are leisure activities and purpose for other mater. 

There are also two purposes: home to work and home to school trips are combined 

for train utility function since they have almost the same parameter values.  
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Table.15 combined variable list 

Old Variables New variable 

Purpose_Residential-school (car)= -1.18 

Purpose_Study (car)= -1.64 
School trip(car) 

Purpose_Other leisures (car)= 0.315 

Purpose_Other matters (car) = 0.369 
Other purposes(car) 

Purpose_Housing-work (train) = 1.47 

Purpose_Study (train) = 1.46 
Housing-work & Study trip(train)  

Air_AccEgr = -0.0239 

Air_Inveh = -0.0216 
airtime 

 

These are 4 groups of variables, and variables in each pair have similar parameter 

values, so they are combined in order to make the model simpler. The parameters of 

new composite variable are shown in table 16. 

 

Table.16 old variable VS new variable 

Old Variables New variable 

Purpose_Residential-school (car)= -1.18 

Purpose_Study (car)= -1.64 
School trip(car) = -1.3 

Purpose_Other leisures (car)= 0.315 

Purpose_Other matters (car) = 0.369 
Other purposes(car) = 0.37 

Purpose_Housing-work (train) = 1.47 

Purpose_Study trip (train) = 1.46 
Housing-work & Study trip(train) = 1.44 

Air_AccEgr = -0.0239 

Air_Inveh = -0.0216 
airtime = -0.0229 

 

The new parameter values of airtime and study purposes fall between the two old 

values, for instance, Purpose_Study (car) < School trip < Purpose_Residential-school 

(car). The other two new coefficients values are located out of the old value 

boundary but still close to the old parameter values. 

 

Another question is that if this transform will influence the performance of model. 

The null hypothesis is defined as the fourth model is the same as this one.   

 

 Table.17 Comparison of model results 

H0 (null hypothesis): parameters of four variables are equal to zero 

LL(β)5= -6341.094, LL(β)4= -6339.530 

Degree of freedom = 46-42= 4  

Critical value of chi-squared = 9.488 

-2(LL(β)5 - LL(β)4) = 3.128 < 9.488 

Accept H0, forth model is not significant better than fifth model 
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The results show that the complicate model is not significant better than this one, so 

the new model is accepted. 

5.1.6 Box-Cox transformations – Model 6 

The Box-Cox transformation has been performed for several variables like first 

waiting time, in vehicle time and cost. Finally, the box-cox transformation is 

performed to cost, cartime and train in vehicle time. For other variables, the t-tests 

prove the corresponding lambda is equal to 1, which means the linear form of 

variable specification is suitable. 

 

Model 6 specification 

 

Vcar = β1 * ((car_cost^λ1-1)/ λ1) + β2 * ((car_time^λ2-1)/ λ2)+ β13 * Train_Nbo 

+ β14 * school trip + β15 * Purpose_Healthcare + β16 * Purpose_Fetch people 

+ β17 * Purpose_Entertainment + β18 * Purpose_Associations&religious 

 + β19 * Other Purpose + β28 * car_age + β38 * HHincome 

Vbus = ASCbus + β1 * ((bus_cost^λ1-1)/ λ1) + β3 * bus_Fwai + β4 * bus_accegr  

+ β5 * bus_Inveh +β12 * Psize >= 8 + β12 * N_childu6 >= 1 

+ β20 * Purpose_Entertainment + β21 * Purpose_Holiday 

+ β26 * Personal Income + β29 * bus_age + β30 * job_pensioner & unemployed  

+ β31 * carownership=0 + β35 * gender_female + β36 * No_license 

Vtrain = ASCtrain + β1 * ((train_cost^λ1-1)/ λ1) + β6 * train_Fwai + β7 * train_accegr 

+β8*((train_Inveh^λ3-1)/λ3)+β13*Train_Nbo+ β23 * Purpose_Relatives&friends 

+β22*Purpose_Housing-work&Study+β27*Personal_Income+β37*No_license 

  +β34*gender_female+β33*carownership=0 

Vair = ASCair + β1 * ((air_cost^λ1-1)/ λ1) + β9 * air_Fwai + β10 * air_time 

+β24 * Purpose_Housing-work + β25 * carownership=2 + β32 * carownership=0  

 

Exclude variables which are not significant different from zero, the final estimation 

results are listed in table 18. 

 

Table.18 Basic Model Results 

Variable Value T-test 

ASC1 0 -Fixed- 

ASC2 -2.95 -14.6 

ASC3 -1.07 -5.19 

ASC4 -2.25 -6.7 

cost -0.00778 -2 

Car_time -0.0395 -3.73 

Bus_Fwai -0.00109 -2.69 

Bus_AccEgr -0.0112 -6.43 

Bus_Inveh -0.00706 -20.53 
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Train_Fwai -0.00443 -6.46 

Train_AccEgr -0.0266 -16.66 

Train_Inveh -0.0181 -1.54 

Air_Fwai -0.00284 -2.33 

airtime -0.0228 -14.43 

Psize >= 8 (bus) 4.4 29.47 

N_childu6 >= 1 (bus) -1.31 -4.75 

Train_Nbo -0.72 -13.69 

School trip (car) -1.31 -9.3 

Purpose_Healthcare (car) -1.06 -4.81 

Purpose_Fetch people(car) 1.12 3.38 

Purpose_Entertainment (car) -0.414 -2.7 

Purpose_Associations&religious (car) -0.604 -3.11 

Other purposes (car) 0.389 4.37 

Purpose_Entertainment (bus) 0.88 4.75 

Purpose_Holiday (bus) -0.608 -3.78 

Housing-work & Study trip (train) 1.39 14.42 

Purpose_Relatives and friends (train) 0.445 5.56 

Purpose_Housing-work (air) 1.49 8.9 

Hhincome car 5.60E-07 5.65 

Personal income train -2.99E-06 -13.15 

Personal income bus -1.73E-06 -6.18 

car_age -0.625 -5.02 

bus_age 0.428 3.22 

job_pensioner & unemployed (bus) 0.711 4.66 

carownership=2 (air) 1 5.51 

carownership=0 (air) 2.85 10.19 

carownership=0 (bus) 2.43 11.56 

carownership=0 (train) 2.81 14.64 

gender_femalebus 0.89 7.67 

gender_femaletrain 0.72 7.97 

no_licensebus 1.3 4.89 

no_licensetrain 1.45 5.97 

Cost  λ1 0.755 9.76/-3.17 

Car time λ2 0.783 16.24/-4.5 

Train in vehicle λ3 0.719 6.55/-2.56 

Final log-likelihood: -6325.660 

Rho-square: 0.611 

Adjusted rho-square: 0.608 

 

The two numbers in the t-test column for the Box-Cox transformation parameter 

contain t-test of 0 and 1. 

 

The log-likelihood ratio test is shown in table 19 in order to test if model 6 is 



36 
 

significant better than model 5. The three lambdas are assumed to be 1, which 

change the Box-Cox transformation back to linear.  

 

Table.19 Comparison of model results 

H0 (null hypothesis): parameters of three lambda are equal to 1 

LL(β)5= -6341.094, LL(β)6=-6325.660 

Degree of freedom = 45-42= 3 

Critical value of chi-squared = 7.815 

-2(LL(β)5 - LL(β)6) = 30.868 > 7.815 

Reject H0, sixth model is significant better than fifth model 

 

The Box-Cox transformation allows the data to decide the most suitable shape 

instead of linear form, and the transformation has improved the model results. 

5.1.7 Model prediction results 

The predication table here is not the same as what will be used in the forecasting 

part. In this part, the probability of chosen each alternative will be calculated and the 

alternative with largest probability will be the predicted choice, so the observed 

number is different from the predicted number. However, in the forecasting part, 

the probability of each alternative will be calculated and summed over all 

observations. The model will predict the same number of choices as observed. 

 

The best two models are model 5 with linear specification parameters, and model 6 

with partial non-linear specification parameters. The prediction ability of these two 

models can be compared. The Predicted choices (Predicted (rows) vs. actual 

(columns) choices - columns sum to 1) are show in table 20.  

Table.20 Prediction correctness of Model 5 and 6 

Model 5  Model 6 

 car bus train air   car bus train air 

car 0.9637  0.5131  0.5069  0.3801   car 0.9638  0.5173  0.5036  0.3801  

bus 0.0070  0.3288  0.0309  0.0475   bus 0.0073  0.3267  0.0320  0.0452  

train 0.0224  0.1455  0.4413  0.1946   train 0.0220  0.1435  0.4446  0.1923  

air 0.0070  0.0126  0.0210  0.3778   air 0.0069  0.0126  0.0199  0.3824  

 

According to what have been shown in Table 20, the prediction correctness of the 

model can be obtained. In Model 5, the number at the intersection point of the car 

column and car row means that 96% of car users in reality are predicted to use car 

by the model. The intersection point of the bus column and car row means that 51% 

of bus users are wrongly predicted to use car. 

  

The prediction capabilities of the two models are almost the same, the prediction 

correctness of model 6 is a little bit higher for modes car, bus and train. On the 
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contrary, model 5 is slightly better for air mode.    

 

For the mode Car, the correctness of prediction reached 96.37%. However, if we 

focus on the prediction results of bus, train and air, the correctness is low. As a result, 

the model is quite powerful at the predictions of Car. The reasons why the model 

does not do well in the predictions of bus, train and air can be summarized as follows. 

The unobserved factor shared an important part in the utility functions. The utility 

functions of them are not good enough to capture people’s behaviors and all of 

these will lead to the low prediction correctness. The numbers of observations for 

them are quite low if they are compared to car, this limit will also influence the focus 

of the model. Sometimes, due to the too limited number of observations, the 

variables which are added to their utility functions do not show their importance. 

The last reason is that lower income groups and young people always have 

preference for bus and train, the social economic factors will play important role in 

the modeling procedure for bus and train. However, all the social economic factors 

are constraint to single traveler; this may influence the model performance for large 

party size travelers because their social economic factors are not considered in the 

model. The number of predicted users and actual users are compared in table 21. 

 

Table.21 Prediction results from Model 5 and 6 

 
car bus train air 

Observed 8590 955 1813 442 

Model 5 Prediction 9855 451 1217 277 

Model 6 Prediction 9854 453 1217 276 

 

The absolute number analysis shows that the unbalance between four modes. 

According to the model, the predicted number of car users exceeds the observed 

number of users. In contrast, the predicted number of users for other three modes is 

far away from the observed values. Especially for bus, the predicted number doesn’t 

reach 50% of the observed amount. 

5.2 NL Model Results 

5.2.1 Estimation efficiency discussion   

The aim of efficiency tests with respect to different number of nests is to reduce the 

estimation time and enhance the calculation ability. From the efficiency tests, two 

assumptions can be made and used to do the following study. The first one is that 

the best model is always the best regardless of number of nests. This assumption is 

verified by four nests tests and ten nests tests. The second one is that the best 

model is still the best no matter the Box-Cox transformation is used or not. This 

assumption is proved by four nests tests. This assumption is hold for current dataset, 

but it might not be valid for the other data set. If other dataset is used, the tests 
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should be processed again.     

 

The NL model estimation is pretty time consuming since our data set contained 51 

nests and 4 mode choices in each nest, which means that there are 204 choices in 

total. At first, the estimation is based on all of these choices; however, the 

processing time is much longer than 100 hours. Because of the time limit, it is 

impossible to perform 204 choices estimation using all the studied variables. The 

increasing time in estimation procedure with respect to the increases in number of 

choices is not a linear growth. Besides the number of choices, the Box-Cox 

transformation will increase the estimation time considerably. Table 22 shows the 

estimation time for a linear specification model and a partial non linear 

transformation model respectively. To save time, only four nests are selected and 

calculated with and without Box-Cox transformation. The population variable is used 

in this case and the specifications of destination utility function are shown in formula 

14. 

                            Vd = βpop * log Pop                       (14) 

 

Table.22 Comparison of estimation time with respect to Box-cox Transformation 

Variable log Pop Estimation Time 

4 nest without box-cox transformation 23min 

4 nests with box-cox transformation 2298min 

 

From table 22, the estimation time from linear parameter specification is only 23 

minutes with two threads configuration, however, the non-linear parameter 

specification estimation needs 2298 minutes which is more than 38 hours. The time 

it needs is almost 10 times of linear specification.    

 

The increasing time in estimation procedure is not a linear relationship with the 

increasing in the number of nests. In this case, the estimation time of four nests and 

10 nests without Box-Cox transformation are shown in table 23. 

 

Table.23 Comparison of estimation time with respect to different number of nests 

Variable log Pop Estimation Time 

4 nests 23min 

10 nests 136min 

 

The estimation time of 10 nests is not just 2.5 times of 4 nests but 6 times. From the 

speed testing results, the estimation time for variable “log Pop” with Box-Cox 

specification on all the 51 nests will be 70319 minutes at least. 

 

Because of the efficiency problem, only a subsample is selected from the 51 

destinations to calculate which variable is more important and crucial. To save time, 

a linear form is used instead of a Box-Cox specification, because from the MNL part, 

the prediction capabilities are similar for linear specification and non linear form. If 
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the selected variable will make the model much better than the others without 

Box-Cox specification, it will also show its significance for model which uses Box-Cox 

specification. This idea is verified by the four nests estimation, no matter the 

Box-Cox transformation is added or not, the best model doesn’t change. This same 

thing happens to the four nests and ten nests estimation, the best model is always 

the best regardless of number of nests. Based on these tests, the assumption that 

the best model will still be better than others can be made. The best model will be 

selected from linear specification and then used to do the Box-Cox transformation 

study. This is the estimation results from current dataset, but it might not be valid 

for other data set. 

 

All the tests are based on small number of subsample tests. As a result, the NL model 

based on ten nests is the starting point of the whole NL model study. From the 

results, a lot of clues and simple conclusions can be obtained by this very first study. 

For instance, which variable will be more influential on people’s choices; which 

variable has the convergence problem within the nesting parameter value range. 

Another important issue is that the difference between linear and nonlinear 

specifications of size variable is obtained. In the very beginning of this study, the 

model estimation started from linear form of single size variables by using BIOGEME. 

Besides the model using population number as size variable, the natural logarithm 

form of variables is proved to be much better than the linear form. For the model 

using population model as size variable, the Rho square values obtained from both 

linear and logarithm model are equally good. The reason why the logarithmic form of 

size variables is better than linear variable is that the shape of the natural logarithm 

function is more close to people’s reaction in a real situation.  

 

This result also verifies that the attraction of certain area to people is not just the 

simple superposition of the service numbers. The logarithm will make choice 

probabilities proportional to the number of elemental alternatives. 

 

Under following study and discussion, the size variables are all used as nature 

logarithm form. 

 

 

5.2.2 Calculation principle description    

21 destinations are selected and ALOGIT is used. ALOGIT has more powerful 

calculation capability, but Box-Cox transformation is unable to be estimated.  

 

BIOGEME is able to estimate Box-Cox transformation; however, combined size 

variables cannot be used in it. The drawbacks of BIOGEME and ALOGIT bring some 

inconvenience during the estimation procedure. If both combined size variables and 

Box-Cox transformation are proved to be important, iteration between BIOGEME 
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and ALOGIT is needed. Due to the calculation capability of BIOGEME, this whole 

procedure will be pretty time consuming.  

 

There are some definition discrepancies between BIOGEME and ALOGIT. For 

instance, the definition of nesting parameters in ALOGIT is specified as the ratio of μ 

and μd. The ratio is what needs to be estimated in ALOGIT. On the contrary, in this 

case the ratio is normalized from the top in BIOGEME which means μ is normalized 

to 1. μd is what needs to be estimated and the value range is set to be greater than 1 

according to the NL model definition. The size variable entered into utility function is 

defaulted as logarithm in ALOGIT. 

 

As a result, the nesting parameter obtained from ALOGIT is the reciprocal of the 

nesting parameter in BIOGEME. The reasonable value range is set to be positive and 

less than 1 according to the NL model definition. Once the value is greater than 1, 

the structure of the model needs to be revised. This is also the biggest advantage of 

the ALOGIT program because if the structure of the model is not suitable, ALOGIT 

will announce you by outputting larger nesting parameters.  

 

Once the larger nesting parameters are obtained from the model results, it implies 

that the cross-elasticity between travel modes is larger than between destinations. 

The inverted form of the nested structure is then needed. In other words, the mode 

choice will be formulated in the upper level. 

 

In this 21 destination study, a stratified sampling method is used to get the new data. 

The reason why stratified data is used instead of random sampling data is that it can 

produce a more realistic sampling structure with respect to composite proportion of 

the population structure. The data obtained from stratified sampling method has 

less variability than simple random sampling method.[27] 

The principle of stratification is to group zones with different choice probabilities 

into different strata. In this case, there are four strata which are Stockholm county, 

Gothenburg county, Malmö county and the rest counties according to the trip 

frequency. Under each stratum, five zones are selected by random sampling method. 

Including the chosen choices, there are 21 destinations in total. 

 

Based on the basic assumption of the stratified sampling method, compensation 

factors are required to adjust different selection probabilities. The selection 

probability is calculated by taking the number of zones in the stratum which is five 

divided by the number of zones belonging to the stratum. In some cases the number 

of zones belonging to the stratum may be equal to or less than 5, under this situation, 

the correction is zero of course. The definition of the compensation factor is shown 

in formula 15. 
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             (15) 

N refers to the total number of zones belonging to the corresponding stratum.  

i refers to different strata. 

 

The random sampling data is also used to study the stratified effects, and the 

compensation factors will not be used any more. 

 

There are ten variables describing the characteristics of the destinations. They can 

be divided into two groups which represent the quantity and quality respectively. 

The variable population, work places, culture and sports, retail and summer house 

area describe the quantity of each zone. For instance, the population number, the 

number of working places and so on. The remaining five variables indicate if the zone 

is an area with specific facilities during a certain time period. The quality variables 

which indicate the attractiveness of each zone are expressed as 0 or 1, and cannot 

directly enter the destination level as size variables. 

 

Generally speaking, there are three steps to find the best model according to the 

assumptions made in estimation efficiency discussion. 

 

1. The NL model specification is based on the best linear MNL model. The quantity 

variables describing zone characters are added to NL model one by one to do 

some comparisons in order to study the stratified effects and constraint effects. 

2. After single size variable estimation, the combined size variables will be tested in 

Alogit. If the model is significant better that the best signal variable model, it will 

be chosen and used in next step. 

3. Box-Cox transformation will be performed to the best model by using the 

combined size variable parameters as constraint. This will be discussed in detail 

later. 

       

5.2.3 Model Comparison by using single size variable 

Generally speaking, there are two types of model comparisons which are constraint 

model VS unconstraint model and random model VS stratified model.  

 

The first pair of comparison is carried out between models with and without single 

size variable coefficient constraint. The aim of implementing this kind of comparison 

is to study how far away the estimated size variable parameter is from 1. 

 

For each variable, a pair of models is estimated. In the first model, the multiplier of 

the size variable is set to 1 in order to make sure that the model specification and 

prediction ability doesn’t depend on specific zonal subdivision. Based on this 
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constraint, the model will not be influenced by different zone divisions. In the 

second model, under current zonal division, the multiplier of the size variable is not 

fixed to allow the correlation of the utility functions of sub alternatives.[28] 

 

The second pair of comparison is carried out between models estimated from 

random sampling dataset and stratified sampling dataset. The aim of this 

comparison is to check the effect of stratified sampling.  

5.2.3.1 Constraint VS Unconstraint model 

This comparison could tell us how far away the parameter of size variable is from the 

constrained parameter value.  

 

Take size variable “population” as an example, the model specification of destination 

utility function is shown in formula 16. 

                            

                          Vi = βpop * log Popi                    (16) 

 

In formula 16, βpop refers to the parameter corresponding to the size variable 

population. The parameter is constrained to 1 to avoid the impact of different zonal 

subdivision in the first model which is named as constrained model in the following 

text. The second model is named as unconstraint model; βpop is the unknown 

coefficient needs to be estimated. Popi refers to different number of population in 

zone i.  

 

The other size variables which represent the quantity of zones have the similar utility 

specifications.  

 

The results summary from 21 nests estimation by using different size variable is 

compared. The result summary includes the final Rho square from constraint and 

unconstraint model, parameter of size variable, nesting parameter and t-test with 

respect to 0 and 1. The comparison between two types of model is shown in table 

24. 

 

Table.24 Comparison between constraint and unconstraint model 

 
Comparison criteria Constraint Unconstraint 

Population 

Rho Square 0.3366 0.3387 

Size variable 1 0.8360  

T-test from 0 fixed 79.8 

T-test from 1 fixed -15.6  

Nesting Parameter 0.9101  0.9703  

T-test from 0 117.8  109.5  

T-test from 1 -11.6  -3.4  
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Work place 

Rho Square 0.3432 0.3521 

Size variable 1 0.7085  

T-test from 0 fixed 84.6 

T-test from 1 fixed -34.8  

Nesting Parameter 0.8115  0.9712  

T-test from 0 120.7  109.0  

T-test from 1 -28.1  -3.2  

Culture and Sport 

Rho Square 0.3444 0.3634 

Size variable 1 0.6202  

T-test from 0 fixed 91.8 

T-test from 1 fixed -56.2  

Nesting Parameter 0.7424  1.0140  

T-test from 0 122.7  109.9  

T-test from 1 -42.6  1.5  

Retail 

Rho Square 0.3268 0.3464 

Size variable 1 0.5981  

T-test from 0 fixed 82.6 

T-test from 1 fixed -55.5  

Nesting Parameter 0.7566  1.0010  

T-test from 0 116.5  111.6  

T-test from 1 -37.5  0.1  

Summer house area 

Rho Square 0.2084 0.2829 

Size variable 1 -0.0766  

T-test from 0 fixed -11.8 

T-test from 1 fixed -166.1  

Nesting Parameter 0.2412  0.8365  

T-test from 0 49.2  100.1  

T-test from 1 -154.5  -19.6  

 

The t- test from 0 is calculated as the ratio of nest parameter and the standard error. 

The t-test from 1 is calculated as the nest parameter minus 1 and then divided by the 

standard error.  

 

The first pair of models uses the population number of each zone as the size variable 

to study the effect of different population scale. The variable is expected to be 

important, for instance, the number of residents will influence trip frequency 

because the choice probability of a destination will be larger if more people are living 

there.  

 

The Rho square value of the unconstrained model is always higher than the 

constrained model since there is one more parameter. The size variable parameter in 

the unconstrained model is estimated to be 0.8362 which is significantly different 

from zero and one. These test results show that the model will be influenced by 

different Region Division scheme. However, the influence won’t be too large since 
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the size variable parameter value is close to 1. Besides the size variable, the nesting 

parameter is 0.9101 in constraint model and 0.9703 in unconstraint model. The 

t-tests of both nesting parameters are significantly different from 0 and 1 which 

verifies a reasonable model structure. 

 

The second pair of comparison is related to the number of work places. This variable 

represents the economic and commercial development of certain area. When the 

number of work places is larger in certain area, the influence on work trips will be 

large. There are almost 10% commuting trips in the dataset, this variable is expected 

to be important as well. The Rho square is higher for the unconstraint model and the 

size variable parameter is 0.7085 in this case which is lower than previous parameter 

value. The size variable is a bit further from 1 than the model use population number, 

so the Rho square for constraint model is much lower. The nesting parameters from 

both models are smaller than 1 and the t-tests show that the nested structure is 

correct. 

 

The third size variable “culture and sport” also has two models which are a 

constrained model and an unconstrained model as usual. This size variable 

represents the development level of entertainment, leisure and exercise service. It is 

expected to be important because a lot of travelers make private trips for these 

activities. Actually, what happened to constraint model estimation results is not 

consistent with the unconstrained model. When the constraint of size variable is 

removed, the nesting parameter is not significant different from 1. This situation 

means that under current zonal subdivision scheme, the size variable together with 

free estimated parameter could capture the correlation between unobserved factors. 

When the correlation of the unobserved factors can be represented by the model, 

the NL model collapses to MNL model. This variable provided the best constrained 

model which has highest Rho square value among the first three models. The nesting 

parameter of the constrained model is smaller than 1 and significant different from 0 

and 1. 

 

The same thing happened to the variable “retail”. When the number of retail 

employees is used as size variable and the parameter for “retail” is not constrained 

to 1, the NL model collapses to MNL model again. When the size variable constraint 

is set, the t-test of nesting parameter is significantly different from 0 and 1. However, 

the Rho square is lower than first three models, which means that the influence of 

the number of retails on the attraction of certain zone is smaller than the size 

variable population, work place and culture sports.  

 

The fifth pair of models is about the size variable summer house building area, which 

will influence people’s choices when they are planning to spend their holiday. 

However, the Rho square from both models is quite low. The size variable parameter 

is negative which is far away from 1. As a result, the Rho square values of the 

constrained model and the unconstrained model vary a lot. The nesting parameters 
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of both models are significantly different from 0 and 1.  

 

5.2.3.2 Stratified sampling VS Random sampling 

The principle of stratification has been described above. The stratified sampling 

method is to group zones with higher choice probabilities into different strata. Trip 

generation and attraction depends on the scale of each zone. Accordingly, Stockholm 

county, Gothenburg county, and Malmö county are assumed to be more important 

than all the other areas, and the sampling weight put on these three area will be 

higher than for other counties according to the trip attraction frequency. This 

sampling method is more closed to the real situation. The number of trips with 

destination in big counties is larger than small area in most cases, so the drawn 

number of sample from these zones will be larger. The Stratified sampling effect is 

studied by using single size variables. The comparison between random sampling 

methods and stratified sampling method is shown in table 25.     

 

Table.25 Comparison between stratified and random sampling model 

 
Comparison criteria Stratified Random 

Population 

Rho Square 0.3366 0.3071 

Size variable 1 1  

Nesting Paremeter 0.9101  1.0140  

T-test from 0 117.8  115.4  

T-test from 1 -11.6  1.6  

Work place 

Rho Square 0.3432 0.3091 

Size variable 1 1  

Nesting Paremeter 0.8115  0.8181  

T-test from 0 120.7  117.4  

T-test from 1 -28.1  -26.1  

Culture and Sport 

Rho Square 0.3444 0.3149 

Size variable 1 1  

Nesting Paremeter 0.7424  0.7357  

T-test from 0 122.7  118.4  

T-test from 1 -42.6  -42.6  

Retail 

Rho Square 0.3268 0.2983 

Size variable 1 1  

Nesting Paremeter 0.7566  0.7181  

T-test from 0 116.5  112.1  

T-test from 1 -37.5  -44.0  

Summer house area 

Rho Square 0.2084 0.1724 

Size variable 1 1  

Nesting Paremeter 0.2412  -0.0112  

T-test from 0 49.2  -1.5  
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T-test from 1 -154.5  -133.9  

 

The size variables are fixed to 1 to make the model independent of zonal subdivision. 

All the models which use stratified data have higher Rho square values. The stratified 

sampling data will provide a better goodness of fit which is more realistic. All the 

nesting parameters are located within the reasonable boundary and significant 

different from 0 and 1. However, the group of models which use random sampling 

data faces some model structure problems. The first model which uses population 

number as size variable shows that the nesting parameter is not significantly 

different from 1, which means there is no correlation among the mode alternatives 

within each destination nest. The NL model collapses to a MNL model which is not 

consistent with the model using stratified sample. The last size variable which 

indicates the building area of summer house also has some problems with the 

nesting parameter. It is negative and not significantly different from 0. This situation 

shows that the correlation among mode choices is a perfect correlation. The reason 

might due to that the variance of unobserved factors of the destination level is 

infinity, [29] so the variable summer house area didn’t explain the variable well.  

 

Sometimes, a negative value of log-sum coefficients is inconsistent with utility 

maximization and implies that improving the attributes of an alternative can 

decrease the probability of the alternative being chosen.[30] In this case, the nesting 

parameter is not significant different from zero the nesting parameter All in all, the 

stratified dataset provides better models and more reasonable nesting parameters. 

 

5.2.4 Best model with single size variable 

From the comparison results, the best model is regarded as the one which uses 

“culture and sports” as size variable. The goodness of fit of this model is the highest 

among all the models. The estimation results of the model are shown in table 28. 

 

The specification of this model is a bit different from MNL model since the structure 

of the model changed. For instance, variable “Fwai” is added to bus, train and air 

utility functions respectively by using different coefficients. However, when the MNL 

model is changed to NL model, the coefficient of bus first waiting time is not 

significant different from 0. The same thing happened to variable “in_vehicle_time” 

of bus. As a result, some adjustments are used to get reasonable model. Variables 

“Fwai”, “AccEgr” and “in_vehicle_time” are combined respectively by using the same 

parameter over different modes. Some variables are removed because of the t-test 

showing that they are not significant different from 0. For instance, the variable 

“Train_Nbo” is removed from the utility function of train. 

 

The other important variable which is “HHincome(air)” is added to air utility function 

under NL structure to capture the income influence. The variable “HHincome” has 
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been added to air utility function in MNL model, however, the variable didn’t show 

its significance. The parameter magnitudes of variable “HHincome” and “Pincome” 

are quite different because the magnitudes of these two variables differ. The results 

also verify that the household income will have influence on those people who 

choose car or air, and personal income plays important role when people are facing 

public transport choices. Besides these slight differences between the MNL and NL 

model, the general model specifications and assumption made for the mode level 

are the same as model 6 in MNL part.  

 

The utility function for the destination choices is shown in formula 17 

Vi = βc_s * log Culture_sportsi                    (17) 

In formula 17, βc_s refers to the parameter corresponding to the size variable 

culture and sports which is constraint to 1. Culture_sportsi refers to different 

number of activities in zone i.  

 

The model estimation results are shown in table 26. 

Table.26 Best model with single size variable 

Variable Estimate Std. T 

ASCcar 0 0 0 

ASCbus -1.672 0.0912 -18.3 

ASCtrain -1.322 0.0806 -16.4 

ASCair -3.121 0.0901 -34.6 

In_vehicle_time  -0.004554 0.000108 -42.3 

cost -0.0005992 2.78E-05 -21.6 

AccEgr 0.002215 0.000596 3.7 

Fwai -0.0005127 0.000309 -1.7 

School trip(car) -1.635 0.145 -11.3 

Purpose_Healthcare(car) -1.026 0.221 -4.6 

Purpose_Fetch people(car) 1.34 0.345 3.9 

Purpose_Associations&religious(car) -0.839 0.193 -4.4 

Other Purpose(car) 0.4353 0.0837 5.2 

Purpose_Entertainment(car) -0.7518 0.144 -5.2 

Purpose_Entertainment(bus) 0.6267 0.183 3.4 

Purpose_Holiday (bus) -0.9254 0.173 -5.3 

Purpose_Housing-work_3(train) 1.496 0.0896 16.7 

Purpose_Relatives and friends(train) 0.6416 0.0778 8.2 

Purpose_Housing-work(air) 0.6921 0.136 5.1 

car age -0.7777 0.12 -6.5 

Hhincome(car) 5.541E-07 1.17E-07 4.7 

Pincome(train) -0.000002854 2.44E-07 -11.7 

bus age 0.6266 0.133 4.7 

job_pensioner & unemployed 0.9517 0.152 6.2 

carownership=0train 3.052 0.199 15.3 

carownership=0bus 2.606 0.22 11.9 
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gender_femaletrain 0.8376 0.0881 9.5 

gender_femalebus 1.055 0.115 9.2 

no_licensebus 1.245 0.275 4.5 

no_licensetrain 1.541 0.25 6.2 

psize>=8bus 6.679 0.189 35.4 

N childu6 -2.135 0.345 -6.2 

carownership=0air 2.809 0.244 11.5 

carownership=2air 0.549 0.15 3.7 

HHincome(air) 8.395E-07 1.58E-07 5.3 

Pincome(bus) -0.000001794 3.07E-07 -5.8 

Size parameter 1 0 0 

Nest 0.7424 0.00605 122.7 

Final log-likelihood: -33657.7 

Adjusted rho-square: 0.3444 

 

One thing that should be clarified is that the parameter for variable “AccEgr” which 

represents access and egress time is positive which is not reasonable. The 

unreasonable sign might be caused by the improper linear specification of the 

parameter for the variable. If people’s response towards the increasing in access and 

egress time is not linear, the unexpected sign maybe obtained. Another explanation 

for this is the combined effect of other variables influences the parameter signs. 

    

The t-test of checking if the nesting parameter is significant different from one also 

needs to be calculated. 

Table.27 T-test results of the nest parameter 

 Nest standard error t-test from 0 t-test from 1 

Single size variable 0.7424 0.00605 122.7 -42.58 

 

From the table above, the nest parameter is significant different from 1 which means 

the structure of NL model is correct. 

 

       

5.2.5 Model with combined size variables 

After the single size variable study, the combined size variable is discussed. Models 

with different combined size variables are estimated. At first, all the five variables 

are used as size variables, but the correlation between number of work places and 

retail employees is too high. These two variables cannot be used as size variables at 

the same time. Then the size variable number reduces to four, but the nesting 

parameter is larger than 1, the same thing happened to three size variables. As a 

result, only two variables will be used as size variables. The reason why nesting 

parameter is larger than one is that the nesting parameter is the ratio of scale 
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parameter. Scale parameter is inversely proportional to variance of random terms. 

When more variables are added to the destination level, the variance of random 

terms with respect to destination level will be captured and the variance will be 

smaller. As a result, the value of scale parameter will be larger for the destination 

level, so does the nesting parameter. If the nesting parameter is larger than one, the 

model structure needs to be inversed. Besides the combination of variables work 

places and retail employees, there are nine combinations of all the five variables, 

and the best model is decided by Rho-square.  

 

According to the goodness of fit, the best model is considered to be the one using 

“culture and sport” and “summer house area” as combined variables. Different 

model results with respect to different combinations of size variables are ranked in 

table 28.  

Table.28 Results summary of different combined size variable 

 
Rho Square Nesting parameter t-test from 0 t-test from 1 

wpsum 0.3786 1.017 123.4 2.06 

cssum 0.3746 0.9302 122.8 -9.22 

sumre 0.3737 1.027 122.6 3.22 

popsum 0.3613 1.039 120.8 4.53 

popcs 0.3521 0.8642 111.4 -17.5 

cswp 0.3499 0.8018 119.9 -29.63 

popwp 0.3456 0.8724 110.2 -16.13 

csre 0.3452 0.7681 118.8 -35.84 

popretail 0.3406 0.902 116.4 -12.65 

 

From the Rho square value, the best model can be regarded as the combination of 

work places and summer house area, but the nesting parameter is larger than one 

which means that the model structure is wrong. As a result, the best model is the 

combination of variable “culture and sport” and “summer house area”. The initial 

idea is to combine the best two variables according to the relative higher Rho square 

and correct model structure. The reason why the best combined model is not the 

combination of the two best modes with single size variable is that the correlation 

between these two variables is higher. For instance, if an area is the center of culture 

and sports, it is probably the center of work places just like Stockholm. These two 

variables may explain the same thing. 

  

The quality variables are also added to the best model. They are attractive summer 

area, tourist summer attraction area, attractive winter area, tourist winter attraction 

area and tourist all year attraction area. They are added to the mode level to 

indicate if the area is an attractive place during different time period. For instance, if 

the area is an attractive summer area, the variable value will be 1 and vice verse. 

These variables might be important for those people who are looking for a suitable 

area to spend their holiday or doing some outdoor activities. After one by one tests 

of quality variable, variable “attractive winter area” improve the model most.  
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The utility specification of the destination choices is shown in formula 18 

Vi = βc_s * log (Culture_sportsi +exp(βsumh) * summer house area)       (18) 

In formula 18, βc_s refers to the parameter corresponding to the size variable 

culture and sports which is constraint to 1. Culture_sportsi refers to different 

number of activities in zone i. βsumh refers to the parameter for the variable “summer 

house area”. 

 

Take the results from MNL model as a reference, Box-Cox transformation should be 

performed to parameter of “cost” and “in_vehicle_time”. The disadvantage of 

ALOGIT program is that the Box-Cox transformation cannot be added to the model. 

The theoretical way of adding Box-Cox transformation to the model specification 

with combined size variables is to perform estimation iterations between BIOGEME 

and ALOGIT. Generally speaking, there are three steps to do the iteration. Firstly, use 

the estimation parameter value of combined size variables from ALOGIT to construct 

a new variable which is named as “combined variable”. The new variable is specified 

as “Culture_sports + BETA * Summer_house_area”. Secondly, use the new variable 

as single size variable and perform Box-Cox transformation in BIOGEME. The Box-Cox 

transformation parameter can be obtained from BIOGEME afterwards and is used to 

create new variables. Thirdly, the BC transformation parameters are exported 

to Alogit as a constraint of “Time” variable. For instance, the new “Time” will be 

(Time^ambda-1)/lambda instead of old “Time”. Recalculate the model in ALOGIT to 

get BETA for combined size variable to see if it is changed. Keep iteration until the 

parameter for size variable doesn’t change, which means the convergence is 

reached.  

 

In the practice with ALOGIT and BIOGEME, the difficulty is the calculation capability 

of BIOGEME. When the Box-Cox transformation is defined in BIOGEME by using 21 

nests, the program could not find the converged value. The standard error for 

nesting parameter from BIOGEME tends to be infinite. The iteration cannot be done 

with 21 nests under BIOGEME. As a result, ALOGIT is the only tool for searching the 

Box-Cox transformation parameter. The way of calculating Box-Cox transformation 

parameter is to search for the proper parameter which could improve the Rho 

square most. Different lambda value can be tried to narrow the value range of the 

best transformation parameter. The log-likelihood value with respect to different λ is 

plotted in figure 10. When λ is smaller than -1.3, the model cannot converge. The 

reason is that the smaller the negative transformation parameter is, the smaller the 

new variable is. When negative value is smaller enough, all the variables will be close 

or even equal to 0. As a result, the box-cox transformation parameter’s value range 

starts from -1.3 and ends at 1. 
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Fig.10 Log-likelihood with respect to different λ 

 
 

Finally, the best value will be found according to the model goodness of fit. In this 

case, the appropriate transformation parameter is -0.77 for “in_vehicle_time”. 

 

The results of the best model are shown in table 29. 

 

Table.29 The best model with respect to combined size variable 

Variable Estimate T-test 

ASCcar 0 0 

ASCbus -1.649 -18 

ASCtrain -1.053 -12.9 

ASCair -2.535 -27.5 

In_vehicle_time -68.94 -54.2 

λ -0.77 
 

cost -0.00243 -26.8 

AccEgr -0.00239 -3.8 

Fwai -0.0017 -5.4 

School trip(car) -1.795 -12.3 

Purpose_Healthcare(car) -1.59 -6.9 

Purpose_Fetch people(car) 1.189 3.5 

Purpose_Associations&religious(car) -0.786 -4 

Other Purpose(car) 0.4183 4.9 

Purpose_Entertainment(car) -0.8256 -5.6 

Purpose_Entertainment(bus) 0.5992 3.3 

Purpose_Holiday (bus) -0.7621 -4.9 

Purpose_Housing-work_3(train) 1.936 20.6 

Purpose_Relatives and friends(train) 0.7297 9.1 

Purpose_Housing-work(air) 1.029 7.2 

car age -0.7343 -5.9 
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Hhincome(car) 6.05E-07 5.2 

Pincome(train) -3.2E-06 -12.8 

bus age 0.4574 3.5 

job_pensioner & unemployed 0.7957 5.4 

carownership=0train 3.44 15.9 

carownership=0bus 2.852 12.3 

gender_femaletrain 0.8831 9.7 

gender_femalebus 0.8664 7.6 

no_licensebus 1.242 4.6 

no_licensetrain 1.563 6.2 

psize>=8bus 4.285 31.9 

N childu6 -1.354 -4.9 

carownership=0air 3.205 12.2 

carownership=2air 0.6263 4 

Attwa 0.9169 16.2 

HHincome(air) 6.87E-07 4.2 

Pincome(bus) -1.9E-06 -6.3 

Size parameter 1 0 

Size parameter of sumh -6.481 -182.4 

Nest 0.9627 123.8 

Final log-likelihood: -29626.4871 

Adjusted rho-square: 0.4229 

 

The t-test result of checking if the nesting parameter is significant different from 1 is 

shown in table 30. 

Table.30 T-test results of the nest parameter 

 Nest standard error t-test from 0 t-test from 1 

Combined size variables 0.9627 0.00778 123.8 -4.79 

 

The NL model structure is verified. The Box-Cox transformation improves the 

goodness of fit of the model a lot. Since the BC transformation is performed, the 

number of estimated parameter increased by one. The critical value corresponds to 

the one more parameter is 3.84. However, the final log-likelihood increased from 

-31024 to -29626, which is much more than two times of the critical value. The 

model with Box-Cox transformation is significant better than the linear model. 

 

5.2.6 Income effects 

Different income group will react differently when they face the same choice; 

consequently, higher income groups are expected to be less sensitive to the travel 

cost than lower income group. For instance, increasing travel cost may have larger 

influence on students than on lawyers. Students belong to low income group but 
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lawyer’s income is much higher. Under this situation, the cost parameter might be 

different for them. Accordingly, the willingness to pay for saving 1 minute travel time 

might be higher for high income group. To represent the income effect, new variable 

“cost/income” is used instead of “cost” variable. In this case, the income effect can 

be reflected by the ratio of cost and income. By setting the same travel cost, the 

value of the ratio will decrease with increasing in income. As a result, the effect of 

negative cost parameter will be smaller for high income observations. In the model 

specification of the mode choices, some adjustments are made. 

 

1. All the income variables are combined with cost variables which is specified as  

“Cost/ Income per month” 

2. “Personal Income” subjected to “Party size = 1”is used for all the modes. The 

reason why the “Personal Income” is used instead of “household income” for car 

and air mode is that the value of “household income” is much larger than 

“Personal Income”, but the new variables share the same parameter over all 

alternatives. If different income variables are used for different alternatives, the 

results are not comparable. “Income” subjected to “Party size” is because that 

there is no information about the social relationship between the travelers 

travelling together. They might be a family or a group of friends. If they are a 

family, they may care about “household income” instead of “Personal Income”.     

3. Income variables are segmented into two groups which are one very low income 

group and one normal group. There are 25% of the observations that have no 

income, and 4% of the observations’ income is under 100000SEK/year. These 

observations could influence the parameter of the new variable a lot. Under this 

situation, this part of observations that has no income or extremely low income, 

and party size is greater than 1 will still use a normal “COST” variable instead of 

the ratio. 

4. The progressive tax system is used for income transformation. 

The income after tax is calculated as Income = 0.7*(min (income, 300,000)) + 

0.45*(max (income-300,000)) SEK/YEAR  

 

Compared to previous models, the four income variables are removed, the new 

variable “Cost/ Income per month” is added. In total, the number of estimated 

parameters is less than previous model.  

 

In the searching procedure for Box-Cox transformation parameter, the same as 

for the previous model, the best transformation is obtained when the Box-Cox 

transformation coefficient is equal to -0.75 for variable “In_vehicle_time”. The 

log-likelihood value with respect to different λ is plotted in fig.11. The same as 

previous model, once the λ value is smaller than -1.3, the function calculation 

always fails. 
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Fig.11 log-likelihood value with respect to λ 

 

 

By using Box-Cox transformation, the final log-likelihood value increased a lot, 

the model with Box-Cox transformation is significantly better than the linear 

specification.  

 

The model estimation results are shown in table 31. 

 

Table.31 Model with respect to income effect 

Variable Estimate T 

ASCcar 0 0 

ASCbus -2.278 -30.6 

ASCtrain -1.896 -27.1 

ASCair -2.473 -33.5 

In_vehicle_time -61.27 -55 

λ -0.75 
 

cost/personal income -56.12 -24.6 

cost -0.00252 -24 

AccEgr -0.00215 -3.6 

Fwai -0.00157 -5.1 

School trip(car) -2.3 -16.2 

Purpose_Healthcare(car) -1.635 -7 

Purpose_Fetch people(car) 1.192 3.6 

Purpose_Associations&religious(car) -0.8043 -4 

Other Purpose(car) 0.4205 5 

Purpose_Entertainment(car) -0.8785 -6 

Purpose_Entertainment(bus) 0.6441 3.6 

Purpose_Holiday (bus) -0.7403 -4.7 
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Purpose_Housing-work_3(train) 1.628 18.3 

Purpose_Relatives and friends(train) 0.7207 9.1 

Purpose_Housing-work(air) 1.174 8.4 

car age -0.9839 -8 

bus age 0.3921 3.1 

job_pensioner & unemployed 0.5567 3.8 

carownership=0train 3.372 16.1 

carownership=0bus 2.832 12.4 

gender_femaletrain 0.8074 9.2 

gender_femalebus 0.6545 5.8 

no_licensebus 1.481 5.4 

no_licensetrain 1.814 7.1 

psize>=8bus 4.516 33.6 

N childu6 -1.323 -4.8 

carownership=0air 3.004 11.5 

carownership=2air 0.7074 4.6 

Attwa 0.9574 16.8 

Size parameter 1 0 

Size parameter of sumh -6.469 -182.2 

Nest 0.9663 124 

Final log-likelihood: -29496.4510 

Adjusted rho-square: 0.4255 

 

The signs of the both ratio variables and cost variables are reasonable. 

 

The t-test of the nesting parameter is shown in table 32. 

Table.32 T-test results of the nest parameter 

 Nest standard error t-test from 0 t-test from 1 

Combined size variables 0.9663 0.0078 124.0 -4.32 

 

The nesting parameter is significant different from 0 and 1. 

 

5.2.7 Combined with SP data 

The trade-off between time and cost is more reliable from the model based on SP 

data than RP data. As a result, the VoT estimated from SP model will be used to 

constraint the model based on RP data. 

 

To eliminate the constraint of different scale parameters, the ratio of time and cost 

parameter from SP model estimation results will be set as a constraint instead of 

setting constraint for the parameters of time and cost respectively. The new utility 

function can be written as follows. Just take the mode car as an example. 
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Model without constraint: Vcar=……+BETAc*COST + BETAt*TIME+…… 

Model with constraint: Vcar=......+BETAc*(C + VoTSP*T)+...... 

 

BETAc refers to the parameter of cost variable 

BETAt refers to the parameter of time variable 

VoTSP refers to the value of time obtained from SP study. 

 

In the model with a VoT constraint from SP study, there will be one parameter less 

than in a model without the VoT constraint. Accordingly, the Box-Cox transformation 

is performed to the item BETAc*(C + VoTSP*T) as a whole which is named as 

generalized cost. In transport economics, the generalized cost refers to the sum of 

monetary cost and non-monetary cost. In this case, the generalized cost includes the 

car costs and travel time expenditure for the journey.[31] 

 

The value of time from the SC study is shown in table 33 

Table.33 SC VoT constraint 

Mode VoT (SEK/hr) 

Car 117 

Train 74 

Bus 39 

Air 88 

 

This is the VoT constraint which is set in the model estimation. 

 

The Box-Cox transformation parameter is still obtained by the searching method in 

ALOGIT. The different Log-likelihood values with respect to different values are plotted 

in figure 12.  

 

Fig.12 Log-likelihood curve with respect to different Box-Cox transformation parameter  
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The proper value of Box-Cox transformation parameter is 0.41 which has the highest 

log-likelihood value. 

 

The estimation results are shown as follows. 

Table.34 Results of model with RP&SP data 

Variable Estimate T 

ASCcar 0 0 

ASCbus -3.484 -38.9 

ASCtrain -2.031 -25.8 

ASCair -2.994 -31.8 

Generalized Cost -0.2115 -91.5 

λ(Generalized Cost) 0.41  

AccEgr -2.51E-03 -4.6 

Fwai -1.25E-03 -4.3 

School trip(car) -1.429 -10.4 

Purpose_Healthcare(car) -0.9938 -4.5 

Purpose_Fetch people(car) 1.073 3.3 

Purpose_Associations&religious(car) -0.6096 -3.2 

Other Purpose(car) 0.4758 5.7 

Purpose_Entertainment(car) -0.8174 -5.7 

Purpose_Entertainment(bus) 0.6478 3.6 

Purpose_Holiday (bus) -0.6368 -4.1 

Purpose_Housing-work_3(train) 1.067 12.3 

Purpose_Relatives and friends(train) 0.6472 8.4 

Purpose_Housing-work(air) 0.8379 5.5 

car age -0.3246 -2.8 

Hhincome(car) 3.80E-07 3.4 

Pincome(train) -3.10E-06 -13.2 

bus age 0.4037 3.2 

job_pensioner & unemployed 0.708 4.9 

carownership=0(train) 2.579 13.5 

carownership=0(bus) 2.276 10.7 

Gender_femaletrain 0.4126 4.9 

gender_femalebus 0.4794 4.3 

no_licensebus 1.212 4.6 

no_licensetrain 1.338 5.6 

psize>=8bus 4.644 35 

N childu6 -1.167 -4.2 

carownership=0(air) 2.567 9.9 

carownership=2(air) 0.6399 3.8 

Attwa 1.848 26 

HHincome(air) 4.94E-07 2.9 

Pincome(bus) -2.36E-06 -7.9 

Size parameter 1 0 
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Size parameter of sumh -6.765 -152.6 

Nest 0.8553 110.4 

Final log-likelihood: -27122.9352 

Adjusted rho-square: 0.4717 

 

The Box-Cox transformation parameter for Generalized Cost (GC) variable is obtained 

by searching method, so the t-test of lambda is unable to be calculated. However, the 

final log-likelihood value increased from -27980.8768 (linear specification of GC) to 

-27122.9352 (Box-Cox for GC). The model with Box-Cox transformation has one more 

parameter than linear specification model, but two times of the improvement in 

log-likelihood has exceeded the critical value for judging if a model is significant 

better than the other one. The model with Box-Cox transformation is much better 

than before, which proved that the Box-Cox transformation parameter is very 

important. 

 

In the table above, the nesting parameter is equal to 0.8553. The t-test of checking if 

the nesting parameter is significant different from zero also needs to be calculated. 

 

Table.35 T-test results of the nest parameter 

 Nest standard error t-test from 0 t-test from 1 

RP&SP 0.8553 0.00775 110.4 -18.67 

 

From the t-test result, the nesting parameter is significant different from 0 and 1 which 

verified the reasonable model structure.  

6. Discussion 

Generally speaking, the discussion includes five aspects which are VoT comparison, 

best model recommendation, model validation, scenario formulation and forecasting, 

and elasticity discussion. 

6.1 VoT comparison 

 

Value of time estimations from three models is discussed in this section. The first 

model is the one with combined size variables. The second model is the one 

representing income effect. The last model is the one with SP VoT constraint. 

 

The model which uses combined size variables are named as model NL1 in the 

following text. The model which includes the cost/income variable to represent the 

income effect is called model NL2. The model with SP VoT constraint is named as 

model NL3. 
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VoT is defined as the marginal utility of time (dV/dT) divided by the marginal utility of 

cost (dV/dC). In models with linear specification of “Time” or “Cost”, the VoT value is 

just the ratio of time parameter and cost parameter. However, Box-Cox 

transformation is applied to variable “In vehicle time” in model NL1 and NL3. Once 

the Box-Cox transformation is used for either “Time” or “Cost”, the VoT is no longer 

the ratio of time parameter and cost parameter. The VoT under Box-Cox 

transformation will be expressed as VoT distribution. For instance, in model NL1, the 

Box-Cox transformation parameter is λ, the parameter for “COST” is βc and for “TIME” 

is βt. V represents the utility function. The VoT distribution will be derived as 

follows.[32] 

dV / dTime =βt * Timeλ-1 

dV / dCost =βc                                 (19) 

VoT=dCost / dTime =βt * Timeλ-1 βc 

Average VoT = 1/n   β   
     

λ  

β 
  

    

n refers to the number of observations, i refers to each individual  

 

Each observation corresponds to a different VoT according to different travel time. 

The final VoT value will be calculated as the average value over all the observations. 

 

In model NL1, the variable “in_vehicle_time” over all the modes is constrained by 

using the same parameter. As a result, the VoT will be calculated as the average value 

over all observations subject to mode share.  

 

In model NL2, there are two VoT for different income groups. For those observations 

that belong to very low income group, the formula is the same as model NL1. For the 

normal income group, the VoT is calculated as the average value of        
   

Timei    c Incomei) with respect to mode share. 

 

In model NL3, VoT is constraint to the VoT from SC study. 

 

The VoT comparisons from three models are shown in table 36. 

 

 

Table.36 VoT comparison from three models 

 
NL1(combined size variables) NL2(income effect) NL3(SP&RP) 

CAR 

588SEK/hr 

117 Low income & group travelers 

= 548SEK/hr BUS 39 

TRAIN 74 
Normal Income = 911SEK/hr 

AIR 88 
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The VoT from the model NL2 is people’s reaction towards different mode choices. 

These values might be different according to different survey design since the travel 

costs are uncertain. As what has been mentioned before, in order to get significant 

important parameter values, variable “in_vehicle_time” is combined over different 

alternatives. In model NL1, the VoT is estimated to be higher than SC value. In model 

NL3, the VoT from normal income group is higher than low income group.   

6.2 Best model recommendation 

The best model can be regarded as the model which uses VoT constrain from SP 

model because the Rho square value is the highest among the three mainly 

discussed models.  

Table.37 Model comparison from three models 

 NL1(combined size variables) NL2(income effect) NL3(SP&RP) 

Final log-likelihood -29626.4871 -29496.4510 -27122.9352 

Rho square 0.4229 0.4255 0.4717 

λ -0.73 (In vehicle time) -0.75 (In vehicle time) 0.41(Generalized Cost) 

 

The second model which represents the income effect has a higher Rho square value 

than NL1. The expected influence of the income effect is large, but the goodness of 

fit hasn’t been improved a lot. There are three reasons for this: Firstly, there are 

almost 30% of the observations do not have reasonable income values, this part of 

the observations are using the same cost specification as NL1. Secondly, the social 

relationship between group travelers is not detailed enough and the effect of 

household income hasn’t been taken into consideration. Thirdly, the personal income 

is subjected to “party size =1”, another 50% of observations is excluded from the 

group. At last, only 20% of the observations are picked to simulate the income effect. 

As a result, the final Rho-square hasn’t been improved a lot. 

6.3 Model validation 

Model validation is an important step to check if the model fits the data well. The 

value of Rho square is an identifier of the model goodness of fit. However, a high Rho 

square doesn’t guarantee the model fits the data well.[33] More detailed inspection 

needs to be conducted. In this case, the model validation according to different 

identifier will be conducted to subgroups of observations. For instance, travel 

distance will be an identifier. According to different travel distance, observations can 

be grouped into different subgroups which are short distance travel, median distance 

travel, long distance travel and so on. Under this assumption, the model validation is 

to check the difference between observed observations and predicted 

observations.[34]  

 

Two indicators are selected to do the model validation: distance & party size. The 
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weight 0.1 is used and the number in the table is 10% of the total number used to 

estimate the model. The model validation with respect to travel distance is shown in 

table 38. The distance is the tour trip distance. 

 

Table.38 Model validation with respect to travel distance 

 Choice dis<=200 200<dis<=300 300<dis<=400 400<dis<=500 dis>500 Total 

Car No. Chsn 114.3 253.0 109.5 69.6 312.6 859 

SD. Chsn 2.6 4.0 2.8 2.3 5.1 7.8 

Check **A ***A *A A ***V A 

No. Pred 107.6 238.1 106.1 69.4 336.8 858 

Bus No. Chsn 12.5 25.1 10.7 9.5 37.7 95.5 

SD. Chsn 0.9 1.5 1.0 0.8 1.9 2.9 

Check ***A A *V *A *V A 

No. Pred 9.4 24.3 12.3 8.0 41.1 95.2 

Train No. Chsn 15.5 51.5 24.3 10.9 79.1 181.3 

SD. Chsn 1.4 2.2 1.4 1.0 2.4 4 

Check ***V ***V A *V ***A V 

No. Pred 22.8 60.8 23.6 12.4 62.9 182.6 

Air No. Chsn 0.2 0 0.3 2.1 41.6 44.2 

SD. Chsn 0.5 0.8 0.5 0.5 1.6 2 

Check ***V ***V ***V V ***A 
 

No. Pred 2.7 6.3 2.8 2.4 30.2 44.3 

Total No. Chsn 142.5 329.6 144.8 92.1 471.0 1180 

No. Pred 142.5 329.6 144.8 92.1 471.0 1180 

 

“No. Chsn” refers to the number of observations in the dataset. 

“No. Pred” refers to the predicted number which is equal to the sum of probabilities 

of chosen alternative 

“SD. Chsn” refers to the variation due to the sampling error. It can be regarded as 

confidence interval and is used to check if the difference between “No. Chsn” and 

“SD. Chsn” is significant different. 

“Check” indicates the difference between “No. Chsn” and “SD. Chsn”. “A” means 

that the chosen number exceeds the predicted number. “V” means that the 

predicted number exceeds the chosen number. Different numbers of “*” indicates 

the difference between the two numbers. “*” means that the difference is larger 

than standard deviation but smaller than two times the standard deviation, “**” 

means the difference is larger than two times of standard deviation but smaller than 

three times of it. “***” means the different is larger than three times of the standard 

deviation. [35] 

 

The distance is divided into five segments. When the distance is smaller than 200km 

which can be regarded as short distance travel, the differences between observed 

and predicted number for almost all the modes are marked with three stars. When 
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the travel distance is greater than 200km and less than 300km, the differences 

between chosen and predicted number of observations for bus are acceptable. 

When the travel distance is between 300km and 400km, the differences between 

chosen and predicted number of observations for train are acceptable. When the 

travel distance is between 400km and 500km, the differences between chosen and 

predicted number of observations for car and air are acceptable.  

 

The model validation with respect to different party size is shown in table 39. 

Table.39 Model validation with respect to party size 

 Choice Psize=1 Psize=2 Psize=3 Psize=4 Psize>5 Total 

Car No. Chsn  163.1 326.5 127.4 149.9 92.1 859 

SD. Chsn  3.4 4.8 3.1 3.2 2.6 7.8 

Check  *A V *V A *V A 

No. Pred  156.5 326.7 131.7 146.8 96.2 858 

Bus No. Chsn  36.7 18.8 5.8 3.7 30.5 95.5 

SD. Chsn  1.9 1.3 0.7 0.7 1.5 2.9 

Check *V *A *A V *A A 

No. Pred  40.5 17.2 4.5 4.3 28.7 95.2 

Train No. Chsn  105.8 42.4 15 9.7 8.4 181.3 

SD. Chsn  3 2 1.1 1.1 0.8 4 

Check *V A **A *V **A V 

No. Pred  110.1 41.6 12.7 11.6 6.5 182.6 

Air No. Chsn  25.1 10 4.3 2.8 2 44.2 

SD. Chsn  1.4 1.1 0.6 0.5 0.4 2 

Check *A **V *A V A 
 

No. Pred  23.6 12.2 3.5 3.3 1.7 44.3 

Total No. Chsn  330.7 397.7 152.5 166.1 133 1180 

No. Pred  330.7 397.7 152.5 166.1 133 1180 

 

From the table above, unlike the distance indicator, the difference between chosen 

and predicted observations with respect to different party size doesn’t exceed three 

times of the standard deviation. The model is good at predicting the choices of 

medium travel group for car, bus and train. For small party size like 2 persons 

travelling together, the model is powerful for car and train. For larger travel group, 

the model has good prediction capability for train.  

 

6.4 Scenario formulation and forecasting 

In order to evaluate people’s response towards policy changes, different scenarios 

according to interested policies should be formulated. The demand changes will be 

obtained under different policies. Three scenarios are built to check people’s 

responses. 
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Base scenario: Current situation 

Scenario 1: Travel time for train is decreased by 40% 

Scenario 2: Travel time for train is decreased by 40% & travel cost for train is 

increased by 50% 

Scenario 3: Car cost increased by 20% & Travel time for train is decreased by 40% & 

travel cost for train is increased by 50% 

 

The travel demand for different modes under different scenario is shown in table 40. 

 

Table.40 travel demand under different scenarios 

 
BASE S1 S2 S3 

CAR 72.70% 68.93% -3.77% 74.21% 1.51% 71.41% -1.30% 

BUS 8.07% 7.30% -0.77% 8.44% 0.37% 9.22% 1.15% 

TRAIN 15.47% 20.38% 4.92% 13.44% -2.03% 14.92% -0.55% 

AIR 3.75% 3.40% -0.36% 3.90% 0.14% 4.45% 0.69% 

 

In the table above, when the travel time for train decreased by 40% due to the higher 

speed for high speed rail, the travel demand for train increased by 4.92%.   

 

An accompanying thing of decreasing in travel time is the increasing in train fare. 

Scenario 2 is used to estimate people’s reaction towards this policy. Demand for train 

decreased by 2.03% because of the combined effect of decreasing in travel time and 

increasing in travel cost. Car demand increased the most under this policy. 

 

Another assumption is made for the car cost, if the car cost is increased by 20% due 

to higher scarce fossil energy price after implementing the high speed rail. According 

to the forecasting results from scenario 3, demand for car and train will decrease. 

Demand for car decreased more than train demand, and bus demand increased 

more than air demand.      

6.5 Elasticity discussion 

Elasticity is defined as the ratio of the percentage change in one variable with respect 

to the percentage change in another variable.[36] 

 

Elasticity of demand could represent the demand sensitivity with respect to different 

factors such as travel time and travel cost. It might be important to know which 

factor will influence people’s choices most. Elasticity of demand with respect to 

other factors is defined as formula 20. 

                         
        

   
                (20) 

 

X refers to different factors such as travel cost, travel time and so on. There are two 

http://en.wikipedia.org/wiki/Percent_change
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kinds of elasticity which are direct elasticity and cross elasticity. The changes in 

demand caused by the changes of the alternative itself are measured by direct 

elasticity. The changes in demand cause by changes in other alternatives are 

measured by cross elasticity.  

 

In MNL model, cross elasticity is uniform because IIA property (independence of 

irrelevant alternatives) holds. However, this relation doesn’t hold in NL model 

anymore. In ALOGIT, elasticity is calculated according to the definition for NL model. 

Take variable “cost” as an example, the direct and cross elasticity of demand with 

respect to cost is obtained after three steps. Firstly, there’s a 10% increased in car 

cost, and the new demand of all the modes could be obtained. Secondly, the 

percentage changes in demand compared with base case can be calculated. Thirdly, 

the ratio of percentage changes in demand and 10% will be the elasticity.  

 

Demand elasticity with respect to increasing in train cost, car cost, train in vehicle 

time will be calculated. 

 

Direct and cross demand elasticity with respect to 1% increasing in train cost is 

shown in table 41. 

Table.41 demand elasticity with respect 1% increasing in train cost 

 

 
elasticity ( train cost 1% up ) 

CAR (cross) 0.0907 

BUS (cross) 0.0212 

TRAIN (direct) -0.1195 

AIR (cross) 0.0085 

 

When there is 1% increasing in train cost, demand of train will decreased by 0.1195%. 

Car demand will increased most which is 0.0907% 

 

Direct and cross demand elasticity with respect to 1% decreasing in train in vehicle 

time. 

Table.42 demand elasticity with respect 1% decreasing in train time 

 

 
elasticity (train time 1% down) 

CAR (cross) -0.0797 

BUS (cross) -0.0178 

TRAIN (direct) 0.1059 

AIR (cross) -0.0076 

  

When there is 1% decreasing in train travel time, train demand increased by 0.1059%. 

The absolute change in train demand is smaller than change with respect to train 

cost. This situation means that people are more sensitive to train cost than travel 

time. The change in car demand is also smaller. 
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Direct and cross demand elasticity with respect to 1% increasing in car cost are 

shown in table 43. 

Table.43 demand elasticity with respect 1% increasing in car cost 

 
elasticity (car cost 1% up) 

CAR (cross) -0.1458 

BUS (cross) 0.0356 

TRAIN (cross) 0.0847 

AIR (direct) 0.0254 

If there is 1% increase in car costs, car demand decreased by 0.1458% and train 

demand increased most which is 0.0847%. People are more sensitive towards car 

cost than train cost since the change in demand is higher than demand change with 

respect to train cost. 

    

All in all, people are most sensitive to car cost and train cost, but less sensitive to 

train travel time.   

7. Conclusion 

To conclude, the whole study is focused on the long distance trip demand model and 

how good the model fit the data. The model formulation is started from MNL model 

and then is extended to more complicated structure which is called NL model. The 

MNL model estimation plays an important role in the whole study since the NL 

model is based on the best MNL model. The NL model is estimated by using stratified 

data of 21 destinations. NL models with size variable constraint and without size 

variable constraint are compared to study how far away the free estimated 

parameter is from the desired parameter values. NL models based on random data 

and stratified data are compared to study the stratification effects. Three NL models 

are regarded as most reasonable results which are NL model with combined size 

variables, NL model with income effect and NL model with SP VoT constraint.  

 

The best model is regarded as the model which combined RP and SP data. From the 

model validation results of the best model, the distance checking is not quite 

reasonable for some distance intervals. The differences between observed number 

and predicted number exceed three times of the confidence interval for some 

distance interval especially for air. The predicted number of air and train users is 

much smaller than the observed number when the travel distance is larger than 

500km. The model can be improved by adding dummy variables for travel distance 

which is larger than 500km. The distance variable is not suitable to be used as 

continuous variable because it explains the same thing as travel time, and distance is 

not able to indicate the changes of the characteristics of both alternatives and 

travelers. However, it might be suitable to be used as dummy variables to indicate 

very long distance trips (larger than 500km) because train and air might be the 
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priority choices when the trip length is larger than 500km.  

 

Three scenarios are built according to the features of high speed rail, and the best 

model is used to forecast the demand changes. The demand elasticity with respect 

to cost and travel time is discussed. However, based on the current model structure, 

the demand for normal rail service and high speed rail service are not able to be 

predicted under the same scenario. The drawback can be overcome by setting a nest 

for normal train and high speed train.  

 

The limitation of the NL model is that the Box-Cox transformation parameter is 

obtained by searching method in ALOGIT, and the t-test of the parameter is unable 

to be discussed. The personal and household income variables are also added to the 

utility function, but it is not clear which individual should use which type of income 

since there is no information relating to the social relationship of the travelers 

travelling together. In the NL model, Personal income is added to bus and train, and 

household income is added to car and air. Obviously, some income variable might be 

wrongly added to some individuals especially for large group travelers. If they are a 

family travelling with bus, the personal income is not correct anymore.  

 

Nonlinearity in data is captured by Box-Cox transformation, but the heterogeneity of 

parameter has not been discussed because of the time limit. The heterogeneity 

should be captured by a Mixed Logit model. In a Mixed Logit model, the specification 

of coefficients defines the stochastic portion of utility with the random terms 

together and allows the model represents the random taste variation over decision 

makers. If all the drawbacks would be fixed, the model will be more realistic. 
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Appendix 

Table of Chi-square statistics 

P = 0.05 P = 0.01 P = 0.001 

3.84 6.64 10.83 

5.99 9.21 13.82 

7.82 11.35 16.27 

9.49 13.28 18.47 

11.07 15.09 20.52 

12.59 16.81 22.46 

14.07 18.48 24.32 

15.51 20.09 26.13 

16.92 21.67 27.88 

18.31 23.21 29.59 

19.68 24.73 31.26 

21.03 26.22 32.91 

22.36 27.69 34.53 

23.69 29.14 36.12 

25 30.58 37.7 

26.3 32 39.25 

 

http://en.wikipedia.org/wiki/Elasticity_%28economics%29

