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Abstract

This thesis contains three articles related to operads and moduli spaces of
admissible covers of curves. In Paper A we isolate cohomology classes com-
ing from modular forms inside a certain space of admissible covers, thereby
showing that this moduli space can be used as a substitute for a Kuga–Sato
variety. Paper B contains a combinatorial proof of Ezra Getzler’s semiclassi-
cal approximation for modular operads, and a proof of a formula needed in
Paper A. In Paper C we explain in what sense spaces of admissible covers
form a modular operad, by introducing the notion of an operad colored by a
groupoid.
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Sammanfattning

Denna avhandling innehåller tre artiklar relaterade till operader och mo-
dulirum för godtagbara övertäckningar av kurvor. I artikel A isoleras koho-
mologiklasser associerade till modulära former inuti ett visst rum av godtag-
bara övertäckningar, vilket visar att detta modulirum kan användas som ett
substitut för en Kuga–Sato-varietet. Artikel B innehåller ett kombinatoriskt
bevis av Ezra Getzlers semiklassiska approximation för modulära operader,
och beviset av en formel som behövs i artikel A. I artikel C förklaras i vilken
mening rum av tillåtbara övertäckningar utgör en modulär operad, nämligen
en operad färgad av en gruppoid.
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Introduction

In this brief introduction I will try to give a naive picture, painted with broad
brushstrokes, of the moduli space of curves in general and the topics treated in this
thesis in particular. Readers comfortable with moduli of curves are advised to skip
through most of it. Further reading and formal definitions can be found in many
places, e.g. [ACG11] and [HM98]. The introduction concludes with an outlook
towards how the moduli space of curves fits in with other areas of mathematics.
Please read it as inspiration rather than as an authoritative survey.

Moduli of curves
The main objects of study in this thesis are n-pointed algebraic curves and how
they vary in families.

By an n-pointed algebraic curve, we mean a projective nodal geometrically con-
nected curveX → S equipped with n ordered disjoint sections σi : S → X contained
in the smooth locus of X. Over the complex numbers, an equivalent definition is
that we are considering compact connected Riemann surfaces X which are allowed
to have simple nodes, and which are equipped with an embedding

[n] = {1, 2, . . . , n} ↪→ X \Xsing.

We say that an n-pointed algebraic curve X is stable if its automorphism group is
finite. If X is smooth, i.e. Xsing = ∅, then X is stable if and only if 2g−2+n > 0, or
equivalently, the Euler characteristic of the complement of the markings is negative.

The spaces Mg,n.
Let 2g − 2 + n > 0. We denote by Mg,n the moduli space which parametrizes
smooth n-pointed algebraic curves of genus g. Over C, Mg,n can be thought of
as the space parametrizing all possible complex structures on a compact oriented
surface S with an embedding [n] ↪→ S. One can also think of Mg,n in terms
of hyperbolic geometry: since the Euler characteristic of the surface minus the
punctures is negative, by uniformization it is a quotient Γ\H of the upper half plane
by a discrete subgroup of orientation-preserving isometries. This gives a hyperbolic

3
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metric on S \ [n], and one can thus think ofMg,n as the space parametrizing finite
area hyperbolic metrics on S \ [n]. In this picture, the n marked points are actually
cusps of the hyperbolic surface and more naturally thought of as punctures.

A priori it is not even clear thatMg,n should be a “space”, and not just a set
(or groupoid). Indeed, why should there even be a topology on the set Mg,n(C),
i.e. the set

{compact Riemann surfaces of genus g with n markings}/isomorphisms,

in a natural way? One needs to start thinking of curves varying in families. One
can for instance consider the family of curves

y2 = x3 − t

as t varies in C; when t 6= 0 we get an elliptic curve, i.e. a smooth curve of genus 1
with a marked point. We would like to say that the topology onM1,1(C) should be
such that elliptic curves defined by nearby values of t should be close to each other
in moduli space. If one contemplates how to formalize this vague idea in terms of
algebraic geometry, one thinks perhaps after a while of the condition that the map

C \ {0} →M1,1

that assigns to a number t the isomorphism class of the curve y2 = x3 − t is a
morphism of algebraic varieties. In fact, if we impose the stronger requirement
that morphisms S →M1,1 should be in bijective correspondence with isomorphism
classes of families of elliptic curves over S, for any base space S, then this determines
the complex structure on M1,1 completely (via Yoneda). This is essentially1 the
definition of the spacesMg,n.

Compactification
A basic fact of life is that the space Mg,n is not compact. What this means
concretely is that one can find 1-parameter families of Riemann surfaces which
“diverge”; one cannot assign to them a limiting complex structure. In the hyperbolic
picture, one can visualize this phenomenon e.g. by considering the family obtained
by letting the length of a bounding curve shrink to zero. In the limit, the surface
acquires a cusp, as in Figure 1.1.

In the algebraic picture, this means that one needs to allow singular algebraic
curves in order to assign a limit to this family. By now, there is a well established

1It is probably worth pointing out that the above discussion sweeps lots of stacky issues under
the rug. In particular, according to the definition above, spacesMg,n do not even exist. To get a
correct definition, one needs to replace isomorphism classes with groupoids everywhere, in which
case the moduli spaces are not varieties or schemes but rather stacks [DM69][Vis05]. In fact, the
stability condition implies that these stacks are even Deligne–Mumford, which is the kind of stack
closest to an ordinary algebraic variety. Over the complex numbers, a Deligne–Mumford stack
corresponds to a not necessarily effective orbifold.



5

Figure 1.1: The length of a curve shrinks to zero and a cusp appears in the limit.

practice that whenever a moduli space is not compact, one should try to construct
a compactification by enlarging the scope of the moduli problem to encompass also
some appropriately “mild” degenerations. In general, allowing “too few” kinds of
degenerations will result in a moduli space which is not compact, whereas allowing
“too many” results in a space which is not Hausdorff. A miracle is that the stability
condition introduced earlier gives the nicest possible compactification ofMg,n.

If X is a stable n-pointed curve, we define its genus as dimH1(X,OX); when X
is smooth, this coincides with the usual definition of the genus of a surface. Over
C, there is a topological definition of the genus of a stable curve: if one removes a
neighborhood of each node and instead glues in a cylinder, then the genus of the
nodal curve can be defined as the genus of the resulting smooth surface. Pictorially,
this definition is what you get when you run the process of Figure 1.1 backwards.
Cf. also Figure 1.2, where each stable curve in the picture has genus two.

LetMg,n be defined as the moduli space parametrizing stable n-pointed curves
of genus g. Then clearlyMg,n ⊂Mg,n, and the fact is thatMg,n is smooth, pro-
jective, irreducible, and the complementMg,n \Mg,n is a normal crossing divisor.
This is part of what was alluded to earlier—that the compactificationMg,n is the
nicest possible—but there is also a rich combinatorial structure in the structure of
the boundary, as we shall see now.

The combinatorics of the boundary

The spaces Mg,n admit a stratification, the so-called stratification by topological
type. The name comes from the picture over the complex numbers: two stable
curves inMg,n(C) lie in the same stratum if and only if their underlying topological
spaces are homeomorphic. The nice feature is that each stratum looks roughly like
a product of lower-dimensional moduli spaces of smooth pointed curves.

Figure 1.2: A marked Riemann surface degenerates, acquiring more and more nodes.
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As an example, consider the sequence of degenerations illustrated in Figure 1.2.
All four pictures define strata in the moduli spaceM2,3 of 3-pointed curves of genus
2. In the picture, each stratum lies in the closure of the strata to its left. This
expresses that any curve of a certain topological type can be written as a limit of
curves whose topological type is defined by smoothing a subset of its nodes. For
instance, the leftmost picture corresponds to the stratum M2,3 of smooth curves,
whose closure is the entire moduli space.

Now consider the second of the four pictures. Putting a complex structure on
this surface is very nearly the same thing as putting a complex structure on a genus
one surface with five marked points, as illustrated in Figure 1.3. Algebraically,

Figure 1.3: “Pulling apart” a singularity.

the process illustrated in Figure 1.3 is that the smooth curve to the right is the
normalization of the singular curve to the left. And it is easy to see that any
complex structure on the surface to the right defines a complex structure on the
nodal curve to the left by identifying two points; conversely, a complex structure on
the surface on the left almost defines a 5-pointed genus 1 curve via normalization,
except for the fact that the two markings obtained by resolving the node are not
ordered. Indeed, the two extra markings correspond to the two branches at the
node, and there is no natural ordering on these branches.

What the discussion in the above paragraph shows is that the stratum defined
by this topological type is isomorphic to the moduli space

M1,5/S2,

where the symmetric group S2 acts by permuting two of the marked points. Simi-
larly the remaining two strata illustrated in Figure 1.2 are isomorphic to

(M0,3 ×M1,4)/S2

and
(M0,3 ×M0,6)/(S2 × S2).

Dual graphs
These strata are often encoded combinatorially in terms of so-called dual graphs.
These are graphs whose vertices are labeled by nonnegative integers, and which are
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Figure 1.4: The same sequence of degenerations, drawn in terms of stable graphs.

allowed to have loops, multiple edges, and half-edges which are only connected to
a vertex on one end.

To each topological type one assigns a dual graph as follows: for each irreducible
component of the normalization, one draws a vertex labeled by the genus of that
component. For each node, one draws an edge connecting the two components
connected by that node (if they are different) or a loop at the vertex corresponding
to that component (if both branches of the node lie in the same component). Fi-
nally, one draws a half-edge for each marked point on the curve. These half-edges
corresponding to markings are usually called legs.

A dual graph is said to be stable if each vertex labeled 0 has at least three
incoming edges,2 and each vertex labeled 1 has at least one incoming edge. Then
a nodal curve is stable if and only if the corresponding dual graph is stable in this
sense. Figure 1.4 illustrates the same sequence of degenerations as before in terms
of dual graphs.

When the notion of an automorphism of a dual graph has been defined appro-
priately, one can define the stratum corresponding to a stable graph Γ as ∏

v∈Vert(Γ)

Mg(v),n(v)

/
Aut(Γ)

where g(v) is the genus of a vertex and n(v) is the number of incoming edges at a
vertex. In fact, this defines for each stable graph Γ a morphism of moduli spaces

φΓ :

 ∏
v∈Vert(Γ)

Mg(v),n(v)

/
Aut(Γ)→Mg,n

where (g, n) is the genus and number of markings of the graph Γ. The image under
φΓ of the open subspace of smooth curves is exactly the stratum corresponding to
Γ.

Operads and stratification of moduli space
Informally, an operad is a gadget A that assigns vector spaces (or more generally
objects of some fixed symmetric monoidal category) to graphs in a functorial man-
ner. There are many adjectives that one can put in front of the word “operad”,

2which must be counted with the appropriate multiplicity. For instance, a loop at a vertex
should count as two incoming edges.
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and these adjectives indicate what kinds of graphs one is considering. In particular,
we shall be concerned with modular operads [GK98]. In this case, the graphs one
considers are exactly the stable graphs that we saw earlier.

Still somewhat informally, an operad is supposed to satisfy the following prop-
erties:

1. It should be functorial with respect to automorphisms of graphs. For instance,
the symmetric group S3 acts by permuting the half-edges on the stable graph
corresponding toM2,3 that we saw to the left in Figure 1.4. This implies in
particular that any modular operad A should assign to this graph not just a
vector space, but a representation of S3.

2. It should send disjoint unions of graphs to tensor products. Explicitly, if Γ
and Γ′ are two graphs, then

A(Γ t Γ′) = A(Γ)⊗A(Γ′).

Let us remark that when formulated in this way, it looks similar to the notion
of a topological quantum field theory, as we have already seen that dual graphs
can be identified with surfaces.

3. Gluing together two half-edges should be an isomorphism: if Γ′ is obtained
from Γ by identifying two half-edges to an edge, then A(Γ′) = A(Γ). Note
though that Γ′ and Γ will in general have different automorphism groups,
so that they are equal as vector spaces but representations of two different
groups.

4. It should be functorial with respect to edge contractions. Examples of edge
contractions are seen in Figure 1.4: each graph can be obtained by contracting
edges on those to its right.3 If Γ→ Γ′ is an edge contraction, then there should
be a morphism

A(Γ)→ A(Γ′).

Functoriality implies in particular that all three properties above should be com-
patible with each other, that edge contractions should be associative, etc.

Operads arose in topology when studying binary operations satisfying certain
equations up to homotopy. In this case, the higher homotopies connecting different
ways of iterating the given binary operation equips the space with n-ary operations,
which in turn are supposed to be compatible with each other. This was encoded
via operads by associating to a vertex with n inputs and 1 output the space of all
n-ary operations, and the edge contractions are defined by substituting the output
of one operation into the input of another. See [MSS02] for much more on operads.

3In particular we see that edge contractions are required to be compatible with the labelings
of the vertices by genus: contracting a loop at a vertex increases that vertex’s genus by 1, and
contracting an edge connecting two vertices produces a new vertex whose genus is the sum of the
two previous genera.
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In any case, there is a modular operad which assigns to a single vertex of genus
g with n incoming legs the vector space

H∗(Mg,n,Q).

The fact that this is a modular operad is an efficient way of saying that this is an
Sn-representation, and that there exist gluing maps

H∗(Mg1,n1+1,Q)⊗H∗(Mg2,n2+1,Q)→ H∗(Mg1+g2,n1+n2 ,Q)

and
H∗(Mg,n+2,Q)→ H∗(Mg+1,n,Q)

which satisfy appropriate associativity conditions and equivariance conditions for
the Sn-actions everywhere. These are in fact induced by the gluing maps on spaces

Mg1,n1+1 ×Mg2,n2+1 →Mg1+g2,n1+n2

(using the Künneth formula) and

Mg,n+2 →Mg+1,n

defined on the level of moduli functors by gluing together the last two marked
points.

The maps φΓ that we mentioned earlier (or rather the maps they induce on
homology) can be seen as instances of the modular operad structure of the moduli
spaces of curves.

Admissible covers
The notion of an admissible cover dates back at least to Beauville [Bea77] and
Harris–Mumford [HM82], and can be motivated as follows. The Deligne–Mumford
compactification is probably the nicest compactification of the moduli space of
smooth curves, but suppose that we are instead parametrizing pairs π : P → C, i.e.
a morphism of curves. How should one compactify this space?

This moduli space is naturally thought of as a finite cover of that of n-pointed
curves, since we can associate to a covering P → C the pair consisting of C and the
collection of branch points of π. To simplify, we assume that there are n marked
points on C, and that P → C is unramified, i.e. a covering space, away from the
markings. (This is also natural from the hyperbolic point of view where the marked
points are actually punctures—then we would just say that P → C is unramified,
full stop.) This is what would be called a Hurwitz space.

To compactify this moduli problem, one will need to allow P and C to acquire
singularities at the boundary. One well-behaved condition to impose on the bound-
ary turns out to be that P → C is an admissible cover of curves. This condition
can be stated as follows:
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1. P is a nodal curve;

2. every node on P maps to a node on C;

3. the restriction of π to the complement of the nodes and marked points is étale
(a covering space) of constant degree;

4. locally at a node of P (in the complex topology), P , C and π are isomorphic
to the following covering:

P ∼= Spec C[x, y]/(xy) C ∼= Spec C[ξ, η]/(ξη)

and
π∗ξ = xn, π∗η = yn.

It is generally assumed that the pointed curve C is stable, in order that one gets
a Deligne–Mumford stack. Note that there are differences in the literature about
how to define the notion of an admissible cover.

The last condition ensures in particular that admissible covers are smoothable,
in the sense that they are limits of covers P → C where P and C are both smooth
curves. Indeed, we can explicitly write down the families Spec C[x, y, t]/(xy − t)
and Spec C[ξ, η, t]/(ξη− tn), with π∗ defined in the same way, which define smooth
curves for t 6= 0 degenerating to the given covering as t→ 0.

In particular, we will be concerned in this thesis with admissible G-covers. Here
we demand that the map P → C is not just étale away from the nodes and markings,
but in fact a G-torsor (also known as a principal G-bundle), where G is some finite
group. For smoothability we now need a slightly stronger condition. Consider a
node of P , which can locally be written as P ∼= Spec C[x, y]/(xy) as above. Let Γ be
the stabilizer in G of this node. Then Γ acts by characters on the local coordinates
x and y at the two branches, and we require these actions to be inverse to each
other.

For example, when G = µr, then the G-action defined in local coordinates by
ζ 7→ (ζx, ζ−1y) is the prototypical example of an admissible G-covering.

Topologically, this last condition can be motivated by trying to glue together
covers P → C where C is not a marked surface but a surface with boundary. Then
one can consider the monodromy around each boundary component, and it is clear
that one can not glue together such two coverings (even topologically) unless their
respective monodromies match up, i.e. are inverse to each other.

One reason to study G-covers rather than general admissible covers is given in
[ACV03]. They show in particular that the space of admissible G-covers is always
nonsingular, whereas the space of admissible covers is in general singular at the
boundary. Moreover, since there is a natural bijection between covering spaces
of degree d and Sd-bundles (as both are defined by Čech cocycles with values in
the symmetric group), the space of admissible covers of degree d and the space of
admissible Sd-covers are isomorphic over the open part where the target curve is
nonsingular. In fact, [ACV03] shows that the space of admissible Sd-covers is the
normalization of the space of admissible covers.
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An outlook
David Mumford writes in the preface of [Mum75] that “Algebraic geometry seems
to have acquired the reputation of being esoteric, exclusive, and very abstract, with
adherents who are secretly plotting to take over all the rest of mathematics. In one
respect this last point is accurate.” He then proceeds to give a friendly introduction
to the moduli spaces of curves, emphasizing both algebraic, Teichmüller-theoretic
and function-theoretic viewpoints.

But this was written almost 40 years ago! Probably the Mumford of 1975 would
be surprised to learn just to what extent modern algebraic geometry in general has
taken a central place in modern mathematics, and how the moduli space of curves
in particular has taken on a role as an intermediary, connecting algebraic geometry
to the rest of mathematics. Let us give some examples of this phenomenon, very
biased towards the interests of the author:

Number theory A large part of the interest in moduli spaces from a number theo-
retic point of view comes from the theory of étale cohomology [Dan96][FK88]:
given a variety (or scheme or DM-stack) X over a field k, these are cohomol-
ogy groups H∗(X ×k k,Q`) which are vector spaces over the `-adic numbers
with an in general extremely nontrivial action of the Galois group Gal(k/k).
Hence one way to produce interesting Galois representations is to find inter-
esting varieties naturally defined over “small” fields, or over Z[1/m] for some
m. A better way than explicitly writing down equations is to write down a
moduli problem which makes sense over this field, and then try to show that
this moduli problem is representable. For instance,Mg,n is representable and
even smooth over Z (see e.g. [ACG11]), which imposes strong restrictions on
what kind of Galois representations can occur in its cohomology. And indeed,
it turns out that a plethora of interesting Galois representations can be found
in the cohomology of moduli spaces.
The first nontrivial example (and it is highly nontrivial) comes from curves of
genus 1: in the cohomology ofM1,n one finds the Galois representations that
are associated to modular forms for SL(2,Z), that is, the traces of Frobenius
on one side give traces of Hecke operators on the other side. This allows a
flow of information in both directions, the prototype of which is Deligne’s
proof [Del69] that the Weil conjectures imply the Ramanujan conjecture.
More generally, one can consider moduli spaces of curves with level struc-
tures, or abelian varieties, or more general Shimura varieties. One finds
modular forms for congruence subgroups, Siegel modular forms (in general
vector-valued) and e.g. Hilbert modular forms, respectively. But the Galois
representations in the cohomology of the moduli spaces of higher genus curves
are still a mystery, although it is known that already in genus three there are
representations which are not associated to Siegel modular forms4 [Fab11].

4This should be explained by the fact that for g = 1 the Torelli map is an isomorphism and
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It is plausible that these are associated to the Teichmüller modular forms of
Ichikawa [Ich94]. Nearly all information about these Galois representations
for g ≥ 3 comes from point-counting techniques, cf. [BFvdG08][BFvdG11].

Geometric group theory The fundamental group ofMg,n(C) (thought of as a
topological stack or orbifold) is the very importantmapping class group Γg,n of
a surface of genus g with n punctures, whose study dates back to the early 20th
century. This identification is most easily seen via Teichmüller theory. The
mapping class group acts properly discontinuously on the Teichmüller space
Tg,n, which in turn is homeomorphic to the unit ball in C3g−3+n, by a theorem
of Fricke, and in particular contractible. The (stack) quotient Γg,n \ Tg,n is
isomorphic to Mg,n, so Teichmüller space is the universal cover of moduli
space, and the mapping class group is its fundamental group. Moreover, since
the universal cover is contractible, this shows that Mg,n is a K(Γg,n, 1). In
particular, any statement about the homotopy type ofMg,n is equivalent to
a group-theoretic statement about the mapping class group. See e.g. [FM11]
as well as [Pap07], [Pap09] for an introduction to this viewpoint on moduli
spaces.

Homotopy theory One remarkable result from the mapping class group perspec-
tive on moduli space is the Harer stability theorem [Har85], which states that
the homology of the moduli space of curves satisfies so-called homological sta-
bility: for each fixed i, there are isomorphisms Hi(Mg,Q) ∼= Hi(Mg+1,Q)
when g is large enough. For the best known stability bounds, see [Bol09].
All known proofs are highly non-algebraic and rely on constructing highly
connected complexes on which the mapping class groups can act. Stability
phenomena are ubiquitous in algebraic topology, for instance in the homo-
topy groups of spheres [Fre38] and the cohomology of configuration spaces
[McD75]. See [Coh09].
Harer’s theorem says that the homology of moduli space converges to some-
thing, but not explicitly what it converges to. David Mumford suggested in
[Mum83] that the stable cohomology is an infinite polynomial ring in the
so-called kappa classes. The fact that the latter injects into the former was
proven independently in [Mil86] and [Mor87], that is, in the stable range there
are no relations among kappa-classes. Surjectivity would say that the only
characteristic classes one can attach to an arbitrary surface bundle (regard-
less of genus) are built out of the kappa classes, and any other characteristic
classes are low-genus “accidents”. This turned out to be harder to prove.
The latter problem was solved in [MW07] in a spectacular way, by show-
ing that the colimit M∞ (or rather M∞,1) is weakly homotopy equivalent
to Ω∞0 MTSO(2), a connected component of the space classifying cobordism
classes of “formal surface bundles”. Homotopy theorists have known how to

for g = 2 an open embedding, which is not true (on the level of stacks) when g ≥ 3.
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compute the homology of spaces of this kind for a long time, and the Mumford
conjecture followed. Homological stability for n-pointed curves follows then
from the results of [Loo96]. Other applications of homotopy theory to the
stable homology of moduli spaces have followed, e.g. [CM09] for homological
stability in the Gromov-Witten theory of simply connected target manifolds.

Mathematical physics The appearance of moduli of curves in mathematical
physics is primarily due to string theory: more specifically, a string mov-
ing through time will of course trace out a surface (a world-sheet). Then
computing a path integral should be the same thing as integrating over a
space of all possible surfaces embedded in space-time (satisfying certain con-
ditions), which in general will be infinite-dimensional or not even rigorously
shown to exist. For physical reasons, the surface is required to carry a con-
formal structure, and if one posits as a toy model that the integrand should
only depend on the conformal structure on the surface, and if one replaces the
boundary strings with marked points, then one is integrating over the finite-
dimensional moduli space of curves! More generally, one finds in this set-up
integrals over moduli spaces of stable maps, i.e. curves with a holomorphic
map to a background space, computing Gromov–Witten invariants.

Often, the physical intuition and the framework of mirror symmetry [CK99]
will produce precise conjectures for such integrals and in particular for enu-
merative problems, perhaps most famously in [CdlOGP91]. Funnily enough,
the entirely non-rigorous predictions of Candelas et al. turned out to conflict
with the entirely rigorous results of Ellingsrud and Strømme [ES95] for com-
puting the same invariants; after a brief period of confusion, Ellingsrud and
Strømme discovered a bug in their MAPLE code. The predictions of Candelas
were later justified by Givental’s proof [Giv96] of the mirror conjecture.

The consequence is that string theory has taken on an important role in alge-
braic geometry as a black box which produces conjectures. Let us just men-
tion also the Witten conjecture [Wit91] with its proof by Kontsevich [Kon92],
firmly establishing matrix model techniques from quantum field theory as a
tool in algebraic geometry (but see also [HZ86]).

The mental picture of markings on curves as particles also has more concrete
consequences related to the operadic picture of the spaces Mg,n: it reveals
an analogy between stable graphs, describing how marked points on curves
can be joined to each other, and Feynman diagrams, describing particles
interacting. Interestingly enough, the very same stability conditions that
appeared in algebraic geometry also appear in the context of Feynman graphs
but for entirely different, physical, reasons. In any case, techniques from
quantum field theory for formal manipulations of sums over graphs can be
made to work also in the context of moduli of curves. In particular, the
Getzler–Kapranov formula (which plays a large role in Paper B and Paper
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C in this thesis) is a symmetric function-analogue of a formula known in
quantum field theory since much earlier. See the first chapters of [Cos11].
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Summary of results

Paper A
The main theorem of the first paper is the following. Suppose we consider the mod-
uli space of connected admissible (Z/mZ)2-covers of n-pointed curves of genus 1,
which are moreover unramified at each marked point. This space is equipped with a
Sn-action, and we can decompose its cohomology into irreducible Sn-representations.
Then the alternating part of the cohomology of this space coincides exactly with
the cohomology associated to cusp forms for Γ(m) of weight n+ 1.

The word “cohomology” in the preceding paragraph is intentionally vague—
it should be taken to mean that the alternating part of the `-adic cohomology
is exactly the `-adic Galois representation associated to such cusp forms, that the
alternating part of the corresponding Hodge structure is exactly the Hodge structure
associated to cusp forms, and so on for crystalline and other realizations.

In fact, the paper shows that this moduli space, equipped with the projector
associated to the alternating representation of Sn, defines a Chow motive associated
to such cusp forms. This gives an alternative to Scholl’s construction [Sch90] of such
Chow motives.

One reason to be interested in this kind of result is that it answers a question
of Manin. Namely, Scholl used Kuga–Sato varieties to construct his Chow motives,
and Manin pointed out in [Man05][Man06] that it would in general be technically
more convenient to use some kind of moduli space of pointed curves with some level
structure instead of these Kuga–Sato varieties, as these objects are more familiar
and have more structure. This is essentially what we accomplish, using admissible
covers as the appropriate analogue of a level structure on a singular curve. The
idea that an admissible cover is like a level structure on a nodal curve is present
already in [ACV03].

When m = 1, this recovers a theorem of Consani and Faber [CF06].

Paper B
The second paper gives a combinatorial proof of the main theorem of [Get98], which
we now explain.

A modular operad has an underlying sequence of Sn-representations, which in

15
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turn can be encoded in terms of symmetric functions. The forgetful functor from
modular operads to sequences of Sn-representations has a left adjoint, which sends
such a sequence to the free modular operad it generates. This free modular operad
functor is interesting because many modular operads appearing in nature are free.
For instance, the operad {χSn

c (Mg,n} (compactly supported Euler characteristic in
the ring of virtual Sn-representations) is free, generated by {χSn

c (Mg,n}.
The Getzler-Kapranov formula, proven in [GK98], describes the effect of the free

modular operad functor on the level of symmetric functions. In low genus, one can
give much more explicit formulas: in genus zero, the free modular operad is given
by the Legendre transform [Get95], and in genus one (the “semiclassical regime”)
an explicit formula is given in [Get98]. Getzler’s proof is rather computational, and
he suggests that there might exist a more direct combinatorial proof. In this note
we give such a combinatorial proof using wreath product symmetric functions.

In the course of the proof we also demonstrate a formula which is used at a
crucial point in Paper A.

Paper C
The third paper aims to describe in what sense the moduli spaces of admissible
G-covers are modular operads. These spaces form a modular operad in a subtler
sense than the spacesMg,n. For instance, the admissibility condition implies that
one can not glue any two points together: one needs to assume a compatibility
condition between the monodromies around the two marked points that are glued.
Moreover, in order to glue together markings on the base curve C, one needs to
make a choice of lifting of the marking to a point on P .

This extra structure is summarized by stating that these spaces form a colored
modular operad, where the colors are a groupoid (namely the action groupoid of G
acting on itself by conjugation).

We being by carefully defining what it means for a modular operad, or a more
general operad-like structure, to be colored by a groupoid. This clarifies the notion
of a G-equivariant CohFT, introduced by [JKK05]. We hint at possible applications
to the Gromov-Witten theory of global quotient orbifolds.

The main theorem of Paper C is an extension of the Getzler-Kapranov formula
to this setting. To formulate the theorem, one needs to extend the notion of wreath
product symmetric functions to groupoids, rather than groups. Most of the work
lies in defining a Laplacian on the ring of such wreath product symmetric function.
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