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Sammantfattning

En parallellkinematisk haptisk enhet för medicinsk simulering i sex frihetsgrader är 

utvecklad på Mekatronikavdelningen vid Institutionen för Maskinkonstruktion, KTH. 

Parallellkinematiska strukturer har  många  fördelar,  förutsatt  att  den  valda 

kinematiska  arkitekturen  är  lämplig  och  rätt  dimensionerad  för  den  aktuella 

applikationen. Av denna anledning  och eftersom strukturen ofta är förhållandevis 

komplex,  är  designoptimering ofta  nödvändigt. Optimeringsproblem vi  då  måste 

lösa är multi-objektiva och icke-konvexa.

I den första delen av detta  examensarbete löser vi problemet med  hjälp av  tre 

stokastiska  multi-objektiva metoder, NSGA-II, SPEA-2 och MOPSO. De resultat vi 

får från dessa tre metoder är likartade. En känslighetsanalys presenteras för att visa 

hur känslig målfunktionen är för variationer i de optimerade designparametrarna.

I den andra delen av arbetet införs Konvex optimering, vilket är ett kraftfullt verktyg 

för att lösa svåra multi-objektiva problem. Syftet med denna del är att omvandla 

det  ursprungliga  icke-konvexa problemet till en konvex form, dvs att konvexifiera 

det. Metoder för konvexifiering föreslås och svårigheten att eventuellt lyckas i detta 

arbete analyseras.
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Abstract

A six degree-of-freedom parallel haptic device for medical simulation is developed at 

the Mechatronics Lab, Department of Machine Design, KTH. Parallel devices have 

many  advantages,  given  that  the  particular  kinematic  structure  is  selected  and 

designed carefully for the application at hand. For this reason and considering the 

complexity  of  the structure itself,  design  optimization  of  the  selected system is 

typically required.   The corresponding optimization problem we have to solve is 

multi-objective and non-convex. 

In the first part of this thesis project, we solve the optimization problem with three 

stochastic multi-objective approaches; NSGA-II, SPEA-2, and MOPSO. The results 

we obtain from these methods are similar. Also, a sensitivity analysis is presented, 

showing  how  the  objective  function  of  our  problem  changes  according  to  the 

alteration of the structural design parameters around the optimal solution.

In the second part, Convex Optimization is introduced as being a powerful tool for 

solving difficult multi-objective problems. The aim of this part is to convert the non-

convex problem to a convex form, i.e. to convexify it. Methods for convexification 

are suggested and analysis of the difficulty to be successful in this effort is given.
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 1. Introduction

   
This research work focuses on the design optimization of haptic devices based on 

parallel  mechanism  using  different  multi-objective  optimization  approaches.  The 

work  is  motivated  by  the  use  of  haptics  in  medical  simulation,  particularly 

simulation of surgical procedures in hard tissue such as bone structures. Application 

of haptic devices in such scenario imposes some important requirements on their 

design such as stiffness,  motions,  suitable workspace and device footprint.  This 

chapter provides an introduction to this field and prompts the present work. 

      1.1 Background

Haptic  means having the sense of  touch.  In  particular,  it  is  the perception and 

manipulation  of  objects  using  the  senses  of  touch  and  proprioception.  A  haptic 

device is a mechanical device which provides an interface between the human user 

and the computer. It reflects forces and torques to the user, giving him details about 

the environment he interacts with.   

Applications of haptic technology cover a wide spectrum of fields, such as medicine, 

robotics, visual art, virtual reality, and gaming. The work presented in this project is 

related to the use of haptics in medicine.  Specifically,  in achieving manipulation 

capabilities and force/torque feedback in six degrees of freedom (6-DOF) during 

simulation of surgical procedures in hard tissue such as bone structure [1].

Many 6-DOF haptic devices have been developed. Some examples are PHANTOM 

[2],  HAPTION Virtouse 6D35-45, and Freedom 6S [3]. These interfaces have serial 

structures which provide large workspaces  and allow decoupled translations and 

rotations.  However,  they have insufficient stiffness and force/torque capacity.  To 

overcome these difficulties, researchers have proposed parallel haptic devices [4][5]

[6][7].  Parallel  robots  have  the  end-effector  connected  to  the  base  by  several 

kinematic chains in parallel. Generally, they offer higher rigidity, low inertia, high 

stiffness,  superior  precision,  high  speeds  and  accelerations.  Nevertheless,  the 

relatively small workspace with many singularities and the not so straightforward 
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dynamic modeling diminish some of the mentioned advantages. 

The robotic device we use in this project has parallel kinematic chains and is a 

modified JP Merlet structure (figure 1.1)  [8].  It was selected due to its relatively 

large workspace, low inertia and its ability to provide enough stiffness. Low moving 

inertia is crucial so that the user does not feel the dynamics of the structure but of 

the manipulated objects. It consists of a fixed base, a moving platform and six legs 

connecting  the  platform to  the  base.  Each  leg  is  composed of  an  active  linear 

actuator fixed to the base, a spherical joint, a constant length proximal link, and a 

universal joint. 

As  the  performance  of  parallel  haptic  devices  is  highly  dependent  on  the 

dimensions,  thus  the  dimension  analysis  or  design  optimization  becomes  an 

important step in their design to achieve the desired performance.    

                            

      1.2 Optimization Theory

Optimization is integral part of nature from the evolution of the species until the 

everyday decisions of humans. Finding the best option among other possible ones, 

the optimum, is the challenge  of optimization. 

Optimization theory encompasses the quantitative study of the maxima and minima 

values of a function and methods for finding them. These kind of problems are 

found in many disciplines such as mathematics, economics, engineering, physics, 

and  social  sciences.  Typical  areas  of  application  are  design,  modeling,  and 
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characterization of devices, estimation theory, forecasting, accounting, curve fitting. 

The hurdle in  these problems is  to  simultaneously  optimize different  objectives, 

taking into account different criteria and constraints.  Multi-objective optimization 

(MOO)  provides  the  resolution  when  there  are  multiple  valued  measures  of 

goodness. Simplification of this model is single-objective optimization (SOO) which 

consists of a single valued measure. In this project most emphasis will be given on 

MOO.

The interest for this field manifested in the mid of the previous century, but it was 

not  until  the recent  years that  notable progress was achieved. The continuous 

improvements in the speed and efficiency of digital computers allowed for solving 

previously insoluble problems. 

Several  general  approaches  are  available;  analytical,  graphical,  experimental, 

numerical. However, the latter one can be used to explain conundrums which the 

other  methods fail  to  do.  Consequently,  numerical  methods have  outdone   the 

alternatives,  constituting  the  discipline  of  mathematical  programming  [9].  The 

major  branches of  mathematical  programming  are:  linear  programming,  integer 

programming,  quadratic  programming,  nonlinear  programming,  and  dynamic 

programming [10][11][12][13][14].

      1.3 Goals of this project

This project is part of the research conducted in the Haptic Group at the 

Mechatronics Lab in KTH for developing a haptic milling surgery simulator based on 

realistic 6-DOF haptic feedback. The aim of this thesis is to solve the non-convex 

multi-objective design optimization problem for this parallel haptic device and 

investigate whether it can be transformed in a convex form in order to use convex 

optimization.

 

      1.4 Research Approach

In order to achieve the research goals, we first formulate the design optimization 
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problem  we  have  to  solve  and  we  give  a  review  of  the  different  optimization 

techniques  that  we  can  apply.  The  results  of  the  methods  implemented  are 

described and their performance is compared. In the last part we focus on convex 

optimization and we introduce the basic principles. Moreover, the methods we have 

used for convexifying our optimization problem are presented. 

      1.5 Outline

This report is organized as follows. 

Chapter 1 - Introduction: In the first chapter the problem is introduced and the 

objective of the thesis is described.

Chapter  2  -  Multi-objective  Optimization:  The  second  chapter  gives  a  detailed 

description of the multi-objective problem we have. Moreover, a literature review of 

optimization techniques is presented.

Chapter  3  -  Applied  Optimization  Approaches  for  a  6DOF Haptic  Device:  Three 

different methods (NSGA-II, SPEA-2, MOPSO) are explained and implemented. The 

experimental results are shown and the algorithms are compared.

Chapter 4 - Convex Optimization: This chapter  gives the basic principles of convex 

optimization. Three methods for transforming the problem to a convex form are 

given and the reasons that describe the difficulty of this are explained.

Chapter  5  -  Conclusion:  A  summary  of  this  thesis  as  well  as  problems  and 

suggestions.

Chapter 6 – Appendix: Some figures not included in the basic text are included in 

this chapter.
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2. Multi-Objective Optimization

This chapter fathoms the multi-objective optimization problem. Section 2.1 explains 

the mathematical problem of MOO. Further, in Section 2.2 a detailed description of 

the MOO problem of the haptic device in the project is given and the steps used for 

this MOO problem are displayed. Performance indices are also explained. In Section 

2.3 a literature review of the approaches used for the optimization of haptic devices 

are presented. 

      2.1 Mathematical Statement of the MOO problem

The general multi-objective optimization problem is posed as follows:

                   minx F (x)=[F 1( x) , F 2(x) ,... , F k (x)]
T

subject to

                   g j(x)≤0, j=1,2,. .. , m ,

                   hl (x)=0, l=1,2,. .. , e

                   xlower≤x≤xupper

where  k is  the  number  of  objective  functions,  m is  the  number  of  inequality 

constraints,  and  e is  the  number  of  equality  constraints.  x is  a  vector  of 

decision/optimization variables, between a lower and upper bound.  In words, we 

can define it as the problem of optimizing two or more objectives subject to certain 

inequality and equality constraints. Thus, the solution may be a possible infinite set 

of Pareto points.

Pareto Optimality

A point x*є X is Pareto optimal if and only if there does not exist another point x є X , 

such that F(x)≤F(x*), and Fi(x)<Fi(x*) for at least one function [15]. All Pareto optimal 

points  lie  on  the  boundary  of  the  feasible  criterion  space  [16][17].  If  a  MOO 

problem is well formed, when attempting to optimize the objective further, other 

objectives will deteriorate. The solution is composed of Pareto points. 
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This set of Pareto points is called the Pareto optimal set and it consists only of non-

dominated solutions. We say that a vector u dominates a vector v, when u is partially 

less  than  v.  The  graphic  representation  of  the  objective  functions  whose  non-

dominated vectors are in the Pareto Optimal set is the Pareto front.

      2.2 Optimal Design Problem of a 6-DOF Parallel Haptic Device

         2.2.1 Specifications and requirements

For  the  structural  design  optimization,  six  design  parameters  were  considered 

(figure 2.1): 

1) motion range of actuator li,

2) length of proximal link Ci, 

3) radius of base Rb, 

4) radius of platform Rp, 

5) angle between the pair of joints in the base 2β 

6) angle between the pair of joints in the platform 2α. 

The platform and the base are circular and the  pairs of attachment points  are 

separated  by  120  degrees.  The  respective  pairs  of  attachment  points  on  the 

platform are rotated 60 degrees clockwise from them.   
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         2.2.2 Kinematic structure of the selected mechanism

The  kinematic  model  of  the  mechanism  is  generated  in  order  to  define  the 

performance indices for the optimization. By using the kinematic diagram in figure 

2.2 we can derive the  inverse  kinematics  with  the help of  a  closed-loop vector 

equation:

                             b̄i
B + l̄iz

L +c i= dB + R p
B p̄ i

P , i=1..6

where 

bi: the base joint coordinates of leg i in the base frame

pi: the platform joint coordinates of leg i in the platform local frame

d: the position vector in the base frame 

Rp: a rotation matrix, representing roll-pitch-yaw rotations in terms of Euler angles. 

ci: the known fixed length of the proximal link

liz: each actuator length (Lmin<liz<Lmax)

Solving this equation gives:

l̄iz= p̄iz−b̄iz−√ci
2−( p̄ix−b̄ix)

2−( p̄iy−b̄iy)
2 , i=1,. .. , 6

which determines the motion corresponding to achieve a desired pose 

X = [x, y, z, θz, θy, θx] of the platform. 

However, a closed-loop analytical solution is unavailable for the forward kinematics, 

so as to estimate the pose. For this reason, the iterative method based on Newton's 
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Raphson one is used to achieve rapid convergence.

X (n+1)=X n+[ J (X )](6x6)
(−1) δl ,  

J (X )=∂ f i( X )/∂ X j=∂ li(X )/∂( X ) i, j=1,..,6

where J is the (6 x 6) Jacobian matrix of fi(X)=li  (X) in respect to all six dependent 

variables.  As  such,  it  consists  of  different  units  for  translational  and  rotational 

velocities. In order to surmount this difficulty, the Jacobian must be normalized. By 

defining  d as  the  average  of  the  perpendicular  distances  (x,  y,  z)  of  the  linear 

actuators to the centroid of the platform, the normalized Jacobian is:

[ J ]norm=[
[ I ]3x3 0

0 [d ]3x3diag

][J ]

         2.2.3 Performance Indices 

As we have already cited, parallel devices are highly sensitive to their geometry and 

dimensions, hence design optimization is a central part of the design process. Many 

different performance measures can be found in literature[18][19][20][21][22][23]

[24][25]. However, in this project we will see three basic performance indices: 

➢ Workspace volume index (VI): Workspace also known as work volume, work 

envelope or reachable space, is a volume of space which the end effector of 

the  manipulator  can  reach.  It  is  described  in  terms  of  dexterity  and 

accessibility. A dexterous workspace allows complete manipulative capability, 

because  the  robot  can  have  all  orientations.   On  the  other  hand,  an 

accessible workspace limits the manipulator's operational capacity, because 

the  robot  can  be  placed  in  restricted  orientations.  The  device  should  be 

designed  in  a  way  to  avoid  singularities.  A  configuration  singularity  is  a 

location in the workspace where the joints no longer move independently. 

The range of the Cartesian space used is ±75 mm along all three axes. The 

volume of the workspace can be calculated as:

 VI=∫v
dv

where dv is the volume of a grid element in an evenly spaced grid and it 

should be maximized.
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➢ Global  Isotropy  index  (GII):  The  kinematic  isotropy  index  shows  how 

uniformly the device moves in all orientations in the workspace.  The global 

isotropy index  is used to represent the average of the device isotropy index 

over the whole workspace:

GII=
∫v

σmin(J , w)
σmax(J , w)

dv

∫v
dv

where σmin and σmax  are the minimum and maximum singular values of the  

normalized  Jacobian  matrix  Jnorm and  w is  the  pose  of  the  tool  center  

point in workspace. The singular values can be calculated by singular value 

decomposition of the Jacobian matrix. This index should be maximized to 

avoid operation close to singular points when it becomes zero (1 >  II >  

0.005). 

➢  Global  Force  requirement  index  (GFI):  It  is  defined  as  the  maximum 

magnitude of an actuator force. The global force requirement (GFI) is used to 

represent  the  average  of  the  force  requirement  index  over  the  whole 

workspace:

 GFI=
∫v

σmax(J ,w )dv

∫v
dv

This index should be minimized because it determines the capacity of the 

actuators.

2.2.4 Design Optimization

To find an optimal solution for the parallel kinematic structure we have, we must 

handle a multimodal constrained nonlinear and non-convex optimization problem. 

By this, we mean an optimization problem with multiple objective functions, which 

are  subject  to  nonlinear  and  non-convex  constraints.  Hence,  the  gradients  and 

Hessians algorithms that generally converge to a local minimum are not appropriate 

for this problem. Two methods used for parallel structures [26][27] are not suitable 

for this device. On the other hand, in  [28][29][30][31][32][33][34] evolutionary 

approaches are used for parallel kinematic machines and parallel haptic devices. 
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In  order  to  resolve  this  MO problem,  we  must  find  the  multi-criteria  objective 

function which will give us the global optimum solution. The objective function is a 

combination of performance indices. The selected indices are normalized such that 

they all contribute equally in the optimization process. In this normalization, each 

index is divided by a numerical value, calculated from the mid values of the given 

design  parameters  space.  Finally,  the  multi-criteria  design  objective  function  is 

defined as:

    GDI=[VI /VI m , GII /GII m ,GFI /GFI m]

The optimization problem can now be formulated as:

                     maximize GDI

        subject to Jnorm(X)>0, X ∈v

      Limin≤Li≤Limax

        D pmin≤D p≤D pmax

where  li is  the  stroke  of  the  actuator  (described  in  2.2.2)  and Dp the  design 

parameters  given in table 2.1.

Table 2.1 Design Parameters Constraints

Design Parameters (Dp) Minimum Maximum
l [mm] 120 150
C [mm] 120 150
Rb [mm] 100 125
Rp [mm] 40 60
α [degrees] 10 30
β [degrees] 10 30

      2.3 Multi-Objective Optimization approaches

Literature enumerates more than 25 MOO algorithms.  They are mainly divided into 

classical gradient based approaches and stochastic methods. The former group is 

fast and accurate, but it lacks robustness. The second group is very robust but it 

requires several steps to converge. 
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Stochastic optimization methods include: 

➢ Simulated Annealing (SA)[35] and Adaptive Simulated Annealing (ASA)[36],

➢ Swarm algorithms: 

◦ Particle Swarm Optimization (PSO)[37][38][39][40], 

◦ Firefly Algorithm[41]

➢ Random Search[42]

➢ Evolutionary Algorithms (EA) [43]: 

◦ Multi-Objective  Genetic  Algorithm  (MOGA)[44][45][46][47] and  Multi-

Objective Genetic Algorithm-II (MOGA-II)[48]

◦ Non-Dominated  Sorting  Genetic  Algorithm  (NSGA)[49][50] and  Non-

Dominated Sorting Genetic Algorithm-II (NSGA-II)[51], 

◦ Strength Pareto Evolutionary Approach (SPEA)[52] and Strength Pareto 

Evolutionary Approach-2 (SPEA-2)[53], 

◦ Schaffer's Vector Evaluated Genetic Algorithm (VEGA), [54]

◦ Niched Pareto Genetic Algorithm (NPGA)[55][50] 

◦ Differential Evolution (DE)[56][57][58]

◦ ε-Constraint[59][60]

◦ Pareto-Archived Evolution Strategy (PAES)[61]

◦ Pareto Envelope-based Selection (PESA)[62] and Pareto Envelope-based 

Selection-II (PESA-II)[63]

Traditional optimization methods consist of:

➢ Normal Boundary Intersection (NBI)[64][65][48]

➢ Normal Constraint (NC)[66][67]

➢ Successive Pareto Optimization (SPO)[68]

➢ Directed Search Domain (DSD)[69]

Although  there  is  much  literature  on  optimization,  there  are  not  many  papers 

comparing  the  approaches.  According  to  [70][71][72][73][74][75] and  the 

aforementioned  papers  describing  each  method  we  can conclude  that  the  most 
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effective ones are: NSGA-II, SPEA-2, PSO, ASA, MOGA, NPGA, PESA-II, and DE.

In this project we will apply the Non-domination based Genetic Algorithm (NSGA-

II), the Strength Pareto Evolutionary Approach 2 (SPEA-2), and the Multi Objective 

Particle Swarm Optimization (MOPSO). These methods, are well approved and also 

they are appropriate for the problem in hand.
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  3. Applied Optimization Approaches for a 6-DOF 
Parallel Haptic Device

In this chapter selected MOO approaches will be implemented in our problem and 

the results will be shown and discussed.

      3.1 NSGA-II

NSGA-II  is  a  non-domination  based  genetic  algorithm  which  overcomes  the 

drawbacks of NSGA such as lack of elitism and the need to a priori choose the 

optimal parameter sharing value (which sets the extent of sharing desired in the 

problem). First, we should see what we mean by non-domination and the reason 

that elitism is an important requirement of an evolutionary algorithm. 

An individual dominates another if at least one of its objective functions is better 

than the other's  and the rest  of  the objective functions are  no worse than the 

other's.  Elitism  refers  to  the  use  of  an  external  population  to  retain  the  non-

dominated  individuals  along  the  evolutionary  process.  The  elitism  operator 

combines the old with the new population and reserves better solutions from the 

combination. This guarantees that an algorithm has a monotonically non-degrading 

performance. However, NSGA-II does not use an external memory but combines the 

best parents with the best offspring obtained.

In NSGA-II for each solution the number of solutions which dominate it and the set 

of  solutions  it  dominates  have  to  be  determined.  The  first  front  is  made  of  a 

completely non-dominant set, the second front is dominated only by the individuals 

in the first front and the fronts go on. In this way, the individuals are assigned 

fitness  values  depending  on  the  front  in  which  they  belong.  As  a  diversity 

mechanism, the crowding distance is  used. This  variable calculates the distance 

between the individual and its neighbors. Large average crowding distance results in 

better diversity in the population. During the selection of parents and offspring both 

the non-domination rank and the crowding distance are considered. The steps of the 

algorithm are (figure 3.1):

I. Population Initialization based on the problem.

II. Non-Dominated  sort:  The  initialized  population  is  sorted  based  on  non-
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domination.

III.Crowding Distance: Once the non-dominated sort is complete the crowding 

distance is assigned on all individuals in the population. Crowding distance is 

assigned front wise. The main notion of this variable, is finding the euclidean 

distance between each individual in a front based on their m objectives in the 

m dimensional hyper space. 

IV. Selection: Once the individuals are sorted according to non-domination and 

with crowding distance designated, a crowded-comparison-operator is used 

to carry  out the selection.  The individuals  are selected by using a binary 

tournament  selection  (it  runs  a  tournament  between  two  individuals  and 

selects the winner).

V. Genetic Operators:  For crossover and mutation, simulation binary crossover 

operator  [76][77] and polynomial  mutation[76][78] are used respectively. 

Crossover is analogous to biological reproduction and mutation is analogous 

to  biological  mutation  during  which,  random  changes  happen  to  the 

chromosome to maintain diversity.

VI. Recombination  and  Selection:  In  this  step  elitism  as  described  before  is 

applied to set the individuals of the next generation.  The new generation is 

filled by each front subsequently until the population size exceeds the current 

one. This process is repeated to generate the subsequent generations. 
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                     1st front               Crowding Distance             Selection Crossover Mutation

            Sorting                 
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  PARENTS

  OFFSPRING

                             kth front                              

                                                                       Not Converged

             

Converged

    END

       Fig. 3.1: Flowchart of the NSGA-II algorithm

      3.2 SPEA-2

SPEA  was  one  of  the  first  elitist  methods  presented  that  outperformed several 

existing evolution approaches.  Nonetheless,  new genetic algorithms, for instance 

NSGA-II,  have  been  proven  to  work  better  than  SPEA.  This  resulted  in  the 

modification of SPEA to a new version, SPEA-2 which eliminates the weaknesses of 

its predecessor. It uses an improved fitness assignment scheme taking into account 

1) the number of individuals it dominates and it is dominated by, and 2) the density 

applying  a  nearest  neighbor  estimation  technique.  Also,  it  has  a  new  archive 

truncation method which preserves the boundary solutions. The overall algorithm is 

as follows (figure 3.2):

I. Initialization: Generation of an initial population and creation of the empty 

archive (external set).

II. Fitness  assignment: For each individual  both  dominating and dominated 
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solutions  are  taken  into  account.  Each  individual  in  the  archive  and  the 

population is assigned a strength value, representing the number of solutions 

it  dominates.  The raw fitness  is  now the sum of  strength values  in  both 

archive and population. The density is estimated by the inverse of the k-th 

nearest neighbor [79].

III.Environmental  selection:  The  first  step  is  to  copy  all  non-dominated 

individuals (with fitness lower than one) from archive and population to the 

archive of the next generation. If the non-dominated front fits exactly into 

the archive this selection step is completed. If the archive is too small then it 

must be filled with dominated individuals. On the opposite case that it is too 

big, it must be reduced by the truncation operator.

IV. Termination:  If  the  maximum  number  of  generations  is  exceeded  or  a 

stopping criterion is satisfied then the non-dominated set should be put to 

the set of decision vectors represented by the non-dominated individuals and 

it should stop.

V. Mating  selection:  Perform  binary  tournament  selection  (two  individuals 

directly compete for selection) and fill the mating pool.  

VI. Variation: Application of recombination and mutation operators to the mating 

pool. Go to step 2.                   

               

                                            Random Population Initialization 

    & Creation of External Archive set

   Each individual is assigned 

    strength value, density estimation

                                     Application of environmental 

    selection to fill the external set

                 Stopping Criteria satisfied

                    Not satisfied END

                                             Selection, Crossover, Mutation

    to fill the mating pool

            Fig. 3.2: Flowchart of the SPEA2 algorithm   
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     3.3 MOPSO

PSO is a heuristic method which is inspired by the choreography of a bird flock [80]. 

It  seems  suitable  for  multi-objective  optimization,  due  to  its  high  speed  of 

convergence for single-objective optimization, and is reported to work well when 

compared to other evolutionary approaches  [81]. The most interesting aspect of 

PSO is that the individuals can benefit from their past experiences, which is not the 

case in other genetic algorithms. 

Multi-objective PSO (MOPSO) [81] extends PSO by creating an external repository. 

This is  a historical record of best solutions found by a particle (i.e. an individual) to 

store  non-dominated solutions  generated in  the  past  (similarly  to  elitism).  It  is 

composed by the archive controller and the grid. The first decides whether a certain 

solution must be added to the archive with respect to the contents of the external 

repository and whether they are dominated or not by them. The latter is used to 

produce  well-distributed  Pareto  fronts  and  it  divides  the  archive  into  regions 

(hypercubes). 

As we mentioned earlier, PSO is known of its high convergence speed. Nevertheless, 

this speed may not be beneficial for MO optimization, because the algorithm may 

converge to a false Pareto front (resembling local optima). This issue is handled by 

developing  a  mutation  operator  that  tries  to  explore  all  the  particles  at  the 

beginning of the search. This operator is also applied to the range of each design 

variable of the problem to be solved.  

For handling the constraints, two individuals are compared and the winner is the 

non-dominated or the feasible one. The main algorithm is (figure 3.3):

I. Initialization of the population and of the speed of each particle

II. Creation of the repository: Store the positions of the particles that represent 

non-dominated vectors.

III.Generation of the grid: Make hypercubes of the search space explored so far 

and  locate  the  particles  using  these  hypercubes  as  a  coordinate  system 

where each particle's coordinates are defined according to the values of its 

objective functions.

IV. Initialization  of  each  particle's  memory  to  be  able  to  travel  through  the 

search space (it is also stored in the repository).

V. While maximum number of cycles has not been reached a) compute the new 
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speed  of  each  particle  (for  each  of  its  dimensions)  b)  compute  the  new 

positions of the particles adding the speed previously calculated c) maintain 

the particles within the search space in case they go beyond their boundaries 

d) evaluation of all of the particles in the population e) update the repository, 

the grid, and the position of the particle.

       Initialize Population, Velocity,
       & Create the Archive

       Generate the Grid(particle's                                     
                                                                                       location)
                                                                                                               Archive

        Initialize particle's memory

       Update Velocity
     
              

   
                        Update Position                                                  

  
  

      

                         Evaluate Particles

    

       Find global best 
     & insert in the archive

                         Update memory

    Fig. 3.3: Flowchart of the MOPSO algorithm
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     3.4 Experiments

Experimental Parameters

Experiments were conducted for the three algorithms previously described (NSGA-

II, SPEA-2, MOPSO) on the problem of the parallel haptic device. 10 simulation runs 

were carried on for each one of them with MATLAB R2009b in Intel Core 2 Duo 

processor with 2,00 GB RAM. In order to make the comparisons fair, we have used 

10.000 objective function evaluations for all three algorithms. Moreover, we have 

used  population  of  100  individuals,  100  generations  and  100  iterations.  These 

values have been also used in many previous studies. Various parameters colligated 

the experiments. The values selected are the ones that our algorithms performed 

well. Table 3.1 shows the parameter settings used for the experiments. 

Table 3.1: Experimental Parameter Setting

Experimental 
Parameters

NSGA-II SPEA-2 MOPSO

Population size 100 individuals 100 individuals 100 particles
Max. No. 
Generations

100 100

Repository size 100 particles
No. Iterations 100
No. Fitness 
evaluation

10000 10000 10000

Crossover 
Probability

0.9 1

Mutation Probability 1/6 1*
Distribution Index 
for mutation

20 15

*Mutation probability of 1/6 was tested also in this algorithm, obtaining the same results but in 
much longer execution time

Pareto Front and Sensitivity Plots

In figures 3.4-3.6 the results of multi-objective design optimization are shown. They 

represent the Pareto front of the three objectives of the problem, which are the 

volume in x-axis, the global inertia index (GII) in y-axis, and the force requirement 

index (GFI) in z-axis (as we described them in Chapter 2) for each method. Figure 

3.7 shows the results  of the three methods together giving as the approximate 
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Pareto front for our problem. By selecting values from the Pareto front we are sure 

that they are the optimal ones. 

 

20 

Fig. 3.4: Pareto Front of the NSGA-II algorithm

Fig 3.5: Pareto front of the SPEA-2 algorithm
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Fig3.6: Pareto Front of the MOPSO algorithm

Figure 3.7 Pareto front for the MOO problem with all methods (red: NSGA-II, blue: SPEA-
2, green: MOPSO)



As it is obvious from figure 3.7, the Pareto fronts of the different algorithms are 

very close to each other giving us similar results. In table 3.2 the results of the 

three algorithms are shown:

Table 3.2: Optimal Design Parameters

Design Parameters NSGA-II SPEA-2 MOPSO
l [mm] 142,9 131,7 140,6
C [mm] 129,3 129,4 132,8
Rb [mm] 101,9 100 100,5
Rp [mm] 56,3 60 60
α [degrees] 10,1 10 10
β [degrees] 13,5 10 10
Workspace Volume 
Index

0,98 0,98 0,98

Global Isotropy 
Index

0,59 0,59 0,59

Global Force Index 0,60 0,59 0,61

The  sensitivity  plots  (fig.  3.8-3.13)  represent  the  relations  of  the  different 

objectives to the various design parameters of the device. It is important to know 

how the performance of the device changes when altering the design parameters. In 

these graphs, the red areas indicate high values while the blue areas low values. 

Figures 3.8 and 3.9 show how the global inertial index and the global force index 

change with different actuator and proximal link dimensions. We can understand 

that by keeping similar and short links we have higher isotropy and lower force 

requirements.  Figures 3.10 and 3.11 show how the two indices are affected by the 

base and platform radii dimensions. From these plots it seems that smaller radii is 

needed. Figures 3.12 and 3.13 represent the relationship between the two indices 

and the joint angles of base and platform. Smaller values for the angles give higher 

inertia and lower force. 

Concluding,  by  keeping  same  dimensions  for  both  actuator  link  length  and 

proximal link length, high radii for base and platform and small angles between 

the base joint attachments and between platform joint attachments we have 

maximum isotropy index and minimum force index. These assumptions are in 

agreement with the values we have in Table 3.2.
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Fig. 3.8: Sensitivity plot of GII to actuator and proximal link dimensions

Fig. 3.9: Sensitivity plot of GFI to actuator and proximal link dimensions
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Fig. 3.10: Sensitivity plot of GII to radius of base and platform dimensions

Fig. 3.11: Sensitivity plot of GFI to radius of base and platform dimensions
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         Fig. 3.12: Sensitivity plot of GII to angle of base connection and platform joints

Fig. 3.13: Sensitivity plot of GFI to angle of base connection and platform joints



Performance Comparison

In multi-objective optimization there are two goals (fig. 3.14): 

➢ convergence to the optimal set 

➢ maintenance  of  diversity  in  solutions  of  the  Pareto-optimal  set 

(spread of solutions to avoid convergence in a single solution)

Many performance metrics have been suggested in order to compare multi-objective 

algorithms. The most known ones are the metric γ or distance metric for estimating 

the convergence and the δ parameter or diversity metric to calculate the diversity of 

the Pareto front. In order to use, however, these metrics the true Pareto-optimal set 

must be known. Since, this is not possible for our problem, we realize that exact 

calculation of these metrics cannot be done. Instead, we can estimate the above 

metrics  by  the  figures  of  the  Pareto  fronts  (fig.  3.4-3.6)  with  the  help  of  the 

approximate Pareto front of the MOO problem(fig. 3.7). 

                                                          F1

                              Diversity metric

  F2

                                             

NSGA-II finds good spread of solutions and has quite good convergence. SPEA-2 

has  very  good  convergence,  but  not  very  good  diversity  as  it  lacks  many 

consecutive points of the Pareto front (it is not rich). MOPSO maintains diversity and 

has good convergence, although in some experiments is worse than the other two 

methods. However, a point that should be highlighted is that SPEA-2 gives results 

with good diversity for lower number of population and generation. 

Further, we will compare the algorithms in terms of running time (Table 3.3) and 

computational  complexity.  Regarding  time  complexity,  NSGA-II  is  the  fastest 
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Figure 3.14: Performance metrics



algorithm for the parameters given in the beginning of the section, while SPEA-2 is 

the slowest. The execution time of all three algorithms increases significantly when 

the number of population and generation rise. The rate of increase is polynomial for 

all of them (fig. 3.15). The way the Pareto fronts change with this change in the 

number of the generation and population is shown in Appendix. As, we have already 

said we have selected the values that the majority of our algorithms perform better 

and for making the comparisons fair we have selected 10.000 fitness evaluations for 

which, we need 100 iterations in MOPSO. This has as a result to make 170.067 

function evaluations, while the others do about 10.000. This makes the algorithm 

slower, while with half the iterations, we can obtain good results more rapidly.

Table 3.3: Running Time of the Algorithms

Running Time NSGA-II SPEA-2 MOPSO
In sec 2316,7326 2691,7699 2556,6982
CPU speed 2,4667E+09 8,0000E+08 2,5000E+09

Regarding computational  complexity,  the algorithms we use depend on methods 

which are of O(N2) order. However, some new studies claim to have succeeded in 

reducing the complexity of all of them in O(NlogM-1N), where M is the number of 

objectives which is much faster that the ones we have used.
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Figure 3.15: Increase of running time when the parameters change



Aggregating the best performances in each metric we have used we make Table 

3.4:

Table 3.4: Aggregated Performance Metrics

Metrics NSGA-II SPEA-2 MOPSO
Convergence √
Diversity √
Running Time √
Computational 
Complexity

O(N2) O(N2) O(N2)

If we try to interpret the table and what we aforementioned, it seems that none of 

the three algorithms is better than the others in all aspects and it depends on the 

needs of the programmer.
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4. Convex Optimization 

This chapter will provide an overview of the basic concepts of convex optimization 

and the reasons that our problem is arduous to be convexified will be analyzed. 

Moreover, potential methods which can be used for making the problem convex are 

suggested.

      4.1 Background on Convex Analysis

Convex optimization is a powerful tool in engineering, mathematics and economics, 

enabling the solution of large problems reliably and efficiently. It is a combination of 

three  disciplines:  optimization  [82],  convex  analysis  [83],  and  numerical 

computation[84].  While  the  theory  of  convex  optimization  has  been  rigorously 

studied for about a century, several recent breakthroughs in mathematical methods 

for  solving convex optimization problems have stimulated new interest  and new 

applications  in  wireless  networks,  circuit  design,  control,  computer  science  and 

other areas of engineering[85][86]. The reasons that convexity is so special are 

many [87], but the most important is that a convex function has no local minima 

that are not global. This implies that it cannot get stuck in sub-optimal solutions and 

the global solution is always found. 

Now  we  will  give  some  basic  concepts  and  operations  of  convex  analysis  and 

optimization[88][85]. We consider an optimization problem in the standard form 

like it is described in Chapter 2:

minimize f o(x)

s.t. f i( x)≤0, i=1,. .. , m

      hi(x)=0, i=1,. .. , p

➢ We  concentrate  on  minimization  problem  by  convention.  Instead,  if  the 

problem is convex, we can solve the maximization problem: 

maximize f o(x)

s.t. f i(x)≤0, i=1,. .. , m

hi(x)=0, i=1,. .. , p

29 



by minimizing the function -f0

➢ A set S  is convex (fig. 4.1) if and only if for all points y, x є S: 

             μy+(1−μ)x∈S (0≤μ≤1)

➢ A function f: ℝ n→ℝ is convex (fig. 4.2) if its domain is a convex set and if 

for all x,y є dom f, and θ with 0≤θ≤1 :

           f (θx+(1−θ ) y)≤θf (x)+(1−θ) f ( y) (Jensen's inequality).

The extension of a convex function f is:

f ={ f (x) , x∈domf
+∞ , x∉domf

➢ A function f: ℝ n→ℝ is concave if -f is convex.

➢ A function f: ℝ n→ℝm is affine if it has the form: 

f (x)=Ax+b

➢ A set S⊆ℝn is affine if any two points in it are connected with line:

ix , y∈S , λ , μ∈R , λ+μ=1⇒ λx+ μy∈S

➢ The epigraph of a function f is: 

epi f={(x , t )∈domf , f (x)≤t }

i.e. the set of points lying on or above the graph of the function f.

➢ First-order condition for convexity:  f is convex if and only if  domf is convex 

and:

f ( y)≥ f (x)+∇ f (x)T ( y−x)
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  Fig. 4.2: Convex and concave function

Fig. 4.1: Convex Set



➢ Second-order condition for convexity: f is convex if and only if domf is convex 

and its Hessian (second derivative) is positive semidefinite for all x є domf: 

∇2 f ( x)≥0

➢ The conjugate function f*: ℝn→ℝ is defined as:

          f*(y)=sup(yTx-f(x)),  x∈domf

and it  is  a convex function even if  f is  not convex. This  property  is  very 

important when we try to transform a non-convex problem to a convex form. 

For this transformation, another crucial concept is this of Lagrange duality, 

which is widely used in such techniques.

➢ For the optimization problem given above, the Lagrangian L :ℝn×ℝm×ℝ p→ℝ

is:

  L(x , λ , v)= f o(x)+
i=1

m

λi f i( x)+
i=1

p

vi h i(x) , 

where  λi , v i are  the  Lagrangian  multipliers.  The  Lagrange  dual  function 

g :ℝm×ℝ p→ℝ is  the  minimum  value  of  the  Lagrangian  over  x  for 

λ∈ℝm , v∈ℝp : 

g (L , v)=inf L( x , λ , v)

The dual function is concave even when the problem is not convex and it 

yields lower bounds on the optimal value of the optimization problem (primal 

problem). The gap between primal optimal value and dual optimal value is 

called optimal duality  gap. When this gap is zero strong duality holds. Strong 

duality does not, in general hold, but when the problem is convex we usually 

have strong duality. When the problem is non-convex we do not know if the 

gap is zero or not. 

➢ A function f :ℝn→ (−∞ ,∞ ] is abstract convex at a point x∈ℝn with respect 

to the set H where h :ℝn→ (−∞ ,∞] , when          

f (x)=sup(h(x )∣h∈H , h≤ f )

➢ The recession cone C∞ of a nonempty set C (polyhedron) is: 

C∞=(d∣λk xk→ d for some { xk }⊂C∧{ λk }⊂ℝwith λk≥0, λk→ 0)

     i.e. the set of all directions at a point along which we can move indefinitely from 

and remain in C.
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➢ The Legendre transformation of a convex function f is the function f* defined 

by: 

f*(p)=sup(px-f(x))

➢ In the following, we use the notion of equivalence. Two problems are called 

equivalent if by solving the one we can solve the other. However, they are not 

the same since the objective function and the constraints are different.

       4.2 Convexification of the non-convex design optimization 

problem

By convexification we mean the transformation of a non-convex problem to convex 

so  as  to  reap  the  great  benefits  of  convexity.  Extensive  research  has  been 

conducted for an efficient way of convexifying functions but due to the diversity and 

difficulty of  its  problem there is  no common general  method for  all  non-convex 

functions. Most of the methods require knowledge of advanced mathematics and 

have many restrictions, which eliminate their use [89][90][91][92][93][94][95][96]

[97][98][99][100][101][102][103][104].

As we have described in chapter 2, our multi-objective optimization problem can be 

expressed as:

 maximize GDI=[VI /VI m ,GII /GII m ,GFI /GFI m]

                subject to Jnorm(x,y,z,θx,θy,θz)>0, X ∈v

           120≤l≤150

                      120≤C≤150

           100≤Rb≤125

                      40≤R p≤60

           10≤α≤30

                      10≤β≤30

                      (C−C /2)≤Li(x , y , z ,θ x ,θ y , θ z)≤(C+C /2)
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where VI=∫v
dv

GII=
∫v

σmin( J , w )
σmax(J , w)

dv

∫v
dv

GFI=
∫v

σmax(J , w)dv

∫v
dv

and VIm, GIIm, GFIm their mid values.

The cost function GDI is founded of the Jacobian matrix and depends on its singular 

values and the volume of the workspace. The Jacobian matrix is a non-linear matrix 

which relies on the six parameters of our problem (rotation and translation of the 

platform).  The  position  of  the  platform  in  the  workspace  is  not  a  continuous 

function, but discrete points. So, the cost function is non-linear and non-convex. By 

plotting the objective functions and the multi-modal cost function (fig. 4.3-4.6), we 

can indeed see their highly non-linear and non-convex behavior.
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Fig. 4.3: Plot of the first objective
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Fig. 4.4: Plot of the second objective

Fig. 4.5: Plot of the third objective



It  is  obvious  from  the  formulation  of  the  problem  that  it  is  constrained.  The 

constraints include the bounds of the design parameters, as well as the bounds of 

the actuator length which changes according to (x,y,z,θx,θy,θz). The design parameters 

are linear constraints, as they are just variables. However, the actuator length is a 

bounded  non-linear  function,  thus  non-convex.  Subsequently,  our  optimization 

problem  is  a  constrained  highly  non-linear  and  non-convex  problem  with  non-

convex constraints. 

As already mentioned, there are several methods for transforming a non-convex 

problem to convex. Nevertheless, most of them are not suitable for the problem at 

hand, because they have many restrictions which limit their applicability and most 

of them need either the objective functions or the constraints to be convex. In this 

project  we describe  three  methods for  our  problem  [105][106][107] which  can 

transform  a  non-convex  problem  with  non-convex  constraints  to  an  equivalent 

convex one.
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      Fig. 4.6: Plot of the multi-objective function



4.2.1  Local  convexification  method  for  non-convex  optimization 

problems

The method described in this section focuses on local saddle point and the local 

convexity  of  the  Lagrangian.  The  Lagrangian  function  is  often  used  for  the 

transformation of a non-convex problem to convex because of its property of being 

concave in any case. 

The local saddle point ( x̃ , λ̃)  of the Lagrangian L(x, λ) is a stationary point of the 

function and satisfies the inequality:  L( x̃ , λ)≤L ( x̃ , λ̃)≤L(x , λ̃)  in  the neighborhood 

of x̃ . Regarding local convexity, in order to apply the local duality theorem at the 

local saddle point, the Hessian matrix  ∇2 L should be positive definite. However, 

neither of these requirements is guaranteed in many non-convex problems. In order 

to  be  able  to  use  these  two  aspects,  the  constrained  non-convex  optimization 

problem will be transformed in an equivalent one.

The non-convex optimization problem is:

min f 0(x)

 s.t. f i(x)≤bi , i=1,. . ,m

      x∈X

where f are twice continuously differentiable functions and X a nonempty subset of 

Rn

Its Lagrangian function is then:

L(x , λ)= f o(x)+
i=1

m

λi( f i(x)−bi) , λi ≥0

In order to obtain the equivalent problem, the objective function and the constraint 

functions  are transformed by a function ψ, which has the following properties:

1) It is twice differentiable

2) It is strictly monotonously increasing function

3) It satisfies: 

d 2ψ 0( y)

dy2

d ψ0( y)
dy

>−N for N>0 and y=f0(x)

36 



4) It satisfies: limp →+∞

d 2ψ i( y)

dy 2

d ψ i( y)
dy

=+∞ for y=fi (x)

Then the equivalent problem is:

minψ0( f 0(x))

 s. t. ψ i( f i(x))≤ψ i(bi) , i=1,. . , m , x∈X

The Lagrangian function of the equivalent problem is:

Lp(x , μ)=ψ0( f o( x))+
i=1

m

μi(ψ i( f i(x))−ψ i(bi))

and the Hessian matrix results:

∇2 Lp(x , μ)=
d 2ψ 0( y)

dy 2 ∇ f 0(x)∇ f 0(x)
T +

                                                           +
d ψ 0( y)

dy
(

d 2ψ i( y)

dy2

d ψ i( y)
dy

λ i∇ f i(x)∇ f i(x)
T+∇ 2 L(x , λ))

If x̃  is feasible to the problem (it is candidate solution), X is locally convex near

x̃ and there is a λ̃  which satisfies 

 [∇ f 0( x̃)+
i=1

m

λ̃i∇ f i( x̃)]
T

limk →∞ λ k (xk− x̃)≥0

         
i=1

m

λ̃ i [ f i( x̃)−bi ]=0

the Hessian matrix of the Lagrangian function of the original problem associated 

with λ̃ is positive definite. Then the Lagrangian function of the equivalent problem 

has a local saddle point ( x̃ , λ̃) .

We assume that the local saddle point satisfies:

      ∇ f o( x̃ )+
i=1

m

λ̃ i∇ f i( x̃)=0


i=1

m

λ̃i [ f i( x̃)−bi ]=0

The Lagrangian dual function for the equivalent problem is

max (min Lp(x , μ))

  s. t. μ≥0

37 



Then it has a local solution: μ̃=

d ψ 0( y )
dy

λ̃i

d ψ i( y)
dy

 

and we have:  Lp( x̃ , μ̃ p)=θ p( μ̃ p)

The solution we obtain with this method, is a local one and not a global. However, 

by iteration methods and auxiliary functions we can move from one local point to 

another and finally find the global optimal.

4.2.2.  Monotonization  and  Convexification  for  non-convex  and  non-

monotonous optimization problems 

This method transforms an unstructured general global optimization problem to an 

equivalent structured problem. 

We consider  the non-convex optimization:

                                                  min f (x)

                      s.t. x∈S=(x∈ X∣
j=1

n

x j≤b) ,

where X=(x∈ℝ n∣l j≤x j≤u j , j=1,. . , n)

f is a twice differentiable non-convex function, which satisfies: 

              f (x)≥ε0,∀ x∈X , ε0 a positive number

∂ f /∂ x j≥ε1,∀ x∈X , ε1a positive number

∂ f /∂ x j≤−ε2,∀ x∈ X , ε 2a positive number

By introducing a slack variable (so as to transform the inequality to equality), we 

get the set S enclosed in S1 into a (n+1) dimensional space:

S1=(x∈ X̃∣
j=1

n+1

x j= ρ) ,

where  X̃=(x∈ℝ n+1∣l j≤x j≤u j , j=1,. . , n+1)

If S 2=(x∈ X̃∣
j=1

n+1

x j≥ ρ) , we consider the following transformation:

38 



min ω f (x)= f (x )exp(q(
j=1

n+1

x j− ρ)) ,

s.t x∈S 2

The function ωf(x) is an increasing monotonization transformation of f(x). The optimal 

solutions  of  the  transformation  always  lie  on  S1.  Now  that  the  problem  is 

monotonized we can apply concavification.

We define a pth power concavification transformation of the function f as:

φ f ( y )=−[ f ( y1/ p)]− p

The function φf(y) is a concave function of y.

The resulting problem is a concave minimization problem for a sufficiently large p:

min F p( y)=−[ω f ( y1/ p)]− p

s.t.G p( y)= y1
1 / p+...+yn+1

1 /p≥ ρ ,

      l j
p≤ y j≤u j

p , j=1,. .. , n+1 .

For  the  monotonization  we  can  also  use  a  decreasing  monotonization 

transformation:

 min ω f (x)= f (x )exp(q( ρ−
j=1

n+1

x j))

s.t x∈S 2

In this case the pth power concave transformation is:

φ f ( y )=[ f ( y1/ p)] p

and the resulting problem is:

min F̃ p( y)=[ω f ( y1/ p)] p

s.t.G p( y)= y1
1 / p+...+yn+1

1 / p≤ ρ

      l j
p≤ y j≤u j

p , j=1,. .. , n+1

The equivalent problem is a special form of D.C. Programming (Difference of Convex 

functions).  For  solving  this  kind  of  problems  the  outer  approximation  idea  is 

used[108].

This technique can be described by the following algorithm:

1. Choose a constant ε

2. Choose a feasible point u0 on the boundary of Gp(y)≥ρ.
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The initial polytope  D0 is :

              D0=( y∈ℝn+1∣l j
p≤ y j≤u j

p , j=1,. .. , n+1)∩( y∈ℝn+1∣go
T ( y−u0)≤0) ,

where g0=(−1 / p)((u1
0)(1− p) /p , ... ,(un

0)(1− p)/ p)T is the subgradient of 

ρ-G p(y) at u0 . 

3. Set k=0

4. Solve the problem min{F p( y )∣y∈Dk } . The optimal solution is uk+1.

5. If ∣G p(u
k+1)− ρ∣≤ε stop. Otherwise, compute the subgradient gk+1 of  ρ-G p(y) at 

uk+1.

Form a new polytope  Dk+1:

            Dk+1=Dk∩( y∈ℝ n+1∣g k+1
T ( y−uk+1)+ρ−G p(u

k+1)≤0)

6. Set k:=k+1 and go to step 4.

With this method the solution we obtain is global and the equivalent problem is 

better structured.

4.2.3. Abstract Convexity for Non-convex Optimization Duality

Convex  analysis  is  based  on  duality  using  Lagrangian  functions.  However,  this 

cannot be applied in non-convex optimization problems. In order to surmount this 

problem,  a  new  concept  has  been  introduced;  this  of  augmented  Lagrangian 

function.  A  function  σ :ℝ n→(−∞ ,∞] is  called  augmenting  function  if  σ≠0 and 

σ (0)=0 .

We consider the primal constrained non-convex optimization problem with optimal 

value F*:

                         min F 0( x)  

           s.t. F (x )=(F 1(x) , ... , F m(x))≤0, x∈ X

For this problem, we  consider a dualizing parametrization function 

F (x , u)={ F 0(x) , if F (x)≤u , x∈ X
+∞ , otherwise

and the function  p(u)=inf x∈X F (x , u) .
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Furthermore, if (U, W) is a pair of sets with a coupling function ρ :U×W :→ℝ , then ρ 

allows us to consider  U as a set of functions  u(.) defined on  W and  W as a set of 

functions  w(.) defined on  U  [109].  So, we regard the coupling  functions  ρ with 

ρ(0,w)=0:

ρ (u , w)=−rσ (u)− μ' u for all u∈ℝm∧all w=(r , μ)∈Ω

ρ(u , w)=−1
r

σ (u)−μ ' u for all u∈ℝm∧all w=(r , μ)∈Ω

For any  coupling function  ρ, the augmented Lagrangian function is:

l (x , w )=inf u∈ℝm(F (x , u)− ρ (u , v))

and the augmented dual function is: 

q(w)=inf x∈X l (x , w)

Now, we consider the augmented dual problem with optimal value q*:

max q(w)

s.t.w∈Ω

As we have already seen in section 4.1 the duality gap is zero when the optimal 

values of the primal and the dual problem are the same.

According to the Fenchel–Moreau theorem if H is set of functions given by:

         H=(g∣g (u)=ρ(u , w)+c , u∈ℝm ,w∈Ω ,c∈ℝ)

then a function ρ :ℝm→[−∞ ,∞] is abstract convex at u∈ℝm with respect to H if and 

only if: p(u)= pρρ(u)

where  pρρ is  the Fenchel – Moreau biconjugate to  p with respect to the coupling 

function ρ:

pρρ (u)=supw∈Ω( ρ (u , w)− p ρ(w))∀u∈ℝm

while the Fenchel–Moreau conjugate is:

pρ (u)=supu∈ℝ m( ρ(u ,w )− p(u))∀w∈Ω

The Fenchel–Moreau conjugate is a generalization of Legendre transformation that 

we showed in section 2.1.

So, the duality gap is zero if and only if: p(0)= pρρ (0)

If we assume that the function p:

1. is non-increasing and p(0) is finite
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2. f (0)≤limk →∞ inf f (xk ) ,∀{ xk }⊂ℝ n with xk→ 0

3. (0,−1)∉(epi ( f ))∞

there are three cases depending on the form of the augmenting function  σ that the 

duality gap is zero:

➢ σ is nonnegative:

1. σ (x)≥0,∀ x

2. σ (xk) →0⇒ xk
+¿→0

3. limk →∞

σ ( λk x k)
λk

=0 , with { x k }⊂ℝ n , λk →∞⇒ xk
+¿→0

and the coupling function is given by: ρ (u , w)=−rσ (u)− μ' u

➢ σ is bounded below:

1. σ (x)≥σ 0,∀ x

2. limk →∞ sup
σ (λk xk )

λ k

<∞ ,with { xk }⊂ℝ n , λk →∞⇒ xk
+¿→0

and the coupling function is given by: ρ(u , w)=−1
r

σ (ru)−μ ' u

➢ σ  is unbounded:

1. limk →∞

σ ( λk x k)
λk

<∞ , with xk→ x , λk →∞⇒ xk
+¿≤0

2. limk →∞ inf
σ (λ k xk )

λ k

≥0 , with xk→ x , λ k→∞⇒ x k
+¿≤0

and the coupling function is given by : ρ(u , w)=−1
r

σ (ru)−μ ' u .

Some potential augmenting functions are:

     σ (x)=∥x∥p
γ , σ (x)=∥Ax∥p

γ , σ (x)=∣x1∣
γ1∣x2∣

γ 2 ...∣xn∣
γn+σ 1(x) , 

where γ≥1,0< p≤∞ , A : matrix .

This method can be used for solving non-convex problems with dual algorithms. 

However, still no general method for using duality in these kind of problems exists.
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     4.3 Discussion

From the plots  of  the objective functions that form our problem as well  as the 

analysis we have given in section 4.2 it is obvious that our problem's demeanor is 

highly non-convex as it has both non-convex cost function and non-convex bounds. 

This makes the process of transforming it to a convex function with global solution a 

cumbersome. First, because no such general method exists and second because it 

needs extremely advanced mathematics. The purpose of transforming this problem 

to a convex one is to use the CVX software (available: http://cvxr.com/cvx/). This 

software is very good for convex optimization, however, it has many rules which 

limit its ability to be used for many difficult problems, like ours.

In the previous section we have suggested three methods which can potentially be 

used for convexifying the problem. All three of them do not have big number of 

restrictions and do not demand either the objectives or the bounds to be convex, 

however  they  have  some  disadvantages.  The  first  method  leads  us  to  a  local 

solution and from there,  we have to  use  other  techniques  to  obtain  the  global 

solution. Further, the third solution seems to be a very good technique exploiting 

the  advantages  of  Lagrangian  duality  by  proposing  a  way  of  developing  dual 

algorithms for non-convex optimization. But these general duality algorithms have 

not yet been successfully developed. Due to this reasoning, we believe that for our 

problem the second method is more appropriate, but because of the mathematical 

difficulties that are needed for the transformation it is out of the scope of this thesis  

to try to make it in CVX tool.

It is valuable to say that after a discussion we had with Prof. Anders Forsgren and 

Prof. Krister Svanberg from the Mathematical department of KTH, they told us that 

even if serious effort is induced in transforming the problem to a convex form, there 

is no guarantee that it can be done. Our problem is a difficult one and what they 

suggested is to reform the problem from the beginning, trying to make it convex by 

eliminating bounds that will not have a crucial impact on the problem and trying to 

see it in a different perspective so as to use functions which will make it convex. 
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5. Conclusion

In this project the optimal design of a 6-DOF parallel haptic device used for stiff 

bone surgery is analyzed. Parallel haptic devices are very sensitive to dimension 

changes, so design optimization is a necessity. 

In the first part, optimization theory is presented and the multi-objective problem 

that we have to optimize in order to find the best design parameters is thoroughly 

described.  We  have  used  three  stochastic  multi-objective  algorithms  which  are 

considered  to  be  the  most  efficient;  NSGA-II,  SPEA-2  and  MOPSO.   We  have 

selected these methods, because they deal simultaneously with a set of possible 

solutions, allowing us to find the Pareto optimal set in a single run, which is the case 

in the traditional methods. The results we got are similar and appropriate for our 

device. A comparison of the methods in different levels is given.

In the second part, we deal with Convex Optimization which is an omnipotent way 

of dealing with multi-modal problems. Our problem, as we explain, is a very difficult 

non-convex problem. So, the efforts to transform it to a convex form are being 

described. However, the fact that both the cost function and the bounds are non-

convex  makes  it  extremely  difficult  to  transform  it.  We  have  suggested  some 

methods which can be tested by someone with a solid background in the field of 

convex optimization. Finding a general method of converting non-convex problems 

to convex would be a novel approach for these problems, but  probably this thought 

is utopian.

Therefore,  for  our  design  optimization  problem,  we  believe  that  using  multi-

objective approaches is a more efficient way to solve it.
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   6.   Appendix
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Figure A.1: Pareto Front of NSGA-II for different parameters

        Figure A.2: Pareto Front of SPEA-2 for different parameters
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Figure A.3: Pareto Front of MOPSO for different parameters
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