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Abstract
A theoretical model for the radio frequency (RF) heating system of a
two current strap antenna in a tokamak is presented, considering a finite
reflection of plasma waves and taking passive conducting components,
e.g. conducting limiters, close to the antenna into account. Specifically,
scenarios resulting in undesirable effects of the coupling, such as a lowering
of the coupling resistance or the current drive, and variational structures
of quantities in continuous parameter intervals are being investigated. A
plane slab geometry is used, neglecting poloidal variations and using an
equidistant discretization of toroidal coordinates.

It is shown that most notable effects of passive components are found
in the regime of low single pass damping. The quality factor (fraction
of resistive power to apparent power transmitted to the plasma) and the
plasma directivity averaged with respect to frequency is lowered when tak-
ing passive components into account. The presence of passive components
also affects the spectrum of coupling resistance, but with no frequency av-
eraged effects of the coupling resistance being observed. There are heavy
oscillations of the coupling resistance, quality factor and plasma directiv-
ity for small variations of antenna frequency in the case of low single pass
damping, which in turn relates to small variations of plasma density.
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1 Introduction

Waves in the radio frequency (RF) range of frequencies can be used to control a
fusion plasma via heating and current drive. Problems consider efficient coupling
of these waves to the plasma using antennas. Sophisticated codes for calculation
of the coupling of waves to the plasma and calculation of the wave fields have
been developed. However, antenna codes often use simplified models of the
plasma, which are not considering wave reflection and eigenmodes, and wave
codes use simplified antenna models. In this paper effects on the coupling of
waves are studied when taking finite wave reflection and passive conducting
components in the vicinity of the antenna into account.

Some advanced theoretical models, considering detailed antenna structures
and/or plasma responses, may be less useful to investigate wide parameter
regimes such as detailed structures of the coupling in continuous intervals of
frequency, due to limitations of computational power. The coupling spectrum,
and consequently the plasma directivity and current drive, may vary drasti-
cally for small variations of parameters, e.g. the plasma density or antenna
frequency, particularly for low single pass damping. This fact has to be con-
sidered when comparing results from simulations with experimental results and
when comparing simulations of different theoretical models. The more simple
model presented here is used to attempt to analyse variational structures within
continuous parameter intervals and to investigate in which parameter regimes
these variations are particularly distinct.

Current theoretical models tend to overestimate the coupling between the
antenna and the plasma in the RF heating scenario, especially in the case of low
single pass damping [1], whereas experiments using plastic foam as a dielectric
medium instead of a plasma have given results that are in good agreement
with theoretical predictions [2]. A lowering of the antenna coupling to the
plasma may reduce the transferable power to the plasma. First, there may
be a finite resistivity within antenna structures and in the transmission line.
A reduced antenna coupling then increases the fraction of lost power due to
parasitic effects. Second, there is an upper limit of the applied antenna voltage
at the event of electrical breakdown. Therefore, a reduced coupling cannot
always be compensated by an increased antenna voltage.

One thing that differs the plastic foam from the plasma is the lack of cou-
pling to eigenmodes due to strong damping of the waves. Hence, the reduced
performance may be related to eigenmode waves. One such mechanism can be
explained by the presence of passive conducting components close to the an-
tenna. These components are for instance conducting limiters or components of
various diagnostic devices outside of the antenna. The presented model partly
attempts to investigate effects of these components.
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1. INTRODUCTION

Figure 1.1: A qualitative picture of how the currents in the antenna (ja,θ) and
the passive component (jc,θ) are related, together with an electromagnetic wave
field component of two separate toroidal modes (nφ,low and nφ,high).

A reduction of the coupling due to the presence of passive components can
be motivated by presenting some qualitative facts. The passive component will
be subject to an alternating external magnetic field generated by the alternating
current in the antenna. Lenz’ law tells that an induced current generates a field
that opposes the change of the external field. Hence, the current in the passive
component will typically be opposite to the antenna current.

Fig. 1.1 gives a qualitative picture of how the coupling to different modes are
affected by the presence of the passive component, where φ is the toroidal angle
and θ the poloidal angle. The antenna current, denoted by ja,θ, is applied along
the poloidal axis. This current generates an oscillating magnetic field along the
toroidal axis, which in turn affects the poloidal component of the current in
the passive component, jc,θ. There are two modes presented in the figure with
a low (nφ,low) and a high (nφ,high) toroidal mode number, respectively. The
axes are chosen so that the coupling of a particular mode is improved when
the electromagnetic field component to the corresponding toroidal mode has
the same sign as the current within a local region. The coupling to the low
mode will be reduced when including the passive component, since the current
in the passive component is opposite to the antenna current, and the angular
separation along the toroidal axis is less than half a cycle of the wave mode.
On the other hand, the coupling to the higher toroidal mode will be improved,
since the negative current of the passive component coincides with a negative
region of the electromagnetic wave field mode.

The total coupling of the antenna to the plasma is usually maximized at
frequencies where there are relatively low toroidal eigenmodes in the case of
incomplete damping of the waves in the plasma. Assuming that the presence of
the passive component reduces the coupling to low toroidal modes and improves
the coupling to higher ones, a net reduction of the coupling can be expected.
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2 The model

2.1 Vacuum and plasma waves

The geometry of the used model is displayed in Fig. 2.1. There are two compo-
nents present, the antenna and the passive component. For simplicity they are
both chosen to be two dimensional squares parallel to the y, z plane.

Figure 2.1: The geometry of the treated mathematical model. There is a peri-
odicity in y and z space. Quantities with the index (a) correspond to antenna
related quantities, and (c) corresponds to the passive component. The location
of the plasma boundary is denoted by xp, and xs is the inner wall location of
the vessel.

7



2.1 VACUUM AND PLASMA WAVES 2. THE MODEL

Surface current density distributions are assumed to be present in the two
components. A method to estimate the current in the passive component given
an arbitrary antenna current will be described in the following sections of this
chapter. The current distribution is found by applying Maxwell’s equations
and proper boundary conditions on the electromagnetic fields generated by the
current densities in the two components. For simplicity the resistivity of the
passive component is neglected.

Three of the four Maxwell’s equations are used in the derivations, viz.

∇×E(x, t) = −∂tB(x, t) (2.1)

∇×B(x, t) = µ0J(x, t) +
1

c2
∂tE(x, t) (2.2)

∇ ·B(x, t) = 0, (2.3)

where ∂t denotes differentiation with respect to time. The solutions for the mag-
netic field in the vacuum region can be found by combining the three equations.
By taking the curl of eq. (2.2), with the current density J set to zero gives

∇×∇×B(x, t) = ∇(∇ ·B(x, t))−∇2B(x, t) =
1

c2
∂t∇×E(x, t). (2.4)

After inserting eq. (2.3)

∇2B(x, t) = − 1

c2
∂t∇×E(x, t) (2.5)

and inserting eq. (2.1) (
∇2 − 1

c2
∂2
t

)
B(x, t) = 0, (2.6)

the wave equation for the magnetic field is found. The solutions can be obtained
using the ansatz

B(x, t) =
(
C1e

κx +C2e
−κx) ei(kyy+kzz−ωt), (2.7)

for any constants C1, C2, κ, ky, kz and ω, where ky and kz can both be positive
and negative. This ansatz corresponds to a Fourier decomposition of waves, with
Fourier coefficients C1(κ, ky, kz, ω) and C2(κ, ky, kz, ω). Inserting this ansatz
into eq. (2.6) gives(

κ2 − k2
y − k2

z +
ω2

c2

)
B(x, κ, ky, kz, ω) = 0, (2.8)

where B(x, κ, ky, kz, ω) ≡ C1e
κx + C2e

−κx. It can easily be seen that any
function of the form in eq. (2.7), with κ satisfying the dispersion relation

κ(ky, kz, ω) =

√
k2
y + k2

z −
ω2

c2
, (2.9)
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2. THE MODEL 2.1 VACUUM AND PLASMA WAVES

is a solution of the magnetic field in vacuum. Assuming ky, kz and ω to be
real makes κ to be either real or purely imaginary. Real values of κ correspond
to evanescent solutions of the wave magnetic field in the vacuum region, and
imaginary values give propagating wave solutions. When inserting approximate
values for the frequency ω ≈ 108 s−1 and wave numbers ky ∼ kz ∼ 1 m−1,
which are relevant modes at a typical RF heating experiment in a tokamak,
it turns out that the vacuum waves are typically evanescent. However, when
ky = kz = 0, κ is always imaginary.

In the limit of low frequency1 and low pressure2 a similar dispersion relation
to eq. (2.9) is found for the waves in the plasma:

kx(ky, kz, ω) =

√
ω2

c2A
− k2

y − k2
z , (2.10)

with the waves written in the form e±ikxxeiη·q rather than e±κxeiη·q. Here, cA
is the velocity of the waves, defined by

cA =
vA√

1 + v2
A/c

2
(2.11)

vA =
B0√
µ0ρm

, (2.12)

where vA is the Alfvén velocity, B0 is the equilibrium magnetic field in the
plasma, and ρm is the mass density of the plasma. For high frequency waves
anisotropy of the fast magnetosonic waves can no longer be disregarded. How-
ever, the same dispersion relation as in eq. (2.10) is approximately valid. By
setting B0 and ρm to typical values used in a tokamak (B0 ≈ 3 T, ρm ≈
10−8 kg/m3) gives vA ≈ cA ≈ 3·107 m/s. For ω ≈ 108 s−1 and ky ∼ kz ∼ 1 m−1

one finds that kx is real, and hence the wave modes of interest propagate in the
plasma.

A relevant parameter of the model is the reflection coefficient R = |R|eiϑ,
which is defined as the ratio between the amplitude of the reflected wave and
the incident wave at the plasma boundary. The single pass damping of the wave
is then found from the reflection amplitude as D = 1− |R|2. The chosen model
only considers the wave solution at the edge of the plasma region next to the
vacuum region. A slightly more advanced model will be used to estimate the
reflected phase ϑ of the waves, given a reflection coefficient amplitude |R|, wave
vector components ky and kz and a generator frequency ω.

Periodic solutions along the poloidal y axis and the toroidal z axis can be
obtained by choosing wave vector components ky = ny/ry and kz = nz/rz for
integer values of ny and nz. Here, ny is the poloidal mode number of the wave,
nz the toroidal mode number, ry the minor radius of the torus and rz is the
major radius. Since the chosen Fourier transformation is limited to y, z space,
the notation η ≡ (y, z) and q ≡ (ky, kz) will be used for convenience. All x, η,

1ω � ωmaj
c,i , where ωmaj

c,i is the cyclotron frequency of any majority ion species. The basic
principle of ion cyclotron resonant frequency (ICRF) heating is resonant heating via a minority
ion species (ω ≈ ωmin

c,i ). Read e.g. [3] for further details.
2p� B2

0/µ0, for p being either the electron or the ion pressure.
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2.2 BOUNDARY CONDITIONS 2. THE MODEL

q, t and ω dependences will not be written out explicitly, except when confusion
may occur.

2.2 Boundary conditions

In order to find a relation between the current in the antenna and in the passive
component one has to relate the currents with the surrounding electromagnetic
fields. The main difference between the antenna and the passive component is
that the antenna current is driven by a generator, whereas the passive compo-
nent current is not. Assuming a passive component with zero resistivity there
is no net emission or absorption of wave power taking place in the passive com-
ponent.

To begin with, we first find the conditions that relates the electromagnetic
fields to an arbitrary surface current density distribution. Assuming that there
is a current density distribution along the η plane and at the position xK along
the x axis, where K stands for either the antenna (a) or the passive component
(c), the following conditions are satisfied

〈B‖(x)〉xK
= µ0jK(η)× x̂ (2.13)

〈∂xB‖(x)〉xK
= 0, (2.14)

where ‖ refer to the component of the field parallel to the conducting surface,
i.e., (0, By, Bz). The quantity jK = (0; jK,y; jK,z) is the surface current density
of the component K. The brackets 〈. . .〉 are defined as

〈F (x)〉xK
≡ lim
δ→0+

[F (xK + δ,η)− F (xK − δ,η)], (2.15)

where F is any function of x. A detailed derivation of (2.13) and (2.14) is given
in Appendix A.1. The equations (2.13) and (2.14) are linear in jK , B‖ and
∂xB‖, and hence the equations can be reexpressed in Fourier space q simply by
replacing any quantity with its Fourier coefficient. Eq. (2.13) gives a relation
between the y and z components of the magnetic field and the surface current
densities of the antenna and the passive components.

Extra boundary conditions have to be applied to the fields by the passive
conducting component to impose that the component is passive and perfectly
conducting. This is done simply by assuming that there are no electric or
magnetic fields within the volume of the component. Since it is assumed that
the passive component is two dimensional, and hence has zero volume, one would
need to deal with the case of a finite width component and then let the width
go to zero. This method is described in detail in Appendix A.2. It is shown
that the following boundary conditions have to be satisfied

Ey(xc,η) = 0 (2.16)

Ez(xc,η) = 0, (2.17)

for all coordinates η occupied by the passive component.
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2. THE MODEL 2.2 BOUNDARY CONDITIONS

The parallel electric field components can be expressed in terms of By and
Bz using Maxwell’s equations. In Fourier space q these relations are

Ey(x, q) =
ic2

ωκ2

[
kykz∂xBy(x, q) +

(
ω2

c2
− k2

y

)
∂xBz(x, q)

]
(2.18)

Ez(x, q) = − ic2

ωκ2

[(
ω2

c2
− k2

z

)
∂xBy(x, q) + kykz∂xBz(x, q)

]
. (2.19)

After inserting eq. (2.13) into the eqs. (2.18) and (2.19) transformed to η space,
the passive component boundary conditions (2.16) and (2.17) are of the form

∑
q

1

κ2

[
kykz∂xBy(xc, q) +

(
ω2

c2
− k2

y

)
∂xBz(xc, q)

]
eiq·η = 0 (2.20)

∑
q

1

κ2

[(
ω2

c2
− k2

z

)
∂xBy(xc, q) + kykz∂xBz(xc, q)

]
eiq·η = 0, (2.21)

which in principle can be translated to conditions on the current distribution of
the passive component jc.

The vessel wall is also considered to be perfectly conducting. Since it occu-
pies all η space some simplifications can be made when defining the boundary
conditions at the vessel wall. According to derivations in the Appendix A.2 the
boundary conditions should be

∂xBy(xs, q) = 0 (2.22)

∂xBz(xs, q) = 0, (2.23)

for all values of q.
At the plasma boundary additional conditions should be applied as well.

One may assume that there is no absorption or emission of waves at the plasma
boundary. This argument is equivalent to saying that there is no antenna situ-
ated in this region. The condition can be rewritten as

jp(η) ·E(xp,η) = jp,y(η)Ey(xp,η) + jp,z(η)Ez(xp,η) = 0. (2.24)

Here, jp is the surface current density at the boundary layer between the plasma
and the vacuum region.

The purpose of the Faraday screen in front of the antenna current strap is to
align the emitted electric field perpendicular to the equilibrium magnetic field
at the plasma boundary. If there is a small misalignment angle between the
Faraday screen and the equilibrium magnetic field an electric field component
parallel to the equilibrium magnetic field would appear, resulting in coupling
to electrostatic waves (often called the slow waves) within the plasma. It is
not preferred to take these waves into account. First, the electrostatic waves
have a different phase velocity and reflection properties compared to the fast
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2.2 BOUNDARY CONDITIONS 2. THE MODEL

magnetosonic waves, making the model a lot more complicated. Second, the
misalignment angle between the Faraday screen and the equilibrium magnetic
field is small (typically around 5− 10 ◦ [4]) and is preferably kept small because
of parasitic effects arising from coupling to electrostatic waves. For instance,
a correlation between the misalignment angle and the occurrence of impurities
within the plasma released from the Faraday screens of the antenna has been
observed [4].

To impose the neglect of coupling to electrostatic wave modes the electric
field component parallel to the equilibrium magnetic field at the plasma bound-
ary is set to zero. For simplicity the equilibrium magnetic field is assumed to
be solely in the toroidal direction, which consequently suggests the condition
Ez(xp,η) = 0. Since this condition hold for all η coordinates one may equiva-
lently set Ez(xp, q) to zero for all modes q.

Setting Ez = 0 one is left with the condition jp,yEy = 0 in order to satisfy
eq. (2.24). If one sets Ey = 0 then all the electric field components parallel
to the plasma boundary are shielded out, and hence there can be no energy
transferred into the plasma (the radial component of the Poynting flux Sx ∝
EyBz − EzBy = 0). In order to have a non-vanishing energy transfer to the
plasma one is left with the condition jp,y = 0. The condition can equivalently
be stated that the magnetic field z component should be continuous across the
plasma boundary, according to eq. (2.13).

One final condition is that the electric field components Ey and Ez should
be continuous across the boundary. This condition holds across any boundary
surface, even if there are surface currents involved. By following arguments in
Appendix A.1 and using the fact that eq. (A.1) is independent of the dielectric
properties of the surrounding medium one can show that Ey and Ez should
indeed be continuous across the plasma boundary. In the low frequency limit
the electric field components inside the plasma are

Ey(x, q) = − ic
2
A

ωk2
x

[
kykz∂xBy(x, q) +

(
ω2

c2A
− k2

y

)
∂xBz(x, q)

]
(2.25)

Ez(x, q) =
ic2

ωε‖k2
x

[(
ω2

c2A
− k2

z

)
∂xBy(x, q) + kykz∂xBz(x, q)

]
, (2.26)

with ε‖ being the component of the dielectric tensor parallel to the equilibrium
magnetic field (ε‖ ≡ εz,z = 1− ω2

pe/ω
2, ωpe is the plasma frequency).

To summarize, at the vessel boundary eqs. (2.22) and (2.23) should be sat-
isfied for all wave vectors q. Across the surface of both the antenna and the
passive component the boundary conditions are eqs. (2.13) and (2.14). Specifi-
cally in the region η occupied by the passive component the boundary conditions
are the eqs. (2.20) and (2.21). Finally, at the boundary between the plasma and
the vacuum region the following relations have to be satisfied:

Bz(xp + δ, q) = Bz(xp − δ, q) (2.27)

ic2

ωκ2

[
kykz∂xBy(x, q) +

(
ω2

c2
− k2

y

)
∂xBz(x, q)

]
x=xp+δ

=

= − ic
2
A

ωk2
x

[
kykz∂xBy(x, q) +

(
ω2

c2
− k2

y

)
∂xBz(x, q)

]
x=xp−δ

(2.28)
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2. THE MODEL 2.2 BOUNDARY CONDITIONS

[(
ω2

c2
− k2

z

)
∂xBy(x, q) + kykz∂xBz(x, q)

]
x=xp+δ

= 0 (2.29)

[(
ω2

c2A
− k2

z

)
∂xBy(x, q) + kykz∂xBz(x, q)

]
x=xp−δ

= 0, (2.30)

for δ → 0+. Eq. (2.27) states that the z component of the magnetic field
is continuous across the plasma boundary (equivalent with jp,y = 0), (2.28)
that Ey is continuous, (2.29) that Ez in the vacuum region next to the plasma
boundary vanishes and (2.30) that Ez in the plasma region vanishes.

Using all the boundary conditions, except for eqs. (2.20) and (2.21)3, the
magnetic field components By(x, q) and Bz(x, q) can be expressed in terms of
the currents of the two conductors at any coordinate along the x axis. The
magnetic field at the plasma boundary is e.g.

By(xp, q) = by0(q)
(
e−ikxxp +R(q)eikxxp

)
(2.31)

Bz(xp, q) = bz0(q)
(
e−ikxxp +R(q)eikxxp

)
(2.32)

by0(q) = −µ0κkykz
α̃

[
sinh(κ[xa − xs])ja,y + sinh(κ[xc − xs])jc,y

]
(2.33)

bz0(q) =
µ0κ

α̃

(
ω2

c2A
− k2

z

)[
sinh(κ[xa − xs])ja,y + sinh(κ[xc − xs])jc,y

]
(2.34)

α̃ ≡ (α+ iβ)e−ikxxp + (α− iβ)Reikxxp (2.35)

α ≡ κ
(
ω2

c2A
− k2

z

)
sinh(κ[xp − xs]) (2.36)

β ≡ kx
(
ω2

c2
− k2

z

)
cosh(κ[xp − xs]). (2.37)

The plasma boundary conditions appears to have shielded out any dependences
of toroidal current components jK,z in the plasma. The modes are resonant
(i.e., eigenmodes) when the reflected phase of the mode is such that the factor
α̃ is minimized. This situation will be investigated in more detail in the next
section.

By setting the antenna current and reflection coefficient R for each mode
the current of the passive component can be calculated using the boundary
conditions in eqs. (2.20) and (2.21). These estimations are then used to find the
complete electromagnetic field profiles.

The explicit expressions for the y and z components of the electric field at
the passive component are found by inserting derived magnetic fields at x = xc
into eqs. (2.18) and (2.19). These expressions are

Ey(xc, q) = µ0ja,yG
y,y
a + µ0ja,zG

y,z
a + µ0jc,yH

y,y
c + µ0jc,zH

y,z
c (2.38)

Ez(xc, q) = µ0ja,yG
y,z
a + µ0ja,zG

z,z
a + µ0jc,yH

y,z
c + µ0jc,zH

z,z
c (2.39)

3The two equations (2.20) and (2.21) will be used later to determine the current of the
passive component in terms of the antenna current.
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2.3 THE REFLECTED PHASE 2. THE MODEL

Gy,ya ≡ Hy,y
a + Θ(xa − xc)

ic2

ωκ

(
ω2

c2
− k2

y

)
sinh(κ[xc − xa]) (2.40)

Gy,za ≡ Hy,z
a −Θ(xa − xc)

ic2

ωκ
kykz sinh(κ[xc − xa]) (2.41)

Gz,za = Hz,z
a + Θ(xa − xc)

ic2

ωκ

(
ω2

c2
− k2

z

)
sinh(κ[xc − xa]) (2.42)

Hy,y
K = − sinh(κ[xc − xs])

sinh(κ[xp − xs])

[
ωκkx
α̃

sinh(κ[xK − xs])
(
e−ikxxp −Reikxxp

)
+

+
ic2

ωκ

(
ω2

c2
− k2

y

)
sinh(κ[xp − xK ])

]
(2.43)

Hy,z
K =

ic2

ωκ
kykz

sinh(κ[xc − xs]) sinh(κ[xp − xK ])

sinh(κ[xp − xs])
(2.44)

Hz,z
K = − ic

2

ωκ

(
ω2

c2
− k2

z

)
sinh(κ[xc − xs]) sinh(κ[xp − xK ])

sinh(κ[xp − xs])
. (2.45)

Here, Θ(x) in eqs. (2.40) – (2.42) is the Heaviside step function, e.g. defined by

Θ(x) =

{
1 : x ≥ 0
0 : x < 0

. (2.46)

The definition of Θ(0) is irrelevant since it results in a vanishing sinh factor
in these terms. By transforming the expressions in eqs. (2.38) and (2.39) to η
space, setting these expressions locally to zero at the positions η occupied by
the passive component and setting the currents jc,y(η) and jc,z(η) to be zero
everywhere else, the passive component current will be uniquely determined
from any given antenna current.

2.3 The reflected phase

The reflection of the wave is determined partly by the geometry of the vessel and
the plasma. The geometry needed for such descriptions is not included in the
simple slab model that have been used so far, where the angular coordinates are
stretched on a flat two dimensional surface. In Fig. 2.2 a qualitative description
of the reflection of an incident wave is presented. Due to dissipation within
the plasma the wave amplitude of the reflected wave is less than or equal the
amplitude of the incident wave (|R| ≤ 1).

Different poloidal and toroidal modes correspond to different waves, and
therefore to different reflection coefficients. For simplicity the dissipation is
assumed to be the same for all modes, and hence only the reflection phase is
varying:

R(q) = |R|eiϑ(q). (2.47)
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Figure 2.2: A qualitative picture of the two parts of the propagating wave in
the plasma: one is entering the plasma and the other is reflected.

The dissipation actually varies with respect to the modes in the realistic case.
However, all the important physics necessary for the analysis carried out in this
paper may be contained in the simple assumption of a constant |R|.

One way to estimate the different reflected phases is to apply a cylindrical
geometry to the model, where the azimuthal angle of the cylinder correspond
to the poloidal angle in the full toroidal geometry. Assuming zero dissipation
(|R| = 1) the wave equations to be satisfied for the electromagnetic fields are
then of the form

d2f

dr2
+

1

r

df

dr
+

(
ω2

c2A
− k2

z −
n2
y

r2

)
f(r) = 0, (2.48)

for real values of ω and kz, which is shown in Appendix A.4. The analytical
solutions to this equation are the Bessel functions. In this model the Bessel
functions of the first kind are considered4. The solutions to eq. (2.48) are the
Bessel functions of the same order as the poloidal mode number ny:

f(r) = Jny (pr), (2.49)

where p =
√

ω2

c2A
− k2

z . One can find the separation of resonant frequencies for in-
stance by applying the boundary condition f(r0) = 0 because of the asymptotic
periodicity of the Bessel functions, where r0 is the minor radius of the plasma.

4The Bessel functions of the second kind may as well be used in this model. However,
for the estimation of the reflected phase ϑ only the relative separations of the zeros in the
solutions are relevant for the important physics. These separations are (approximately) the
same for the first and for the second kind Bessel functions. The singularity of Bessel functions
of the second kind can be used to model a source or sink of energy at r = 0.
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If a resonance occurs at f(r0) = Jny (p(ω, kz)r0) = 0 then another resonance for
the same poloidal and toroidal mode will appear at f(r0) = Jny (p(ω′, kz)r0) = 0
for ω 6= ω′, corresponding to a different zero of the Bessel function solution.
Hence, the eigenmode equation is given by

pr0 = ζny,j ⇔ ωq,j = cA

√
ζ2
ny,j

r2
0

+ k2
z . (2.50)

The index q to the resonant frequencies ωq,j is written as shorthand notation
to indicate that the quantity depends on different toroidal and poloidal modes,
even though it does not explicitly depend on ky, but rather on ny = ryky. The
quantity ζny,j represents the j:th zero of the ny:th Bessel function, and thus
j is the index for the radial mode. It is assumed that |R| = 1 when deriving
the eigenmode equation. The same equations can be used for |R| 6= 1, which is
justified in Appendix A.4.

Using another boundary condition than f(r0) = 0 for resonance (for instance
drf(r)|r0 = 0) approximately shifts the resonant frequencies with a constant
term. The exact values of the resonant frequencies are not relevant for the dis-
cussions treated in this paper, but rather the separation of resonant frequencies.
Hence, it is valid to choose f(r0) = 0.

As explained in the previous section, the resonant phases ϑres can be found
by minimizing the absolute value of the factor α̃ (defined in eq. (2.35)):

ϑres
q : min

ϑ
(|α̃(q, ϑ)|). (2.51)

The resonant phase has to be uniquely determinable over one period 0 ≤ ϑ < 2π.
For real values of kx and either real or pure imaginary values of κ, the quantities
α and β, defined by eqs. (2.36) and (2.37), are real. Hence, α̃ can be written as

α̃(q, ϑ) = Z(q) + Z∗(q)|R|eiϑ, (2.52)

where

Z(q) ≡ (α+ iβ)e−ikxxp . (2.53)

The resonant phase is then found to be

ϑres
q = π + 2 arg(Z) + 2πn, (2.54)

for any integer n. In one period 0 ≤ ϑ < 2π there is precisely one solution for
the resonant phase. For imaginary values of kx the plasma waves are evanescent
along the x axis. To model the damping of evanescent waves in the plasma
requires a special treatment. For simplicity, we only match the vacuum wave
field to the component of the plasma wave that decays away from the plasma
boundary. The exponentially increasing solution is expected to be negligible at
the plasma boundary. Technically, it means that R is set to zero whenever kx
is imaginary, which, of course, makes the estimation of the reflected phase ϑ
irrelevant.
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The phases ϑres
q can be set to represent the eigenmodes in the same way as

ωq,j does. To lowest order approximation one may assume that the phase ϑ
is linearly dependent of the frequency ω. Assuming that there is a 2π phase
separation between two adjacent resonant modes gives the following estimation
of the phase

ϑq,j = ϑres
q + 2π

ω − ωq,j
∆ωq,j

, (2.55)

where

∆ωq,j ≡ ωq,j+1 − ωq,j . (2.56)

The radial mode j may be chosen for each poloidal and toroidal mode such
that the generator frequency ω is between the two resonant frequencies ωq,j and
ωq,j+1.5 This gives an estimation of the reflected phase for each value of q.

2.4 Solving the equations

The current distribution in the passive component is treated as an unknown
quantity, while the antenna current is known. The equations to be solved are
found by setting the two expressions in eqs. (2.38) and (2.39) to zero locally for
every coordinate η occupied by the passive component, and setting its current
to zero in the region in η space outside this surface. An exact solution of
these equations would take an infinite numbers of modes and coordinates into
account. An approximate numerical solution can be found by discretizing the η
coordinates and by choosing an upper limit of the poloidal and toroidal modes
to be treated in the calculations. Then all the equations can be combined into
one single linear system of equations.

A two dimensional grid in η space is introduced, dividing the coordinates
into Ny parts along the y axis and Nz parts along the z axis. In order to
make the system of equations uniquely soluble, i.e., having the same amount
of equations as unknown variables, one has to take Ny poloidal modes and Nz
toroidal modes into account.

There are two different ways to describe a given current distribution in
Fourier space. One way is to use the exact geometric parameters of the compo-
nent current and give a Fourier series description in q space. The other way is to
apply the chosen spatial discretization of the current distribution and then use
a discrete Fourier transform description. Mathematically the two descriptions
differ, and they have advantages and disadvantages.

Using the Fourier series description one would estimate the antenna current
in q space according to

ja(q) =
1

4π2ryrz

∫
Ω

d2ηja(η)e−iq·η, (2.57)

with Ω being the whole η space. Then one takes a limited number of modes
5This interpolation cannot be done in the special case ω < ωq,1. Then a linear extrapolation

relative to ωq,1 and ωq,2 is used.
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q into account according to the chosen discretization of the problem. When
transforming back to η space one sums over wave vector numbers ny that run
between integers−My andMy. ThenNy = 2My+1 (analogouslyNz = 2Mz+1).
Using the discrete Fourier transform description the mode distribution for the
antenna current is found using the formula

ja(q) =
1

NyNz

Ny∑
i=1

Nz∑
j=1

ja(yi, zj)e
−i(kyyi+kzzj). (2.58)

One advantage of the Fourier series description is that it contains informa-
tion about the exact geometric parameters of the antenna even when having
a finite number of modes in the calculations. The discrete Fourier transform
description on the other hand only resolves the geometric parameters with the
same accuracy as the chosen discretization in η space. The main advantage
of the discrete Fourier transform description is that it gives an exact picture
of the current density distribution (down to the spatial resolution), i.e., when
transforming back to η space, summing over a finite number of modes, the
current density values of the discrete grid points are the same as in the exact
case. Transforming back from the Fourier series description gives an inaccurate
picture of the current distribution, where the current may be non-zero outside
the region in η space occupied by the antenna.

The antenna length and width are typically much smaller than the major
radius of the torus vessel. A discrete Fourier transform description would need
to take a large number of toroidal modes into account in order to resolve the
antenna geometry with reasonable accuracy. Using realistic parameter values
the number of modes needed to be considered is more than can be handled with
the accessible computing power. Because of this disadvantage, the Fourier series
description of the antenna is preferred.

A simple ansatz that can be used is that the current density of the antenna
is constant (ja(η) = j0). Using this ansatz together with the Fourier series
description makes the antenna current mode distribution to be given by

ja(q) =



j0

La,y

2πry

La,z

2πrz
: ky = 0, kz = 0

j0

La,y

2πry

i
(
e−ikzLa,z − 1

)
2πrzkz

: ky = 0, kz 6= 0

j0

i
(
e−ikyLa,y − 1

)
2πryky

La,z

2πrz
: ky 6= 0, kz = 0

−j0

e−ikyLa,y − 1

2πryky

e−ikzLa,z − 1

2πrzkz
: ky 6= 0, kz 6= 0

(2.59)

which is derived in Appendix A.5.
There are difficulties with applying the Fourier series description to the pas-

sive component. Since the grid points in η space are equidistant, the parameters
to describe the unknown current distribution have to be proportional to the size
of the region it describes. If the passive component takes up e.g. 1/3 of the whole
η space, then exactly 2/3 of the parameters will have to describe the current
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outside the passive component. The number of modes to be taken into account
may not be divisible by 3, though. The part of the whole area that the passive
component occupies may not even be a rational number. Hence, there is no con-
sistent way to divide the conditions inside and outside the passive component
in η space when using exact geometric parameters. For the passive component
the discrete Fourier transform description will then be used for convenience.

Using Ny and Nz grid points along the two axis, respectively, there will
be a total of 2N unknown variables, with N ≡ NyNz, describing the passive
component current density, one set of N variables jc,y(q) plus one set jc,z(q) of
the same amount. If the passive component is occupied by M pixels in η space
there are a total of 2M equations that describes the current distribution within
the passive component and 2(N −M) equations specifying that the current is
zero outside the passive component. Hence, there are a total of 2N equations.

The equations within the passive component are found by transforming the
two equations (2.38) and (2.39) to η space and then by setting the value at each
grid point η to zero. Transforming the two dimensional grid points and the
set of two dimensional mode vectors into one dimensional vectors can be done
by introducing an arbitrary numbering of the two sets. This method makes it
possible to combine all the equations into one single matrix equation of the form
Aj = b, which will soon be seen.

First one writes the passive component current and the antenna current
variables as N dimensional vectors:

jc,yi ≡ µ0jc,y(qi), j
c,z
i ≡ µ0jc,z(qi) (2.60)

ja,yi ≡ µ0ja,y(qi), j
a,z
i ≡ µ0ja,z(qi). (2.61)

Here, qi represents the i:th q vector value after transforming the two dimensional
set of wave vectors into a one dimensional one. We define the transformation
matrix B according to

Bi,j ≡ eiqj ·ηi . (2.62)

The transformation matrix is divided into two submatrices, one matrix B(1)
i,j that

is defined for each value ηi occupied by the passive component and one matrix
B(2)
i,j that is defined for all grid points outside the passive component. Again,

if the passive component occupies M pixles, then B(1)
i,j is a M ×N matrix and

B(2)
i,j is a (N −M)×N matrix. Then it is easy to define the equations specifying

that the passive component current is zero outside the region occupied by the
component: ∑

j

B(2)
i,j j

c,y
j = 0 (2.63)

∑
j

B(2)
i,j j

c,z
j = 0. (2.64)

The equations defining that the electric field components Ey and Ez are zero at
the passive component are written as
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Ey(xc,ηi) =
∑
j

B(1)
i,j

[
ja,yj Gy,ya (qj) + ja,zj Gy,za (qj) +

+ jc,yj Hy,y
c (qj) + jc,zj Hy,z

c (qj)
]

= 0 (2.65)

Ez(xc,ηi) =
∑
j

B(1)
i,j

[
ja,yj Gy,za (qj) + ja,zj Gz,za (qj) +

+ jc,yj Hy,z
c (qj) + jc,zj Hz,z

c (qj)
]

= 0. (2.66)

The full linear system of equations to be solved may now be written as

Aj = b (2.67)

A ≡


Cy,y Cy,z

B(2) 0(N−M)×N
Cy,z Cz,z

0(N−M)×N B(2)

 (2.68)

j ≡
(
jc,y

jc,z

)
(2.69)

b ≡


by

0N−M
bz

0N−M

 (2.70)

Cγ,δi,j ≡ B(1)
i,jH

γ,δ
c (qj) (2.71)

byi ≡ −
∑
j

B(1)
i,j

[
ja,yj Gy,ya (qj) + ja,zj Gy,za (qj)

]
(2.72)

bzi ≡ −
∑
j

B(1)
i,j

[
ja,yj Gy,za (qj) + ja,zj Gz,za (qj)

]
(2.73)

Here, γ and δ both represent either y or z. Note that there is no Einstein
summation implied in eq. (2.71). The zeros in eqs. (2.68) and (2.70) represent
zero valued matrices or vectors with the dimension defined by their index. The
matrix A has a dimension of 2N × 2N , and j and b are 2N dimensional column
vectors. The full solution to the passive component current is contained in the
vector j.

2.5 Coupling to the plasma

The power transferred from the antenna to the plasma can be calculated from
the Poynting flux. The component of the Poynting vector perpendicular to the
plasma boundary with a positive direction of the power transfer into the plasma,
which is in the negative x direction, is defined by
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S(x) =
1

2µ0

[
Ez(x)B∗y(x)− Ey(x)B∗z (x)

]
, (2.74)

where the flux is averaged over one period 2π/ω in time. This quantity can be
found from the Fourier coefficients of the fields according to

S(x) =
1

2µ0

∑
q,q′

[
Ez(x, q)B∗y(x, q′)− Ey(x, q)B∗z (x, q′)

]
ei(q−q

′)·η. (2.75)

The total power P transmitted to the plasma is found when integrating the
Poynting flux at the plasma boundary over η space. The detailed derivation is
shown in Appendix A.6.

P =
2π2ryrz
µ0

∑
q

[
Ez(xp, q)B∗y(xp, q)− Ey(xp, q)B∗z (xp, q)

]
. (2.76)

The real part of this quantity corresponds to the resistive power and is propor-
tional to the total coupling resistance. The imaginary part is the reactive part
of the total power.

The coupling resistance is a good measurement of the efficiency of the emit-
ted antenna waves, in the sense a high coupling resistance can transfer large
power at a low voltage and reduce the fraction of lost power in the antenna
and the transmission line. The coupling resistance is found from the power P
according to

Rc =
<(P )

I2
a

. (2.77)

<(P ) corresponds to the real part of the power and Ia is the antenna current (SI
unit A). For simplicity the antenna current density is assumed to be constant.
The antenna strap is typically aligned such that the current is in the poloidal
direction. The current density may be set to (ja,y(η), ja,z(η)) = (j0, 0) for some
constant j0. Then Ia = Naj0La,z, where Na is the number of antenna straps
and La,z is the width of a single antenna strap along the z direction.

One of the boundary conditions at the plasma edge is that Ez(xp,η) =
Ez(xp, q) = 0. Applying this condition makes that the coupling resistance can
be written as

Rc = − 2π2ryrz
µ0N2

a j
2
0L

2
a,z

∑
q

<
[
Ey(xp, q)B∗z (xp, q)

]
. (2.78)

Ey and Bz are continuous across the boundary between the plasma and the
vacuum region. The total power, and hence also the coupling resistance, is then
the same at both sides of the plasma boundary. This is merely another way of
saying that there is no net power transfer into the plasma boundary, which was
stated in eq. (2.24).
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Using the field expressions inside the plasma region, as defined in eqs. (2.25),
(2.31) and (2.32), one arrives at the following expression for the coupling resis-
tance:

Rc =
2π2ryrzc

2
A

(
1− |R|2

)
µ0ωN2

a j
2
0L

2
a,z

∑
q

1

kx

[
kykzby0b

∗
z0 +

(
ω2

c2A
− k2

y

)
|bz0|2

]
, (2.79)

assuming kx is real. The quantity by0b
∗
z0 is always real, which can be shown by

using the explicit expressions for by0 and bz0 in eqs. (2.33) and (2.34). For imag-
inary values of kx (which gives R = 0), Ey(xp, q)B∗z (xp, q) is purely imaginary,
and hence the coupling resistance vanishes in this case.

The separate terms in eq. (2.79) gives an estimation of the contribution from
each mode to the total coupling resistance. The physical interpretation of each
term is that they correspond to the total coupling when having a single mode
current density distribution, i.e., a sinusoidal distribution along the y, z plane.
The coupling resistance for each separate mode is thus defined by

Rc(q) =
2π2ryrzc

2
A

(
1− |R|2

)
µ0ωkxN2

a j
2
0L

2
a,z

[
kykzby0b

∗
z0 +

(
ω2

c2A
− k2

y

)
|bz0|2

]
. (2.80)

The voltage of the antenna is

Ua =
|P |
Ia
. (2.81)

For a constant antenna current density the electromagnetic field components
are all proportional to j0. Eq. (2.76) then results in P being proportional to
j2
0 . Since Ia ∝ j0 it follows that Ua ∝ j0. Hence, the antenna voltage can be
arbitrarily chosen by applying a scaling factor to j0. The coupling resistance is
on the other hand independent of j0, and only depends on the specific structure
of the current distributions of the antenna and the passive component.

When neglecting any parasitic resistance the resistive power in terms of the
antenna voltage is

PR(U) =
RcU

2

|Z|2
, (2.82)

with Z being the impedance of the system. It can be seen that a low value of
Rc/|Z| = <(P )/|P | results in a low transferred resistive power to the plasma
from a given voltage. This dimensionless quantity, which will be referred to as
the quality factor Γ, is also a useful estimation of the efficiency of the transferred
antenna waves. It is explicitly defined as

Γ = −
<

[∑
q
Ey(xp, q)B∗z (xp, q)

]
∣∣∣∣∣∑q′ Ey(xp, q′)B∗z (xp, q′)

∣∣∣∣∣
. (2.83)
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Physically it corresponds to the transferred resistive power per unit antenna
voltage and unit antenna current. A low quality factor means a high antenna
voltage (or current) is needed in order to transfer a certain amount of resis-
tive power. This quantity is especially relevant close to the limit of electrical
breakdown.

RF heating is not only used for the sole purpose of increasing the plasma
temperature, but also for driving current. For this purpose the directivity is a
relevant parameter, which is defined as follows:

C =

∑
q
<[P (xp, q)]kz∑

q′
<[P (xp, q′)]|k′z|

=

∑
q
Rc(q)kz∑

q′
Rc(q′)|k′z|

. (2.84)

It is obvious that an asymmetry of the coupling in the toroidal direction is
necessary in order to have a non-vanishing directivity. The directivity is a
quality factor of the current drive and has a value between −1 and 1. The sign
corresponds to the direction of the averaged parallel momentum of the waves.
For calculating the total current, the current driven by each mode has to be
calculated and summed up.
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3 Results and analysis

3.1 General coupling properties

One of the observed properties of the antenna coupling to the plasma is the
occurrence of periodic peaks in the frequency coupling spectrum due to the
presence of eigenmodes. The phenomenon is presented experimentally e.g. in
[4]1. A typical coupling spectrum calculated from the model when summing the
contribution from a wide span of modes, where the passive component is not
taken into account, is shown in Fig. 3.1.

Another important property is that a single resonance become more narrow
in frequency when lowering the single pass damping of the wave. More precisely
the frequency width is proportional to the single pass damping for |R| ≈ 1. This
can be demonstrated by varying the reflection amplitude |R|, which is one of
the free parameters of the model. In Fig. 3.2 |R|2 is set to 0.1, 0.5 and 0.9,
respectively, again with the passive component not taken into account. The

1The cited article demonstrates an approximately periodic variation of the coupling resis-
tance with respect to the plasma density. A variation of the density is in some sense related
to a variation of antenna frequency due to the occurrence of the quantity ω/cA in the plasma
field expressions (cA ≈ vA ∝ ρ

−1/2
m ).
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Frequency coupling spectrum

Figure 3.1: An example of the calculated frequency coupling spectrum, which
demonstrates the (approximately) periodic structure of the resonant frequencies.
The calculated coupling resistance contains the contribution from a wide set of
modes.
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Figure 3.2: The frequency coupling spectra for the mode ky = kz = 0 for various
values of the reflection amplitude |R|. a) 90 % single pass damping, b) 50 %
single pass damping, c) 10 % single pass damping.

Figure 3.3: The mode coupling spectra for different antenna phasings. a) Mono-
pole phasing, b) Dipole phasing.

figure contains the contribution to the coupling resistance from one single mode
(ky = kz = 0).

One type of antenna that has been used in RF heating experiments in JET
is the A1 antenna [4]. It consists of two parallel current straps. Different
coupling spectra can be obtained using different relative phases between the
currents in the two straps. In general, the monopole phasing (0, 0) couples
to relatively low toroidal mode numbers, while a dipole phasing (0, π) couples
to higher toroidal modes [1]. By keeping the antenna frequency constant the
mode coupling spectrum can be studied using eq. (2.80). In Fig. 3.3 the antenna
phasing is set to (0, 0) and (0, π), respectively, with the frequency set close to the
value resulting in a local maximum of the total coupling resistance (cf Fig. 3.1).
The monopole phasing (0, 0) has a maximum coupling for nz = 0 while the
dipole phasing (0, π) has a maximum coupling for nz = ±9. The modes of
maximal coupling (i.e., the eigenmodes) vary depending on e.g. the antenna
geometry and the plasma absorption.

3.2 Error estimation

In order to ensure that numerical errors do not dominate the structures of the
resulting coupling spectra one has to investigate the variation of the calculated
quantities for different choices of the spatial resolution. Using a relatively low
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Figure 3.4: The chosen geometry of the two dimensional model. The poloidal
dimensions of the components are stretched to one complete period along the
poloidal axis.

resolution, e.g. Ny = 20 and Nz = 60, gives a non-sparse linear system of
equations of order 2400 to be solved, which may be quite troublesome even for
present day personal computers. Using JET length parameter values, which is
roughly ry = 1 m and rz = 3 m, makes each pixel to be 0.3× 0.3 m. A realistic
assumption for the antenna strap dimension is about 0.2× 1.5 m. Then about
3 pixels are used to describe the complete current distribution of the antenna
strap, which is by far too low to give a reasonably accurate description.

One can simplify the model considerably by reducing the geometry to two
dimensions (poloidal variations are neglected, keeping only variations along the
toroidal and radial axes). This can be done by choosing the antenna and passive
component geometry according to Fig. 3.4. An arbitrarily accurate solution can
be found by taking only one poloidal mode into account (ny = ky = 0) because
of the symmetry in the y direction. The order of the linear system of equations
to be solved is then only 2Nz.

The condition ky = 0 can simplify the problem even further. It results in
Hy,z
K = 0 (see eq. (2.44)), which in turn gives Cy,zi,j = 0 according to eq. (2.71).

This allows eq. (2.67) to be separated into one equation for jc,y and one equation
for jc,z. The coupling resistance is found from field components within the
plasma, which only depend on poloidal component currents jK,y (see eqs. (2.33)
and (2.34)). The poloidal current of the passive component is given by the
solution to the equation(

Cy,y

B(2)

)
(jc,y) =

(
by

0N−M

)
. (3.1)

This system of equations is of order Nz. For Nz = 2400 an antenna strap
of 0.2 m width is resolved with approximately 25 pixels. Considerably better
resolutions can thus be obtained using the same amount of computational power
when comparing the two dimensional model with the three dimensional one.

For error analysis the two dimensional model is preferred, since it allows a
greater span of spatial resolutions to be investigated using the same amount of
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Figure 3.5: The relative error of the coupling resistance as a function of the
resolution variable Mz, with only the antenna current taken into account.

computational power. In Fig. 3.5 the current of the passive conducting compo-
nent is not taken into account. The parameter Mz is varied, which defines the
upper and lower limit for the number of toroidal modes to be taken into account
(−Mz ≤ nz ≤ Mz, Nz = 2Mz + 1). The most important frequency regions to
be investigated are at the frequency peaks, since a reduction of the coupling at
these frequencies are most effective. Therefore the frequency f = 48.75 MHz is
chosen so that it coincides with a resonance (cf. Fig. 3.2). To estimate the error,
the values of the coupling resistance are compared with a reference solution ob-
tained using Mz = 1000, which is then taken to be the “exact” solution. As one
can see there is a negligible error in the antenna coupling. Using a relatively low
resolution with Mz = 40 the relative error of the coupling resistance is about
0.3 %. In Fig. 3.3.a two minor maxima centred at around nz = ±17 are found
on each side of the major one. These maxima also appear at higher toroidal
modes, which causes the stair-like appearance of the error in Fig. 3.5.

At resolutions Mz ≤ 91 the antenna coupling is exactly the same as for
Mz = 1000. It turns out that for nz > 91, kx is imaginary and |R| = 0, which
in turn gives a vanishing coupling resistance. More precisely the limit is nz >
ωrz/cA ≈ 91.9 for the chosen parameter values in Fig. 3.5 (ω = 2π·48.75·106 s−1,
rz = 3 m, cA = 107 m/s). Since the Fourier components of the antenna current
are found using a Fourier series description (see eq. (2.57)) the numerical values
of the Fourier coefficients are independent of the chosen spatial resolution. The
reflected phases are also independent of the resolution, which in turn gives an
“exact”2 estimation of the antenna coupling for all nz > ωrz/cA.

When taking the passive conducting component into account a quite different
appearance of the error of the coupling resistance is found, as seen in Fig. 3.6.
There is a heavily oscillating error when varying the resolution of the geometry.
This oscillation can be understood from the fact that the current of the passive
component is described using a discrete Fourier transform. The discrete Fourier
transform disables the current of the passive component to be resolved with more

2Here “exact” means that the coupling is estimated as accurately as possible using this par-
ticular model. Because of intrinsic errors in the model arising from the several simplifications
made, exact values cannot be obtained in the literal sense.
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Figure 3.6: The relative error of the coupling resistance as a function of the res-
olution variable Mz, with both the antenna current and the passive component
current taken into account.

accuracy than to the chosen discretization in real space, which was discussed
in Section 2.4. Different resolutions thus makes the passive component to vary
both in size and position.

The local maxima of the errors in Fig. 3.6 can be taken as an estimation of
the relative error at each resolution. The errors may be different for different
choices of all the free parameter values of the model. From now on, when
the error of any quantity is presented the error refers to the local maximum
deviation of the quantity from a certain reference solution when slightly varying
the spatial resolution, unless another method is explicitly mentioned.

3.3 Free parameters

The effects of the passive component are investigated by varying some relevant
parameters of the model and studying the results of the coupling in each case.
There is a set of 13 geometric parameters in total in the case of full dimension-
ality and an A1 antenna, as shown in Fig. 3.7. The minor radius of the torus
vessel is denoted by ry, and rz is the major radius. The coordinates xs, xa, xc
and xp specify the radial positions of the vessel wall, the antenna, the passive
component and the plasma boundary, respectively. The parameters La,y and
La,z denote the length of one antenna current strap along the poloidal and the
toroidal axes, respectively, and analogously for the passive component length
parameters Lc,y and Lc,z. The poloidal and toroidal coordinate of the passive
component relative to the antenna are defined by ∆y and ∆z, respectively, and
∆a is the toroidal separation of the two antenna current straps in the case of
an A1 antenna. In the two dimensional model there are 9 geometric parameters
to be specified, namely rz, xs, xa, xc, xp, La,z, Lc,z, ∆z and ∆a. All geometric
parameters are length parameters (SI-unit m). To convert distances in the slab
model to angles in the toroidal model the y component of any distance is divided
by ry and analogously for the z component in order to obtain the corresponding
poloidal and toroidal angle of the distance, respectively. The x coordinates in
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Figure 3.7: The geometric parameters of the three dimensional model, when
using an A1 antenna.

the slab model are the same as radial coordinates in the toroidal model.
In general, any two dimensional geometry of the antenna straps and the

passive component can be defined. For simplicity the square geometry is chosen.
More complex geometries would demand a higher set of modes to be taken into
account in order to resolve the specific shapes and current distributions. The
square geometry of the antenna is also the most realistic one. However, all
sorts of passive components, such as limiters, wires and probes, may be present
in the vicinity of the antenna current straps. Some of these components may
be impossible to resolve using this simple model. Errors arising from these
complexities are difficult to estimate unless the results are compared with results
obtained from more advanced models.

The resolution variables My and Mz are also free parameters of the model,
which was discussed in the previous section. One of the more important free
parameters is the reflection amplitude |R|, which i.a. gives rise to different widths
and amplitudes of the maxima in the frequency coupling spectrum. The relative
phase φa of the two current straps in the A1 antenna, commonly written with
the notation (0, φa), is varied e.g. to obtain different mode coupling spectra
of the antenna, and the current distributions in the passive component are
likely to be sensitive to different antenna phasings. The final free parameters
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Parameter Value Parameter Value
ry 1.25 ∆y 0
rz 3 ∆z 0.6
La,y 2πry ∆a 0.1
La,z 0.2 |R|2 0.9
Lc,y 2πry φa 0
Lc,z 0.5 cA 1.0 · 107

xs 1.25 j0 1
xa 1.05 My 0
xc 1.05 Mz 300
xp 1

Table 3.1: The default parameter values used in the analysis of the model. Each
value is written in its corresponding SI unit.

are the antenna frequency ω and the Alfvén velocity of the plasma waves cA.
The frequency is varied to investigate important properties of the frequency
coupling spectra, such as the width, amplitude and separation of frequency
peaks. Specifically the separation of frequency peaks are sensitive to variations
of the Alvfén velocity.

Throughout the analysis of the variation of free parameters there is a set
of default parameter values according to Table 3.1, which are used except for
parameter values explicitly stated. The two dimensional model is used, which
is specified by My = 0.

3.4 The reflection amplitude

As previously stated the reflection amplitude |R| (related to the single pass
damping D = 1− |R|2) is a relevant parameter to be studied in terms of result-
ing coupling to the plasma. Physically the absorption of the wave in the plasma
may vary e.g. when the concentration of a minority ion species or the ion tem-
perature is varied. In Fig. 3.8 the coupling is calculated using the default set of
parameters, as shown in Table 3.1, and taking all toroidal modes within the span
−300 ≤ nz ≤ 300 into account. The spectrum is chosen with a frequency span
of exactly one period (cf. Section 3.1, where the frequency coupling periodicity
is discussed) and the frequency step size is 6.25 kHz. The errors are estimated
at 40 evenly distributed frequencies with a reference resolution Mz = 1000 at
each frequency. The errors are then found from a maximum deviation of the
quantities from the reference solution when varying the resolution within the
span 288 ≤Mz ≤ 312.

The frequency span (47 MHz ≤ f ≤ 52 MHz) can be related to a variation of
plasma density via the quantity ω/cA occurring in the plasma field expressions
(cA ≈ vA ∝ ρ

−1/2
m )3. By setting the equilibrium magnetic field e.g. to 2 T, a

variation of ρm between 2.9 · 10−8 kg/m3 and 3.5 · 10−8 kg/m3 while keeping
the antenna frequency constant at 49.5 MHz varies the quantity ω/cA with an

3Note that a variation of ρm is not completely equivalent with a variation of antenna
frequency ω due to the occurrence of ω/c in κ (cf. eq. (2.9)), which is independent of the
plasma density.
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Figure 3.8: The coupling resistance and quality factor obtained when using
the default set of parameters (cf. Table 3.1). The superscripts (a) and (a + c)
are the calculated values when neglecting and including the passive conducting
component, respectively. The errors estimated at some of the frequencies are
given by the error bars δRa+c

c .

Figure 3.9: The coupling resistance and quality factor obtained when using the
same parameter values as in Fig. 3.8, but with a total of two passive components
included, placed symmetrically around the antenna. The superscripts (a) and
(a + 2c) are the calculated values when neglecting and including the passive
components, respectively. The errors estimated at some of the frequencies are
given by the error bars δRa+2c

c .

equal amount as when varying the frequency between 47 MHz and 52 MHz and
keeping the mass density constant at about 3.2 · 10−8 kg/m3.

As can be seen in Fig. 3.8.a at the frequency of maximum coupling when
neglecting the passive component (corresponds to relatively low toroidal eigen-
modes) is lowered when taking the passive component into account, which was
stated in Chapter 1 (Introduction). At around 49 MHz, where slightly higher
toroidal modes are resonant, the coupling is instead increased, which was also
assumed. For even higher frequencies (49.3 MHz ≤ f ≤ 49.8 MHz) there is again
a lowered coupling resistance. When including another passive component, so
that the two components are placed symmetrically around the antenna, the
same effects are observed but with more extreme differences in the coupling re-
sistance, which are shown in Fig. 3.9. In Fig. 3.8.b and Fig. 3.9.b it can be seen
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Figure 3.10: The mode coupling spectra for zero (Rac ), one (Ra+c
c ) and two

(Ra+2c
c ) passive components.

that the quality factor is lowered when including the passive component(s), but
in the case of two passive components the effect is more obvious and it is lowered
for a wider span of frequencies than in the case of a single passive component.

At the frequency f ≈ 48.78 MHz there is a maximum coupling when only
taking the antenna into account. In this case the modes nz = ±3 are resonant,
which is shown in Fig. 3.10.a. The mode coupling spectrum distinctly changes
at this frequency when including the passive component(s). In the asymmet-
ric case of only one passive component the eigenmode nz = +3 is particularly
lowered, whereas for two passive components all modes are dramatically sup-
pressed. At f = 49.00 MHz the coupling spectra in Fig. 3.10.b are obtained.
For one passive component the coupling of the eigenmode at nz = −9 is dramat-
ically increased. On the other hand, when taking two passive components into
account the coupling of all modes within the span −9 < nz < 9 are significantly
improved.

Apparently, there are frequency regions of both improved and diminished
coupling resistance. The net effect of the passive component can be estimated
by averaging the total coupling resistance over the frequency span 47 MHz ≤
f < 52 MHz and comparing the coupling when including and neglecting the
passive component(s):

Qnc[Rc] =
〈Ra+nc

c 〉
〈Ra

c〉
(3.2)

〈Rc〉 =
1

ωmax − ωmin

∫ ωmax

ωmin

Rc(ω)dω ≈ 1

Nω

∑
i

Rc(ωi)⇒

Qnc[Rc] ≈
∑
i

Ra+nc
c (ωi)

/∑
j

Ra
c(ωj) , (3.3)

and analogously for Qc[Γ], with n equals either 1 or 2. The quantities Qnc[Rc]
and Qnc[Γ] are referred to as the ratio of the averaged coupling resistance and
the ratio of the averaged quality factor, respectively, for n passive component.
The quantity Nω is the number of discrete frequency steps made in the chosen
interval (Nω = 800 = (52 − 47) MHz/6.25 kHz). The errors of Rc and Γ
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are estimated with a confidence interval close to 100 %, which comes from
the fact that the errors are maximum deviations from the reference solution
(Mz = 1000). This means the total errors of Qnc[Rc] and Qnc[Γ] simply are
the linear sum of the errors coming from the separate terms Ra+nc

c (ωi) and
Γa+nc(ωi) (n is either 1 or 2). The errors are only estimated at Nδ = 40 out of
Nω = 800 frequencies (see Fig. 3.8 and 3.9). Neglecting the errors of Ra

c(ωi) the
total error of the averaged coupling resistance ratio is

δQnc[Rc] ≈
Nω
Nδ

∑
i

δRa+nc
c (ωi)

/∑
j

Ra
c(ωj) , (3.4)

and the same for δQnc[Γ]. This expression corresponds to a linear interpolation
of the errors at each of the Nω frequency steps.

Using the default parameter values, when taking only one passive compo-
nent into account, Qc[Rc] = 0.996±0.043 and Qc[Γ] = 0.919±0.010. There is a
decrease of the coupling resistance of 0.4 % when including the passive compo-
nent, but the error of about 4.3 % is much larger than the actual decrease. On
the other hand, the quality factor is obviously lower when including the passive
component, with a decrease of 8.1 ± 1.0 %. For two passive components on
each side of the antenna Q2c[Rc] = 0.992 ± 0.096 and Q2c[Γ] = 0.815 ± 0.008.
The averaged coupling resistance is slightly more decreased when comparing
with the case of only one passive component, but the error range is increased
with more than a factor of two. The decrease of the averaged quality factor is
18.5± 0.8 %, which is more than twice the decrease for one single component.

In Fig. 3.11 |R|2 is set to 0.5, corresponding to a single pass damping D
of 50 %. This case gives Qc[Rc] = 0.996 ± 0.015, Q2c[Rc] = 0.992 ± 0.027,
Qc[Γ] = 0.969 ± 0.004 and Q2c[Γ] = 0.937 ± 0.005. Again, the change of the
coupling resistance is negligible in comparison to the error. The decrease of the
quality factor is lower (3.1 ± 0.4 % and 6.3 ± 0.5 % for one and two passive
components, respectively) when compared to the decrease in the case of |R|2 =
0.9 (8.1± 1.0 % and 18.5± 0.8 %).

Mode distributions of the coupling resistance for |R|2 = 0.5 are shown in

Figure 3.11: The coupling resistance and quality factor obtained when using a
single pass damping D = 50 %. The superscripts (a), (a+c) and (a+2c) are the
calculated values including zero, one and two passive conducting components,
respectively.
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Figure 3.12: The mode coupling spectra at the frequencies f = 48.78 MHz and
f = 49.00 MHz for |R|2 = 0.5.

Fig. 3.12. The two frequencies are chosen in the same way as in Fig. 3.10;
one at which the coupling resistance is typically lowered when including the
passive component(s) and one at which it is improved. There are structural
changes of the coupling spectrum at f = 48.78 MHz, even though the total
coupling resistance does not differ remarkably. The mode nz = 0 is suppressed
both when including one and two passive components. The asymmetric case
again shifts the coupling to negative modes, whereas in the symmetric case
of two passive components the modes |nz| ≤ 10 are decreased and the modes
|nz| > 10 are increased. For f = 49.00 MHz basically the same phenomena as
in Fig. 3.10.b are observed, but not as distinctly. When including one single
passive component the negative eigenmode at nz = −8 is improved, while the
positive eigenmode nz = 8 is suppressed. The modes of lower order than the
two eigenmodes (|nz| < 8) increase when including two passive components.

The effects of higher reflection amplitudes are demonstrated in Fig. 3.13.
For |R|2 = 0.95, Qc[Rc] = 0.996 ± 0.048, Q2c[Rc] = 0.992 ± 0.289, Q[Γ] =
0.927 ± 0.009 and Q2c[Γ] = 0.815 ± 0.009. For |R|2 = 0.99 one gets Qc[Rc] =
1.005 ± 0.129, Q2c[Rc] = 1.004 ± 1.594, Qc[Γ] = 0.940 ± 0.011 and Q2c[Γ] =
0.828 ± 0.011. While the ratio of averaged coupling resistance still is close to
1, the error dramatically increases when taking the passive component(s) into
account. The ratio of the averaged quality factor Qnc[Γ] seems to increase
for increasing values of |R| when |R|2 > 0.9, suggesting a minimum of Qnc[Γ]
between |R|2 = 0.5 and |R|2 = 0.95. In Fig. 3.14.c it can be seen that there
is a minimum of the ratio of averaged quality factor around |R|2 = 0.9. This
minimum is shifted to slightly higher reflection amplitudes when comparing
Q2c(|R|2) with Qc(|R|2). The ratio of averaged coupling resistance appears to
have a larger error than the actual difference from 1 for all studied reflection
amplitudes, according to Fig. 3.14.a and 3.14.b.

A notable phenomenon is the heavy oscillation of the coupling resistance,
and to some extent the quality factor, with respect to frequency for |R|2 = 0.99
(see Fig. 3.13.c – 3.13.f). The oscillation implies that models simulating the
coupling properties at constant antenna frequencies and plasma densities, with
a low single pass damping may give rise to misleading results. It also implies
a non-negligible error in this model arising from the frequency resolution, i.e.,
the frequency step size, which is not included in the presented error. Another
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Figure 3.13: The coupling resistance and quality factor obtained when using a
single pass damping D = 5 % and D = 1 %. The superscripts (a), (a + c) and
(a+2c) are the calculated values including zero, one and two passive components,
respectively. The coupling resistance Ra+2c

c for |R|2 = 0.99 has a maximum of
about 10 kΩ at f ≈ 48.99 MHz, which is out of scale in the figures c and e.

error of the averaged coupling resistance ratio comes from the choice of the
specific frequencies where the errors of the coupling resistance are estimated.
The conclusion is that the relatively large errors δQc[Rc] = 12.9 % and δQ2c =
159.4 % for |R|2 = 0.99 are probably underestimated.

The heavy oscillations of the total coupling resistance for |R|2 = 0.99 ap-
pear because of the narrowing of the frequency peaks for single modes in the
case of low single pass damping (cf. Fig. 3.2). Each of the local peaks cor-
respond to a coupling to particularly one or two toroidal eigenmodes. The
separation in frequency for two adjacent local peaks around f ≈ 49 MHz
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Figure 3.14: The ratio of the averaged coupling resistance and quality factor for
different values of |R|2.

when neglecting the passive component(s) is at about 0.05 MHz. This vari-
ation of frequency relates to a variation of plasma density with about 0.4 %
(δρm/ρm ≈ 2δω/[ω(1− c2A/c2)] ≈ 2δω/ω). When including one passive compo-
nent the frequency separation between two local peaks are almost half of the
separation in the case of zero passive components, which relates to a density
variation of 0.2 %.

In Fig. 3.15 some mode coupling spectra for 5 % single pass damping (|R|2 =
0.95) and 1 % single pass damping (|R|2 = 0.99) are displayed. When compar-
ing Fig. 3.15.a and 3.15.b with the case of 10 % single pass damping, as shown
in Fig. 3.10.a and 3.10.b, there are no major qualitative differences of the cou-
pling spectra. However, the eigenmodes |nz| = 9 at f = 49.00 MHz are slightly
increased when including two passive components for |R|2 = 0.95 and dramat-
ically increased for |R|2 = 0.99, unlike the case of |R|2 = 0.9, where they are
slightly suppressed. The mode distribution of the coupling around the eigen-
modes (|nz| = 3 at f = 48.78 MHz and |nz| = 9 at f = 49.00 MHz) are more
narrow for lower single pass damping when neglecting the passive component(s).
Also, the modes are more suppressed at f = 48.78 MHz, both when including
one and two passive components.

3.5 The antenna phasing

As was demonstrated in Section 3.1 different antenna phasings results in con-
siderably different mode coupling spectra (see Fig. 3.3). This phenomenon may
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Figure 3.15: The mode coupling spectra at the frequencies f = 48.78 MHz and
f = 49.00 MHz for |R|2 = 0.95 and |R|2 = 0.99.

affect the effects of the passive component. The case of monopole phasing was
demonstrated throughout Section 3.4. Fig. 3.16 displays coupling spectra for a
set of different antenna phasings, with |R|2 = 0.9.

One of the interesting phenomena to be observed in this figure is the heavy
oscillation of the coupling resistance in the case of dipole phasing. The dipole
phasing appears to have a lower limit of the reflection amplitude for the event
of coupling resistance oscillations with respect to variation of frequency. One
other thing to be observed is that the coupling resistances are identical, both
when neglecting and including the passive component(s), for the two 90 ◦ an-
tenna phasings (0,±π/2) (cf. Fig. 3.16.c and 3.16.g). However, the quality
factor is different for the two phasings when including one passive component
(cf. Fig. 3.16.d and 3.16.h). For two passive components placed symetrically
around the antenna the quality factors are trivially the same for the two 90 ◦

phasings, since the two phasings correspond to toroidally mirrored set-ups. The
conclusion is that the presence of passive components, assuming they are placed
asymmetrically around the antenna, gives the same resistive parts of the total
power for the two 90 ◦ antenna phasings, but different reactive parts.

The ratio of the averaged coupling resistance for the cases displayed in
Fig. 3.16 is put together in Table 3.2. Again, there are no significant effects
on the averaged coupling resistance when including the passive component. On
the other hand, the averaged quality factor decreases considerably when includ-
ing the passive component(s). Fig. 3.17 shows the ratio of averaged quality
factor for different antenna phasings and reflection amplitudes. All of the stud-
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Figure 3.16: The coupling resistance and quality factor for a set of different
antenna phasings.
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Figure 3.17: The ratio of the averaged quality factor for different antenna phas-
ings and wave reflection amplitudes.

Phasing (0, 0) (0, π/2) (0, π) (0,−π/2)
Qc[Rc] 0.996± 0.043 0.997± 0.019 0.999± 0.027 0.997± 0.019
Q2c[Rc] 0.992± 0.096 0.994± 0.079 0.998± 0.076 0.994± 0.079

Table 3.2: The ratio of the averaged coupling resistance for different antenna
phasings. The quantities denoted by Qc[Rc] only takes one single passive com-
ponent into account, while Q2c[Rc] consider two passive components.

ied cases may give rise to a minimum of the ratio of averaged quality factor at
0.8 . |R|2 . 0.9 within the error ranges. The asymmetric case of one single
passive component gives more variations of the averaged quality factor with
respect to the antenna phasing than the symmetric case of two passive com-
ponents. These variations are most remarkable when comparing the two 90 ◦

phasings. Here, there ratios of averaged quality factor are identical when includ-
ing two passive components, but very different when including only one passive
component.

The individual mode coupling spectra in Fig. 3.18 are set to one frequency
where the coupling resistance decreases when including the passive compo-
nent(s) and one frequency where it increases for different antenna phasings.
The mode coupling spectra Ra+c

c and Ra+2c
c are similar when comparing dif-

ferent antenna phasings and keeping the frequency and the number of passive
components constant in the case of monopole phasing and the two 90 ◦ phasings.
The differences are approximately overall scaling factors.
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Figure 3.18: The mode coupling spectra for a set of different frequencies and
antenna phasings.
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The dipole case differs structurally from the rest of the studied antenna
phasings. One interesting property is e.g. that the coupling vanishes for nz → 0
in the case of two passive components and dipole antenna phasing, whereas
the coupling maximizes at nz = 0 for two passive components when using the
three other antenna phasings. Another property of the dipole phasing is that
the coupling is dramatically decreased at f = 49.00 MHz when including the
passive component(s), whereas it is increased (especially when including two
components) at the same frequency when using the three other studied antenna
phasings. Hence, there are expected structural variations of the coupling in
between the two 90 ◦ phasings and the dipole phasing when including passive
component(s).

3.6 Directivity

When neglecting any passive component it can be seen from Fig. 3.18.c, d, g and
h that a 90 ◦ phasing gives an asymmetric coupling spectrum. The asymmetry
gives rise to a non-vanishing directivity according to eq. (2.84), which in turn is
related to an induced current drive.

In Fig. 3.19 the directivity is displayed as a function of the antenna fre-
quency for different reflections and for two antenna phasings. The presence of
the passive component(s) results in a lower directivity in general, which is an im-
portant observation. Changing the antenna phasing from (0,+π/2) to (0,−π/2)
is effectively equivalent with having a toroidally mirrored set-up. In the asym-
metric case of one passive component switching between the two 90 ◦ phasings
corresponds to placing the passive component on different sides of the antenna.
When comparing Ca+c e.g. in Fig. 3.19.a and 3.19.c the phasing (0,−π/2) gives
no remarkable difference of the directivity relative to the case of zero passive
components (Ca(|R|2 = 0.4)), whereas for the phasing (0, π/2) the passive com-
ponent does affect the current drive. Hence, an asymmetric set-up around the
antenna may or may not affect the directivity depending on the choice of the
90 ◦ phasing (or equivalently the choice of orientation of the asymmetry relative
to the toroidal axis).

As for the coupling resistance and the quality factor, the directivity oscillates
with respect to variations of the antenna frequency in the case of low single pass
damping, which is seen in Fig. 3.19.b and 3.19.d. At f ≈ 50 MHz for |R|2 = 0.9
the frequency separation of two local extrema of the directivity is at about
0.25 MHz, relating to a plasma density variation of about 1 %.

A remarkable fact is that the directivity varies in sign for varying antenna
frequencies. This is true not only for low single pass damping of waves, but
also at dampings as large as 60 %, which can be seen in Fig. 3.19.a and c. The
variation can partly be explained by the neglect of poloidal variations of the
antenna current in the model, giving rise to a too sparse spectrum of eigenmodes.
To simultaneously include poloidal variations and passive components in this
model with a reasonable spatial resolution of current and field distributions
requires a larger amount of computational power than what is accessable at
present time.

Simulations of the three dimensional model, neglecting passive components,
are shown in Fig. 3.20. It is apparent from Fig. 3.20.a that the variations
of the directivity are much more narrow in general when considering a finite
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Figure 3.19: The directivity for zero, one and two passive components as a
function of frequency, using the two 90 ◦ antenna phasings and the reflections
|R|2 = 0, |R|2 = 0.4 and |R|2 = 0.9.

length of the antenna. For |R|2 & .7 the sign of the directivity may vary
with antenna frequency even in the three dimensional model. The spectra of
directivity also seem to approach the directivity from the two dimensional model
as the antenna length approaches one full period along the poloidal axis, which

Figure 3.20: a) The extremal values of the directivity for the two and three
dimensional model, with a (0,+π/2) antenna phasing. In the three dimensional
case La,y = 1.26m. b) The extremal values of the directivity for a constant
reflection amplitude (|R|2 = 0.6) and a varying length of the antenna current
straps, with the antenna positioned at r = 1.05m..
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Figure 3.21: a) and b) The ratio of averaged directivity for zero, one and two
passive components and for different values of the reflection amplitude |R| in
the two dimensional model. c) A comparison of the ratio of averaged directivity
for the two and the three dimensional model.

is seen in Fig. 3.20.b. At |R|2 = 0.6 the variations of the directivity appear to
be relevant for antenna lengths & 3.5 m, which is about 190 ◦ along the poloidal
axis.

In Fig. 3.21 the quantities ∆C are defined as

∆C(|R|2) =

∫ ωmax

ωmin

dωC(ω, |R|2)

/∫ ωmax

ωmin

dωC(ω, 0) . (3.5)

The case of zero and non-zero reflection amplitude is compared instead of
zero and non-zero number of passive components as in the function Qnc (see
eq. (3.2)). The quantity ∆C will be referred to as the ratio of averaged directiv-
ity. The integration of the directivity over frequency is replaced with a discrete
sum, as in the estimation of the ratio of averaged coupling resistance and quality
factor (see eq. (3.3)). The quantities ∆Ca+c

± are the ratios of averaged directiv-
ity using a set-up of the antenna and one single passive component for the two
antenna phasings (0,±π/2). The two phasings give the same directivity for zero
and two passive components, respectively, but with opposite signs. Therefore,
the ratio of averaged directivity is independent of the choice of the 90 ◦ phasing
in this particular case.

The averaged directivity decreases almost linearly for increasing |R|2 in the
two dimensional model when neglecting the passive components, with a min-
imum of ∆Ca

2D = 0.23 at |R| ≈ 1. However, the decrease of the averaged
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directivity is much smaller in the three dimensional model with a minimum of
about ∆Ca

3D = 0.76, which can be seen in Fig. 3.21.c. This means that models
not considering wave reflection and poloidal variations may dramatically over-
estimate the directivity. The steep reduction of the averaged directivity for
|R|2 & 0.96 in the three dimensional case may still be of importance. It should
be noted that in many fast wave current drive experiments the damping is quite
small, typically a few percent [5].

There are large differences in the ratio of averaged directivity between the
cases of the two 90 ◦ antenna phasings when including one single passive compo-
nent, which is apparent from Fig. 3.21.a. The effect of the averaged directivity
is actually larger for one passive component than for two using the phasing
(0,+π/2), especially in the case of low single pass damping. The presence of
the passive component(s) actually reverses the directivity for |R|2 & 0.65, ex-
cept in the case of one passive component and a (0,−π/2) phasing. The passive
component(s) also result in a higher directivity in the opposite direction for the
same set-ups and for low single pass damping.

3.7 Conclusions and discussion

The presented model illustrates the issues of coupling to a plasma using a radio
frequency heating system of a tokamak, considering a finite reflection of waves
and passive conducting components, such as conducting limiters, close to the
antenna. The reflection causes coupling to eigenmodes. To visualize the effects
of eigenmodes on the coupling requires extensive sweeping over the frequency
and over a spectrum of modes, which may demand a large amount of com-
putational power in advanced models that consider detailed antenna structures
and/or plasma responses. The simple model presented here is found to be useful
for investigating structures of the coupling within continuous parameter inter-
vals. However, due to the simplifications made in the model qualitative results
are obtained rather than quantitative ones. Several of the phenomena observed
from simulations of the model agrees with experimental results of coupling prop-
erties.

A general observation that has been made is that the presence of passive
conducting components has the most impact on the coupling at low damping
of plasma waves. In these regimes heavy variations of quantities with respect
to small variations of frequencies are also observed, which in turn relates to
variations of the plasma density. Simulations of the model show that for single
pass dampings . 10 % relevant variations of the plasma density are . 1 %.

Poloidal variations are neglected in most of the presented simulations of the
model, which is equivalent with neglecting effects of poloidal modes. In general,
an inclusion of poloidal modes is expected to broaden frequency peaks of the
total coupling. With a wide spectrum of poloidal modes taken into account there
are more eigenmodes occurring within the same intervals of antenna frequency.
Hence, the observed oscillations with respect to small variations of frequency
may become more flat when including effects of poloidal modes. Still, oscillations
may occur in the case of low single pass damping, but they are expected to be
relevant at much lower values of the damping than in the case where only toroidal
modes are taken into account.

Passive conducting components in the vicinity of the antenna does not influ-
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ence the coupling resistance when considering the average effect with respect to
antenna frequency and summing the contributions from a wide set of toroidal
modes. However, the structures of the coupling spectra for varying antenna
frequency and varying toroidal modes are found to be affected by the pres-
ence of passive conducting components, especially in the case of low single pass
damping. The dipole antenna phasing also gives rise to a more heavily varying
coupling spectrum in general, when compared to the case of monopole and 90 ◦

antenna phasings.
The quality factor (ratio between resistive and apparent power transferred

to the plasma) averaged over antenna frequency is found to be reduced by the
presence of passive conducting components. This reduction is particularly ap-
parent for low single pass damping. Effectively a reduction of the quality factor
increases the required antenna voltage in order to transfer a certain amount of
power to the plasma, which in turn lowers the transferable power of the antenna
due to risk of electrical breakdown. In the investigated parameter regimes the
averaged quality factor is maximally lowered with almost 20 %, which is found
when assuming a symmetric set-up of one passive component at each side of
the antenna, a monopole antenna phasing and a single pass damping of 10 %.
The antenna phasing appears to affect the quality factor at most when having
asymmetric set-ups of passive components in the vicinity of the antenna.

The directivity of the RF waves is an important factor for the current drive
of the plasma. It is found to be affected by the presence of passive components
and by assuming a low single pass damping. When neglecting effects of passive
components and not considering a finite length of the antenna current straps
the directivity averaged over frequency is lowered with about 77 % at most
(happens for approximately zero single pass damping) when comparing with
the case of 100 % single pass damping of RF waves. When instead considering
a finite antenna length the maximum reduction of the averaged directivity is
at about 24 %. The presence of passive components may reduce the current
drive on average. For low single pass damping . 35 % the presence of passive
components may even change the sign of the averaged directivity.

Wide variations of the directivity with respect to the antenna frequency were
observed when neglecting poloidal variations in the model, even at relatively
high values of the single pass damping. When including poloidal variations
and considering a finite length of the antenna current straps these variations
were heavily reduced. However, at dampings . 30 % the variations of the
directivity with respect to the antenna frequency may still be of relevance, and
the directivity may alter sign when varying the antenna frequency.

At the moment, lack of computational power limits the possibility to obtain
quantitative results of the model. There is a necessity to resolve spatial struc-
tures of components outside the plasma and their current distributions more
effectively. Using finite element methods instead of an equidistant discretiza-
tion of space to solve current distributions of passive components would be one
way to improve the model. Another possible improvement is to extend the
model to consider propagation of waves within the bulk of the plasma. The
current model uses a slab geometry of the toroidal vessel, except for the estima-
tion of the reflected phase of the waves in the plasma, where a cylindrical model
is assumed. Using a full toroidal geometry of the plasma, effects of different
profiles of the plasma density, ion and electron temperatures and equilibrium
magnetic fields can also be modelled in principle.
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A Appendices

A.1 General surface currents

The integral form of Maxwell’s equations are used to derive the boundary con-
ditions on the electromagnetic fields satisfying properties of the antenna and
the passive component: ∮

∂Σ

dl ·E = −∂t
∫

Σ

dS ·B (A.1)∮
∂Σ

dl ·B =

∫
Σ

dS ·
(
µ0J +

1

c2
∂tE

)
(A.2)∮

∂Ω

dS ·B = 0, (A.3)

for any surface Σ and volume Ω. We assume that there is a surface current
density at x = xK , where K is either the index for the antenna or the passive
component. By choosing the surface Σ according to Fig. A.1.a, additionally
choosing the surface orientation in the x, y plane and setting the length and
width of this surface to be infinitesimally small eq. (A.2) can then be rewritten
as

〈
B‖(x)

〉
xK
≡ lim
δ→0+

[B‖(xK + δ,η)−B‖(xK − δ,η)] = µ0jK(η)× x̂, (A.4)

where η ≡ (y, z). This is how the magnetic field relates to the currents of the

Figure A.1: The figures illustrates how one can choose the surface Σ and the
volume Ω in eqs. (A.1) – (A.3) across a conducting surface.
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antenna and the passive component. The components of the magnetic field
parallel to the conducting surface are denoted by the components of the vector
B‖. The surface current density profile (SI unit A/m) of the component K is
contained in the vector field jK(η), which in turn relates to the current density
J(x) (SI unit A/m2) according to

J(x) = jK(η)δ(x− xK), (A.5)

where δ(x) is the Dirac delta function. By using eq. (A.3) and choosing Ω as in
Fig. A.1.b one can show that

〈B⊥〉xc
= 0. (A.6)

This equation states that the magnetic field component perpendicular to the
conducting surface, i.e., Bx, is continuous across the surface.

The jump of the parallel component of the electric field across the conducting
surface can be found by using eq. (A.1) and again choosing the surface Σ to be
according to Fig. A.1.a (together with the case of a surface orientation in the
x, y plane). If the surface is chosen to be infinitesimally small, then the surface
integral on the right hand side vanishes, and therefore〈

E‖(x)
〉
xK

= 0. (A.7)

In order to find how this condition affects the magnetic field Fourier components
in vacuum eq. (2.2) is used. Reexpressing the equation in Fourier space gives

∂̃ ×B(x, q) = − iω
c2
E(x, q), (A.8)

where

q ≡ (ky, kz), ∂̃ ≡ (∂x, iq). (A.9)

According to Maxwell’s equations the electric field components parallel to the
conducting surface are (suppressing the x and q dependencies)

Ey =
ic2

ω
(ikzBx − ∂xBz) (A.10)

Ez =
ic2

ω
(∂xBy − ikyBx), (A.11)

where J = 0. From eq. (A.6) it follows that Bx is continuous across the con-
ducting surface, and from eq. (A.7) Ey and Ez are found to be continuous.
Inserting these conditions into eqs. (A.10) and (A.11) gives〈

∂xB‖(x)
〉
xK

= 0. (A.12)
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A.2 Conductor boundary conditions

Assuming that the passive component is a perfect conductor (i.e., has zero
resistivity) and that the currents are not driven by a generator implies that
the electric and the magnetic fields vanish inside the conductor, which in turn
implies that the net energy flux from the passive component vanishes. The
passive component treated in this model is infinitely thin along the x axis, and
hence has zero volume. The case of a passive component with a finite width
will first be examined, and then the width is set to be infinitely small.

First, the condition that the magnetic field vanishes inside the passive com-
ponent is considered. When the component has a finite width the surface current
has to be divided into an upper part facing the vessel wall (j+

c ) and a lower part
facing the plasma (j−c ). The space between these surface currents is the volume
where the electromagnetic fields should be set to zero. Using eq. (A.4), and
applying the condition that the magnetic field vanishes inside the conductor,
the magnetic fields above and below the passive component can be written as

B‖(xc + δ,η) = µ0j
+
c (η)× x̂ (A.13)

−B‖(xc − δ,η) = µ0j
−
c (η)× x̂. (A.14)

Summing these two equations gives〈
B‖
〉
xc

= µ0[j+
c (η) + j−c (η)]× x̂. (A.15)

This relation is identical to eq. (A.4) for jc = j+
c + j−c . In the limit of the

width of the passive component going to zero the sum of the two currents
should actually be treated as the total current. Hence, the condition that the
magnetic field vanishes inside the conductor will not affect the field equations
using eq. (A.4), since the separation between an upper and a lower current may
be chosen arbitrarily.

Eq. (A.6) will on the other hand affect the field equations assuming that
the magnetic field vanishes inside the conductor. Again, dividing the surface
current into an upper and a lower part and demanding that the x component
of the magnetic field is continuous across any surface current density gives

Bx(xc,η) = 0, (A.16)

for all values of η occupied by the passive component. This condition is still
true in the limit of the width going to zero, since it holds for an infinitely thin
surface.

Eq. (A.7) tells us that Ey and Ez are continuous across any surface current
density. Applying the condition that the electric field vanishes inside the passive
component and using the same argument as for Bx one finds

Ey(xc,η) = 0 (A.17)

Ez(xc,η) = 0, (A.18)
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for all η within the passive component. These two conditions together with
eq. (A.16) are the boundary conditions at the passive component.

Maxwell’s equation (2.1) Fourier transformed with respect to t:

∇×E(x) = iωB(x), (A.19)

with the current density J set to zero holds in the vacuum region just outside
the passive component. The x component of this equation can be reexpressed
as

Bx(xc,η) = − i
ω

(∂yEz(xc,η)− ∂zEy(xc,η)). (A.20)

It follows from eqs. (A.17) and (A.18) that Ey and Ez vanish just outside the
passive component. This is also true for the derivative of the two components
with respect to y and z. Hence, eq. (A.20) makes Bx to be trivially zero outside
the passive component. It can be derived from the two other boundary con-
ditions and Maxwell’s equation (2.1). The necessary boundary conditions are
then the two equations (A.17) and (A.18).

As previously claimed, it is convenient to express the boundary conditions
in terms of the magnetic field components By and Bz. This can be done by first
expressing eq. (A.20) in q space:

Bx(xc, q) =
1

ω
(kyEz(xc, q)− kzEy(xc, q)) (A.21)

By using some cumbersome algebraic treatment of this equation together with
the equations (A.10) and (A.11) it can be shown that the fields can be expressed
as

Ey =
ic2

ωκ2

[
kykz∂xBy +

(
ω2

c2
− k2

y

)
∂xBz

]
(A.22)

Ez = − ic2

ωκ2

[(
ω2

c2
− k2

z

)
∂xBy + kykz∂xBz

]
(A.23)

Bx = − i

κ2
[ky∂xBy + kz∂xBz] . (A.24)

The vessel wall is also considered to be perfectly conducting, i.e., has zero
resistivity. Since it occupies all η space the boundary conditions at the vessel
wall can be applied directly to the coefficients expressed in q space. Demanding
that e.g. Ey(xs,η) is zero for all values of η makes Ey(xs, q) to be zero for all
q. The same argument can be used for Ez(xs, q) and Bx(xs, q). Inserting these
conditions into eqs. (A.10) and (A.11) gives ∂xBy(xs, q) = ∂xBz(xs, q) = 0 for
all values of q.
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A.3 Deriving explicit field expressions

In this section the equations that relates the antenna current and the current
of the passive component with relevant electromagnetic field components will
be derived. The geometry of the vessel is divided into four regions along the
x axis as shown in Fig. A.2. Note that xc does not have to be less than xa in
the general case, but it can be greater or equal to xa as well. Region II is thus
not uniquely defined, while region I is bounded between the vessel wall and the
closest of the two components. Region III is defined in the same way, but has a
lower bound at the plasma edge.

In Region I the z component of the Fourier transformed magnetic field is
given by

BI
z(x, q) = CI

1,ze
κx + CI

2,ze
−κx. (A.25)

This is the general Fourier ansatz. One of the boundary conditions at the vessel
wall is ∂xBz(xs, q) = 0, which was derived in the previous section. Applying
this condition gives

∂xB
I
z(xs, q) = κ

(
CI

1,ze
κxs − CI

2,ze
−κxs

)
= 0 ⇔

CI
1,ze

κxs = CI
2,ze
−κxs =

C0,z

2
⇒

BI
z(x, q) = C0,z

eκ(x−xs) + e−κ(x−xs)

2
= C0,z cosh(κ[x− xs]). (A.26)

Figure A.2: The geometry of the vessel is divided into four regions. The vessel
wall is at xs, the antenna at xa, the passive component at xc and the plasma
boundary at xp.
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One may set xa > xc to begin with, and afterwards study the more general
situation. In the specific case xa > xc the z component of eq. (A.4) is written
as

〈Bz(x, q)〉xa
= BI

z(xa, q)−BII
z (xa, q) =

= C0,z cosh(κ[xa − xs])− CII
1,ze

κxa − CII
2,ze
−κxa = −µ0ja,y(q). (A.27)

Combining this equation with eq. (A.12) makes CII
1,z and CII

2,z to be fully deter-
mined from C0,z and ja,y.

〈∂xBz(x, q)〉xa
= κ

[
C0,z sinh(κ[xa − xs])− CII

1,ze
κxa + CII

2,ze
−κxa

]
= 0. (A.28)

The equations (A.27) and (A.28) give the solutions

CII
1,z =

1

2

[
C0,ze

−κxs + µ0ja,ye
−κxa

]
(A.29)

CII
2,z =

1

2
[C0,ze

κxs + µ0ja,ye
κxa ] . (A.30)

Hence, the z component of the magnetic field in region II is given by

BII
z (x, q) =

1

2

[
C0,ze

−κxs + µ0ja,ye
−κxa

]
eκx +

1

2

[
C0,ze

κxs + µ0ja,ye
κxa
]
e−κx =

= C0,z cosh(κ[x− xs]) + µ0ja,y cosh(κ[x− xa]). (A.31)

In the same way one can easily find the expression for the magnetic field in
region III, viz.

BIII
z (x, q) = C0,z cosh(κ[x− xs]) +

+ µ0ja,y cosh(κ[x− xa]) + µ0jc,y cosh(κ[x− xc]). (A.32)

This expression is symmetric with respect to the antenna index a and the passive
component index c. Hence, it does not depend on whether xa is smaller than,
greater than or equal to xc.

The expression for the y component of the magnetic field in region III can be
found in the same way. The only difference between the y and the z component
is that 〈Bz〉xK

= −µ0jK,y and 〈By〉xK
= +µ0jK,z according to eq. (A.4). This

means that one will get exactly the same expression for BIII
y as for BIII

z except
that jK,y should be replaced by −jK,z.

BIII
y (x, q) = C0,y cosh(κ[x− xs])−

− µ0ja,z cosh(κ[x− xa])− µ0jc,z cosh(κ[x− xc]) (A.33)

In region IV the following ansatz is applied
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BIV
y (xp, q) = by0

(
e−ikxxp +Reikxxp

)
(A.34)

BIV
z (xp, q) = bz0

(
e−ikxxp +Reikxxp

)
. (A.35)

Since the model only considers the plasma region at the boundary, region IV is
only defined at x = xp. The coefficient R = |R|eiϑ is the reflection coefficient,
which is exactly the ratio between the amplitude of the reflected part and the
incident part of the wave at the plasma boundary. The reflection amplitude |R|
is assumed to be constant for all η, and hence for all q. The reflection phase ϑ
should be determined from the geometry of the problem, which is explained in
more detail in Section 2.3.

The boundary conditions at the plasma edge are given by equations (2.27)
– (2.30), which are derived from the assumptions that there is no net power
absorbed/emitted at the edge of the plasma, that the antenna does not couple
to electrostatic waves within the plasma and that the y and z components of
the electric field are continuous across the boundary surface of the plasma.
The electric field expressions in eqs. (2.25) and (2.26) are derived from the
Maxwell’s equations in the plasma. In the low frequency limit (ω � ωmaj

c,i ) they
are approximated by

ikzBx(xp)− ∂xBz(xp) = µ0Jy −
iω

c2
Ey(xp) = − iω

c2A
Ey(xp) (A.36)

∂xBy(xp)− ikyBx(xp) = µ0Jz −
iω

c2
Ez(xp) = −

iε‖ω

c2
Ez(xp) (A.37)

ikyEz(xp)− ikzEy(xp) = iωBx(xp). (A.38)

The far right hand sides of (A.36) and (A.37) includes the currents Jy and Jz.
When solving the equations (A.36) – (A.38) for Ey and Ez one gets

Ey(xp) = − ic
2
A

ωk2
x

[
kykz∂xBy +

(
ω2

c2A
− k2

y

)
∂xBz

]
x=xp

(A.39)

Ez(xp) =
ic2

ωε‖k2
x

[(
ω2

c2A
− k2

z

)
∂xBy + kykz∂xBz

]
x=xp

. (A.40)

When setting Bz, Ey and Ez to be continuous across the plasma boundary,
setting Ez(xp,η) = Ez(xp, q) = 0 and using the explicit expressions for the
magnetic field components as given by eqs. (A.32) – (A.35) the following linear
system of equations is found

C0,z cosh(κ[xp − xs]) + µ0ja,y cosh(κ[xp − xa]) + µ0jc,y cosh(κ[xp − xc]) =

= bz0
(
e−ikxxp +Reikxxp

)
(A.41)

ic2

ωκ

[
kykz

(
C0,y sinh(κ[xp − xs])− µ0ja,z sinh(κ[xp − xa])−
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− µ0jc,z sinh(κ[xp − xc])
)

+

(
ω2

c2
− k2

y

)(
C0,z sinh(κ[xp − xs]) +

+ µ0ja,y sinh(κ[xp − xa]) + µ0jc,y sinh(κ[xp − xc])
)]

=

= − c2A
ωkx

[
kykzby0 +

(
ω2

c2A
− k2

y

)
bz0

] (
e−ikxxp −Reikxxp

)
(A.42)(

ω2

c2
− k2

z

)(
C0,y sinh(κ[xp − xs])− µ0ja,z sinh(κ[xp − xa])−

− µ0jc,z sinh(κ[xp − xc])
)

+ kykz

(
C0,z sinh(κ[xp − xs]) +

+ µ0ja,y sinh(κ[xp − xa]) + µ0jc,y sinh(κ[xp − xc])
)

= 0 (A.43)(
ω2

c2A
− k2

z

)
by0 + kykzbz0 = 0. (A.44)

There are six unknowns (C0,y, C0,z, by0, bz0, jc,y and jc,z) and four equations for
each value of q. The two missing equations are the boundary conditions at the
passive component, given by eqs. (A.17) and (A.18). Using the four equations
above one can express the unknowns C0,y, C0,z, by0 and bz0 in terms of the
current components. These expressions are

C0,y = µ0ja,yD
y,y
a + µ0ja,zD

y,z
a + µ0jc,yD

y,y
c + µ0jc,zD

y,z
c (A.45)

C0,z = µ0ja,yD
z,y
a + µ0jc,yD

z,y
c (A.46)

by0 = µ0ja,yF
y,y
a + µ0jc,yF

y,y
c (A.47)

bz0 = µ0ja,yF
z,y
a + µ0jc,yF

z,y
c (A.48)

Dy,y
K ≡ ikxkykz sinh(κ[xK − xs])

sinh(κ[xp − xs])α̃

(
e−ikxxp −Reikxxp

)
(A.49)

Dy,z
K ≡ sinh(κ[xp − xK ])

sinh(κ[xp − xs])
(A.50)

Dz,y
K ≡ − α̃K

α̃
(A.51)

F y,yK ≡ −κ sinh(κ[xK − xs])

α̃
kykz (A.52)

F z,yK ≡ κ sinh(κ[xK − xs])

α̃

(
ω2

c2A
− k2

z

)
(A.53)

α̃ ≡ (α+ iβ)e−ikxxp + (α− iβ)Reikxxp (A.54)

α̃K ≡ (αK + iγK)e−ikxxp + (αK − iγK)Reikxxp (A.55)

α ≡ κ
(
ω2

c2A
− k2

z

)
sinh(κ[xp − xs]) (A.56)
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β ≡ kx
(
ω2

c2
− k2

z

)
cosh(κ[xp − xs]) (A.57)

αK ≡ κ
(
ω2

c2A
− k2

z

)
sinh(κ[xp − xK ]) (A.58)

γK ≡ kx
(
ω2

c2
− k2

z

)
cosh(κ[xp − xK ]) (A.59)

In order to apply the boundary conditions for the current distribution of the
passive component the explicit expressions for Ey and Ez at x = xc should be
determined. They are given from the magnetic fields By and Bz according to
eqs. (A.22) and (A.23). The derivatives of the magnetic field with respect to x
at the passive component are given by the expressions

∂xBy(xc, q) = κ
[
C0,y sinh(κ[xc − xs])−

−Θ(xa − xc)µ0ja,z sinh(κ[xc − xa])
]

(A.60)

∂xBz(xc, q) = κ
[
C0,z sinh(κ[xc − xs]) +

+ Θ(xa − xc)µ0ja,y sinh(κ[xc − xa])
]
. (A.61)

Here, Θ(x) is the Heaviside step function. Inserting the two equations (A.60)
and (A.61) together with the definitions of C0,y and C0,z into (A.22) and (A.23)
gives

Ey(xc, q) = µ0ja,yG
y,y
a + µ0ja,zG

y,z
a + µ0jc,yH

y,y
c + µ0jc,zH

y,z
c (A.62)

Ez(xc, q) = µ0ja,yG
y,z
a + µ0ja,zG

z,z
a + µ0jc,yH

y,z
c + µ0jc,zH

z,z
c (A.63)

Gy,ya ≡ Hy,y
a + Θ(xa − xc)

ic2

ωκ

(
ω2

c2
− k2

y

)
sinh(κ[xc − xa]) (A.64)

Gy,za ≡ Hy,z
a −Θ(xa − xc)

ic2

ωκ
kykz sinh(κ[xc − xa]) (A.65)

Gz,za = Hz,z
a + Θ(xa − xc)

ic2

ωκ

(
ω2

c2
− k2

z

)
sinh(κ[xc − xa]) (A.66)

Hy,y
K = − sinh(κ[xc − xs])

sinh(κ[xp − xs])

[
ωκkx
α̃

sinh(κ[xK − xs])
(
e−ikxxp −Reikxxp

)
+

+
ic2

ωκ

(
ω2

c2
− k2

y

)
sinh(κ[xp − xK ])

]
(A.67)

Hy,z
K =

ic2

ωκ
kykz

sinh(κ[xc − xs]) sinh(κ[xp − xK ])

sinh(κ[xp − xs])
(A.68)
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Hz,z
K = − ic

2

ωκ

(
ω2

c2
− k2

z

)
sinh(κ[xc − xs]) sinh(κ[xp − xK ])

sinh(κ[xp − xs])
(A.69)

Transforming the expressions for Ey(xc, q) and Ez(xc, q) into η space makes it
possible to apply the boundary conditions at the passive component defined by
eqs. (A.17) and (A.18).

A.4 Cylindrical wave equation

When applying a cylindrical geometry of the model, which is necessary in order
to estimate the reflected phase of the wave propagating in the plasma, the wave
equations for the fields are modified. In Section 2.1, the wave equation for the
magnetic field was derived. The wave equation in the plasma region is modelled
by

(
∇2 − 1

c2
∂2
t

)
B(x, t) + µ0∇× J =

(
∇2 − 1

c2A
∂2
t

)
B(x, t) = 0. (A.70)

Here the same procedure of replacing c with cA is used or previously. For
transverse waves (∇ ·E = 0, which holds for the magnetosonic waves) the same
final equation can be written:

(
∇2 − 1

c2
∂2
t

)
E(x, t)− µ0∂tJ =

(
∇2 − 1

c2A
∂2
t

)
E(x, t) = 0. (A.71)

f will be used to denote a general electromagnetic field component. In cylindri-
cal coordinates, the wave equation transforms to(

∂2
r +

1

r
∂r +

1

r2
∂2
φ + ∂2

z −
1

c2A
∂2
t

)
f(r, φ, z, t) = 0, (A.72)

with r being the minor radius, φ being the azimuthal angle and z being the
coordinate along the symmetry axis of the cylinder. In the toroidal model φ
corresponds to the poloidal angle. In the plane slab model r = x and φ relates
to the y coordinate according to φ = y/ry, with ry being the minor radius of
the vessel.

Using a simple Fourier ansatz

f(x, t) = f(x)ei(kyy+kzz−ωt) = f(r)ei(kyryφ+kzz−ωt), (A.73)

with kyry = ny, the wave equation can be written as

d2f

dr2
+

1

r

df

dr
+

(
ω2

c2A
− k2

z −
n2
y

r2

)
f(r) = 0, (A.74)

which is the Bessel equation. The solutions, which can be expressed in terms of
Bessel functions, are considered in more detail in Section 2.3.
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Assuming ω and kz to be real corresponds to zero dissipation of the wave
(|R| = 1), whereas an imaginary component of ω or kz introduces a tempo-
ral/spatial damping of the wave. To first order an increased damping would
simply lower and broaden the coupling to the plasma at resonant frequencies.
This phenomenon is observed when varying |R|, even under the assumption of
real ω and kz (cf. Fig. 3.2). Hence, the assumptions ω ∈ R, kz ∈ R can be used
for simplicity of the model.

A.5 Constant current density

Expanding the antenna current in a Fourier series

ja(η) =
∑
q

ja(q)eiq·η, (A.75)

the Fourier coefficients ja(q) are

ja(q) =
1

4π2ryrz

∫
Ω

d2ηja(η)e−iq·η, (A.76)

where Ω is one period in η space (0 ≤ y < 2πry, 0 ≤ z < 2πrz). Applying a
constant current density j0, gives the following mode distribution according to
the Fourier series description:

ja(q) =
j0

4π2ryrz

∫ La,y

0

dye−ikyy
∫ La,z

0

dze−ikzz. (A.77)

For ky = 0 the solution to the integral on the right hand is∫ La,y

0

dye−ikyy =

∫ La,y

0

dy = La,y. (A.78)

For ky 6= 0 the same integral is∫ La,y

0

dye−ikyy =
i

ky

[
e−ikyy

]La,y

y=0
= i

e−ikyLa,y − 1

ky
. (A.79)

Inserting these relations into eq. (A.77) gives

ja(q) =



j0

La,y

2πry

La,z

2πrz
: ky = 0, kz = 0

j0

La,y

2πry

i
(
e−ikzLa,z − 1

)
2πrzkz

: ky = 0, kz 6= 0

j0

i
(
e−ikyLa,y − 1

)
2πryky

La,z

2πrz
: ky 6= 0, kz = 0

−j0

e−ikyLa,y − 1

2πryky

e−ikzLa,z − 1

2πrzkz
: ky 6= 0, kz 6= 0

. (A.80)
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A.6 The total power

The total power transferred to the plasma from the antenna can be estimated
by integrating the Poynting vector component facing the plasma over η space.
More precisely it is given by

P =

∫
Ω

d2ηS(xp,η) =
1

2µ0

∑
q,q′

[
Ez(xp, q)B∗y(xp, q

′)−

− Ey(xp, q)B∗z (xp, q
′)
] ∫

Ω

d2ηei(q−q
′)·η. (A.81)

On the right hand side there is an integral of the form∫
Ω

d2ηeiq·η =

∫ 2πry

0

dyeikyy
∫ 2πrz

0

dzeikzz =

=

∫ 2πry

0

dyeinyy/ry

∫ 2πrz

0

dzeinzz/rz . (A.82)

For ny = 0 one has ∫ 2πry

0

dyeinyy/ry =

∫ 2πry

0

dy = 2πry, (A.83)

and for ny 6= 0

∫ 2πry

0

dyeinyy/ry = − iry
ny

[
einyy/ry

]2πry
y=0

= − iry
ny

[
e2πiny − 1

]
= 0. (A.84)

Hence, the integral in eq. (A.82) is∫
Ω

d2ηeiq·η =

{
4π2ryrz : q = 0
0 : q 6= 0

. (A.85)

Inserting this into eq. (A.81) gives

P =
2π2ryrz
µ0

∑
q,q′

[
Ez(xp, q)B∗y(xp, q

′)− Ey(xp, q)B∗z (xp, q
′)
]
δny,n′

y
δnz,n′

z
=

=
2π2ryrz
µ0

∑
q

[
Ez(xp, q)B∗y(xp, q)− Ey(xp, q)B∗z (xp, q)

]
. (A.86)
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