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Abstract—Methods for spatially diagonalizing wideband
multiple-input multiple-output channels using linear finite impulse response (FIR) filters are investigated. The PSVD approach
by applying the PQRD-BC algorithm for approximate singular
value decomposition (SVD) of polynomial matrices is compared
to the approach of performing a set of conventional SVDs in
the Discrete Fourier Transform (DFT) domain, in terms of
complexity and approximation error. Reduced order filters, based
on the DFT-SVDs, are then obtained by optimizing the phases of
the filters. Applying the phase optimized filters as linear filters
then forms a benchmark on the accuracy attainable for any PSVD
factorization, for the given filter length.
Simulations show that the DFT-SVD method has significantly
lower complexity than the PSVD by PQRD-BC, but results in
higher order filters. On the other hand, the PSVD by PQRDBC yields filters which are close to being perfectly unitary for
all frequencies. To achieve good performance, the reduced order
filters are around one order of magnitude longer than the channel
impulse response length. Therefore there is no gain in performing
time domain diagonalization using a polynomial SVD, compared
to using a multicarrier solution.

I. I NTRODUCTION
A well-known transmission strategy for achieving the capacity of a narrowband multiple-input multiple-output (MIMO)
channel is based on the singular value decomposition (SVD)
of the channel matrix [1, p. 66]. Utilizing the unitary matrices
obtained from the SVD for precoding and receive filtering,
the effective channel becomes diagonal and the sub-channel
link rates can be optimized. A similar approach can be taken
for wideband MIMO channels, if the SVD is performed in
the frequency domain. The effective channel is then perfectly
diagonalized for each frequency bin. This is the basis for the
spatial multiplexing by MIMO-OFDM [1] method, where the
signaling is also performed in the frequency domain.
For a wideband MIMO single-carrier system, it may however still be of interest to operate over a spatially diagonalized
channel. Instead of diagonalizing the channel in the frequency
domain, another approach is to find an approximate SVD
in the time domain. Such an approach has the benefit of
approximately diagonalizing the channel for all frequencies,
as opposed to only in specific points.
Recently [2]–[4], new methods for performing an approximate SVD of a polynomial matrix have been proposed. Applying the matrix sequences from the polynomial SVD (PSVD)

for precoding and receive filtering, the channel is transformed
into an approximately diagonal polynomial matrix. This effective channel is frequency-selective, since the diagonal entries
are finite impulse response (FIR) filters, and some form of
equalization of the scalar sub-channels is therefore necessary.
Another method is to apply time domain beamforming to a
multicarrier system through cyclic filtering [5], an approach
which, however, is beyond the scope of this paper.
It is the purpose of this paper to attempt to find a benchmark
on the filter orders required to obtain a certain accuracy, by
any PSVD factorization, as well as to draw general conclusions
on the feasibility of time domain channel diagonalization. The
benchmark will be based on performing multiple SVDs in the
Discrete Fourier Transform (DFT) domain, called DFT-SVD.
In order to decrease the approximation error when the DFTSVD filters are employed as linear filters, reduced order filters
are found by optimizing the filter phases [6].
Notation: Matrices and vectors will be written in uppercase and lower-case bold face, respectively. The operations
[·]∗ , [·]H and E (·) represent complex conjugate, Hermitian
transpose and the expectation operator. The Kronecker delta
is δ(n). The space of complex polynomial matrices of spatial
dimensions p × q is written as Cp×q . The operators ∗ and ~
represent linear and circular convolution, respectively.
II. P ROBLEM F ORMULATION
When modeling a block constant discrete-time and
frequency-selective p × q complex baseband channel as a
matrix FIR filter, its transfer function takes the form
H(z) =

M
−1
X

H(m)z −m

(1)

m=0

where H(m) ∈ Cp×q is the channel response at lag m and M
is the length of the channel impulse response. For a transmitted
signal x(k) ∈ Cq×1 , and received signal y(k) ∈ Cp×1 the
system model then takes the form
y(k) =

M
−1
X

H(m)x(k − m) + w(k)

(2)

m=0

where w(k) is assumed to be temporally and spatially white
additive Gaussian
with zero mean and covariance
 noise
2
E w(k)wH (m) = σw
Iδ(k − m).

For the system in (2), the goal here is to find linear FIR
precoder/receive filters
x(k) =
0

y (k) =

LX
t −1
m=0
LX
r −1

T(m)x(k − m) = T(k) ∗ x0 (k)
(3)
R(m)y(k − m) = R(k) ∗ y(k)

m=0

such that the effective channel
S(k) = R(k) ∗ H(k) ∗ T(k)
is diagonal and the
 noise characteristics are unchanged, i.e.
0
0H
E w (k)w (m) = E w(k)wH (m) . The resulting spatially independent sub-channels can then be used for multiplexing of data streams, or diversity.
Infinite impulse response (IIR) precoder/receive filters can
be found if an SVD of the channel in the discrete-time Fourier
transform (DTFT) domain can be obtained:
H(ejω ) = U(ejω )D(ejω )VH (ejω ),

0 ≤ ω < 2π

(4)

where U(ejω ) ∈ Cp×p , V(ejω ) ∈ Cq×q are unitary and D(ejω ) has zero off-diagonal
elements with

d1 (ejω ) d2 (ejω ) · · · dmin(p,q) (ejω ) along the diagonal.
In time, (4) corresponds to the convolution
H(n) = U(n) ∗ D(n) ∗ VH (−n),

−∞ < n < ∞

(5)

and the unitarity of U(ejω ) and V(ejω ) corresponds to
UH (−n) ∗ U(n) = Ip×p δ(n)
VH (−n) ∗ V(n) = Iq×q δ(n).

(6)

For such a decomposition, precoder/receive filters selected as
T(n) = V(n),

R(n) = UH (n),

−∞ < n < ∞

to zero. The matrices U(z) ∈ Cp×p , V(z) ∈ Cq×q are
paraunitary, i.e. UH (z −∗ )U(z) = Ip×p and VH (z −∗ )V(z) =
Iq×q , but not necessarily causal. The decomposition in (7) is
functionally equivalent to an FIR approximation of the infinite
convolution in (5), and the paraunitarity of U(z), V(z) corresponds to (6). See [7, Ch. 13-14] for a thorough exposition
on polynomial and paraunitary matrices.
If H(z) in (7) represents a wideband MIMO channel
transfer function, then causal versions of U(z) and VH (z −∗ )
can be employed as the transmit and receive filters in (3). The
effective channel will then approximately be z −α D(z) where
the delay α is determined by the number of non-causal taps in
U(z) and V(z). As UH (z −∗ ) is paraunitary, the second-order
characteristics of the noise process w(z) stay the same.
The method for obtaining a PSVD of a polynomial matrix
of interest here is the PSVD by PQRD-BC algorithm proposed
in [2], which is based on an underlying polynomial QR
decomposition (PQRD). Other approaches also exist, such
as utilizing an eigenvalue decomposition algorithm for paraHermitian matrices (PEVD) to form a PSVD [3] and a method
based on generalized Kogbetliantz transformations [4]. The
PEVD method of [3] has the drawback that the magnitudes
of the off-diagonal coefficients in the approximately diagonal
matrix cannot be ensured to be sufficiently small. The method
in [4] does not suffer from that, but is expected to result in
filters with high orders, just as the PSVD by PQRD-BC will
be shown to do.
The main idea of the PSVD by PQRD-BC method is to
apply paraunitary transformation matrices (PTMs), based on
Givens rotations, to the polynomial matrix at hand. For the
2 × 2 case, such a PTM takes the form




1 0
cejα
sejφ
1 0
G2×2 (z) =
(8)
0 z −t
0 zt
−se−jφ ce−jα

will perfectly diagonalize the channel. The noise term w0 (k)
will still be temporally and spatially white due to the unitarity
of U(n).
In order to turn such a diagonalization procedure into a
realizable FIR system, the SVD can either be performed in
the DFT domain, corresponding to a sampling of (4), or the
filter sequences in (5) can be approximated directly by finitelength sequences. By sampling in the frequency domain, the
decomposition will be perfect in those sample points, but not
necessarily in between. Approximating the decomposition in
the time domain will lead to approximate decompositions at
any frequency. In the next section, the method for performing
the approximation in the time domain is described.

where the inner matrix is a Givens rotation, and the outer
matrices are elementary delay/advance matrices. The PTM in
(8) will null the coefficient associated with the z −t term of the
(2, 1) element of the matrix it is applied to from the left, if the
Givens rotation parameters and t are selected appropriately [2].
The PTM for the general p × q case is obtained by forming an
identity matrix, and replacing the elements at the intersections
of rows and columns k, l with the corresponding elements of
(8).
The PSVD is formed by subsequently applying PTMs from
the left and the right of the original matrix, until the offdiagonal coefficients are sufficiently small, forming

III. P OLYNOMIAL S INGULAR VALUE D ECOMPOSITION

which is approximately diagonal [2]. See [2] for the convergence proof. Identifying

A polynomial singular value decomposition is a non-unique
decomposition of a polynomial matrix H(z) ∈ Cp×q such
that
H(z) u U(z)D(z)VH (z −∗ )
(7)
where D(z) ∈ Cp×q is approximately diagonal in the sense
that the magnitudes of the off-diagonal coefficients are close

(l)

(l)

(r),H

D(z) = GKl (z) . . . G1 (z)A(z)G1

(l),H

U(z) = G1

(r)

(r),H

(z −∗ ) . . . GKr

(z −∗ )

(l),H

(z −∗ ) . . . GKl (z −∗ )
(r)

V(z) = GKr (z) . . . G1 (z)
and noticing that U(z) and V(z) are paraunitary, since
they are the product of paraunitary matrices, a PSVD as

3 × 3 channel, W τ = 5, r = 10−3 , µ = 10−6

Number of taps in U(z)
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B. Complexity: Filtering
For long data blocks, performing the filtering in (3) is
efficiently implemented using the DFT convolution theorem
and the Fast Fourier Transform. Specifically, this is more
efficient than performing the time domain convolution when
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where Lx is the length of the signal sequence. The complexity
of the filtering will then be (Lt + Lx − 1)q 2 + (Lt + Lx −
1)q log2 (Lt + Lx − 1) complex multiplications.
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Fig. 1. Comparison of order of H(z) with corresponding orders of U(z),
and truncated versions of U(z) were outer taps corresponding to at most a
fraction of γ of the Frobenius norm sum were removed after convergence.
The channels were generated from (12) and the resulting orders averaged over
4000 simulation runs.

in (7) is readily obtained. In this paper, the convergence
criterion of the original PSVD by PQRD-BC algorithm has
been
modified,
so that the algorithm stops with
P slightly
P
2
2
n kD(n)kF /
n kAoriginal (n)kF < r .
Each application of a PTM increases the order of the matrix
it is applied to by 2|t|. The orders of matrices involved in
the PSVD by PQRD-BC operation therefore grow quickly, as
made evident in Fig.1. To keep the orders down, a truncation
step is performed during regular intervals in the algorithm. The
outermost taps, corresponding to a fraction less than µ of the
total Frobenius norm sum, are removed. Since the magnitudes
of the coefficients affected generally are small, this has a
limited effect on decomposition quality [2].
A further analysis of the PSVD by PQRD-BC algorithm is
available in [8].
A. Complexity: Obtaining the Decomposition
The application of a PTM to a matrix Ai (z) ∈ Cp×q can
be written as
G(z)Ar,i (z) = G(−t) z −t Ar,i (z)+G(0) Ar,i (z)+G(t) Ar,i (z)
where Ar,i (z), of length Ki , corresponds to the two rows
of Ai (z) being affected by the PTM. From (8) it can be seen
that G(−t) and G(t) only have one non-zero element each, and
that G(0) is diagonal. The application of one PTM therefore
corresponds to four multiplications of a complex number with
a sequence of complex numbers of length qKi . Counting only
complex multiplications, the complexity of the application of
the PTM is then 4qKi floating point operations (flops).
Since the PSVD by PQRD-BC algorithm iteratively applies
PTMs, the total complexity is therefore lower bounded as
X
CPSVD by PQRD-BC ≥ 4q
Ki
(9)
i

where the sum is taken over all iterations, and the Ki s are the
lengths of the matrices the PTMs are applied to.

IV. S INGULAR VALUE D ECOMPOSITION IN THE DFT
D OMAIN
The decomposition in (4) can also be approximated by
sampling the DTFT, yielding a decomposition on the form
H(ejωk ) = U(ejωk )D(ejωk )VH (ejωk ) k = 0 . . . N − 1
(10)
where N is the number of frequency bins and ωk = 2πk/N .
Such a decomposition can be obtained by taking the N -point
DFT of the channel matrix sequence
H(ejωk ) =

N
−1
X

Hzp (m) ej2πkm/N

m=0

where Hzp (n) is a zero-padded version of H(n) if N > M ,
and performing a conventional SVD per frequency bin. The
decomposition in (10) corresponds to circular convolution of
the matrix sequences in the time domain, but are here used as
linear filters such that
T(n) = V(n),

R(n) = UH (n),

0 ≤ n ≤ N − 1.

For small N , one would not expect this approach to result in an
effective channel that is close to being diagonal. However, as
N grows large, the DFT U(n), V(n) should converge to their
DTFT counterparts, which diagonalize the channel perfectly.
This straight-forward approach has the drawback that the
singular values may vary in-continuously between frequency
bins, as the conventional SVD will order the singular values
irrespectively of the ordering in neighbouring frequency bins
[3]. The matrices D(ejωk ) have real elements, as opposed to
the PSVD matrix D(z). This fact is not of great importance in
communications, but could play a role in other applications.
A. Complexity: Obtaining the Decomposition
The number of flops needed, only counting complex multiplications, to find the N -point DFT on the left hand side
of (10) is N pq log2 (N )/2. From [9, p. 254] we find that the
number of flops necessary to perform an SVD of a p × q
matrix, assuming implementation using the Golub-Reinsch
method, is approximately 4p2 q + 8pq 2 + 9q 3 . Together, this
gives that the number of flops necessary to obtain the N SVDs
is approximately
CDFT-SVD =


N pq log2 (N )
+ N 4p2 q + 8pq 2 + 9q 3 . (11)
2

A. Phase Optimization and Truncation
Assuming a DFT-SVD as in (10), notice that replacing
e jωk ) = U(ejωk )Du (ejωk )
U(e
e jωk ) = DH (ejωk )D(ejωk )Dv (ejωk )
D(e
u
e jωk ) = V(ejωk )Dv (ejωk )
V(e
u
u
u 
where Du (ejωk ) = diag ejφk,1 ejφk,2  · · · ejφk,p ,
v
v
v
Dv (ejωk ) = diag ejφk,1 ejφk,2 · · · ejφk,q forms a similar decomposition, where the diagonal matrix is no longer
real. By selecting the phases such that the N − Lu (N − Lv )
last matrix coefficients of U(n) (V(n)) are minimized in
magnitude, the filter sequences can be truncated to length
Lu (Lv ), yielding reduced order filters that approximate the
phase optimized filters. Finding such phases can be posed as a
non-convex optimization problem, and a suboptimal solution
method is proposed in [6].
e
If Lu < N2+1 , the last N − Lu coefficients of U(n),
corresponding to more than half of the total number of
coefficients, will have magnitudes close to zero. For that
e H (−n) ~ U(n)
e
e H (−n) ∗ U(n),
e
reason, U
uU
i.e. the circular
convolution of the sequence with itself is approximately equal
to the linear convolution of the sequence with itself.
The phase optimization step is directly applicable to the
DFT-SVD decomposition. It can also be applied to a PSVD,
by zero-padding the involved matrix sequences such that the
linear convolution between them is equivalent to a circular
convolution. Taking the DFT of the zero-padded sequences
then gives a decomposition on the form (10), and the phase
optimization and truncation can be carried out from there.

3 × 3 channel. r = 10−3 , µ = 10−6
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Number of flops

V. M ODEL O RDER R EDUCTION
The DFT-SVD decomposition corresponds to cyclic convolution in the time domain, but the filters obtained are applied as
linear filters. The error in this approximation can be reduced,
if the filters are transformed so that the operations of linear
and cyclic convolution with themselves give approximately the
same result. This section investigates such a method, which
exploits the fact that the filter phases can be adjusted. The
transformed filters have reduced orders, and as an effect of
that also lower filtering complexity.
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Fig. 2. Lower bound of complexity of PSVD by PQRD-BC compared to
complexity of DFT-SVD for an effective channel error less than 10−3/2 ,
averaged over 500 channel realizations.

where W is the transmitted signal bandwidth, τ is the RMS
delay spread of the channel and CN is a circularly symmetric
Gaussian distribution. The product W τ is a measure of the
frequency-selectivity of the channel. Two simulations were
performed with (M, W τ ) ∈ {(7, 2.5), (15, 5)}. For those
parameter values, the variance of the last channel tap was
around 20dB lower than the variance of the first channel tap.
The following performance measures were used in the
simulations. Denoting the relevant approximations with a hat,
the effective channel error was calculated as
v


uP
u
b H (−n) ∗ H(n) ∗ V(n)
b
koffdiag
U
k2F
t n
P
Ed =
2
n kH(n)kF
and determines how close the effective channel is to being
perfectly diagonal. Additionally, the unitarity error of the
receive filter was calculated as
sP
2
bH
b
n kU (−n) ∗ U(n) − Iδ(n)kF
.
Eu =
2
kIkF
This error determines how close the filtered received noise is
to staying temporally and spatially white.
For sum rate comparisons of the two schemes, see [8].
A. Complexity

B. Direct Truncation of PSVD
A straight-forward approach for reducing the filter order
is to remove the outermost filter taps, keeping only L taps
around the constant tap. It can be regarded as a special case
of the method in Section V-A, if the matrices are multiplied
in frequency by a linear phase e−j2πkm/N , m = bL/2c, and
then truncated.

The number of flops necessary to reach Ed < 10−3/2 ,
obtained from (9) and (11), is plotted in Fig. 2 for PSVD by
PQRD-BC and DFT-SVD. This corresponds to r = 10−3 for
PSVD by PQRD-BC and for the DFT-SVD, N was increased
until the criterion was met. Clearly, the PSVD by PQRD-BC
algorithm needs significantly more computations to converge,
as compared to the other method.

VI. N UMERICAL R ESULTS
In order to evaluate the performance of the two methods,
simulations were performed. Channel matrices were generated
on the form

B. Approximation Errors

vec (H(m)) ∼ CN (0, abm Ipq×pq ) ,
b=e

−1/W τ

,a = 1 − b

0≤m≤M −1
(12)

The approximation errors for the two methods, including
phase optimized filters with Lu = Lv = L ∈ {10, . . . , 250},
was compared for the two channel scenarios and the results
averaged over 100 channel realizations. Parameters used were
r = 10−3 , µ = 10−6 for PSVD by PQRD-BC and N = 2L
for the phase optimized DFT-SVD.
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(c) Effective channel errors for the 7-tap W τ = 2.5 channel

(d) Effective channel errors for the 15-tap W τ = 5 channel

For W τ = 2.5, the unitarity errors are shown in Fig. 3a and
the effective channel errors are displayed in Fig. 3c. The phase
optimized DFT-SVD performs better than the other methods
in terms of both errors.
For the more frequency-selective W τ = 5 case, the unitarity
errors can be seen in Fig. 3b and the effective channel errors
are plotted in Fig. 3d. The phase optimized DFT-SVD still
performs best, but needs around twice as long filters to reach
the same performance as for the W τ = 2.5 scenario.
VII. C ONCLUSIONS
Time domain strategies for diagonalization of frequencyselective channels were evaluated. To achieve the same effective channel error, the DFT-SVD needed significantly fewer
flops than PSVD by PQRD-BC, but resulted in filters of higher
order. The unitarity error performance of PSVD by PQRD-BC
exceeds that of the DFT-SVD, for the same filter order.
The filter orders necessary grow as the frequency-selectivity
and channel length increases. For the channel model investigated, filter lengths of one order of magnitude longer than the
channel impulse response were needed for good performance.
This shows that it is advisable to apply a multicarrier solution
to the problem at hand instead of using a polynomial SVD,
because any PSVD factorization will need very high filter

orders compared to the original channel length.
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