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The picture of nature as a whole given us by mechanics may be compared to a
black-and-white photograph: It neglects a great deal, but within its limitations,
it can be highly precise. Developing sharper and more flexible black-and-white
photography has not attained pictures of color or three-dimensional casts, but it
serves in cases where color and thickness are irrelevant, presently impossible to
get in the required precision, or distractive from the true content.

Clifford A. Truesdell

Existence, as such, does not require an explanation; it requires study.

Ayn Rand



Abstract

The strong evidence for a size dependence of plastic deformation in polycrystalline metals

is the basis for the research presented in this thesis. The most important parameter for

this, and arguably also the most well known, is the grain size. As the size of the grains in a

microstructure is decreased the yield stress increases. This is known as the Hall–Petch relation

and have been confirmed for a large number of materials and grain sizes. Other structural

dimensions may also give rise to a similar strengthening effect, such as the thickness of films

and surface coatings, the widths of ligaments and localization zones and the diameter of thin

wires, to mention a few. The work presented in this thesis is shown to be able to model these

effects.

Size dependent plastic deformation have here been modeled in a continuum mechanical

setting by an extension of the standard theory of solid mechanics. Specifically, the work in

this thesis is formulated in terms of the higher order strain gradient plasticity (SGP) theory

presented by Gudmundson [Gudmundson, P., 2004. A unified treatment of strain gradient

plasticity. Journal of the Mechanics and Physics of Solids, 52]. This allows size dependent

plasticity phenomena to be modeled and a yield stress that is proportional to the inverse of

the geometric dimension of the problem is predicted.

The ability to model interfaces have been of specific importance to the work presented

here. The state at internal interface is shown, via a physically motivated constitutive descrip-

tion, to be of great importance to capture size effects. The surface energy at grain boundaries

is shown to influence both the local and the macroscopic behavior. At the smallest scales

an additional deformation mechanism have been introduced at the internal boundaries. This

allowed the strengthening trend associated with decreasing grains size to be halted, in quali-

tative agreement with reported experiments on the behavior of ultrafine and nanocrystalline

polycrystals. In the later part of the thesis the focus is aimed at modeling grains structures

to bring some insight into the different regions of deformation mechanisms in relation to grain

size and interface strength. A deformation mechanism map for polycrystals is suggested based

on the results from structures with both hexagons and log-normal size distributed Voronoi

tessellations, and the implication of a statistical variation in grain size have been explored.

A finite element implementation of the theory have been developed that is a fully implicit

backward-Euler algorithm with tangent operators consistent with the stress update scheme,

which give excellent convergence properties and is numerically very stable. Higher order finite

elements have been implemented for modeling of both bulk material and internal interfaces.

A plane strain version have been used to model metal-matrix composites and explore the

implication of some of the more exotic features of the theory.
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av en flerfassolid
Carl F. O. Dahlberg and Jonas Faleskog
Presented at Svenska Mekanikdagar, Södertälje 2009 (Ea,P)
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Introduction

The research in this thesis is presented in detail in the appended papers. This introductory

part is intended to give the background and an overview of subjects related to the presented

research so it can be placed in a wider context by the reader. It will also serve the purpose

of elaborating on a few issues that have not been published elsewhere. The main purpose of

the research have been to further develop, improve and investigate a continuum theory for

plastic deformation of metallic materials on small scales. Special emphasis have been given

to physically motivated interface formulations, modeling of grain structures and a consistent

finite element implementation of the resulting theory.

This first chapter gives the background to the research, painted in very broad brush

strokes. A brief explanation of what a crystalline material is and how the microstructure

determines some of its mechanical properties is given. The concept of plastic deformation

is introduced and how it connects to the microstructure. This chapter is concluded by a

recapitulation of how plasticity is treated in the conventional continuum mechanical setting.

The second chapter treats the phenomenon of plastic deformation at small structural

length scales. It attempts to summarize some of the most important experimental evidence

of the size dependence of plastic deformation and discuss some of the available modeling

methods.

Chapter three gives a very short review of gradient theories and then presents the phe-

nomenological strain gradient plasticity (SGP) theory by Gudmundson (2004) that is used as

the theoretical basis in this thesis.

The fourth chapter concerns the finite element implementation of the SGP theory. A

general framework for the full 3D case is given and the implementation of the plane strain

case is discussed. Consistent tangent operators, the implicit backward-Euler scheme and the

mixed order elements will be discussed in detail.

The last chapter summarizes the appended papers and compiles and overview of the

presented research and its conclusions.

Throughout this thesis cartesian tensor components are denoted by the index notation

and the Einstein summation convention of repeated indices is used unless otherwise stated.

Spatial gradients are denoted by the standard shorthand notation as ai,j = ∂ai/∂xj .

11



On the role of interfaces in small scale plasticity

Background and rationale

The technological progress of civilization have, to a large extent, been paced by the develop-

ment and utilization of materials. Today this might seem like a backwards way of thinking

about it, but materials have been deemed so important to the advance of human civilization

that we have named whole historical epochs after them. From the Stone Age, through the

Bronze and Iron Ages and into the current Silicon Age (paraphrasing Olson (2000)). The last

century, and in particular the last 50 years, have been characterized by an almost exponential

rise in the ability to understand and manipulate materials on levels and in ways not even

the medieval alchemists dared to dream of. The current progress have, by no small extent,

been driven by the quest to make things smaller, which in turn have been spurred on by the

electronics industry.

This hunt for miniaturization was beautifully formulated, whilst still in its infancy, by

the famous physicist Richard Feynman in his talk There’s plenty of room at the bottom given

to the American Physical Society in Pasadena half a century ago (Feynman (1959)). There

he outlined several key aspects of what has since come to be known as nanotechnology. He

accurately predicted, albeit in sweeping terms, that phenomena that are too faint to be

noticed at our regular length scales will become more important as structures decrease in

scale. Now, with the advent of micro- and nano-engineered structures, the understanding of

these phenomena and how they affect the properties of the structure have become important

research topics.

A few years before Feynmans seminal lecture, two reports on how smaller is stronger were

published by Hall (1951) and Petch (1953) detailing what has become known as the Hall–

Petch relationship, and also triggering research into the subject of size dependent material

properties. Since then, the size dependence of the yield stress in polycrystalline materials have

been confirmed by an ever increasing number of scientific publications and is now incorporated

into all standard textbooks on strength of materials.

Crystalline materials and their microstructure

A crystalline material is a material where the atoms exhibit a long range order and symmetry.

That means that an atom binds to its neighboring atoms in the exact same way as the next

atom, and the next one after that and so on — thus creating a repeating and symmetric three

dimensional structure called a lattice. The lattice is defined by a unit cell, which describes in

what arrangement the atoms order them selves, and is the smallest coherent building block

of a crystal. Crystalline materials stand in stark contrast to amorphous materials, where

there is only a short range order of the atoms and no reoccurring structural unit cell can be

identified.

For almost all metallic engineering applications any structural component can be consid-
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ered very large when compared to the lattice spacing of the metal or alloy it is made from.

In fact, the lattice length scales are measured in units of Å (10−10 m) and the lower end of

the size range for engineering components is on the order of μm (10−6 m). This means that

even the smallest components are several orders of magnitude larger than the length scale of

the atoms interaction in the material. However, almost all metallic components have defects

in their crystalline structure, so that the perfect arrangement of atoms is distorted and/or

disrupted. These defects can be ordered into groups depending on their spatial extension,

point-, line-, planar- and bulk defects. Point defects encompass one or a few atoms that

have been displaced, exchanged, added or removed from their equilibrium position. Linear

defects appear almost exclusively in the form of dislocations, which are so important to the

presentation here that they will be treated in a separate section below. There are several

defects which could be characterized by a plane or a surface, but this work will focus on grain

boundaries and similar phase- and material interfaces. Bulk defects are for example larger

voids (considerably more than just a few missing atoms) and inclusions of a second phase

particle.

A grain in a crystalline material is a region within which the perfect crystal structure

is preserved. In theory such a grain can be of any size and engineering components could

be made from a single grain, which would give the components some remarkable properties.

In practise, however, metals and alloys are made of a large number of tiny grains, so called

polycrystalline materials, for which the macroscopic properties are statistical averages of

the constituents properties. The transition, from a grain with one orientation to the next

grain with a different orientation, takes place through a layer only a few atoms thick — the

grain boundary. The relative amount of grain boundaries to the volume of grain interiors

is of great importance to some of the mechanical properties of polycrystals. In fact, not all

mechanical properties are the averages of the corresponding properties of the single grains.

The presence of distinct grains, and thus grain boundaries, in the microstructure introduces

effects that could not be experienced in a single crystal. A typical example of a polycrystalline

microstructure is shown in Figure 1.

The physics of plastic deformation

Plastic deformation is the name given to the process by which a material, usually a metal,

deforms beyond a limit such that upon removal of external loads, it will not return to its

original shape. Theoretically this phenomenon have been described by the theory of plasticity,

which was developed in contrast to the theory of elasticity, see for instance Hill (1950). This

partition into elastic and plastic is not undue, since the physical processes that underlie these

phenomena are also inherently different. Elastic deformation is caused by the stretching and

compression of the intra-atomic bonds in the crystal lattice, without breaking them. Plastic

13
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Figure 1: Microstructure in a TiAlMoCr alloy. Grains and grain boundaries are clearly visible. Picture from
Pleshakov (2011).

deformation, on the other hand, is mediated by the introduction and subsequent movement

of lattice imperfections, i.e. by the breaking and reorganization of the aforementioned bonds.

The physical processes by which this happens is the subject of ‘metal physics’ or ‘mechanical

metallography’, and will here be explained in terms of the most important mechanism – the

dislocation.

Dislocations

As the crystalline structure of metals was understood, work was done on the theoretical shear

strength limit of crystals. The work of Frenkel in 1926 suggested that the strength should

be on the order of G/5, where G is the shear modulus, but experiments reported values

for the yield stress of polycrystals that were several orders of magnitude smaller than this

(Hirth and Lothe (1982)). This discrepancy was understood when the theory of dislocations

was introduced by Orowan, Polanyi and Taylor in 1934 with significant contributions from

Burgers in 1939.

A dislocation is a defect of the, otherwise perfect, crystal lattice. Two basic types of

dislocations can be identified, the edge- and the screw dislocation, as shown in Figure 2(a).

It is the motion of these defects that give rise to the phenomenon of plastic deformation by

accounting for large lattice incompatibilities, illustrated in Figure 2(b). Dislocations move

along the ordered planes of the crystal and the motion is driven by the stress acting along

that plane, called the resolved shear stress.

If there were no obstacles to the movement of dislocations the crystal would deform

elastically under an applied tensile stress until the critical resolved shear stress for dislocation

movement had been reached on a single slip plane. A dislocation would then be activated and

moved according to the applied stress. Then another plane would be activated and the process

repeated, resulting in a step-like surface, and finally the crystal would shear off completely.

In most engineering metals this perfect slip behavior is never seen since there are nu-
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(a) Dislocation types (b) Dislocation motion

Figure 2: (a) Schematic illustration of the two types of dislocations. Both types result in a step deformation
at a free surface, but through different movement of the dislocation. (b) The accommodation of
the crystal lattice during the movement of an edge dislocation under applied shear stress.

merous obstacles that prevent this kind of deformation mechanism. Most notable of these

obstacles are grain boundaries which act to hinder the dislocation. Since grain boundaries

by definition is the interface between two regions with differing crystal orientation, a slip

plane will terminate at such a boundary and there is no possibility for the dislocation to

continue its movement under the same applied stress. This leads to a pileup of dislocations

at grain boundaries and it is not until the stress is raised enough so that slip is activated in

the neighboring grain that the plastic deformation can continue. There is another obstacle

mechanism hidden in this behavior and it is due to the fact that two dislocations with the

same direction can not come arbitrarily close to each other. The stress field of the distorted

lattice due to one dislocation will act to repel another incoming dislocation on that plane as

the dislocations come close to each other. This repulsion will then be responsible for trains of

dislocations piling up at grain boundaries. Their influence on the crystal will also prevent slip

on adjacent slip planes, leading to the phenomena known as deformation hardening. Similar

effects will appear at interfaces surrounding second phase particles and inclusions.

Conventional continuum treatment of plasticity

Even before the underlying physics behind plastic deformation became understood, phe-

nomenological continuum theories to describe it had been developed. Even though these

theories make no claim as to what happens on the microstructural level of the material, they

have been very successful in predicting the macroscopic response of a plastically deforming

body once they are calibrated by a few experiments. By neglecting the actual processes that

occur and treating a whole body as a continuum of smeared out statistical properties the

modeling becomes, in many ways, much simpler. This section will summarize what is usually
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called the conventional continuum theory of plasticity.

The conventional treatment of plasticity within the framework of continuum solid mechan-

ics can be divided into deformation theory and flow theory. Deformation theory is essentially

a non-linear elastic theory that mimics the observed behavior of plastically deforming bodies

as long as the loading is not reversed. This type of theory will not be discussed further here.

The strain state of a body, under the small strain assumption, will be given by the sym-

metric gradient of the displacement field ui, as

εij =
1

2
(ui,j + uj,i) . (1)

It is further assumed that the strain may be decomposed into its elastic and plastic components

as

εij = εeij + εpij, (2)

where the elastic strain at a particular stress state σij will be given from elasticity theory.

The evolution of the plastic strain state however is not as straight forward and will be treated

in the following.

It is evident from experiments that a certain stress level is required for plastic yielding to

initiate. This is expressed as when the yield function f of the stress state σij is

f(σij) = 0, (3)

plastic straining will occur. In the isotropic theory of plasticity this stress function cannot

depend on the direction of stress in the chosen coordinate system, and must subsequently be a

function of the invariants of the stress tensor. Further more it has been observed that plastic

straining, at least to a first approximation, does not lead to any volume change, resulting in

the so called incompressibility condition

εpkk = 0, (4)

which also indicates that the hydrostatic stress should not affect the yield point. One of

the most common form of f is the von Mises criterion, or the J2 criterion, named so since

it only depends on the second invariant of the deviatoric stress J2 = sijsij/2 where sij =

σij − σkk/3δij ,

f =
√

3J2 − σy (5)

where σy is a material parameter known as the uniaxial yield stress and must be determined

from experiments. When f < 0 elastic behavior prevails and when f reaches 0 yielding will

commence. The flow theory of plasticity, or incremental theory, further assumes that the

principal axes of the applied stress state corresponds to the principal axes of the resulting
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increment of plastic strain (and not the total strain). A flow rule can then be formulated as

dεpij = dλ
∂f

∂σij
= dλ

3sij

2
√
3J2

when f = 0, (6)

where dλ is called the plastic multiplier. This multiplier can be determined if one observes

that for continued plastic loading df = 0, which is expressed in the consistency condition

df =
∂f

∂σij
dσij +

∂f

∂κa
dκa, (7)

where κa are the internal variables related to the evolution of f due to hardening.
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Small scale plasticity

In this chapter the notion of plasticity as a scale dependent phenomena will be introduced.

Some of the experiments pertinent to plastic deformation on small scales will be presented

and some modeling approaches (different from the approach used in the appended papers)

will be reviewed.

Experiments

There are several groups of experiments that have captured the size effects of small scale

plasticity. Following the distinctions made in Fleck et al. (1994) the size effects of plastic

deformations can be split into three groups. The first category is due to the arrangement

and size of the actual microstructure. This is for example the fairly well established reason

behind the so called Hall–Petch effect (Hall (1951) and Petch (1953)) where the flow stress of

a polycrystal is inversely proportional to the square root of the grain size. A second group can

be attributed to severe plastic deformation locally with sharp gradients of plastic strain, such

as under an indentor or around a crack tip. The third and final group concerns the effects

of a macroscopically introduced deformation gradient such that smaller specimens develop

sharper gradients and thus induce a stronger size dependent response.

It is evident that size effects appear in the presence of inhomogeneous plastic deformation,

more specifically in presence of strong gradients of plastic strain. In the two latter categories

above the gradients arise naturally as a consequence of the boundary conditions and in the

case of the microstructure the gradients are introduced to handle lattice incompatibilities

between grains and second phase particles. The plastic strain and the gradients of plastic

strain are closely related to the dislocation density, which can be slip into two parts, the

statistically stored ρSSD and the geometrically necessary ρGND. The density ρGND is given

by those dislocations responsible for sustaining an inhomogeneous lattice deformation and

are thus directly related to the gradient of plastic strain. The density ρSSD will increase in

proportion to the plastic strain, and should not contribute to the size effects due to its random

nature, but is quoted as the main source for work hardening.

There is also distinction needed to be made between measuring the effects and measuring

and/or observing the causes of those effects. The former usually concerns macroscopic mea-
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surements, albeit on small specimens, of force/displacement, moment/curvature, torque/twist

and other macroscopic conjugate pairs. To understand what causes these macroscopic size

effects the latter category of experiments are essential. That is to, with the help of for ex-

ample scanning electron microscopes (SEM) or X-ray diffraction techniques, peer into the

microstructure and observe and measure what is actually taking place during deformation.

Size effects due to the microstructure

Experiments in this category concerns the effects of grain size and other features of the

microstructure morphology, such as the size of inclusions and second phase particles. Several

authors have identified three grain size regions in crystalline materials where a size dependence

on the flow stress and hardening rate is evident, see for instance a comprehensive study of

micro to nanocrystalline Cu in Conrad (2004) and a similar study for Zn in Conrad and

Narayan (2002). The three more or less distinct grain size regions are the microcrystalline

(mc) region where d > 1 μm, the ultrafine crystalline (ufc) with d in between 100 to 1000

nm, and the nanocrystalline (nc) where grains are about 100 nm, or even smaller. The first

two regimes are characterized by a grain size hardening so that smaller grained specimens are

stronger. The prevailing trend is that the yield stress of materials follows

σy = σ0 + kd−β (8)

where σ0 and k are constants and if β = 1/2 the classical Hall-Petch relation results. The

results from several experiments compiled in Conrad (2004) and Conrad and Narayan (2002)

seems to indicate that for ufc β > 1/2, but for example in Kumar et al. (2003) the suggestion

is that β < 1/2 for the same grain size range. This discrepancy illustrates the problem of

controlling all the relevant parameters in this kind of tiny scale experiments.

Despite these troubles there has been quite an effort to test materials with even smaller

grains and in the nanocrystalline regime there is evidence that the strengthening trend levels

off (Sanders et al. (1997) noted this in nc Cu and Pd) and even reverses, see for instance

Chokshi et al. (1989) and the references quoted above. The mechanism behind this reversal

is poorly understood but evidence points to grain boundary activation and deformation. MD

simulations by Schiøtz and Jacobsen (2003), Yamakov et al. (2004) and a review by Wolf

et al. (2005) show relatively increased boundary activity as the grain size is reduced. So

called Coble creep and grain boundary sliding are two proposed deformation mechanisms

that may be responsible for this behavior. Experimental evidence for grain boundary sliding

have been observed in ufc specimens of Al by Sabirov et al. (2008) where the applied strain

rate spanned several orders of magnitude and the results remained similar (i.e. there was no

evidence for large rate effects), thus indicating a process not driven by diffusion.

Apart from the actual grain size, other microstructural inhomogeneities have been re-
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ported to bring about a similar size dependence of plastic properties. For example the size

of precipitates in a Ni-Al alloy have a large impact on flow stress, while the volume fraction

was constant, as reported in Gleiter (2000). The effects of the grain boundary character have

been investigated in Sun et al. (2005) where Al specimens of similar grain size but markedly

different grain boundaries was shown to exhibit different tensile yield behavior.

Direct observation of the lattice distortion have been reported in Kysar et al. (2010) where

a single crystal of Ni was plastically deformed by a wedge indentor and the resulting lattice

rotation was measured by electron backscatter diffraction. The measured lattice rotation

could then be connected to the dislocated state of the crystal and specifically used to determine

a lower bound on the density of geometrically necessary dislocations.

Locally sharp plastic gradients

Plastic size effects have been observed to appear when the plastic deformation becomes highly

inhomogeneous. This is the case at a crack tip where the plastic zone is small and surrounded

by purely elastically deforming material, under the indentor in hardness testing by indentation

there will be a region with locally higher plastic strains than in the surrounding material.

Thin films deformed in biaxial tension can be forced to develop a local plastic gradient by

passivating one or both sides with another phase and thus preventing dislocation motion out

of the film.

The indentation size effect have been reported in the literature for several decades, for

example Pethica et al. (1983) that reported on a significantly increased hardness measurement

with decreasing indentation depth in Ni, Au and Si. This can be understood in the context of

length scale dependent plasticity since the stress and strain fields under a sharp indentor are

self-similar with respect to indentation depth so that the induced local gradients appear over

a distance that scales with it. Once this distance becomes comparable to the intrinsic material

length scale, size effects should appear. This connection was made, in terms of dislocation

densities, in Ma and Clarke (1995) and in Nix and Gao (1998) an explicit connection to

gradient plasticity was worked out. For spherical indentors the size effect is correlated with

the size of the indentor instead of the indentation depth (Swadener et al. (2002)).

Locally sharp gradients have also been introduced into the otherwise homogeneous state

in biaxial tension of thin films. In Xiang and Vlassak (2006) a plane strain bulge test was

performed on thin Cu films where the surface conditions were controlled by passivation of

a layer of Ti. The passivation layer introduced a constraint to dislocation movement out

of the plane of the film and consequently plastic strain gradients developed. The effects of

these gradients became more pronounced as the film thickness was decreased, quantified by

an offset yield stress that increased. In the absence of passivation layers the size effect on the

yield stress was diminished.
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(a) Torsion of thin wires (b) Microbend test

Figure 3: (a) Normalized torque versus twist for Cu wires of diameter 2a, figure taken from Fleck et al.
(1994). (b) Normalized bending moment versus surface strain for bending of thin Ni foils, figure
taken from Stölken and Evans (1998).

Imposed macroscopic gradients

Experiments which imposes a non-homogeneous macroscopic strain field on the test specimen

have been used to show size effects. Torsion of cylindrical specimens and bending of beams

both introduce a strain gradient that varies from zero on the neutral axis or layer to a finite

surface strain. By reducing the geometrical dimension of the specimen the size dependent

effects should be discernable on a plot of the normalized force or moment vs the deforma-

tion. One of the most well known experiments in this category is the work of Fleck et al.

(1994) where copper wires were tested in tension and torsion. The tension test results in a

homogeneous strain distribution and showed no effect of the wire diameter2. The torsion test

imposed a gradient, as discussed above, and a size dependent response was clearly visible, as

shown in Figure 3(a).

Bending of thin nickel foils was performed in Stölken and Evans (1998) where thinner

foils showed an increased bending moment with decreasing foil thickness, shown in Figure

3(b). A more recent experiment relating the springback angle in bent aluminum foils to the

thickness is Hezong et al. (2011), where the authors found that the springback increased with

decreasing foil thickness while controlling for a constant grain size in between samples, i.e.

less plastic deformation with decreasing specimen size.

2This is not entirely true since the largest wire was found to have a slightly lower yield stress. This was
deemed to be due to grain size effects as the larger diameter wires also had larger grains.
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Modeling approaches

To model the size dependency of plastic deformation several approaches have been employed.

It is evident that the conventional continuum treatment of plasticity will not suffice since the

governing equations are devoid of a sense of length scale. This section will briefly cover some

proposed modeling techniques but will on purpose leave out the strain gradient plasticity, to

which the next chapter is devoted.

Molecular dynamics

The molecular dynamics (MD) approach to modeling materials is based on the interactions

of the particles that constitute the material. In the framework of material science these

particles are the atoms of the microstructure, and MD is used to describe how the position

and velocity of these changes with time. Since MD operates on the atomistic scales the method

have the capacity, at least in theory, to capture all possible mechanical phenomena related

to the hierarchical structures of materials. However, in reality, the method is constrained by

assumptions, approximations and the enormous computational effort required to model all

the atoms in even a tiny material specimen. MD does give a valuable insight into processes

on the smallest of possible scales and will thus be able to give better input to models that

operates on larger scales.

The method is based on Newton’s laws of motion (Martini (2009)), where the position x

of a particle is governed by

mẍ = f(x) = ΔU(x), (9)

where f is the force acting on the particle and can be determined from a potential U(x).

Interaction between particles can then be simulated if the correct potential energy relation can

be described. Numerical integration of (9) will yield the particle velocities and positions, from

which statistical averages over a large number of particles can be formed to give information

about the macroscopic evolution of the modeled system.

The number of possible particles in these kind of simulations have grown considerably

in recent years. This translates to an ability to model larger specimens and in for example

Schiøtz and Jacobsen (2003) and Schiøtz (2004) the largest number of atoms simulated are on

the order of 100 million. This may appear to be an impressive number, but it translates to a

cube of material with side lengths roughly occupied by about 500 atoms, or about 100 nm. To

model larger specimens a 2D approximation is usually applied, greatly reducing the number of

atoms needed to describe the material along one axis. Another computational obstacle with

MD is the extremely small time increments required in the numerical integration. The time

step is usually chosen to be about an order of magnitude less than the shortest motion time

scale of the substrate, and in the case of atoms this is set by the inherent thermic vibrations.

By lowering the absolute temperature at which the simulations are performed the frequency
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of vibrations can be lowered, thus allowing for an increased time step. However, the increment

of time in a typical MD simulation is on the order of 10−14 seconds, or 10 femtoseconds. To

be able to model a deformation-event that takes place over a few nanosecond then requires

millions of steps. To reach any significant amount of macroscopic strain in such a short time

necessitates strain rates on the order of 106−108 s−1. So, computational limits so far constrain

MD simulations to small specimens at very low temperature and extremely high strain rates.

Another considerable problem with MD is the need to describe the interaction in between

particles in a correct fashion. The simplest approach is to use so called pair-potentials which

has one repulsive and one attractive component. They model the interaction of one atom with

each and every other atom in a pair-wise fashion. This would lead to a staggering number

of atom pairs needed to be evaluated and a cut-off radius must be employed such that only

the closest atoms may interact with each other. These pair potentials are usually exemplified

by the Lennard-Jones potential, which was originally devised to handel atom interactions

in noble gases, but is now also employed in the modeling of crystalline solids. Other more

accurate potential functions exists, such as for example Coulomb potential, the embedded

atom model and several intramolecular interaction bond models describing the behavior of

covalent bonds.

MD simulations may be useful for gaining insight into the behavior of materials on the

smallest of scales, insights that with some sound assumptions can be used to infer the behavior

on larger scales. However, as a modeling tool for engineering applications it is hopelessly

inefficient and suffers from the same degree of phenomenological curve fitting and educated

guesswork as any other modeling practice. Perhaps some of these issues can be solved by

ab initio modeling where Schrödingers equation is solved directly for a small ensemble of

atoms to gain better input to the potential functions, but even then there are still underlying

assumptions that may complicate the picture.

Discrete dislocation plasticity

Discrete dislocation (DD) plasticity is an kind of hybrid method between a continuum model

and a discrete model. It treats the continuum as an elastic solid and incorporates the plastic

properties from the elastic theory of dislocations (where the standard reference work is Hirth

and Lothe (1982)). The discreetness of the method enters in the description of the dislocations,

where each dislocation is represented by its line singularity solution in an elastic solid. The

plastic behavior is then governed by the dynamics of the interactions and movements of

the dislocation lines, where both phenomenological and physically motivated interaction and

motion laws have been proposed.

As noted in the review by Groh and Zbib (2009) the full 3D approach to DD modeling

is complicated by the long-range character of the dislocation stress field. For example, the

stress field from a straight dislocation line in an infinite solid is given in polar coordinates on
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page 76 in Hirth and Lothe (1982) as

σrr = σθθ = − μb sin(θ)

2π(1− ν)r
, (10)

and similar magnitude expressions with a 1/r decay for the other components. In (10) the

shear modulus is μ, the length of the Burgers vector is b and Poisson’s ratio is ν. Due to

this relatively slow spatial decay, the number of dislocation-dislocation interactions, and thus

computations, increases very fast as the number of dislocation line segments increase, i.e.

with increasing plastic deformation.

To counter the computational limits imposed by the 3D formulation, 2D approaches have

been successfully employed. In a well cited paper by Van der Giessen and Needleman (1995)

the authors developed a 2D method of DD plasticity where the dislocation lines are represented

by the in-plane singular stress solution from an edge dislocation. The method is based on a

superposition of two fields so that the displacements, strains and stresses can be written as

ui = ũi + ûi, εij = ε̃ij + ε̂ij , σij = σ̃ij + σ̂ij. (11)

The linear elastic solution to one dislocation in an infinite homogeneous and isotropic medium

is known analytically for many of the possible types of dislocations and the (˜)-fields are taken

as the superposition of this solution for all dislocations in the body. At the dislocation core

the solution becomes singular, as is evident from (10), but outside the core region the solution

will give an accurate description of the stress state. This field will not be in equilibrium, nor

compatible, with the applied boundary conditions, so the second field ( ˆ ) is introduced as

a complementary field that enforces equilibrium and compatibility. This second half of the

problem can be solved by a standard FE-solver. The procedure is illustrated in Figure 4. The

dislocated state is then allowed to evolve by motion, creation and annihilation of dislocations

governed by constitutive equations.

DD approaches have been successful in modeling microscale stress concentrations and

failure processes that is hard or impossible to capture with continuum models. It is possible

through DD to gain insight into the local stress state at dislocation pileups that may improve

the understanding and modeling of second phase particles and interfaces. The formation of

dislocation sub-cells, size effects (Needleman et al. (2007)), boundary layer behavior (Nicola

et al. (2006)) and energy storage during plastic straining (Benzerga et al. (2005)) have been

studied and provide input to constitutive modeling on larger scales. Modeling 3D effects in a

2D setting have been performed by for instance Benzerga et al. (2004), thus further increas-

ing the ability of the method while conserving computational effort. Good agreement with

gradient based continuum plasticity theories have been reported in for example Needleman

and Van der Giessen (2003).
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Figure 4: Decomposition of a problem into the superposition of two fields so that the boundary conditions
are satisfied. Figure taken from Needleman (2000).

Crystal plasticity

Crystal plasticity is a continuum theory that incorporates the information of the slip systems

in each subregion of a body, but does not explicitly model individual slip planes and disloca-

tions. The continuum region is endowed with one or more slip systems α, that each have a

normal vector m
(α)
i and a perpendicular slip direction s

(α)
i . Finite deformation kinematics is

usually employed in this framework and a plastic velocity gradient can be expressed as the

sum of the shear rates γ̇(α) on all slip systems

Lp
ij =

∑
α

γ̇(α)s
(α)
i m

(α)
j . (12)

The shear rates are assumed to be a function of the externally applied stress Σij, where Σij

is conjugate to the chosen deformation measure. The resolved shear stress on a slip system

is then given by

τ (α) = Σijs
(α)
i m

(α)
j (13)

and drives the evolution of γ̇(α) via constitutive relations.

In a review of the subject by Roters et al. (2010) the authors identified two classes of

constitutive models; phenomenological and physics-based. Phenomenological models use the

critical resolved shear stress in each slip system τ
(α)
c as the state variables. The shear rate is

then usually formulated as a function of the stress state and the critical stress

γ̇(α) = f(τ (α), τ (α)c ), (14)

26



and the evolution of the critical stress is governed by the total shear and shear rate. See for

instance Rice (1971) for an early version of such a formulation. The rate of shear is dependent

on the magnitude and direction of the resolved shear as

γ̇(α) = γ̇ref

∣∣∣∣∣τ
(α)

τ
(α)
c

∣∣∣∣∣
1
m

sgn
(
τ (α)

)
, (15)

where γ̇ref andm is a reference shear rate and rate sensitivity exponent respectively. Coupling

between the slip systems can be introduced in the hardening relation such that slip on one

system will influence the resistance to slip on other systems, usually in an anisotropic fashion.

The physics-based approach to constitutive models rely on internal variables to character-

ize the deformation history. Since dislocations are the vehicle of plastic straining and arguably

the most important component in the microstructural description of plastic deformation, a

common choice is to use the dislocation density ρD as the internal variable. This density is

then often additively split into components relating to different microscopical mechanism and

consequently governed by related physically motivated evolution laws.

A common distinction is often made between statistically stored dislocations ρSSD and

the geometrically necessary dislocations ρGND. The ρSSD are presumed to always exist in a

material due to inherent imperfections in the crystal lattice, and the ρGND are generated in

response to an imposed lattice incompatibility by external forces. This approach connect with

the concept of the ‘state of dislocation’ tensor αij introduced by Nye (1953) which relates

the geometric lattice incompatibility to a dislocation density. This modeling framework have

been used when constructing higher order theories of crystal plasticity, see for instance Gurtin

(2002) for a thorough treatment of this (and related works cited therein). Gradient crystal

plasticity investigations of single and polycrystals can be found in for instance Ohno and

Okumura (2007) and Ekh et al. (2007), respectively.

27



On the role of interfaces in small scale plasticity

28



Strain gradient plasticity

The conventional continuum theory of elasto-plastic solids has no inherent sense of length

attached to it, so it could never predict a size dependent phenomena. The constitutive

equations are formulated in terms of stresses and strains, with the strains being the kinematic

description of the continuum. Since strains are dimensionless the constitutive description of

a material point can not carry any description of the size of the surrounding medium. To

accomplish that, one needs to introduce some measure of length into the theory, and a natural

way of doing that is to consider spatial gradients3 of the strain fields.

Early work in this category of theories are associated with the brothers Cosserat4, who

in 1909 founded a general theory of continuum solids where length scales appear in the

constitutive description as a consequence of the formulation. The theory gained little support

at the time of its inception, but similar theories building on those ideas (usually called Micro

polar or Couple stress theories) were presented about 50 years later by Koiter, Truesdell, Noll,

Mindlin and Toupin, to mention a few of the contributors. The seminal papers by Aifantis

(1984) and Aifantis (1987) paved the way for an renewed interest in such higher order theories,

specifically in connection with plasticity based on dislocation arguments. Further advances

were made by Fleck and Hutchinson (1993) and Fleck et al. (1994) where the gradients of strain

were explicitly introduced to account for the density of dislocations in a phenomenological

fashion and a constitutive length scale parameter was established. This theory was later

revised so to only include contributions from plastic strain gradients in Fleck and Hutchinson

(2001), which can be motivated by the fact that size dependent elastic deformation should

only occur on scales on the order of the lattice spacing and thus not of interest to continuum

theories.

The theory by Gudmundson

Owing to some thermodynamical problems with the proposed strain gradient plasticity theo-

ries, Gudmundson contributed to the field by presenting ‘A unified treatment of strain gradient

3Compare with rate dependent problems where the time derivative allows for consideration of the time-scale
of the problem.

4In Cosserat and Cosserat (1909), and summarized in English by Forest (2005).
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plasticity ’ in Gudmundson (2004) and it is in that theory that the work of this thesis is framed.

The main points of the theory will here be given a brief treatment.

The proposed theory is isotropic with linear kinematics and is here presented in the absence

of inertia and other body forces. The strain tensor εij is expressed as the sum of the elastic εeij
and plastic strains εpij , where plastic volume changes are neglected, i.e. εpkk = 0. It is assumed

that the plastic strain gradients contribute to the work per unit volume and the principle of

virtual work should therefore include additional contributions from plastic strains and their

gradients. The internal virtual work δWi in the body Ω may then be expressed

δWi =

∫
Ω

[
σijδε

e
ij + qijδε

p
ij +mijkδε

p
ij,k

]
dV, (16)

where the standard Cauchy stress is denoted by σij. Two non-standard stress-like tensors have

been introduced in (16) as the work conjugates to plastic strain and plastic strain gradients

– the microstresses qij and the moment stresses mijk. It should be noted that qij and mijk

are deviatoric and (16) can be reformulated as

δWi =

∫
Ω

[
σijδεij + (qij − sij)δε

p
ij +mijkδε

p
ij,k

]
dV, (17)

where sij = σij−σkk/3δij denotes the deviatoric Cauchy stress. Application of Gauss’ theorem

on (17) gives

δWi =

∫
∂Ω

[
σijnjδui +mijknkδε

p
ij

]
dS −

∫
Ω

[
σij,jδui + (mijk,k + sij − qij)δε

p
ij

]
dV, (18)

where ∂Ω denotes the boundary surface of Ω and nj its outward unit normal. The first

integral in (18) can be identified as the external virtual work δWe, and the second integral

should vanish for arbitrary variations leading to two sets of equilibrium equations

σij,j = 0,

mijk,k + sij − qij = 0. (19)

In (19)2 it should be noted that if the moment stress vanishes then qij = sij and the standard

local theory is recovered. The principle of virtual work is∫
Ω

[
σijδε

e
ij + qijδε

p
ij +mijkδε

p
ij,k

]
dV =

∫
∂Ω

[
tiδui +Mijδε

p
ij

]
dS, (20)

where the variations should vanish on parts of ∂Ω where ui and ε
p
ij are prescribed, respectively.

Further, the standard force traction ti = σijnj and the higher order moment traction Mij =

mijknk have been introduced.
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Interface contributions

At an internal interface Γ between two elastic-plastic phases the formulation needs to be

enhanced by introduction of a set of new kinematic descriptors. At Γ the jump in displacement

is defined as

ǔi = u2i − u1i , (21)

where 1 and 2 denotes the two sides of the interface. Following the idea presented in Fleck

and Willis (2009a) the tensors

ε̂ij =
1

2

(
εp2ij + εp1ij

)
and ε̌ij = εp2ij − εp1ij , (22)

characterizes the state of plastic straining at the interface. The tensors in (22) describe the

average plastic strain and the plastic mismatch across Γ. The virtual work functional (20)

should then be formulated with contributions from the work performed at Γ as∫
Ω

[
σijδε

e
ij + qijδε

p
ij +mijkδε

p
ij,k

]
dV+∫

Γ

[
tiδǔi + M̌ijδε̂ij + M̂ijδε̌ij

]
dS =

∫
∂Ω

[
tiδui +Mijδε

p
ij

]
dS. (23)

This additional integral over Γ will lead to a set of interface conditions

ti = σij n̄j on Γ, (24)

and

M̂ij = m̂ijkn̄k and M̌ij = m̌ijkn̄k on Γ, (25)

where n̄j denotes the unit normal vector on the interface Γ, following the convention of

pointing outward from side 1 towards side 2 and supplied with a over-script bar to distinguish

it from the standard normal vector. Note that from the definition in (25) m̌ijk and m̂ijk

denotes the jump and the average of the moment stress tensor across Γ, respectively. Thus

the conjugate to average plastic strain is the jump in moment traction and vice versa, as

noted in (23).

Constitutive relations

The relation between the Cauchy stress and the elastic strain is given by the linear elastic

Hooke’s law

σij = 2G

[
εeij +

ν

1− 2ν
εekkδij

]
, (26)

where G and ν are the shear modulus and Poisson’s ratio respectively, all of which is stan-

dard and will not be given any further elaboration here. The constitutive equations for the
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non-standard stress tensors can be established by considering the rate of dissipation as the

difference between the internal work rate and the rate of change of the free energy per unit

volume (ψ) ∫
Ω

[(
qij −

∂ψ

∂εpij

)
ε̇pij +

(
mijk −

∂ψ

∂εpij,k

)
ε̇pij,k

]
dV ≥ 0, (27)

where elastic contributions have been neglected since they do not contribute to the dissipation.

The dissipation must be non-negative at every point in Ω which leads to

q̄ij ε̇
p
ij + m̄ijkε̇

p
ij,k ≥ 0, (28)

where

q̄ij = qij −
∂ψ

∂εpij
, and m̄ijk = mijk −

∂ψ

∂εpij,k
. (29)

One way to enforce (28) is to restrict the constitutive relations to those where q̄ij is colinear

with ε̇pij and similarly for m̄ijk with ε̇pij,k. Further restrictions can be achieved by assuming

that either the plastic strain, the gradients thereof, or both, does not contribute to the free

energy. The ‘standard’ assumption being that, at least, the plastic strains should not enter

the free energy expression. In the appended work Dahlberg and Gudmundson (2008) the

assumption ψ = ψ(εeij , ε
p
ij,k) and m̄ijk = 0 is made, and in all the other appended works

the assumption is ψ = ψ(εeij), i.e. processes related to the plastic strains in the bulk are

assumed purely dissipative. In Niordson and Legarth (2010) the assumption ψ = ψ(εeij , ε
p
ij,k)

and m̄ijk �= 0 is explored in conjunction with cyclic loading.

From consideration of (28) effective measures of stress and plastic strain rate can be

constructed from

q̄ij ε̇
p
ij + m̄ijkε̇

p
ij,k = ΣĖp, (30)

where analogy to the standard J2-theory can be used to suggest explicit forms of Σ (and as

a consequence then also Ėp). The proposed formulation reads

Σ =

√
3

2

(
qijqij +

mijkmijk

�2

)
(31)

and

Ėp =

√
2

3

(
ε̇pij ε̇

p
ij + �2ε̇pij,kε̇

p
ij,k

)
, (32)

where the intrinsic material length scale � have been introduced on dimensional grounds. A

general class of effective measures, based on microstructural considerations, consistent with

(30) have been proposed in Fleck and Hutchinson (1997) and Evans and Hutchinson (2009)

of which the quadratic forms (31) and (32) represent a special case. If the length scale of

variations in the plastic strain field is much larger than the intrinsic length scale � the situation

will effectively reduce to a standard J2-formulation.
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In the rate-independent case it is assumed that a yield condition can be expressed as

f(Σ, kα) = 0, where kα are hardening variables. From the assumption of normality of plastic

strains (and in this case also of strain gradients) flow rules can be determined as

ε̇pij = λ̇
∂f

∂Σ

3q̄ij
2Σ

, and ε̇pij,k = λ̇
∂f

∂Σ

3m̄ijk

2�2Σ
, (33)

where λ̇ is a plastic multiplier that can be determined from the consistency condition ḟ = 0.

If f(Σ, kα) < 0 the rate-independent case is problematic in this setting since the higher order

stress tensors become indeterminate, but (19)2 still have to be fulfilled. Seemingly this then

leads to a paradoxical situation, somewhat similar to the indeterminacy of the Cauchy stress

for rigid-plastic materials. Fleck and Willis (2009b) proposed a solution to this problem in

analogy with the analysis presented by Hill (1951) for the rigid-plastic problem. An investi-

gation using the rate-independent formulation can be found in Dahlberg and Gudmundson

(2008).

The problem with the indeterminacy can be completely alleviated if a viscoplastic for-

mulation is introduced instead of the rate-independent. Gudmundson (2004) introduced a

viscoplastic constitutive framework. Here the procedure of Niordson and Legarth (2010)

is adopted (explained in detail in the Dahlberg et al. (2011)) by introducing a viscoplastic

dissipation potential such that the constitutive equations can be formulated

ε̇pij = ε̇0Φ(Σ, kα)
3q̄ij
2Σ

, and ε̇pij,k = ε̇0Φ(Σ, kα)
3m̄ijk

2�2Σ
, (34)

where Φ(Σ, kα) = Ėp/ε̇0 represents a viscoplastic response function and ε̇0 is a reference

strain rate. The function Φ is usually constructed with a rate sensitivity exponent n such

that n→ ∞ represents the rate-independent limit.

Description at interfaces

For an internal interface, constitutive relations needs to be supplied for the plastic strain state

tensors (22) and the displacement jump (21). The displacement jump can be split into an

elastic part ǔei and an irreversible slip/separation ǔsi , similarly to what have been done in Wei

and Anand (2004) and Gurtin and Anand (2008). The tractions at the interface are governed

by the elastic jump (stretching) over the interface

ti = Cijǔ
e
j , (35)

with Cij a constant stiffness tensor with dimension stress/length. The irreversible contribution

is governed by a yield function and flow rule similar to standard plasticity theory. The yield

function fs = teff −S depends on the effective traction teff = teff(ti) and the slip resistance S,
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that may evolve with ǔsi via a hardening law. The flow rule is then

˙̌usi = λ̇s
∂fs
∂ti

when fs = 0 (36)

and ˙̌usi = 0 otherwise, where λ̇s is a multiplier that can be determined from ḟs = 0. For

a physically meaningful description the effective traction measure should be constructed so

that irreversible normal penetration is impossible.

In analogy with the analysis in the bulk the rate of dissipation due to plastic processes

can be expressed as ∫
Γ

[(
M̌ij −

∂ψΓ

∂ε̂ij

)
˙̂εij +

(
M̂ij −

∂ψΓ

∂ε̌ij

)
˙̌εij

]
dS ≥ 0, (37)

where ψΓ is the free surface energy per unit area. The higher order tractions could then

be split into dissipative and energetic contributions, but will here be assumed to be purely

energetic, i.e.

M̌ij =
∂ψΓ

∂ε̂ij
, and M̂ij =

∂ψΓ

∂ε̌ij
. (38)

Specific forms of ψΓ in terms of scalar invariants of the plastic strain state at the interface

have been investigated in the literature. Quadratic forms have been given in Aifantis and

Willis (2005) and Fredriksson and Gudmundson (2005). A general power law formulation

can be found in Fredriksson and Gudmundson (2007b) and a vanishing ψΓ, leading to a

dissipative contribution, in Fredriksson and Gudmundson (2007a). In the latter reference

a correspondence between a linear potential and a dissipative formulation was found under

monotonic loading. A formulation with quadratic, linear and saturating interface energy have

been investigated in Dahlberg and Faleskog (2009), and the linear form is used in Dahlberg

and Faleskog (2011a), Dahlberg et al. (2011) and Dahlberg and Faleskog (2011b).
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Strain gradient plasticity and finite

elements

The finite element method (FEM) implementation of the strain gradient plasticity theory

of Gudmundson (2004) will be covered in this section. The theory was implemented into a

one dimensional FE-setting by Fredriksson and Gudmundson (2005), a full 3D formulation

was given in Fredriksson et al. (2009) in conjunction with a plane strain implementation.

The theory have also been given an extensive numerical treatment in Niordson and Legarth

(2010) that gives a slightly different approach. The presentation here will be of the general

3D case, and an implementation in 1D can be found in Dahlberg and Faleskog (2009) and

in plane strain in Dahlberg and Faleskog (2011a), and further used in Dahlberg et al. (2011)

and Dahlberg and Faleskog (2011b).

The following presentation will give an implementation where the kinematics are essen-

tially the same as in Fredriksson et al. (2009). The numerical algorithm does however differ

significantly from the previously mentioned, especially with respect to the integration of the

constitutive equations and tangent operator. The implementation is based on the virtual

work functional in (20), and from that it can be concluded that both displacements ui and

plastic strains εpij are to be considered primary variables. Throughout this section italic (s)

will denote scalars, bold face symbols (v) denote vectors and matrices (M) are double stroked

upper case.

Finite element discretization

Consider the body Ω divided into Nce continuum finite elements. Within each such element

the displacement field is interpolated as

u = Nudu, (39)

where the nodal displacement vector is

dT
u =

[
u11 u

1
2 u

1
3 u

2
1 u

2
2 u

2
3 . . . unu1 unu2 unu3

]
(40)

35



On the role of interfaces in small scale plasticity

and the shape function matrix is

Nu =

⎡
⎢⎣ N1

u 0 0 N2
u 0 0 . . . Nnu

u 0 0

0 N1
u 0 0 N2

u 0 . . . 0 Nnu
u 0

0 0 N1
u 0 0 N2

u . . . 0 0 Nnu
u

⎤
⎥⎦ , (41)

and nu is the number of nodes used for the interpolation of u and N I
u is the shape function

at node I. The plastic strain field is interpolated (over np nodes) as

εp = Npdp, (42)

with the plastic strain degrees of freedom (DOF) vector as

dT
p =

[
εp 1
11 εp 1

22 γp 1
12 γp 1

13 γp 1
23 . . . ε

p np
11 ε

p np
22 γ

p np
12 γ

p np
13 γ

p np
23

]
(43)

where the engineering shear strain is used, i.e. γ = 2ε, and the third normal strain component

is missing since it is not independent due to plastic incompressibility. The shape function

matrix is

Np =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N1
p 0 0 0 0 . . . N

np
p 0 0 0 0

0 N1
p 0 0 0 . . . 0 N

np
p 0 0 0

−N1
p −N1

p 0 0 0 . . . −Nnp
p −Nnp

p 0 0 0

0 0 N1
p 0 0 . . . 0 0 N

np
p 0 0

0 0 0 N1
p 0 . . . 0 0 0 N

np
p 0

0 0 0 0 N1
p . . . 0 0 0 0 N

np
p

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (44)

where the slightly unanticipated third row is due to enforcing of the plastic incompressibility

condition εp33 = −(εp11 + εp22). The interpolation of the primary fields from the DOF can then

be summarized as follows [
u

εp

]
=

[
Nu O

O Np

]
︸ ︷︷ ︸

NΩ

[
du

dp

]
, (45)

where O is the zero matrix of appropriate dimension.

Relevant strain-like fields are the elastic strains εe, the plastic strains εp and the gradient

of the plastic strains ∇εp,

(εe)T = [εe11 ε
e
22 ε

e
33 γ

e
12 γ

e
13 γ

e
23],

(εp)T = [εp11 ε
p
22 ε

p
33 γ

p
12 γ

p
13 γ

p
23], (46)

(∇εp)T = [εp11,1 ε
p
22,1 ε

p
33,1 γ

p
12,1 γ

p
13,1 γ

p
23,1 . . . εp33,3 γ

p
12,3 γ

p
13,3 γ

p
23,3].
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They are collected in the vector ε which is given from the DOF as

ε =

⎡
⎢⎣ εe

εp

∇εp

⎤
⎥⎦ =

⎡
⎢⎣ Bu −Np

O Np

O Bp

⎤
⎥⎦

︸ ︷︷ ︸
BΩ

[
du

dp

]
, (47)

where the gradient operator matrices Bu and Bp will be defined in the following section.

The geometry is interpolated using the same interpolation as the displacements so the

coordinates of a material point

xi(ξj) =

nu∑
I=1

N I
u (ξj)x

I
i (48)

are functions of the natural coordinates ξj in each element. The linear mapping between a

infinitesimal line segment in spatial coordinates and in natural coordinates can be expressed

by the differential

dxi =
∂xi
∂ξj

dξj =

nu∑
I=1

∂N I
u

∂ξj
xIi dξj, (49)

which gives the components of the Jacobian of the geometric mapping as

Jij =

nu∑
I=1

∂N I
u

∂ξj
xIi . (50)

The components of Bu can then be expressed

BIi
u =

∂N I
u

∂xi
= J−1

ji

∂N I
u

∂ξj
(51)

and explicitly the displacement gradient operator matrix reads

Bu =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B11
u 0 0 . . . Bnu1

u 0 0

0 B12
u 0 . . . 0 Bnu2

u 0

0 0 B13
u . . . 0 0 Bnu3

u

B12
u B11

u 0 . . . Bnu2
u Bnu1

u 0

B13
u 0 B11

u . . . Bnu3
u 0 Bnu1

u

0 B13
u B12

u . . . 0 Bnu3
u Bnu2

u

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (52)
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The strain gradient operator matrix takes the form

Bp =

⎡
⎢⎣ B11

p B21
p . . . B

np1
p

B12
p B22

p . . . B
np2
p

B13
p B23

p . . . B
np3
p

⎤
⎥⎦ (53)

where the components

BIi
p =

∂N I
p

∂xi
= J−1

ji

∂N I
p

∂ξj
(54)

are used to form each sub-matrix

BIi
p =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

BIi
p 0 0 0 0

0 BIi
p 0 0 0

−BIi
p −BIi

p 0 0 0

0 0 BIi
p 0 0

0 0 0 BIi
p 0

0 0 0 0 BIi
p

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (55)

The Jacobian in (54) is taken to be the same as for the geometric mapping to have a consistent

spatial description.

The stress-like quantities that are work conjugate to the strain measures in (46) are

collected in the vector

s =

⎡
⎢⎣ σ

q

m

⎤
⎥⎦ , (56)

where

σT = [σ11 σ22 σ33 σ12 σ13 σ23],

qT = [q11 q22 q33 q12 q13 q23], (57)

mT = [m111 m221 m331 m121 m131 m231 . . . m333 m123 m133 m233].

The force tractions and higher order moment tractions on a surface with normal nT =

[n1 n2 n3] are

t =

⎡
⎢⎣ σ11n1 + σ12n2 + σ13n3

σ12n1 + σ22n2 + σ23n3

σ13n1 + σ23n2 + σ33n3

⎤
⎥⎦ , M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m111n1 +m112n2 +m113n3

m221n1 +m222n2 +m223n3

m331n1 +m332n2 +m333n3

m121n1 +m122n2 +m123n3

m131n1 +m132n2 +m133n3

m231n1 +m232n2 +m233n3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (58)
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This completes the discretization of the formulation in relation to (20).

Interface discretization

If interfaces are introduced, the virtual work functional changes according to (23) and the

discretization of interfaces are needed to complete the formulation. Consider the interface Γ

divided into Nie interface finite elements. The interface elements describe the two surfaces

that meet to form Γ, and use the same nodes as the two adjacent continuum elements at

those surfaces, from now on denoted side 1 and side 2. On either side (I) the displacement

and plastic strain field can be interpolated as[
u(I)

εp(I)

]
=

[
Nu O

O Np

] [
d
(I)
u

d
(I)
p

]
, (59)

whereNu andNp follow the same pattern as in the bulk formulation. Positive normal direction

ñ is defined as the direction from side 1 towards 2. The local displacement description at the

interface is transformed into its in plane and out of plane components via the transformation

L so that the displacement jump is

ǔ =

[
−LNu O

O LNu

][
d
(1)
u

d
(2)
u

]
. (60)

The plastic strains at the interface are combined into the average and difference vectors as

ε̂ =
1

2

(
εp(1) + εp(2)

)
, ε̌ = εp(2) − εp(1), (61)

so that the field description can be summarized as

υ =

⎡
⎢⎣ ǔ

ε̂

ε̌

⎤
⎥⎦ =

⎡
⎢⎢⎣

−LNu O LNu O

O 1
2Np O 1

2Np

O −Np O Np

⎤
⎥⎥⎦

︸ ︷︷ ︸
NΓ

⎡
⎢⎢⎢⎢⎣

d
(1)
u

d
(1)
p

d
(2)
u

d
(2)
p

⎤
⎥⎥⎥⎥⎦ . (62)

The conjugate tractions to the description in (62) is

T Γ =

⎡
⎢⎣ t

M̌

M̂

⎤
⎥⎦ , (63)

where the components follow the same convention as previously determined.
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Equilibrium equation

Applying5 the FE discretization of the bulk and interfaces to the principle of virtual work

(23) gives ∫
Ω
δdTBT

Ωs dV +

∫
Γ
δdTNT

ΓT Γ dS =

∫
∂Ω
δdTNT

ΩT dS. (64)

The variation of the DOF are arbitrary and independent of xi which gives the residual force

vector as

r = fΩ + fΓ − f∂Ω =

∫
Ω
BT

Ωs dV +

∫
Γ
NT

ΓT Γ dS −
∫
∂Ω

NT
ΩT dS, (65)

where fΩ+fΓ = f int and f∂Ω = f ext will be used from now on to denote internal and external

forces. For the nonlinear problem at hand, (65) has to be solved incrementally. Denoting

load steps with the superscripts (t) and (t + Δt) and the iteration increment within a load

step by superscript k, linearization of (65) by Taylor expansion of increment k + 1 gives

rk+1 = rk +
∂rk

∂d
Δdk+1. (66)

The external forces are constant in each load increment t+Δt and independent of d, hence

∂rk

∂d
=

∫
Ω
BT

Ω

∂sk

∂ε
BΩ dV +

∫
Γ
NT

Γ

∂T k
Γ

∂υ
NΓ dS, (67)

where the partial derivatives can be established from the constitutive equations and the

update procedure and will be the material point stiffness matrices D. The tangent stiffness

matrix is then given by

Ktan =

∫
Ω
BT

ΩDΩBΩ dV +

∫
Γ
NT

ΓDΓNΓ dS. (68)

Letting rk+1 → 0 give the increments

Δdk+1 = (Ktan)
−1(f

(t+Δt)
ext − fk

int). (69)

Stress update and consistent tangents

In the equilibrium iterations the method by which the state is updated is of great importance

to how the numerical scheme is formulated. Both stability and convergence considerations

dictate the choice of algorithm. To ensure stability and accuracy the update procedure should

be implemented in the backward-Euler sense (see for instance Ortiz and Popov (1985)), and

5Application of a standard finite element assembly procedure should in this section be understood implicitly
from the context. It will not be explicitly noted to avoid cluttering the notation.
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to ensure good convergence the tangent operators need to be consistent with that, as demon-

strated by Simo and Taylor (1985).

The strain gradient theory implementation proposed here is well suited for a backward-

Euler stress update algorithm. The rate of strain like variables can schematically be expressed

as

ε̇ = F(s, ε)s, (70)

where F denotes a nonlinear constitutive function of the stress and strain state. No as-

sumption about the constitutive behavior, except the colinearity, is enforced by this general

formulation. The stress update procedure would then be; given the updated increment Δε,

solve for the updated stress s(t+Δt) in

F(s(t+Δt), ε(t+Δt))s(t+Δt) − Δε

Δt
= 0, (71)

where the updated increment vector is readily available at each iteration and Gauss point from

the equilibrium iterations on the DOF. The equation system in (71) can often be reduced to a

scalar equation in terms of effective properties and solved by some standard nonlinear solver,

e.g. Newton’s method.

Algorithmic consistent tangent operators can be deduced by starting with the generalized

midpoint rule

ε̇ =
ε(t+Δt) − ε(t)

Δt
= F(s(t+θΔt), ε(t+θΔt))s(t+θΔt), (72)

where the parameter θ is 0 for a forward-Euler method and 1 for a backward-Euler method.

Aiming for a tangent operator consistent with the stress update method established in the

preceding paragraph θ = 1 here. Rewriting the above equation gives

ε(t+Δt) = ε(t) +ΔtF(s(t+Δt), ε(t+Δt))s(t+Δt). (73)

Linearization around the state (t+Δt), keeping the state (t) constant, gives6

dε = Δt

(
Fds+ sT

∂F

∂s
ds+ sT

∂F

∂ε
dε

)
. (74)

The consistent tangent operator (algorithmic tangent stiffness) can then be identified as

D =
ds

dε
=

1

Δt

(
F+ sT

∂F

∂s

)−1 (
1− sT

∂F

∂ε

)
, (75)

where 1 represents a unity matrix and the expression ds
dε should be considered ‘abuse of

notation’ but is included since it illustrates the procedure.

6Dropping the superscripts since all quantities subsequently are evaluated at (t+Δt).
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Implementation

The finite element formulation have been implemented in a 1D version in Matlab used in

Paper B and a 2D plane strain version in Fortran90 used in Paper C, D and E. The 2D

version will here be explained with emphasis on some of the specific implementation issues.

The plane strain situation merits a comment in the framework of strain gradient plasticity.

Since it is possible to prescribe the components of the plastic strain tensor, it is in theory

possible to have the plane assumption apply to the plastic strains. However, in practice, that

would be quite a strange constraint. The plane assumption is here taken to be that the out

of plane direction e3 is a principal direction and that all fields are homogeneous in the out

of plane direction7, thus εe33 + εp33 = εe13 + εp13 = εe23 + εp23 = 0. Since σ13 = σ23 = 0 (due to

principal direction) the elastic shear strains are, from Hooke’s law, εe13 = εe23 = 0 and the out

of plane plastic shear strains then also have to be εp13 = εp23 = 0. The out of plane normal

components of elastic and plastic strain are not zero in general, but are related as εe33 = −εp33.
The 2D plane strain formulation was implemented in a Fortran90 code. The bulk was

modeled by serendipity quadrilateral elements and the interface with line elements (details

can be found in Paper C). The displacement and spatial interpolation was quadratic and

the plastic strain interpolation was linear so that all strain fields had the same degree of

interpolation. The structure of the code is schematically presented in Algorithm 1.

Some features of the algorithm not explicitly shown or discussed earlier will here be

presented in a short list for completeness.

• The linear system of equations is solved by an implementation of the parallel direct

sparse solver PARDISO, see Intel Corporation (2008) and Schenk and Gärtner (2004)

The solver is very efficient, robust and has excellent memory handling, as noted in Gould

et al. (2005).

• To reduce the number of equilibrium iterations, the plastic DOF are given a start value

that is linearly interpolated from the previously converged step, d0
p = d

(t)
p + ftΔd

(t)
p .

This has negligible effect in the ‘elastic’ regime but is highly efficient in the ‘post yield’

region, often reducing the number of iterations by more than a factor of 2 there.

• The factor ft is determined from an automatic step size algorithm based on the previous

steps convergence properties, so that the new time step is Δt ← ftΔt. This allows the

solver to better trace the solution when it is rapidly changing and to take larger steps

in intervals where the resolution is not as critical.

• Solution of the highly nonlinear equation for Σ is performed with a few iterations of

Newton’s method with the previously converged value as a start guess. If no convergence

is reached a method that uses a combination of bisection, secant and inverse quadratic

7In other words, application of the differential operator ∂/∂x3 will always return zero.
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interpolation is used, and guarantees a solution since strict upper and lower bounds

around the root can be given.

• The loop over elements admits a high degree of parallelization and the OpenMP API

was used to take advantage of that (OpenMP (2011)). Special care was taken to ensure

thread safety of the assembly operations. Parallel execution running on 8 threads was

about 6 times faster than sequential execution.

Initialize solution: t = 0, ft = 1.0, Δt = Δt0, d
(t) = 0 and Ep = 0

while solution is not done do
Initialize load step: e = 1.0, k = 0
Δdk

u = 0, Δdk
p = ftΔd

(t)
p and dk = d(t) +Δdk

while e > tol and k < maxiter do
k ← k + 1, Ktan = O, fint = 0, Etrial = 0
for all elements do

% Quantities in this loop refer to each element only

ε = Bd(t), Δε = B
(
dk − d(t)

)
, K = O, f = 0

for all Gauss points do
% Quantities in this loop refer to each Gauss point only

Calculate ΔEp from Δε and update σf(E
p +ΔEp)

Solve nonlinear equation for Σ and update s
Calculate the algorithmic D from the updated state
K ← K+BTDBJw and f ← f +BTsJw

end for
Etrial = Ep +ΔEp

Assemble: Ktan ← Ktan +K and fint ← fint + f
end for
Apply boundary conditions and Lagrange multiplier equations
Solve KtanΔdk = fext − fint for Δdk

dk ← dk +Δdk and calculate e = ‖Δdk‖/‖dk − d(t)‖
end while
if load step converged then

Update Δd(t+Δt) = dk − d(t), d(t+Δt) = dk and Ep = Etrial

t ← t +Δt
Calculate new ft, Δt ← ftΔt and check for end of solution

else
Δt ← Δt/2, check for stop condition

end if
end while

Algorithm 1: A pseudo-code representation of the main features of the FEM implementation.
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Summary of appended papers

Paper A: Hardening and softening mechanisms at decreasing microstructural length scales.

In this paper a laminate structure with varying lamina thickness is used as a simple model

of a grain structure. The SGP of Gudmundson (2004) is used to predict an increased yield

stress and an interface slip mechanism is introduced to model competing softening. The

SGP formulation is simplified by assuming that the bulk behaves energetically in the higher

order moment stress and that only the microstress contribute to the dissipation. A rate

independent deformation type theory under the assumption of monotonically increasing load

leads to analytical solutions. The introduction of an interface energy does however necessitate

a numerical evaluation of the solution since solving for the boundary and interface conditions

requires solution of a non-linear system of equations. The introduction of the interface slip

mechanism then leads to a qualitative representation of a peak in the yield stress at some

intermediate lamina thickness and then a reversal of the strengthening trend.

Paper B: Energetic interfaces and boundary sliding in strain gradient plasticity – an inves-

tigation using an adaptive implicit finite element method.

This paper presents an implicit finite element procedure in 1D, generalized to higher

dimensions in later papers. The paper investigates the effects of interfaces on the macro-

scopic response of a layered solid deformed in simple shear. The bulk is modeled as isotropic

elastic-viscoplastic, with both plastic strains and plastic strain gradients contributing to the

dissipation. The interface is modeled by introduction of a free surface energy that depends on

the plastic strain state at the interface, and slip is incorporated in the model in a physically

more sound way than in Dahlberg and Gudmundson (2008). It is shown how the interface en-

ergy can be used to model intermediate types of boundary conditions in addition to giving rise

to an energetic contribution to the hardening in the post yield behavior. Owing to the more

consistent formulations of the dissipative bulk strengthening, and the competing interface slip

softening, a maximum in macroscopic yield stress can be predicted. This paper introduces

many of the ideas that are used in Paper C-E, but is limited in many of its conclusions.
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Paper C: A fully implicit backward-Euler FEM implementation of a strain gradient plasticity

theory with energetic interfaces — theory and examples.

A fully implicit backward-Euler implementation of a higher order strain gradient plasticity

theory is presented. A tangent operator consistent with the numerical update procedure is

given. The implemented theory is a dissipative bulk formulation with energetic contribution

from internal interface to model the behavior of material interfaces at small length scales. The

implementation is tested by solving some examples that specifically highlight the numerics

and the effect of using the energetic interfaces as higher order boundary conditions.

Paper D: A deformation mechanism map for polycrystals modeled using strain gradient

plasticity and interfaces that slide and separate.

Small scale strain gradient plasticity is coupled with a model of grain boundaries that take

into account the energetic state of a plastically strained boundary and the slip and separation

of neighboring grains. A microstructure of hexagonal grains is investigated using a plane

strain finite element model. The results show that three different microstructural deformation

mechanisms can be identified. The standard plasticity case in which the material behaves

as expected from coarse grained experiments, the nonlocal plasticity region where size of the

microstructure compared to some intrinsic length scale enhances the yield stress and a third

mechanism, active only on very fine grained microstructures, where the grains deform mainly

in relative sliding and separation.

Paper E: Strain gradient plasticity analysis of the influence of grain size and distribution on

the yield strength in polycrystals.

Plane strain models of polycrystalline microstructures are investigated using strain gra-

dient plasticity (SGP) and a grain boundary (GB) deformation mechanism. The microstruc-

tures are constructed using a non-linear constrained Voronoi tessellation so that they conform

to a log-normal distribution in grain size. The SGP framework is used to model the grain

size dependent strengthening and the GB deformation results in a cut-off of this trend below

a certain critical grain size. Plastic strain field localization is discussed in relation to the non-

local effects introduced by SGP and a material length scale. A modification of the Hall–Petch

relation that accounts for, not only the mean grain size, but also the statistical size variation

in a population of grains is proposed.
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Conclusions

The main conclusions that can be drawn from the research presented in following papers will

now be summarized.

• The strain gradient plasticity theory allows the modeling of size dependent strengthening

in a straight forward way. Since the theory in endowed with a ‘sense’ of length scale, it

does not need additional constitutive assumptions to show size dependent phenomena.

A large part of the work have been directed towards comparing the results of the theory

with experimental observations. Qualitatively they agree quite well.

– A moving elastic-plastic boundary becomes troublesome in the rate independent

formulation. A rate dependent formulation alleviates this and makes the formula-

tion consistent.

– Dissipative bulk formulation leads to a delayed yield point with decreasing struc-

tural dimension, in relation to some intrinsic material length scale parameter. The

hardening rate is also affected by the dissipative bulk formulation.

– The increase in yield stress is usually found to be proportional to the inverse of

the structural dimension.

– By changing how the gradients of plastic strain are added to the internal variable

the development of strong gradients can be suppressed and the strengthening will

be more severe.

• Considering the complex interaction at interfaces by introduction of a surface energy

leads to the ability to model interfaces and describe the constitutive behavior in an un-

complicated fashion. The energetic interface was introduced to model the transmission

and/or blockage of plastic slip across grain boundaries that is observed in experiments.

– Quadratic, linear and saturating functions in plastic strain have been investigated

and are shown to be able to be used as a general class of higher order boundary

condition.

– The linear function form gives the most attractive physical behavior and it is

shown how the ‘strength’ of the energetic interface influences both the local and

the macroscopic behavior.

– A maximum of the higher-order tractions is due to the interface strength and the

interaction with the bulk material. This leads to very different behaviors and

plastic strain distributions, depending on what mechanism that is controlling the

interface.
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• It is shown how the introduction of a competing inelastic deformation mechanism at the

interface leads to the ability to stop, or even reverse, the strengthening trend associated

with a decreasing structural size.

– Depending on the constitutive law that governs the interface sliding and/or separa-

tion, either a leveling off or an inversion of the Hall–Petch like behavior is predicted

for decreasing grain sizes.

– In realistic grain structures the interface deformation leads to stress concentrations

at triple junctions which might limit the applicability of the model.

• The theory have been implemented into a finite element program. Both 1D and 2D

elements have been developed, and the full 3D formulation have been given. An implicit

scheme with tangent operators consistent with the stress update procedure gives a

numerically stable and robust algorithm.

– 2D plane elements with a mixed order interpolation, quadratic for displacements

and linear for plastic strains, have been developed and used in a plane strain

setting.

– 2D line elements (cf. cohesive elements) for modeling of the interfaces have been

developed and are consistent with the bulk elements.

– It has been shown that the mesh density close to boundaries (i.e. regions of strong

gradients) is important for the solution accuracy, rather than an overall large

number of elements. The convergence properties are in general very good and

few iterations (2-4) are required in each load step.

• Grain structures have been analyzed in an effort to understand how the different pro-

posed deformation mechanisms interact. The focus was to observe how the macroscopic

stress–strain relation was affected, but also to look at specifics in the local solution

fields.

– A grain structure with regular hexagons was analyzed and three regions of interest

was found. The local plasticity region where the microstructure behaves as could

be expected from standard analysis. The non-local region where strain gradients

become significant and the macroscopic yield stress is increased, and finally the

grain boundary deformation region where inelastic deformation is dominated by

the sliding/separation at interfaces.

– The regions were mapped out in a diagram of grain size versus grain boundary

strength.

– The interface deformation mechanism was shown to depend on the triaxiality of

the stress state. Both the critical grain size and the resulting yield stress was

affected by the triaxiality.
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– Grain structures that follow a log-normal size distribution was created by a non-

linear constrained optimization of a Voronoi tessellation. They exhibit mechanical

behavior that fit very well with the deformation mechanism map established for

the hexagonal grain structures.

– A stochastically distributed microstructure will develop bands of plastic deforma-

tion reminiscent of the shear bands often found in experiments.

– The variation in grain size will reduce the increase in yield stress due to decreasing

average grain size.

49



On the role of interfaces in small scale plasticity

50



Bibliography

Aifantis, E. C., 1984. On the microstructural origin of certain inelastic models. ASME J Eng

Mat Tech 106, 326–330.

Aifantis, E. C., 1987. The physics of plastic deformation. Int J Plast 3, 211–247.

Aifantis, K. E., Willis, J. R., 2005. The role of interfaces in enhancing the yield strength of

composites and polycrystals. J Mech Phys Solids 53, 1047–1070.
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