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Abstract 
Comprehensive knowledge and information about the static and dynamic behaviour 
of machine tools, cutting processes and their interaction is essential for machining 
system design, simulation, control and robust operation in safe conditions. The very 
complex system of a machine tool, fixture and cutting tools during the machining of 
a part is almost impossible to model analytically with sufficient accuracy. In 
combination with increasing demands for precision and efficiency in machining call 
for new control strategies for machining systems. These strategies need to be based 
on the identification of the static and dynamic stability under both the operational 
and off-operational conditions. To achieve this it is necessary to monitor and analyze 
the real system at the factory floor in full production. Design information and 
operational data can then be linked together to make a realistic digital model of a 
given machining system. Information from such a model can then be used as input in 
machining simulation software to find the root causes of instability. 

The work presented in this thesis deals with the static and dynamic capability of 
machining systems. The main focus is on the operational stability of the machining 
system and structural behaviour of only the machine tool, as well. 

When the accuracy of a machining system is measured by traditional techniques, 
effects from neither the static stiffness nor the cutting process are taken into 
account. This limits the applicability of these techniques for realistic evaluation of a 
machining system’s accuracy. The research presented in this thesis takes a different 
approach by introducing the concept of operational dynamic parameters. The 
concept of operational dynamic parameters entails an interaction between the 
structural elements of the machining systems and the process parameters. 
According to this concept, the absolute criterion of damping is used to evaluate the 
dynamic behaviour of a machining system. In contrast to the traditional theory, this 
methodology allows to determine the machining system's dynamic stability, in real 
time under operating conditions. This framework also includes an evaluation of the 
static deformations of a machine tool.  In this context, a novel concept of elastically 
linked system is introduced to account for the representation of the cutting force 
trough an elastic link that closes the force loop. In addition to the elastic link which 
behaves as a static element, a dynamic non-contact link has been introduced. The 
purpose is to study the non-linear effects introduced by variations of contact 
conditions in joints due to rotational speed. 

Keywords: Machining system, Stability, Statistical Dynamics, Elastic Linked System 
(ELS), Operational Dynamic Parameters (ODP), Loaded Double Ball Bar (LDBB), 
Virtual Machining System Engine (VMSE), Contactless Excitation and Response 
System (CERS). 
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”Det har sagts att karakteristiskt för liv är förmågan till 
fortplantning. Ur denna synpunkt kommer verktygsmaskinerna av 
alla maskiner närmast de levande organismerna, ty bland 
maskinerna är verktygsmaskinen ensam om att själv vara en 
viktig förutsättning för sin nästa generation”. 

 

Professor H. Hallendorff, 1957 
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1 
1 Introduction to the research field 

CHAPTER SUMMARY: The key to solve manufacturing quality and productivity 
problems in the machining of parts is to understand the static and dynamic 
characteristics in relation to the manufacturing system capability. In this chapter the 
background to the research work is introduced and the main concept of machining 
system capability is described. Drawbacks of the current practices of machining 
system testing and dynamic stability evaluation are explained. They represent the 
reasons behind the present research and for the formulation of goals and objectives 
which are defined later in this chapter. The research in the framework of this thesis 
refers to two critical problems studied, both related to the development of a unified 
computational framework. The outline of the thesis is presented at the end of this 
chapter. 
 

1.1 Background 
The importance of productivity increase and quality improvement in the fabrication 
of complex shape components with tighter tolerances and high surface accuracy has 
led to the introduction of new trends in machining system design, optimization and 
operational usage, see Table 1. Traditionally, the cutting process and the machine 
tool in a machining system were designed and optimized to machine, with rather 
low cutting feeds and cutting speeds, components made of conventional materials 
with relatively simple shapes. The geometrical and dimensional accuracy of the 
components, as well as the surface finish, were often in a feasible range without 
compromising productivity or product quality. One reason for this was that the 
machine tools often used hade large masses and high damping because heavy 
construction elements (columns, beams and castings etc) were used in their 
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structures1

Table 1

. The vibration excitation sources were often small in magnitude and the 
dynamic response of these highly damped machine tools was low. The effect of 
going from more traditional machining system (machine tool and cutting process 
dynamics) and component design to extreme machining system regimes is displayed 
in . 

In machining of advanced lightweight materials such as carbon fibre-reinforced 
polymers (CFRP) composites for aeronautical structures or machining of super 
alloyed steel for jet and rocket engines, reconfigurable machine tools with low mass 
flexible mechanical structures enable high transfer and cutting feeds as well as high 
acceleration and deceleration during operation. It is not uncommon to see 
composites consisting of materials with completely different material properties. In 
the aerospace industry, composites composed of CFRP, titanium and stainless steel2

Table 1: The consequence of going from traditional designs and operational usage of 
machining systems to more extreme regimes is displayed. 

 
are machined with industrial robots equipped with high speed spindles. 

Traditional Characteristics Current trend Action 

Machine tool: 
larger masses 
and slower 
movements 

Higher stiffness 
and lower 

damping, more 
prone to vibrations 

Flexible mechanical 
structures, 

reconfigurable 
machine tools, 

lower masses and 
higher feed rates 

Real-time 
monitoring of 

processes 
(stiffness and 

damping) 

Relative simple 
shapes of 
components 

Variation of cutting 
parameters 

Complex shapes of 
components 

Real time 
structure and 

process control 
Tolerances and 
surface accuracy 
of components 

Cutting forces/ 
tool wear 

Tighter tolerances 
and higher surface 

accuracy 

Real time quality 
control 

Conventional 
work materials Tool cost More exotic work 

materials  
Optimization of  
cutting process 

Conventional 
machining 

Forces, machine 
tool components 

wear 

High speed 
machining, hard 

machining 

Condition based 
maintenance 

(CBM) 

CNC machine 
tools 

Degree of 
sophistication of 

CAM systems 

Knowledge based 
machining 

Virtual machining 
and feature 

based 
programming 

                                                                 
1 The trend of reducing the weight of construction elements can be seen in many fields of 
engineering [51]. 
2 The next generation airframe structures will use even more exotic materials and due to that 
new manufacturing advancements are needed for cost effective production. 
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In recent years there has been an introduction of knowledge based manufacturing in 
machining, where an increased understanding about material properties and 
structural loading and improved analysis and design techniques, have led to the 
development of new optimized machine tool designs. Such designs in combination 
with high cutting feed and cutting speeds have led to machining systems often 
excited by high-energy sources which can create intense vibration excitation 
problems as, for instance, modern machine tool design results in systems with high 
stiffness and low mass (low inherent damping). 

The proliferation of new optimized machine tool designs and processes has led to a 
greater need of up-to-date information about the machining system’s performance 
and especially its static and dynamic characteristics. This is particularly important 
when the goal is to produce a specific part correctly for the first time, as the static 
and dynamic properties of the machining system are time-varying and they greatly 
affect the geometrical and dimensional accuracy of the produced part as well as 
surface finish. The ability of the machine tool and the cutting process to perform a 
task can be evaluated by capability analyses [1]. 

1.1.1 Machining system capability 

Machining system capability links design to manufacturing by relating the 
geometrical and dimensional tolerances specified by the design to the accuracy and 
precision of the manufacturing equipment. Machine and process capability can be 
defined either from machined part accuracy or from machining system accuracy. 
Part accuracy is closely related to machining system accuracy; while part accuracy is 
defined in terms of tolerances and surface finish as specified by design, the 
machining system accuracy is determined by the interaction between machine tool 
structure and cutting process [2]. In principle, if it would be possible to fully control 
the machining system capability then behaviour of the system could be predicted 
and there would be no need to check every single machined part. 

The interaction between machine tool structure and cutting process, i.e. the 
machining system, is affected by variations introduced by different disturbance 
sources, which can be grouped in: positioning and kinematic errors, temperature 
errors, static errors and dynamic errors. In this thesis machining system capability is 
studied with respect to the last mentioned two groups, static and dynamic 
variations. 

Machining system capability may be quantified in terms of static and dynamic 
stiffness in both [3]: 

− the machining process; and 
− the machine tool elastic structure. 

This means that design, monitoring, control and optimization of statics and 
dynamics of machining must include the entire machining system, and not only the 
process or machine tool, as separate entities. In this context, the machining system 
is a closed-loop system between the cutting process and the machine tool elastic 
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structure, see Figure 1. In Figure 1 the input of the elastic structure, F(t), is the 
instantaneous cutting force, and the output x(t) is the relative displacement 
between cutting tool and workpiece. This relative movement affects chip thickness 
and depth of cut. Since the cutting force is a function of these parameters, there is a 
feedback process in operation [4]. Any change in force due to a hard spot in the 
material3

 

, or material clearing itself from a built-up edge on the cutting tool etc., will 
cause a change in the amount that the machine deflects, and hence in the depth of 
cut and chip thickness. This will lead to a further variation in the cutting force and so 
on. 

Figure 1: Closed-loop dynamic machining system4

2

. The machining system represented as the 
interdependence of two subsystems, the elastic structure and the cutting process dynamics 

[ ]. The machine tool elastic structure forms the primary loop of the machining system, while 
the cutting process dynamics is represented as a subsystem in the feedback loop. 

Fnom(t) is the cutting force nominal value, and Δd(t) is the total deviation of the 
relative displacement x(t). D(t) are disturbances such as tool wear, thermal 
distortion of the elastic structure, variation of rigidity of the elastic structure during 
a machining process, variation in the machine tool spindle ball bearings 
characteristics, variation of cutting parameters etc. 

The main reason for machine tools being replaced with newer ones is not because 
aging or the wear of some components but because of not complying with the 
required accuracy5

1.2 Research motivation 

. 

The main motivation of this research is the need for fast and accurate evaluation 
methods of machining system´s static and dynamic characteristics. In following 
sections the main motivation for this research is further discussed. 
  

                                                                 
3  No material is perfectly homogeneous, and inevitably small variations occur randomly. 
4 Recently the concept of machining system has been rephrased as process – machine 
interaction (PMI) [12]. 
5 Resulting from more complex shapes of products and new more difficult to machine 
materials etc. 

Machine tool elastic 
structure

Including clamping device,
workpiece, tool, tool holder, 

spindle system etc.

Cutting process dynamics
Milling, turning, grinding etc.

∆F(t)

Fnom(t)
D(t)

∆d(t)

D(t)

Variation in cutting 
parameters

x(t)F(t)
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The present research is motivated by the lack of an explicit scheme for representing 
behaviour of physical processes and structural systems in an integrated manner 
under a common test framework. The complex behaviour of machine tool, fixture 
and cutting tools during machining of a part makes it impossible to model 
analytically with enough accuracy [5]. 

From a static or quasi-static point of view, the accuracy of machining systems is 
characterized by the resistance to deflections mainly caused by cutting forces. This 
resistance is represented by static stiffness. The techniques used today to evaluate 
the static or dynamic behaviour of machining systems, are performed in two 
separate steps, (i) evaluation of the machine tool structure, and (ii) evaluation of the 
cutting process. 

1.2.1 Elastic Linked System evaluation 

Machine tool testing methods, developed to aid machine tool manufacturers during 
fabrication [6], are now commonly used to qualify new machines at purchase time. 
These methods, based on international standards [7], [8], are defining the accuracy 
during unloaded stability and are not useful to increase the reliability of the 
operational machining system. It was early stated that a customer who is buying a 
machine tool needs an acceptance test, which tests the machine during operation-
like conditions, to verify that the machine was design and constructed properly [9]. 

The main drawback of today’s machine tool test methods are: 

− They analyse the specific characteristics of the machine tool but leave out, 
to a great extent, the machining process [10]. When accuracy of the 
machining system is measured, neither effects from the static stiffness nor 
from the cutting process are taken into account. For instance, in DBB 
(Double Ball Bar) or laser interferometry tests, the contribution of the 
flexibility of cutting tools is not considered, while the effect of the cutting 
force is completely ignored. This limits the applicability of these techniques 
for realistic evaluation of machining system accuracy. 

− The static and dynamic characteristics are considered invariant parameters 
with respect to rotational speed and therefore are evaluated for a non-
rotational spindle. 

− The stiffness characteristics are considered linear without taking into 
consideration non-linear conditions in joints. 

The need for acceptance testing of machine tools is increasing. For instance, in some 
companies more than 90% of all purchased machine tools are out of geometrical 
tolerance (according to international standards and tolerances specified by the 
manufacturers themselves), despite the fact that all machines have passed normal 
CMK(2.0) (capability machine index) and CPK(1.33) (capability process index) tests. 

Another example of the need to test machines is that a company tested 100 newly 
purchased machine tools in December 2005. Regardless of the manufacturer there 
were only 9 machines approved according to international standards or what was 
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promised by the machine tool manufacturer. Three years later, 39 of 190 tested 
machines were approved. The cost to the machine tool manufacturers to correct the 
errors of the machine tools is estimated to 5,000,000 Euro. 

Within the computational framework for off-operational stability the novel concept 
of Elastic Linked System (ELS) is introduced to account for the representation of the 
cutting force trough an elastic link that closes the force loop. The ELS is evaluated 
trough a computational model based on FE. Distribution of deformations 
corresponding to the static stiffness can be obtained for different magnitudes and 
orientations of the elastic link. In addition the elastic link which behaves as a static 
element, a dynamic non-contact link has been introduced in order to study the non-
linear effects introduced by variations of contact conditions in joints due to 
rotational speed. A practical application of dynamic link is demonstrated by the 
development of a test equipment named contactless excitation and response 
system. 

1.2.2 Dynamic stability of machining system 

From a dynamics of machining system point of view, there are two critical issues, (i) 
the discrimination between forced and self-excited vibration and (ii) the prediction 
of stability limit. With respect to the first issue, the lack of qualitative criteria for 
evaluation of a machining system´s dynamical behaviour led to extensive use of FFT 
analysis for a relative comparison of signals recorded during machining. Quantitative 
analyses are then performed to detect whether or not chatter occurred. As these 
analyses are based on signal amplitude measurement at certain critical frequencies 
they are relative in their nature and consequently lead to subjective decision 
making. 

With respect to the second issue, the main techniques used today are related to a 
judicial use of “stability lobes” to find relatively stable operating regimes [11]. The 
traditional evaluation of machining system dynamic behaviour has invariably been 
approached in the following steps [12]: 

1. Identification of the dynamic properties of elastic structure of machine 
tools. Generally this step is done experimentally often using experimental 
modal analysis (EMA). 

2. Identification of the characteristics of cutting process, i.e. the dynamic 
parameters describing the transfer function of the subsystem represented 
by cutting process dynamics (Figure 1). 

3. Evaluation of stability lobe diagram of the machining system from step 1 
and step 2. 

Because the evaluation of dynamic stability and of modal parameters, carried out 
following the above approach, does not take into consideration the actual 
operational conditions, the results have limited applicability. For instance, if a 5-axis 
milling machine, in which the tool has to follow a 3D trajectory, the modal direction 
of the machine tool depends upon the relative orientation of the cutting tool and 
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the workpiece. This situation is impossible to capture with traditional EMA 
techniques, as the receptance is measured normally in two orthogonal6

Furthermore, the test described above makes use of external forces that have a 
different nature than cutting forces. The separation into the two subsystems does 
not take into consideration the mutual interaction between the two subsystems in 
real cutting operations. To be able to do this it is necessary to monitor and analyze 
the real system at the factory floor in full production. Design and measured data 
could then be put together to make a realistic digital model of a physical machine 
system individual, that could be used as input in machining simulation software to 
find the root causes of stability problems. 

 directions (X 
and Y directions) of the machine tool. 

Also with the classical methodology, straight paths of the tool have to be adopted 
since the stability limit is detected by gradually increasing the depth of cut. This 
makes it inapplicable in the case of workpieces with complex shapes. 

Self-excited vibrations (Chatter) in machining 

The most important phenomenon occurring in machining that affects the stability of 
the system is self-excited vibrations known as chatter7 13 [ ]. Chatter was early on 
identified as the main problem in reaching high productivity. Taylor stated 1907 that 
chatter is the “most obscure and delicate of all problems facing the machinist” [14]. 
Chatter is not induced by external forces, but by those generated by the dynamic 
process itself [15], [16], [17], [18]. This is the reason why the chatter phenomenon 
can only be studied during operational conditions of the system [2]. The separation 
of the machining system into the two subsystems does not take into consideration 
the mutual interaction between the two subsystems in real cutting operations. One 
effect of not considering the real cutting forces and the interaction in the 
optimization of cutting parameters is exemplified by the common practice of 
applying traditional optimization methods. The cutting process is then improved at 
the cost of decreased spindle life because the generated vibratory level is too 
intense for the ball bearings. 

The research presented in this thesis takes a different approach by introducing the 
unified concept of operational dynamic parameters (ODP). According to this 
concept, the absolute criterion of damping is introduced to evaluate the dynamic 
behaviour of machining system. By this, both issues mentioned above can be 
performed in a single step. The amplitude of vibration increases as the excitation 
frequency approaches one of the natural frequencies of the system. The system still 

                                                                 
6 Might be three directions X, Y, Z. The problem is that the stability diagram has to be 
constructed for each orientation in order to find the weakest configuration. 
7 Chatter is a self-excited phenomenon that is not unique to machining. Other phenomena of 
self-excited type are encountered in other fields of physics, such as aerodynamics – known as 
flutter, in fluid dynamics, – known as Kármán vortices, dry friction in many mechanical 
situations, and so on. Such self-excited phenomena have been extensively studied by many 
mathematicians and physicists. 
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represents a stable dynamic system with a certain constant amount of structural 
damping. The amplitude of vibration alone cannot give an indication of instability. 
According to the novel concept introduced in this thesis, the damping criteria is an 
absolute qualitative criterion which can be used (i) for the discrimination between 
forced and chatter vibrations. Constant operational8

Recursive identification of dynamic stability 

 damping means the presence 
of forced vibrations, while a decrease of damping close to zero means chatter 
vibration, (ii) predictions of the stability limit. As operational damping falls to zero, 
the machining system approaches its stability border. Thus, the unified qualitative 
damping criterion can be used for both discrimination between forced and chatter 
vibration and for prediction of the stability limit. 

Another problem that limits the applicability of existing methods for chatter 
detection is their implementation in “real time” chatter identification schemes. The 
identification of machine tool structure characteristics separated from that of the 
process make it impossible to be applied to real time stability identification. On the 
contrary the qualitative damping criterion can be straightforwardly implemented in 
a recursive scheme for real time stability identification. 

Considering real time identification, the major limitation in establishing consistent 
methodologies for control of dynamic stability in machining is the lack of robust 
criteria for incipient chatter prediction/detection. This is done today using a 
quantitative measure extracted from the FFT spectra generated from the vibration 
records during machining. 

There are several factors that affect the accuracy of systems for traditional chatter 
detection: 

− The time of detection – online chatter identification schemes are based on 
the evaluation of FFT based on a number of samples. The larger the number 
of samples, the better the accuracy of estimation is. Normally, a kilobyte of 
data will suffice. This is a very critical issue since once chatter starts it is 
very difficult to avoid. Therefore the earlier detection the better. No matter 
the efficiency of chatter control, if not detected9

− Selection parameters for detection – at the chatter frequency normally the 
amplitude of vibration, which is an relative quantitative detection 
parameter, is used. 

 in time it may leave a 
vibration pattern on the workpiece which may compromise the whole job. 

− Accuracy of parameter estimation. In FFT analysis, the accuracy of 
estimation is dependent on number of samples. 

                                                                 
8 As will be later defined, the operational damping represents the sum of the absolute value 
of structural (modal) damping and process damping. 
9 The problem of predicting chatter onset is critical for the integrity of machining operation; 
the system can hardly recover when it is in an unstable state. 
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This research work implements a qualitative or semi-qualitative scheme based on 
the absolute criteria of operational dynamic parameter identification. The model 
based identification eliminates the need for a large number of data and reduces the 
accuracy of the parameters identified to the number of model order instead of 
number of samples. Meantime, the recursive implementation of the identification 
methodology empowers the system with a robust prediction ability allowing for 
control actions to avoid dynamic instability. 

1.3 Research scope and objective 
The goal of this thesis is to formulate a framework in which a machining system 
capability can be evaluated. This goal is of high priority both for the research 
community as well as for the industry as such a system could be used as a chirurgical 
tool to generate deeper knowledge about the operational performance of a 
machining system. The scope of this research work is to develop scientific methods 
for industrial applications that can be used to assess, predict and control the 
capability of machining systems from static and dynamic points of view. 

The objectives of this research are to introduce new methodologies and instruments 
which enable fast10

1.4 Research questions and framework 

 control of the machining system´s static and dynamic 
characteristics. 

In previous sections, the importance of productivity increase and quality 
improvement in the fabrication of complex shape components in combination with 
the new trends in manufacturing technology has been discussed. The need for up-
to-date information about the state of the manufacturing performance and in 
particular the machining system´s static and dynamic characteristics has been 
pointed out as key performance factor in obtaining a robust and capable machining 
system. 

To respond to the above needs, basic research questions were formulated. 

1.4.1 Elastic Linked system evaluation 

Machine tool geometrical accuracy is critical to secure high quality parts and a key 
performance criterion for evaluating machining system capability [19]. The 
geometry accuracy is normally evaluated when no load is acting on the machine 
tool. 

Another crucial question is concerning the static behaviour of machining systems 
especially the machine tool structure. Today there are no practical tests or analysis 
methods, which can quickly assess the stability of machine tools under loaded 
condition. 
  

                                                                 
10 Preferably in-process 



Introduction to the research field    

10 

In machining operations the cutting force has an arbitrary orientation and 
magnitude depending on various parameters such as tool geometry, cutting 
parameters and type of operation. The question is how to develop off-operational 
systems that are able to introduce structural forces of controlled magnitude and 
orientation? In this way the directions with lower static and dynamic stiffness can be 
identified; as a result machine tool and process components (cutting data) can be 
optimized with respect to static and dynamic stiffness. 

1.4.2 Dynamic stability of machining systems  

One of the basic questions to be answered in this work is formulated as: 

− What is needed to be able to capture the static and dynamic stability of 
machining systems in a single unified computational framework? 

Today’s methods for evaluation and optimization of machining systems are not 
based on a robust absolute criterion to detect the limit of stability. The basic 
question stated above is too generic to be answered. Therefore it is divided into four 
issues: (i) a robust criterion for stability, (ii) a method to capture the time variation 
of a machining system, (iii) a validation method, (iv) a robust sensor system. To each 
of these four issues an individual solution is proposed in this thesis. 

1.4.3 Research framework 

To be able to answer these questions a research framework had to be established. 
The theoretical base for this framework is gathered from previous research done in 
a number of different fields, ranging from classic cutting and machine tool design 
theory, system and model identification, statistical dynamics, and sound and 
vibration studies to machine tool testing. Scientific papers, journals and books have 
been studied in order to create a theoretical base for ongoing and future work. To 
validate different theories, experimental work has been carried out. 

1.5 Outline of the thesis 
The work presented in this thesis deals with the analysis of static and dynamic 
stability of machining systems. Particular focus is on the machining system 
capability. 

This thesis is divided into 6 chapters. At the end of each chapter there is a discussion 
and conclusion section that summarizes the most important subjects of each 
chapter. 

In chapter 2, the fundamental concept of statistical methods in this thesis is 
introduced. This resulted in formulation of Markov random processes in continuous 
and discrete representations which form the fundament to model-based 
identification and ARMA recursive schemes. In chapter 3, the framework for off-
operation stability is introduced. The concept of Elastic Linked System (ELS) is 
developed. The ELS is the representation of the machining system with the cutting 
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process acting between the tool and the workpiece replaced by an elastic element 
with variable reaction force. For evaluation of static stiffness/deformations of a 
machine tool a novel type of double ball bar (DBB) which has the ability to create a 
preload between machine tool table/workpiece and tool/spindle is introduced. The 
device is called Loaded Double Ball Bar abbreviated LDBB11

20
. The first embryo to the 

development of the current system can be found in [ ], [21]. Recursive model-
based identification is used to identify the modal parameters of the machine tool 
structure. From a technical point of view, the effect of the spindle rotational speed 
on system damping ratio is of interest. For this purpose a special contactless 
excitation and response system (CERS), in combination with an especially developed 
milling cutter, has been developed. In chapter 4, the framework for operational 
stability is introduced. The presented methodology allows, in contrast to the 
traditional theory, to determine in real time under operating conditions the 
machining system dynamic stability. In chapter 5, the results and conclusions are 
drawn and in chapter 6, the discussion and suggested future work conclude the 
thesis. 

Figure 2 shows the unified concept of the computational framework that is the 
subject of this thesis. 

 

Figure 2: The conceptual representation of the thesis research work. 

                                                                 
11 The LDBB has originated from the collaboration between the two Swedish companies 
Scania CV AB, CE Johansson AB and the Royal Institute of Technology (KTH). 
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The main contributions that can be identified from Figure 2 are (i) the systematic 
inference of ARMA models and their recursive representations as starting point from 
Markov processes, (ii) ELS off-operational stability concept as a novel method for 
study the stability of loaded machine tools, (iii) operational stability and ODP 
estimation by RARMA. 

The international research in the field of condition testing and monitoring has 
primarily focused on two main issues [22], (i) machine tool sensors and sensor fusion 
and (ii) machining process control with special attention to machining force 
regulation and regenerative chatter suppression. Less attention has, until now, been 
given to the development of integrated testing methods bridging the topics from 
sensor and detection to monitoring and control and involving robust process 
monitoring techniques that are industrially feasible. The computational framework 
and the new methods for the evaluation of a machine tool´s static 
deformation/stiffness and structure dynamics, combined with more traditional 
evaluation methods, is considered to be a promising tool for increasing the 
efficiency of manufacturing systems. Results from appended papers along with 
some case studies described in this thesis, exemplify achieved results. Both design 
and experimental results are outlined. 

1.6 Introduction to papers 
Six appended papers constitute the basis of this thesis. The link between the papers 
is that they step by step contribute to the development of the computational 
framework presented in this thesis. In Paper A the first embryo to the current 
system is introduced. The presented method is called model identification and is 
used to study the dynamic interaction between machine tool structure and cutting 
process of a turning machine. During the work with the paper, the authors came up 
with the idea of a unified concept of representing the process-machine interaction 
of machining systems. According to this concept, the absolute criterion of damping 
is introduced to evaluate the dynamic behaviour of machining systems. In Paper B 
the concept of ODP is for the first time introduced. In combination with this the 
focus of the research work is shifted from identification of turning operations 
stability to identification of milling operation stability. In Paper C, the model 
identification method is further developed by the introduction of the virtual 
machining system for validation of model structure and model order of the 
parametric models. The recursive estimation algorithm is further derived. In Paper D 
the theory is expanded to not only cover the identification of ODP but also structure 
dynamics of machine tools. The identified information requirements for 
representation of static and dynamic stiffness to support analysis of process 
operation damping for model based operation planning is presented in Paper E. 
Finally, in Paper F, the computational framework for operational stability is for the 
first time presented. The paper is mainly focusing on the introduction of the virtual 
machining system engine (VMSE). It is, amongst other thing, demonstrated that the 
system is able to generate both forced and self-excited vibrations. 
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2 
2 Statistical dynamics of machining 

system  

CHAPTER SUMMARY: Statistical dynamics concern the study of various random 
phenomena. The chapter presents a systematically approach of the inferences of 
ARMA models and their implementation in recursive identification schemes. The 
chapter introduces the representation of Markov processes in continuous time and 
discrete time forms. Then, the core of the thesis, parametric ARMA models is 
discussed. Finally the chapter addresses various issues concerning recursive 
identification. 

2.1 Introduction 
The field of application of statistical methods in this thesis is related to the 
identification of dynamic systems. The term identification refers to the formulation 
of a mathematical model of a dynamic system based upon signal measurements, 
and belongs to a class of inverse dynamic problems encountered in various fields of 
natural science and technology [23]. In many cases, special off-line experiments with 
controlled input, in particular model testing, may be impossible or undesirable. In 
such cases the desired mathematical model of the system can be based on data 
obtained from on situ measurements made on the system in operation. 

Problems are considered in this thesis only where the systems response to a random 
excitation can be observed. This may be a case of the machine tool structure 
interacting with the cutting process [24]. The force sensor does not measure the 
input excitation but some response that is transmitted through the structural path 
from the tool – workpiece interface to the sensor location. This signal is partly 
attenuated on this path and partly amplified by the local structural resonances 
resulting in signal behaviour of random nature. For instance, in milling there are 
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many mechanisms making the signal random, among others the dynamic variation 
of the contact workpiece – cutting edge and the intermittent engagement of the 
multi-tooth cutter of impulse nature. This, in combination with the dynamic 
variations of the material flow on the cutting edge, leads to a broadband frequency 
excitation of the machine tool structure. Other phenomena leading to random 
excitation in cutting are: the dynamic variation of the contact tool workpiece – 
cutting edge, non-homogeneities in the workpiece, the friction condition in the 
different rotating parts (not to mention local temperature variations), the dynamic 
changes of the contact conditions between rotating parts, local resonances in the 
spindle, the cutting tool, the workpiece, the fixture, the disturbances generated by 
electrical motors, transformers, etc. 

Special problems of so-called qualitatively and semi-qualitative identification are of 
special importance in studying dynamic stability of machining system (MS). The 
qualitatively identification implies that the discrimination between different types of 
dynamic systems is based on the statistical analysis of measured response. The 
solution to this problem should precede the estimation of system parameters, i.e. 
quantitative identification. The results of a qualitative identification may be of direct 
practical importance, for instance for developing of methods for the analysis and 
control of self-excited vibrations (e.g. chatter in machining, flutter in aerodynamics 
and Kármán vortex in fluid dynamics). The term semi qualitative identification is 
used for those problems in which only few key parameters are sought. The results 
from qualitative identification can be used to detect chatter vibrations of machining 
systems from its measured random response. Algorithms for instability detection 
may be used for selection of machining parameters to avoid instabilities of chatter 
type [25]. 

2.2 Stochastic processes 
The dynamic loads which occur in machining systems are of random nature and 
cannot be described adequately by the deterministic function of time [24], [26]. An 
adequate description of this excitation, and therefore of the response of the 
machining system to such excitation, must be developed within the framework of 
the random process theory [27]. The adaptation of such probabilistic point of view 
implies that some statistical characteristics of both the random excitation and the 
systems response to this excitation are considered. 

2.2.1 Markov process 

A function or process X(t) is called random if its values are random variable [28]. The 
argument t is considered to be deterministic and it is interpreted as time. It is well 
known that a basic characteristic for a random variable X is its cumulative probability 
function 

)()( XxPxF <=  (1) 
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where P(x<X) denotes the probability of the event (x>X) or the probability density 
function 

dx
dFxp =)(  (2) 

For a random function or process such a representation in general will not be 
complete. The complete description of a random process X(t) is available through 
the infinite-dimensional probability density p(x1, x2, ..., xn), where n tends to infinite. 
Since this complete representation is not possible it is important to develop various 
models for the random process, which permit to express the infinite-dimensional 
joint probability density (or its corresponding joint cumulative function) in terms of a 
finite series of functions. One such model that is of practical importance to our 
approach is the Markov random process. 

For a Markov process the infinite-dimensional probability density can be expressed 
in terms of so called transition probability density. Random vibration problems are 
mathematically defined by stochastic differential equations, containing random 
functions and random variables. The solution to this problem requires the 
evaluation of certain statistical characteristics of the response in terms of given 
statistical parameters of the random excitation. It is then possible to calculate the 
statistical characteristics of the response by an appropriate statistical process of the 
response sample, obtained in a series of runs. We consider in this thesis the inverse 
problem that is the estimation of the machining system parameters from its 
measured response. For a qualitative identification of the machining system it is 
usual necessary to track the variations of the response statistical characteristics with 
the varying type of system, for example the transition from stable to unstable state. 
The Markov process method is a nonlocal method for analysis of nonlinear systems 
with varying random excitation. The joint probability density p(x1, x2, ..., xn) of the 
values xi=x(ti) of a normal scalar process x(t) at any n time instant t1, t2, ..., tn is by 
definition 
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where mx(t) = <x(t)> it the first order moment (mathematical expectation or mean 
value) of the x(t), and cij are the elements of a matrix which is the inverse of matrix 
K=ǁKxx(ti,tj)ǁ of the second order moments of the zero-mean process x(t) - <x(t)> and 
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where K0 is the determinant of K. 

It can be seen in equation (4) that the first and second order moments of a Gaussian 
process provides complete information of its statistical properties. Any higher 
moment m j1, j2, ..., jn of x(t) can be expressed in terms of these two first order 
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moments. The second order moment Kxx is called the autocorrelation function of 
x(t). 

2.2.2 Stationarity and Ergodicity of random processes 

Another basic concept in random process theory is that of stationary. A random 
process is said to be stationary if its statistical characteristic are independent of the 
time origin. In this case the probability p(x1, x2, ..., xn) where xi=x(ti) depends only on 
the difference t1-tj, I, j=1, 2, ..., n. Another definition is that of stationary in the wider 
sense: a process is stationary if it has a constant mean value <x> whilst its 
autocorrelation function Kxx(t, t’) depends only on the time shift τ=t-t’. 

In most random problems considered in machining systems the random excitation 
can be considered stationary. As for the response of the dynamic system to 
stationary random excitation, it will not necessarily be stationary, primarily due to 
its dependency on initial conditions. A stationary random process x(t) for which the 
integral 

∫
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exists is called ergodic. The ergodicity property implies an equivalence between 
probabilistic and time averaging i.e. the first and second moments of an ergodic 
process x(t) can we express as 
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The ergodicity property implies the possibility of obtaining the statistical 
characteristic of a random process from a single sample of this process obtained in 
an experiment. 

2.2.3 Spectral density of random processes 

A very important concept in the theory of stationary random processes is that of 
spectral density. Let the autocorrelation function Kxx(τ) of a stationary random 
process x(t) be such that its absolute value is integrable within the whole half-axis τ 
> 0. Then a non-negative function φxx(ω) exists such that Kxx(τ) and φXX(ω) form a 
Fourier transform pair. 
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φxx(ω) is called the spectral density of the stationary random process x(t). 

If follows from the above equations that the variance σ2 may be expressed as the 
integral of the spectral density function 
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A process with Kxx(τ)=Dδ(τ) and φxx(ω)= φxx(ω)= φ (0), D=φ (0) is called the delta-
correlated or white noise. D is called intensity function and δ(τ) is the Dirac function. 
The energy of this type of process is uniformly distributed over all frequencies, and 
therefore its total energy, as its variance is infinite. Such a process is physically 
impossible. However, this model is of major importance in statistical dynamics. Real 
dynamic systems which possess some inertia may respond only to a limited range of 
excitation frequencies, with very high input frequencies having practically no 
influence on the response. Therefore if the excitation is broadband, with its spectral 
density close to a constant value within the bandwidth of the system (within the 
range of those excitation frequencies to which the system may respond 
significantly), then the response of the system will be the same as to white-noise 
excitation. 

A stationary random process with its spectral density concentrated mainly within a 
narrow frequency range (compare to the central frequency of this bandwidth) is 
called narrowband. 

2.2.4 Representation of Markov process 

A stochastic process X(t) which may have a continuous or discrete valued domain, is 
called Markov process [28] 
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where t0 ≤ t1 ≤ t2, ..., tn ≤ tn+1. X0, X1, ..., Xn and Xn+1 are called states of the process. If 
the stochastic process at time tn is in state Xn, the future state of the process Xn+1 at 
time tn+1 depends only on the present state Xn and not on the past states Xn-1, Xn-2, ..., 
X1 and X0. 

States Xi can take either continuous or discrete values. A Markov process is called a 
discrete parameter Markov chain if it is a discrete parameter i.e., t=0, 1, 2, ... 

2.2.5 Gauss-Markov sequence 

A sequence N(k) is called a purely random sequence if 

)]1([)](|)1([ +=+ kNpkNkNp  (10) 

for all k, where f[N(k)] is the probability density of the sequence N(k), k=0,1,2, ..., n. 
Let X(k) be a random sequence generated by a linear difference equation 



Statistical dynamics of machining systems   

18 

)()()()1( kNkXkakX +=+  (11) 

where a(k) is known deterministic sequence and N(k) is a random sequence. The 
conditional density of the random sequence 

)](|)1([)]0(),...,1(),(|)1([ kXkXpXkXkXkXp +=−+  (12) 

In other words, the future state of the process X(k+1) depends only on the present 
state of the process X(k) and the random sequence N(k). Hence, X(k) is a Markov 
sequence. However, a sequence X(k+1) generated by a second order difference 
equation depends on present and past. For example, consider a second-order 
difference equation 
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where a1(k) and a2(k) are known deterministic functions N(k) is a random sequence. 

Let denote 
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The second difference equation can now be expressed as a vector matrix equation 
[28] 
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X(k) is of dimension 2 and is Markov vector sequence. In this way an nth order 
difference equation can be reduced to a vector matrix equation of dimension n. 
Therefore, a sequence generated by an nth order linear difference equation is a 
Markov sequence. The ARMA model will generate a Markov vector sequence. It can 
be noticed that while the vector sequence is Markov, the components of the vector 
are not Markov. A Markov sequence is called Gauss-Markov sequence if p[X(k)] and 
p[X(k+1)|X(k)] are Gaussian probability density function for all k. 
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2.3 Continuous-time models 
In view of the Markov process, the unconditional joint probability density  
p(x1,t1; … xn,tn) for t1<t2<...<tn may be expressed as 
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This relation demonstrates that the joint probability density for the values of a 
Markov process, at any sequence of time instants is completely defined by the 
product between the probability density of the initial value and the so-called 
transition probability density p(xi,ti|xi-1,ti-1). The transition probabilities read the 
probability density of xi(t) at the time instant ti provided that it has a certain value  
xi-1 at the time instant ti-1 < ti. For a continuous one-dimensional (scalar) variable x(t) 
with continuous t, the transition probability is a function of four terms 

tsysxdxxtxxPsytxp <=+<<= ),)()((),;,(  (17) 

The transition probability function of a continuous Markov process can be obtained 
from the integral of the equation (16) 

∫= dzsyzptztxpsytxp ),;,(),;,(),;,( τ  (18) 

for s < τ < t. 

The random response x(t) of a dynamical system to a random excitation within a 
certain time interval t0<t<tn will generally depend on the initial condition x(t0) and on 
the values of random process n(t). If the values of n(t) at any time instant are 
statistically independent (for instance Gaussian white noise) then the behaviour of 
n(t) and therefore of x(t) within the interval t0<t<tn will be independent of the n(t) 
values for t<t0 and the response x(t) is a Markov process. 

The next step is to derive a partial differential equation for the probability density of 
the Markov process. If there exist functions ai(x,t) and bij(x,t) such that for every y 

),(),;,())((1lim

),(),;,()(1lim

0

0

tybdxtyhtxpyxyx
h

tyadxtyhtxpyx
h

ijjjiih

iiih

=+−−

=+−

∫

∫

→

→  (19) 

and if there exist continuous partial derivatives 
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for i, j =1, …, n, then these functions satisfy the following partial differential equation 
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In this expression p represents the transition probability density p(x,t; y,s), s < t. The 
partial differential equation (21) is known as the Fokker – Planck – Kolmogorov of 
FPK equation [29]. 

The solution to the FPK equation (21) must satisfy the initial condition 

)(),;,(lim yxsytxp
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→
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where δ is the Dirac delta function[2]. 

The limiting response probability density, p, is obtained as a solution to the FPK 
equation with 0/ =∂∂ tp .This is the stationary condition and physically it 
corresponds to the steady-state motion of the system. 

In machining systems a critical step in analysing the dynamic stability is to 
discriminate between the forced and the self-excited (chatter) oscillations12

When the machining system is excited by certain random forces it will produce a 
non-zero steady-state response signal. The response is the contribution both of the 
forced input representing a stable system (subcritical state) and the contribution of 
self-excited forces (supercritical state). For an accurate evaluation of stability 
threshold a statistical criterion to discriminate between these two states is needed. 

. A 
stationary narrow-band random process x(t) is observed, which represents the 
steady-state output or the response signal of the interaction machine tool structure 
and cutting process. Normally the input excitation is not observable. However, it can 
be assumed to be random and broadband compared to x(t). This is a rather 
reasonable assumption for machine tool structures which are usually lightly damped 
and excited by random cutting forces. This problem of discrimination is important in 
the view of experimental evaluation of the machining system stability boundary. 
Within the instability domain the amplitude of vibration grows to a certain value and 
is restricted either by the nonlinearities of the system itself (for instance the tool 
leaving the workpiece) or by specially designed devices. 

The desired criterion may be obtained from the solution to the stationary FPK 
equation for the response amplitude p(A). If we assume that the chatter is normally 

                                                                 
12 Self-excited phenomena have been extensively studied by many mathematicians and 
physicists. To take only one example, one of the most known mathematicians in the area of 
statistical dynamics, M.F. Dimentberg studied the discrimination between forced and self-
excited vibration by using FPK (Fokker-Planck-Kolmogorov) equation. The FPK equation is 
used for computing the probability densities of stochastic differential equations. FPK equation 
describes the time evolution of the probability density function of the position of a particle, 
and can be generalized to other observables as well [78]. 
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generated on an individual natural frequency then the study can be limited to a 
SDOF. 

If we consider a quasilinear SDOF system with random excitation then 

)()](1[),()( 2 tntxxxctx =+++ ζΩ  (23) 

where ζ(t) and n(t) are stationary, zero-mean random processes with spectral 
densities Φζζ(ω) and Φnn(ω) and c is the damping function. 

The stationary probability density p(A) of the amplitude A(t) is governed by the FPK 
equation. The response of the SDOF system is described by two functions 

)sin(τAx = and )cos(τΩAx =  (24) 

where τ=Ωt+φ 

Stochastic differential equation may be introduced to represent the amplitude A(t) 
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Here  

)(tςη and )(tnη are equivalent white noises with intensity factors 2Bζ and 2Bn 

respectively. 

The stationary FPK equation is 
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The solution of FPK is 

)](exp[2)( AGCAAp =  (29) 

where C is a normalized constant and 
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Considering two continuous random variable x and y such that y = f(x) and the 
inverse function x = φ(y) = f-1(y) then given the probability density p(x) of x we want 
to find the probability w(y) of y. 
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This problem is solved based on the condition for equal cumulative probabilities, 
since P(x<q) = P(y<f(q)) for any q with P being the probability of the corresponding 
event. 

Differentiating this equality  

dy
dypyw φφ )]([)( =  (31) 

Applying this probability density transformation formula to equation (29) yields the 
following expression for the stationary probability density w(V) of the squared 
amplitude V = A2 
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From this formula we derive 

∫ +
=

A

nVDDV
Vhw

dV
d

0 )(2
)()(ln(

ςΩ  (33) 

were w(V) is monotonically decreasing for every V > 0 if and only if h(A) > 0. 

This implies that the monotonicity criterion of the w(V) provides a necessary and 
sufficient condition for the presence of self-excited oscillation in the system. 
Therefore, if an observed response x(t) has a monotonically decreasing w(V), then it 
represents purely forced response of the system to the excitation ζ(t) and n(t). On 
the other hand if w(V) increases within a certain (V1, V2) then the system may be 
regarded as a self-excited type. 

2.4 Discrete-time models 
A system is said to be discrete-time-invariant and linear if its response to a certain 
input signal does not depend on absolute time and if the principle of superposition 
of responses at discrete-time intervals may be applied. It is often an idealization to 
represent a physical system by linear time-invariant models. However the 
simplifications involved can in many cases be justified i.e. designs and optimizations 
based on linear system theory lead in many cases to valid results [30]. The model 
described in this section is used to approximate experimental data acquired from, 
for instance, tests and it has a specific structure, i.e. a mathematical formulation 
which includes a number of parameters. These parameters can have a physical 
interpretation, in which case the identified model is a physical model, or retains only 
the mathematical interpretation which results in a synthetic model. 

A stationary signal can be modelled by using a finite difference equation driven by 
white noise (white noise is a random signal [or process] with a flat power spectral 
density). These models are known as parametric models. 
  

http://en.wikipedia.org/wiki/Signal_%28information_theory%29�
http://en.wikipedia.org/wiki/Power_spectral_density�
http://en.wikipedia.org/wiki/Power_spectral_density�
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2.4.1 Parametric ARMA models 

A parametric AR(MA) model is a special class of input – output model 
representation, where the input in the model is driven by white noise processes and 
the model is described by rational system functions, including autoregressive (AR) 
(Burg, least square, Yule Walker, geometric lattice, instrumental variable), ARX 
moving average (MA), autoregressive-moving average (ARMA), Box Jenkins, Output 
Error models [30], [31]. The process output of this class of models has power 
spectral density (PSD) that is entirely described in terms of model parameters and 
the variance of the white noise process. 

The objective of the parametric modelling is to infer a model of the process from the 
recorded data. In other words, parametric modelling represents mapping from the 
data space to model parametric space. The procedure by which a model is inferred 
from measured data is called identification. The identification of a stationary time 
series as the output of a dynamic system whose input is white noise a(t), can be 
carried out in several ways. One way is to use the parsimonious parameterization 
which is employing ARMA(p,q) representation [32]. 

Given a time series of data Xt, the ARMA model is a tool for understanding and, 
predicting future values in this series [33], [34]. The model consists of two parts, an 
autoregressive (AR) part and a moving average (MA) part [35]. The combined model 
is usually then referred to as the ARMA(p,q) model were p is the order of the 
autoregressive part and q is the order of the moving average part. 

The model for ARMA process can be expressed as 

)()()( zUzHzY =  (34) 

where Y(z), U(z) and H(z) are the z-transforms (the z-transform is the discrete-time 
counterpart to the Laplace transform for continuous-time systems) of the output 
sequence, input sequence and the system impulse response (transfer function), 
respectively, and 
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where the bi and ai coefficients of the polynomials of the MA part and AR part, 
respectively. 

As mentioned earlier, the ARMA model consists of two parts, an AR part and an MA 
part. If the polynomial of the AR part ≡ 1 the ARMA model represents a MA model. 
The properties of such models allow for an analysis of the frequency spectrum with 
deep nulls, but without any sharp peaks. If the polynomial of the MA part ≡ 1 the 
ARMA model represents an AR model. The properties of such models allow for an 
analysis of the frequency spectrum with sharp peaks, but without any deep nulls 
[36]. Thus, the ARMA model can be used to represent spectra with both kinds of 
behaviour. 
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One of the major motivations for parametric models (e.g. ARMA models) of 
processes containing stochastic components is the ability to achieve better PSD 
estimate than produced by non-parametric spectral estimators e.g. Fourier spectra. 

2.4.2 Power spectral density of ARMA models 

Estimation of the power spectral density (PSD) of sampled data containing stochastic 
components is traditionally performed with the help of FFT [37]. There are however, 
a number of problems related to spectral analysis based on Fourier approach. 

Classic spectra estimator based on Fourier approach 

The major limitation of FFT spectral analysis is the lack of ability to discriminate the 
spectral components of two signals with the frequency close to each other. This 
becomes a big problem when attempting to analyze short time series because the 
frequency resolution is approximately the inverse of the number of available data 
time length. Another drawback is the need for curve-fitting for modal parameter 
extraction. 

The discrete-time counterpart of the Fourier transform is the discrete Fourier 
transform (DFT). The classical PSD based on DFT is given by [36] 
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where N is the number of samples. The power spectrum for a process described by 
equation (35) is obtained by evaluating the impulse response function around the 
unit circle, z-1 = exp(-j2πfDt). Another problem with spectral analysis based on 
Fourier approach is spectral leakage [36].13

36

 The frequencies represented by lines in 
the spectrum, are harmonics of the fundamental frequency. Spectral leakage causes 
energy from distinct spectral features to leak into nearby frequency channels. This 
gives rise to false components in the frequency spectrum of the signal [ ]. 

AR spectral analysis, basis for high resolution 

The method which has become most widespread, as an alternative to FFT is that of 
AR spectral analysis. It should be noted that apart from improved resolution and 
reduced leakage, which make the method suitable for time-varying signals it also 
offers large data reduction facilities, because of its parametric basis [2]. 
  

                                                                 
13 Leakage occurs when a frequency component of a signal does not fit exactly into one of the 
frequency channels in the spectrum computed using the DFT. 
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Using only AR parameters, the PSD function is determined as follows 
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The PSD can therefore be determined (for lags 0 to m) solely from a knowledge of 
the AR coefficient a1, a2, …, am, and the white noise variance σ2. Thus, a large 
number of data points can be represented by a small number of model weights. As 
can be seen in equation (37), the basis for the high-resolution property (and no 
windowing of data) of AR PSD is the use of nonzero extrapolation of unavailable 
lags. In Figure 3, a comparison between an ARMA(6,5) model and FFT containing 512 
data samples is done. The signal contains two harmonics at 100 Hz and 180 Hz in 
random noise. The ARMA parameters were identified by an off-line Gauss-Newton 
algorithm [30] and the model order was selected by minimizing Akaike´s information 
theoretic criterion (AIC) [38]. 

 

Figure 3: Comparison between an ARMA(6,5) and FFT containing 512 data samples. Although 
the ARMA model is based on less data compared to the FFT model, it can unambiguous 

identify the dominant frequency peaks (paper A). 

In Figure 4 a sequence of N = 128 samples has been generated. The signal contains 
two harmonics with close frequencies, f1 = 150 Hz, and f2 = 155 Hz. To this signal, 
noise is added in proportion of 50%. The sum of these signals is identified by 
ARMA(10,9) and FFT (N=128) respectively. Because of the short sample sequence, 
FFT is not able to detect both signals, while ARMA model, with a relatively low 
number of parameters, accurately recognizes both of frequencies. 
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Figure 4: Comparison between an ARMA(10,9) and FFT containing 128 data samples. The FFT 
is not able to detect both signals due to bad PSD estimation (paper A). 

In its original representation the batch ARMA parameter estimation is based on 
iteration schemes by help of non-linear algorithm [36]. These involve time 
consuming calculations, and therefore cannot be use for real-time identification and 
control. 

2.4.3 Recursive identification 

A batch method gives only an average behaviour and cannot give detailed 
information about time variable of a system. If the model, however, is needed to 
constantly monitor and control a system during operational condition, e.g. an 
aircraft during in flight flutter monitoring or a machining system under cutting 
action, it is necessary to deduce the model at the same time as new data is acquired 
[39] [24]. By this the model is recursively updated at each time instant when new 
data becomes available (paper C). By ‘recursive’ it is denoted that, at time t, the 
algorithm produces a model by processing the data acquired at time t in a fixed (t-
independent) and finite number of arithmetic operations making use of prior 
information condensed into a fixed (t-independent) and finite memory space [40]. 

Recursive identification methods have the following general features [31]: 

− they are the main part of adaptive systems where the action is taken based 
on the most recent model; 

− they do not occupy much memory space, since not all data are stored;  
− they can track time-varying parameters; and 
− they can be used as a first step in a fault detection algorithm to find out if 

the system characteristics have changed significantly. 
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There are two main drawbacks to recursive identification: 

− the model structure has to be selected before starting the recursive 
identification; and 

− the accuracy of recursive methods is not as good as that of off-line 
methods. 

Some well-known methods are [31]: 

− recursive prediction-error methods (RPEM); 
− recursive pseudolinear regression methods (RPLR); and 
− recursive instrumental-variable methods (RIV). 

The general RPEM algorithm is designed to minimize [41] 

)),(,,()( θεθθ ttlEV =  (38) 
where l( ,  , ) is the loss function, ε(t, θ) is the prediction error associated with the 
parameter value θ 
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where y(t) is the output signal, and )(ˆ θty is the predictor using fixed model 
parameterθ , and E is defined as follows 
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where N is run length and E is expectation operator.  

The normalized gradient algorithm can be used to minimize equation (38) 
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where )(̂tθ  is the parameter estimate, )(ty is the estimate y(t) at time t-1, the gain 
K(t). Q(t) is the product of the updating step γ and the identity matrix I is normalized 
by the magnitude of the gradient ψ(t) 
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The main reason for using recursive identification is when process dynamics and 
therefore parameter vector θ, are changing with time. In machining system, where 
instability can suddenly arise, the tracking of time varying dynamics is critical for the 
process identification. The algorithm (41) has to be altered to prevent gain vector 
K(t) from tending to zero. The modified gain vector is [25]: 
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where ϕ(t) and ϕT(t) are the data vector and its transpose, respectively. The effect 
on varyibg dynamics is the additional covariance matrices Re(t) and Rs(t). Re(t) and 
Rs(t) are design parameters which are selected base on the trade off between the 
alertness of tracking variability and noise sensitivity. 

2.4.4 Model structure selection and model validation 

The selection of an appropriate model (from a set of candidate models) to represent 
an observed system involves traditionally a series of iterative steps. The two major 
steps in this series are: 

− model order selection; and 
− checking the selected order validity. 

This procedure is normally referred to as the model order selection and validation 
procedure and the primary objective, both regarding batch ARMA modelling or 
recursive ARMA modeling, is the choice and validation of AR(p)-order and MA(q)-
order. 

Model structure selection 

Once a set of data has been acquisitioned and the removal of DC level, linear trend 
(corrupting the AR spectra estimates) and seasonal components has been done 
(assuming stationary properties), appropriate values for the order p and q have to 
be chosen. Two common and well-known criteria for choosing model order are 
proven by Akaike. 

The first criterion, the final prediction error (FPE), selects the model order so that 
the average error variance for on-step prediction is minimized [42]. The second 
criterion, Akaike information criterion (AIC), uses the maximum likelihood approach 
[43]. A model with a lower value of FPE and AIC is considered to be a better model. 
By increasing the model order, the sum of squares of the residual will decrease, and 
a better fit is achieved. In many practical situations however, it is not advantageous 
from an identification point of view to choose large p and q random. A high model 
order will take longer time to compute than a model with low order. This time 
constrain is not crucial for batch identification as the modeling is normally 
performed off-line. 

In real-time recursive schemes for chatter detection, where highly time-varying 
processes are tracked, the computation time becomes crucial. If for instance a 
vibratory process is tracked in time, the choice of model order is a trade off between 
increased resolution and decreased variance. In such system, filtering of data might 
be helpful when signals vary around a large signal level, improving computational 
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accuracy by removing frequency bands of no interest. This leads to a reduction of 
spectral components and models of lower order can be used for identification. A 
high order model will generally result in a small estimated noise variance. However, 
the mean squared error of the forecast will depend not only on the noise variance of 
the fitted model but also on estimation errors of the model parameters [34]. These 
will be larger for high-order models. 

Further, as the vibratory process is assumed to be underdamped, complex conjugate 
pairs of roots are expected to be obtained from the response characteristic 
equation. Since the characteristic equation is determined by the AR coefficients, an 
even order p=2n, of the AR components should be assumed in order to not force 
real roots [2]. The choice of model order for MA component should be done q=2n-1 
[33]. 

Model validation 

Once a model has been chosen as a candidate to represent a system it must be 
checked against a validation criterion. There is no standard method to do this, 
however, one way is to confront the candidate model with as much information 
about the true system as possible. This includes a priori knowledge, experimental 
data and experience of using the model [44]. From this perspective, some useful 
techniques that can be used for discarding models are discussed in [30]. 

2.4.5 Physical parameter identification 

One of the major benefits of using parametric models is that they can be used to 
extract information of a system physical property. This characteristic is from an 
engineering point of view very important and useful. For instance the extracted 
properties, frequency and damping ratio (along with their statistical variability), of 
an aircraft during flutter test, a machine tool structure dynamic properties or a 
building excited by a wind, can directly be interpreted and evaluated by engineers in 
quantifiable physical values [2], [45], [46]. The AR(p) model, representing the 
response of a system, can be written in a polynomial operator form if the backward 
shift operator q-k is defined as  

)()( knynyq k −=−

 (44) 

The AR(p) model is now written as  
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where y(n) is the response signal, e(n) an uncorrelated sequence of random noise 
with zero mean, pjjnyne ,...,2,1,0)}()({ ==− , with variance of the white noise is 
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The z-transform can be used to replace the backward shift operator 
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The transfer function H(z) are the roots of A(z)=0 or 
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This equation is called the characteristic equation of the AR model. If it is 
representing an underdamped system, it consists of complex conjugate pairs of 
roots [47]. The system represented by this model is stable if the poles of the transfer 
function H(z) lies within the unit circle [48], [4]. In the s domain, where s is the 
Laplace operator, H(s) is stable if the poles are in the left half plane of the s-plane. As 
z=exp(iωs) the left half-plane is mapped into the unit circle. This can be used as a 
criterion for identification of self-excited vibrations (see chapter 4). The PSD diagram 
that can be seen in Figure 5a, displays the differences between an stable and an 
unstable model. In case of an unstable model, self-excited vibration is produced at a 
frequency fch = 450 Hz. In the pole plot, see Figure 5b, the pole for the unstable 
model is on the stability limit of unit circle. 

      

 

Figure 5: Power spectrum and pole diagram for a stable and unstable machining system. (a) 
PSD representing a stable and unstable system. (b) The poles for the unstable model are on 

the stability limit of unit circle and by that indicating an unstable system [49]. 
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Each pair of complex conjugate roots corresponds to a mode of vibration defined by 
the natural angular frequency and damping ratio. For instance, a mechanical 
structure with impulse response function given by 

)sin()( φωξ += − tAezh t  (49) 
the ai and bi parameters of an ARMA model in equation (35) can be related to 
physical parameters, A (amplitude), ξ (damping) and ω (angular frequency) 
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where Δt is the sampling interval. 

By using equation (49) the angular frequency and damping ration of the two models 
exemplified in Figure 5 can be calculated. The dominant mode in the case of the 
unstable model is represented by chatter frequency fch = 450 Hz. At this mode, the 
damping ratio (ξ = 0.0007) is approaching 0 which is characteristic for unstable 
processes. In the stable model the identified frequency is f = 880 Hz and at this 
mode the damping is (ξ = 0.0552) sufficient to suppress the onset of chatter. 

The derivation of the physical parameters damping and angular frequency will be 
further discussed in chapter 4. 

2.5 Discussions and conclusions 
Markov random process in continuous and discrete representation is used in this 
thesis for system parameter identification. In continuous form Markov process leads 
to FKP equation which is described as partial differential equation whose solution 
has been demonstrated can be used as a criterion for stability analysis of systems of 
random ex citation. In discreet case Markov process has been showed to be 
generated by ARMA process. ARMA process can also be used to formulate a 
parameter based criteria for dynamic stability of machining processes. In chapter 3 
and chapter 4 this criterion will be used for recursive and batch identification. 

The parameter estimation trough statistical methods are subjected to estimation 
errors. In estimating of unknown parameters, errors are likely to arise and it may be 
appropriate to estimate the interval in which the parameter will lie. Some basic 
techniques for interval estimation can be found in [28]. The major limitation with 
time-domain approaches is the lack of a reliable model order determination 
mechanism [50]. 

Comparing batch and recursive estimation methods, recursive methods usually have 
lower accuracy due to limited time to compute models. Another issue concerning 
recursive estimations methods accuracy is the fact that model order and model 
structure has to be chosen a priori starting identifying system characteristics. This 
selection is traditionally done by using some well-known criterion. Choosing model 
order according to known criterion can, in some cases, lead to high model orders 
(depending on degrees of freedom etc). This can result in unnecessarily large data 
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effecting the computation time. Unfortunately, in industrial applications, no prior 
knowledge of the number of freedom of the system to perform the analysis is 
known. In such situations the choice of the sampling frequency becomes critical.  

Further, to reduce bias, more flexible model structure (many parameters) is needed 
while reduced variance requires decrees of the number of parameters. Thus, the 
selection of a model order is determined by two conditions: flexibility; and 
parsimony (a parameterization is parsimonious if it has as few parameters as 
possible). 

To summaries, there are several benefits arising from employing stochastic models 
for analysis of dynamics of machining systems: 

− RARMA models are characterized by high frequency resolution and 
objective assessment of component significance. This is in contrast to non-
parametric models such as FFT technique where the frequency resolution is 
approximately the inverse of the available data time length. 

− Estimation of ARMA model parameters can be implemented in recursive 
schemes and used for real-time identification of the dynamics of the join 
system: machine tool elastic structure – cutting process. 

− Parsimony – relative short data lengths and few parameters in the model 
can describe the system behaviour and consequently may be implemented 
in fast algorithms. 
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3 
3 A computational framework  

for off-operational stability 

CHAPTER SUMMARY: Within the computational framework for off-operational 
stability the concept Elastic Linked System (ELS) is introduced. In connection to ELS, 
two concepts are developed. The first concept addresses the static behaviour of the 
machine tool structure subjected to loads of magnitude and orientation similar to 
cutting forces. By this, accuracy of the machining system under realistic loads can be 
determined and the machining system can be optimized with respect to low static 
stiffness directions. The second concept constructs a model to evaluate dynamic 
parameters for nonlinear contact conditions which is characteristic for real 
machining operations. Also, the computation of these parameters is performed 
recursively by a model-based identification approach. By this, the results can be 
compared to those obtained from operational conditions. Experimentally, two 
testing systems have been developed; one with variable loading force and the other 
is a special contactless excitation and response system. 

3.1 Elastic Linked System 
In an off-operational machining system stability is mainly determined by the static 
and dynamic stiffness of the machine tool. However, introducing the effect of the 
magnitude and orientation of cutting forces can be valuable for improving the 
accuracy evaluation of a machining system during process planning and 
maintenance activities. The ELS is the representation of the machining system with 
the cutting process acting between the tool and the workpiece replaced by an 
elastic element with variable reaction force. In this way, static and dynamic 
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parameters during the interaction tool – workpiece can be extracted. The ELS is 
configured according to two concepts; one where the cutting process is represented 
with an elastic element and the other where the cutting process is replaced by a 
non-contact dynamic link. 

The first concept has the aim to represent, within the working space, the 3D 
machine tool deflections as an effect of the spatial static and dynamic characteristics 
variations. This spatial representation is performed by closing the force loop in the 
structure by an elastic element with variable reaction force. This first concept is 
studied with the help of an FE model. The second concept is implemented by using a 
dynamic link that excites the elastic structure. Further, the dynamic characteristics 
of ELS considering the nonlinear contact behaviour, varying with the rotational 
speed of the spindle, are identified based on recursive parametric model 
identification. 

In both concepts, the coupling between off-operational and operational conditions 
is created by compatibility between excitation forces in these two representations. 
Connecting the table and tool holder/spindle with an elastic element is giving a 
similar structural deformation and joint loading as under the action of cutting forces. 
Similarly, rotating the spindle during a static loading combined with a dynamic 
excitation creates conditions that emulate real cutting conditions. 

To experimentally verify these concepts two test methods have been developed; 
LDBB for the first concept and CERS for the second one. 

The design property of the LDBB to continuously vary the applied force between the 
table and the tool holder/spindle, allows for the evaluation of the overall static 
behaviour of a machine tool structure. Interposing the LDBB in the machine tool 
structure raises some questions about the static and dynamic behaviour from a new 
perspective. To investigate the influence of the LDBB on the machine tool structure 
behaviour, and to give good insight into the investigated phenomenon, a 
computational model has been developed. The main objective of the model was to 
identify the static and dynamic behaviour of the linked system e.g. how the load 
generated by the LDBB between table and tool holder/spindle affects the 
characteristics of the system. Other important characteristics to investigate is the 
distribution of the deformation that occurs in subsystems i.e. bearings, tool holder, 
spindle joint and table guideways due to an applied load. 

3.2 Computational model for ELS 
The model is based on a FE14

                                                                 
14 COMSOL Multiphysics ver. 4.2. 

 computation consisting of a combination of spring and 
damping elements which are representing the static and dynamic behaviour of the 
tool – tool holder – spindle joint and the front bearing in the spindle unit. The 
varying excitation force applied between table and spindle joint is simulated through 
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the variation of spring stiffness. In this model the table joint is represented as a rigid 
body. 

In Figure 6a, a CAD model of the investigated tool holder – spindle system is 
illustrated. A real machine tool spindle consists of many fixed and moving parts that 
all are, from a static and dynamic point of view, contributing to the system 
performance. However, from a static displacement point of view, the front bearings 
and tool holder clamping system are considered to be the major limiting element of 
the total system for reaching high system performance. Therefore, the main focus of 
the computational model is to simulate the characteristics of the elastic element 
connecting the tool holder – spindle joint and the front bearings of the spindle unit. 

  
(a) (b) 

Figure 6: (a) CAD model of the investigated tool joint – tool holder – spindle unit, and (b) the 
tool holder – spindle connection and ball bearings are represented by spring and damping 

elements. 

In the model, spring and damping elements are representing the static and dynamic 
behaviour of the different subsystems. The elastic element is attached to the tool 
joint, see Figure 6b. A damping element is used to model the contact condition 
between the tool joint and the elastic element. The damping function is isotropic 
(i.e. same damping at al frequencies). The tool holder – spindle joint is modelled by 
either three or four spring – damping elements. In the case of four elements the 
orientation of the elements is orthogonal in X and Y directions in X-Y plane. In the 
case of three elements the angle between each element is 120º (three spring and 
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damping elements are used to simulate the polygonal shape of the tool holder 
attachment). The front bearings are also represented by spring and damping 
elements. They are orientated in two orthogonal directions in X-Y plane, see  
Figure 6b. 

3.2.1 Simulation with tool holder – spindle joint fixed 

The first analysis is done with the tool holder fixed in the spindle and the elastic 
element attached to the tool joint. The response of the system is measured at the 
tool joint point. When increasing the load Pstatic = {0, 200, 400, 600, 800, 1000} N of 
the elastic element, the natural frequencies of the system changes, see Figure 7. 

 

Figure 7: Natural frequencies change as function of load. The bending mode natural 
frequencies increase with increased load, while the natural frequencies of torsion modes 

remain unchanged. 

This is expected since the elastic element is acting as a spring whose stiffness is 
enhancing the tool joint stiffness. It was noticed during the simulation that an 
increase in load has a similar effect on the behaviour of the system natural 
frequencies as an increase in spring constant (representing the stiffness of the 
elastic element). The increasing frequency values are indicating that the structure is 
compressed (decreasing frequency indicates that the structure is in tension). The 
natural frequencies that do not change with load are torsion modes (mode 3 and 6) 
(by studying the mode shapes of the natural frequencies, bending modes or torsion 
modes can be identified). 

3.2.2 Simulation of ELS system with distributed stiffness  

The stiffness is neither constant nor evenly distributed in a real machine tool 
structure. This will be experimentally demonstrated in the next section. To represent 
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the distributed stiffness of a real system in the model, an elliptic stiffness function is 
added to the model. The function is placed on the boundary of the top plane of the 
model, replacing the spring – damping elements which are representing the ball 
bearings, see Figure 8a. By this the machine tool structure is modelled by the 
distributed stiffness function. 

 
 

(a) (b) 

Figure 8: (a) The distributed stiffness of a real machine tool is represented by an elliptic 
stiffness function (visualised by the blue circle) in the model, and (b) example of the optimized 

mesh of the system tool joint – tool holder – spindle joint – bearing. 

In the previous example the mesh elements size was the same for all elements and 
they were evenly distributed over the model. In the following example the mesh size 
is not evenly distributed. When determining the displacement of the different parts 
(e.g. bearing) the mesh has to be optimized (the size of the mesh also affects the 
computational time). In Figure 8b the optimized mesh of the tool holder – spindle 
joint can be seen. 

It is observed that by an increase of the stiffness of the elastic element (Figure 6b), 
the point corresponding to the tool joint becomes fixed. 

There are two limit cases observed: 

1. stiffness of the elastic element is very low when the system approaches 
unload case (Figure 9a); and 

2. stiffness of the elastic element is very high when the system has the tip of 
the tool “grounded” (Figure 9b). 
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In Figure 9 two natural frequencies mode shapes can be seen. The figure to the left 
corresponds to the case when the tool joint is free and the figure to the right 
corresponds to the case when the tool joint is fixed by a spring (elastic element). 

  

(a) (b) 

Figure 9: (a) Simulated mode shapes corresponding to no load condition, and (b) mode shapes 
corresponding to full load condition. 

The effect of the variation in stiffness on the displacement is apparent in the polar 
diagram represented in Figure 10. The displacements for the tool joint, middle 
section of the tool holder and the bearing is plotted as a function of load magnitude 
and orientation in X-Y plane. As expected the displacement of the bearing is much 
smaller than the displacement at the tool joint. The maximum displacement is 
obtained for the tool joint and is about 140 µm. The elliptically distributed stiffness 
is clearly affecting the displacement of the system. 

As can be seen in Figure 10 the effect of the distributed stiffness is apparently 
between the three measurement positions. The deformation is varying more 
irregularly for the bearing than for the tool joint and middle section of the tool 
holder. This can be explained by the elliptically distributed stiffness function applied 
in the tool holder. 
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Figure 10: Total displacement as function of load at three positions. The stiffness is varying 
between 75-90 N/µm for the bearing and 200 – 240 N/µm for the tool holder – spindle joint. 

The tool joint stiffness is fixed to 100 N/µm. The applied load are Pstatic=  {0.5, 1.0, 1.5} kN. 

3.2.3 Computing the displacement of ELS in arbitrary direction  

The deformation of the tool or tool holder can be determined in an arbitrary 
direction from an impulse excitation response in two orthogonal directions. This 
technique can be very useful as it captures both the static and dynamic 
characteristics of the system in one test. The test can be repeated for a number of 
load levels to determine the nonlinear characteristics of, for instance, the stiffness. 

The relation between the system response y(ω) and a certain excitation F(ω) can be 
described by the transfer function of the system G(ω) 

)()()( ωωω FGy ⋅=  (51) 

The principle with the test is to measure the system response in two orthogonal 
directions and use the information to compute the deformation in an arbitrary 
angle. In the following example the two orthogonal directions are named v and u, 
see Figure 11. The arbitrary excitation force F is oriented at the angle α. The 
response in direction X to an excitation in direction F is oriented at an angle θ. 

Bearing 0.5 kN

Bearing 1 kN

Middle 0.5 kN

Bearing 1.5 kN

Middle 1 kN

Middle 1.5 kN

Tool Joint0.5 kN

Tool Joint1 kN

Tool Joint1.5 kN



A computational framework for off-operational stability 

40 

 

Figure 11: The displacement in any direction of the plane can be computed by measuring the 
impulse response in two orthogonal directions. 

The transfer function consists of a two parts, a real (Re) and imaginary (Im) 

)](Im[)](Re[)( ωωω GjGG +=  (52) 
The direct receptance in direction u can be written as following [51] 

)](Im[)](Re[ ωω uuuuuu GjGG +=  (53) 
where the first subscript of G is indicating the excitation direction and the second 
subscript is indicating the response direction. Similarly, the cross receptance in u 
direction is 

)](Im[)](Re[ ωω vuvuvu GjGG +=  (54) 

where v is the excitation in v direction and u is the response in u direction. The same 
notation can be used for computing the direct and cross receptance in v direction  

)](Im[)]([ ωω vvvvvv GjGRG +=  (55) 
 

)](Im[)](Re[ ωω uvuvuv GjGG +=  (56) 
The force F can be projected in u direction by Fcos(α) and in v direction by Fsin(α). 
By using the direct and cross receptance the force F can be projected in u direction  
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By combining equation (57) and equation (58) the force can be projected in X 
direction by following expression 

{
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Further  
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By using following relation 

)cos()sin()sin()cos()cos( bababa −=+  (61) 

simplifies 
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The displacement in an arbitrary direction E as function of excitation in direction P 
can be computed with 

FGGX PEPEPE )]}(Im[)]({Re[ ωω +=  (65) 
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Orientation of the modal direction with respect to the direction of the excitation 
force has a considerable effect on the limit of stability expressed by the limit width 
of cut, blim

15 52 [ ] 

min
lim ]Re[2

1
GK

b
s

−
=  (66) 

where Ks is the specific cutting stiffness and G is the transfer function. 

By the model presented in this section the stability of the machining process can be 
evaluated in any direction and represented in Figure 12 polar diagram. 

The stability is computed about the tool joint in a direction calculated on two known 
orthogonal transfer functions. As shown in the stability limit varies between 
minimum widths of cut of 2 mm to maximum width of cut of 10 mm when a 
constant magnitude excitation force is rotated about the tool joint. 

This model can be used to design the optimal shape of cutting tools, by topological 
optimization of the tool with respect to the stiffness, on the path of the dynamic 
force action. 

 

Figure 12: Variation of machining system stability with orientation of the excitation force. 

  

                                                                 
15 blim is the smallest width of cut at which chatter might start. 
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3.3 Loaded double ball bar (LDBB) 
Traditionally the accuracy of machine tools is measured under unloaded conditions 
by laser interferometry or more practically by the DBB method [53]. The DBB, based 
on circular test [54], is a device that can be used for quick tests, developed in the 
early 1980s [55] and it is adopted by international standards as an instrument for 
circular test [8], [7]. By combining the traditional DBB test and the capability to 
generate a load on the machine tool structure, a more realistic condition for 
accuracy measurements is created. A device that combines these two capabilities is 
named Loaded Double Ball Bar abbreviated LDBB. The device can be used as an 
ordinary DBB system when no load is applied to the structure, or to apply a 
predefined load to the structure. That is to say the load that is generated by the 
LDBB is not equivalent to real cutting forces but from static deflection point of view 
the effect of the load on the machine tool structure is similar and it has significant 
impact on both static and dynamic behaviour of the system. The load can in some 
cases eliminate existing play in ball screws, plays that under normal machining 
condition will be eliminated due to the effect of cutting forces on the structure. With 
the help of this test device, not only can the identifiable errors by an ordinary DBB 
be evaluated but also machine tool elastic deflection/static stiffness in different 
directions. The basic design of the system, Figure 13a, looks similar to the traditional 
DBB system. The main difference is that a pneumatic actuator is built inside the 
detecting probe, see Figure 13b. 

  

(a) (b) 

Figure 13: The Loaded double ball bar system (LDBB). (a) The table joint is clamped on the 
machine tool table and the spindle joint is clamped in the tool holder. (b) Detecting and 

loading probe: table joint, housing, length gauge, cylinder, tool joint. 
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The detecting and loading probe is attached between two steel balls, which are 
connected via special fasteners to the machine tool structure; one to the spindle and 
one to the machine table (Figure 13b). When pressurised air is injected into the 
cylinder a resulting force is generated, which the machine tool structure deflects by 
a certain amount that depends on its stiffness. The applied force can be 
continuously altered between 36 N (0.4 bar air pressure), the minimum force 
required for holding the detecting and loading probe in the right position between 
spindle and table joint, to the maximum force value depending on maximum 
available air pressure. The change in distance between the two balls is detected by a 
length gauge located inside the detecting and loading probe. The length of the 
detecting and loading probe is 150 mm. The measuring range is ± 1 mm and the 
system is designed to have an accuracy of ±0.5 µm. 

LDBB measuring procedure 

The LDBB measurement can be done in any cross section of a sphere within the 
machine tool operation space. Since many NC machine tools have only two-axis, 
continuous-path control during circular interpolation, measurement is made on 
circumferences of a circle in a plane obtained by fixing an axis. The test is divided 
into five stages; an on-trigger movement, an overshoot movement, a data capture 
movement, an overshoot movement, and an off-trigger movement. The on and off 
trigger movements trigger the software to start and stop collecting the data. The 
overshoot is needed to assure stable measuring conditions (stable feed rate). 
Measurements can be done in the X-Y, Y-Z and Z-X planes with a radius of 150 mm 
and a sweep of up to 390 degrees (Figure 14). 

 

Figure 14: CAD model of the LDBB clamped in a machine tool. Measurements can be done in 
the X-Y, Y-Z and Z-X planes with a radius of 150 mm and a sweep of up to 390 degrees. 
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By running tests at different pressures it is possible to calculate the static stiffness 
using a mean square method. The stiffness can be calculated in every direction (i.e. 
in the planes X-Y, Y-Z or X-Z) and displayed in polar coordinates. By running tests at 
different inclination angle (according to Cartesian planes in the machine) of the 
LDBB, it is possible to obtain information on the deflection and stiffness at different 
inclination angles. 

3.3.1 Testing machine tools under loaded condition 

In order to demonstrate LDBBs ability to test machines under load and to determine 
the static stiffness of machine tools, five five-axis milling machine tools (called M1 to 
M5) were studied. The machines were manufactured by the same manufacturer and 
the design specification were identical (i.e. same theoretical characteristics). 

Experimental setup and data 

Test parameters were varied within a wide range, but the results presented in the 
thesis refer to feed rates {1000; 1500; 2000} mm/min (counter-clockwise CCW 
rotation in the X-Y plane) and eight pressures {0.4; 1; 2; 3; 4; 5; 6; 7} bar. The 
maximal force in this study is 866N and it is reached with 7 bar air pressure. The 
table joint was clamped on the machine tool table by two screws and the tool joint 
was clamped in the spindle by use of a CoroGrip Capto C8 tool holder.  

Beside measuring at 0° in the X-Y plane three different inclinations of the LDBB {-10; 
30; 45}° where used. When measuring at different inclination angles, the circular 
feed and applied load has to be compensated to keep the same force/feed ratio as 
when measuring at 0°. 

Deflection in X-Y plane 

The strength of the force can be set by increasing pressure on the LDBB between the 
table joint and the tool joint. The machine tool structure deflects in the force 
direction with a certain amount that depends on its static stiffness. The resulting 
deflection in the direction of the applied force on the machine tool structure can be 
seen in Figure 15. 

The inner circle (Figure 15a 1) is displaying the obtained motion trace with a load of 
36 N on the structure; the fourth circle (Figure 15a 4) is illustrating the obtained 
motion trace with a load of 364N, and the outer circle (Figure 15a 8) is displaying the 
obtained deflection with a load of 868 N. The increase of deflection as a function of 
applied load is relative linear with a slight tendency to increase at higher loads 
(Figure 15b). This behaviour could be noticed for all tested machines. However for 
higher loads this behaviour is strongly nonlinear and can be explained by play in 
joints, joint characteristics and lost motion due to the applied load. 
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      (a)     (b) 

Figure 15: Deflection diagrams in X-Y plane for machine M3 (CCW feed = 1000 mm/min): (a) 
deflection diagram as function of applied load Pforce (1-8)= {36; 112; 238; 364; 490; 616; 742; 

868} N, (10µm/div), (b) waviness deflection curve. 

Static stiffness in X-Y plane 

The static stiffness is calculated by using acquisitioned data from the deflection 
measurement and the force value for each run. As can be seen in Figure 16 the static 
stiffness varies non-uniform in the investigated plane. 

 

Figure 16: Static stiffness diagram in polar coordinates for machine M3 (0.5 N/div). The inner 
circle of the grid is representing the minimum stiffness, in this case 10.3 N/µm. 
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By plotting the stiffness in polar coordinates this behaviour can clearly be seen, see 
Figure 16. The average static stiffness in the plane is 11.8 N/µm and the maximum 
stiffness is 13.4 N/µm, represented by the green vector (13.4 N/µm at 120.2º). The 
minimum static stiffness can be found at the inner circle in the diagram, represented 
by the purple vector (10.3 N/µm at 207º) in the figure. 

The ‘noisy’ behaviour of the plotted stiffness is an effect of the method used to 
compute the stiffness which is based on a minimum square approach. One way to 
reduce the ‘noisy’ behaviour is to apply a smoothening function to the deflection 
data a priori calculation of the stiffness. 

Hysteresis in the machine tool structure 

To investigate the hysteresis characteristics during loaded and unloaded conditions, 
the hystereses were measured at four fixed angular positions (separated by 90°). 
The load were increased and decreased accordingly following steps {36; 112; 238; 
364; 490; 616; 742; 868} N. The absolute displacements were measured at each 
step. As can be seen in Figure 17 hysteresis after one load and unload cycle is small, 
between 3 µm and 6 µm, depending on the angular position. 

 

Figure 17: Hysteresis diagram. The hysteresis in four direction after a load and unload cycle 
displayed for machine tool M3. 

The stiffness varies between 10.1 N/µm and 12.4 N/µm for the test done with 
continuous feed and between 10.0 N/µm and 11.7 N/µm for the test done during 
zero feed (Table 2). 
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Table 2: Compare between the calculated stiffness based on deflection obtained during  
continuous feed and stiffness calculated when feed is zero (M5). 

Angle in X-Y plane 
[°] 

Continues feed 
k [N/µm] 

Feed=0 
k [N/µm] 

45 10.1 10.0 
135 12.6 11.4 
225 10.5 10.2 
315 12.4 11.7 

 

Comparing direct16

By comparing the static stiffness of the five machine tools, investigated at three 
different feed rates, vital information about their structural behaviour has been 
obtained. As expected the static stiffness varied between the machines, both 
regarding the average values as well as the variability i.e. maximum and minimum 
values. Comparing the five machines static stiffness, the results varied by 40%. 
Machine number three and number five are the stiffest while machine number one 
is the weakest. The stiffness of a single machine is not directly linked to the 
federate. The maximum stiffness for machine 3 in CCW rotation is obtained at 2000 
mm/min, and at 1500 mm/min for machine 5; the minimum stiffness for Machine 2 
in CCW is obtained at 2000 mm/min and at 1000 mm/min for machine 4 (

 stiffness of five machine tools 

Figure 18). 

 

Figure 18: Stiffness comparison between five machines M1-M5. 

  

                                                                 
16 The direct stiffness is the stiffness resulting from deflection measured in the same direction 
as the excitation force. 
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This can be of critical importance when developing new test methods as measuring 
time can be reduced by increasing the speed of the LDBB test, without 
compromising the accuracy of the results of the static stiffness. 

Static stiffness at different measuring angles 

Running tests with the excitation force at different inclination angles of the LDBB 
give the deflection and stiffness measured in X-Y plane at different heights along Z 
axis. The measurements have been done on Machine 3 and Machine 5. 

The stiffness is proportional to the inclination angle of the load force. The increasing 
stiffness is explained by the reduction of the moment of the excitation force with 
respect to a fix point on the centre line of the spindle – tool holder. 

 

Figure 19: Stiffness comparison between machine 3 and machine 5 at inclination {-10; 0; 30; 
45}°, CCW feed. 

Effect of load on machine tool deviations (errors) 

As has been shown in previous sections, the load generated by the LDBB has a great 
impact on the deformation of the machine tool structure. For instance, the 
displacement increases as the load increases. Another way to study the effect of the 
applied load is to identify its effect on the machine tool deviations [8]. 

In Figure 20 the three most significant machine tool deviations are displayed: scaling 
mismatch; squarness; and straightness. The scaling mismatch error is the difference 
in the measured travels of the axes during the test. For example, if the machine is 
performing a circle in the X-Y plane; the X and Y axes should move exactly the same 
distance. If they do not, the difference in their movements is the scaling mismatch 
error. There are a number of possible causes for scaling mismatch; the machine may 
be subject to an angular error, causing the X or Y axis to pitch out of the test plane 
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as it moves. This is because the axis guideways are not straight or are not sufficiently 
rigid [56]. 

As can be seen in Figure 20 the scaling mismatch error increases as the load 
increases. The amount of distortion caused by scaling error is usually unaffected by 
machine federate [56]. This behaviour could also be noted in this study. 

 

Figure 20: Influence of the load and feed on the error results in machine 5. Errors are classified 
by Renishaw software ver. 5. 

Ideally, the two axes should be perpendicular to each other; this would result in a 
squareness error of zero. A positive squareness error indicates that the angle 
between the two positive axes exceeds 90°. A negative squareness error indicates 
that the angle between the two positive axes is less than 90°. The cause to 
squarness error is that the axes may be bent locally or there may be an overall axis 
misalignment in the machine [56]. The squarness error increases with increased 
load. 

A straightness error can be caused by a lack of straightness in the machine 
guideways. The guideways may be bent locally or there may be an overall guideway 
misalignment in the machine [56]. The straightness error in Y direction seems not be 
affected by the load or the federate in this study (Figure 20). However, in X direction 
the straightness error decreases with load. 
  

0%

5%

10%

15%

20%

25%

30%

35%

40%

36 112 238 364 490 616 742 868

Squareness 1000 Straightness X 1000 Straightness Y 1000

Scaling mismatch 1000 Squareness 1500 Straightness X 1500

Straightness Y 1500 Scaling mismatch 1500 Squareness 2000

Straightness X 2000 Straightness Y 2000 Scaling mismatch 2000

Load (N)

Er
ro

r (
%

)



A computational framework for off-operational stability 

51 

3.4 Recursive identification of the ELS modal 
parameters 

The second concept regarding the off-operational stability analysis concerns a 
method to quickly identify modal parameters of a structure as a function not only of 
structure elements but also on machining parameters such rotational speed. This 
method replaces the conventional method based on EMA. Full implementation 
requires contactless excitation and response systems. This concept represents a 
unified methodology which finds an equivalent concept in operational stability as 
will be demonstrated in chapter 4. These two methods complement each other in 
the sense that they are used to determine the dynamic characteristic of the elastic 
structure depending on the rotational speeds, while the other is used to compute 
ODP17

Figure 2

 of a machining system. By subtracting the elastic parameters from ODP it is 
possible to evaluate the machining process´s dynamic characteristics and through 
this a contribution of the process to the overall stability of the machining system 
(see ). 

Dynamic characteristics in a machine tool system are to a large extent determined 
by the spindle´s performance [57]. It is also worth mentioning that due to the 
change in contact conditions as result of changing rotational speed, dynamic 
behaviour is also altered, as compared to a stationary spindle. 

As in many mechanical systems, various design and performance factors, such as fits 
between the bearings and the shaft/housing, preload, lubrication, and rotational 
speed, influence both stiffness and damping. For instance, the stiffness of an angular 
contact bearing decreases while damping increases with increasing amplitude of 
vibratory force [58]. Contact deformations in spindle units of machine tools are 
responsible for 30 to 40% of total deformation at spindle end [59]. In a spindle 
system the static and dynamic behaviour of ball bearings are the most vitally 
important, as the they are located in the direct path of vibrations energy generated 
in the cutting zone via the tool – tool holder and spindle shaft to the housing [60]. 

An important phenomenon for angular contact ball bearings at high-speed regimes 
dxnspeed > ~ 0.5x106 mm-rpm where d=diameter of the bole in mm and 
nspeed=rotational speed in rpm) is the development of high centrifugal forces and 
gyroscopic moments acting on the balls [61]. These forces become commensurate 
with the external force and the preload forces. The centrifugal forces are pressing on 
the balls toward the outer races, thus changing the effective contact angles and the 
kinematics of the balls as well as redistributing contact loads in the bearings [61]. 
These factors lead to a reduction in stiffness [62], [63], [64]. 

3.4.1 Contactless excitation and response of ELS system 

The estimation of the dynamic properties of machine tools are usually time 
consuming and traditional analysis methods, such as experimental modal analysis 

                                                                 
17 ODP will be defined in chapter 4. 
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(EMA) with impact hammer and accelerometers, are performed with the 
assumption that the dynamics of a tool-spindle system are independent of 
rotational speed. For the purpose to obtain realistic data in off-operational 
conditions a special contactless excitation and response system has been developed 
to allow continuously changing the spindle rotational speed in a 5-axis machining 
centre. The recursive model-based identification method used in this section is 
presented in detail in chapter 4 and paper D. 

The CERS is an active magnetic bearing (AMB) that, usually, is employed as rotor 
support bearing. The excitation of the rotor has been carried out by electromagnets 
fed by random signal coil current – thereby introducing a magnetic force which 
acted on the rotor. The control system (see Figure 21), developed in-house, 
delivered an adjustable bias current of 0.8 A and a superpositioned excitation 
current (random signal). The force Fxm applied to the rotor in the X direction 
(analogous in the Y direction) is expressed in terms of the stator coil current 
(measured current of top and bottom quadrant) and the instantaneous air gap [65]. 
The AMB is equipped with inductive displacement sensors capable of registering the 
rotor displacement in both X and Y directions. 

 

Figure 21: The contactless excitations and response system CERS. 

The excitation and response unit were clamped on the machine tool table (Figure 
22a). The rotor was a modified three-tooth milling cutter, see Figure 21. The 
modification consisted of a laminated structure to reduce energy losses due to eddy 
current effects and to minimize the air gap between the magnets and the tool 
(Figure 22b). The effective gap was 150 μm. The tool has been excited with a 
broadband force (0 to 5 kHz) of random nature at different spindle speeds up to 
18000 rpm. 
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The transfer function (frequency response function) of the tool tip can be measured 
by exciting the rotor with the electromagnets while the inductive displacement 
sensors registered the tool position in the X and Y directions. However, the response 
has been measured with a triaxial accelerometer placed on the spindle casing at the 
location corresponding to the front bearings. This choice was made in order to 
capture not only the rotor vibration mode but also those of the bearing frequencies. 

  

(a) (b) 

Figure 22: (a) The actuator hardware with on-board displacement sensors is clamped on the 
machine tool table. The specially developed cutting tool is inserted in actuator unit. (b) The 
contactless excitation is done with inductive coils and the response measurements are done 

via displacement sensors placed 90º apart. 

3.4.2 Comparing EMA and batch ARMA-modal parameter estimation 

The results of the experimental modal analysis (EMA) in X and Y directions are 
shown in Figure 23 (showing compliance measured at the spindle casing). The non-
symmetric behaviour of the tool-spindle system is apparent, both amplitudes and 
natural frequencies differs in the two directions. This is expected since the spindle 
attachment to the machine tool frame is not symmetrical. 

Another consequence of the non-symmetrical attachment of the spindle is that the 
static stiffness is also varying between X and Y directions (see Figure 23 at zero 
frequency). 
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Figure 23: Compliance diagram in X and Y direction (nspindle=0 rpm) obtained  
through EMA [66]. 

Figure 24 show the result of the batch ARMA-modal estimation with contactless 
excitation with stopped spindle (nspindle=0). 

 

Figure 24: PSD in X and Y directions obtained through ARMA-modal estimation on 
accelerometer signal. Contactless random exaction (nspindle=0 rpm) [66]. 

The excitation (random) was introduced in Y and X direction and the response was 
measured in the same directions. The model order18

                                                                 
18 Determined by FPE. 

 of the batch ARMA-modal 
algorithm was p=30, q=29. The identified modal parameters correspond very closely 
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to the ones obtained by the EMA (compare Table 3 with Figure 23 and Table 3 with 
Figure 24). As the spindle speed is zero during the test a standard shaker unit could 
be used as exciter. However, one drawback by using a standard shaker is that it has 
to be physically attached to the measuring object and by that it affects (e.g. its mass) 
the measurements. By using contactless excitation this effect is minimized leading to 
more accurate measurements. 

The EMA and batch ARMA-modal algorithm (called Para in Table 3) identifies the 
natural frequencies and damping ratio of each mode of the system. As can be seen 
in Table 3 the values correspond very closely between the two methods. 

Table 3: Summary of natural frequencies [Hz] and respective damping ratios [%] in X and Y 
direction [66]. 

Frequency Damping ratio 
EMA Para EMA Para EMA Para EMA Para 
(fmod)x

j, (fmod)x
j (fmod)y

j (fmod)y
j (ξmod)x

j (ξmod)x
j (ξmod)y

j (ξmod)y
j 

390 400 502 512 3.3 4.2 4.6 4.6 
531 502 800 800 3.2 5.1 4.2 3.6 
807 820 974 970 7.1 6.1 7.0 4.7 
932 1020 1240 1747 5.9 4.2 7.2 5.4 
1710 1690 2280 2237 5.9 5.9 5.0 3.1 
2160 2330 - - 4.8 3.7 - - 
2315 4000 - - 2.8 - - - 

One important feature when considering parametric based models, such as ARMA, 
is that they can, with relative short data lengths and few model parameters, 
qualitatively describe a machining system’s dynamic behaviour. This feature can be 
illustrated by comparing EMA and batch ARMA-modal algorithm. The FFT-based 
EMA model used to generate the compliance diagram in Figure 23 consists of 2048 
bytes while the batch ARMA-modal model (Figure 24) consists of 59 bits (the order 
of the two polynomials). This demonstrates the data reduction possibility of ARMA-
modal algorithm. 

Recursive identified modal parameters 

The elastic structure of a machine tool and especially the spindle unit consists of 
many movable and fixed subsystems. In Table 3 each frequency and damping value 
corresponds to a mode of vibration of the system. The batch ARMA-modal algoritm 
can be used to take a discrete ‘finger’ print of the spindle system dynamic 
characteristics. However, as the spindle´s static and dynamic behaviour changes 
depending on, amongst others factors, rotational speed, the system needs to be 
tracked in time to get a complete picture of the system static and dynamic 
behaviour. This can partly be done by continuously repeating the measurement at 
discrete spindle speed intervals to capture data. The problem with this approach is 
that transition states between different vibratory levels will not be captured as the 
spindle has to be stopped during data acquisitioning. Another way that enables 
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continuous sweep of spindle speed is by using the proposed recursive model-based 
identification method in combination with CERS. 

The previous measurements were conducted with spindle speed set to 0 rpm. In 
order to take into consideration the influence of unbalances and bearings’ dynamics, 
the spindle speed was swept from 0 to 18000 rpm in 67 seconds. Doing so, one 
could also find out if, with respect to dynamic properties, there was a range of speed 
resulting in lower vibratory amplitude. The PSD in waterfall representation of the 
accelerometer signal in Y direction can be seen in Figure 25. The tool unbalance 
frequency and its harmonics can clearly be seen as linear increasing (with spindle 
speed) frequency. Those frequencies in combination with the ball bearing frequency 
(e.g. spin ball frequency) can be considered internal excitation sources that depend 
on the spindle speed. The external excitation was done with the CERS. 

 

Figure 25: PSD in Y direction (nspindle = 0 to 18000 rpm). Contactless random excitation of the 
tool – tool holder spindle system. 

By applying the proposed RARMA-ODP19

Figure 26
 on a selected frequency band it is possible 

to track the evolution of the respective modal damping ratio in time. In  the 
two key observations about the damping ratio are that (1) it globally increases with 
the spindle speed, and (2) some locally decreasing behaviour is noticeable. The 
locally decreasing behaviour can be explained by the fact that the frequency of the 
excitation coming from sources, such as bearings and unbalances, coincides with the 
structural natural frequency.  

                                                                 
19 The model order was p=6, q=5 and determined by FPE. 
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The global increases behaviour can partly be explained by the increase of oil injected 
in the ball bearings during the experiment. 

 

Figure 26: Damping ratio and natural frequency. RARMA-modal estimation on accelerometer 
signal in Y direction. Contactless random excitation [66]. 

The knowledge of modal parameters is not enough for process monitoring and 
control in real machining operations, as the cutting process influences the dynamics 
of the operational machining system (paper D). Therefore it becomes necessary to 
estimate the overall damping of the PMI i.e. ODP [24]. In chapter 4 the operational 
condition of this milling system is investigated (paper D). 

3.5 Discussions and conclusions 
The computational framework presented in this chapter is used to evaluate off-
operational ELS stability. Within this framework two different concepts were 
introduced; the first concept has the aim to represent, within the working space, the 
3D ELS deflections as an effect of the spatial static and dynamic characteristics 
variations and second concept in the framework focuses on evaluating, under 
loading conditions, the dynamic characteristics of ELS with a rotating spindle. 

To investigate the influence of the excitation force on the machine tool structure 
behaviour, and to give good insight into the investigate phenomenon, a FE model 
was developed. In the model, spring and damping elements represent the static and 
dynamic behaviour of the different subsystems. The practical implementation 
resulted in the testing system called LDBB. The model shows good correspondence 
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to the experimentally measured values by the LDBB although the model is not fully 
representing of a machine tool´s static behaviour. 

The static deformation analysed with LDBB showed no uniformly distributed 
deformation in X-Y plane. The static stiffness varied even between identically 
manufactured machine tools, both in regards to the average values as well as the 
variability i.e. maximum and minim values. Comparing the five machines the 
measured static stiffness varied by 40%. 

Dynamic characteristics of a machine tool system are to a large extent determined 
by the spindle performance. A special test system has been developed to allow 
continuously changing the spindle rotational speed. By recursive estimation it was 
possible to identify modal characteristics of the investigated machine tool spindle. 
The frequency and damping characteristics analysed with CERS (batch ARMA-modal 
algorithm) and EMA shows close results between the two methods. 
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4 
4 A computational framework  

for operational stability 

CHAPTER SUMMARY: The traditional techniques used today to identify chatter are 
related to quantitative criteria which are inferred from nonparametric models.  The 
research presented in this chapter takes a different approach by introducing the 
unified concept of ODP. According to this concept, the absolute criterion of damping, 
based on parametric models, is introduced to evaluate the dynamic behaviour of a 
machining system. The framework consists of an operational module which enables 
the tracking of the time-varying dynamic properties, frequency and damping. To 
investigate physical phenomena and for thorough validation of parametric 
identification approach of the operational module, a VMSE has be developed. The 
computational framework introduced in this chapter makes it possible to test, 
monitor and control the stability of operational machining. 

4.1 Introduction 
Knowledge about variations in the machine and process parameters during the 
machining of a part gives information about the level of stability. The stability of 
machining systems is operational dependent. Stiffness and damping change during 
machining due to variations in cutting conditions, workpiece geometry and contact 
condition of machine tool structure subsystems (e.g. ball bearing in spindle units). As 
the total system damping20

                                                                 
20 Later defined as ODR. 

 approaches zero level, the system is on the point of 
losing its stability. Therefore the static stiffness and damping of the system are 
important characteristics for controlling stability. As mentioned earlier, the main 
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reason for problems with the dynamic instability of machining systems is the need 
for an explicit scheme for representing both physical processes and structural 
systems in an integrated manner under a common test framework [12]. 

The interaction between the cutting process dynamics, which represents the 
physical processes, and the machine tool structure, which represents the structural 
systems, is almost impossible to model analytically with enough accuracy [5]. To 
deal with this problem a computational framework for dynamic stability analysis has 
been formulated, see Figure 27. It consists of a virtual representation of a machining 
system, in which the interaction between the physical processes and machine tool 
structure is modelled, and a computational method to assess the stability of a 
machining system in operational state. It enables, in contrast to traditional methods, 
on-line tracking of the PMI and modal parameters of machining systems. In the 
development of such a system several difficulties emerge [24]: 

− intermittent machining requires the availability of a model in real-time for 
process monitoring, as the dynamic parameters vary in time and 
instabilities can arise in an unpredictable manner; 

− even if the statistical confidence of overall response frequency 
identification lies in an adequate interval is good, still the identification of 
damping ratios is a critical issue in a real-time identification approach; and 

− finding an robust stability criterion. 

The proposed solution to these problems will be further presented in forthcoming 
sections. 

The framework consists of two parts, an operational machining system module and 
a VMSE module (Figure 27). The operational machining module is used to identify 
and track the dynamic parameters of either an operational machining system or the 
modal characteristics of an off-operational machining system. The identification is 
done trough so-called recursive model-based identification, which is based on a 
statistical dynamics approach as presented in chapter 2. The VMSE is based on a FE21

The purpose of the framework is to choose the model order and model structure of 
the recursive identification algorithm. As mentioned in chapter 2, the traditional 
methods of choosing model order according to a known criterion can, in some cases, 
lead to high model orders. This is undesirable as large models cannot be used for 
real-time modelling. 

 
computation. As the engine represents both the structure and cutting process it can 
generate a response of known damping ratio and frequencies of the machining 
system.  

  

                                                                 
21 COMSOL Multiphysics ver. 4.2. 
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The procedure can be divided into 2 major steps: 

1. The first step in using the framework is to select the model structure and 
model order of the off-line identification algorithm. This is done by an 
iterative scheme, in which the generated sequence of ‘true’ exact 
parameter values (with known damping ratio and frequencies) are compare 
to the parameter values identified with the off-line algorithm (Figure 27). 
The iteration continues until the model order and structure with the lowest 
identification error is achieved. 

2. The second step is to use the chosen model structure and model order in 
the recursive identification algorithm to identify the operational system 
response. 

 

Figure 27: A computational framework for operational stability of machining systems. The 
major parts of the framework are the VMSE module and the operational machining system 

module. The framework can be used to obtain both synthetic and physical models 
representing the machining system. 

In forthcoming sections, examples will be given how this framework can be used to 
simulate and identify operational machining system dynamic parameters. This is 
done through a series of case studies in which the most important parts of the 
framework will be highlighted. First the VMSE will be described in detail. 
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4.2 Virtual machining system engine 
The term ´engine´ indicates that the virtual machining system is capable of 
emulating the physical interaction that occurs in a real machining system under 
operational condition. The two subsystems, machine tool elastic structure and 
cutting process dynamics, are represented by physical relations and their mutual 
interaction is described by physical processes. 

The FE-modeling of the intermittent cutting process has the purpose of being 
accountable for: 

− Thorough modal parameter estimation (mass, stiffness, damping) of the 
elastic structure. 

− Parametric identification of the dynamic response resulting from the 
interaction between the elastic structure and the cutting process. 

− Use the above results to optimize the model structure in recursive 
identification of operational machining systems as illustrated in Figure 27. 

− To provide a good physical insight into the phenomena investigated. 

Taking into account the machining system’s nonlinear and time-varying nature, 
these results are far from being trivial. Therefore, the analysis of the milling process, 
taking into account nonlinearities (which restrict the growth of response amplitudes 
in the case of chatter-type instability), provides some intrinsic information on the 
basic features of the system which might be of both fundamental interest and 
practical use. 

4.2.1 Architecture 

The relative motion between the tool and workpiece represents the sum of all 
individual relative displacements in the machine tool elastic structure and those 
generated during cutting process. Thus, if the purpose is to study the stability of the 
machining system and not to identify individual sources of excitation then it is 
sufficient to project some22

4.2.2 Machine tool and cutting process dynamics 

 individual motions at interface tool – workpiece. In a 
more general case the dynamic coupling between tool and workpiece can be 
represented by a number of degrees of freedom. The modal parameters for each 
DOF which represents the input to the VMSE are identified from real machining 
systems by the methods described in chapter 3. In our study we restrict it to 3 DOF 
which in any case do not influence the accuracy of the study. In other cases, when 
the analysis of the system aims for the identification of vibration sources, an 
adequate representation can be achieved by a full 3D CAD model. 

The machine tool structural system is represented by two orthogonal bending 
modes and one torsion mode (Figure 28), see paper F. The X-Y coordinate system is 
fixed with respect to the machine tool structure, and its axes are aligned with the 
                                                                 
22 Those lying in the frequency interval of interest. 
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principal modes of oscillation. As will be described later in this section, another 
coordinate system, tempo-spatial x-y is used to represent the delay process and is 
transformed to temporal and spatial coordinates with respect to the reference 
system. 

To represent the cutting process, five dynamic force types are generated at each 
cutting edge (see paper F). 

The maximum cutting force is estimated from the stress, calculated in a thermo-
mechanical module 2 in Figure 28, run in parallel with the main computational 
algorithm (module 1 in Figure 28). In stress calculation, the chip-thickness at the first 
full contact with the cutting edge is considered. Therefore, for the force calculation, 
the contact length and the roundness of the cutting edge are considered. This makes 
it possible to analyse the machining system with respect to tool geometry. 

 

Figure 28: The machine tool structural system is represented by two orthogonal bending 
modes (in X and Y directions) and one torsion mode C in module 1 of the VMSE. The cutting 

zone physics module is generating the maximum force values based on stress. 

4.2.3 Regenerative effects 

For the purpose of representing the regenerative effect that is characteristic for 
unstable machining, two different computational techniques have been employed. 
For the regenerative effect between two consecutive teeth an “extrusion” technique 
was implemented. The oscillations along x and y, respectively, calculated on the 
cutting edge of i-1 tooth are projected to the itooth and subtracted from the 
corresponding oscillation. 

For simulation of the regenerative effect at every revolution, the arbitrary 
Lagrangian-Eulerian (ALE) method has been used. At the first revolution of the tool 
the mesh movements follows the structural deformation, while at the next 
revolution the deformation is subtracted from those corresponding to the deformed 
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mesh. For further information about how the regenerative effects are modelled, see 
paper F. 

4.2.4 Virtual stability analysis 

The VMSE has been used to simulate milling operations with various cutting 
condition. Examples of simulations with the VMSE can be found in papers C, D and F. 
The model has been used to simulate the effect of process damping on to the total 
damping of a machining system. 

In the following example the VMSE is used to simulate forced and self-excited 
vibrations of a milling system. 

The natural frequencies of the structure have been computed as follows: 

− a bending mode Y-direction (452 Hz); 
− a torsion mode C in X-Y plane (639 Hz); and 
− a bending mode X direction (980 Hz). 

The virtual milling cutter is equipped with three inserts and the depth of cut is 3 mm 
(full immersion is used φ0 = 180o). The feed per tooth is 0.25 mm. The workpiece 
material is modelled with following parameters: Young's modulus = 11.4*1011 [Pa]; 
Thermal expansion coefficient = 4.9 10-6 [1/K]; Relative permittivity = 2; Relative 
permeability = 1; Poisson's ratio = 0.3 and density is 6.85 [g/m3]. 

Self-excited and forced vibrations 

At the tooth passing frequencies close to the natural frequencies of the elastic 
structure, resonance occurs. In the example in Figure 29 the spindle speed is 326 
rev/s so that the tooth passing frequency is close to the 980 Hz bending mode. The 
damping is only insignificantly changed from its initial value of 2 % to 1.65 %, thus 
correctly representing a stable system (blue curve). Meantime, the amplitude 
increases by almost two orders of magnitude (compare to the dashed black line). 

The regenerative effect is produced by the chip thickness variation between 
consecutive teeth and between tool revolutions [67]. The estimated damping ratio 
identified in an ARMA(4,3) model drops to a very low level (0.07%), correctly 
identifying an unstable system (red dashed curve in Figure 29). 
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Figure 29: Power spectrum for a simulated stable and unstable machining system. At tooth 
passing frequency close to 980 Hz resonance occurs (blue curve), the system is still stable 

(revealed by the damping value). When chatter is generated the damping drops to very low 
values. 

The time domain vibrations (in X direction) of the forced and self-excited process 
can be seen in Figure 30. The vibration pattern for the stable machining operation 
that undergoes resonant vibrations has quite evenly distributed amplitude  
(Figure 30a). The nonlinear effect due to the loss of contact between tool and work 
is apparent for the process that undergoes regenerative chatter (Figure 30b). 

  

      (a)       (b) 

Figure 30: Time domain vibration in X direction, (a) stable machining (b) unstable machining, 
self-excited vibrations chatter is generated as a regenerative phenomenon between 

consecutive teeth. 
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In a stable milling operation the vibration period for each cutting edge is equal to 
the tooth passing period. In such conditions, the configuration of material removal is 
the same for each tooth, giving a relative constant cutting force. If, however, the 
milling operation is unstable, the surface profile will be ‘modulated’ by frequencies 
close to the natural frequencies of the weakest mode or modes in the combined 
system tool-tool holder-spindle-workpiece [68]. In Figure 31 the surface profile of 
the previously modelled operation can be seen.  

  

(a) (b) 

Figure 31: surface error (a) stable machining, and (b) unstable machining at self-excited 
vibrations chatter. 

During stable cutting the surface profile appears to be generated by the tool, while 
the surface profile for unstable machining is more irregular (Figure 31b). 

4.3 Recursive model-based identification 
The key concept of the identification procedure in this thesis is to find a feature of 
the measured random response that can be used to discriminate between 
machining systems of various types. This is a second order qualitative identification, 
since no provision for quantitative estimation is done on the measured signal. 

As the response of the machining system is time variable and because chatter can 
arise suddenly and unpredictable, recursive methods are necessary to be 
implemented. The recursive method used in this thesis is based on a ARMA 
representation (see chapter 2) and can take into account both non stationarity and 
nonlinearity of machining systems as they are producing an updated model at each 
sampling interval. The scope of research of this thesis is not to develop identification 
models but implement various identification schemes based on excising routines. 
However due to the unpreditical behaviour of chatter as well of the higher speed 
rates used in today machining, much efforts has been devoted to improve the speed 
of response of recursive algorithms. 
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4.3.1 Recursive estimation algorithm 

The RPEM (see chapter 2) is used to represent the machining system under 
operational conditions (RPEM is called ‘model’ in Figure 32). The input to the 
machining system is usually not observable. It is important to stress that the actual 
system excitation may not be confused with the system response measured by a 
sensor e.g. placed on the machine tool. 

In Figure 32, the input to the model is driven by white noise processes and the 
model is described by a rational function represented by the recursive 
autoregressive moving average (RARMA) model structure. The measured output 
from the system is compared with the output from the model. The difference 
between the operational machining system and the mathematical model is feed-
back to the estimation algorithm for further fine-tuning of the model. 

 

Figure 32: Recursive model-based identification. The algorithm is used to estimate the 
mathematical model that represents the real operational machining system. 

In Figure 32 the procedure for parameter estimation is illustrated. The estimation 
algorithm adjusts the coefficients of the model by minimizing the difference 
between the model and the machining system response. In the recursive scheme 
the procedure continuous until the estimation error is within an interval a priori 
established. 

4.3.2 Operational dynamic parameters (ODP) 

In machining, majority of on-line systems for detecting self-excited vibrations are 
based on non-parametric method which uses a quantitative criterion (e.g. vibration 
amplitude) to discriminate forced and self-excited vibrations. However, the 
quantitative criterion is not consistent with the nature of vibrations. A high 
amplitude vibration can be the result of a stable system working close to resonance 
or in condition of tougher cutting parameters. Likewise, self-excited vibrations need 
a very low energy level to be excited and are therefore difficult to detect before they 
are fully developed. 
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By using parametric identification models in the recursive implementation, 
qualitative criteria can be implemented. Such a criterion is ODR. A non-conservative 
mechanical system with positive ODR is said to be dynamically stable, whereas one 
with negative ODR is said to be unstable. This gives a robust criterion for 
discrimination between forced and self-excited vibrations, which is not related to 
the vibration amplitude criterion. 

The recursive model-based method, RARMA, is used to track: 

− a machining system’s ODP to account for the interaction between the 
cutting process and the machine tool elastic structure, the PMI during real 
cutting operations; and 

− an off-operational machining system (see chapter 3) dynamic properties. 

The concept of ODP is introduced because the machining system is a closed-loop 
system. The structural damping of the machine tool elastic structure and the 
dynamic cutting process damping cannot, from a response measure point of view, 
be separated. Through ODP the contribution of the structural vibration modes and 
process vibration modes resulting during machining system operation is denoted 
(paper B). The ODP consist of operational damping ratio (ODR) and operational 
frequency (OF). The ODR, ξop, is the overall damping of the machining system and 
consist in modal damping, ξmod and process damping, ξcp 23

cpop ξξξ += mod

 

 (67) 

ξop is used in this thesis as the criterion of the chatter stability boundary. 

Assuming that a machining system can be represented by equation 

)(eKxxCxM t=++   (68) 
where M, C and K represent n x n mass, damping and stiffness matrices respectively; 
e(t) is a vector of external excitation. Matrices C and K contain both structural and 
process damping and stiffness respectively. )(x),(x),(x ttt   are n x 1 vectors of 
displacement, velocity and acceleration of the n degrees of freedom. The eigenvalue 
problem associated with equation (68) is given by 

( ) niii 2,...,2,1,0ΦKCM i
2 ==++ λλ  (69) 

in which λi and Φi are the eigenvalues and eingenvectors respectively. 

The purpose of RARMA is to recursively identify the eigenvectors and eigenvalues of 
equation (69) from the response measurements in the time domain. Let xj(kΔT),  
k = 0, 1, 2 … be the discrete samples of the displacement of the j-mass. ΔT is the 
sampling interval. Then the observations xj(kΔT) can be represented by an ARMA 
model 
                                                                 
23 The interference between relief face and work piece results in a rubbing force acting 
against the direction of the cutting force that leads to a positive damping effect. This is known 
as process damping. 
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Model parameter estimation refers to the recursive determination, for a given 
model structure, parameter vector θ(t) [a1, a2 … ap, b1, b2, … bq] and the residual 
variance σe

2(t) at every time t = 1,2, … n. 

The AR characteristic equation of (70) can be written 
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where 

)1)()()(exp( 2 TiT jjopjopjopj ∆ξω∆ξωµ −+−=

)1)()()(exp( 2* TiT jjopjopjopj ∆ξω∆ξωµ −−−=  
(72) 

From equation (71) the ODP, operational damping, (ξop)j and frequency (ωop)j are 
recursively calculated at each time t and for each eigenvalue. 
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4.3.3 Implementation - DSP multiprocessor system 

The recursive identification of ODPs is aimed at machining system where the inputs 
cannot be measured, and only responses such as accelerations or sound signals are 
available. The ideal situation is when the input has a flat spectrum (white noise). 

The implementation of the recursive ARMA identification is performed as stream 
data system. This means that a new model is obtained at each sampling instance. A 
second type of data processing is represented by batch data systems. In a batch of 
data system, must first a batch of data be input into the system before any 
computation can take place. Examples of batch data systems are spectrum analyzers 
based on fast Fourier transform (FFT). A signal processing batch data system often 
requires larger data memory than a stream data system. A stream data system 
requires a high computational speed in order to keep a higher sampling rate. 
Therefore, the implementation of recursive identification algorithms (RIA) should be 
able to perform an extremely large amount of arithmetic operations within a short 
duration. In other words, it must sustain high throughput rate [25]. 
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The tasks of implementation of RIA involve three phases: (i) design; (ii) code 
generation (programming); and (iii) architecture synthesis. 

The recursive model identification system consists in four main modules 
implemented in various DSPs [4], see Figure 33: 

− Signal acquisition and conditioning module (1). 
− Parameter estimation module (2). 
− ARMA Power spectrum module (3). 
− ODP parameter estimation module (4). 

The signal used for monitoring the machining process is the sound level obtained 
from a directional microphone. The system can be used in connection with one or 
two microphones. 

 

Figure 33: The ODP parameters estimation algorithm is implemented in a DSP multiprocessor 
system. 

The sampling frequency is selected with respect to the highest chatter frequency. 
The model order and structure are obtained from the VMSE as described in the 
section 4.1. The maximum order of the ARMA model is constrained by the sampling 
frequency to an order of ARMA(8,7). In many situations the chatter is generated 
only on a single natural frequency. In these situations, a minimum order ARMA(2,1) 
will be enough. However, as we want to avoid chatter, the monitoring in stable 
conditions requires a higher model order. To increase the alertness of the recursive 
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identification, a robust algorithm to track the time variability of the machining 
process is implemented in module 2 based on the covariance matrices. From the 
roots of the AR-characteristic polynomial (see chapter 2), the power spectrum is 
computed. In module 4 the ODP parameters are computed. Detection of chatter is 
implemented based on stability threshold and the gradient of the ODR function. The 
value of stability threshold is selected based on the prediction capability for the 
current application. As has been discussed earlier, ODP estimations are affected by 
uncertainty. Therefore, a second criterion based on ODR gradient is implemented. 
The gradient indicates the rate at which the machining system is losing the stability 
and may be used when the threshold value is too low i.e., when fast changes in the 
process occur as for instance result of the changing workpiece shape. 

4.3.4 Recursive identification of ODP 

In this case study the same milling machine as presented in chapter 3 is used. The 
idea is to compare the, in chapter 3, identified modal parameters with the identified 
ODPs from actual machining. The specially developed cutting tool used for structure 
dynamic analysis is in this case used as cutting tool. More information about cutting 
parameters and instrumentation can be found in paper D. By applying the ARMA-
ODP estimation algorithm to a batch of data taken from the microphone recordings 
of a machining operation it was possible to estimate the ODPs (Figure 34). It is 
important to stress that the batch ARMA-ODP only gives an average behaviour of 
the milling operation. The dominating frequencies during machining (at the selected 
cutting parameters) appear to be similar to those identified both by EMA and by 
ARMA-modal estimation. The peak close to 1 kHz is similar to the one identified with 
the CERS. The peak close to 0.5 kHz is correlated to the unbalance of the tool. 

 

Figure 34: PSD obtained through ARMA-ODP estimation of microphone signal recorded during 
machining at spindle speed nspindle=10000 rpm, ap=3 mm and ae=9 mm. 
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In this study the virtual milling machine elastic structure resulting from FE modelling 
was represented by two orthogonal bending modes  and one torsion mode: 530 Hz – 
bending mode Y direction; 730 Hz – torsion mode C in x-y plane; 1360 Hz – bending 
mode X direction (paper D). 

The virtual PMI’s response identification of the bending mode in X direction at a 
spindle speed, nspindle: 10000 rpm axial depth of cut, ap: 3 mm and feed per tooth,  
fz: 0.1 mm/tooth. The lowest estimation error was found for ARMA(6,5) and 
consequently the model order 6, 5 are used for the real-time recursive estimation. 

By applying the proposed RARMA-ODP to a selected frequency band it is possible to 
track the development of the respective ODR in time. For instance Figure 35 shows 
the ODR variation for the operational frequency of 1 kHz. 

 

Figure 35: Tracking the ODR and frequency during (1 kHz) actual machining. The ODR is higher 
when the tool is not engage in the workpiece. 

The operational damping ratio is higher when the tool is not engaged, and then 
decreases during the engagement time, to increase again afterwards. As can be seen 
in the figure, damping is close to zero during cutting action, and due to that 
instability occurs (verified with surface roughness analysis). 

4.3.5 Recursive identification of strongly time-varying ODP 

In industrial applications it is often the case that cutting conditions are varying due 
to variation in workpiece geometry, cutting parameters, clamping device position 
relative cutting position, and machine tool position etc. For instance, when end-
milling the top plane of a cylinder block for car and truck engines, cutting 
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parameters change due to variation in cutting condition such as position on cylinder 
block [69]. In such case the position in respect to clamping devices is important. 

To reproduce real cutting conditions a workpiece was prepared with slots and 
pockets, see Figure 37. Between each section of slots and pockets a section with 
homogenous material was machined, enabling two inserts to simultaneously engage 
in workpiece. The chosen operational conditions are believed to highly affect the 
cutting stability as the discontinuity in the tooth passing frequency, caused by 
varying multiple entries in each section, leads to a strong variability in the cutting 
operation. The response was measured by a microphone and a triaxial 
accelerometer. The microphone was placed inside the machine tool work area and 
the accelerometer was placed on the spindle casing at the location corresponding to 
the front bearings. More information about cutting parameters and instrumentation 
can be found in paper C. The variation in cutting condition can clearly be seen by 
studying the PSD (in waterfall representation) of the acquired microphone signal, 
see Figure 36. The amplitude of the frequency representing the forced vibrations is 
varying depending on were on the workpiece the cutting is done. 

The forced vibration frequency is normally correlated to the cutting frequency of the 
system. In this experiment, due to holes and slots, the cutting frequency is varying 
depending on the position on the workpiece. Over the inhomogeneous sections, the 
amplitude of the cutting frequency increases. This can clearly be seen by studying 
the microphone signal and accelerometer signal in X direction (X direction 
correspond to feed direction). When machining over homogeneous sections the 
amplitude of the cutting frequency decreases. The self-excited vibrations are 
generated by regenerative effects between two teeth’s simulations in cut. This 
vibration can clearly be seen the first mode (1 kHz) corresponding to the tool-tool 
holder mode (identified by EMA). Milling over the second inhomogeneous section of 
the workpiece leads to a change in cutting frequency (multiple entries for each 
revolution). The regenerative effects are disrupted by the change in interrupted 
cutting that occurred when machining over inhomogeneous sections. The RARMA-
ODP algorithm identifies two dominant operational frequencies and related 
damping ratios. The first operational frequency (fop)1 is approximately 95 Hz, and 
relates to the workpiece-table system (see paper C). This frequency is mainly 
correlated to cutting of multiple tooth entries (due to slots and pockets). 

As known, chatter is always generated close to a structural natural frequency. 
Instability is likely to occur in the weakest mode or modes of the structure. Normally 
these modes can be related to machine tool structure such as tool, tool holder and 
spindle. Regenerative self-excited vibrations occurs on the second operational 
frequency (fop)2 which is approximately 990 Hz and is related to the tool – spindle 
system. In this case, when the operational damping ratio (ξop)2 is locally decreasing 
to zero (or close to zero) then chatter occurs (verified by surface roughness analysis) 
due to regenerative effects (Figure 37). The model order was RARMA(4,3). 
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Figure 36: PSD of end-milling operation. Data acquisitioned with a microphone place in the 
working space of the machine tool. 

 

Figure 37: RARMA identification of ODP in face milling. Top, the experimental setup in which 
the workpiece is prepared with holes and pockets to replicate time-varying cutting condition, 

and bottom, tracking the variation of the second identified ODR and frequency (paper C). 
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4.3.6 Correlation between ODP and surface roughness 

In the following example a conventional tool for internal turning is compared, from 
ODP and surface roughness point of view, to a newly developed tool with enhanced 
damping [70]. 

Tooling systems, and especially cantilever tools, and cantilever structural units of 
machine tools are the least rigid components of machining systems and therefore 
the most prone to vibration, which could lead to cutting instability. In this example 
the focus is on internal turning. This operation is widely known to be very delicate 
and it is often carried out with cutting parameters far from optimal, from a 
productivity point of view, due to limitations imposed by vibration. In order to 
improve productivity it becomes necessary to introduce means of vibration control 
in the machining system. Vibration control has the purpose of achieving efficient 
energy dissipation (high damping capability) of a vibrational system [70]. 

The conventional tool showed the typical signs of instability in both cases while the 
damped tool could perform in perfectly stable conditions. Figure 38 shows the 
average surface roughness for the different depth of cut settings and tools. The 
conventional tool could not perform machining at the highest depth of cut due to 
the high instability. The surface roughness left by the damped tool was always about 
the half of the one left by the conventional tool, see Figure 38. 

 

Figure 38: The average surface roughness and standard deviation, Ra and Rz, produced with a 
conventional undapmed tool is compare with the surface roughness and standard deviation 

produced with a newly developed damped tool [70]. 
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A damping ratio near zero is equivalent to cutting instability, and that is what the 
ARMA-ODP identification shows for the conventional tool, Figure 39. The damped 
tool does not show any sign of instability [70]. 

 

Figure 39: The ODR identified with ARMA-ODP model. The conventional tool is not able to 
machine stable as is indicated by the damping (close to zero), however the damped tool does 

not show any sign of instability [70]. 

As an example the identified dynamic behaviour of a down milling operation is 
correlated to surface roughness. As the machining proceeds, ODR is changed 
accordingly to depth of cut. When damping is changed, the resulting surface 
roughness is alternated [68]. 

4.4 Discussions and conclusions 
In this chapter it has been shown that the level of dynamic stability of machining 
systems is highly operational dependent. The traditional techniques used today to 
evaluate machining system stability are mainly related to a judicial use of “stability 
lobes”. The research presented in this chapter takes a different approach by 
introducing the unified concept of ODP. According to this concept, the absolute 
criterion of damping is introduced to evaluate the dynamic behaviour of machining 
system. By this, a step is taken beyond the classical way to analyze the dynamics of a 
machining system by separately identifying the structural and process parameters 
respectively. 

The in chapter 2 derived ARMA models is recursively computed to be able to track 
the ODP of a highly operational machining system stability. It has been 
demonstrated that the most important phenomenon that affects the stability of 
machining system, Chatter, can be distinguished from forced vibrations by using the 
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formulated damping criterion i.e. the operational damping ratio drops to low values 
close to zero when chatter occurs. It has also been showed that the ODP can be 
correlation on the produced surface roughness. 

The computational framework has the capability to identify multiple ODP of a 
machining system. This can be used for optimization of individual component of the 
machine tool structure. For instance, if a tools damping capability should be 
improved, the presented methodology can in operational condition evaluate the 
effect of design changes on the dynamic performance of the tool. 

To investigate physical phenomenon and for thorough validation of parametric 
identification approach of the operational module, a VMSE has be developed. The 
engine is based on a FE computation and it has the ability to emulate the interaction 
between the machine tool and the cutting process dynamics. By using the VMSE not 
only the model order of the parameter identification can be chose but also 
phenomena like chatter can be studied. 
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5 
5 Results and discussion 

CHAPTER SUMMARY: The following chapter describes the major results from the 
theoretical and experimental work conducted in this research work. Most of the 
results come from published papers, with some additional analysis and tests 
presented in previous chapters. 

5.1 Statistical dynamics 
A systematic approach of inferring ARMA models derived from Markov processes 
has been formulated in the framework of statistical dynamics and stochastic 
processes. Markov random process in continuous and discrete representation is 
used in this thesis for system parameter identification. In continuous form Markov 
process leads to FKP equation which is described as partial differential equation 
whose solution has been demonstrated can be used as a criterion for stability 
analysis of systems of random excitation. In discreet case Markov process has been 
showed to be generated by ARMA process. ARMA process has been demonstrated 
to have a major contribution for the formulation of criteria for dynamic stability of 
machining processes. 

5.2 Evaluation of ELS under loaded condition 
A computational framework is used to evaluate off-operational ELS stability. This 
important outcome of this thesis addresses two novel concepts which connect ELS 
and machining system behaviour. The first concept has the aim to represent, within 
the working space, the 3D ELS deflections as an effect of the spatial static and 
dynamic characteristic´s variations and the second concept in the framework 
focuses on evaluating, under loading conditions, the dynamic characteristics of ELS 
with a rotating spindle. 
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The practical implementation has resulted in two testing systems called LDBB and 
CERS. The performance of these systems for ELS static and dynamic analysis has 
been presented in detail. 

The static deformation analysed with LDBB showed no uniformly distributed 
deformation in X-Y plane. The static stiffness varied even between identically 
manufactured machine tools both in regards to the average values as well as the 
variability i.e. maximum and minim values. Comparing the five machines the 
measured static stiffness varied by 40%. 

Dynamic characteristics of a machine tool system are to a large extent determined 
by the spindle´s performance. A special test system has been developed to allow 
continuously changing the spindle rotational speed. By recursive estimation it was 
possible to identify modal characteristics of the investigated machine tool spindle. 
The frequency and damping characteristics analysed with CERS (batch ARMA-modal 
algorithm) and EMA shows close results between the two methods. 

It has been demonstrated in this thesis that it is of critical importance to monitor 
and control the static behaviour of a machine tool structure (i.e. table – fixture – 
tool – tool holder – spindle) in order to achieve high machining performance. The 
static deformation and static stiffness between the tool and the table are directly 
affecting the geometric accuracy and surface roughness of the machined part. It has 
for instance been shown that the deformation at tool – tool holder end can be 
considerable even at low force values applied on the system. 

5.3 Computational framework for machining system 
operational stability 

An integrated computational framework has been developed and implemented to 
identify the ODP of machining system. This is the main achievements of this thesis 
because it creates a novel methodology for control and optimization of machining 
systems. 

5.3.1 Virtual stability studies 

The introduced VMSE is a complement to the off-operational machining system 
being used to validate the model structure. Further the VMSE has been used for 
modelling and simulation of the milling process. FE modelling of the milling process 
has the purpose of being accountable for a thorough validation of the parametric 
identification approach, and of providing a good physical insight into the 
phenomena investigated. The FE simulation results demonstrate, in the case of 
impulse-like cutting force excitation, the broad frequency spectrum that can excite 
the natural modes and thus lead to resonance. The system observation is still stable 
(as revealed by the damping value) but the amplitudes are considerably increasing 
[67]. The same observation is valid for tool passing frequencies close to one of the 
system´s natural frequencies. This demonstrates that damping is a suitable criterion 
for discrimination between forced and self-excited vibration. 
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Other major results concerning the VMSE: 

− when added to the structural damping, the process damping contributes by 
additionally enhancing the overall damping of the PMI. The ARMA(6,5) 
identification process estimates the original damping at 1.7% (15% error), 
while the total damping is estimated at 8.31% (16.9% error); and 

− the estimation of the natural frequencies appears to be unbiased and have 
relatively little variability. The variability in damping estimates is greater 
than that of frequency estimates e.g. the frequency (true value 980 Hz) was 
identified with an error of 1.1% while the damping ratio (true value 2%) was 
identified with an error of 7.5%. 

5.3.2 Machining system operational stability analysis 

One of this thesis’ major achievements has been the formulation and 
implementation of recursive identification schemes whose effectiveness for 
monitoring of system behaviour has been demonstrated by simulation and 
machining experiments. 

The proposed recursive model-based identification approach is employed both for 
turning and milling operations. Test results show that in a face milling operation it is 
necessary to track at least two modes, tool and tool – tool holder mode, to get a 
good match to the actual dynamic stability of the system [68]. It also shows that a 
model of reasonably low order is sufficient to identify and track the ODP. 

Furthermore, different signal conditioning techniques has been applied. Filtering 
techniques like bandpass- and AR-filter, simplify identification and tracking of mode 
changes in both recursive and batch identification [10]. 

Experiments have revealed that during stable cutting conditions of a slender tapered 
workpiece, several modes shapes are excited, workpiece, workpiece and tailstock 
[71]. In unstable cutting conditions only the workpiece frequency mode is excited 
and the vibratory energy is concentrated in this frequency mode with non-significant 
participation of other modes of the mechanical structure. In milling operation, 
energy is transfer between different modes, depending on the mode damping ratio. 

Other major results: 

− Dynamic instability cannot be solely characterized by the amplitude levels 
of the measured response signal; the qualitative pattern in the system’s 
response itself determines the occurrence of instability; 

− Model-based identification can be used to detect spindle, tool and tool – 
tool holder characteristics. This information can be used for maintenance 
purposes. It has been proven in the milling experiment that spindle idle 
signal consisted of information regarding spindle and tool holder. 

− the dynamic behaviour of a milling operation can be correlated to the 
produced surface roughness. As damping changes the surface roughness 
varies reaching maximum value when damping is lowest [68]. 
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6 
6 Conclusions and future work 

CHAPTER SUMMARY: This chapter concludes the work presented in the thesis. It also 
addresses some future research activists. 

6.1 Conclusions 
The work presented in this thesis deals with the static and dynamic stability of 
machining system, as components of machining capability, from a complete new 
perspective. The main focus is on the operational stability of the machining system 
as well as the static deformation/stiffness and structure dynamics of the ELS of off-
operational machining system. 

The research presented in this thesis takes a different approach by introducing the 
unified concept of ODP. According to this concept, the absolute criterion of damping 
is used to evaluate the dynamic behaviour of a machining system. The methodology 
allows, in contrast to the conventional theory, to determine the machining system's 
dynamic stability, in real time under operating conditions. 

6.1.1 ELS stability in off-operational condition 

The static stiffness of the machine tool components which are in the flow of force 
(FOF) plays a critical role for precision in machining. The static stiffness of ELS is a 
spatial vector and can also be strongly non-linear with respect to excitation levels, 
and rotational speed. 

For experimental evaluation of the ELS of a machine tool a novel type of double ball 
bar, which has the ability to create a preload between machine tool table and tool 
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holder/spindle is introduced. The device is called LDBB and it can be used to identify 
load depend errors on the total static stiffness of the machine tool. 

Another concept for analyzing the static stiffness is done by a dynamic approach. 
Static stiffness can be determined in any direction from an impulse excitation 
measurement in two orthogonal directions. The test can be repeated for a number 
of load levels to determine the non-linear characteristics of stiffness. Impulse 
excitations can be imprecise at lower frequencies due to lower signal – to – noise 
ratios and affects the stiffness calculation. 

The following major conclusions concerning the introduced method for testing a 
machine tool´s deformation and static stiffness, based on the theoretical and 
experimental investigation conducted in the research work, can be drawn: 

− load errors at the tool – workpiece position depend on the total static 
stiffness of the machine tool and can be determined from process 
independent indirect measurements using LDBB tests; 

− the load generated by the LDBB has a great impact on the deformation of 
the machine tool structure. For instance, it has been observed that the 
circularity increase as the load increase; 

− the load applied by the LDBB has an effect on machine tool deviations 
(errors). For instance, in the investigated machine tools, the squarness 
errors increase while straightness either decreases or is not affected; and 

− the measured deformation (accordingly the static stiffness) is not 
significantly affected by the feed. 

6.1.2 Computational framework for operational stability 

By considering the machining system a closed-loop system, the ODP characteristics 
can be evaluated. The recursive model-based identification method presented in 
this thesis takes into consideration this interaction and can therefore be used to 
characterize a machining system in operational conditions. The main contribution of 
the preformed research work is the formulation and implementation of a 
computational framework for dynamic stability of machining systems. The 
framework is derived from the field of statistical dynamics and it enables, in contrast 
to traditional methods, on-line analysis of machining system. The theory consists of 
four parts: (i) a robust criterion for stability, (ii) a method to capture time variation 
in a machine, (iii) a validation method, (iv) a robust sensor system. 

Industrial implementation of real-time process monitoring and control techniques 
for dynamic stability requires simple and robust detection with sensors systems that 
do not interfere with the cutting action. Numerous types of sensors are available for 
monitoring of machining systems [72]. In this thesis, the sound pressure [73] 
acquired by use of a microphone has been chosen as the input signal for the 
recursive estimation scheme. The reasons for choosing the sound pressure are 
primarily the following (paper C): (1) it captures the combination of the structural 
vibration modes and process vibration modes occurring during the machining 
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system operation; (2) overall response from excitation sources in all directions is 
captured; (3) the microphone does not interfere with the working zone (there are no 
cables nor sensor body near the cutting zone); (4) there is no mechanical contact 
with the machine tool structure; (5) the system can be made portable thanks to the 
simple attachment. 

One of the major benefits of implementing the stability criterion in RARMA is the 
fast tracking of the instantaneous dynamic condition of the machine tools structure 
(e.g. tool-spindle system). However, knowledge of modal parameters is not enough 
for process monitoring and control of real machining operations, as the cutting 
process influences the dynamics of the machining system. Therefore it becomes 
necessary to estimate the ODP of the machining system. 

The following major contribution concerning the introduced computational 
framework, based on the theoretical and experimental investigation conducted in 
the research work, can be drawn: 

− the recursive model-based identification technique can be used as an 
identification and an optimization tool in operational stability analysis of 
machining system; 

− recursive model-based identification in combination with ODP can be 
straightforwardly computed from the model’s parameters and used as a 
discrimination criterion between various machining states; 

− to demonstrate the feasibility and robustness of the ODR (and OF) as a 
measure for tracking the variability of a machining system dynamics in 
milling and to be used as a criterion for discrimination between forced and 
self-exciting oscillations; 

− a VMSE for calibration of the model structure is an effective tool in 
determining the recursive algorithm model structure and model order; and 

− the use of the sound pressure level is a feasible sensor that is able to follow 
rapid changes in the process dynamics (e.g. chatter detection) and 
therefore may be used for input in the recursive estimation scheme. 
Furthermore, using a microphone has the practical benefit of not 
interfering in the working zone and suitable in an industrial environment. 

6.1.3 Authors vision 

By measuring and controlling the machining system´s capability the need to 
measure the produced detail is reduced. This means that one can reduce the 
number of operations that do not increase the manufactured component's added 
value. Today, there are no methods and devices in real time under operational 
conditions, which assess and control the machine system's capability. My vision is 
that my research contributions will lead to the next generation of high-performance 
machine systems being developed and manufactured by methods that have a 
known, predictable and controllable capability. This is the long term goal and vision 
of this research. 
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6.2 Future research opportunities 
The work presented in this thesis has been focusing on the formulation and 
implementation of a computational framework for static and dynamic stability of 
the machining system. 

The computational framework approach can be used for different maintenance 
purposes such as testing, failure detection or preventive maintenance and for 
machining system purposes such as monitoring, optimization and control of cutting 
process, see Figure 40. The work done so far focuses on identifying and capturing 
characteristics that can be used for capability analysis of machining system´s 
accuracy. 

 

Figure 40: The architecture of the computational framework presented in this thesis. The 
framework can be used for both machine tool and machining system analysis. Work so far has 

focusing on the first level activity, monitoring and test. 

This performance evaluation is related to level one activity, monitoring and test in 
Figure 40. Future work is to continue developing the second level of activities 
concerning control strategies for on-line control and failure detection of both system 
and processes. Third level of activities is focusing on preventive maintenance and 
optimization. Crucial work that has to be investigated is classification of faults and 
robustness issues. 

6.2.1 Computational framework for operational stability 

Recursive model-based identification 

The current algorithm needs to be reviewed and improved from the point of view of 
speed and execution and then implemented in a DSP based mechatronic system.  

Operational machining system

Virtual machning system engine

Machining system capability repository

Computational framwork for capability

Level 1

Machine tool

Monitoring

Machining process

Test

Level 2ControlFailure detection

Level 3Condition-based 
maintenance Optimazation
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Next generation of VMSE 

The machine tool elastic structure is a built-up system with several components 
coupled together, see Figure 41a. The primary coupling element used in machine 
tool constructions are fixes or movable joints. Each joint has an inherent source of 
energy dissipation capacity determined mainly by the joint parameters, stiffness and 
damping [74]. The main difficulty occurs when trying to connect all components 
together, and perform the static and dynamic analysis on the entire structure Figure 
41b. Difficulties arise due to the overwhelming contribution of contact stiffness and 
damping to the overall stiffness and damping capacity of elastic structure. The 
future generation of machining system engine needs to be expanded from current 
2.5D to full 3D. Joint and spindle ball bearings characteristics also need to be 
incorporated into such a model. In addition to this, spindle ball bearings 
characteristics and friction models need to be added. 

 

 

(a) (b) 

Figure 41: (a) Finite element representation of the machine tool components, and (b) all 
subsystems of the elastic structure connected together and an external force is applied on the 

spindle carrier. 

In order to sufficiently be able to predict surface generation of machined 
components a complete thermo-mechanical model needs to be incorporated into 
the engine. The theoretically generated surface can then be compared to the actual 
machined surface from the point of geometrical and dimensional parameters and 
surface finish. By this approach the errors between the two surfaces can be 
investigated and the machining system can be optimized with respect to tolerances 
and surface finish (maximum and minimum values). 

The next generation of the VMSE also needs to be able to represent highly time-
varying cutting operation (machining over holes and slots). In this thesis such cutting 
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situations have been shown highly important for the stability and robustness of the 
machining system. 

6.2.2 Manufacturing resource modelling 

In all the above mentioned research activities, capability models can be stored in 
data bases, described by [75], and amongst other applications, be reused for trend 
analysis of machine tool structure and cutting processes and for implementation in 
the model driven parts manufacturing approach [76]. 

Important future activities could be the utilisation of AP214 to relate stiffness and 
damping with other characteristics, e.g. of machining system (see paper E). 
Geometric errors are other important characteristics of a machine tool that affect 
the machining system capability. The geometric errors occurring in machine tools 
are the basis for predicting machining accuracy. Future activities could couple the 
geometric errors caused by the kinematic error in joints positions with the measured 
static deflection due to load and dynamic vibration of the system to generate a more 
complete capability model of the machining system. The information computed 
from such models could be used to predict actual tool paths for the manufacturing 
process on the measured machine tool. 

6.2.3 New method for off-operational evaluation 

The relation between the time required for performing tests and the use of the 
captured data is an important parameter when choosing test methods. Today there 
are no standard methods to test a machine tool under loaded condition. However, 
the conventional approach for testing a machine tool´s deflection under loaded 
conditions is to produce some especially designed standard specimens, which are 
designed to generate predefined forces during, for instance, a milling operation. 
Different depths of cut can be used to generate different loads on the machine tool 
structure. An example of this type of test is the so called BAS machine tool test [77]. 
The results from the BAS-test are used to check if the machine is within the 
acceptable limits of deflection, and so accurate enough to be used for production. 
As this method requires standardized workpieces, tools, and takes a long time to rig 
and perform, it is not suitable for the regular testing of a machine tool´s capability. 

In Figure 42, the deflection and static stiffness measured by the LDBB is projected 
onto the schematic picture of the machined workpiece used for deflection testing. 
The LDBB enables, in contrast to the traditional method, deflection and static 
stiffness in all directions in the measured plane (Figure 42). 
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Figure 42: Projecting the measured deflection and calculated static stiffness onto a schematic 
picture of the test speciemt used by the industry. 

If the LDBB method is to be considered as a tool for the regular testing of the 
machine tool´s in an industrial environment, more research and development need 
to be done on the system. 

The loads that are applied by the device on the machine tool structure make the test 
more sensitive for deformation of the device itself and the measurement structure 
compare to the traditional DBB method. In conjunction to this the spindle and table 
joint need to be standardized (e.g. Capto and HSK taper) so that comparisons 
between machines with different tooling systems can be done. 

Some additional research activities concerning the LDBB are: 

− as the static stiffness of high speed spindle changes with spindle speed, it 
would be of interest to investigate the possibility of performing tests on 
rotating spindles; 

− the pattern recognition method for identifying machine tool deviation has 
to be further developed to a complete geometric error analysis tool in 
order to fully utilize the LDBB´s capability to test machine tools; and 

− investigate the possibility to use systems others than pneumatic to 
generate the load by the LDBB, for instance piezo electric actuator. 

6.2.4 Acoustic camera for identification of the dynamic characteristics of 
a machining system  

A technique that has been used in this work for the identification of vibration 
sources in a machining system is an acoustic camera. The acoustic camera was used 
both for structure dynamics analysis as well as for identification of the process-
machine interaction. The in chapter 3 (as well as in the machining case in chapter 4) 
the presented case study in which a machine tool spindle modal characteristics were 
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investigated, the acoustic camera´s was used to visualize vibration patterns of the 
investigated spindle system. The changes in dynamic characteristics were evident. 

In Figure 43 the sound pressure recorded by the acoustic cameras 36 microphones is 
projected as a 2D image. The figure visualizes the sound pressure in the frequency 
interval of 1 kHz to 1.6 kHz. As can be seen the highest level of sound pressure is 
identified at the spindle – tool holder connection (The scale of the sound pressure is 
ranging from the dark blue (49dB) to purple (55dB)). 

 

Figure 43: An acoustic camera has been used to visualize vibration patterns of the investigated 
spindle system in chapter 3. 

In the lower right corner of Figure 43 the microphone array is displayed and it is 
pointed directly to the spindle and CERS. 

Future activities regarding the use of acoustic cameras can be to connect the 
measured sound pressure with digital 3D models representing the machining 
system. By this a 3D vibration model could be constructed which could be used for 
the advanced visualization and optimization of e.g. the machining process. 
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