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Abstract—Optimal power allocation in a multi-hop cognitive
radio network is investigated. Information transmitted from
the source passes through several wireless relay nodes before
reaching the destination. At each hop, the received signal is
decoded, re-encoded and retransmitted to the following node.
Transmissions at every hop are overheard by nearby nodes
and therefore cause interference. We study optimal power al-
location strategies that maximize the end-to-end throughput of
the network under the constraint of strictly limited interference
to external users. We show that for networks that can be
modeled as a line topology the optimal solution is achieved
when the capacities of every intermediate link are equal and the
interference power constraint is satisfied with equality. High- and
low-SNR approximations that simplify the problem of finding the
optimal power allocation are presented as well. The numerical
results show good performance compared to schemes with equal
power allocation.

I. INTRODUCTION

New applications and services demand higher data rates and
reliability. A natural approach to achieve such requirements
is to use more bandwidth. The wireless spectrum is therefore
becoming an increasingly more precious commodity. However,
a scan of the radio spectrum reveals the presence of so-called
spectrum holes, where the spectrum is used inefficiently and
thus valuable bandwidth resources are wasted. The concept of
cognitive radio (CR) was proposed by Mitola [1] to increase
spectrum efficiency. CR networks (CRN’s) allow users to
sense and learn the surrounding spectrum environment and
dynamically adapt transmission strategies to increase spectral
efficiency [2].

A CRN may operate simultaneously with a so-called pri-
mary network; a deployed network with license to operate
within a certain spectrum band. A CRN is hence considered
as an unlicensed secondary network that may use the spectrum
under the condition that interference to the primary network is
kept below strict limits. Thus, a main challenge in a CRN is
how to allocate resources among the secondary users such that
service requirements of both the primary and the secondary
networks are met, with priority towards the primary system.

In this paper we focus on the problem of the resource
allocation in a multi-hop CRN. Such multi-hop networks allow
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Fig. 1. Multi-hop transmission with overhearing upstream and downstream.

the same infrastructure to be reconfigured in different ways in
order to deliver the information from source to destination [3].
For example, blind zones can appear due to shadowing from
surrounding buildings or in tunnels. The presence of wireless
nodes around such zones can help in relaying information in
a multi-hop fashion to avoid deep fading.

The relaying strategies can be roughly divided into two
types: non-regenerative and regenerative. A non-regenerative
relay simply amplifies and forwards the received signal to the
following node, while a regenerative relay decodes, re-encodes
and retransmits the received signal. Clearly, the latter has the
benefit of avoiding noise propagation.

Practical systems have limited available resources, such as
power and bandwidth. Moreover, the interference to a primary
receiver created by the CRN is determined by the aggregated
power of secondary transmitters weighted with the channel
gains of the paths to the primary receiver. Here we address
the issue of optimal power allocation in a multi-hop CRN
such that the end-to-end data throughput is maximized under
a constraint on the accumulated secondary interference (ASI)
power to a set of nearest primary receivers.

Optimal power allocation for two-hop non-CR networks
with a regenerative relay node was studied in [4] and [5]. In [6]
and [7] bandwidth and power allocation for ergodic capacity
maximization was studied for FDMA- and OFDMA-based
systems respectively. Yet, interference within the network was
not considered. Here we study the optimal power allocation for
a CRN in which the nodes operate within the same frequency
band and hence interfere with each other.

For non-CR networks transmission strategies were proposed
in [8], where all the nodes in the network take part in



transmitting the information from the source to the destination
using transmissions overheard from downstream nodes. Here
we consider a CRN with the tandem topology shown in
Fig. 1, where the source signal goes through multiple hops
to the destination. However, desired transmissions are only
between neighboring nodes. Nodes are full-duplex, transmit
simultaneously, and as shown in Fig. 1 a node receives a
desired signal as well as upstream/downstream intra-network
interference through overhearing. We show that in a CR multi-
hop tandem network with arbitrary intra-network interference,
the end-to-end throughput is maximized when all individual
link capacities are equal and the power is allocated such that
the AS interference constraint is met with equality. Further,
we show that high- and low-SNR approximations can greatly
simplify the optimal power allocation problem while still
providing a reasonable precision of the solution.

The remainder of the paper is organized as follows. In the
next section we describe our system model, while we show the
optimal power allocation solution and discuss approximations
in Section III. In Section IV we apply our results to a simple
network topology, and demonstrate simulation results in Sec-
tion V. Finally, concluding remarks are made in Section VI.

II. SYSTEM MODEL

Consider a K-hop CRN with a tandem topology as illus-
trated in Fig. 1. We assume that the relaying nodes operate
in full-duplex mode. Namely, nodes can receive and transmit
information simultaneously. Transmission from node i to node
i+1 is said to be overheard if the signal from node i reaches
node j, (j �= i+1). In certain scenarios, e.g., cooperative com-
munications, overhearing can be helpful leading to increased
diversity. However, since we assume that node i + 1 knows
only its incoming channel from node i, it treats its overheard
signals as interference. Overhearing interference can come
from the nodes downstream referred to as forward overhearing
interference (FOI). Interference from upstream nodes is called
backward overhearing interference (BOI). If both FOI and
BOI are present we refer to this case as general overhearing
interference (GOI), as illustrated in Fig. 1. In the case of BOI,
we assume that the channel gains to downstream nodes are
smaller (in absolute value) than those to upstream nodes. For
instance, this can be achieved by using directional antenna
transmissions with main lobes directed upstream [9].

The links of the primary and CR networks are additive
white Gaussian noise (AWGN) channels subject to slow fading
such that the channel gains are random but constant during
a transmission suite from source to destination. The transmit
power of CRN node i is denoted as Pi and the noise variance is
σ2. The channel gain gi,j between nodes i and j in the CRN
absorbs path-loss and Rayleigh fading effects. The channel
gain g̃i,j between node i in the CRN and node j in the
primary network is defined similarly. We also assume that all
channel gains are known at the source before the transmission
starts, which can be obtained with an initial training phase.
In this way, the source can determine the optimal power
allocation and forward the allocation information upstream as

overhead with the message. The remaining nodes can also get
information of the channel gains of their incoming links during
the training phase to implement the regenerative relaying.
Thus, according to the network model, the capacity of link
i is

Ci=

log2

⎛
⎜⎜⎜⎝1+

gi,i+1Pi

σ2+
Lf∑
j=1

gi−j,i+1Pi−j+
Lb∑
j=1

gi+1+j,i+1Pi+1+j

⎞
⎟⎟⎟⎠,

(1)

where Lf and Lb are corresponding maximum numbers of
hops that create FOI and BOI.

Suppose, the primary network consists of M receivers
operating simultaneously with the CRN within the same area.
In order to limit the ASI to the primary network the CRN has
a constraint

K∑
i=1

M∑
j=1

g̃i,jPi ≤ γ. (2)

We denote ϕi �
∑M

j=1 g̃i,j and rewrite the ASI constraint in
the following form

K∑
i=1

ϕiPi ≤ γ. (3)

III. OPTIMAL POWER ALLOCATION

From [10] we know that the end-to-end throughput of the
network with a single source and a single sink is determined
by the minimum capacity of the channels in the network. Since
overhearing links cannot be helpful for information transmis-
sion, then in the case of the tandem topology the capacity is
determined by the weakest link, i.e. C = min{C1, ..., CK}.
Therefore, the end-to-end throughput maximization problem
for a given channel realization becomes

max
Pi

min{C1, ..., CK}

s.t.
K∑
i=1

ϕiPi ≤ γ

Pi ≥ 0, ∀i.

(4)

Unfortunately, since a function of type f(x) = log2(1 +
a

b+cx) with a, b and c constants is not concave, the problem
above is not a convex optimization problem. However, for this
problem we have the following result.

Theorem 1. For a multi-hop tandem CR network with a
constraint on the ASI the end-to-end throughput is maximized
if and only if the capacities of all channels of the network are
equal, i.e.,

C1 = ... = CK (5)

and the ASI constraint is met with equality, i.e.,

K∑
i=1

ϕiPi = γ. (6)
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Fig. 2. 3-hop transmission with overhearing upstream and downstream.

Proof: See appendix.
Theorem 1 suggests that any violation of either (5) or (6)

will immediately lead to sub-optimal solution. Therefore, in
order to find the power allocation that achieves the maximum
throughput we have to solve a system of K − 1 non-linear
equations (5) subject to the ASI constraint (6). For a large
number of hops in the network it is difficult to find a closed-
form solution; however, the problem can be solved numeri-
cally. Furthermore, in order to simplify the solution we can
use a high-SNR approximation based on the fact that at high
SNR network performance is GOI-limited and the influence
of noise vanishes. Thus, if mini,j{gi,jPi} � σ2 the latter can
be neglected and the capacities become

Ci= log2

⎛
⎜⎜⎜⎝1+

gi,i+1Pi

Lf∑
j=1

gi−j,i+1Pi−j+
Lb∑
j=1

gi+1+j,i+1Pi+1+j

⎞
⎟⎟⎟⎠. (7)

According to Theorem 1, from (7) we get K − 1 equalities
with K unknowns, while one more equation is formed by the
ASI constraint (3). Therefore, we can compute the optimal
P ∗
i . In general, this system is easier to solve than (1).
Similarly, at low SNR we can use the fact that the network

performance is noise-limited and hence, we can neglect the
GOI. The capacities become

Ci = log2

(
1 +

gi,i+1Pi

σ2

)
. (8)

From (8) we get a system of K − 1 equalities, subject to
the ASI constraint (3) and thus, we can compute P ∗

i .

IV. EXAMPLES

For illustration, we now give a few examples as follows.

A. 3-Hop Network with General Overhearing

Consider a 3-hop network with possible one hop GOI which
contains both FOI and BOI components of the interference as
shown in Fig. 2. We assume that two-hop FOI is weak and
can be disregarded, i.e., Lf = 1 and Lb = 1.

For this setting the link capacities are given by

C1 = log2

(
1 +

g12P1

σ2 + g32P3

)
, (9a)

C2 = log2

(
1 +

g23P2

σ2 + g13P1

)
, (9b)

C3 = log2

(
1 +

g34P3

σ2 + g24P2

)
. (9c)

From Theorem 1 we know that in order to obtain optimal P ∗
1 ,

P ∗
2 and P ∗

3 we have to solve the system of equations above,
together with (3). This can be done numerically.

B. High-SNR Regime

When the transmission power is large, the network
performance becomes interference-limited and therefore, if
mini,j{gi,jPi} � σ2 the latter is negligible and the channel
capacity becomes

C1 = log2

(
1 +

g12P1

g32P3

)
, (10a)

C2 = log2

(
1 +

g23P2

g13P1

)
, (10b)

C3 = log2

(
1 +

g34P3

g24P2

)
. (10c)

Let r = g12
g32

, s = g23
g13

and q = g34
g24

. Thus, we can find that

P1

P3
= 3

√
sq

r2
,

P2

P1
= 3

√
rq

s2
,

3∑
i=1

ϕiPi = γ. (11)

Solving the system of equations (11) provides the optimal
power allocation at high SNR

P ∗
1 =

γ 3
√

sq
r2

ϕ1
3
√

sq
r2 + ϕ2

3

√
q2

rs + ϕ3

, (12a)

P ∗
2 =

γ 3

√
q2

rs

ϕ1
3
√

sq
r2 + ϕ2

3

√
q2

rs + ϕ3

, (12b)

P ∗
3 =

γ

ϕ1
3
√

sq
r2 + ϕ2

3

√
q2

rs + ϕ3

. (12c)

C. Low-SNR Regime

When SNR is low, the network performance is noise-limited
and hence, we can neglect the interference from overhearing.
The capacity expressions are simplified to

C1 = log2

(
1 +

g12P1

σ2

)
, (13a)

C2 = log2

(
1 +

g23P2

σ2

)
, (13b)

C3 = log2

(
1 +

g34P3

σ2

)
. (13c)

Equating capacities in (13) we obtain a system of equations

P1

P2
=

g23
g12

,
P2

P3
=

g34
g23

,

3∑
i=1

ϕiPi = γ. (14)

Solving (14) we get the optimal transmit powers at low SNR

P ∗
1 =

γg23g34
ϕ1g23g34 + ϕ2g34g12 + ϕ3g12g23

, (15a)

P ∗
2 =

γg34g12
ϕ1g23g34 + ϕ2g34g12 + ϕ3g12g23

, (15b)

P ∗
3 =

γg12g23
ϕ1g23g34 + ϕ2g34g12 + ϕ3g12g23

. (15c)
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Fig. 3. End-to-end throughput for different power allocation strategies.

V. NUMERICAL RESULTS

In this section we present numerical results for the 3-
hop network with GOI illustrated in Fig. 2. The received
power is subject to path-loss with path-loss exponent α = 4,
and channel gains are modeled as i.i.d. complex Gaussian
entries, CN (0, 1). The distance between the transmitter and the
receiver is normalized to 1. The primary network is assumed to
have similar line topology with M = 4 receivers. The distance
between the primary network and the CRN is similarly set to 1.
The noise variance is chosen to be σ2 = 1 mW. Backward
channel gain is modeled as g32 = Gg23, where antenna
directivity attenuation G is set to 0.2.

We note that the tolerable ASI threshold γ is linearly
related to the transmission power in (3). Since we consider the
interference-limited networks, we use γ as x-label for plots.
For instance, Fig. 3 shows the performance of the optimal
power allocation found by solving (9) as well as high- and
low-SNR approximation solutions (12) and (15), respectively
in comparison with equal power allocation. The approxima-
tions are much easier to solve. Low-SNR approximation is
suitable for γ values less than 10 mW, while the High-SNR
approximation tends to the optimal solution for large γ values.
We note that the low-SNR and equal power solutions are sub-
optimal in the high-SNR region due to neglecting GOI which
becomes significant as the SNR increases.

Fig. 4 illustrates the system performance for different num-
ber of hops K = 1, 2, 3 when the distance between the
source and the destination is fixed to d = 3, similarly to the
previous case. We can observe that for small γ values 3-hop
transmission performs better than the other strategies. This
is because it splits the link into three regenerative channels
with smaller pathloss components due to shorter distances
between the transmitted and the receiver at each hop. However,
having more hops, the system has more interfering nodes and
therefore, it drops faster to the interference-limited mode. This
explains the behavior of curves for large γ values. Direct
transmission from the source to the destination in this case
is not affected by any interference and thus, outperforms
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transmission strategies with multiple hops.

VI. CONCLUSIONS

In this paper we have studied multi-hop cognitive radio
networks with arbitrary overhearing interference among nodes
at each hop. When the accumulated interference from the
secondary network to the primary network is limited, the CRN
transmit powers can be optimally allocated among hops in
order to maximize the end-to-end throughput. We have shown
that maximum end-to-end throughput of a tandem network
is achieved when all intermediate link capacities are equated
and then maximized, so that the maximum interference con-
straint is satisfied with equality. We have also presented high-
and low-SNR approximation solutions that outperform equal
power allocation and are good approximations in correspond-
ing SNR regions.

APPENDIX A
PROOF OF THEOREM 1

First, we rewrite problem (4) in epigraph form

min − t

s.t. h1 = t− C1 ≤ 0

...

hK = t− CK ≤ 0

hK+1 =

K∑
i=1

ϕiPi − γ ≤ 0.

(16)

We now show that for the optimization problem (16) strong
duality holds and therefore, primal and dual optimal variables
must satisfy the KKT conditions [11]. To do so, we show that
(16) satisfies the linear independent constraint qualification
(LICQ) conditions [12] and hence, the duality gap of this
problem is zero.

Constraints hj , j = 1, ...,K + 1 of problem (16) are said
to satisfy the LICQ conditions if matrix

Dh = [∇P∗h1, ...,∇P∗hK+1] (17)



has full column rank, i.e., the gradients of the active constrains
are linearly independent at the optimal point (P ∗

1 , ..., P
∗
K).

The matrix of gradients has the following form

Dh =⎡
⎢⎢⎢⎣

−A11 B12 ··· B1,Lb
0 0 ··· 0 ϕ1

0 −A22 B23 ··· B2,1+Lb
0 ··· 0 ϕ2

B31 0 −A33 B34 ··· B3,2+Lb
··· 0 ϕ3

...
. . .

...
0 ··· 0 BK,K−1−Lf

··· BK,K−2 0 −AK,K ϕK

1 1 1 1 1 1 ··· 1 0

⎤
⎥⎥⎥⎦,

(18)
where

Ai,i=
gi,i+1

(σ2+
j+Lb∑

k=j−Lf

k �=i+1

gk,i+1Pk)ln2

, (19a)

Bi,j=
Pjgi,j+1gj,j+1

(σ2+
j+Lb∑

k=j−Lf

k �=j+1

gk,j+1Pk)(σ2+
j+Lb∑

k=j−Lf

k �=j
k �=j+1

gk,j+1Pk)ln2

.(19b)

Since gi,j, ∀i, j are positive, non-zero with high probability
and i.i.d., σ2 and Pi, ∀i are strictly positive, then Ai,j and Bi,j

are also independent and strictly positive with high probability.
Therefore, for a set of optimal powers (P ∗

1 , ..., P
∗
K) matrix

Dh in (18) has full rank with high probability and hence, the
LICQ conditions are satisfied. Thus, the KKT conditions are
necessary conditions for a solution to be optimal.

We next show that the KKT conditions for (16) have a
unique feasible solution only when all link capacities are equal
and then maximized, such that ASI constraint (3) is met with
equality.

The Lagrangian for (16) can be written as

L = −t+

K∑
i=1

λi(t− Ci) + ω(

K∑
i=1

ϕiPi − γ). (20)

From (20) we can write down the KKT conditions for a
solution to be optimal

∂L

∂Pi
= 0, i = 1, ...,K, (21a)

∂L

∂t
= 0, (21b)

hj ≤ 0, j = 1, ...,K + 1, (22)

λj ≥ 0, ω ≥ 0, (23)

λjhj = 0, j = 1, ...,K + 1 (24a)

ωhK+1 = 0. (24b)

Taking partial derivatives from (20) we get the optimality

conditions (21) of form

∂L

∂βi
= ω −Ai,iλi +

i+Lb∑
j=i−Lf−1

Bi,jλj = 0, (25a)

∂L

∂t
= −1 +

K∑
i=1

λi = 0, (25b)

where Ai,i and Bi,j are the same as in (19).
We have only one negative component in each of the K

equations (25a) and hence, all λi’s have to be strictly positive
in order to satisfy ∂L

∂βi
= 0 ∀i. Otherwise, any λi = 0 will

immediately lead to λj = 0, ∀j �= i and hence, (25b) will not
be satisfied.

Finally, if ω = 0, we will get a linear system of equations

MK+1,K+1(Dh)λ = 0 (26)

where λ = [λ1, ..., λK ]T , MK+1,K+1(Dh) is the minor to the
entry (K + 1,K + 1) of matrix Dh in (18). Since Dh has
full column rank, the system (26) has a single trivial solution
λ = 0 which does not satisfy (25b) and hence is not feasible.

All this leads us to the conclusion that the KKT con-
ditions have a unique optimal solution corresponding to
C1 = ... = CK and

∑K
i=1 ϕiPi = γ. Thus, the end-to-end

throughput of a tandem network with the ASI constraint (3)
is maximized if and only if all the link capacities are equal
and constraint (3) is satisfied with equality.
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