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Abstract—In this paper, we study the design of a causal
anytime encoding and decoding scheme for transmission of real-
time information over a binary symmetric channel. In particular,
our scheme combines unequal-error protection (UEP) rateless
codes with sequential belief propagation decoding. In order to
minimize delay in decoding and reduce distortion, we formulate
and solve a linear programming problem. Moreover, degree
distributions of the UEP-rateless codes are optimized since the
efficiency of rateless codes highly depends on the corresponding
degree distribution. The performance of the proposed scheme
is demonstrated by using numerical simulations, and will be
compared with an existing work.

I. INTRODUCTION

The reliable transmission of real-time information of a

dynamic source over a noisy rate-limited communication chan-

nel has attracted much attention in recent years since it is

a desired quality in several applications. These applications

cover many areas, from state estimation in wireless sensor

networks (WSN) and machine-to-machine (M2M) systems to

online multimedia streaming on the Internet. For example,

consider a production line whose action is regulated by a

remote controller. The control input is derived at the remote

controller based on sensor measurements which are trans-

mitted through a wireless interface. However, the received

information is subject to errors due to the diverse channel

impairments, therefore, the transmitter and receiver should

be carefully designed to ensure reliable information to the

distant machine. Especially, in many control applications the

system performance can be very sensitive to delay in action. In

these cases it is particularly interesting to apply transmission

schemes for which the reliability is improved with time.

The traditional approach to deal with problems such as

channel imperfection, stability of the overall system, etc.,

in the presence of a dynamic source is dynamic program-

ming (DP) [1]. In many cases, the dynamic programming

suffers from a serious problem which is called the curse

of dimensionality, i.e., the computations become intractable

when the number of states and decisions increases. Although

approximate dynamic programming (ADP) [2], [3] can relax
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the problem to obtain some feasible solutions, it does not

provide a unique solution to the original DP problem, and

the computational complexity is still high in many cases.

In contrast with the traditional approach, Sahai in [4]

proposed the fundamental concept of anytime information

transmission. There are three main features that distinguish

traditional communication theory from the anytime concept.

Firstly, the transmitter has only access to a part of the source

message at anytime. Secondly, the Shannon capacity needs

to be larger than one [5], and thirdly, the receiver can use

information in the current channel output as well as previous

channel outputs. As shown in [4], for a scalar linear system

x(t + 1) = ax(t) + v(t), a > 1, where x(t) and v(t)
denote the plant state and the process noise at time instant t,
respectively, there exists an estimate of the state x(t), referred

to as x̂(t), such that the distortion over a noisy channel is

always bounded, i.e.,

supt>0E[(x(t) − x̂(t))2] < ∞.

In [5], bounds on anytime error exponent have been deter-

mined, and a time-sharing anytime channel code for a discrete

memoryless channel (DMC) with perfect channel feedback

is proposed. As a matter of fact, in many practical cases, a

perfect feedback from the decoder to the remote transmitter

is not available because of diverse channel limitations. In [6],

the distortion convergence rates for certain anytime coding

schemes have been derived based on unequal error protection

(UEP) property and assuming no channel feedback is available

at the transmitter. Exploiting UEP principles in the design is

crucial since not only delay in anytime transmission is of

great importance, but also some information bits are more

significant.

In the literature, rateless codes have been shown to have

advantages in UEP applications [7], [8]. Rateless codes are a

class of random sparse channel codes in which the encoder

produces an unlimited number of symbols such that the de-

coder can recover the source symbols from a sufficiently large

subset of channel outputs. Luby Transform (LT) codes [9] are

rateless error control codes which are suitable schemes for

erasure channels. From [10], we also know that LT and Raptor

codes [11] (concatenation of LT codes with high-rate LDPC



outer encoder/decoder) perform very well on symmetric noisy

channels such as binary symmetric channel (BSC) and binary-

input additive white Gaussian noise (BIAWGN) channel.

In this paper, we propose a design of a causal anytime

code for discrete memoryless channel based on UEP-LT codes

and sequential belief propagation (BP) decoding. Since the

efficiency of LT codes highly depends on the correspond-

ing degree distribution, a linear programming problem is

formulated to optimize the degree distributions and reduce

the distortion. As mentioned earlier, a commonly considered

performance criterion of anytime codes is the ability to track

the state x(t). Hence, we also try to answer the question: in our

proposed scheme, how fast does the distortion decay towards

zero as time increases?

The rest of the paper is organized as follows. In Section II,

we describe the system model which involves a dynamic

stochastic system over a finite horizon. Section III is devoted

to the design of the anytime rateless codes. Especially, the

encoding and decoding procedure of our anytime code will

be explained in details. In Section IV, we show numerical

simulation results to demonstrate the performance of the

design proposed in Section III.

Some notations used throughout the paper are as follows.

Bold-faced characters are used for describing a sequence of

signals or functions, e.g., x
b
a = {xa, . . . , xb} denotes the

evolution of a discrete-time signal x(t) from t = a to t = b.
If b < a, then the sequence is empty. We use E[·] to denote

the expectation operator. Also, Pr(·) denotes probability.

II. PROBLEM STATEMENT AND PERFORMANCE CRITERION

In this section, we will describe the system model and

specify the information pattern of each building block.

We shall assume that a scalar random variable xt ∈ X is

drawn according to a known distribution at time t where X ⊆
R. The channel is the binary symmetric channel with bit cross-

over probability ǫ, and the inputs and outputs of the channel

are denoted respectively by yt ∈ {0, 1} and zt ∈ {0, 1}. Since

the conditional probability of the channel Pr(zt|yt) is time-

invariant, then Pr(zt|yt) = Pr(z|y).
In our anytime transmission scheme, the two main func-

tional units, source coding and channel coding are considered

separately. Throughout the paper, we employ truncated binary

expansion as the source coding scheme to map xt into a

sequence of bits (b1, . . . , bjt), where jt denotes the first jt
bits (jt ≥ jt−1). As will be clear later, the binary expansion

fits well into the anytime framework that provides anytime

reliability. This scheme is a special case of arithmetic source

coding which is usually called classification tree in the liter-

ature, e.g., [12]. It is defined by a map Es
jt
: X 7→ Yjt , where

Yjt takes values from b
jt
1 = {0, 1}jt . In fact, the choice of

jt depends on the rate of source coding, i.e., if the source

generates a bit, bj , every 1/R time units for a given source

rate R > 0, then jt = ⌈Rt⌉ [5]. Without loss of generality, we

assume that the source rate is R = 1. The anytime channel

encoder is described by a map Ec
t : Yjt 7→ Yt which outputs

a bit at each time according to the function Ec(bjt
1 ) = yt.
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Fig. 1. The functional diagram of a dynamic system using an anytime code.

At the remote receiver, the channel decoder, specified by a

map Dc
t : Zt 7→ Yjt , is allowed to exploit the information

from the current as well as the previous received symbols

for the purpose of estimation, i.e., b̂
jt
1 =Dc

t (z
t
1). Finally, the

source decoder can be written as the map Ds
jt : Y

jt 7→ X . The

output of the source decoder is the reconstructed value x̂t.

In this paper, we consider a scalar linear plant with the

system equation

x(t + 1) = ax(t) + v(t) , t = 1, . . . , T, (1)

where x(t) ∈ R is the system state at time instant t, and

v(t) ∈ R is the white process noise causes from inappropriate

modeling. This open–loop system is unstable if a > 1 whose

value is known at both the transmitter and the receiver. The

system is triggered initially by x(0) which has the uniform

probability density function (pdf) on [0, 1).
As in [6], we consider that the variance of the process noise

is much smaller than that of the initial state, hence the process

noise is negligible and the only source of uncertainty would

be x(0). Therefore, the system equation can be rewritten as

x(t) = atx(0), t = 1, ..., T . Following the notation of the

anytime information pattern, at t = 0, the initial state is first

quantized into jt bits, and thereafter, a binary codeword, before

it is sent over a binary symmetric channel. As a matter of fact,

at each time instant t, a new channel coded bit representing

the value of x(0), referred to as yt ∈ {0, 1}, is transmitted. At

the receiver, the channel decoder obtains a noisy version of

yt, referred to as zt ∈ {0, 1}, and starts providing estimates of

the source value based on the current and previous received

bits, i.e., ẑt1. The reconstructed value x̂(0|t) is then given by

applying the inverse binary expansion on the decoded bits.

The block diagram of our dynamic system using an anytime

code is sketched in Figure 1.

We evaluate the system performance using end to end mean-

squared error (MSEe2e), defined as

MSEe2e , E[(x(t) − x̂(t))2]

= a2tE[(x(0) − x̂(0|t))2],
(2)

where the last equality follows from x̂(t) = atx̂(0|t) in the

absence of the process noise. The goal is now to design

a channel encoder/decoder pair in order to estimate x(0)
precisely out of the received data up to time t so that the

MSE decays fast enough, i.e., limt→∞ MSEe2e = 0. Thus,



a2t in (2) will be dominated by ∆2
t , E[(x(0) − x̂(0|t))2] as

t increases.

We finish this section with a remark on the anytime relia-

bility. In fact, the scenario explained is a special case that the

transmitter has full knowledge of the source in the beginning

which has been considered in several works (e.g., [6] and

[13]) to illustrate the idea of anytime reliability. Therefore, the

objective is to design an efficient anytime transmission scheme

to deal with the data rate limitation and delay of the channel. In

the next section, we focus on the anytime coding design used

for this purpose based on rateless encoding/decoding scheme.

III. ANYTIME RATELESS CODING

In this section, we first describe the encoding and decoding

algorithms for block rateless coding in Section III-A. There-

after, we describe the anytime LT encoding and decoding

algorithms in Section III-B and Section III-C, respectively.

Later, in Section III-D the optimization problem for degree

distributions of the anytime UEP-LT codes will be formulated

and solved.

A. An overview of rateless codes

LT block codes are shown to achieve the Shannon limit for

channels with erasures [9]. The encoder of LT codes generates

an endless stream of bits in such a way that each codeword

is produced by XOR’ing of uniformly randomly chosen input

bits based on a degree distribution. We follow the notations

in [11] to introduce the design parameters of LT codes. We

also denote the total information and encoded bits by K and

N , respectively. Let Ω(x) =
∑D

d=1Ωdx
d denote the output

bit degree distribution, where Ωd represents the probability of

choosing the corresponding number of input bits. We define

the output edge degree distribution as ω(x) =
∑

d ωdx
d−1 =

Ω′(x)/Ω′(1), and also the average degree of an output bit as

β = Ω′(1). Similar degree distributions can be specified for

the input bits. Let I(x) =
∑N

i=1 Iix
i denote the input node

degree distribution, where Ii is the probability that the input

node is the neighbor of n output bits. In addition, α = I ′(1)
is defined as average degree of an input bit. It can be shown

that β/K = α/N .

Regarding the receiver design, the belief propagation (BP)

algorithm is recognized as one of the successful algorithms in

decoding graphical codes approaching Shannon capacity. It is

an iterative algorithm such that at each iteration input and

output nodes exchange messages, containing log-likelihood

ratio (LLR). We follow the notation of [10] for updating rules

of the messages passed at iteration l ≥ 0. Let m
(l)
i,o (m

(l)
o,i)

denote the messages passed from an input (output) to an output

(input) bit at the lth iteration of BP, then

tanh(m
(l)
o,i/2) = tanh(q/2)

∏

i′ 6=i

tanh(m
(l)
i′,o/2)

m
(l+1)
i,o =

∑

o′ 6=o

m
(l)
o′,i,

(3)

where q , ln[Pr(y = 0|z)/Pr(y = 1|z)] denotes channel LLR,

and z is the channel output. At the last iteration, the LLR of
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Fig. 2. Anytime UEP-LT encoding scheme.

the input bit i,
∑

o m
(l)
o,i, is a measure to decide if the decoded

bit is 1 or 0, where the sum is over all output bits adjacent to

the input bit.

In the performance analysis of the BP algorithm, density

evolution (DE) [14] is considered to be a standard approach for

analyzing graphical codes of a long block length. To simplify

the analysis, instead of tracking the true densities in DE, one

can approximate the probability density of messages passed

at each iteration by simple functions. Commonly in practice,

e.g., [10], [15], mi,o and mo,i are approximated by Gaussian

variables by which we only need to determine the mean and

the variance. As pointed by [10], the Gaussian approximation

of the messages sent from output to input bits is not always

true. On the other hand, asymptotically, the message sent from

input bits to output bits are symmetrically normally distributed

under the Central Limit theorem. Nevertheless, the messages

passed from output bits to input bits are not Gaussian random

variables, mainly because of irregular degrees of input bits.

Hence, we will apply the semi-Gaussian approximation to

design the anytime LT codes.

B. Anytime rateless encoding

In this section, we describe the encoding procedure which

is an adaptation of the expanding window fountain (EWF)

codes [8] fit into the anytime transmission scheme. Let the

information bits (input bits) and the the encoded bits (output

bits) at time t = T be allocated to r overlapping information

windows and r individual encoding windows as shown in

Figure 2. More specifically, at time t, the jth (j = 1, . . . , r)
information window contains a portion of input bits bt

1 which

will be referred to as Kj (Kj > Kj−1). Therefore, there are

r levels of importance where each contains Kj −Kj−1 bits.

Associated with the jth information window, there exists a

degree distribution Ωj(x) according to which the bits in the

corresponding window are chosen to generate an encoded bit

yt which is located in the jth encoding window denoted by Tj .

We emphasize here that the last information window does not

necessarily contain all the information bits, bT
1 , however, the

encoding windows expand up to t = T , i.e.,
∑r

j=1 Tj = T .

It is worth pointing out that the number and length of the

information windows have a major influence on the perfor-

mance. Moreover, if the degree distribution is not optimized,



a code might degrade the overall system performance signif-

icantly. Therefore, we aim at designing an optimized code

by taking these parameters and anytime decoder into account,

as discussed in details in Section III-D. We summarize the

anytime encoding algorithm in Algorithm (1).

Algorithm 1 Anytime UEP-LT encoding algorithm

Solve (8) using CVX to optimize time interval Tj and degree

distribution Ωj(x)
for t ∈ Tj do

1. Choose randomly the degree dj and the corresponding

weight Ωj from degree distribution Ωj(x),
2. Choose uniformly at random dj instinct input bits from

the jth information window,

3. Construct an encoded bit at time t, by XOR’ing those

input bits,

4. Form the columns of the generator matrix G(:, t) ∈
{0, 1}Kj which represents the edges connects input and

output bits.

end for

C. Anytime rateless decoding

This section is devoted to the anytime rateless decoding

procedure. Let zt be the received codeword at time t, and we

also assume that the previous received bits zt−1
1 are available at

the decoder. The anytime decoding which repetitiously apply

the BP algorithm is described in Algorithm (2).

Algorithm 2 Anytime BP decoding algorithm

for time t := 1, . . . , T do

Calculate channel LLR as q(t) := ln
(

1−ǫ
ǫ

)

(−1)z(t)

for iteration l = 1, . . . , L do

1. find the input bits adjacent to output bits up to time

t from G(:, 1 : t), and calculate mo,i using the first

equation in (3),

2. find the output bits adjacent to input bits up to time

t from G(:, 1 : t), and calculate mi,o using the second

equation in (3),

end for l
Compute LLRi(t) =

∑

o mo,i,

Decide LLRi(t)≷
b̂=1
b̂=0

0.

end for t

By the semi-Gaussian assumption, the expected value of

a message sent from an output bit of degree dj , in the jth

encoding window, to an input bit in the jth information

window, at the lth iteration of BP, can be derived as

ξdj
(µ) = E

[

m
j,(l)
o,i |deg(o) = dj

]

= 2E



atanh



tanh(q/2)

dj−1
∏

i=1

tanh(Ui/2)







 ,
(4)

where Ui’s (i = 1, ..., dj − 1) are iid symmetric Gaussian

random variables with mean µ and variance 2µ representing

messages m
j,(l)
i,o . Furthermore, the channel LLR is independent

of Ui’s. In the next section, the derivation result from (4) will

be used to optimize UEP-LT codes with respect to anytime

reliability.

D. Optimization of encoding window

In this section we consider the optimization of encoding

window. First, we notice that the objective is to minimize the

time horizon T , or, equivalently Tj (j = 1, . . . , r), such that

the information bits in the neighbor of each encoding window

are decoded correctly. This implies that ∆2
t should be small

enough at the end of each interval Tj . In order to satisfy the

above condition, we let the mean of the message Ui of (4),

denoted by µj , increase with the iteration of the BP algorithm,

or in other words, µj,(l+1) > µj,(l). This constraint ensures

that the mean of the messages from output to input nodes at

the jth interval increases in each iteration which is another

version of stability condition discussed in [10]. Writing the

optimization problem in the standard form, we have

minimize Tj

subject to µj,(l+1) > µj,(l).
(5)

In order to ensure an anytime transmission, we start to

solve the optimization problem from the second window.

Furthermore, we choose the number of information bits Kj

such that Kj ≤
∑j

i=1 Ti (j = 2, . . . , r), otherwise, the system

is neither casual nor anytime. It can be verified that after

forming the jth encoding window of the anytime transmission,

the average degree of an input node in the jth level, αj , is

related to the average degree of an output node in the jth

encoding window, βj , as

αjKj = βjTj, (6)

On the other hand, µj,(l+1) can be written as

µj,(l+1) =

j
∑

m=1

E

[

m
j,(l+1)
i,o |i ∈ level m

]

· Pr (i ∈ level m)

=

Dj
∑

dj=1

ωdj
ξdj

(µj,(l))

(

j
∑

m=1

(Km −Km−1)αm

Kj

)

(7)

where Dj is the maximum order of the degree distribution

Ωj(x) corresponds to the jth information and encoding win-

dows. We have also used (4) to determine the mean of the

message sent from an output bit of the window Tj to an

input bit in the jth level, i.e, E[m
j,(l)
o,i ] =

∑Dj

dj=1 ωdj
ξdj

(µ(l)).

Furthermore, the average degree of an output bit in the jth

encoding window is obtained as βj = 1/
(

∑Dj

dj=1 ωdj
/dj

)

.

Combining (6) and (7), the optimization problem (5) turns

to a linear programming problem with parameters {ωdj
}
Dj

dj=1,



i.e.,

minimize αjKj

Dj
∑

dj=1

ωdj
/dj

subject to
γj
Kj

Dj
∑

dj=1

ωdj
ξdj

(µm) > µm, m = 0, . . . ,M − 1

ωdj
≥ 0,

Dj
∑

j=1

ωdj
= 1,

(8)

where γj =
∑j

i=1(Ki − Ki−1)αi. It is noteworthy that the

αj’s (1 ≤ j ≤ r) should be chosen in decreasing order since

the bits in the jth level of importance are selected more than

those of the (j+1)th level of protection. We also discretize the

continuous function ξdj
(µ) by having M equi-distance points

in the interval (0, µ0], where µ0 should not be too large since

it reduces the set of feasible solutions by increasing the set of

inequality constraints.

Therefore, in order to minimize the time horizon such that

∆2
t decreases, it is sufficient to dynamically design degree

distribution weights of the anytime UEP-LT codes subject to

the constraints as discusses earlier. Note that the optimization

problem (8) is convex and can be solved using CVX, a package

for specifying and solving convex programs [16].

IV. NUMERICAL EXAMPLE

In this section, we evaluate the proposed anytime code by

numerical simulations. First, we explain the results obtained

by solving the optimization problem (8). Then we show the

performance of the anytime system in terms of end-to-end root

mean squared error ∆t by comparing it with an existing result.

Consider the source symbol x(0), uniformly distributed in

the unit interval. By the binary expansion, a stream of bits is

produced such that at each time t only one bit arrives at the

anytime channel encoder.

As discussed in Section III-D, the degree distribution for the

first window is chosen arbitrarily, and the optimization starts

at the second window, and onwards. For this purpose, we use

r = 6 information/encoding windows. For clarity, we define

the vectors K = [K1 . . .K6] and T = [T1 . . . T6] where Kj

specifies the number of bits in the jth information window,

and Tj specifies the length of the jth encoding window,

respectively. Also, we introduce the vectors α = [α1...α6]
and D = [D1 . . .D6] where Dj represents maximum order

of the jth output degree distribution, and αj denotes the jth

average input node degree, correspondingly.

The ideal Soliton degree distribution [9] with degree D1 =
4 is chosen for the first information window which contains

K1 = 10 bits. It is worth mentioning that the ideal Soliton

distribution performs poorly in practice since the degree one

probability becomes asymptotically so small that the decoder

cannot recover all input bits. This fact does not apply in our

case as the degree one probability is rather not small. In order
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Fig. 3. Degree distributions associated with the windows

for the BP algorithm to sequentially decode the received bits

by the end of the first encoding window, we set T1 = 60. The

other parameters are set as follows, K = [10 12 30 40 50 60],

D = [4 8 9 10 12 14] and α = [16 14 12 10 9 8]. Furthermore,

we generate ξdj
(µ) in (4) using Monte-Carlo simulations by

setting µ0 = 16 and the step-size as ∆µ = 0.01 for 104

random samples. Hence, the optimization problem (8) yields

the duration of the encoding window as T = [60 65 180 250

270 300], and the degree distributions in which the coefficients

of Ωj(x) are shown in Figure 3. Next, we compare our design

with an anytime repetition code proposed in [6], which uses

the binary expansion as the source code, and a special block

repetition code as the channel code. More specifically, how

frequently an information bit is coded is determined by its

importance level. The first bit b1 repeats most often since it

is the most significance. For example, if the bit stream b
t
1 is

generated up to time t, the channel encoder might pick up a

bit bt according to the sequence {b1b1b2b1b2b3b1b2b3b4 . . .},

where the position of the bit bt is specified by the time instant

t. The decoder receives {b̂1b̂1b̂2 . . .}, and employs majority

logic decoding so as to decide b̂i = 0 (1 ≤ i ≤ t) (or, 1) if it

repeats more than b̂i = 1 (or, 0) in the previous estimates.

In our numerical simulations, the BP algorithm is run for

15 rounds, and the number of Monte-Carlo simulations is

104. Although 15 iterations are relatively smaller than the

typical number of BP iterations in the literature, e.g., [10],

it is rather sufficient to obtain satisfactory results, attributed to

the UEP property. In other words, by repeating the sensitive

bits more often, the decoding algorithm is able to arrive at

a good estimate within a small number of iterations, which

reduces also the computational complexity. The comparison is

reported in Figure 4 in terms of ∆t and as a function of delay

which is truncated at time horizon T = 1000. It is obvious

that the proposed design outperforms the anytime repetition
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strategies.

scheme. It is also interesting to investigate the robustness of

the anytime system. For this purpose, we wish to determine

which values of a in (2) allow the coding strategy to bound the

estimation error of the system, i.e., at∆t ≤ 1. Therefore, the

appropriate a for which the system can tolerate within time

horizon T is given by

a = inf
0<t<T

∆
−1/t
t . (9)

According to (9), the value a = 1.0281 is obtained for the

anytime repetition scheme, and the value a = 1.0421 is

attained for the proposed design.

V. CONCLUSION

We have studied the design of a causal anytime encoding

and decoding scheme for a binary symmetric channel which

consists of UEP-LT codes and sequential BP decoding algo-

rithm. In order to reduce the delay in the decoding and lower

the distortion in the anytime transmission system, we formu-

lated and solved a linear programming problem. Furthermore,

the degree distributions of the UEP-LT codes are optimized.

The performance gained by the proposed design shows the

efficiency of our method.

A future work that can be considered is to exploit a feedback

between the channel output and the encoder in order to

progressively refine the performance.
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