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Abstract
This Ph.D. thesis in mathematical physics concerns systems of interacting fermions
with strong correlations. For these systems the physical properties can only be
described in terms of the collective behavior of the fermions. Moreover, they are
often characterized by a close competition between fermion localization versus delocalization, which can result in complex and exotic physical phenomena.
Strongly correlated fermion systems are usually modelled by many-body Hamiltonians for which the kinetic- and interaction energy have the same order of magnitude. This makes them challenging to study as the application of conventional
computational methods, like mean field- or perturbation theory, often gives unreliable results. Of particular interest are Hubbard-type models, which provide
minimal descriptions of strongly correlated fermions. The research of this thesis
focuses on such models defined on two-dimensional square lattices. One motivation
for this is the so-called high-Tc problem of the cuprate superconductors.
A main hypothesis is that there exists an underlying Fermi surface with nearly
flat parts, i.e. regions where the surface is straight. It is shown that a particular
continuum limit of the lattice system leads to an effective model amenable to computations. This limit is partial in that it only involves fermion degrees of freedom
near the flat parts. The result is an effective quantum field theory that is analyzed
using constructive bosonization methods. Various exactly solvable models of interacting fermions in two spatial dimensions are also derived and studied.
Key words: Bosonization, Exactly solvable models, Hubbard model, Mean field
theory, Quantum field theory, Strongly correlated systems.

iii

iv

Preface
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Chapter 1

Introduction
The number of mobile electrons in a 1 cm3 crystal of copper is about 1023 , i.e. a
number that can be written as a one followed by twenty-three zeros. To put this
abstract number in some perspective, this is roughly the same as the number of
sand grains in the Sahara desert if we dig ten meters into the ground!1 Now imagine
all these electrons roaming around inside the crystal, bouncing off the atoms and
colliding with each other. How could we ever make sense of such an overwhelmingly
complex system?
One might think the solution to this problem is not that difficult, given that the
present theory of everyday matter was written down more than 80 years ago (in the
early days of quantum mechanics). Simply take the mathematical equations that
describe the electrons and solve them, possibly on a computer. Well, the problem is
that, even with the most state-of-the-art supercomputers available to us, we cannot
solve these equations for more than a few sand grains on a finger tip.
This is where the art of mathematical modelling comes in. If we forego the
ambition of trying to solve “everything at once”, we can write down simplified
models that describe the properties of some very particular type of system: metals,
insulators, magnets, semiconductors, superconductors, etc. What constitutes a
good model is of course delicate; it must be simple enough so that we can actually
solve the corresponding mathematical equations, while at the same time not too
simple as to lose the essential physics. Finding the best compromise to this lies at
the very core of theoretical physics.
Adopting this philosophy has been highly fruitful in the study of many-electron
systems. A nice example is Landau’s Fermi liquid theory of weakly interacting
quasiparticles [1–3], applicable for example to conduction electrons in ordinary
metals at sufficiently low temperatures. We know that electrons interact strongly
1 This analogy is based on the following: The number of conduction electrons in Cu equals
the number of ions, the mass density of Cu is 8.96 g cm−3 , Cu weighs 63.5 g/mol, each grain is
approximately 1 mm3 , and the area of the Sahara desert is about 107 km2 .
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through mutual Coulomb repulsions. Yet, surprisingly, the experimental properties of many metals are largely consistent with those of non-interacting particles.
The essential point in Fermi liquid theory is that these particles are not the bare
electrons, but so-called quasiparticles that are “dressed up” by interactions. The
quasiparticles obey Fermi-Dirac statistics and are characterized by the same spinand momentum quantum numbers as free electrons. In contrast, properties such
as mass and magnetic moment are generally modified, or renormalized, by the interactions; for example, quasiparticles in copper weigh about 1.3 electron masses.2
On an elementary level, Fermi liquid theory relies on the notion of adiabatic continuity: one can imagine starting from a free electron system in the distant past
and then slowly turning on the effects of interactions. The basic hypothesis is then
that the low-energy states of the free system will continuously evolve into those of
the interacting system.3
From a broader perspective, many-electron systems are classified by the importance electronic correlations play in determining their physical properties. The
Hamiltonian for these systems typically consists of a kinetic- and an interaction
term. If the former dominates, the electrons behave as delocalized plane waves,
and if the latter dominates, as localized particles. In either case, the system is well
described as a simple collection of individual electrons. More generally, a weakly
correlated system is one for which a perturbative treatment based on nearly-free electrons is valid; this includes ordinary metals, insulators and semiconductors. These
systems can be successfully studied using well established computational methods,
e.g. electronic band theory, Hartree-Fock theory or density functional theory.
On the other side of the spectrum, one finds the strongly correlated systems.
These are systems for which neither the kinetic nor the interaction energy dominates, resulting in a strong competition betwen localization and delocalization of
the electrons. This in turn often leads to complex physical properties that can no
longer be described using the concept of individual electrons, but must viewed as
coming from the intricate behavior of the interacting electrons as a whole. Some
examples of strongly correlated systems include high-temperature superconductors,
heavy fermions, Mott insulators and (fractional) quantum Hall systems.
While formulating models of strongly correlated (non-relativistic) electrons is
relatively easy, analyzing these same models turns out to be notoriously difficult. In
fact, one of the main challenges in this field of research is a lack of reliable and generally applicable computational methods. However, there is an important exception
to this state of affairs: many-electron systems in one spatial dimension. Through
the pioneering contributions of Bethe as long ago as 1931, and later Tomonaga,
Thirring, Luttinger, Lieb and Mattis, Lieb and Wu, and Haldane, among others,
a rather complete picture based on exactly solvable models has emerged [8–16].
2 Using the specific heat effective mass ratio m∗ /m defined by the ratio of the measured specific
heat coefficient γ and the theoretical value for free electrons; see [4], for example.
3 For the modern characterization of a Fermi liquid as a renormalization-group fixed point of a
weakly-interacting fermion system, see [5–7] and references therein.
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These are models of truly interacting electrons for which analytical methods exist
that allow them to be studied in their entirety.4
The important role exactly solvable models play in theoretical physics in general,
and for the interacting electron problem in particular, cannot be overemphasized. It
enables us to completely explore and characterize physical phenomena that cannot
be treated using perturbative- or other approximative methods, as also advocated
in [16] for example. Furthermore, it allows us to translate intuitive physical ideas
into specific mathematical realizations.
The research of this thesis concerns exactly solvable models of interacting electrons in two spatial dimensions. In the next chapter, we discuss the so-called high-Tc
problem of the cuprate high-temperature superconductors, which provide the main
physics motivation for the mathematical work presented in later chapters. This material is based on review articles as well as original research articles. In Chapter 3,
we introduce the Hubbard model and discuss some of its main properties. This is
a prototype model for electrons with strong correlations and is believed to capture
the essential physics of the high-Tc problem. As an introduction to our work in two
dimensions, we also discuss how the Hubbard model in one dimension is related to
a certain quantum field theory model of interacting fermions.5 In Chapter 4, we
review the mathematical foundation and various applications of the so-called bosonfermion correspondence. This chapter contains the main technical background to
the scientific papers. Chapter 5 gives an introduction to the appended scientific
papers. The final chapter contains a short discussion of the thesis.
Notation and conventions
We use units for which Planck’s constant and the speed of light satisfy ~ = c = 1.
The Pauli matrices are denoted σ i , i = 1, 2, 3. We identify 1 with the identity
def
operator. We write = to emphasize relations that are definitions. Unless otherwise
stated, notations and conventions do not carry over between different chapters and
sections. For example, the symbol H will be used profusely for various different
Hamiltonians.

4 There

also exists numerical methods that have proven very successful in one dimension [17].
quantum field theory, we will always mean a system with an infinite number of degrees of
freedom. In particular, no requirement of Lorentz invariance is invoked.
5 By
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Chapter 2

Cuprate superconductors
The layered copper-oxide ceramics known as the cuprate high-temperature superconductors, or simply cuprates, is a well-cited example of a strongly correlated
material. Discovered a quarter of a century ago by Bednorz and Müller [18], these
materials have spurred an immense amount of research in both theoretical- and experimental physics.1 In this chapter, we summarise some experimental properties
of these materials and the minimal models generally believed to describe them. In
Section 2.1, we discuss the basic structure common to all cuprate high-temperature
superconductors; we follow mainly [19]. In Section 2.2, we review the basic features
of the temperature vs. doping phase diagram of (hole-doped) cuprates. We then
recall in the last section the so-called three-band Hubbard Hamiltonian, which is
believed to give a minimal model for the relevant physics.

2.1

The high Tc problem

The discovery of superconductivity in wires of mercury below 4.2 K by Kamerlingh
Onnes dates back exactly one century [20]. During the following 75 years leading up
to 1986, an abundance of (mainly) pure metals and alloys were found to be superconductors, with the highest critical temperature (Tc ) observed in niobium-germanium
Nb3 Ge with Tc ≈ 23.2 K [21]. On the theory side, the highly successful model
of phonon-induced superconductivity was proposed in 1957 by Bardeen, Cooper
and Schrieffer (BCS) [22–24], and later refined by Migdal [25] and Eliashberg [26].
BCS theory could not only account for the superconducting mechanism, but also
the Meissner effect (the expulsion of magnetic fields from the bulk), the isotope
1 A mere four years after their discovery in January 1986, there were some 18 000 publications
on high-temperature superconductors; H. Nowotny and U. Felt, After the Breakthrough: The
emergence of high-temperature superconductivity as a research field, Cambridge University Press
(1997), p. 11.
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effect (the dependence of Tc on isotopic mass), and the exponential temperaturedependence of the electronic heat capacity (indicative of a gapped excitation spectrum); see for example [27] and references therein. Besides some suprises with the
heavy-fermion- [28] and organic superconductors [29], the field of superconductivity appeared to be fairly well-matured by 1986. Furthermore, the upper bound for
phonon-induced superconductivity had been predicted to be about Tcmax ∼ 30-40
K through theoretical work of McMillan [30].2
The superconductor discovered by Bednorz and Mller was a copper-oxide-based
ceramic with a critical transition temperature in the 30 K range [18]. Not only was
this a significant increase from the old record, but under normal (undoped) conditions this transition-metal oxide is not a metal but an insulator. In the months and
years following the initial discovery, several new superconductors with even higher
transition temperatures were found in the same family of materials, commonly
called cuprates due to the universal presence of copper.3 The current confirmed
record is Tc ≈ 133 K for HgBa2 Ca2 Cu3 O8+x (at atmospheric pressure) [33, 34] first
observed in the early 1990s. This is a drastic departure from the old estimate of
Tcmax . The high transition temperatures of the cuprate superconductors, seemingly
ruling out a phonon-induced pairing-mechanism, is in fact just one of several puzzling features observed in these materials. Much like BCS theory does not apply to
the superconducting phase, the otherwise so successful Fermi liquid theory fails to
predict many of the experimental properties in the “normal” phase(s) of cuprates.

LSCO
Common to all cuprate high-temperature superconductors is a layered structure of
weakly-coupled copper-oxygen (Cu-O) layers, separated by other atoms (Ba, Cu,
La, O, Sr, Y, . . . ). A simple, representative example is La2 CuO4 whose crystal
structure is schematically drawn in Figure 2.1. The crystal consists of Cu-O layers
(the shaded top-, middle-, and bottom planes oriented horizontally in the figure)
with oxygen- and lanthanum (La) atoms situated in-between these layers. As seen
in the middle plane in Figure 2.1, each Cu is surrounded by six adjacent O: four
atoms lying in-plane, and one atom lying above respectively below the plane. The
oxygen atoms form a distorted octahedron with the upper- and lower (apical) O
slightly farther away than the in-plane O. While the in-plane configuration of Cu
and O remains the same in all cuprates, the number of apical O can vary. As seen
in Figure 2.1, each unit cell also consists of two La atoms, giving a stacked structure
of Cu-O layers separated by two La-O layers in La2 CuO4 .
The valence electrons in cuprates are usually modelled by a tight-binding approximation [4] in which the one-electron states of the crystal are in one-to-one
correspondence with the outer atomic orbitals. The electron configurations of the
2 The highest critical temperature of superconductivity in which phonons are believed responsible is found in the recently discovered superconductor MgB2 with Tc ∼ 39 K [31].
3 There is also a recently discovered class of iron-based high-temperature superconductors, which
however will not be discussed in this thesis; for review, see [32] for example.
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Figure 2.1. The crystal structure of the cuprate high-temperature superconductor La2−x Srx CuO4 (LSCO). The large spheres are oxygen (O), the medium-sized
spheres are either lanthanum (La) or strontium (Sr), and the small spheres are copper
(Cu). The in-plane distance between Cu and O is ∼ 1.9 , the out-of-plane distance
between Cu and O (apical) is ∼ 2.4 , and the distance between Cu-O layers (the
three shaded planes in the figure) is ∼ 6.6 [19]. The bond between Cu and apical O
is weaker than the bond between Cu and in-plane O. Hole doping (x 6= 0) is achieved
by substituting a fraction of La atoms with Sr atoms. The superconducting charge
carriers are generally believed to be localized on the clusters of one Cu and four O
atoms in the Cu-O layers. Reprinted by permission from Macmillan Publishers Ltd:
Nature Physics [35], copyright 2006.

constituent atoms in La2 CuO4 are (using the noble gases to indicate the inner configurations) [Ar](3d)10 (4s) for Cu, [He](2s)2 (2p)4 for O, and [Xe](5d)(6s)2 for La.
The starting point for describing the valence electrons is the following (see e.g. [19]
and references therein): Cu loses the 4s electron and one 3d electron to become the
ion Cu2+ . Similarly, La loses three electrons and becomes La3+ , while each O fills
its outer p-shell by gaining two electrons to become O2− . All atomic shells are thus
closed except for one partially filled d-orbital on Cu.

12
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It is possible to substitute random La atoms by strontium (Sr) atoms (the
latter with an electron configuration [Kr](5s)2 ), such that the cuprate becomes
La2−x Srx CuO4 (abbreviated LSCO); here x is the number of La atoms replaced by
Sr per unit cell. Since strontium loses two electrons in the crystal to become Sr2+ ,
there is one less valence electron available for every added Sr atom [19] (cf. trivalent
La3+ ). Referring to a missing electron as a hole, this can be regarded as introducing
x holes per unit cell in addition to the hole already present in one of the d-orbitals
of Cu. This process of chemical doping is similar in all cuprates: By replacing some
of the atoms in-between the Cu-O layers with atoms of different valency, additional
electrons (electron doping) or holes (hole doping) are introduced in the system. An
example of the former is the cuprate Nd2 CuO4 , which can be electron-doped by
replacing neodymium (Nd) with cerium (Ce), leading to Nd2−x Cex CuO4 (NCCO).
As will be further discussed in the next section, the parent compounds (in the above
cases La2 CuO4 and Nd2 CuO4 ) are antiferromagnetic insulators at sufficiently low
temperatures. When doping with holes or electrons, antiferromagnetic long-range
order disappears and the material becomes a superconductor.

2.2

The cuprate x-T phase diagram

The general features of the doping (x) vs. temperature (T ) phase diagram is similar
for all hole-doped cuprates, although only a few materials can access the full range
of doping values [35]. In Figure 2.2, a schematic x-T phase diagram for hole-doped
cuprates is plotted. It must be emphasized that the exact values on the axes and the
form of the phase boundaries should not be taken too literally; in fact, one of the
main challenges in the field of cuprate superconductivity is the lack of experimental
consensus on the x-T phase diagram. The generic phase diagram of electron-doped
cuprates differs somewhat from that in Figure 2.2; for details, see [36] for example.
The undoped parent compound (x = 0) has a partially filled d-orbital on each
copper ion in the Cu-O layers. Since one d-band is half-filled in the crystal, conventional band theory predicts that x = 0 corresponds to a metal. However, this
is not observed experimentally; the undoped parent compound is a Mott insulator
(or charge-transfer insulator, to be precise; see Section 2.3) with antiferromagnetic
long-range order. A simplistic explanation goes as follows: strong Coulomb repulsions prohibits two d-electrons from occupying the same Cu. As there are as many
electrons in the half-filled d-band as there are Cu atoms, the electrons cannot tunnel (hop) between adjacent Cu, i.e. they cannot conduct. A residual interaction
between the spins of adjacent localized electrons then favor antiferromagnetic spin
ordering, as confirmed by neutron- [37] and light- [38] scattering experiments; see
also [39]. Long-range order at non-zero temperature is enabled by an even weaker
interaction between spins on adjacent Cu-O layers. The transition (Néel) temperature for long-range order is about TN ∼ 300 K, although antiferromagnetic
correlations survive to even higher temperatures [40].

2.2. The cuprate x-T phase diagram
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Upon doping the system with holes, the Néel temperature is quickly suppressed
until it eventually vanishes; in LSCO, antiferromagnetic long-range order at nonzero temperature is lost at x ≈ 0.02 [40]. After that, there is a small doping window
in which little is known for certain: the holes have destroyed antiferromagnetic longrange order, but experiments indicate that antiferromagnetic correlations still exist
on shorter length- and time-scales [35, 41].
At slightly larger doping values (x ≈ 0.05 in LSCO [40]), the cuprates become
superconductors. The critical temperature Tc (x) first rises with increases doping
until it reaches its maximum at so-called optimal doping xo (Tc ≈ 40 K at xo ≈ 0.15
in LSCO). It then decreases and reaches zero at doping x ≈ 0.30. One usually calls
x < xo the underdoped regime, and x > xo the overdoped regime. Even though
BCS theory does not seem to be valid for the cuprates, some BCS phenomenology
still works: There is a condensate of Cooper pairs with an energy excitation gap,
although the gap function does not have the more common s-wave symmetry but
instead d-wave symmetry, ∆(k) ∝ cos(kx ) − cos(ky ) [42]. In particular, the gap
vanishes at the nodal points k = (π/2, ±π/2) and (−π/2, ±π/2) in the first Brillouin
zone.
For temperatures above Tc near optimal doping, there is a large parameter

Figure 2.2. Schematic phase diagram for doping (x) vs. temperature (T ) of holedoped cuprates. The antiferromagnetic- and superconducting phase boundaries are
experimentally well-established. There is less consensus on the boundaries separating
the pseudogap- and strange metal phase, and the strange metal- and the Fermi-liquid
phase (the dashed lines in the figure).
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Figure 2.3. In-plane resistivity ρab vs. temperature T in La2−x Srx CuO4 (LSCO)
for doping x = (a) 0.17, (c) 0.21 and (e) 0.26. Diagrams (b), (d) and (f) show
the corresponding temperature-derivative curves; the reader is referred to [45] for
discussion. Diagrams reprinted from Figure 1 in [45] with permission from The
Royal Society.

regime where the experimental properties are highly anomalous. While the cuprates
are conductors with a well-defined Fermi surface in this regime, their behaviour is
not describable by conventional Fermi liquid theory. Perhaps the most well-known
characteristic is the linear temperature-dependence of the d.c. electrical resistivity
in the Cu-O layers over large temperature intervals (10 − 1000 K) [43], see also
Figure 2.3. This parameter regime is sometimes called the non-Fermi liquid phase,
marginal Fermi liquid [44], or strange metal.
In the far overdoped regime, beyond the strange metal and superconducting
phase, the experimental properties are more in line with a “normal” metal. In particular, the in-plane resistivity has T 2 -behaviour at low temperatures in agreement
with Fermi liquid theory [46]; see [47] for experimental results on overdoped LSCO,
for example.
Finally, there is the so-called pseudogap phase found in the underdoped regime
of the x-T phase diagram; see [48, 49] for reviews on experiments performed in this
regime. In the pseudogap phase, enough holes have been introduced in the system
to destroy antiferromagnetic long-range order, but the doping is too small or the
temperature is too high for superconductivity. The hallmark feature of this phase
is the suppression of the one-particle density of states (DOS) around the Fermi
energy in parts of the Brillouin zone, indicating a partial (or pseudo) gap in the oneparticle energy excitation spectrum. This is directly observed for example in angle-

2.3. Three-band description of the Cu-O layers
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resolved photoemission spectroscopy (ARPES) [34], which measures (essentially4 )
the one-particle spectral function using the photoelectric effect. When plotting the
measured spectral weight near the Fermi energy in the Brillouin zone, one sees
four Fermi arcs in the vicinity of the nodal points. Meanwhile, the one-particle
states with momenta near the so-called antinodal points k = (±π, 0) and (0, ±π)
are energetically gapped. A noteworthy feature is that the length of these arcs seem
to depend linearly on T /T ∗ [51], with T ∗ the onset temperature for the pseudogap
phase.
Above, we have mentioned a few of the experimental surprises in the cuprate
phase diagram. Of the many subjects left out in our discussion, we mention in particular stripes (spatial charge modulations consisting of e.g. one-dimensional aggregations of holes separating regions of local antiferromagnetic order) [52], and recent
experiments showing magnetic quantum oscillations in the underdoped regime [53],
indicative of a closed Fermi surface.

2.3

Three-band description of the Cu-O layers

The formation of the crystal splits the degeneracy of the 3d atomic orbitals on Cu
and the 2p atomic orbitals on O in the Cu-O layers of cuprates [19]. Electronic
band structure calculations [54, 55] show that the orbital with the highest energy
is found on copper. This orbital, denoted 3dx2 −y2 , has four lobes pointing towards
the surrounding O; see Figure 2.4. Thus, as already noted above, each Cu loses one
3dx2 −y2 electron to a neighboring O (in addition to its 4s electron), such that all
2p-orbitals of the latter are filled in the parent compound.
It is generally believed that, when doping the parent compound, the added holes
(electrons) are mainly localized in the Cu-O layers. Furthermore, these holes (electrons) are the charge carriers responsible for the cuprate phase diagram outlined in
the previous section. As a first approximation, one concentrates on a single Cu-O
layer, thereby ignoring the coupling between different Cu-O layers, and the coupling to possible apical O or other atoms in-between the layers (one assumes that
the latter merely act as charge reservoirs). A minimal description is then given by
electrons tightly bound to a lattice of CuO2 molecules, with each Cu surrounded
by four O.
With electron-doping, it is reasonable to assume that each added electron fills a
partially empty 3dx2 −y2 orbital, thus closing the 3d-shell of one Cu. For hole-doping,
one might guess that the opposite happens, i.e. that one 3dx2 −y2 orbital loses its
electron; after all, this orbital had the highest energy. However, this reasoning
fails to account for the strong Coulomb repulsion felt by the electrons in the filled
4 Under certain simplifying assumptions (see [34, 50] and references therein), the measured
intensity in ARPES is I(k, ω) = I0 (k)f (ω)A(k, ω), with f (ω) = ( eβω + 1)−1 the usual FermiDirac distribution, A(k, ω) = −2ImGR (k, ω + i0+ ) the one-particle spectral function (suppressing
a spin index α), and I0 (k) a proportionality factor independent of ω. The occupation numbers
R
P
1
, and the DOS is N (ω) = k,α A(k, ω) 2π
[46].
satisfy the sum rule hc†kα ckα i = R f (ω)A(k, ω) dω
2π
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Figure 2.4. Projection in the
Cu-O plane of the 3dx2 −y2 orbital on Cu (center), and 2px ,
2py orbitals on O (left-right
and top-bottom) in the threeband model. The signs inside
the lobes give the phase conventions of the orbitals. The
signs near the arrows give
the phase factors of the hybridization parameters tpd and
tpp .
These are the amplitudes for Cu–O and O–O hopping, respectively. These amplitudes are proportional to
the overlaps (not drawn) of the
3dx2 −y2 and 2px,y orbitals.

2p-orbitals, which instead favor the removal of one electron from O. The relevant
orbital is either 2px or 2py [54] depending on the Cu-O bond-direction (Figure 2.4).
One can describe this state of affairs using an equivalent hole picture in which
two holes residing on the same Cu atom experience a strong Coulomb repulsion. To
this end, introduce a vacuum state corresponding to all 3d- and 2p- orbitals filled
by electrons (no holes) on a single Cu-O layer. Define standard fermion operators
d†i,α creating a hole with spin α =↑, ↓ in a 3dx2 −y2 orbital at site i ∈ ΛCu , with
ΛCu the Cu lattice sites. Similarly, let p†l,α create a hole in a 2px - or 2py orbital
(depending on the bond direction to Cu) at O-site l ∈ ΛO . A minimal model for
the charge carriers on a Cu-O layer is then defined by the so-called three-band
Hubbard Hamiltonian introduced by Emery [56] and Varma, Schmitt-Rink and
Abrahams [57]
X pp X †
X pd X †
def
(di,α pl,α + h.c.) + tpp
(pl,α pl′ ,α + h.c.)
εl,l′
H3B = tpd
εi,l
hi,li

α=↑,↓

+Udd

X

hl,l′ i

ndi,↑ ndi,↓

+ Upp

i∈ΛCu

X

α=↑,↓

npl,↑ npl,↓

l∈ΛO

+ǫd

X

+ Upd

X

ndi npl (2.1)

hi,li

ndi + ǫp

i∈ΛCu

X

npl

l∈ΛO

with the fermion number operators defined as usual:
ndi,α = d†i,α di,α ,

ndi = ndi,↑ + ndi,↓

npl,α

npl

=

p†l,α pl,α ,

=

npl,↑

+

npl,↓

(i ∈ ΛCu )
(l ∈ ΛO )

.

(2.2)

The first line in (2.1) corresponds to hopping of holes between nearest-neighbor
(nn) atoms. The hybridization parameter tpd is proportional to the overlap of the
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orbitals on nn Cu and O. The phase factors εpd
i,l = ±1 depend on the symmetry conventions of the orbitals (see Figure 2.4 for our conventions). Analogous statements
hold for the second term in the first line of (2.1), which enables hopping between
nn O. The second line in (2.1) gives the Coulomb repulsion between holes. Apart
from the repulsion Udd felt by holes occupying the same Cu site, the Hamiltonian
in (2.1) also includes interactions between holes on the same O site (Upp ), and between holes on nn Cu and O sites (Upd ). The last line in (2.1) are the energy costs
ǫd or ǫp for a hole to occupy an orbital on Cu or O, respectively.
The parent compound corresponds to one hole per CuO2 -cluster in the threeband model; we will call this the undoped model (an analogous definition is made
for the doped model). In the atomic limit (tpd , tpp and Upd tend to zero) these
def
holes occupy the Cu sites assuming that ∆pd = ǫp − ǫd > 0. For non-zero tpd ,
the analysis is much more complicated. Tight-binding parameters appropriate to
the cuprates have been fitted using various band structure calculations [58–60];
see Table 2.1 for representative values. As seen in the table, double occupancy
of either Cu or O sites is clearly suppressed. However, while occupation of the
O sites is unfavored by the positive value of ∆pd , the holes may still lower their
kinetic energy by delocalizing in the Cu-O lattice. As tpd and ∆pd are of the
same order of magnitude, there is a strong competition between localization- and
delocalization of the holes in the lattice, which is typical of a strongly correlated
system. From experiments on undoped cuprates, we know that localization wins
and that the materials are so-called charge-transfer insulators [61].5 We note that
the precise manner in which strong correlations lead to localization is still an active
field of research [63]. The spins of the localized holes in the undoped model can still
interact through superexchange [64, 65], leading to an effective spin-1/2 Heisenberg
Hamiltonian on a square lattice [66–68]
HJ = J

X

hi,ji

Si · Sj ,

def

J =

 1

4t4pd
2
+
,
(∆pd + Upd )2 Udd
Upp + 2∆pd

(2.3)

which favors antiferromagnetic spin ordering; here Si is the spin operator for a hole
at site i ∈ ΛCu . Insertion of values from Table 2.1 gives J ≈ 0.14 eV in good
agreement with experiments on undoped cuprates [37, 38].
Far less is known about the doped model and its relation to the cuprate phase
diagram. Anderson [66] advocated early on that the key physics of the cuprates
5 In a Mott insulator [62], localization is due to electron-electron interactions within a single
band; this distinction is discussed in [63], for example.

∆pd
3.6

tpd
1.3

tpp
0.65

Udd
10.5

Upd
1.2

Upp
4

Table 2.1. Representative energy parameters (in eV) for the three-band model of
the Cu-O layer [58]. Note that these values vary between different authors [58–60].
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are the strong correlations near a metal-insulator transition, i.e. the competition
between localization and delocalization in the Cu-O layers. As a minimal model
capturing this physics, Anderson proposed to use the so-called t-U Hubbard model
(see Section 3.2), which has a much simpler form than the three-band model. However, one must note that this model is a one-band description in which particles
hop on a square lattice whose sites coincide with the Cu atoms alone.
Since added electrons mainly reside on the Cu atoms, the substitution of the
electron-doped three-band model for the one-band model appears, in principle,
straightforward. The relation between the hole-doped models is less transparent.
Studying the three-band model on a CuO4 cluster (one Cu surrounded by four
O), Zhang and Rice [67] showed that the lowest energy state in the two-hole sector
could be described as a spin-singlet state, the so-called Zhang-Rice singlet, in which
one hole is mainly localized on Cu while the other is distributed over the O. Using
a perturbative argument, they were then able to derive a Hamiltonian describing a
multistep process in which the Zhang-Rice singlet effectively hops between adjacent
clusters with a hopping amplitude t; see for example [69] for a review. The Hamiltonian also included a Heisenberg-type interaction (2.3). This description turns
out to be equivalent to the so-called t-J model, and the latter can (essentially) be
obtained in a t/U expansion of the t-U Hubbard model (see e.g. [70, 71]).
The t-U Hubbard Hamiltonian and the t-J Hamiltonian are both invariant
under the exchange of electrons with holes, while the three-band Hamiltonian is
not. In particular, there is a clear asymmetry in the phase diagrams of hole vs.
electron-doped cuprates [36]. To account for this, one often adds phenomenological
further-neighbor hopping constants in the one-band Hamiltonians, which break the
electron-hole symmetry. The validity of using one-band models as effective descriptions for hole-doped cuprates has not been universally accepted [72–74]. However,
numerical studies such as exact diagonalization on small clusters [75], the dynamical cluster approximation [76], and the variational cluster approximation [77], have
shown that the low-energy spectra match well between the one-band models and the
three-band model. In all these studies, the inclusion of phenomenological furtherneighbor hopping parameters was necessary to obtain a good fit.

Chapter 3

The Hubbard model

The Hubbard model provides a minimal description of itinerant, interacting electrons tightly bound to the atoms of a crystalline solid. The model describes the
idealized situation in which the electrons can only occupy a single orbital on each
atom. Due to overlap of orbitals on neighboring atoms, the electrons are able to tunnel between different atoms in the solid. The Coulomb repulsion between electrons
is assumed to be highly screened, up to the point that only electrons occupying the
same orbital repel. Mathematically, the atoms are described as sites in a lattice
(or graph), with the electrons hopping between neighboring sites. The Hubbard
model was first formulated in quantum chemistry as a model of electrons tunneling between orbitals in a hydrocarbon molecule (e.g. benzene C6 H6 ) by Pople [78],
and Pariser and Parr [79, 80]. In solid state physics, it was introduced independently in 1963 by Hubbard [81], Gutzwiller [82], and Kanamori [83] in their study
of magnetism in the transition metal compounds.
Despite its simple appearance, the model turns out to be extremely challenging to analyse, both from an analytical and numerical perspective. Furthermore,
it is believed, and in some special cases confirmed, that the model exhibits a rich
spectrum of physical phenomena for different values of model parameters and dimensionality: magnetism (ferro-, ferri- and antiferromagnetism), metal-insulator
transition, various charge ordering, Fermi liquid behaviour, Luttinger liquid behaviour, and superconductivity. In Section 3.1, we recall the standard derivation of
the Hubbard model from a more fundamental description of interacting electrons in
a monatomic solid. The model is then defined in a slightly more generalized form
in Section 3.2. In Section 3.3, we summarise some of the (few) exact results known,
while results from Hartree-Fock studies are collected in Section 3.4. In the last
section, we dicuss the derivation of a particular low-energy effective Hamiltonian
starting from the Hubbard model in one spatial dimension.
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3.1

Truncation of a multiband Hamiltonian

Consider N conduction electrons in a three-dimensional crystalline solid. A starting
point for modelling this system is the many-body Hamiltonian (in suitable units)
H=

N 
X
i=1

−

 X
1
∆i + Vion (xi ) +
Vc (xi − xj )
2m
i<j

(3.1)

with Vion the ionic potential and Vc the Coulomb interaction potential between electrons. Even though this Hamiltonian is an approximation to the full interacting
problem of dynamical nuclei and electrons, finding its ground state for macroscopic N is usually well-beyond our capabilities. A standard approximation is to
use Hartree-Fock (HF) theory in which the true ground state is approximated by
the Slater determinant [84] ΨN that minimizes the energy hΨN , HΨN i. We write
ΨN = (N !)−1/2 det fi (xj ) , with space-spin coordinates x = (x, α) and orthonormal one-particle functions fi (i = 1 . . . N ). The Euler-Lagrange equations for the
minimization problem then becomes (hfi )(x) = εi fi (x), with Lagrange multipliers
εi ∈ R, and hfi equal to


−

N Z



X
1
Vc (x − y) fi (x)|fj (y)|2 − fi (y)fj (y)fj (x) d3 y (3.2)
∆ + Vion fi (x) +
2m
j=1

where the integral includes summation on spin; see [85] for a precise mathematical
treatment. This reduces the many-body problem to a set of N one-body equations,
but as these equations are non-linear, this is still a highly non-trivial problem to
solve. Furthermore, this approximation is often too crude to account for physical
phenomena in which interaction (correlation) effects are important.
Nevertheless, it is still fruitful to approach the interacting problem using a onebody operator as a reference point. Below, we review a standard derivation that
replaces H in (3.1) by an effective Hamiltonian believed to describe the same lowenergy physics; we follow closely the treatments of [16, 70]. To this end, write (3.1)
as
N 
 X
X
1 2
∇i + Vion (xi ) + VMF (xi ) +
−
V (xi , xj )
(3.3)
H=
2m
i=1
i<j

with the two-body potential V (xi , xj ) = Vc (xi −xj )− VMF (xi )+VMF (xj ) /(N −1).
Here we have added and subtracted an unspecified one-body potential VMF that,
in some sense, gives a “mean field” approximation of the last term in (3.2). As will
be discussed below, the arbitrary VMF should be chosen such that the interaction
V , and thus H, becomes amenable to approximative methods.
Consider for example a monatomic crystal, with one ion per unit cell, in which
the conduction electrons are believed to be well-localized near the ions. Denote
the crystal lattice by Λ and let Ri , i = 1 . . . |Λ|, be the lattice vectors (we assume
periodic boundary conditions). Choosing VMF to have the same periodicity as Vion ,
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def

1
one finds that the eigenfunctions of the one-body operator T = − 2m
∇2 + Vion (x) +
ik·x
VMF (x) (cf. (3.3)) are Bloch wave functions φn,k (x) = e un,k (x); here un,k is
perodic in the lattice, k is a crystal momenta in the first Brillouin zone (BZ), and
n ∈ N is a band index. Let εn,k be the corresponding eigenvalues of T . The Bloch
wave functions describe delocalized electrons in the crystal lattice. Localized states
are obtained by a discrete Fourier transform over momenta

X
1
def
e−ik·Ri φn,k (x),
ψn,Ri (x) = p
|Λ| k∈BZ

(3.4)

which are centered at lattice site Ri ; these are the usual Wannier functions [4].
These latter functions are ideally suited as basis vectors for a second quantized
representation of H using standard fermion creation- and annihilation operators
(†)
cn,Ri ,α . The matrix elements of the one-body operator are given by
Z
1 X
def
tmn
=
d3 x ψm,Ri (x)T ψn,Rj (x) = δmn
εn,k eik·(Ri −Rj )
(3.5)
ij
|Λ|
R3
k∈BZ

which are diagonal in the band index, and similarly for the two-body interaction
Z
Z
mnpq def
3
(3.6)
Uijkl =
d x
d3 y ψm,Ri (x) ψn,Rj (y)V (x, y)ψp,Rk (x)ψq,Rl (y).
R3

R3

This representation of H is still exact. In the ideal case, VMF can be chosen such
that the interaction matrix elements in (3.6) are all small, i.e. can be treated by
perturbation theory. This leads to an ordinary band theory description.
Assume now that perturbation theory fails. If VMF is such that the Wannier
functions are well-localized at each lattice site, the matrix elements in (3.6) will
quickly decrease in strength with site-separation. The largest elements are the onmnpq
site terms Uiiii
, and a lowest, non-trivial approximation is obtained by dropping
all interaction elements except these.
A further approximation is obtained by mapping the multi-band model to an
effective one-band model. Consider for example the case when the Fermi surface of
the non-interacting Hamiltonian only crosses a single band, say m0 . If all interband
mnpq
matrix elements Uiiii
are weak, it is possible to project out all bands except m0 .1
To lowest order, this entails dropping all bands except m0 in the Hamiltonian. The
result is an effective one-band Hamiltonian with (possibly renormalized) parameters
tij and U = Uiiii (all sites are equivalent), and for which we have dropped the
common superscript m0 . Finally, similar as in (3.6), the tij decrease with increasing
separation |Ri − Rj |. The simplest description is obtained by setting tij = 0 except
for i = j or i, j nearest-neighbor pairs. This gives the so-called t-U Hubbard model.2
1 One assumes that the notion of separated bands and a Fermi surface governing the low-energy
properties is still valid in the interacting system.
2 In practice, the parameters t , etc., are seldom computed from first principles but instead
ij
fitted to experiments.
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Definition of the model

Let Λ be a finite collection of vertices (sites) x in a graph. We define a hopping
matrix associated with this graph by specifying its matrix elements txy ∈ R, with
x, y ∈ Λ, such that txy = tyx and txy = 0 if the pair of vertices x, y ∈ Λ are
not connected by an edge (bond).3 We will assume throughout that the graph is
connected (there is a path of bonds between every pair of sites). The material
below follows mainly [86–88].
The Hubbard model describes spin-1/2 fermions hopping between the sites
x, y ∈ Λ with transition amplitudes txy . Let Ω be the vacuum state corresponding to
(†)
no fermions. Introduce fermion operators cx,α , with cx,α Ω = 0, satisfying standard
canonical anticommutation relations, {cx,α , cy,β } = 0 and {cx,α , c†y,β } = δx,y δα,β ,
for sites x, y ∈ Λ and spin α, β =↑, ↓. The fermion operator c†x,α creates a fermion
with spin component α at site x. Similarly, cx,α annihilates a fermion with spin α
def
at site x. The operator nx,α = c†x,α cx,α measures the number of fermions with spin
α at site x, and similarly for nx = nx,↑ + nx,↓ . The Hilbert space of the model is
generated by acting with the creation operators on the vacuum state, which gives
a finite-dimensional vector space (of dimension 4|Λ| ).4
The Hubbard Hamiltonian is defined as
H = H0 + H1

(3.7)

with the kinetic energy
H0 = −

X X

txy c†x,α cy,α

(3.8)

α=↑,↓ x,y∈Λ

(the minus sign is a convention), and the interaction
H1 =

X

x∈Λ



Ux nx,↑ − 1/2 nx,↓ − 1/2 .

(3.9)

The on-site interaction constants Ux ∈ R are allowed to be either positive or negative. If all Ux > 0 (Ux < 0) the model is called the repulsive (attractive) Hubbard
model. The shifts −1/2 in (3.9) are introduced to more easily exploit a symmetry
of the Hamiltonian below; they can be absorbed in (3.8) by a redefinition of txx .
3 The notational change i → x from the previous section is intentionally made to emphasize
that Λ need not form a lattice. In the case of lattice electrons coupled to a magnetic field, the
matrix elements txy will be complex-valued.
4 The one-particle Hilbert space can be represented as the vector space of all complex-valued
functions on Λ × {↑, ↓},
H = {f : Λ × {↑, ↓} → C} ≃ C|Λ| ⊗ C2

with the obvious inner product. A canonical orthonormal basis in H are the functions fx,α (·, ·)
with fx,α (y, β) = δx,y δα,β , and such that c†x,α = c† (fx,α ). The Fock space is F (H) ≃ C2

2|Λ|

.
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An important notion is that of a bipartite graph. In this case, the collection of
sites can be written as a disjoint union, Λ = ΛA ∪ ΛB with ΛA ∩ ΛB = ∅, such that
txy = 0 if either x, y ∈ ΛA or x, y ∈ ΛB (every bond connects a site in ΛA with a
site in ΛB ; in particular, txx = 0). The typical example of a bipartite graph is a
square lattice with hopping between nearest-neighbour (nn) sites only (ΛA and ΛB
form two sublattices).
Remark In most applications, the sites in Λ form a lattice in D-dimensional space
with some fixed coordination number z (number of bonds connecting each site).
The model is translation-invariant if periodic boundary conditions are used and
the hopping matrix elements only depend on the distance between sites.
Remark The three-band Hamiltonian in (2.1) for Upd = 0 is a special case of (3.7)
with Λ = ΛCu ∪ ΛO .
def

Remark When Ux = U for all x, txx = −U/2, and txy = t if x, y are nn sites but
otherwise zero, one obtains the standard t-U Hubbard Hamiltonian
X X
X
Ht-U = −t
(c†x,α cy,α + c†y,α cx,α ) + U
nx,↑ nx,↓
(3.10)
x∈Λ

α=↑,↓ hx,yi

(up to an additive constant). This is usually referred to as the Hubbard model.
P
Both H0 and H1 commute with Nα = x∈Λ nx,α , the number of fermions with
spin α on the graph, and with N = N↑ + N↓ , the total number of fermions. The
fermion filling is defined as ν = N/|Λ|, 0 ≤ ν ≤ 2, with ν = 1 referred to as halffilling. Besides particle number conservation (U (1) invariance), both H0 and H1
are spin SU (2)-invariant; the generators are
X †
1
S 3 = (N↑ − N↓ ),
S+ =
cx,↑ cx,↓ ,
S − = (S + )† .
(3.11)
2
x∈Λ

We also write S = (S 1 , S 2 , S 3 ) and Sx = (Sx1 , Sx2 , Sx3 ) where
X
1 X †
i
cx,α σαβ
cx,β
(i = 1, 2, 3).
Si =
Sxi ,
Sxi =
2
x∈Λ

(3.12)

α,β=↑,↓

Each eigenspace of the Hubbard Hamiltonian can thus be characterized by the
usual combination (N, S, mS ), with the eigenvalues S(S + 1) and mS of S2 and
S 3 , respectively. At fixed particle number N , the total spin S is bounded by
def
0 ≤ S ≤ Smax = min(N/2, |Λ| − N/2).
In the case of a bipartite graph with Λ = ΛA ∪ ΛB , the U (1) symmetry of H
is replaced by a larger SU (2) symmetry called pseudospin [89, 90]. The generators
are
X
1
R3 = (N↑ + N↓ − |Λ|),
R+ =
(−1)x c†x,↑ c†x.↓ ,
R− = (R+ )† (3.13)
2
x∈Λ

±

1

2

1

with R = (R ± iR )/2 and R = (R , R2 , R3 ). The operators {H, R3 , R2 , S 3 , S2 }
form a mutually commuting set. There is a simple way of proving this that does not
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involve computing commutators explicitly, which we spell out explicitly as follows:
Consider the well-known unitary (Bogoliubov) transformation W (a particle-hole
transformation on the down-spins alone) [86],
Wcx,↓ W † = (−1)x c†x,↓ ,

Wcx,↑ W † = cx,↑

(3.14)

where (−1)x is +1 for x ∈ ΛA and −1 for x ∈ ΛB . Under this transformation,


W nx,↓ − 1/2 W † = − nx,↓ − 1/2 ,
WN↓ W † = |Λ| − N↓ .
(3.15)

It follows from these relations that Ri = WS i W † and WH1 W † = −H1 . Furthermore, in the bipartite case WH0 W † = H0 , which means that W maps the
repulsive, bipartite Hubbard model to the attractive, and vice versa. Similarly, W
relates particle number with magnetization. We conclude that

 



H, Ri = H, WS i W † = W H0 − H1 , S i W † = 0
(i = 1, 2, 3)
(3.16)
and similarly for the other commutators.
Finally, one can define the particle-hole transformation (both spins this time)
†
= (−1)x c†x,α ,
Wph cx,α Wph

(3.17)

†
which, in the bipartite model, leave both H0 and H1 invariant. Since Wph N Wph
=
2|Λ| − N , it follows that the ground state expectation value of N in the bipartite
Hubbard model is |Λ| (half-filling).

3.3

Some exact results

We discuss some exact results of the Hubbard model; these are further discussed
in the original research articles as well as the reviews [86–88]. Results included are
(absence of) long-range order in the model and a short summary of the few exacly
solvable cases known; for example the one-dimensional t-U Hubbard model. A topic
largely left out is ferromagnetism, which includes Nagaoka’s ferromagnetism [91]
(saturated itinerant ferromagnetism for N = |Λ| − 1 and U = ∞), and so-called
flat-band ferromagnetism [92–94].

Uniform density
The last result of Section 3.2 can be extended as follows [95, 96]. Let γx,α;y,α be
the one-particle (reduced) density matrix in the grand canonical ensemble, i.e.


def
def
(3.18)
γx,α;y,α = hc†y,α cx,α iβ = Z −1 Tr e−β(H−µN ) c†y,α cx,α
with the inverse temperature

β ∈ R, the chemical potential µ ∈ R, the partition
def
function Z = Tr e−β(H−µN ) , and the traces over the full Fock space; we don’t
write out the dependence of γ on β and µ. Then the following holds [96]:
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Theorem 3.3.1. Consider the Hubbard model on a bipartite graph. In the grand
canonical ensemble at µ = 0 and finite β,
γx,α;x,α = 1/2
γx,α;y,α = 0

for all x ∈ Λ
.
if x, y ∈ ΛA or x, y ∈ ΛB , with x 6= y

(3.19)

This is also called the uniform density theorem, and it applies to even more
general Hamiltonians than (3.7) (on bipartite graphs) [96]. The important point is
that there are no charge density modulations at half-filling in the bipartite Hubbard
model. Furthermore, this also holds for the canonical ensemble and the ground
state, if the latter is obtained as the zero temperature limit, β → ∞, of the former.
Note that no assumption of translation-invariance is made, nor is any statement
made concerning the thermodynamic limit |Λ| → ∞.

Long-range order
One of the most important questions one can ask is whether the Hubbard model has
long-range order in the thermodynamic limit. By extending the Mermin-Wagner
theorem [97], one can prove that there is no ferromagnetic- or antiferromagnetic
long-range order at non-zero temperature in the 1D or 2D models [98,99]. Similarly,
there is no planar magnetic ordering in the 2D case [100]. Explicit upper bounds
on various correlation functions at non-zero temperature were derived in [101] (see
also [88]), which in particular rules out both magnetic- and off-diagonal long-range
order (superconductivity).
Let E(N, S) denote the lowest energy among energy eigenstates with fixed particle number N and total spin S. An important theorem on magnetism in the
ground state of the 1D Hubbard model is due to Lieb and Mattis [102]:
Theorem 3.3.2. Consider the Hubbard model on a finite 1D lattice Λ ⊂ N (open
boundary conditions). Assume the hopping matrix elements satisfy |txx | < ∞ and
0 < |txy | < ∞, when |x − y| = 1, and txy = 0 otherwise (nn hopping). Assume
also |Ux | < ∞ for all x ∈ Λ. Then E(N, S + 1) > E(N, S) for all S such that
0 ≤ S < Smax .
Note that the original Lieb-Mattis theorem is applicable to more general models
than the Hubbard model. It follows that the ground state of the 1D Hubbard model
with open boundary conditions and nn hopping is never ferromagnetic (the ground
state has either total spin zero or 1/2). The Lieb-Mattis theorem has also been
extended to non-zero temperatures [103].
The ground state of the half-filled repulsive model is conjectured to have antiferromagnetic long-range order in spatial dimensions larger than one. In the strong
coupling limit, this can be motivated as follows. To lowest order in hopping, the
fermions are distributed uniformly on the sites in Λ (one particle per site). Since
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the spin of each fermion can point in a random direction, this state is 2|Λ| degenerate. Using a second-order perturbative expansion in hopping over coupling, one
finds that the ground state is obtained by diagonalizing [65]
HJ =

X

x,y∈Λ

Jxy (Sx · Sy − 1/4),

Jxy = t2xy

 1
1 
+
,
Ux
Uy

(3.20)

(see e.g. [70] for a pedagogical derivation), which is an antiferromagnetic spin-1/2
Heisenberg Hamiltonian (cf. (2.3)).
The following theorem concerns the total spin of the ground state and is one of
the few exact results that are known irrespective of dimensionality [104].
Theorem 3.3.3. Consider the Hubbard model with fixed, even particle number N .
(a) Assume Ux ≤ 0 for all x ∈ Λ. Then there exists a ground state of H such that
the total spin S = 0. If Ux < 0 for all x ∈ Λ, then this ground state is unique.
(b) Assume the graph is bipartite with Λ = ΛA ∪ ΛB , Ux = U > 0 (constant) for
all x ∈ Λ, and that N = |Λ| (half-filling). Then the ground state of H is unique up
to (2S + 1)-fold spin degeneracy, and has total spin S = 12 |ΛA | − |ΛB | .
As discussed in [104], the attractive case (a) is easy to understand in the strong
coupling limit: the particles pair up on N/2 sites with total spin zero on each site.
In the repulsive case (b) with |ΛA | = |ΛB |, the ground state has total spin S = 0
and is thus unique. A further result indicating a tendency for antiferromagnetic
ordering was proven in [105]. Given part (b) of Theorem 3.3.3, one can show that
the spin-spin correlation function for the ground state (denoted ΨGS ) satisfy
hΨGS , Sx · Sy ΨGS i

≥ 0 if x, y ∈ ΛA or x, y ∈ ΛB
.
≤ 0 if x ∈ ΛA , y ∈ ΛB or y ∈ ΛA , x ∈ ΛB

(3.21)

Finally, bounds on two-point functions at non-zero temperature in the grand
canonical ensemble and in arbitrary dimension have been constructed in [106]. For
Ux = U < 0 (attractive case), one finds upper bounds on the spin-spin correlation
function, ruling out magnetic long-rang order. For Ux = U > 0, a bipartite lattice
and µ = 0 (i.e. half-filling, see Theorem 3.3.1), the charge- and on-site pairing
susceptibilities were similarly bounded. This excludes the possibility of chargedensity-wave ordering or on-site Cooper pairing under the given conditions.

Some exactly solvable cases
Despite its seemingly simple and compact form (3.7)–(3.9), no solution is known for
the Hubbard model except for a few special cases. The simplest two are the atomic
limit for which txy = 0, and the non-interacting limit for which Ux = 0. In the
atomic limit, the Hubbard Hamiltonian in (3.9) is already diagonal; the fermions
sit motionless on sites, and there is no magnetic or other ordering phenomena. The
ground state at fixed particle number N is obtained by distributing particles on Λ
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P
such that the sum x∈D Ux for doubly-occupied sites D ⊂ Λ is minimized. In the
repulsive model with N ≤ Λ, this sum is clearly zero. In the non-interacting limit,
and assuming translation-invariance for simplicity, the Hamiltonian in (3.8) is diagonalized by standard discrete Fourier transformation. The one-particle eigenstates
are plane waves and the ground state is obtained by filling up the Fermi sea; see
e.g. Section 2 in [87] for an elementary discussion.
When neither H0 or H1 is zero, the analysis becomes much more involved. For
a small number of sites, the matrix Hamiltonian can still be diagonalized (either
by hand or using a computer), but since the matrix size is 4|Λ| × 4|Λ| , this quickly
becomes intractable as |Λ| increases. For example, for a system of four sites lying
at the corners of a square with constant hopping tx,x+1 = t, etc., and Ux = U
(the 1D t-U model), analytical computations can be carried out explicitly [107].
Using spin- and pseudospin symmetry, together with the C4v discrete symmetry
of the square, the 256 × 256 matrix can be put in a block-diagonal form in which
no block is larger than 4 × 4. Here it is useful to also exploit certain additional
hidden, or dynamical, symmetries of the 1D Hubbard model [89, 108–111]. These
are symmetries for which the generators depend on the model parameters t and U .
There are two non-trivial, macroscopic cases for which the model can be solved
exactly: the t-U model with coordination number z = 2, i.e. a 1D lattice with nn
hopping, and the model with z → ∞, first studied in [112]. The second case is
also referred to as the infinite-dimensional Hubbard model and has been useful for
studying metal-insulator transitions at half-filling; we refer to [113] for a review.
The ground state for the 1D t-U Hubbard model with periodic boundary conditions
was solved by Lieb and Wu [13] using Bethe ansatz techniques; see also [86, 114].
In particular, they showed that the ground state of the half-filled model is a Mott
insulator for any U > 0 (it is conducting at U = 0). In fact, the 1D t-U Hubbard
model is integrable; there exists a one-parameter family of matrices commuting with
the Hamiltonian [108,109]. An extensive discussion of the one-dimensional Hubbard
model and its solution by Bethe ansatz can be found in [16] and references therein.

3.4

Hartree-Fock theory

Mean field theory, or more generally Hartree-Fock theory, is a standard approximative method for studying quantum many-body systems. In this section, we
briefly recall Hartree-Fock theory for the Hubbard model at non-zero temperature; we follow [115, 116]. We also summarise some known exact- and approximate
Hartree-Fock results. Unless otherwise stated, all results are for the repulsive,
translation-invariant model with Λ a two-dimensional square lattice.

Formalism
We use the notation and definitions of Section 3.2. A state of the system described
by the Hubbard model is given by a hermitian operator ρ acting on the Fock space
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such that ρ ≥ 0 (all eigenvalues are non-negative) and Tr[ρ] = 1. The expectation
def
value of an observable O in the state ρ is then given by hOi = Tr[ρO]. The thermal
equilibrium state in the grand canonical ensemble is the minimizer of the grand
canonical potential Ω defined as
def

Ω(ρ) = Tr [ρ(H − µN )] −

1
S(ρ),
β

def

S(ρ) = −Tr [ρ ln ρ]

(3.22)

for fixed temperature 1/β and chemical potential µ; here H is the Hubbard Hamiltonian, N the fermion number operator, and S is the entropy of the state. The
minimum of the grand canonical potential is given by the Gibbs state
i
h
def
Z = Tr e−β(H−µN ) ,

ρβ = e−β(H−µN ) /Z,
def

(3.23)

which is unique due to strict convexity of Ω.
The state in (3.23) can seldom be used in practice to compute physical properties. The Hartree-Fock approximation amounts to restricting the minimization in
(3.22) to all states that satisfy Wick’s rule for calculating expectation values; for
example,
hc†i c†j ck cl i = hc†i cl ihc†j ck i − hc†i ck ihc†j cl i

(3.24)

with the indices (ijkl) labelling both site and spin. We call these Hartree-Fock (HF)
states. Note that, in the case of repulsive interactions, we can assume without loss of
generality that the minimizing HF state conserves particle number, i.e. hc†i c†j i = 0
(a proof is given in [116], for example). It follows that a HF state ρHF of the
repulsive Hubbard model is completely characterized by its corresponding oneparticle density matrix (cf. (3.18))
γx,α;y,α′ = Tr[ρHF c†y,α′ cx,α ].
def

(3.25)

At zero temperature, the HF states are given by the projections ρHF = |ΨihΨ| with
Ψ a Slater determinant. At non-zero temperature, all HF states are (essentially5 )
of the form (3.23) with H − µN replaced by the quadratic Hamiltonian
def

HHF = H0 − µN +

X

X

wx,α;y,α′ c†x,α cy,α′ ,

(3.26)

α,α′ =↑,↓ x,y∈Λ

where w is some arbitrary one-body potential; the matrix elements wx,α;y,α′ are
to be viewed as variational parameters. In fact, the HF state that minimizes the
5 See

[116] for the precise statement.
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grand canonical potential for the Hubbard model is obtained from the simplified
quadratic Hamiltonian [116, 117] (see also Appendix B of Paper I)
HHF = H0 − µN +

1X
Ux (dx nx − 4mx · Sx )
2

(3.27)

x∈Λ

parameterized in terms of the 4|Λ| real variables dx and mix (x ∈ Λ, i = 1, 2, 3).
Minimization of Ω with respect to these parameters leads to the usual self-consistent
Hartree-Fock equations
dx = hnx i − 1 = Tr[ρHF nx ] − 1,

mix = hSxi i = Tr[ρHF Sxi ],

(3.28)

which means that the Hartree-Fock parameters dx and mix can be interpreted as
the average doping and spin on each site x, respectively (the additional 1 in (3.28)
comes from the chosen particle-hole symmetric form of the Hubbard interaction).

Hartree-Fock results
Only a few exact results are known for Hartree-Fock theory of the Hubbard model.
In the case of the repulsive t-U Hubbard model on a translation-invariant lattice
with µ = 0, the particle number equation in (3.28) is solved by dx = 0 [116],
which agrees with the uniform density theorem (see Theorem 3.3.1 in Section 3.3).
Furthermore, for sufficiently large β, the spin equations have a minimizing solution
mx = (−1)x me with some arbitrary, fixed unit vector e and m > 0 [116, 117]. It
follows that Hartree-Fock theory predicts an antiferromagnetic state at half-filling
and low temperature. These results can be further generalized to the repulsive
Hubbard model on arbitrary bipartite graphs [116, 117]. For other exact results,
see [116–119].
For non-bipartite models or away from half-filling, far less is known about the
minimizing solutions of the Hartree-Fock equations (3.28). A standard approach is
to numerically iterate the equations for small lattice sizes, starting from some initial
configuration of particle number and spin, until self-consistency is achieved. This
is called unrestricted Hartree-Fock theory. Away from half-filling, one finds a multitude of inhomogeneous solutions: polarons [120–122], different types of domain
walls or stripes [121–127], vortex-like structures [121], ferromagnetic domains [122];
all of them in an antiferromagnetic background. Furthermore, these solutions typically lie close in energy. An example of a stripe solution is shown in Figure 3.1 for
the 2D t-t′ -U Hubbard model (nn and nnn hopping).
A simpler approach is to use the mean field approximation in which some restricted ansatz is made for the Hartree-Fock parameters. Early mean field studies
was done on the cubic lattice in [130], and later on the square lattice in [128] for
nn hopping, and in [131] for nn and nnn hopping; see also [132,133] for more recent
work on the effects of nnn hopping. In the left part of Figure 3.2, the mean field
phase diagram for filling versus coupling constant of the 2D t-U model is shown
when the Hartree-Fock parameters are restricted such that dx = ν − 1 (constant),
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Figure 3.1. Stripe solution to the Hartree-Fock equations for the repulsive Hubbard
model with nearest-neighbor hopping t, next-nearest-neighbor hopping t′ = −0.3t,
interaction U = 8t, and filling ν = 1.15 on a 2D square lattice of size 24 × 24.
The size of the circles and arrows are proportional to the local particle number (as
deviation from 1) and spin on each site. Picture reprinted from Figure 3 in [127].
Copyright 2006 by The American Physical Society.

Figure 3.2. Mean field phase diagrams for filling ρ versus coupling U (in units
of t) for the t-U Hubbard model on a 2D square lattice. The included phases are
antiferromagnetic- (A or AF), ferromagnetic- (F) and non-magnetic states (P) when
mixed states are not included (left), and when they are included (right). Note that, in
the latter case, the antiferromagnetic phase is only thermodynamically stable at halffilling. Diagrams reprinted from Figure 3 in [128] (left) and Figure 1 in [129] (right).
Copyright 1985 by The American Physical Society (left). With kind permission from
Springer Science+Business Media (right).
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and m3x = (−1)x m (antiferromagnetic) or m3x = m (ferromagnetic). Solving the
mean field equations for spin with fixed filling ν and sufficiently large coupling U
gives a stable, homogeneous antiferromagnetic solution in an extended parameter
regime around half-filling, in contrast with the inhomogeneous solutions found in
unrestricted Hartree-Fock theory.
It is possible to generalize mean field theory without increasing the computational complexity [129]; see also [134–138]. To be specific, consider for example the
HF states ρAF and ρF corresponding to an antiferromagnetic- and ferromagnetic
mean field solution, respectively. The convex combination ρ = λρAF + (1 − λ)ρF for
any 0 ≤ λ ≤ 1 is then also a state (although generally not a HF state). Including
these mixed states in the mean field analysis yields the right diagram of Figure 3.2
(see for example [129] or Paper I for how this is done in practice). One finds that
the homogeneous antiferromagnetic state is now no longer stable away from halffilling. A possible interpretation is that the system undergoes phase separation
in this parameter regime [137, 138], although this will not be made in the present
work. Instead, we merely interpret the presence of mixed phases as the failure of a
simple mean field description of the system.

3.5

Continuum limit of 1D lattice electrons

Even though the 1D t-U Hubbard model is exactly solvable by Bethe ansatz, it
is still a non-trivial task to extract physical quantities from its solution. Furthermore, if the Hamiltonian is perturbed by additional terms, e.g. further-neighbor
hopping or longer-range interactions, integrability is usually lost. It is therefore
still fruitful to develop complementary approaches that, although no longer exact,
are less sensitive to changes in microscopic details of the Hamiltonian. In this section, we will discuss a well established approach that involves taking a particular
continuum limit in one-dimensional lattice models of Hubbard-type. The end-result
is the spinfull variant of the so-called Luttinger model, which will be further discussed in Section 4.4. The ideas presented below originate from pioneering work of
Tomonaga [9], Luttinger [11], Haldane [14] among others (see Chapter 4), and can
be further substantiated by renormalization group methods; see [6, 139, 140] and
references therein.
The basic hypotheses that go into this derivation is the following: The lowenergy eigenstates of the non-interacting model consists of particle-hole excitations
near the Fermi surface, which in one dimension consists of just two points. A
single particle-hole excitation involves removing an electron from a momentum
state below the Fermi surface and adding it to a state above the Fermi surface. If
the Hamiltonian is perturbed by a sufficiently weak and long-range interaction, one
can still approximate the low-energy eigenstates as linear combinations of particlehole excitations that involve momenta near the Fermi surface. In particular, details
of the band relation away from the Fermi surface will have little effect on the lowenergy physics of the model.
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The above assumptions are clearly not directly applicable to the Hubbard model
since its interaction is purely local. However, it is still valuable to use the Hubbard
Hamiltonian as the starting point in this derivation; partly due to its simple structure, partly because it represents the “worst-case scenario” (this will become clear
later). Our derivation will be done in a fairly explicit manner. The main point of
this exercise is to make clear what approximations are done, the origin of different
cutoffs, scaling of model parameters, and the precise nature of the continuum limit,
such that this approach can be generalized to higher dimensions in a sound way; see
Paper IV. Although we do not follow any particular reference, the ideas presented
here are not new.

The 1D t-U Hubbard model
We rewrite the Hubbard model in a form more appropriate for the continuum limit.
(†)
To this end, let ψα (x) be fermion creation- and annihilation operators labelled by
def
spin α = ± (or α =↑, ↓) and 1D lattice sites x ∈ Λ = {x ∈ aZ : −L/2 ≤ x < L/2},
with a the lattice constant and L the length of the lattice. They satisfy the canonical
anticommutation relations
{ψα (x), ψα† ′ (x′ )} = a−1 δx,x′ δα,α′ ,

{ψα (x), ψα′ (x′ )} = 0

(3.29)

and have antiperiodic boundary conditions on Λ.6 We assume L/a is an even
integer. The fermion number operator is given in terms of these by
X
X
def
N=
aρ(x),
ρ(x) =
ψα† (x)ψα (x)
(3.30)
α=±

x∈Λ

and the t-U Hubbard Hamiltonian is
def

HHubb = −t

XX

a3 ψα† (x)∆ψα (x) +

α=± x∈Λ

U X 2
a ρ(x)2 − µN
2

(3.31)

x∈Λ

where we have included a chemical potential µ to be fixed later on; the discrete
lattice Laplacian is defined such that


∆ψα (x) = a−2 ψα (x + a) + ψα (x − a) − 2ψα (x) .
(3.32)

The filling ν of the ground- or thermal equilibrium state is
def

ν = ahN i/L

(0 ≤ ν ≤ 2)

(3.33)

with h·i the appropriate expectation value.
6 To

be precise, the fermion operators are defined on a discrete torus of period 2L and with the
(†)
(†)
(†)
(†) √
added constraint ψα (x + L) = −ψα (x). Also, ψα (x) = cx,α / a (see Section 3.2).
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The (first) Brillouin zone corresponding to Λ is
def

BZ =



2π
k∈
L



1
Z+
2



π
π
: − <k<
a
a

It is also useful to introduce7


1
2π
∗ def 2π
Λ =
Z+
/ Z,
L
2
a



.

(3.34)

2π 2π
Z/ Z.
L
a

(3.35)

(k ∈ Λ∗ ),

(3.36)

{ψ̂α (k), ψ̂α′ (k ′ )} = 0.

(3.37)

Λ̃∗ =

def

We define Fourier-transformed fermion operators as
1 X
def
aψα (x) e−ikx
ψ̂α (k) = √
2π x∈Λ
satisfying the canonical anticommutation relations
{ψ̂α (k), ψ̂α† ′ (k ′ )} = L/(2π)δk,k′ δα,α′ ,

The Hubbard Hamiltonian in (3.31) can be written in terms of these as
HHubb =

X X 2π
U X a
(ǫ(k) − µ) ψ̂α† (k)ψ̂α (k) +
ρ̂(−p)ρ̂(p)
L
2
L
∗
α=±
∗
k∈Λ

(3.38)

p∈Λ̃

with the tight-binding band relation
def

ǫ(k) = 2t [1 − cos(ka)]

(3.39)

and the Fourier-transformed density operators
def

ρ̂(p) =

X

x∈Λ

aρ(x) e−ipx =

X

X

X 2π
ψ̂α† (k1 )ψ̂α (k2 )δk1 +p,k2 +2πn/a
L
∗

(3.40)

α=± k1 k2 ∈Λ n∈Z

(the sum on n accounts for umklapp terms due to the presence of the lattice).
Note that the above definitions are such that
R L/2continuum limit a →
Pthe formal
ˆ (x) →
0+ implies {ψα (x), ψα† ′ (x′ )} → δα,α′ δ(x − x′ ),
a → −L/2 dx, and ∆ψ
α
′′

x∈Λ

ψα (x). As is clear from (3.31) and (3.33), this limit requires renormalizations of
the Hubbard energy parameters and the filling in order to make sense. Likewise,
R π/a
P 2π
it holds that {ψ̂α (k), ψ̂α† ′ (k ′ )} → δα,α′ δ(k − k ′ ) and
L → −π/a dk in the
k∈BZ

thermodynamic limit L → ∞. We will not take these limits at this point.
first equation simply means that all momenta k = 2π
m+
L
m and arbitrary integer n, are to be identified as the same.
7 The

1
2



+

2π
n,
a

with fixed integer
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The ground state of the free model (U = 0 in (3.38)) is the Fermi sea
Y Y
def
ψ̂α† (k)Ω
ΩF =

(3.41)

|k|<kF α=±

with a Fermi surface consisting of two points ±kF , and with the Fermi wave vector
def
kF = νπ/(2a) ∈ Λ̃∗ . Here the filling ν is fixed by the chemical potential. Our
goal is to perform a continuum limit when the system is near, but not equal to,
half-filling ν = 1, using the Fermi sea as a reference point. For that, it turns out
convenient to rewrite the Hubbard Hamiltonian in a form that might appear at
first sight slightly awkward. Define the two disjoint sets of momenta





π
π
1
2π
∗ def
<
Z+
: k + r kF −
(r = ±)
(3.42)
Λr = k ∈
L
2
2a
2a
such that every momenta k ′ ∈ BZ can be written uniquely as k ′ = k + rkF with
k ∈ Λ∗r and r = ±.8 We introduce corresponding fermion operators
(†)
ψ̂r,α
(k) = ψ̂α(†) (rkF + k)
def

(k ∈ Λ∗r )

(3.43)

labelled by the additional flavor index r = ±, and satisfying
{ψ̂r,α (k), ψ̂r†′ ,α′ (k ′ )} = δr,r′ δα,α′ L/(2π)δk,k′ .

(3.44)

†
For small k, the operator ψ̂+,α
(k) creates a fermion with spin α near the Fermi
†
surface point kF . Similarly, ψ̂−,α (k) creates a fermion near −kF . We call fermions
with r = +, right movers, and r = −, left movers.
By inserting (3.43) into (3.38), the Hubbard Hamiltonian becomes

HHubb =

X X X 2π 
 †
(k)ψ̂r,α (k)
ǫ(rkF + k) − µ ψ̂r,α
L
α=± r=± k∈Λ∗
r
X X X  2π 4
v̂ (K1 , K2 , K3 , K4 )
+
L
′
∗
r =±
α,α =±

j

kj ∈Λr

(3.45)

j

× ψ̂r†1 ,α (k1 )ψ̂r2 ,α (k2 )ψ̂r†3 ,α′ (k3 )ψ̂r4 ,α′ (k4 )
where we write Kj short for kj + rj kF , j = 1, 2, 3, 4, and
def

v̂ (K1 , K2 , K3 , K4 ) =

aU X L
−1
δ
4π
2π (r1 −r2 +r3 −r4 )kF +k1 −k2 +k3 −k4 ,2πna

(3.46)

n∈Z

the interaction matrix elements. Although the representation (3.45) is certainly
more complicated than (3.38), it is well suited for deriving the effective low-energy
description of the model.
8 BZ

= (Λ∗+ + kF ) ∪ (Λ∗− − kF ).
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Truncation of the lattice Hamiltonian
We simplify the Hubbard Hamiltonian in (3.45) by modifying, ignoring, or adding
degrees of freedom away from the Fermi surface points. Of course, it is not obvious
that this Fermi surface necessarily coincides with the non-interacting one, or that
the concept of a Fermi surface even makes sense if U is non-zero. In connection with
this, we mention a theorem that applies to the thermodynamic limit of extended
Hubbard-type models with short-range hopping and density-density interactions
[141]. For fixed electron density 0 < ν < 2 and in the absence of symmetry
breaking, there always exist a gapless excitation above the ground state, i.e. a state
orthogonal to the ground state and with excitation energy O(L−1 ). Furthermore,
this excitation has crystal momentum k = νπ/a, which is twice the value of the
Fermi wave vector kF of the non-interacting system. This result can be interpreted
as a non-perturbative version of the Luttinger sum rule [142] with the excitation
corresponding to transferring a particle from one Fermi surface point to the other
[141].
We simplify matrix elements in the Hubbard Hamiltonian by modifying their
dependence on momentum degrees of freedom far away from the Fermi surface
points. First, we expand the tight-binding band relation (3.39) to lowest non-trivial
order in a at the points rkF ,

ǫ(rkF + k) = 2t [1 − cos (kF a)] + vF rk + O |ak|2
(3.47)
with

def

vF = 2ta sin (kF a)

(3.48)

the Fermi velocity. Next, we drop all scattering processes in (3.45) except those
for which |kj | ≪ π/a, i.e. those processes that involve momenta close to a Fermi
surface point. To be specific, when all momenta lie strictly on a Fermi surface point,
conservation of momenta in the interaction vertex (3.46) leads to the constraint
(r1 − r2 + r3 − r4 )kF ∈

2π
Z.
a

(3.49)

For kF 6= π/(2a) (away from half-filling), the possible combinations that satisfy
(3.49) are
r1 = r2 and r3 = r4
r1 = −r2 = −r3 = r4

(3.50)

with the first line corresponding to forward scattering, and the second line to backward scattering (or spin exchange). At half-filling kF = π/(2a), we have in addition
r1 = −r2 = r3 = −r4

(3.51)

with overall momentum only conserved up to a reciprocal lattice vector ±2π/a
(umklapp scattering). We will only keep those scattering processes satisfying the
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constraints (3.50) and, at half-filling, (3.51). Pairing together fermion operators
with the same index r in the interaction terms that remain after (3.49) has been
imposed in (3.45), naturally leads to the definition of the fermion density- and spin
operators:
def

ρ̂r (p) =

X

X

α=± k1 k2 ∈Λ∗
r

Ŝri (p) =

def

1 X
2

2π †
ψ̂ (k1 )ψ̂r,α (k2 )δk1 +p,k2
L r,α

X

α,β=± k1 k2 ∈Λ∗
r

2π †
i
ψ̂ (k1 )σα,β
ψ̂r,β (k2 )δk1 +p,k2
L r,α

(3.52)

with p ∈ (2π/L)Z and i = 1, 2, 3. Introducing the above approximations in (3.45)–
(3.46) then yields after some algebra the effective Hamiltonian
H′ =

def

X X X 2π
†
(vF rk − µ̃) ψ̂r,α
(k)ψ̂r,α (k)
L
∗
α=± r=± k∈Λr

X
X
1 c
s
gr,r′ ρ̂r (p)ρ̂r′ (−p) + gr,r
+
′ Ŝr (p) · Ŝr ′ (−p)
L
′

(3.53)

r,r =± p∈(2π/L)Z

with
def

µ̃ = µ − 2t [1 − cos (kF a)] − U/2

(3.54)

the shifted chemical potential, and
c
gr,r
′ = aU/4,

s
gr,r
= −aU/3,

def

def

s
gr,−r
= −aU
def

(3.55)

the effective, renormalized coupling constants. In deriving this, we have used relations of the type
X

p∈(2π/L)Z

Ŝr (p) · Ŝr (−p) = −

3
4

X

ρ̂r (p)ρ̂r (−p) +

p∈(2π/L)Z

3L
Nr
4a

(3.56)

which follow using (3.44) and identities for the Pauli matrices; here
def

Nr =

X X 2π
†
ψ̂r,α
(k)ψ̂r,α (k)
L
∗
α=±
k∈Λr

(r = ±).

(3.57)

At half-filling, there is also the term
def

H3⊥ = aU

X 1 X 2π 2
δk1 −k2 +k3 −k4 ,0
L
L
r=±
kj

×

†
†
ψ̂r,↑
(k1 )ψ̂−r,↑ (k2 )ψ̂r,↓
(k3 )ψ̂−r,↓ (k4 )

corresponding to (3.51) (the labelling is conventional [143]).

(3.58)
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Continuum limit
The momenta in the sets Λ∗r , which define the one-particle states of the Hubbard
model, are all bounded by cutoff terms proportional to a−1 . It turns out that
the model is considerably simplified if these cutoffs are removed, i.e. if an infinite
number of (unphysical) momentum states are added to the model. However, a
naive continuum limit a → 0+ at this point leads to non-sensical results; most
troubling would be a lack of ground state as will be further discussed in Chapter 4.
Below, we introduce two regularizations that will enable a proper continuum limit:
normal-ordering and an interaction-cutoff.
The Fermi sea in (3.41) satisfies
†
ψ̂r,α
(−k)ΩF = ψ̂r,α (k)ΩF = 0

for all k ∈ Λ∗r such that rk > 0

(3.59)

and has the fermion filling hΩF , Nr ΩF i = kF L/π for left- and right movers separately. We denote ordinary fermion normal-ordering of an operator A with respect
to ΩF by colons, : A : . In particular, the normal-ordered fermion bilinears corresponding to (3.52) are
def

ρ̃r (p) = : ρ̂r (p) : = ρ̂r (p) − δp,0 hΩF , Nr ΩF i ,

: Ŝri (p) : = Ŝri (p)

(3.60)

with the latter identity due to the Pauli matrices having zero trace. Inserting these
operators into (3.53) then yields after some algebra
X X X 2π
†
(vF rk − µF ) : ψ̂r,α
(k)ψ̂r,α (k) :
L
α=± r=± k∈Λ∗
r


X
X
1
s
c
χ(p) gr,r
+
′ ρ̃r (p)ρ̃r ′ (−p) + gr,r ′ Ŝr (p) · Ŝr ′ (−p)
L
′

H ′ = E0 +

(3.61)

r,r =± p∈(2π/L)Z

with the constants
def

µF = µ − 2t [1 − cos (kF a)] − U (2kF a/π + 1) /2
X X X 2π
L  kF a 2 . (3.62)
def
†
E0 =
(vF rk − µ̃) hΩF , ψ̂r,α
(k)ψ̂r,α (k)ΩF i + U
L
a π
∗
α=± r=±
k∈Λr

In the second line of (3.61), we have introduced the cutoff function
(
1 if |p| < π/a
def
χ(p) =
,
0 otherwise

(3.63)

which at this point serves no obvious purpose: the fermion bilinears in (3.52), and
thus the interaction in (3.53), are by definition identically zero whenever |p| ≥ π/a.
However, this cutoff function serves as the natural regularization of the interaction
in the continuum limit. In particular, it ensures that the Hamiltonian is bounded
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from below (has a ground state). The constant E0 will not be needed in the following
and is hereafter dropped.
The continuum limit a → 0+ entails the following steps. The filling ν, the Fermi
velocity vF , and the interaction constants in (3.55) are all kept constant. The same
holds true for the cutoff function in (3.63) (the possible removal of this cutoff is
itself an interesting story, see Section 4.4). We also fix the chemical potential such
that µF = 0 in (3.62). The key step is removing the upper- and lower bound on
momenta in Λ∗r by sending a → 0+ in (3.42), effectively replacing these sets by
Λ∗ = 2πL−1 (Z + 1/2)
def

(3.64)

where we recycle the notation in (3.35). Similarly, the density- and spin operators
are re-defined as the normal-ordered bilinears
X

X

2π
†
: ψ̂r,α
(k1 )ψ̂r,α (k2 ) : δk1 +p,k2
L
α=± k1 k2 ∈Λ∗
.
X
X 2π
def 1
†
i
Ŝri (p) =
: ψ̂r,α
(k1 )σα,β
ψ̂r,β (k2 ) : δk1 +p,k2
2
L
∗
def

ρ̂r (p) =

(3.65)

α,β=± k1 k2 ∈Λ

With this, the Hamiltonian in (3.61) is replaced by
H = H0 + Hint

(3.66)

with the kinetic term
def

H0 = v F

X X X 2π
†
rk : ψ̂r,α
(k)ψ̂r,α (k) :
L
∗
α=± r=±

(3.67)

k∈Λ

and the interaction term
def

Hint =

X

X

r,r ′ =± p∈(2π/L)Z



1
c
s
χ(p) gr,r
.
′ ρ̂r (−p)ρ̂r ′ (p) + gr,r ′ Ŝr (−p) · Ŝr ′ (p)
L

(3.68)

This provides the sought-after low-energy description of the Hubbard Hamiltonian
away from half-filling.
It is important to appreciate the significance of replacing Λ∗r with Λ∗ . Before
(†)
the continuum limit, there are a finite number of fermion operators ψ̂r,α (k), while
after, this number is infinite. Thus, the continuum limit involves not only modifying
the Hamiltonian, but also the Hilbert space on which this Hamiltonian is defined.
We will return to this in Chapter 4. Finally, consider the case when the original
interaction is long-range. Assuming that only scattering processes for which the
momentum exchange is small are important for the low-energy physics, only the
first combination in (3.50) will contribute (forward scattering). The interaction
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of the effective Hamiltonian can then be written in terms of bilinears in the spindependent density operators
def

ρ̂r,α (p) =

X

k1 k2 ∈Λ∗

2π
†
: ψ̂r,α
(k1 )ψ̂r,α (k2 ) : δk1 +p,k2
L

(r, α = ±).

(3.69)

As we will discuss in Chapter 4, interacting fermion models of this type are exactly
solvable.
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Chapter 4

Boson-fermion
correspondence
We discuss the method of constructive1 bosonization and how it can be used to
solve certain interacting quantum field theories (QFT) for fermions, mainly in 1+1
space-time dimensions. This is also known as the boson-fermion correspondence and
amounts to rewriting an interacting fermion Hamiltonian in terms of free bosons by
applying certain operator identities. In Section 4.1, we review the main mathematical results underlying this method using a simple QFT of chiral relativistic fermions
on the unit circle. Although the presentation may appear somewhat pedestrian,
this toy example already contains the key results needed to solve more complicated
QFT models. We show how the Fock space representation of the fermion field algebra based on an infinite Dirac sea leads to interesting representations of certain
infinite-dimensional Lie algebras (Section 4.2), an important example of which is
the (reducible) representation of the boson field algebra (Section 4.3). The application of these results to interacting QFTs is discussed in Section 4.4. In the final
section, we discuss bosonization in spatial dimension larger than one.

4.1

Free relativistic fermions

In this section, we review the standard construction of a free relativistic fermion
theory based on the infinite Dirac sea. Our presentation follows [145–148].
Consider non-interacting, massless, relativistic fermions moving on the unit circle with speed c = 1. In order to motivate the definitions below, we briefly recall
the naive quantum model for this system and why it leads to unphysical results.
1 Using the terminology of [144] in order to distinguish it from other bosonization approaches
(see Section 4.5 for references).
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Let the one-particle Hilbert space be H = L2 (S 1 ), the space of all complexvalued functions on the unit circle that are square-integrable. A complete orthonormal set in H is given by the plane waves
√
def
k ∈ Z + 1/2
(4.1)
fk (x) = eikx / 2π,
(we use anti-periodic boundary conditions in order to simplify some formulas). We
define the so-called chiral Dirac operator as the one-particle observable
def

hD = p̂

(p̂ = −i∂x )

(4.2)

measuring the energy of a single fermion. We will dicuss the physical interpretation
of this model more later on.
The chiral Dirac operator in (4.2) is not bounded from below (the plane waves
in (4.1) are eigenstates with corresponding eigenvalues k ∈ Z + 1/2). It follows that
a one-particle description based on (4.2) does not make physical sense (there is no
ground state). Anticipating that a many-body formulation provides a way out of
this problem, we introduce the standard second quantization of hD given by
X
def
H̃0 =
k ψk† ψk
(4.3)
k∈Z+1/2

with fermion creation- and annihilation operators satisfying
{ψk , ψl } = 0,

{ψk , ψl† } = δk,l


k, l ∈ Z + 1/2 ,

(4.4)

and with a normalized Fock space vacuum Ω such that ψk Ω = 0 for all k. The complete orthonormal set of eigenstates and corresponding eigenvalues of the Hamiltonian in (4.3) are then (formally) given by
Y
X
η̃n =
(ψk† )nk Ω,
Ẽn =
k nk
(4.5)
k∈Z+1/2

k∈Z+1/2

def

with n = {nk } and integers nk = 0, 1. However, this does not define a physically
acceptable model either: the formal ground state Ω0 of (4.3) is obtained by filling
all one-particle states with k < 0, i.e. it is characterized by
†
ψk Ω0 = 0 and ψ−k
Ω0 = 0 for all k > 0,

(4.6)

but this gives an infinitely-negative ground state energy. Put differently: in order
for the Fock space to be separable, the
P complete orthonormal set of eigenstates
has to be countable, i.e. we require
k nk < ∞ in (4.5). This requirement is
not satisfied by the state satisfying (4.6), and we are forced to conclude that the
Hamiltonian as defined in (4.3) has no ground state. In the remainder of this
section, we review the standard construction of a many-particle Hamiltonian that
does define a proper quantum model of the fermion system.
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The Dirac sea and normal ordering
The failure of the naive second quantization in (4.3) is a result of the infinite
number of one-particle states fk<0 with negative energy. The well-known remedy
is due to Dirac [149, 150]: Introduce a second quantization based on a vacuum Ω0 ,
the so-called Dirac sea, in which all the negative-energy states are already occupied.
The Fock space F is obtained from fermion creation- and annihilation operators
(†)
ψk obeying the anticommutation relations in (4.4) and the conditions in (4.6)
def
with hΩ0 , Ω0 iF = 1. The abuse of notation in keeping the same symbol for the
Dirac sea and the formal ground state above is not incidental as both can be fully
characterized by the relations in (4.6). The difference is that, by postulating the
relations in (4.6) for the Dirac sea, we are making sure from the start that the
Fock space contains the ground state of the (non-interacting) many-particle model.
Furthermore, after this re-definition of the space of states, observable properties of
the system’s state (energy, particle number, total momenta, etc.) are measured as
deviations from the properties of the Dirac sea.
A complete orthonormal set is now given by the vectors
ηn =

Y

(ψk† )nk (ψ−k )n−k Ω0 ,

X

nk = 0, 1,

k>0

k

nk < ∞.

(4.7)

These can be regarded as obtained by either adding positive-energy one-particle
states (k > 0), or removing negative-energy states (k < 0) from the filled Dirac sea.
Alternatively, for k < 0, we can view ψk as creating, and ψk† as annihilating, an antiparticle (or hole) with energy −k. We use this latter interpretation as motivation
for defining the many-particle Hamiltonian of the fermion system as
def

H0 =

X

k ψk† ψk +

k>0

X

(−k) ψk ψk† =

k<0

X

k : ψk† ψk :

(4.8)

k∈Z+1/2

where we have introduced fermion normal ordering with respect to Ω0 such that
: ψk† ψk := ψk† ψk if k > 0 and : ψk† ψk := −ψk ψk† if k < 0. This Hamiltonian is
bounded from below: the energy eigenstates are given by (4.7) with corresponding
non-negative eigenvalues
En =

X

k>0


k nk + n−k =

X

k∈Z+1/2

|k|nk

(4.9)

and the non-degenerate ground state is the Dirac sea, η0 = Ω0 , with zero energy.
The model defined by the Hamiltonian in (4.8) describes relativistic, massless
fermions of definite chirality [151]. Alternatively, (4.8) is the kinetic energy of nonrelativistic, massive electrons with fixed spin and momenta near a Fermi surface
point (the right movers in Section 3.5 with vF = 1). The Dirac sea is then obtained
from the Fermi sea as a particular continuum limit; see Section 3.5 for details.
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Charge sectors and charge shift operators
In analogy with the Hamiltonian in (4.8), we define the charge operator as the
observable measuring the number of particles minus the number of holes:
X †
X
X
b def
Q
=
ψk ψk −
ψk ψk† =
: ψk† ψk :
(4.10)
k>0

k<0

k∈Z+1/2

where the physical interpretation is that holes have opposite charge to particles.
b n=
The energy eigenstates in (4.7) are also eigenstates of the charge operator, Qη
Qηn , with charge Q ∈ Z given by
X
X
Q=
nk −
nk .
(4.11)
k>0

k<0

We use the charge operator to partition the fermion Fock space into different charge
sectors
M
FQ
(4.12)
F=
Q∈Z

b = Qη if η ∈ FQ . The energy eigenstate with lowest energy in each
such that Qη
charge sector is then given by
†
†
†
ΩQ = ψQ−1/2
· · · ψ3/2
ψ1/2
Ω0
def

def

Ω−Q = ψ−Q+1/2 · · · ψ−3/2 ψ−1/2 Ω0

(Q > 0)

(4.13)

such that all one-particle states with k < Q are occupied in ΩQ , and all states with
k > Q are empty. As we will see later, each ΩQ is a natural vacuum vector for a
representation of the boson field algebra.
We also define the so-called charge shift operator as the invertible operator R
satisfying the relations
Rψk R−1 = ψk+1 ,

†
,
Rψk† R−1 = ψk+1

RΩ0 = Ω1 .

(4.14)

(The notation U is often used instead of R, see e.g. Haldane [148] who called them
ladder operators. The charge shift operators are also called Klein factors in the field
theory literature [144].) It is possible to construct R explicitly in terms of fermion
operators such that (4.14) holds true [152], although this will not be presented here
(in principle, one could solve for R in the fermionization formula for the fermion
field operator; see below). Using (4.10), (4.13), and (4.14), one finds that


b R = R,
Q,
RM ΩQ = ΩQ+M
(4.15)

for all integers M, Q. From (4.15) follows that if η ∈ FQ , then Rη ∈ FQ+1 . Thus,
this operator indeed shifts the charge by one unit. Moreover, one can check that
the charge shift operator is unitary R† = R−1 (see e.g. [146, 147] for proof).
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Schwinger terms
We saw above that a sensible second-quantized Hamiltonian could be constructed
from the chiral Dirac Hamiltonian in (4.2) using the fermion normal-ordering prescription. Given a general one-particle operator A, one analogously defines its
second quantization as the operator
X
def
dΓ̂(A) =
Ak,l : ψk† ψl : .
(4.16)
k,l∈Z+1/2

Several comments concerning (4.16) are warranted. The notation dΓ̂(·) is standard
in the mathematical physics literature [147, 153], and will be used in this and the
next section. The matrix elements are always written in the basis (4.1), i.e. Ak,l =
hfk , Afl iH . Furthermore, one has extended the definition of normal ordering as
the linear operation satisfying
(
if k = l, k < 0
−ψl ψk†
†
: ψk ψl :=
= ψk† ψl − θ(−k)δk,l .
(4.17)
otherwise
ψk† ψl
b = dΓ̂().
We note in particular that H0 = dΓ̂(hD ) and Q
Equation (4.16) is not well-defined for all one-particle operators. We will discuss two classes of operators for which (4.16) makes sense, and which will cover
all cases of interest in this thesis. To this end, note that the one-particle Hilbert
space naturally separates into a direct sum of positive- and negative energy states,
H = H+ ⊕ H− , such that fk ∈ H+ if k > 0 and fk ∈ H− if k < 0. We define corresponding projection operators P± onto each subspace such that P± fk = θ(±k)fk .
The simplest class involves all operators A for which only a finite number of its
matrix elements are non-zero, the so-called finite rank operators.2 For these,
X
X
dΓ̂(A) =
Ak,l ψk† ψl −
Ak,k
(4.18)
k,l∈Z+1/2

k<0

where we have used (4.17) to undo the normal ordering. The last sum, which is
finite by assumption, can be written more neatly as TrH (P− A). It follows that the
commutator of two finite rank operators A, B is
X




dΓ̂(A), dΓ̂(B) =
Ak,l Bk′ ,l′ ψk† ψl , ψk† ′ ψl′
k,l,k′ ,l′
(4.19)




= dΓ̂ A, B + TrH P− A, B

using the fermion anticommutation relations. The commutator of two
 many-particle

operators dΓ̂(A) and dΓ̂(B) contain, apart from the expected dΓ̂ A, B , an extra
term proportional to the identity.
2 If

A is finite rank, then there exists an integer M such that Ak,l = 0 if |k|, |l| > M .
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The above class is obviously too restrictive for our purposes (it does not even
include the Hamiltonian). A more useful one is the set of all operators A whose
matrices are block-diagonal in the plane-wave basis, with each block having finite
size.3 Even though the last sum on the r.h.s. of (4.18) is now ill-defined for these
operators, the basic form of the commutator in (4.19) is still valid [153]:




dΓ̂(A), dΓ̂(B) = dΓ̂ A, B + S (A, B)
(4.20)
with


def
S (A, B) = TrH A−+ B+− − B−+ A+− .

(4.21)

We have introduced the short-hand notation A++ = P+ AP+ , A+− = P+ AP− , etc.
Furthermore, the expression in (4.21) is well-defined since A±∓ and B±∓ are all
finite rank. For finite-rank operators A and B, the trace in (4.19) is equal to (4.21).
Schwinger [154] was the first to observe that the presence of the infinite Dirac
sea can modify the commutation relations of many-body operators, and for this
reason the expression in (4.21) is often called a Schwinger term. In the physics
literature, (4.20) is usually proved by writing the operators as infinite sums of
finite rank operators, and being careful when interchanging summations; see e.g.
Lieb and Mattis [12] on the solution of the Luttinger model, or Haldane’s work
on the Luttinger liquid [14]. A more mathematically stringent treatment, which is
valid for an even larger class of operators, can be found in [153].
We end this section with some complementary remarks and references to the
results above. This discussion can be omitted without loss of continuity.
Remark The map dΓ̂(·) gives the second quantization of one-particle observables.
There is an analogous map Γ̂(·) for symmetries represented by unitary operators
on H. In particular, for self-adjoint operators A, Γ̂( eiA ) = eidΓ̂(A) (see e.g. [146,
147, 153]).
Remark The Hilbert space operators dΓ̂(A) in (4.18) are in general unbounded
[155] and thus particular care should be taken in specifying their domain of definition. The same holds true for the commutator relation in (4.20). Let D be the
subspace of all finite linear combinations of vectors in (4.7), which is dense in F.
Then dΓ̂(A) is well-defined for all bounded one-particle operators A such that A±∓
are Hilbert-Schmidt operators [155], and have as domain D [153,156]. Furthermore,
dΓ̂(A) leaves D invariant and dΓ̂(A)† = dΓ̂(A† ) on D. Operator identites such as
(4.20) then hold true when restricted to the common, invariant domain D. These
results can be generalized to unbounded one-particle operators [157, 158], although
we will not discuss this here (see e.g. Paper II).
Remark The precise relation between standard second quantization and the one
based on an infinite Dirac sea is best elucidated by starting from the fermion field
algebra of observables instead of the space of states. To this end, let H be a
3 If

A is block-diagonal, then there exists an integer M such that Ak,l = 0 if |k − l| > M .
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separable complex Hilbert space (either finite- or infinite dimensional). The fermion
field algebra A(H) over H is defined as follows [155, 159, 160]:
Let A(H) be the C∗ -algebra, with involution a → a∗ , generated by the identity
def
=∗ and the elements a∗ (f ), a(f ) = a∗ (f )∗ , with f ∈ H, such that the map f →
a∗ (f ) is linear, ka∗ (f )k2 = hf, f iH , and the canonical anticommutation relations
(CAR) hold
a(f )a(g) + a(g)a(f ) = 0,

a(f )a∗ (g) + a∗ (g)a(f ) = hf, giH

(4.22)

for all f, g ∈ H.
A fermion quantum model is obtained by defining a unitary4 representation
π of this algebra on some Hilbert space F such that a ∈ A is mapped to a linear
operator π(a) on F. In solid state physics, one deals almost exclusively with the free
representation π0 for which one postulates the existence of a vector Ω (the vacuum)
normalized such that hΩ, Ωi = 1 and satisfying π0 (a(f )) Ω = 0 for all f ∈ H. The
construction of this (irreducible) representation on standard Fock space is found
in numerous textbooks and review articles; see e.g. [146, 147, 153, 159–161]. This
representation is also unique in the sense that all irreducible representations π0
satisfying the above relations are unitarily equivalent [159, 160]. Thus for ordinary
fermion quantum mechanics, this abstract viewpoint is not particularly beneficial.
The situation is different for a quantum field theory for which the free representation often fail to define a sensible quantum model. A possible solution was seen
above, and this can be straightforwardly generalized as follows: Let P− be some
orthogonal projection on the one-particle Hilbert space H and write H = H+ ⊕ H−
with P± H = H± and P+ = −P− . Let J : H → H be a conjugation operator that
commutes with P− , i.e. J is an antilinear map such that J 2 =, hJf, JgiH = hg, f iH
for all f, g ∈ H, and JP− = P− J.5 The so-called quasi-free representation πP− is
then defined in terms of the free representation as [156, 162]


 def
πP− a∗ (f ) = π0 a∗ (P+ f ) + π0 a(JP− f )
(4.23)
 def


πP− a(f ) = π0 a(P+ f ) + π0 a∗ (JP− f )

with f ∈ H. Note that the conjugation operator J is needed to make f → ψ † (f )

def
linear. Writing ψ † (f ) = πP− a∗ (f ) , it follows from the defining relations of the
free representation that
ψ † (P− f )Ω = 0,

ψ(P+ f )Ω = 0,

(4.24)

which is the analogue of (4.6). Unitarity of πP− follows from that of the free
representation. Furthermore, if H− is infinite-dimensional, these representations
are not unitarily equivalent; see e.g. [147] for simple proof. In QFT applications,
P− is often the projection onto the negative eigenspace of some unbounded oneparticle Hamiltonian.
unitary representation π satisfy π (a)† = π (a∗ ) and π () =.
will not need the specific realization of this map, but only the given properties. One may
think of J as complex conjugation.
4A

5 We
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Representations of some ∞-dimensional Lie
algebras

The Fock space obtained from the infinite Dirac sea discussed in the previous section affords a plethora of interesting and useful representations of certain infinitedimensional Lie algebras. Below, we discuss four examples that are important in
various physical applications ranging from condensed matter- to string theory. Of
these, the first two are special cases of the third, while the last is a generalization
to fermions with additional flavor indices (e.g. spin). The physical significance of
these results will become clear in Sections 4.3–4.4. The first two can also be found
in [147], the third in [163], and the last in [164], for example.

Density operators
def

For n ∈ Z, define the shift operators by the muliplication operation sn = e−inx .
When acting on the plane waves in (4.1), sn fk = fk−n and thus (sn )k,k′ = δk,k′ −n .
Obviously the shift operators commute, while their Schwinger terms are


S sn , sm = TrH P− sn P+ sm P− − P− sm P+ sn P− = nδn+m,0 ,
(4.25)

which can be computed by writing out the trace in the plane-wave basis. The
second quantization of the shift operators are
def

ρ̂n = dΓ̂(sn ) =

X

†
: ψk−n
ψk :,

(4.26)

k∈Z+1/2

which we refer to as density operators (see Section 4.3). Their commutation relations are


ρ̂n , ρ̂m = nδn+m,0
(4.27)

using (4.20). An important property is that the density operators leave each charge
b
sector FQ invariant. To see this, note that (4.14) and (4.26)–(4.27) give ρ̂0 = Q
and




b = 0,
ρ̂n , Q
ρ̂n , R = 0, for all n 6= 0.
(4.28)

Furthermore, the definition of normal ordering and (4.6) imply that
ρ̂n ΩQ = 0,

if n > 0

(4.29)

for all integers Q. Finally, the Hilbert space adjoints are s†n = s−n and ρ̂†n = ρ̂−n .
Remark The relations above give a simple example of what is known as a projective representation of a so-called loop algebra: the algebra of all smooth maps
from the circle S 1 to some matrix Lie algebra g. Above g = C and a natural basis
for the (commutative) loop algebra is given by the sn above (the case g = u(N ) is
exemplified at the end of this section). The operators ρ̂n then give what is called a
highest-weight (projective) representation of a central extension of this loop algebra
on each FQ . We refer to [165] for further details.
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Witt-Virasoro
def

For n ∈ Z, define the one-particle operators ln = e−inx/2 p̂ e−inx/2 . Similar to the
shift operators, one finds the matrix elements (ln )k,k′ = (k + n/2)δk,k′ −n and the
commutation relations


ln , lm = (n − m)ln+m ,
(4.30)

which give a representation of the so-called Witt algebra on L2 (S 1 ). The Schwinger
term is
 n(n2 − 1)
S ln , lm =
δn+m,0 .
(4.31)
12
The second-quantized operators are
def

Ln = dΓ̂(ln ) =

X

†
(k − n/2) : ψk−n
ψk :

(4.32)

k∈Z+1/2

such that L0 = H0 in (4.8). The commutation relations are then according to (4.20)



n(n2 − 1)
δn+m,0 .
Ln , Lm = (n − m)Ln+m +
12

(4.33)

These relations define a representation of the Virasoro algebra, which is the nontrivial central extension of the Witt algebra. This shows that the fermion model
defined by the Hamiltonian in (4.8) is a conformal field theory with conformal
charge c = 1 [164, 166, 167].
We can also compute the commutation relation of these operators with the shift
operators above. One finds that [ln , sm ] = −msn+m and S (ln , sm ) = 0 such that


Ln , ρ̂m = −mρ̂n+m ,
(4.34)



b = 0; again, all Ln leave each charge sector FQ invariant.
and, in particular, Ln , Q

w∞ and W1+∞

The shift operators sn and the Witt generators ln are the s = 1, 2 special cases of
the one-particle operators
wns = e−inx/2 p̂s−1 e−inx/2
def

(4.35)

for s ∈ N and n ∈ Z. When acting on (4.1),
wns fk = (k − n/2)s−1 fk−n

(4.36)

such that (wns )k,k′ = (k + n/2)s−1 δk,k′ −n . The operators in (4.35) form a representation of an infinite-dimensional Lie algebra denoted as w∞ (see e.g. [163,168]). To
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compute their commutation relations, we follow [163] and define the formal power
series in a,
∞
s−1
X
(ia)
wns ,
(4.37)
wn (a) =
(s
−
1)!
s=1
which gives an operator-valued generating function for (4.35),
wns =

ds−1
wn (a)
is−1 das−1
1

.

(4.38)

a=0

One finds that (see e.g. [163] for proof)


wn (a), wm (b) = ( ei(bn−am)/2 − e−i(bn−am)/2 )wn+m (a + b)

(4.39)

from which it follows that {wns }n form a Lie subalgebra of w∞ for each fixed s. By
differentiation of (4.39) for s = 1, 2 one recovers the commuting algebra of the shift
operators and the Witt algebra in (4.30). The computation of the Schwinger term
is somewhat more tedious; one finds [163]


sin n(a + b)/2
 .
(4.40)
S wn (a), wm (b) = δn+m,0
sin (a + b)/2

The second quantization of the one-particle operators in (4.35) is given by
X

Wns = dΓ̂(wns ) =
def

†
(k − n/2)s−1 : ψk−n
ψk :,

(4.41)

k∈Z+1/2

which generate a representation of a Lie algebra denoted as W1+∞ , and which is
a central extension of w∞ . Their commutation relations can be obtained using a
generating function Wn (a) analogous to (4.37) and Equation (4.20). A commuting
b and W 2 = H0 . Moreover,
subalgebra is given by W0s for all s; in particular, W01 = Q
0
s
s †
s
all Wn leave each charge sector FQ invariant, (Wn ) = W−n
and
Wns ΩQ = 0

if n > 0.

(4.42)

\
u(N
)1
So far we have only considered one species of fermions. As an important extension,
we consider the case when there is an internal SU (N ) symmetry in the model. Let
T i , i = 1 . . . N 2 − 1, be the corresponding generators of the Lie algebra su(N ), with


i

T ,T

j



=

2
NX
−1

k=1

if ijk T k

(4.43)
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and the structure constants assumed to be completely antisymmetric. The generators are traceless and normalized such that
X
X
1
i
i
f ijk f ijl = 2N δkl (4.44)
TrCN (T i T j ) = δij ,
Tab
Tcd
= δad δbc − δab δcd ,
N
i,j
i
(these conventions
follow [164]). An important special case is N = 2 for which
√
T i = σ i / 2, with σ i the usual Pauli matrices.
The construction of the Fock space based on a Dirac sea is the same as before,
except that the one-particle Hilbert space is now given by H = L2 (S 1 )⊗CN . Apart
def
def
def
from ̂0n = ρ̂n = dΓ̂(sn ⊗) (the density operators) and Ln = dΓ̂(ln ⊗) (the Virasoro
generators), we define the second quantized operators
̂in = dΓ̂(sn ⊗ T i ) =
def

N
X

X

†
i
: ψk−n,a
Tab
ψk,b :

(4.45)

a,b=1 k∈Z+1/2

using the obvious generalization of (4.16). These satisfy the commutation relations


̂0n , ̂0m



= nδn+m,0 N,



̂in , ̂jm



=

2
NX
−1

if ijk ̂kn+m + nδn+m,0 δij

(4.46)

k=1



and ̂0n , ̂im = 0, which follows from (4.20). With the natural generalization of the
Hamiltonian as
N
X
X
def
†
k : ψk,a
ψk,a :
(4.47)
H0 = dΓ̂(hD ⊗) =
a=1 k∈Z+1/2

one finds that




H0 , ̂µn = −n̂µn ,

(4.48)

which together with (4.46) are the defining relations of the affine Kac-Moody alged ⊕ su(N
\
\)1 at level k̂ = 1 [164, 167, 169]. Furthermore,
bra u(N
)1 = u(1)


(4.49)
Ln , ̂µm = −m̂µn+m
for µ = 0, 1 . . . N 2 − 1.

4.3

Bosonization and Fermionization

We summarise some key results on the boson-fermion operator correspondence; for
reviews see [144, 146, 170], for example. The commutation relations in (4.27) for
the density operators imply that
i
def
bn = √ ρ̂n ,
n

i
def
b†n = − √ ρ̂−n ,
n

n∈N

(4.50)
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satisfy the canonical commutation relations for boson operators




n, m ∈ N,
bn , b†m = δnm ,
bn , bm = 0,

(4.51)

and from (4.29) follows that

bn ΩQ = 0,

n∈N

(4.52)

for each integer Q. This gives a (reducible) representation of the boson field algebra
on the fermion Fock space F, which is irreducible in each charge sector FQ with a
cyclic vector ΩQ [153,171]. Together with the charge shift operators, these generate
a complete orthonormal set in the fermion Fock space [148, 153, 171, 172],
def

βm,Q =

Y (b† )mn
√n
RQ Ω0 ,
m
!
n
n∈N

Q ∈ Z,

mn ∈ N0 ,

X

n∈N

mn < ∞

(4.53)

with the short-hand notation m = {mn }. Completeness is usually proven by computing the grand canonical partition function using the vectors (4.7) and (4.53),
and confirming that they yield identical results (see for example [173]).
The irreducibility of the operators in (4.50), or equivalently the ones in (4.26),
on FQ allows one to write operators on Fock space in terms of density operators and
the charge shift operator. For example, the Hamiltonian in (4.8) can be expressed
as
1 b2 X †
1X×
×
Q +
nbn bn
(4.54)
× ρ̂−n ρ̂n × =
H0 =
2
2
n∈N

n∈Z

where we have introduced standard boson normal-ordering with respect to ΩQ , such
that for bilinears in density operators
(
ρ̂m ρ̂n
if m = −n, n > 0
×
×
× ρ̂m ρ̂n ×=
.
(4.55)
ρ̂n ρ̂m
otherwise
More generally, the Virasoro generators in (4.32) can be represented as
1X×
×
× ρ̂m−n ρ̂n ×
(m ∈ Z)
Lm =
2

(4.56)

n∈Z

(recall that H0 = L0 ). Equation (4.54) is the famous Kronig operator identity
[9, 12, 174] whose proof can be found e.g. in [144, 171]. The identity in (4.56) is
called the Sugawara construction [164, 175] and can be proven by computing the
action of the r.h.s. of (4.56) and (4.32) on the basis vectors in (4.53) and verifying
that they yield the same result. We note that there is an analogous representation
for all the Wns in (4.41) [14, 163, 168]; for example,
X
1 b 1 X
def
×
×
δn1 +n2 +n3 ,0 × ρ̂n1 ρ̂n2 ρ̂n3 × (4.57)
+
W03 =
k 2 : ψk† ψk : = − Q
12
3
k∈Z+1/2

n1 n2 n3 ∈Z

which can also be deduced from Equation (D.7) in Paper II.
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Expressing the fermion operators in terms of boson- and charge shift operators
is somewhat more involved. We define the fermion field operator as
1
def
ψ(x) = √
2π

X

ψk eikx ,

(4.58)

k∈Z+1/2

with −L/2 ≤ x < L/2, satisfying the usual anticommutation relations


ψ(x), ψ † (y) =

1
2π

X

k∈Z+1/2

eik(x−y) = δ(x − y).

(4.59)

It follows that the Fourier components of the local density operators
: ψ † (x)ψ(x) :=

1 X
ρ̂n einx
2π

(4.60)

n∈Z

b = ρ0 , we also call
are obtained from (4.26) (thus justifying their name). Since Q
the charge operators the (density) zero modes. The fermion field operator can now
be expressed in terms of the charge shift operator and exponentials of zero modes
and boson operators [148, 176]
1
b
b
ψ(x) = √ eixQ/2 R−1 eixQ/2
2π

×
×

e−iϕ(x) ×
×

(4.61)

where we have defined the regularized boson-like field operator
def

ϕ(x) = i

X 1
X1

√ e−ǫ|n| bn einx + b†n e−inx
ρ̂n einx−ǫ|n| =
n
n

n6=0

(4.62)

n∈N

and the limit ǫ → 0+ is implied.
The operator identity in (4.61) has a long and somewhat complicated history
with variants of different levels of mathematical rigor appearing in the literature.
Early work on writing fermions in terms of exponentials of bosons was done in
[177, 178]. Expressions close to (4.61) first appeared in the work of Luther and
Peschel [179], and Mattis [180] in the condensed matter literature, and in that of
Mandelstam [181] in field theory. However, none of these could be regarded as
operator identities since charge shift operators and zero modes were not included.
The correct form of the boson-fermion correspondence formula (4.61) seems to have
first appeared in [182] (see also [176]) and was discussed in detail in the seminal
work of Haldane [148].
One should note that (4.58) is an operator-valued distribution and should be
smeared with an appropriate test function; see e.g. [163] for a rigorous formulation
of the boson-fermion correspondence formula. Alternatively, one can keep ǫ nonzero in (4.62) and only take the limit on the level of correlation functions (see also
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the discussion in Paper II). Related mathematical work is [173, 183–185] and [168],
which also discusses the extension of (4.61) to anyon field operators.
The results in this section trivially generalize to fermions with additional degrees
of freedom by the introduction of appropriate indices on all operators. Consider
the case of fermions with spin α =↑, ↓, for example. The Kronig identity becomes

X X
1 X ×
def
3
3 ×
×
(4.63)
× ρ̂−n ρ̂n + 4Ŝ−n Ŝn
H0 =
k : ψk† ψk :=
4
n∈Z

α=↑,↓ k∈Z+1/2

def

def

with ρ̂n = ρ̂n,↑ + ρ̂n,↓ and Ŝn3 = (ρ̂n,↑ − ρ̂n,↓ )/2. The term on the right has reduced
the original SU (2) spin symmetry in the Hamiltonian to a U (1) symmetry and, for
this reason, this is typically called abelian bosonization. Witten [186] has extended
this as to preserve the full symmetry of the Hamiltonian. As an example, the
Sugawara construction in (4.56) can be generalized for the last example considered
in the previous section as [164, 167, 169, 173]
2

Lm

NX
−1 X
1
1 X× 0
× i
i ×
0×
× ̂m−n ̂n ×
× ̂m−n ̂n × +
=
2N
2(N + 1) i=1
n∈Z

(4.64)

n∈Z

(see also Paper IV), which can be proven in the same way as (4.56). This is
called non-abelian bosonization reflecting the non-trivial structure of the symmetry
algebra (4.43) (if N > 1).

4.4

Applications to exactly solvable QFT models

Historically, boson-fermion correspondence underwent parallel developments in condensed matter- and particle physics (and, to some extent, mathematical physics).
Pioneering work was done by Tomonaga [9] in his study of interacting, non-relativistic
electrons in one dimension. This work formalized early ideas of Bloch [187] that
the low-energy excitations of a Fermi system can be described as bosonic collective modes. Using physically motivated approximations and truncations on various operators, Tomonaga found the bosonic commutation relations of the density
Fourier modes and Kronig’s identity, including a proper account of zero modes.
Luttinger [11] then studied a field theory of interacting fermions whose Hamiltonian contained Tomonaga’s approximations right from the start. Below, we briefly
discuss this model and how boson-fermion correspondence is used to obtain its
complete solution. We also mention two exactly solvable models from field theory,
the (massless) Thirring model [10] and the Schwinger model [188, 189], which can
be solved using boson-fermion correspondence.

The Luttinger model and its extensions
We generalize the example in Section 4.1 by rescaling position space to have length
L and by introducing spinfull, left- and right movers. Thus, we define the plane
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wave states
√
def
fr,k (x) = eirkx / 2π,

r = ±,

k ∈ Λ∗ = 2πL−1 (Z + 1/2)
def

(4.65)

(†)

(cf. (4.1)) such that the corresponding spinfull fermion operators ψ̂r,α (k) satisfy
{ψ̂r,α (k), ψ̂r′ ,α′ (k ′ )} = 0,

{ψ̂r,α (k), ψ̂r†′ ,α′ (k ′ )} = L/(2π)δk,k′ δα,α′ δr,r′ .

(4.66)

When acting on the Dirac sea, these give
†
ψ̂r,α
(−k)Ω0 = ψ̂r,α (k)Ω0 = 0

for all k ∈ Λ∗ such that rk > 0,

(4.67)

which is the continuum limit-variant of (3.59). Following the notation of [143], the
(spinfull) Luttinger Hamiltonian is defined as
def

H = H0 + H2 + H4
with the kinetic energy in (3.67) and the interaction terms (p ∈ 2πL−1 Z)

XX 1
H2 =
g2k (p)δα,α′ + g2⊥ (p)δα,−α′ ρ̂+,α (−p)ρ̂−,α′ (p)
L
αα′ p

1 XXX 1
×
×
g4k (p)δα,α′ + g4⊥ (p)δα,−α′ × ρ̂r,α (−p)ρ̂r,α′ (p) ×
H4 =
2 ′ r p L

(4.68)

(4.69)

αα

with the spin-dependent density operators defined in (3.69). The interaction terms
in (4.69) all correspond to forward scattering (see also the derivation in Section 3.5).
The exact solubility of the Luttinger model follows from the fact that the densities satisfy the boson-like commutation relations
i
h
Lp
(4.70)
ρr,α (p), ρ̂r′ ,α′ (p′ ) = r δr,r′ δα,α′ δp+p′ ,0 ,
2π
which is a straightforward generalization of (4.50)–(4.51), and that H0 can be
rewritten using a (rescaled) Kronig identity (4.54) as
π X X X
×
×
H0 = v F
× ρ̂r,α (−p)ρ̂r,α (p) × .
(4.71)
L α=± r=±
p∈(2π/L)Z

It follows that the Luttinger Hamiltonian is a sum of bilinears in density operators, or equivalently, boson- and (commuting) zero mode operators. It can thus be
diagonalized using a unitary (Bogoliubov) transformation; see e.g. [143] or Paper
II. An important observation is that the Hamiltoniancan be written as two commuting terms corresponding to charge- and spin degrees of freedom (spin-charge
separation). Furthermore, the dispersion relations of the corresponding bosonic
excitations yield constraints on the interaction vertices in (4.69) (see [143]). In particular, they can neither be too short-range nor too strong in magnitude. Finally,
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all fermion correlation functions of the Luttinger model can be computed exactly
using the boson-fermion correspondence formula (4.61) and well-known operator
identities for free bosons; see [144], for example.
In his original treatment of the model, Luttinger used the standard presciption
of filling up the Dirac sea in order to obtain a Hamiltonian bounded from below.
However, in doing so, he missed that the presence of the Dirac sea can modify
the commutation relations of operators [154]. This was pointed out by Mattis and
Lieb [12] in their correct solution of the Luttinger model. Among other things,
they diagonalized the Luttinger Hamiltonian and computed the momentum space
occupation numbers n̄k . They found that, unlike Fermi liquids in higher dimensions,
there is no discontinuity at the Fermi surface points of n̄k . However, for weak
enough interaction, the derivative of n̄k is singular at kF , while it is smooth for
stronger interaction.
Fermion n-point functions of the Luttinger model at zero temperature were
calculated in [190–192], and later for arbitrary temperatures in [176, 193]. The
single-particle spectral function and other correlation functions were obtained in
the seminal work of Luther and Peschel [179]; see also [194–196]. A general feature
of these correlation functions is that, on intermediate length scales, they have powerlaw decay with non-trivial exponents that depend on the interaction.
The effective model defined by the Hamiltonian in (3.66) contains, in addition
to forward scattering terms, also backward scattering terms, which in general spoil
exact solubility. This type of correction term was first studied in [197]. Using the
boson-fermion correspondence formula (4.61), one can formally express the fermion
operators in these interaction terms as exponentials of bosons. The Hamiltonian
still separates into charge- and spin parts, with the former exactly as in the Luttinger model. For a particular, but non-trivial, choice of interaction constants,
one can rewrite the spin part as a quadratic expression in new spinless fermions
(fermionization). Most importantly, these free fermions turn out to have a gapped
excitation spectrum [197]. The backward scattering model is formally related to
the quantum sine-Gordon model [182], which in turn is related to the massive
Thirring model [181, 198]. For further treatments of backward scattering, we refer
to [140, 148]. The addition of Umklapp terms (see Section 3.5) was first treated
in [199]. In this case, it is the charge part that acquires an additional exponential
part, which can be analyzed similar to backward scattering. At half-filling, and
appropriate choice of interaction, there is again a gap in the spectrum.
The renormalization group provides a systematic way to investigate the effects
of additional terms in the Luttinger Hamiltonian [15, 140, 200, 201]. For example,
using the W1+∞ -algebra, one can include corrections from non-linear terms in the
tight-binding band relation (cf. (4.57)) [14], while (4.61) allows one to bosonize
arbitrary interaction terms. This has led to the important concept of a Luttinger
liquid [14] as the universality class for interacting fermions with gapless excitations
in 1D, with the Luttinger Hamiltonian playing the same role as the free Fermi gas
does for a Fermi liquid. We mention also [192, 202, 203] for other approaches used
to establish Luttinger liquid behavior.
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One can also apply non-abelian bosonization to (3.66). Using the Sugawara
construction in (4.64) in the case SU (2), one finds for the kinetic part
H0 = v F

X

X

r=± p∈(2π/L)Z

2π
L

×
×

1


1
×
ρ̂r (−p)ρ̂r (p) + Ŝr (−p) · Ŝr (p) ×
4
3

(4.72)

with (3.65). This defines a so-called Wess-Zumino-Witten model [204–206].

The Thirring model
On the particle-physics side, a pioneering contribution was Thirring’s relativisticallyinvariant QFT of interacting, massless fermions in (1+1) space-time dimensions
[10]. The field theory is defined by the Lagrangian density
L = ψ̄(x)γ µ i∂µ ψ(x) − λj µ (x)jµ (x)
def

def

(4.73)

def

with the current operator jµ = ψ̄γµ ψ, a Dirac spinor ψ = [ψ+ ψ− ]T with components ψr (r = ±), coordinates x = (x0 , x1 ) and interaction constant λ. We use the
metric signature {+, −} and the gamma matrices γ 0 = σ 1 , γ 1 = −iσ 2 and γ 5 = σ 3 ;
def
as usual, ψ̄ = ψ † γ 0 . The corresponding Hamiltonian is
def

H =

Z



dx1 ψ † γ 5 (−i∂1 )ψ + λj µ jµ

(4.74)

†
†
where we note that j µ jµ = 4ψ+
ψ+ ψ−
ψ− . The Thirring model is solvable in that
all correlation functions can be obtained exactly. This was done for the two- and
four-point functions in [207], and later for arbitrary n-point functions in [208]; see
also [209].
The quantum model corresponding to (4.74) can be studied using the formalism
of Section 4.1 [209,210]. However, this requires ultraviolet- and infrared regularizations of the model, which can only be removed on the level of correlation functions.
First, one lets space be the circle with circumference L (i.e. space-time is a cylinder)
and normal-order the Hamiltonian with respect to the Dirac sea (4.67). Next, one
replaces the purely local interaction in (4.74) by a non-local potential Va (x − y)
such that Va (x − y) → 4λδ(x − y) as a → 0+ . The Thirring Hamiltonian is then
obtained as a limit of the Luttinger Hamiltonian (note that the local limit a → 0+ is
analogous to removing the cutoff function χ(p) in (3.68)). The limit L → ∞ poses
no problem when evaluating correlation functions. The limit a → 0+ is much more
delicate; one finds that this require a multiplicative renormalization (wave function
renormalization) of the fields [210]. This leads to the anomalous scaling dimension
in which the dimension of the renormalized field operators in the Thirring model
depend on the interaction strength λ, as already noted in [211].
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The Schwinger model
The last example is the so-called Schwinger model describing massless fermions
coupled to the electromagnetic field (a U (1) gauge field) in 1+1 space-time dimensions [188, 189, 212, 213]. Below, we discuss two equivalent ways in formulating and
solving the quantum model of this system; we do not follow any particular reference,
although this material can also be inferred from [210, 214–218].
The Lagrangian density of the Schwinger model is
1
def
L = ψ̄iγ µ Dµ ψ − Fµν F µν ,
4

def

Dµ = ∂µ + ieAµ

(4.75)

with Aµ (x) the abelian gauge field (µ = 0, 1), e the electric charge, Fµν = ∂µ Aν −
∂ν Aµ the electromagnetic field tensor, and otherwise using the same conventions
as for the Thirring model. Under a gauge transformation, the fields transform as
ψr (x) → eiα(x) ψr (x) and Aµ (x) → Aµ (x) − e−1 ∂µ α(x). For notational simplicity,
we set the length of space L = 2π in the following.
Consider first (4.75) as defining a classical field theory. The canonical formalism
of introducing conjugate momenta to the real-valued fields Aµ and the Grassmannvalued fields ψ (†) invariably leads to a constrained Hamiltonian system. Going
through the standard Dirac procedure (see e.g. [214, 215]) of removing all second
class constraints by introducing the appropriate reduced Poisson (or Dirac) bracket,
one obtains the canonical Hamiltonian
Z

def
Hc =
dx1 E 2 /2 + ψ † γ 5 (−i∂1 + eA1 ) ψ + A0 G
(4.76)
S1

with the first class constraints6
Π0 (x) ≈ 0,

def

G(x) = −∂1 E(x) + eρ(x) ≈ 0

def

(4.77)
def

and where ρ = j 0 = ψ † ψ is the fermion density. Here Π0 and E = F01 (the
electric field) are the canonical momenta conjugate to A0 and A1 , respectively.
The first constraint in (4.77) follows from the absence of ∂0 A0 in the Lagrangian
density, while the second, which is usually called Gauss’ law, follows from requiring
time-independence for the first constraint. The corresponding Poisson brackets are
n
o
n
o
ψr (x), ψr†′ (x′ )
A1 (x), E(x′ )
= −iδr,r′ δ(x1 − x′1 ),
= δ(x1 − x′1 ) (4.78)
PB

PB

at equal times x0 = x′0 ; the delta function is periodic on S1 .
6 The notation ≈ 0 reads “weakly zero” and means that these equations are zero on the physical part of phase space, although the left-hand sides may have non-zero Poisson brackets with
other
phase-space
variables. These are first class constraints since their Poisson bracket vanish,
n
o
= 0.
Π0 , G
PB
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The constraints in (4.77) can be treated either on the classical- or quantum
level. We discuss the former approach first. The gauge is fixed by imposing the
additional gauge constraints7
∂1 A1 ≈ 0,

∂1 E + ∂1 ∂1 A0 ≈ 0

(4.79)

such that, after introducing the corresponding reduced bracket, one can set the
constraints in (4.77) and (4.79) strongly to zero. One should note that (4.77) and
(4.79) only fixes E(x) and A1 (x) up to a constant: letting time x0 = 0, the physical
degrees of freedom of the electromagnetic field on the circle are
Z
Z
def
def 1
dx A1 (x),
Ê =
Â1 =
dx E(x)
(4.80)
2π S1
S1
satisfying the Poisson bracket {Â1 , Ê}PB = 1. Introducing Fourier-transformed
fields and solving Gauss’ law for the non-zero momentum components of the electric
field, the gauge-fixed Hamiltonian becomes
def

Hg.f. =

1 2
Ê +
4π

X

k∈Z+1/2

ψ̂ † (k)γ 5 (k + eÂ1 )ψ̂(k) +

e2 X
1
ρ̂(−p) 2 ρ̂(p)
4π
p

(4.81)

p6=0

with {ψ̂r (k), ψ̂r†′ (k ′ )}PB = −iδr,r′ δk,k′ . Note that the zero-momentum component
of Gauss’ law constrains the overall charge ρ̂(0) to be zero.
The quantization of this system is now analogous to that of the Thirring model
above (see [218] for further details). The Hamiltonian can be bosonized and, due
to the last term in (4.81), becomes that of a massive free scalar field with mass
√
def
m = e/ π. This provides an important example of a model that is solvable using
boson-fermion correspondence, even though the fundamental excitations have a
gap.
In the second approach to quantizing the Schwinger model, one lets the constraints (4.77) carry over to the quantum level. To be specific, the operators corresponding to Π0 and G are assumed to annihilate all states in the physical Hilbert
space [216]. Introducing a Fock space based on the Dirac sea, one might guess that
the quantum Hamiltonian is given by
Z
×
?
×
H=
(4.82)
dx1 × E 2 /2+ : ψ † γ 5 (−i∂1 + eA1 ) ψ : ×
S1

with fermion- and boson normal-ordering as in previous sections. However, this
is incorrect. After quantizing, the commutation relations of the density operators
ρ(x) gets an additional Schwinger term and the Hamiltonian in (4.82) is no longer

7 Actually, this only fixes the gauge with respect to topologically trivial gauge transformations
(zero winding number on the circle). Using a gauge transformation with a non-zero winding
number, one can further reduce A1 to lie in a bounded interval; see [210, 218] for details.
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gauge-invariant; its commutator with the Gauss law operator G is non-zero. Put
differently, this Hamiltonian does not leave invariant the physical Hilbert space.
The way to proceed is to introduce a new normal-ordering prescription that
preserves gauge invariance. We do not discuss this here; see [210] or Paper III, for
example. The upshot is that the naive Hamiltonian in (4.82) gets an additional
mass term for the gauge field; one finds [210]
Z

×
def
×
H =
dx1 × E 2 /2+ : ψ † γ 5 (−i∂1 + eA1 ) ψ : +e2 A21 /(2π) ×,
(4.83)
S1

which now commutes with G.8 This Hamiltonian can now be bosonized as usual.
As A0 does not appear in (4.83), the operator constraint Π0 = 0 on the physical
Hilbert space is easily imposed. Furthermore, the Gauss law constraint can be
dealt with using a suitable canonical transformation on the boson fields such that
G itself is one field, while its canonical conjugate does not appear in the transformed
Hamiltonian (E. Langmann, unpublished notes). The remaining boson field is then
the same as that obtained in the gauge-fixed approach above.

4.5

Bosonization in higher dimensions

The success of using bosonization to study interacting fermions in 1D naturally
leads one to also try the method in higher dimensions. One should note that the
notion of an infinite-dimensional Hilbert space that separates into positive- and
negative energy eigenstates of a one-particle Hamiltonian, and the associated Dirac
sea of filled states, does not rely on dimensionality. For example, this formalism can
be used to construct QFT models of free, relativistic fermions coupled to external
fields in 3+1 space-time dimensions [219].
The first to apply bosonization to interacting, non-relativistic fermions in higher
dimension was Luther [220] (see also [176] for contemporary work). For a discretized
spherical Fermi surface in three dimensions, one can bosonize in the radial direction at each point on the surface, while treating the discretized angles as flavor
indices [220]; this is sometimes called radial- or tomographic bosonization. Using
a generalized Kronig identity, one can then express the kinetic part in terms of
densities [176, 220]. Similarly, the fermion fields can be written in terms of charge
shift operators, which depend on the radial direction, and an exponential of boson operators [176]. However, in this early approach, only density operators with
momenta in the radial direction behave as bosons, and thus interactions with transverse momentum exchange cannot be treated.
Real interest in higher-dimensional bosonization came with the high-Tc problem
and the prospect of finding non-Fermi-liquid behaviour in strongly correlated 2D
models. In particular, Anderson suggested that the 2D Hubbard model on a square
8 Note that the mass term in the Hamiltonian does not mean that the photon is massive and the
fermion is massless. The massive excitation in the physical Hilbert space is a mixture of fermions
and photons.
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lattice has a Luttinger liquid phase away from half-filling, and that this could
be explored using bosonization methods [221]. Whether or not Luttinger-liquid
behaviour is possible in this model is still an open problem. Rigorous work on the
renormalization group have shown that weakly-coupled 2D fermions with Fermi
surfaces of non-zero curvature are in general Fermi liquids [222,223] (see also [7] and
references therein). Most of the attention has therefore been on Fermi surfaces with
“flat parts”, i.e. they contain portions that are straight (see for example [224,225]).
Prior to Anderson’s suggestion, Mattis proposed a 2D model of fermions with
density-density interactions that could be solved exactly using bosonization [226].
The kinetic part contained four types of fermions with linearised tight-binding
band relations on each side of a square Fermi surface, which is reasonable for the
Hubbard model with short-range hopping and near half-filling. Unlike [220], the
density operators were taken to be bosonic for all momentum exchange, although
no details were provided. Rewriting the kinetic part in terms of densities, the
Hamiltonian of the model could be diagonalized using a Bogoliubov transformation.
A complete construction and solution of a variant of Mattis’ model is the topic of
Paper II (see also Section 5.2).
In more recent work, Luther [227] also studied fermions on the square Fermi
surface with linear tight-binding band relations. Let kk and k⊥ denote the momenta
parallel and perpendicular to a face of the square Fermi surface. Following [220], one
would treat kk as a flavor index, extend k⊥ to plus and minus infinity, and introduce
a Dirac sea in which all states k⊥ < 0 are filled. However, unlike the 1D case, one
should note that there is a huge degeneracy in choosing the accompanying flavor
index to the unbounded momenta. One can for example do a Fourier transformation
(change of basis) in the kk -direction and then bosonize the fermions with a new
flavor index xk . These can be interpreted as coordinates for a collection of parallel
chains aligned in the k⊥ -direction. In this way, Luther was able to include boson-like
interactions with momentum exchange also in the kk -direction [227]. The properties
of this model were further investigated in [228, 229].
Finally, we mention other work on rewriting interacting fermions as bosons,
although these methods are somewhat different from that reviewed in previous
sections. Haldane [230] formulated a phenomenological approach in which density
fluctuations corresponding to momentum exchange of states near an arbitrary Ddimensional Fermi surface are assumed bosonic, much in the spirit of Tomonaga [9].
These ideas were further pursued in the works of [231–233], [234–239] and [240–
243]. Bosonization methods using functional integration and Hubbard-Stratonovich
transformations have been developed in [244–246], [247, 248], and more recently
[249, 250]. There is also an approach based on non-commutative geometry [251].
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Introduction to the papers
The research of the appended scientific papers focuses on effective descriptions of
Hubbard-type models defined on two-dimensional square lattices. This chapter
contains a short introduction to these papers (Sections 5.1–5.4). Since Paper I is a
continuation of [252,253], the substantially longer Section 5.1 also contains a review
of these latter papers.

5.1

A continuum limit of 2D lattice fermions

We discuss how a 2D analogue of the Luttinger model is related to a lattice model
of spinless fermions by performing a certain partial continuum limit in the latter.
Consider itinerant fermions on a two-dimensional square lattice with lattice
constant a and linear lattice size L. The fermions are taken to be spinless; the
extension to electrons is done in Section 5.4. The Fock space is obtained from
fermion operators ψ̂ (†) (k) creating and annihilating fermions in plane wave states
def
2 2π 2
with momenta k = (k1 , k2 ) ∈ Λ∗ = 2π
L Z / a Z . The operators are normalized
such that
{ψ̂(k), ψ̂ † (k′ )} = [L/(2π)]2 δk,k′

(5.1)

and ψ̂(k)Ω = 0 for all k, with Ω the vacuum vector. The Fourier-transformed
density operator is defined as
def

ρ̂(p) =

X

X  2π 2

k1 k2 ∈Λ∗ n∈Z2

L

ψ̂ † (k1 )ψ̂(k2 )δk1 +p,k2 +2πn/a

(5.2)

with momenta p ∈ Λ∗ . The fermion number operator is N = ρ̂(0) and the filling
is ν = (a/L)2 hN i with 0 ≤ ν ≤ 1; half-filling is ν = 1/2.
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Restricting to fermions that can hop between nn- and nnn sites, and have
density-density-type interactions that only depend on particle separation, the Hamiltonian becomes
X  2π 2
X  2π 2
def
(ǫ(k) − µ) ψ̂ † (k)ψ̂(k) +
û(p)ρ̂(−p)ρ̂(p) (5.3)
Hlattice =
L
L
∗
∗
p∈Λ

k∈Λ

with the tight-binding band relation
ǫ(k) = −2t [cos(k1 a) + cos(k2 a)] − 4t′ cos(k1 a) cos(k2 a)
def

(5.4)

and interaction vertex û(p) = û(−p) such that û(p) = û(p + 2πn/a) for all n ∈ Z2 .
We will concentrate on the so-called (repulsive) 2D t-t′ -V model for which only nn
interactions1 are included in (5.3); the interaction vertex is2


def
û(p) = a2 V cos(p1 a) + cos(p2 a) /(8π 2 )
(5.5)

with coupling constant V ≥ 0. The extension to other vertices will be clear.
Fermion operators defined on the lattice are defined as
X  2π 2
def 1
ψ(x) =
ψ̂(k) eik·x
(5.6)
2π
L
∗
k∈Λ

satisfying {ψ(x), ψ † (x′ )} = a−2 δx,x′ .

Mean field analysis of the 2D t-t′ -V model
Some insight may be gained by doing a mean field analysis of the lattice model.
The repulsive interaction favors fermions to segregate and one can expect some
type of charge ordering on the mean field level. The one-particle density matrix is
given by
def
γx′ ,x = a2 ψ † (x)ψ(x′ )
(5.7)
and fully characterizes a Hartree-Fock state (cf. Section 3.4). Restricting to HartreeFock states that are translation-invariant by two sites, we can make the ansatz
γx′ ,x = Θ(x − x′ ) + Θ′ (x − x′ ) eix·Q

(5.8)

def

with the vector Q = (π/a, π/a), and unknown functions Θ(x) and Θ′ (x). We write
this in Fourier space as
 2π 2
 L 2 h
i
def
γ̂k′ ,k =
Θ̂(k)δk,k′ + Θ̂′ (k)δk,k′ +Q .
hψ̂ † (k)ψ̂(k′ )i =
(5.9)
L
a

Applying the results found in Appendix B of Paper I, one obtains ten mean field
parameters. Of these, only three turn out to be non-zero when the grand canonical
1 Note

that there cannot be an on-site interaction for spinless fermions.
follow the convention in [252, 253] for which the interaction potential satisfies u(x − y) =
V /2 for nn lattice sites x and y.
2 We
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potential is minimized; we denote these by q0 , q1 , and ∆. The first two correspond
to filling and a weighted density, respectively, while the last is a charge-ordering
parameter. They satisfy the self-consistent mean field equations
q0 = 2V

X

k∈Λ∗

Θ̂(k),

q1 = −

V X
[Θ̂(k) − Θ̂(k + Q)]u1 (k),
4
∗

(5.10)

k∈Λ

def

where u1 (k) = cos(k1 ) + cos(k2 ), and
∆ = −2V

X

Re Θ̂′ (k)

(5.11)

k∈Λ∗

with the expectation values evaluted using the HF state obtained from Equations (29) and (32) in Paper I.
These parameters distinguish between two mean field phases: if ∆ = 0, the
system is translation-invariant (N), while if ∆ 6= 0, the system has a charge-densitywave (CDW) ordering with period two. One finds a CDW phase at half-filling, a N
phase far away from half-filling, and a mixed phase (see Section 3.4) near half-filling.
In this last regime, we can expect that the true solution is much more complicated
than what a simple mean field description offers.
By adding a sufficiently large nnn hopping constant t′ to the model, we find
that the CDW phase also becomes stable away from half-filling. This is in disagreement with recent results obtained using so-called fermionic projected entangled-pair
states [254] for which CDW is again only stable at half-filling. For earlier work on
charge-ordering for 2D spinless fermions, see [137, 255, 256].

Nodal- and antinodal fermions
From the simple mean field analysis of the 2D t-t′ -V model it is reasonable to
conjecture that the ground state at half-filling is gapped with some type of chargeordering for sufficiently large coupling V . Similarly, far away from half-filling and
weak coupling the system is likely a Fermi liquid. Near, but away from half-filling,
we can say much less. Our aim is to find a simplified description of the model in this
regime by performing a continuum limit analogous to the one done in Section 3.5.
However, there are several differences to the one-dimensional case that makes this
limit much more involved. Even if the concept of a Fermi surface survives in the
interacting model, we do not know a priori its geometry (unlike the 1D case for
which it must be two points). When we want to emphasize this point, we will use
the notion of an underlying Fermi surface, being deliberately vague in its definition.
A natural choice is to use the Fermi surface of the non-interacting model, defined
by the equation ǫ(k) = µ for some fixed value of the chemical potential µ. For
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example, if µ = 0 (half-filling) and t′ = 0, the Fermi surface is a square defined by
|k1 ± k2 | = π/a in the (first) Brillouin zone
def 
BZ = k = (k1 , k2 ) ∈ (2π/L)Z2 : −π/a ≤ k1,2 < π/a .

(5.12)

Furthermore, the functional form of ǫ(k) can vary significantly on different parts
of the Fermi surface. For instance, the corners of the square Fermi surface at halffilling (ka = (π, 0) or (0, π)) are saddle points of ǫ(k), which translate into a van
Hove singularity [4] in the density of states. Following the literature on cuprates,
we call fermions with momenta near these points antinodal. In contrast, at the
midpoints of the square surface (ka = (π/2, ±π/2) or (−π/2, ±π/2)), the band
relation is nearly linear in the direction orthogonal to the surface. Fermions with
momenta near these points are called nodal.
As discussed in Section 4.5, in the works of [226] and [227] no distinction was
made between nodal- and antinodal fermions. In particular, the tight-binding relation was linearly approximated with a constant Fermi velocity on each face of
a square. However, with the funtional form of ǫ(k) in mind, we argue that the
contribution to the low-energy physics from the nodal- and antinodal fermions is
quite different, and it is more fruitful to treat them by different methods.
Following [253], we can explicitly disentangle the degrees of freedom in the
model by partitioning the Brillouin zone into different regions. To be specific, we
define eight sets of momenta Λ∗r,s such that every momenta k′ ∈ Λ∗ can be written
uniquely as k′ = k + Qr,s , with k ∈ Λ∗r,s and Qr,s is a fixed vector. The pairs of
indices (r, s) can be r = ± and s = 0, ±, 2. The precise definition of the sets Λ∗r,s
are given in [253] and Appendix B in Paper IV; in particular, the relative size of
each region is parameterized by a variable 0 ≤ κ ≤ 1.
def
We let s = 0 correspond to antinodal fermions and define Q+,0 = (π/a, 0) and
def
Q−,0 = (0, π/a). We neither need or will make the assumption that these points
lie on an underlying Fermi surface. We let s = ± correspond to nodal fermions and
define Qr,s = (rQ/a, rsQ/a) with a parameter Q close, but not equal to π/2. This
parameter has a similar role as kF did in the 1D case and, unlike the antinodal
fermions, we do assume that each Qr,s=± lies on the underlying Fermi surface. For
computational simplicity, it turns out useful to also introduce so-called in- and out
fermions labelled by s = 2 [253]. The corresponding points are Q−,2 = (0, 0) (in)
and Q+,2 = (π/a, π/a) (out), i.e. the center and corners of the Brillouin zone. In
the following, one can equally well think of the in- and out fermions as belonging
to the nodal fermions.
Analogous to (3.43), one defines fermion operators with flavor indices (r, s) by
(†)
ψ̂r,s
(k) = ψ̂ (†) (Qr,s + k)
def

(k ∈ Λ∗r,s )

(5.13)

satisfying the anticommutation relations
{ψ̂r,s (k), ψ̂r†′ ,s′ (k′ )} = δr,r′ δs,s′ [L/(2π)]2 δk,k′ .

(5.14)
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Figure 5.1. Partition of non-equivalent momenta into eight disjoint regions (rectangles), whose union under suitable translations is the first Brillouin zone. The
regions are labelled by pairs of indices (r, s) with s = 0 corresponding to antinodal
fermions, s = ± nodal fermions, and s = 2 in- or out fermions. The dashed curves is
a superimposed non-interacting Fermi surface corresponding to t = 1, t′ = −0.2 and
µ = −0.51(1). We set the lattice constant a = 1. Picture reprinted from Figure 2
in [257]. With kind permission from Springer Science+Business Media.

This allows us to write the 2D t-t′ -V Hamiltonian as Hlattice = H0 + Hint with
X X  2π 2
def
†
[ǫ(Qr,s + k) − µ]ψ̂r,s
(k)ψ̂r,s (k)
(5.15)
H0 =
L
∗
r,s
k∈Λr,s

the kinetic part, and (j = 1, 2, 3, 4)
X X  2π 8
def
Hint =
v̂(K1 , K2 , K3 , K4 )
L
∗
r ,s
j

j

kj ∈Λr

(5.16)

j ,sj

×

ψ̂r†1 ,s1 (k1 )ψ̂r2 ,s2 (k2 )ψ̂r†3 ,s3 (k3 )ψ̂r4 ,s4 (k4 )

the interaction part; here Kj is short for Qrj ,sj + kj and
X  L 2
def
v̂(K1 , K2 , K3 , K4 ) = û(Qr1 ,s1 − Qr2 ,s2 + k1 − k2 )
2π
2
n∈Z

(5.17)

× δQr1 ,s1 −Qr2 ,s2 +Qr3 ,s3 −Qr4 ,s4 +k1 −k2 +k3 −k4 ,2πn/a .

is the interaction vertex. This representation may appear more complicated than
that in (5.3) but, as was the case of (3.45), it is well suited for the derivation of the
effective model below.
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Truncation of the lattice Hamiltonian
The basic idea for our treatment of the 2D lattice model is to apply a continuum
limit similar to that in Section 3.5 to the nodal fermions alone [252, 253], while
treating the antinodal fermions by other methods. Below, we shortly review the
derivation in [253] (see also Paper IV), keeping the technical details to a bare
minimum and adding some complementary remarks.
Expanding the tight-binding band relation of the nodal fermions (s = ±) to
lowest non-trivial order around the points Qr,s gives
ǫ(Qr,s + k) = ǫ(Qr,s ) + εr,s (k) + O(|ak|2 )

(5.18)

with

√
def
(5.19)
vF = 2 2 sin(Q) [t + 2t′ cos(Q)] a
√
def
and we use coordinates k± = (k1 ± k2 )/ 2. This can be contrasted with that
obtained when expanding around Qr,0 for the antinodal fermions
def

εr,s (k) = vF rks ,

ǫ(Qr,0 + k) = ǫ(Qr,0 ) + εr,0 (k) + O(|ak|3 )

(5.20)

with
2
2
εr,0 (k) = −rcF k+ k− − c′F (k+
+ k−
),
def

cF = 2ta2 ,
def

c′F = 2t′ a2 .
def

(5.21)

As already noted, there is no linear term.
We assume that the underlying Fermi surface is flat in the nodal regions, parallel
to the k−s -direction and crossing the point Qr,s in each region (r, s). We then
approximate the nodal tight-binding band relation by the linear term in (5.19). In
particular, we assume that the Fermi velocity (vF ) is constant along these flat, or
Fermi arc, parts. It would be possible to study eventual correction terms to these
approximations; see Paper II. We also replace the antinodal tight-binding band
relation by the quadratic term in (5.21), although this latter approximation is not
necessary for our purposes.
The interaction is simplified by the following two approximations. First, only
those scattering processes for which the involved momenta, kj + Qj , satisfy the
constraint
(5.22)
Qr1 ,s1 − Qr2 ,s2 + Qr3 ,s3 − Qr4 ,s4 ∈ (2π/a)Z2 ,
will be kept. Second, we expand the function û in (5.17) as
û(Qr,s − Qr′ ,s′ + k − k′ ) = û(Qr,s − Qr′ ,s′ ) + O (|a(k − k′ )|)

(5.23)

and only keep the lowest-order term.
If all momenta lie on a Fermi arc in the nodal regions, the constraint (5.22)
follows from momentum conservation (cf. (3.49) and the corresponding truncation
in Section 3.5). This approximation is only necessary for processes involving nodal
fermions and could be relaxed for those involving only antinodal fermions. All
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possible combinations of (rj , sj ) satisfying (5.22) when Q 6= π/2 is given in Table 1
in Appendix B of Paper IV. If Q = π/2 there are additional (and potentially gapinducing) umklapp processes, analogous to (3.51); it is natural to identify this value
with the half-filled model.
When both momenta lie far away from a Fermi arc, the expansion in (5.23) is
on the same level of validity as (5.19). However, it is harder to motivate in the
case when the momenta lie far apart, but still on a Fermi arc (for which possibly
|k − k′ | = O(a−1 )). Similar to (5.22), this approximation is only crucial for nodal
fermions, and when (r, s) 6= (r′ , s′ ). It reflects the fact that bosonization methods
cannot treat processes for which fermions scatter between different Fermi arcs.
Introducing these approximations in the lattice model leads to the effective
Hamiltonian
X X  2π 2
†
(εr,s (k) − λr,s ) ψ̂r,s
(k)ψ̂r,s (k)
H′ =
L
r,s k∈Λ∗
r,s
(5.24)
X  a 2
X
′
′
′
′
+
Vr,s,r ,s ρ̂r,s (−p)ρ̂r ,s (p)
L
′ ′
2
r,s,r ,s p∈(2π/L)Z

with energy constants λr,s and Vr,s,r′ ,s′ that can be inferred from Equations (57)(58) in [253]; the density operators are
def

ρ̂r,s (p) =

X

k1 k2 ∈Λ∗
r,s

 2π 2
L

†
ψ̂r,s
(k1 )ψ̂r,s (k2 )δk1 +p,k2 .

(5.25)

This Hamiltonian is a natural 2D (spinless) analogue of (3.53).

Partial continuum limit
As for the 1D case, the model defined by the Hamiltonian in (5.24) becomes
amenable to computations if one performs a continuum limit. This limit will be
done partially in the sense that only the nodal degrees of freedom are modified.
To be specific, we will remove the cutoff in momenta in the directions orthogonal
to each Fermi arc. To this end, we normal-order the kinetic part and the density
operators in (5.25) with respect to a state in which all momenta up to the Fermi
arcs in the nodal regions are occupied. The new sets of momenta for the nodal
fermions become


π
π
1 2
2π 
∗ def
(5.26)
: − ≤ k−s <
Z+
Λs = k ∈
L
2
ã
ã
√
def
with the lattice parameter ã = 2a/(1 − κ) (the length of each Fermi arc is 2π/ã).
Furthermore, the nodal fermion operators are defined with respect to a Dirac sea,
†
(−k)Ω = 0,
ψ̂r,s (k)Ω = ψ̂r,s

for all k ∈ Λ∗s such that rks > 0

(5.27)

70

Chapter 5. Introduction to the papers

with hΩ, Ωi = 1. The specific choice of filling for the antinodal states in Ω is
unimportant and we take for simplicity
ψ̂r,0 (k)Ω = 0 for all k ∈ Λ∗r,0

(5.28)
def

(a different choice was made in [253]). We note that Λ∗+,0 = Λ∗−,0 = Λ∗0 .
Consider now for example region (+, +) in Figure 5.1. After removing the cutoff
in the k+ -direction, it would be possible to bosonize the nodal fermions by treating
the k+ as an unbounded 1D chain of momenta and k− a flavor index labelling
each chain. However, as noted in Section 4.5, this does not lead to simple bosonic
commutation relations for (5.25); only densities with momentum exchange in the
k+ -direction would behave as bosons and one cannot treat momentum exchange
between fermions on different chains. Instead, it is more fruitful to first do a Fourier
transformation (change of basis) in the k− -direction and then bosonize the fermions
using a new flavor index x− [227,253]; see also Papers II and IV. If one also removes
the cutoff in the k− -direction, the commutation relations of the (normal-ordered
and rescaled) densities in (5.25) become that of 2D bosons. However, this limit is
delicate; if one sends ã → 0+ in (5.26), the (normal-ordered) Hamiltonian in (5.24)
is no longer bounded from below (see Paper II).
A mathematically sound way to proceed is to keep the cutoff but regularize the
nodal density operators in (5.25); one defines [253]
X
X  2π 2
def
†
(5.29)
δk1 +p+2πne−s /ã,k2
: ψ̂r,s
(k1 )ψ̂r,s (k2 ) :
Jˆr,s=± (p) =
L
∗
n∈Z

k1 ,k2 ∈Λs

with e−s a unit vector in the direction of the Fermi arc. This operator is obtained
from (5.25) by adding “umklapp terms” corresponding to n 6= 0 in (5.29). As we
show in Paper II, it is possible to remove the cutoff on the level of correlation
functions.
With this, the Hamiltonian for the nodal- and antinodal fermions becomes
def

H = Hn + Ha + Hna
with
Hn = v F

X  1 2
X X  2π 2
†
rks : ψ̂r,s
(k)ψ̂r,s (k) : +2
χ(p)
L
L
p
r,s=± k∈Λ∗
s
 X

X
× g1
Jˆr,+ (−p)Jˆr′ ,− (p)
Jˆ+,s (−p)Jˆ−,s (p) + g2
s=±

(5.30)

(5.31)

r,r ′ =±

the part involving only nodal fermions,
X X  2π 2
†
Ha =
(εr,0 (k) − µ0 )ψ̂r,0
(k)ψ̂r,0 (k)
L
r=± k∈Λ∗
0
X  1 2
+2g3
ρ̂+,0 (−p)ρ̂−,0 (p)
L
p

(5.32)
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the part involving only antinodal fermions, and
X
X  1 2
X
Hna = g4
Jˆr,s (−p)
ρ̂r′ ,0 (p)
χ(p)
L
′
p
r,s=±

(5.33)

r =±

the nodal-antinodal interaction; the model constants are given in [253].
Analogous to (3.63), the interaction terms involving nodal fermions are regularized by a cutoff function3
(
1 if − π/ã ≤ p± < π/ã
def
χ(p) =
(5.34)
0 otherwise
for possible momentum exchange. A careful analysis reveals that, due to the presence of this cutoff function, only terms for n = −1, 0, 1 in (5.29) can contribute in
(5.31) and (5.33). Finally, for momenta p such that χ(p) 6= 0, the nodal density
operators in (5.29) satisfy the commutation relations [253]
h
i
2πps  L 2
Jˆr,s (p), Jˆr′ ,s′ (−p′ ) = rδr,r′ δs,s′
(5.35)
δp,p′
ã
2π
(see Paper II for proof).
From (5.35) and by applying a Kronig identity to the free part in (5.31), one
finds that the nodal Hamiltonian can be written in terms of free bosons; see [253]
and Paper II. Representating the grand canonical partition function corresponding
to H in (5.30) by a functional integral [161], one may then integrate out the nodal
degrees of freedom exactly [253]. This gives an effective action for the antinodal
fermions alone, which using a local-time approximation, can be mapped to an
effective antinodal Hamiltonian; see Eq. (13) in Paper I.

Mean field treatment of the antinodal fermions
As a matter of principle, an interesting question is whether the antinodal fermions
alone can be in a charge ordered phase. In Paper I, we investigated this using
a simple mean field analysis of the effective antinodal model. The corresponding
one-particle density matrix is
 2π 2
def
†
hψ̂r,0
(k)ψ̂r′ ,0 (k′ )i
(5.36)
γ̂k′ r′ ,kr =
L
with r, r′ = ± and momenta k, k′ ∈ Λ∗0 . In this case, translation invariance by two
sites is equivalent to invariance of the one-particle density matrix up to r → −r.
We therefore make the ansatz (cf. (5.9))
 L 2
(5.37)
Θ̂rr′ (k)δk,k′
γ̂k′ r′ ,kr =
a
with unknown functions Θ̂rr′ (k). One again has three mean field parameters, q0 ,
q1 and ∆, with physical interpretations analogous of those for the 2D t-t′ -V model.
3p

√
= (p1 ± p2 )/ 2

def

±

72

Chapter 5. Introduction to the papers

Minimising the grand canonical potential with respect to the mean field parameters, we indeed find a non-trivial solution for ∆ corresponding to a partial charge
ordering. It follows that, within the mean field approximation, the system has a
partial gap in the antinodal regions.

5.2

The exactly solvable nodal model

The interacting fermion model defined by the nodal Hamiltonian in (5.31) is interesting to study in its own right. First, if the antinodal fermions are gapped, i.e.
there are no low-energy excitations in the antinodal regions of the Brillouin zone,
the nodal fermions alone govern the low-energy physics. Second, as indicated in
the previous section, it turns out that this model is exactly solvable. As this model
is similar to the one formulated by Mattis in [226] (see Section 4.5), we call it the
Mattis model.
In Paper II, we give a complete definition and solution of this quantum field
theory of fermions in a mathematically stringent way. This carefulness is important
as the Mattis model provides the foundation on which most of our subsequent work
is based. We first prove that the model can be bosonized using the techniques of
Chapter 4; in particular, we obtain a representation of the fermion field operator
in terms of charge shift- and density operators (cf. (4.61)), and the bosonized form
of the nodal Hamiltonian. The Hamiltonian is then diagonalized by a Bogoliubov
transformation and we obtain in this way all its eigenstates and eigenvalues.
Using the boson-fermion correspondence formula, we compute all fermion N point correlation functions exactly. A key result is that, on intermediate lengthand time scales, we find that the two-point function has algebraic decay with nontrivial exponents that depend on the coupling constants. We interpret this result
as Luttinger-liquid behavior of the Mattis model.
The exact solubility of the Mattis model is in many respects a direct consequence
of the inherent one-dimensional structure of the free part of (5.31). However, this
does not mean that the model has no two-dimensional character. For example, the
exponents governing the behavior of fermion correlation functions in the Mattis
model depend non-trivially on both coupling constants in the interaction in (5.31),
which is certainly two-dimensional if g2 6= 0.
While we can interpret the results of Paper II as showing Luttinger-liquid behavior in the Mattis model, we stress that this does not a priori carry over to the 2D
t-t′ -V model. For this, one needs to analyze the significance of the approximations
done in Section 5.1, including in particular (5.18) and (5.23).

5.3

Coupling nodal fermions to gauge fields

There are several ways to obtain new exactly solvable models of interacting fermions
by extending the Mattis model. In Paper III, we consider the quantum gauge theory

5.4. Generalizing to spinfull fermions
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model obtained by minimally coupling the fermions in the Mattis model to a twodimensional electromagnetic field, or in more general terms, a U (1) gauge field.
The gauged model shares many features with the Schwinger model reviewed in
Section 4.4, although there is now also a magnetic field. Imposing gauge invariance
on the quantum level again leads to a bare mass term for the electromagnetic field
(cf. (4.83)). The model can be bosonized and, after gauge fixing, we obtain two
boson fields (corresponding to the fermions) coupled to a photon field.
The Hamiltonian is diagonalized and one finds two gapped, or massive, modes
and one gapless mode. The two masses are equal and proportional to the electric
charge. Interestingly, the small momentum behavior of the dispersion relation for
the gapless mode is not the usual linear one, but instead quadratic. Finally, we
computed the linear response of the magnetic field to an external current and found
that there is a Meissner effect. This is a direct consequence of the photons being
massive.

5.4

Generalizing to spinfull fermions

An obvious next step is to extend our work on spinless fermions to spinfull ones.
In Paper IV, we apply the partial continuum limit to the 2D Hubbard model (on
a square lattice). This again leads to an effective QFT model of nodal fermions
coupled to antinodal fermions. The nodal fermions can be bosonized using either
abelian- or non-abelian methods (see Chapter 4), and in the latter case we obtain a
natural 2D analogue of a Wess–Zumino–Witten model (cf. (4.72)). Furthermore, by
truncating the nodal part of the effective Hamiltonian, we obtain a spinfull variant
of the Mattis model that is exactly solvable. As one might have guessed, the
fundamental excitations of this model separate into independent spin- and charge
degrees of freedom.
Similar to the 2D t-t′ -V model, the antinodal fermions can in principle be treated
by mean field methods, although this is not done in the paper. In particular,
based on mean field theory of the Hubbard model, we conjecture that the antinodal
fermions can have a gapped phase with antiferromagnetic order close to half-filling.
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Conclusions
Two-dimensional Hubbard-type models have turned out to be exceptionally difficult to study in large parts of the physically interesting parameter space. Part of
the problem is that the relevant energy scale determining which phase is thermodynamically stable (in different parts of the phase diagram) is typically much smaller
than that of the bare coupling constants. Consider, for example, the three-band
model of the cuprates (Section 2.3). The interaction and hopping constants are
typically of order 10 and 1 eV, respectively (cf. Table 2.1). Yet, the relevant energy
scales for magnetism and superconductivity is only about 0.1 and 0.01 eV.1 Furthermore, the general absence of a “small expansion parameter” makes analytical
studies almost impossible, while numerical progress is hindered by the fermion sign
problem [258].
The difficulty of computing the properties of Hubbard-type models (at least
on a square lattice) motivates to look for simpler models more amenable to analytical work. In this context, one should bear in mind that the Hubbard model
itself should be viewed as a single rung in a whole ladder of effective models of
interacting electrons, each derivable from the preceding one. For example, the
Hubbard Hamiltonian can be obtained as a particular truncation of a more general
multi-band Hamiltonian; see [16, 70], for example.
In the research presented in this thesis, we have proposed a certain class of effective models describing coupled systems of so-called nodal- and antinodal fermions.
These models can be derived from Hubbard-type models by disentangling different
fermion degrees of freedom, truncating the lattice Hamiltonian and performing a
certain partial continuum limit. This derivation involves both mathematical- and
physical arguments and hypotheses. In particular, our key assumptions are that
there exists an underlying Fermi surface with non-gapped flat parts and constant
Fermi velocity. The low-energy excitations on these flat parts can then be studied
using constructive bosonization methods.
1 Assuming

the energy scale for magnetism is set by J in (2.3), and superconductivity by kB Tc .
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A common feature of the effective models is that they define (non-relativistic)
quantum field theories and, as such, require regularizations and renormalizations
to be mathematically well-defined. A large part of this work has therefore been
devoted to providing a proper mathematical framework in which future results
can be convincingly derived using less rigorous methods. This is especially true
for the application of bosonization in these models. One of our main results has
been the formulation of certain exactly solvable QFT models of interacting nodal
fermions. The rarity and importance of exactly solvable models in many-body
physics makes these interesting in their own right, even if they turn out to be too
crude approximations of the corresponding lattice model.
There are several directions one can pursue at this point. If the (spinfull) Mattis model is coupled linearly to phonons, or any other boson for that matter, exact
solubility will be preserved. A question that can be answered non-perturbatively
is whether the coupled model allows for off-diagonal long-range order (superconductivity). It is also important to further investigate the role of the antinodal
fermions. In the case of the Hubbard model, one can assume that the antinodal
fermions are susceptible to some type of antiferromagnetic ordering. An interesting,
but also challenging, project would be to analyze how this potential spin ordering,
and fluctuations thereof, couple to the nodal fermions.
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[29] D. Jérome, A. Mazaud, M. Ribault and K. Bechgaard, Superconductivity in a
synthetic organic conductor (TMTSF)2PF 6, J. Physique Lett. 41, 95 (1980).

Bibliography

79

[30] W. L. McMillan, Transition Temperature of Strong-Coupled Superconductors,
Phys. Rev. 167, 331 (1968).
[31] J. Nagamatsu, N. Nakagawa, T. Muranaka, Y. Zenitani and J. Akimitsu,
Superconductivity at 39 K in magnesium diboride, Nature 410, 63 (2001).
[32] J. Paglione and R. L. Greene, High-temperature superconductivity in ironbased materials, Nature Phys. 6, 645 (2010).
[33] A. Schilling, M. Cantoni, J. D. Guo and H. R. Ott, Superconductivity above
130 K in the Hg-Ba-Ca-Cu-O system, Nature 363, 56 (1993).
[34] A. Damascelli, Z. Hussain and Z. X. Shen, Angle-resolved photoemission
studies of the cuprate superconductors, Rev. Mod. Phys. 75, 473 (2003).
[35] D. A. Bonn, Are high-temperature superconductors exotic?, Nature phys. 2,
159 (2006).
[36] N. P. Armitage, P. Fournier and R. L. Greene, Progress and perspectives on
electron-doped cuprates, Rev. Mod. Phys. 82, 2421 (2010).
[37] G. Aeppli et al., Magnetic dynamics of La2 CuO4 and La2−x Bax CuO4 , Phys.
Rev. Lett. 62, 2052 (1989).
[38] P. E. Sulewski, P. A. Fleury, K. B. Lyons, S. W. Cheong and Z. Fisk, Light
scattering from quantum spin fluctuations in R2CuO4 (R=La, Nd, Sm),
Phys. Rev. B 41, 225 (1990).
[39] E. Manousakis, The spin- 12 Heisenberg antiferromagnet on a square lattice
and its application to the cuprous oxides, Rev. Mod. Phys. 63, 1 (1991).
[40] M. A. Kastner, R. J. Birgeneau, G. Shirane and Y. Endoh, Magnetic, transport, and optical properties of monolayer copper oxides, Rev. Mod. Phys. 70,
897 (1998).
[41] M. L. Tacon et al., Intense paramagnon excitations in a large family of hightemperature superconductors, Nature Phys. 7, 725 (2011).
[42] D. J. Van Harlingen, Phase-sensitive tests of the symmetry of the pairing state
in the high-temperature superconductors—Evidence for dx2 − y2 symmetry,
Rev. Mod. Phys. 67, 515 (1995).
[43] M. Gurvitch and A. T. Fiory,
Resistivity of La1.825 Sr0.175 CuO4 and
YBa2 Cu3 07 to 1100 K: Absence of Saturation and Its Implications, Phys.
Rev. Lett. 59, 1337 (1987).
[44] C. M. Varma, P. B. Littlewood, S. Schmitt-Rink, E. Abrahams and A. E.
Ruckenstein, Phenomenology of the normal state of Cu-O high-temperature
superconductors, Phys. Rev. Lett. 63, 1996 (1989).

80

Bibliography

[45] N. E. Hussey et al., Dichotomy in the T-linear resistivity in hole-doped
cuprates, Phil. Trans. R. Soc. A 369, 1626 (2011).
[46] H. Bruus and K. Flensberg, Many-Body Quantum Theory in Condensed
Matter Physics: An Introduction (OUP Oxford, 204).
[47] S. Nakamae et al., Electronic ground state of heavily overdoped nonsuperconducting La2−x Srx CuO4 , Phys. Rev. B 68, 100502 (2003).
[48] T. Timusk and B. Statt, The pseudogap in high-temperature superconductors:
an experimental survey, Rep. Prog. Phys. 62, 61 (1999).
[49] M. R. Norman, D. Pines and C. Kallin, The pseudogap: friend or foe of high
Tc , Adv. Phys. 54, 715 (2005).
[50] M. Randeria et al., Momentum Distribution Sum Rule for Angle-Resolved
Photoemission, Phys. Rev. Lett. 74, 4951 (1995).
[51] A. Kanigel et al., Evolution of the pseudogap from fermi arcs to the nodal
liquid, Nature Phys. 2, 447 (2006).
[52] J. M. Tranquada, B. J. Sternlieb, J. D. Axe, Y. Nakamura and S. Uchida,
Evidence for stripe correlations of spins and holes in copper oxide superconductors, Nature 375, 561 (1995).
[53] N. Doiron-Leyraud et al., Quantum oscillations and the Fermi surface in an
underdoped high-Tc superconductor, Nature 447, 565 (2007).
[54] L. F. Mattheiss, Electronic band properties and superconductivity in La2 −
yXyCuO4, Phys. Rev. Lett. 58, 1028 (1987).
[55] J. Yu, A. J. Freeman and J. H. Xu, Electronically driven instabilities and
superconductivity in the layered La2−x Bax CuO4 perovskites, Phys. Rev. Lett.
58, 1035 (1987).
[56] V. J. Emery, Theory of high-T c superconductivity in oxides, Phys. Rev. Lett.
58, 2794 (1987).
[57] C. M. Varma, S. Schmitt-Rink and E. Abrahams, Charge transfer excitations
and superconductivity in ionic metals, Solid State Comm. 62, 681 (1987).
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