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Abstract 
 

Long-term price prognosis for electricity is the main tool for 
making decisions on investments, de-investments as well as on 
long-term agreements and other strategic actions. A number of 
models are used for analyzing the markets of interest and they 
are continuously improved and expanded. The goal is to 
improve a long-term price prognosis model for France and in 
order to do this the French hydro system is to be studied. 

Throughout the course of this master thesis, a hydro model is 
developed with the help of dynamic programming. The 
problem is first considered from a deterministic approach 
where the particular characteristics of the French power 
system and the relevant assumptions for the model are studied. 
The model is then expanded with stochastic variables that 
consider variability of the inflow in the system. Both the 
deterministic and stochastic model have been created using 
MATLAB. Even though the models are applied to the French 
hydro system, they can be used on other system that wants to 
be studied with a single reservoir approach. 
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Sammanfattning  
 

Långtidsprisprognoser för elektricitet är det centrala verktyget 
för att fatta beslut om investeringar, långsiktiga avtal och 
andra strategiska beslut. Ett antal modeller används för att 
analysera marknader av intresse. Det finns ett kontinuerligt 
arbete med att förbättra och utöka de modeller som används i 
långtidsprisprognoser-processer. Det slutgiltiga målet är att 
förbättra en långtidsprisprognoser-process för Frankrike 
genom att studera det franska vattenkraftssystemet.   

Under detta examensarbete kommer en vattenkraftsmodell att 
utvecklas med hjälp av dynamisk programmering. Problemet 
betraktas först från ett deterministiskt tillvägagångssätt där de 
speciella egenskaperna hos det franska systemet betraktas och 
sedan studeras de relevanta antaganden för modellen. 
Modellen kommer i ett senare skede även att utökas med 
stokastiska variabler som tar hänsyn till variation av 
vatteninflödet i systemet. Både de deterministiska och 
stokastiska modellerna har skapats med hjälp av MATLAB. 
Trots att dessa modeller endast tillämpas i detta fall för det 
Franska vattenkraftssystemet, kan denna reservoarmodell lika 
väl användas för andra studera andra system med samma 
parametrar.  
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1) Introduction 

1.1) Background 

 

Long-term price prognosis (LPP) is an essential tool for an energy company in order to invest 
properly. The long life time cycles of the generation units turn a wrong investment into a very 
expensive decision. It is essential to know the current state and the evolution of the different 
energy related markets and therefore top quality analyses are essential to succeed in the energy 
business. 
 
The goal of an energy company is to maximize the value of its assets. In order to achieve this 
goal within a reasonable risk margin, business opportunities and risks need to be identified. To 
be able to identify them, it is necessary to forecast the behavior of the markets of interest and 
especially the evolution of certain variables such as the price of the electricity. The prices of the 
electricity and commodities are the main variables in decision making in energy markets. 
Therefore, it is very interesting from an energy company’s point of view to be able to forecast 
the electricity price in the short-, medium- and long-term.  

Forecasting is the process of making predictions about an event whose outcome is unknown at 
present. In other words, forecasting is stating how the future will look like. In today’s business 
world, forecasting is of significant importance and interest for most of the companies since an 
accurate forecast can provide any business entity in a given market a strategic advantage over its 
competitors. It is the main tool for decision making. 

Forecasts are carried out almost in any field and can involve very different phenomena and 
variables. Risks and uncertainties are intrinsically linked to forecasts since they are based on 
information available at present time and thus cannot guarantee the actual outcome of the event. 
Forecasts are usually dependent on other forecasts or models that do not fully represent the 
reality, which increases uncertainty. 

Long-term price prognosis (LPP) for electricity prices is the main tool for decisions on 
investments, de-investments, long-term agreements and other strategic decisions. A number of 
models are used for analyzing the markets of interest. There is a continuous work on improving 
and expanding the models used in the LPP-process. 

 

1.2) Objective 

 

Vattenfall has an existing model for its LPP-process. The model consists of a certain number of 
countries (Belgium, Germany, etc.) that are fully included in the model. One way of expanding 
and improving such a model is to include new countries that are not present in the model. A 
natural step is to include first countries that are big producers, exporters or importers of 
electricity. France has these characteristics and is also connected to some of the countries 
already modeled. In addition to this, the renovation process for hydropower concessions (almost 
all concessions will be renewed before 2040) and the promotion of the competition through the 
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NOME (Nouvelle Organization du Marché de l’Electricité) law adopted in November 2010 
make it interesting to study the French market. 

Therefore, the objective of this master thesis is to improve an already existing model for the 
electricity market in France. In order to accomplish this, a model for the hydro production is 
created based on a single reservoir approach and dynamic programming. The production of 
other generation technologies as well as the interconnections between France and neighboring 
countries are also studied throughout the development of the hydro model.  

Developing such a model is a long process and within the time frame to complete this master 
thesis some limits are set. The focus is on modeling the hydro generation in France and thus 
modeling other parts of the system is secondary. 

 

1.3) Structure  

 

First in Chapter 2, a brief introduction to the electricity market and its players as well as an 
overview of the French electricity market are presented. Then in Chapter 3, the different 
approaches to the hydro model are presented. A deterministic model is first created based on 
dynamic programming. A number of assumptions and restrictions are identified and tested in 
this first model. The deterministic model is then developed into a stochastic model that takes 
into account the uncertainty of water inflows. Finally in Chapter 4, the conclusions of the master 
thesis and future work possibilities are presented. 
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2) System Planning 

2.1) Introduction 

 

Electricity is an asset that can be sold, bought or traded. The term “electricity market” refers in 
general to the organization of the electricity production and trading, emerged in most of the 
industrialized countries during the 90’s through a deregulation process.  

The analysis of the electricity market must take into account the special characteristics of the 
power system, such as: 

• Electricity cannot be stored in the same way as other goods. It can be stored in batteries 
or in the form of energy by pumping water into storages although storage possibilities 
are limited (water reservoirs have a limited capacity) and expensive (batteries). 

 
• Small disturbances can lead to major consequences in the power system. Frequency or 

voltage deviations can lead to cascading failures and thus to supply interruptions. 
 

• Losses are involved in transmission. Generation and transport of the electricity have to 
take them into consideration since losses occur on lines. 

 
These special characteristics condition the supply and demand and thus have enormous 
implications for the correct planning and operation of the market. The impossibility to store the 
electricity forces the production to match the consumption at any time. This requires a surplus 
of generating capacity since it has to meet the variability of the demand, outages in the 
generating units, transmission bottlenecks, etc. The existence of this margin is important since it 
is difficult for the demand to adjust its consumption instantaneously, so the adjustment is to be 
made on the production side to keep the equilibrium between production and consumption. The 
adjustment could also be done on the demand side, but currently the demand response is 
underdeveloped (1). The surplus of generating capacity is also very important since a lack of it 
could lead to instability in the system.  

Another characteristic of the electricity market is that the long life time cycles of the generation 
units causes that very different generating technologies are used at the same time. The price is 
set regardless of the fixed costs structure and the origin of the electricity. Many different types 
of units are used that can be divided into two general groups: the units with high fixed costs and 
low variable costs that are working almost all the time and the units with low fixed costs and 
high variable costs that do not have a continuous production. The price is usually set by the 
units with high variable costs and their production level depends on the low variable cost units.  

 

2.2) Planning horizons 

 

From an electricity producer’s point of view, the goal is to maximize the value of its assets 
during a certain period of time, while keeping the risk within certain limits. Depending on how 
far in the future the studied period is, different models need to be considered since the level of 
detail varies with the time horizon. For instance the day ahead planning for the production in a 
certain unit needs to be on a more detailed level than for longer time horizons (several years for 
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example). A common way of separating planning periods is to divide them into three major time 
horizons: short-term planning, medium-term planning and long-term planning (2), (3). The time 
horizons studied in each category can vary depending on the phenomena studied. The common 
time horizons considered in the analysis of the electricity market are presented as follows. 

Short-term horizon 

Short-term planning is of importance to producers when deciding which production units need 
to be started-up or shut-down. The short-term planning includes daily planning and weekly 
planning. The time horizons considered vary from 24 hours up to one week. As the time horizon 
considered involves forecasting in the near future a highly detailed model is needed. 
Uncertainties such as variation in the demand, weather or water inflow are lower since the 
forecasts are likely to be more accurate than for longer time horizons.  

For hydro power, the goal of the electricity producer is to plan the discharge and evolution of 
the water reservoir according to electricity price variations induced by the variations in the 
demand during the day and the week. This planning is prepared close to the period it will be 
used so the uncertainty of variables such as the water inflow are lower than for longer time 
horizons. 

Medium-term horizon 

This time horizon is of interest since most of the variables considered have a seasonal 
dependence: higher demand during the winter, higher inflows during the spring, etc. The 
medium-term planning includes seasonally planning and yearly planning. The time horizons 
considered vary from 3 months up to 12 months.  

For hydro power, the goal of the producer is to make a decision on how much water will be 
stored in the reservoir and how much water will be discharged for production of electricity 
according to seasonal variations of electricity prices. This planning is mostly affected by the 
uncertainty on the inflows and demand. 

 
Figure 1: Planning horizons for different production units 

Figure 1 shows how the different generation technologies are considered in the short- and mid-
term horizons (2). Conventional thermal generation is optimized short-term, whereas hydro 
power is optimized mid-term since it is very dependent on seasonal inflows. Planning of other 
renewables such as wind power and solar power is done short term since they are dependent on 
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weather conditions (accurate weather forecasts available only short term) whereas planning for 
nuclear power is done mid-term since the planned outages are decided according to seasonal 
electricity price variations. 

Long-term horizon 

The time horizons considered for the long-term planning vary from 2 years up to 30 years. Such 
long time horizons are usually used to plan water saving policies in the big reservoirs (up to 2-3 
years) or for long-term strategic decisions (up to 30 years). Long-term strategic decisions can 
involve investments such as buying or building a power plant, entering a new market, grid 
expansion, etc. but can also involve de-investments. 

For hydro power, long term planning determines water savings from one year to another. This 
planning involves big reservoirs and is mostly affected by a higher uncertainty on the inflows as 
well as the uncertainty of fuel prices. 

A summary of the time horizons (2), their uses and the data the analysis are based on can be 
found in Table 1. 

Horizon Short-term Mid-term Long-term 

Time 24 hours- 1 week 3-12 months 2-30 years 
Analysis Weather forecasts Probabilistic 

representation 
Scenario based 

Results used for Hourly schedules for 
plants, spot bids 

Planning of outages, 
generation schedules 

Investment, de-
investment plans 

Table 1: Summary of planning horizons 

 

2.3) The electricity market 

 

In order to be able to do a planning that will maximize the value of an electricity producer’s 
assets the structure of the electricity market must be understood. An electricity market consists 
of various players with different roles which will be first described shortly. A player does not 
only have one single function in the electricity market, usually each company or authority 
appears in several of these roles. The combination of roles and companies can vary from market 
to market.  

Players of an electricity market (3) 

Producers and consumers  

The producers in the electricity market are the players that own and operate power plants. The 
consumers are the players that consume electricity. Producers and consumers have to pay to be 
connected to the grid and the consumers also have to pay the producers for their electricity 
consumption (and will also pay direct or indirectly for the losses during transmission). 

Generating electricity involves large economic investments and this is one of the reasons why 
there are usually few large electricity producers in electricity markets. Consumers on the other 
hand are many more in number.   
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Retailers 

End-user consumers are sometimes considered too small to purchase electricity from the big 
producers. When this occurs, consumers can turn to retailers in order to buy electricity. Retailers 
can be the link between the producers and consumers; they buy electricity from producers and 
resell it to the consumers.  

System operator 

In the electricity market an actor is needed to maintain safe operation, coordinate and 
administrated the electricity trading. This actor is usually called the system operator also 
referred to as TSO (Transmission System Operator) or ISO (Independent System Operator).  
The government usually has ownership of the whole or parts of the system operator. The 
activity of the TSO is limited by rules and regulations because it can have a large influence on 
the electricity market; if the system operator is also a retailer it could favor its self, which is not 
accepted. The system operator is usually the grid owner which makes it a consumer in the 
electricity market since it has to compensate for the losses on the lines. One electricity market 
can have several system operators for example every country in the Nordic system has their own 
system operator even though they have a common electricity market (Nordpool).   

Balance responsible 

The exact amount of power that will be consumed and produced can never be known 
beforehand. The energy that is actually transferred by the grid can deviate from the plans of the 
actors involved. By the actions of a system operator and automatic control systems this 
deviation is compensated for in the physical system. Although the compensation in the electrical 
trading system remains so that the actors that have supplied energy get paid and those who have 
consumed pay. The actors that are responsible for keeping these financial balances are called 
balance responsible players and all users must have a balance responsible. If the end-user is not 
balance responsible itself, the power provider (retailer or producer) is normally responsible. The 
power provider is usually balance responsible itself but can as well buy this service form 
another market actor. The balance responsible players will also require a payment since there is 
a cost for being balance responsible.  

Grid owners  

Once the electricity is produced it needs to be delivered to the consumers. This is usually done 
in two stages, first the high voltage transmission from power plants to local substations and then 
distribution to end-users through a medium- or low-voltage network. The transmission and 
distribution of electricity is done by the grid owners. It is not appropriate to have a competitive 
market for this because there is a natural-monopoly. In other words building transmission lines 
are so costly that it would not be beneficial to society to have competitive actors in this area. 
Building parallel transmission lines is also more costly than competing for the grids with price 
pressing. The grid owner is responsible to maintain the grid as well as to provide a sufficient 
power quality. Its responsibility also involves measuring the production and consumption in 
order to compensate for the grid losses. The grid owner uses grid tariffs in order to cover the 
costs of the losses. It is common to regulate the grid tariffs so that the grid owners do not use 
market power. This regulation is usually cost-based or performance-based. 
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Trading of Electricity 

Trading electricity using a common power system is the only way for a large group of 
consumers to buy electricity from a large group of producers. The objective of the electricity 
trading system is that all the consumers pay for the amount of electricity they have consumed 
and at the same time all the producers get paid for their generation. 

There are several ways to organize the electricity trading (3):  

• The old vertically integrated market where the consumers must buy the electricity from 
the local power company.  

• Centralized electricity market where all the players interact through a power pool. A 
power pool provides a market where different actors can buy or sell electrical energy. 
The power pool is the counterparty in all trades and guarantees their settlement. In a 
centralized electricity market, the producers have to sell the electricity to the power pool 
and the consumers must buy their electricity from the same power pool. The power pool 
is managed by the system operator, the producers submit their sales bids to the pool 
while the consumers submit purchase bids to the pool. In case the consumers do not 
submit bids, the system operator has to forecast the consumption and buy the forecasted 
amount of power from the pool (the system operator acts as retailer for the consumers). 
An example of a centralized market is New Zealand’s electricity market. 

• Bilateral electricity market where the players can also interact through the power pool 
but may also trade among each other. 

The old vertically integrated market does not exist anymore in the European Union since the 
electricity market has been liberalized through a deregulation process. A certain number of 
common rules for the internal market in electricity are stated in the European Union Directive 
concerning electricity market (4). The goals of this directive are to obtain price reductions for 
the system, increase competition and increase the standards of the service. A certain number of 
rules regarding the different players of the market are set (4). 

Transmission System Operator 

When the transmission system operator is part of an enterprise, it shall be independent from all 
other activities not related to transmission in terms of organization and decision making. This 
does not mean that the enterprise has the obligation to separate its transmission business from 
all the other businesses. The Transmission System Operator guarantees the continuity and 
security of electricity supply and proper coordination between the production and the 
transportation system, practicing its functions under the principles of transparency, objectivity 
and independence. 

Regarding the internal accounting, separate accounts for transmission activities and other 
electricity activities must be kept as they would do if they were different companies.  

Distribution System Operator 

The distribution system operator guarantees a secure and reliable distribution system in its area, 
practicing its functions under the principles of transparency, objectivity and independence. 
Same rules regarding independence and accounting apply for distribution system operator.  
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The European directive allows nonetheless the existence of a combined transmission and 
distribution operator that does not need to make the distribution business independent from the 
transmission business. If the transmission and distribution operator is part of an enterprise, it 
still has to be independent from all other activities not related to transmission or distribution. 

Now that an overview of the electricity market structure has been given, the mechanisms of the 
actual trading process need to be understood. As the power system is partly operated by 
automatic control the day is divided in trading periods (3). The duration of these periods can be 
chosen arbitrarily but the most common duration is one hour or half – hour. 

 

 

Figure 2: Electricity Trading 

The trading is divided into three steps that can also be seen in Figure 2 (5). 

The ahead trading (Spot and Intraday markets): the ahead trading refers to all kinds of trading 
performed before the actual trading period. Different kinds of agreements can be done, from 
long term contracts for several trading periods to short term contracts for only a single trading 
period. 

The bilateral trading where two players directly agree on the amount of power they are going to 
trade is the first type of ahead trading. The agreement must be reported to the system operator so 
that it can be accounted in the balances of the post trading market. This bilateral trading is 
obviously not possible in a centralized electricity market. The contract specifies the price of the 
electricity which can be fixed for the duration of the agreement or variable (dependent on the 
price at the exchange). Long-term contracts can be complemented with short-term contracts 
(such as placing bids in the hourly market) in order to adapt to the circumstances.   

The financial trading is another type of ahead trading. It is also a bilateral agreement between 
two players but does not have to be reported to the system operator. It offers the possibility to 
get price insurances. Standard contracts as options and futures are used, but several other kinds 
of agreements can be done. 

Submitting bids to the power exchange is the last type of ahead trading. The players can submit, 
purchase or sell bids to the power exchange. Bids can be valid for one or several trading 
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periods. Usually the power exchange works with a price cross: the purchase bids are arranged 
according to descending willingness to pay (creating a demand curve) and the sell bids are 
arranged according to ascending request price (creating a supply curve). The price is then 
determined by the intersection between the supply and demand curves. All the bids to the left of 
the price cross are accepted and receive electricity at a common price which is determined by 
the intersection, as shown in Figure 3. 

 
Figure 3: Supply and demand curve 

-Real-time Trading (Balance Regulation): The real time trading refers to the trading performed 
during the actual trading period. As large amounts of electricity are not stored, the system 
operator must sometimes adjust production and consumption in order to maintain safe operation 
of the system. This is performed through activating bids. 

Two different types of bids can be submitted to the real-time balancing market and activated by 
the system operator. The down-regulation bids are activated when the system is supplied with 
more energy than needed. In order to compensate this imbalance a producer can decrease its 
production or a consumer can increase its consumption. The up-regulation bids are activated 
when the system is supplied with less energy than needed. In order to compensate this 
imbalance a producer can increase its production or a consumer can decrease its consumption. 

-Post trading (Balance Settlement): The post trading refers to the balance performed after the 
actual trading period. The system operator measures how much the balance responsible and its 
clients have produced and consumed. There will be a deviation between extracted and supplied 
energy which needs to be settled. The players that are balance responsible must buy or sell 
imbalance to the system operator to achieve balance.  

 

2.4) Overview on France  

 
The planning of a system is not only dependent on how the relations between the players of the 
market are organized or regulated but is also dependent on the particularities of the system such 
as the production mix and number of producers presents in the country. Since the country of 
interest is France, the particularities of its market need to be studied. 
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French market overview 

The total electricity production in France is around 550 TWh per year (6). In 2008, the total 
production was 574,9 TWh and the total installed capacity was 125 GW (7). 

 

Figure 4: Electricity production in France by source (2008) 

Following the same pattern as in past years, most of the electricity is generated in nuclear plants 
(Figure 4 and Figure 5). Hydro is the second largest source of electricity and its production 
accounts for approximately the conventional thermal power plants (coal, oil and gas).The 
production from other renewable sources such as wind power and solar power has increased in 
the past 10 years but remains significantly lower than any other source (8).  

 

Figure 5: Historical electricity production in France by source (TWh) 

 

Overview of cross-border electric power flows in France 

 

When taking a look at the cross border flows of France, one can see that the French 
transmission grid is interconnected to the Continental European Synchronous area (former 
UCTE grid) as well as the British synchronous area by means of 41 interconnection lines (9), 5 
with Belgium, 6 with Germany, 13 with Switzerland, 7 with Italy, 6 with Spain, 4 HVDC with 
Great Britain. The overview of these interconnections is shown in the figure below (Figure 6) 
where the exchanges in the French borders are also shown for 2007. France exports a 
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considerable amount of electricity (10), and for the period 2002-2007 exported an average of 89 
TWh per year and imported an average of 26,2 TWh per year. 

 
Figure 6: Exports and Imports of electricity in France (2007) (10) 

 

Two of the countries that France is interconnected to are already included in the model 
(Belgium and Germany). The corner with France – Italy – Switzerland is of special interest 
since France exports a considerable amount of base-load power directly to Italy, where prices 
are very high. France also exports a lot of power to Italy indirectly, passing through 
Switzerland. The flows with France and Italy are of importance since their magnitude can 
influence all the other power flows in the countries already modeled.  

French market deregulation 

The electricity market has historically been a monopoly in France controlled by the state-owned 
company EDF (Électricité de France). Following the European directives on deregulation of the 
electricity market (1996-2003), the French electricity market has been opened for other actors. 
In 2000, an independent regulator Comission de Régulation de l’Energie (CRE) was created, 
and the transmission system operator Réseau de transport d’électricité (RTE) became 
independent with respect to EDF, one year later an electricity exchange (POWERNEXT) was 
created in France. In 2004, RTE obtained legal independence and EDF turned into a limited 
liability company, which marked the end of the deregulation process. The current share of the 
total installed capacity per company (10) is shown in the following figure (Figure 7). 
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Figure 7: Share of generation capacity per company (10) 

Despite the deregulation process, EDF owns most of the installed capacity in France, is owner 
of the TSO and is also a DSO, it supplies 95% of the customer sites (11). EDF is currently being 
investigated for abuse of dominant position by the European commission (12). 
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3) Optimization 

3.1) Preamble 

3.1.1) Problem description 

When modeling the power plants of a system, one has to consider the special characteristics of 
the technology used. Fuelled power plants can be described by parameters such as installed 
capacity, availability, type of fuel, etc. Given a software tool such as PLEXOS, modeling a 
thermal power plant basically consists of feeding in the parameters of the plant. How accurate 
the model of the power plant will be depends on the quality of the information regarding the 
parameters as well as the number of parameters used to model the plant. PLEXOS Energy 
Exemplar is a simulation tool that uses data handling, mathematical programming and stochastic 
optimization techniques in order to calculate values such as plants dispatch, fuel consumptions 
and flows. It provides a framework for power market analysis. It is one of the tools used in the 
LPP-process for continental Europe. 

When dealing with non fuelled power plants such as wind turbines and solar cells, their 
modeling is more complicated since production levels in these power plants are dependent on 
the availability of the energy source (wind, sun). Although fuelled power plants also have 
uncertainties such as downtime, the uncertainty regarding the availability of an energy source 
like the wind or the sun is much higher, especially when considering long-term approaches. 
This makes the modeling of such power plants of other nature. 

Although hydro power plants are considered as non fuelled power plants, the existence of a 
reservoir makes their modeling a special case. Water can be stored in reservoir and sold in 
future time periods. The stored water has a value (opportunity cost) which indicates the value of 
storing water and using it in future periods. The water value has a seasonal dependency as well 
as a reservoir content dependency. One can argue that the water value can be entered as a 
parameter, but due to its dependencies on other variables it requires further studies. 

Due to the magnitude of the installed hydro capacity, the hydro power modeling cannot be 
ignored or modeled in a too simple way. Doing a more detailed model for hydro power could 
improve significantly the current model of France. Currently the hydro model developed in 
PLEXOS for France is purely deterministic while water inflows have a stochastic component. It 
would thus be interesting to study the possibility to introduce stochastic properties in the model.  

 

3.1.2) Background 

The hydro model for France will be built based on Dynamic Programming so a short 
introduction to this mathematical tool is given first. 

In mathematics and computer science Dynamic Programming deals with sequential decision 
process. It is a method to solve complex problems that can be broken down into a sequence of 
simpler sub-problems over time (13), (14). At each point in time at which a decision can be 
made, a decision is chosen from a set of alternatives which are usually dependent on the current 
state of the system.  The action taken will create a cost and a transition to a new state of the 
system. The new state of the system will depend on the previous system state and the decision 
taken.   
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Breaking the problem into a sequence of sub-problems is usually performed by introducing a 
sequence of value functions ��(�), where � represents the time point and � the system state. The 
value functions can be calculated using a dynamic regression based on a Bellman equation (13). 

 A Bellman equation contains the value of a decision problem at each point in time in terms of 
the action taken in the point of the time and the remaining decision problem resulting from the 
action taken. As described in Bellman’s principle of optimality, the set of value function breaks 
down the initial problem into a sequence of simpler sub-problems. 

Dynamic programming problems can be classified according to different parameters (14) such 
as times when decisions are taken (discrete or continuous problems), length of the problem 
horizon (infinite of finite problems) but they are mainly classified according to the sequential 
decision process as deterministic or stochastic problems. A problem is stochastic when the 
variables involved in the decision making process have a certain uncertainty whereas a problem 
is deterministic when the variables involved in the decision making process are known. 

 

3.2) Deterministic approach 

3.2.1) Modeling  

In this first approach, the inflows to the reservoir for the period studied will be considered as 
known. Knowing the storage in the reservoir at the beginning of current time � = ��, the 
problem then is to determine the optimal hydro production for the following times � =��, �
, ��, ��, … , �. The time step is usually a month or a week and for simplicity the times will be 
noted as � = 1,2,3,4, … , �. 

Some general assumptions will be considered through all the hydro modeling process. Particular 
assumptions will be considered for each model and modified from one model to another. The 
general assumptions are: 

• It is assumed that all the water reservoirs are aggregated into one. Dividing the system 
in more than one reservoir increases the dimension of the problem for dynamic 
programming (13). It also requires data that is not possible to obtain such as inflows for 
different regions of the system. 
 

• Pumping will not be considered although it could be considered as negative hydro 
production.  
 

• Operating costs are considered equal to fuel costs (the prices of the CO2 emission 
allowances are included). They are calculated as shown in Appendix A. 
 

• The generating units are aggregated in the merit order curve by type of fuel used. 
 

• The installed capacity of the unit with the highest short-term marginal cost is considered 
very large. 

Suppose the system consists of � thermal power plants ordered in merit according to increasing 
unit fuel cost (cost of produced MWh) and that the power plants have to cover a demand �� 
variable in time. The problem is then to minimize the total fuel costs (�)  
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Assuming that the fuel costs for each unit � at time � is noted ��� and that the production in the 

corresponding unit is ���, the total fuel costs for period � are: 

�� = � ������
�

���    (3.1) 

The total thermal production has to meet the demand, i.e.: 

� ���
�

��� = ��   (3.2) 

This thermal problem is more complex in reality since it should take into account start-up costs 
for the thermal units, minimum up- and down-time, losses in transmission etc. but the simplified 
problem described by equation (3.1) subject to (3.2) retains the main characteristics of a purely 
thermal scheduling problem: the problem is decoupled in time and the generating units have 
direct costs (15). The problem is decoupled in time since the operating decision in time � does 
not affect the operating decision in any other time. The generating units have direct costs since 
their output does not depend on the production in other units.  

A purely thermal problem as the one described above can easily be solved with a linear 
programming algorithm. 

When introducing hydro power plants, the problem changes significantly. Hydro power plants 
can use the limited energy from their reservoirs to meet demand, reducing the fuel costs. The 
limited nature of the energy from the reservoirs creates a time dependency in the problem. In 
contrast with purely thermal system, hydrothermal systems are coupled in time, i.e. a decision 
made at any given time affects future operating costs. 

The problem for a certain period � is then to minimize the sum of total immediate fuel costs 

(∑ ���������� ) and resulting future costs (�� �). These are the costs from the system’s perspective. 

�� = � ������
�

��� + �� �  (3.3) 

The minimizing problem is subject to a number of constraints. As already seen in equation 
(3.2), the generation has to meet the demand. The generation now has to be split into thermal 
generation and hydro generation ("�), transforming constraint (3.2) into: 

� ���
�

��� + "� = ��    (3.4) 

The hydro balance has to be maintained, i.e. the energy content of the reservoir (�� �) at the 
end of a certain time � is equal to the reservoir content in the beginning of the time step (��) 
plus the inflows to the reservoir (#�) minus the hydro production ("�) and spillage ($�) 
between the previous time step and the current time step. 

�� � = �� + #� − "� − $�   (3.5) 
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The power output in each thermal plant � is limited by its availability ��'( . The total energy that 
can be stored in the reservoir is limited by its capacity ). Spillage can only take positive values. 

Based on the previous considerations, the scheduling problem for a hydrothermal system can 
mathematically be expressed as: 

min �� = � ������
�

��� + �� �         (3.6) 

Subject to 

� ���
�

��� + "� = ��               (3.7) 

�� � = �� + #� − "� − $�       (3.8) 

0 ≤ ��� ≤ ��'(                   (3.9) 

0 ≤ �� ≤ )                  (3.10) 

$�, "� ≥ 0        (3.11) 

where: 

-��� is the production level of each thermal power plant � at time � (MWh), � = 1. . � , � = 1. . �. 

-���  is the cost for each thermal power plant � at time � (EUR/MWh), � = 1. . �, � = 1. . �. 

- "�  is the hydro production during each period � (MWh), � = 1. . �. 

- �� is the demand during each period � (MWh), � = 1. . �. 

- #� is the inflow to the reservoir during period � (MWh), � = 1. . �. 

- �� is the energy content of the reservoir at the beginning of period � (MWh), � = 1. . �. 

- $� is the spillage from reservoir during period � (MWh), � = 1. . �. 

-��'(  is the availability of each thermal power plant � at time � (MWh), � = 1. . � , � = 1. . � 

- ) is the capacity of the reservoir (MWh) 

The above problem cannot be solved with a linear programming (LP) algorithm unless the costs 
function �� � is known and has a linear dependence with the rest of the variables. Using 
Dynamic Programming, the problem can be transformed into a sequence of sub problems 
organized in stages where each stage is a time period (13), (14). The most important part of this 
method is that the decision at a given stage cannot be made in isolation, since the optimal 
decision has to optimize the objective function according to the prior stages (forwards 
programming) or future stages (backwards programming).  

When using backwards programming the decision in stage � is taken according to the solution 
of stage � + 1 which is already known in stage �. The decisions for the different stages are then 
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calculated for the times t = T − 1, T − 2, T − 3, … ,1. In the same way, when using  forwards 
programming the decision in stage t is taken according to the solution of stage � − 1 which is 
already known in stage �. The decisions for the different stages are then calculated for the times t = 1,2,3,4, … , T.    

The state variable for this problem is the reservoir energy content (��) and the decision variables 
are the hydro production and the spillage ("� , $�). The solution to the above problem is then a set 
of optimal decisions 6("�∗ , $�∗), ("
∗ , $
∗), ("�∗ , $�∗), … ("8∗ , $8∗ )9. 

Let’s denote :�(��) the sub problem that comprises the periods �, � + 1, � + 2 … �. The solution 
to the problem is then an optimal policy 6("�∗, $�∗), ("� �∗ , $� �∗ ), … ("8∗ , $8∗ )9. The minimum cost 
for the problem, associated to the optimal policy is denoted ��∗(��). Note that both the minimum 
cost and the optimal policy depend on the initial state.  

The function ��∗ (1 ≤ � ≤ �) is the so-called future costs function and it is assumed that: 

 �8 �∗ (�8 �) = 0      (3.12) 

As it is considered that there will not be any future costs after time T. 

Based on (3.5), the optimal storage in � + 1 can be calculated as: 

�∗� � = �� + #� − "∗� − $∗�              (3.13)       
A solution to the sub problem :� �(�� �) is then 6("� �∗ , $� �∗ ), ("� 
∗ , $� 
∗ ), … ("8∗ , $8∗ )9, with 
initial state �� � and cost �� �∗ (�� �), which leads to Bellman’s equation (13): 

��∗(��) =  � �����(�� , "∗�)�
��� + �� �∗ (�∗� �)

= min;< =� �����(�� , "�) + �� �∗ (�� + #� − "� − $�)�
��� >             (3.14) 

Equation (3.14) connects two successive value functions and allows calculating ��∗ when �� �∗  is 
known. 

Equation (3.14) can be presented as: 

��∗(��) = min;< 6�ℎ@ABCD�E$�$(�� , "�) + �� �∗ (�� + #� − "� − $�)9          (3.15) 

The thermal costs are calculated with the help of the merit order curve which ranges the 
production units from the least expensive to the most expensive. The merit order curve is 
denoted F. When F is known the thermal costs can be calculated as: 

�ℎ@ABCD�E$�$ = G F(�) �� = −HIJKI
L G F(KI

HI
�� − ") �"      (3.16)  

The spillage $� is zero as long as �� � does not exceed the total storage capacity. Thus it is not 
of interest to study the variation of the future costs against the spillage. When the value of �� � 
exceeds the total storage capacity then the study of the variation of the future costs against the 
spillage is not of interest since the water value is constantly zero (there is no benefit from saving 



18 

 

more water since it cannot be stored). This is the reason to study the variation of the above 
functions with respect to "� and not with respect to $�. 

In order to minimize expression (3.15), the argument is differentiated with respect to "� and set 
equal to 0. 

F(�� − "�) − �� �∗ M(�� + #� − "� − $�) = 0    (3.17) 

Equation (3.17) plays a central role when determining the optimal scheduling of hydrothermal 
systems. In a given stage � with a reservoir content of ��, the optimal hydro production is given 
by the intersection between the merit order curve and the water value curve that is the obtained 
by differentiating the future costs function. The future costs function is expressed as a function 
of �� � and thus for practical reasons it is simpler to differentiate it against �� � than against "�. 
With the above explanations: 

��� ��"� = − ��� ���� �   (3.18) 

From now on the differentiation of �� � against �� � will be noted �M. Equation (3.17) can be 
then rewritten as: 

F(�� − "�) + �� �∗ M(�� + #� − "� − $�) = 0    (3.19) 

Equation (3.19) results from the optimization problem (3.3). 

Calculation of the future costs function 

The future costs function needs to be calculated for each time stage �. This is done by a dynamic 
programming recursion (13). 

First, a set of system states is defined for each time stage �. The reservoir content is chosen as 
system state and the set of system states is then defined as a set of discrete values for the energy 
content of the reservoir. A set of system states with three discrete values can for example be: 
100%, 50%, 0% of the total reservoir energy content. 

The recursion is initiated in � = � where future costs are assumed to be zero. For each of the 
values in the set of system states, equation (3.19) is solved and an optimal hydro production ("∗) 
is obtained.  

The future costs associated at this reservoir energy content and the hydro production obtained 
have to be calculated as the sum of the thermal costs and the future costs (these are zero for � = �). This is illustrated in Figure 8.  After completing the calculations for all the system states 
in stage T, the future costs function is known for � = � by interpolation between the obtained 
points. 

This procedure is repeated through the stages � = � − 1, � − 2, … ,1. For each system state in 
each time stage, equation (3.19) is solved since the future costs function is already known from 
previous stage calculations. The procedure for a general � is illustrated by Figure 8. 
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Figure 8: Future costs calculation for a generic t 

For each time period solved, the future costs (�) are known for discrete values of the reservoir 
energy content. This will cause a constant derivative (�M) between two successive discrete 
values of the reservoir energy content and thus a discontinuity in the derivative for those values, 
as shown in the following figure (Figure 9).  

 
Figure 9: Discontinuity when differentiating future costs function 

For a given discrete state of the system �N, there are two possible outcomes for the value of �M: 
−�MO�NP = − �O�NJ�P − �(�N)�NJ� − �N    (3.20) 

or  
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−�MO�NP = − �O�NP − �(�N �)�N − �N �    (3.21) 

It is possible that both possible values of �M are equal but they will not be for a general case. 
One has then to decide which derivative is to be chosen systematically.  

Solution space 

When studying equation (3.19) one has to consider that  "� might not exist in the solution space. 
When this occurs, three different situations can be identified: 

Case 1: 

If  −�� �∗ M < F for every "� in the solution space equation (3.19) does not have a solution. Even 
though solution to equation (3.19) does not exist, a minimum for �� exists in the considered 
interval and is reached for the optimal hydro production. It is optimal to produce as much hydro 
power as possible during this time period (the total reservoir energy content plus inflow during 
the time period considered or a lower value given by constraints) since the water value is lower 
than any marginal cost of the thermal units,. 

Case 2: 

If  −�� �∗ M > F for every "� in the solution space, i.e. the water value is higher than any 
marginal cost of the thermal units, then it is optimal not to produce any hydro power during this 
time period ("� = 0). 

Case 3: 

If a hydro production "�L fulfills F < −�� �∗ M but for any given S, S > 0 it can be shown that for 

a hydro production of "� = "�L + S F > �� �∗ M, then a solution to equation (3.19) cannot be 

calculated. The optimal hydro production is then  "�L since for  S > 0 C��  "� = "�L − S, 

F > −�� �∗ M , the water value is lower than the marginal cost of the last thermal unit used and 

thus it is optimal to increase the hydro production. At the same time, for "� = "�L + S, F <−�� �∗ M, the water value is then higher than the marginal cost of the last thermal unit used and 

thus it is optimal to decrease the hydro production. The optimal is then to produce "�L. 

 Price setting 

The electricity price is set by the last unit used (the unit with the higher short term marginal cost 
of the units used). When a solution to equation (3.19) is found, the price given by the merit 
order curve and by the water value curve is the same and equal to the electricity price.  

In the three cases mentioned before, for the optimal hydro production the price yield by the 
merit order curve is not equal to the price yield by the water value curve and therefore an 
electricity price has to be chosen. 

For case 1, the water value curve is under the merit order curve and an intersection is not 
obtained. The electricity price (T) has to be given by the unit with the highest short-term 
marginal cost used and is then obtained from the merit order curve for a total production equal 
to the demand minus the hydro production. 
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For case 2, the water value curve is over the merit order curve and an intersection is not 
obtained.  The electricity price (T) also has to be given by the unit with the highest short-term 
marginal cost used and is then obtained from the merit order curve for a total production equal 
to demand since the hydro is not used. 

For cases 1 and 2, the electricity price is then given by the merit order curve as shown in the 
following figure (Figure 10). 

 

Figure 10: Price setting in case 1 and 2 

Case 3 is caused by discontinuities in the merit order curve or in the water value curve (or in 
both of them) as shown in Figure 11. In such situations, the electricity price is given by the 
maximum between the price given by the merit order curve and the price given by the water 
value curve. 
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Figure 11: Price setting for case 3 

Forwards and backwards simulation 

As mentioned before the stages in dynamic programming can be linked backwards or forwards. 
In order to calculate the future costs function backwards dynamic programming was used. 
Formally the future costs function should be calculated backwards from � = � to � = 2, and 
then, knowing the storage level in � = 1 and the water value curves for � > 1 (they were 
calculated in the backwards simulation). The successive reservoir energy contents are now 
obtained by solving the original problem with forward dynamic programming. 

When taking a close look at how both problems are solved when dealing with deterministic 
water inflows and high level of discretization, one can see that solving the problem forwards is 
almost the same as solving it backwards. In order to save computing time, one can calculate the 
future costs function backwards from � = � to � = 1 while storing the optimal hydro production 
for every system state and time stage and then obtain the evolution of the reservoir content from 
the hydro production for the different states without running the forward simulation. 

3.2.2) Base model 

In this first approach besides the general assumption described previously, a number of 
particular assumptions are made. The aim is to start from the easiest model possible and then 



23 

 

add as many details as necessary to obtain a good hydro model. The following simplifications 
are made: 

• It is assumed that all the inflow is “regulated inflow”, i.e. is managed by the reservoir. 
The total inflow to the system is calculated per month as: ��UDE# = �E��@�� �CA�C��E� EU �ℎ@ A@$@A�E�A + ℎ��AE TAE�"���E�− @�@AF� "$@� UEA T"BTCF@ 

• There are no limits for the hydro production, i.e. no lower or upper discharge limits for 
this first approach. 

• Regarding the reservoir energy contents, no restrictions other than the total storage 
capacity are considered.  

• Future costs are considered 0 for � > �. 

• For the merit order curve, a constant price for each type of unit is assumed. 

• Fuel prices correspond to historical fuel prices. 

•  The capacity of each type of unit corresponds to the historical generation of each type 
of unit during the period studied.   

• The load is equal to the internal demand. 

• The load is constant during the month and equal to the average load during that month. 

Case study 

With the above assumptions, data is collected for the period January 2007-April 2010 and a 
simulation of the system is performed. In order to illustrate the process of obtaining the optimal 
hydro production for a given state of the system at a given time stage, a particular case is further 
inspected. The set of states for the system is represented by the energy content of the reservoir 
as a percentage of the total energy capacity of the reservoir. The set of states is for each time 
stage a vector containing all the values between 0% and 100% with a step of 1%. The time step 
between stages is one month. 

For � = 22 (i.e October 2008), the merit order curve obtained from the data is shown in Figure 
12, the vertical line shows the demand for that month (42839 GWh). 
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Figure 12: Merit order curve for October 2008 

The water value is obtained by taking the derivative of the value function for � = 23, which is 
given in Figure 13. 

 

Figure 13: Water value curve for October 2008 

  
 

Now for each possible reservoir energy content in � = 22, the optimal water production is given 
by the intersection between the water value curve and the merit order curve. For a reservoir 
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energy content of 38% in October 2008, the optimal water production is given by the 
intersection shown in Figure 14 (Hydro production:  4767 GWh): 

 
Figure 14: Optimal hydro production 

A more detailed example on how the calculations are performed is shown for a small test 

system in Appendix C. 

Results 

For the period under study (January 2007-April 2010), the optimal water production for each 
possible reservoir energy content is computed and stored. Then, knowing the historical reservoir 
energy content in January 2007 and the inflows series, the evolution of the reservoir energy 
content can be computed and studied.  

The results for the reservoir energy contents are given by the curve in Figure 15. 
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Figure 15: Reservoir levels Jan 2007-Apr 2010 

As it can be seen from the graph above (Figure 15), the forecast is not similar to the historical 
evolution of the reservoir energy content. Many of the assumptions made may have simplified 
the model too much so that the optimal hydro production level is always estimated in the price 
jump between gas and oil. Another consequence of the simplifications is that as much water as 
possible is saved for high fuel prices periods. When the evolution of the reservoir energy 
contents are compared to the marginal costs for the thermal units (see Figure 16), one can see 
that water is discharged at high fuel prices and saved when prices are lower. 

 
Figure 16: Marginal costs Jan 2007- Apr 2010 
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3.2.3) Load modeling 

In order to improve the model, some of the particular assumptions must be reconsidered. The 
most unrealistic assumption is the constant load during one month. The special characteristics of 
hydro power plants allow them to produce electricity during peak hours, when the electricity 
price is higher, and not produce during low load hours when the price is lower. An improvement 
in the hydro model can be made by considering variations of the load so that high load periods 
and low load periods can be identified.  

One way of accomplishing this is to study the load duration curves for each month and split the 
month into four time periods: high load, medium-high load, medium load, low load. The load is 
modeled so that high load is the first period in the month, followed by medium-high load, 
medium load and low load. In Figure 17 an example of load duration curve and its model is 
shown. 

 
Figure 17: Load duration curve and load duration curve model for May 2007 

 
An inflow is needed for each time period. Since the data for the water inflow to the system is 
given monthly it is assumed that the water inflow during each time period of the month is 
proportional to the number of hours considered in the period. The inflow will then be given by: 
 

V�UDE# = BE��ℎD� ��UDE#ℎE"A$ �� �ℎ@ BE��ℎ ∗ ℎE"A$ �� �ℎ@ ��B@ T@A�E� 

Results 

With this new assumption (i.e. split of the load into 4 time periods per month), the evolution of 
the energy contents of the reservoir obtained from the deterministic dynamic simulation are 
presented in Figure 18.  
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Figure 18: Reservoir energy content level Jan 2007-Apr 2010 

 
As can be seen from Figure 18, the forecasted evolution follows the historical profile but has 
much higher peaks due to the lack of restrictions in the model such as installed capacity, 
minimum hydro production, minimum or maximum reservoir contents.  

Observing the shape of the curves in Figure 12 and Figure 13, it could be possible to get 
multiple solutions for the intersection between the water value curve and the merit order curve 
and lead to different evolution curves for energy contents all of them being optimal, i.e. having 
the same value for the objective function. This effect can be observed in Figure 19. 
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Figure 19: Multi solution for reservoir energy content Jan 2007- Apr 2010 

The above figure (Figure 19) presents three different optimal evolutions of reservoir energy 
contents. As mentioned before for certain time periods it is possible to obtain multiple solutions 
to equation (3.19). This is illustrated in Figure 20. 

 
Figure 20: Optimal hydro production October 2008 

For � = 4, an energy content of the reservoir of 8271.9 GWh and a demand of 15254.3 GWh, 
any hydro production between 0 GWh (observe that the whole demand can be covered by the 
nuclear production units) and 8244.3 GWh is an optimal policy for hydro production. 
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The multi solution problem comes from the fact that for the set of data used to run the 
simulation, the nuclear production can cover the whole load for many periods between � = 1 
and � = 40. When looking at the historical spot prices for the corresponding hours between � = 1 and � = 40 it is clear that the nuclear power is not setting the price all the time and thus 
one of the assumptions regarding production or demand is too unrealistic. When taking a closer 
look to the load, one can note that imports and exports of electricity cannot be ignored when 
modeling the load. Due to problems to get data on cross border exchanges for all the periods 
needed, a new assumption has to be taken to include the effect of the cross-border exchanges in 
the load: 

• the demand is calculated by summing historical production of the French power plants 
(provided by RTE (10)): �C��E�CD TAE�"���E� = ���@A�CD DEC� + @�TEA�$ − �BTEA�$ = �@BC�� 

Another particular assumption that must be reviewed is the assumption regarding fuel prices. 
Using historical prices can lead to an over-optimized solution and is not a realistic assumption 
when looking from a forecasting point of view. One way of improving the fuel price data from a 
forecasting perspective is to use prices from the futures market as they were in the beginning of 
the studied period i.e. January 2007. One of the drawbacks of using prices from the futures 
market is that these prices do not contain enough information about correlations and price 
uncertainty. An example of correlation is the correlation that exists between fuel price variation 
and electricity consumption according to various studies (16), (17).  The new assumption is 
then: 

• Fuel prices are equal to the forward prices from futures market as they were in January 
2007. 

The forward prices for the studied period are shown in Figure 21. 

 
Figure 21: Generation costs by fuel used type forward prices from January 2007 

With the two assumptions for the data the model is run and the results are studied. 
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Figure 22: Reservoir energy content level Jan 2007-Apr 2010 

When the new forecasted evolution in Figure 22 is compared to the previous forecasted 
evolution in Figure 18 it can be observed that the previous forecasted evolution had more 
fluctuations for years 2007 and 2008 and also that the evolution for 2007, 2008 and 2009 was 
similar whereas for the new forecasted evolution there is a clear difference between 2009 and 
the other years. In addition the peaks in both forecasts do not occur at the same time periods.  
 
The difference between year 2009 (� =  97 to � =  144) and the other years in the new 
forecasted evolution can be explained by the higher marginal costs for all fuel types in 2009 
observed in Figure 21.  
 
One can then wonder why there is not a significant difference between year 2008 and the rest of 
the years for the previous forecast evolution (Figure 18) when the fuel prices were significantly 
higher for that year (Figure 16). This can be explained by a significantly lower internal demand 
in 2008. The internal load [8] is plotted in Figure 23. When only the internal load is considered, 
it can be seen that the load for periods in 2009 and 2010 and higher than in 2008 and that is the 
reason why there is no significant difference in the reservoir energy content forecasted for 2008 
and the rest of the years. 
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Figure 23: Internal load Jan 2007-Apr 2010 

The reservoir energy content levels tend to reach their maximum when the difference between 
the nuclear production and load reaches the minimum in other words when the load can be 
covered by the nuclear production. Observe that this occurs at different time period depending 
on which load model is used as it can seen in Figure 24. 
 

 
Figure 24: Difference between load models and historical nuclear production 

Discussion on load modeling 

As it is seen from the results of the simulations, including the effects of imports and exports is 
of importance. This is due to the fact that France imports and exports great amounts of 
electricity to its neighboring countries. These cross-border exchanges should be ideally 
considered by the model in an indirect manner and not directly integrated into the total load, so 
that the model has to also decide on the value of the imports and exports.  

One way of achieving this would be to create simplified models of the merit order curves for 
Italy and Switzerland or introducing historical spot prices for Italy and Switzerland and then 
calculating the cross-border exchanges taking into account the interconnection capacities. These 
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approaches require further studies since some difficulties are encountered (and described in 
Appendix B) and cannot be solved within the given time frame.  

The problem of not being able to include cross-border exchanges dynamically in the model is 
bypassed by considering the load equal to historical generation in France through the rest of the 
work. 

The two loads considered (internal load and internal plus net exchanges) have yield two rather 
different behaviors of the hydro reservoir energy content and thus it could be interesting to 
study the system with different load scenarios but load modeling cannot be included in this 
work with the given time frame and thus only one scenario for the load (historical total 
production) is considered. 

3.2.4) Introducing future costs at the end of the simulation 

As no future costs are considered after the last period of the simulation, according to equation 
(3.12), the simulation empties the water reservoir at the end the simulation period since no 
future costs implies that the water value is 0 EUR/MWh at the end of the simulation period. 
This can be corrected by assuming same water value for the final simulation time period as the 
water value one year before. This is achieved by setting  the future costs after the last time 
period equal to the future costs for the same time period one year before, i.e.: 

�8 �∗ = �8 �J�W∗          (3.22) 

The process is repeated until a stable solution is reached i.e., when the water value is the same 
for � = � and � = � − 48.  

The change in the reservoir energy content evolution at the end of the simulation period can be 
observed in Figure 25. As future costs are no longer zero for � > �, the reservoir is not emptied 
at the end of the simulation period. 

 
Figure 25: Reservoir energy content Jan 2007-Apr 2010 
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3.2.5) Reservoir limits 

Further improvements can be made by adding limits to the reservoir contents and limiting the 
hydro production for each time period according to the total reservoir capacity.  

� ≤ �� ≤ �    (3.23) 

Where: �  is the minimum allowed reservoir energy content and � is the maximum allowed 

reservoir energy content. 

Reservoir levels restrictions 

Restrictions regarding the reservoir levels have to be taken into account. The efficiency of the 
electricity produced for a certain water discharge can be affected by the height of the water 
surface. In fact the efficiency of a turbine installed is dependent on the height of the water jump. 
For a given hydro unit with storage a minimum operating level for the reservoir can be 
determined. For water levels under the minimum operating level, the power plant is working in 
a mode very far from its optimal operation mode or cannot be run. It has to be noted that water 
in the reservoirs is also managed for water supply to the population and that a minimum 
reservoir level might be required to ensure this water supply. 

In the same way, a maximum operating level can be set. Over this maximum operating level, the 
efficiency is not optimal. The maximum operating level can also take into account other factor 
such as security factors. As there is always a certain uncertainty regarding the water inflows, it 
is reasonable to set a maximum reservoir level to avoid overflows from the reservoir. 

Considering now an aggregate for the energy in all the water reservoirs of a system it is 
reasonable to set a maximum and a minimum storage level in the same way it is done for a 
single reservoir. It seems difficult to determine these levels analytically and thus the historical 
water levels are studied. 

Data regarding reservoir content can be expressed in terms of volume (m3) or energy (MWh). 
The most common way to express it is in terms of volume specially when considering the whole 
system as well as when considering old historical data. When dealing with the current model, 
the reservoir content expressed in terms of energy is needed. Some data expressed in terms of 
energy is available but the data sample is too short to draw any conclusion on historical 
maximum and minimum level. To overcome this, the correlation between the reservoir content 
in terms of energy and the reservoir contents in terms of volume [8] is studied for the period of 
time where both are available. The correlation is shown in Figure 26. 
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Figure 26: Correlation between reservoir energy content and reservoir volume content 

Using the linear approximation calculated previously, the historical reservoir levels expressed in 
terms of volume can be transformed into terms of energy. The historical energy content can be 
observed, in Figure 27. 

 
Figure 27: Historical reservoir content (Jan 1997-Sept 2010) 

With the help of the historical reservoir contents, the maximum and minimum restrictions for 
the reservoir levels can be identified. One can see that the reservoir energy content never 
exceeds 70% of the total energy content capacity of the reservoir. A minimum reservoir level 
cannot be identified so easily, but it can be seen that the reservoir content never goes down 40% 
of the total content capacity of the reservoir.  The values 80% and 30% are used as respectively 
maximum and minimum reservoir energy contents in the model and correspond to historical 
maximum plus 10% and historical minimum minus 10%.  

A simulation is run when the new constraints are introduced and the results are shown in Figure 
28. 
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Figure 28: Reservoir energy content evolution Jan 2007-apr 2010 

When comparing the results obtained by introducing reservoir limits (Figure 28) to previous 
results (Figure 25), it can be seen that the evolution still follows actual variations and that now 
the forecasted values are more or less in the range of the historical values. 

3.2.6) Regulated and unregulated inflows 

It is not possible to consider that all the inflows into the system can be managed by the 
aggregated hydro reservoir since there is a considerable amount of hydro units that are run-of-
the-river units. This means that the hydro production is divided into regulated and unregulated 
production. The regulated hydro production is the production corresponding to the units that 
have a storage capacity and thus can decide whether to produce or not. On the other hand, the 
unregulated hydro production is the production corresponding to the run-of-the-river units 
where production is dependent (and equal if it doesn’t exceed the installed capacity) on their 
inflow. In order to model this situation, the capacity of the run-of-the-river units must be 
introduced into the merit order curve with lower marginal cost than nuclear (cheapest unit so far 
in the model).  

Introducing unregulated inflows in the model 

Since considering each individual run-of-river power plant would need very detailed 
information about the geographical distribution of the power plants and the inflows, all run-of-
river power plants are aggregated into one. The run-or-river power plants will now contribute to 
the immediate costs. Considering ��X as the marginal cost for run-of-river production and ��X as 
the production, the contribution to the immediate costs amounts to ��X��X. The sum of total 
immediate costs and future costs is then: 

�� = �(������)�
��� + ��X��X + �� �         (3.24) 
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The constraints the problem is subjected to are now modified. As already seen in equation (3.2), 
the generation has to meet the demand. The generation has now to be split into thermal 
generation, run-of-river generation and hydro generation ("�), transforming constraint (3.2) 
into: 

� ���
�

��� + ��X + "� = ��     (3.25) 

The hydro balance has to be maintained, i.e. the energy content of the reservoir at the end of a 
certain time � (�� �) is equal to the reservoir content at the beginning of the time step (��) plus 
the inflows to the reservoir (#�) minus the hydro production ("�) and spillage ($�) between the 
previous time step and the current time step. The inflow to the reservoir is now only the inflow 
that can be considered as regulated inflow, i.e. the share of the total inflow to the system that is 
going to the reservoirs (A�). 

�� � = �� + A� − "� − $�    (3.26)   
As the unregulated inflow (B�)  is defined as a percentage of the total inflow to the system, the 
balance with the regulated inflow (A�) must be maintained so that the total inflow to the system 
remains unchanged: 

B� + A� = #�      (3.27) 

 

The optimization problem is now described by the following model: 

min �� = �(������)�
��� + ��X��X + �� �         (3.28) 

Subject to 

� ���
�

��� + ��X + "� = ��               (3.29) 

�� � = �� + A� − "� − $�       (3.30) 

0 ≤ ��� ≤ ��'(           � = 0. . �        (3.31) 

� ≤ �� ≤ �             (3.32) 

B� + A� = #�          (3.33) 

B� = Y #�             (3.34) 

��XZZZZ = B�        (3.35) 

where 

-��� is the production level of each thermal power plant � at time t (MWh), � = 1. . � , � = 1. . �. 
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-��� is the cost for each thermal power plant � at time � (EUR/MWh), � = 1. . � , � = 1. . �. 

-��X is the production level of the run-of-the-river power plants at time � (MWh),  � = 1. . �. 

-��X is the cost for run-of-the-river power plants at time � (EUR/MWh),  � = 1. . �. 

- "� is the regulated hydro production during each period � (MWh),  � = 1. . �. 

- A� is the regulated inflow during each period � (MWh),  � = 1. . �. 

- B� is the unregulated inflow during each period � (MWh),  � = 1. . �. 

- �� is the demand during each period � (MWh),  � = 1. . �. 

- #� is the inflow to the system during period � (MWh),  � = 1. . �. 

- �� is the energy content of the reservoir at the beginning of period � (MWh),  � = 1. . �. 

- $� is the spillage from reservoir during period � (MWh),  � = 1. . � 

- Y, is the percentage of total inflow to the system that is unregulated (%). 

- �  is the minimum reservoir energy content allowed (MWh). 

- � is the maximum reservoir energy content allowed (MWh). 

-��'(  is the availability of each thermal power plant � at time t (MWh), � = 1. . � , � = 1. . �. 

 

The thermal costs can be rewritten as: 

�ℎ@ABCD �E$�$ = � ������
�

��L          (3.36) 

where: 

��L = ��X    (3.37) 

��L = ��X    (3.38) 

Equation (3.36) has the same format as equation (3.6) and with the same reasoning used through 
equations (3.14) –(3.19), "� is now given by: 

F(�� − "�) + �� �∗ M(�� + A� − "� − $�) = 0    (3.39) 

 

For each �, �� �∗  has already been calculated (or is known), so �� �∗ M can be computed and the 
solution to equation (3.39) is then obtained as the intersection between the new merit order 

curve (including run-of-the-river production) and −�� �∗ M. 
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Estimating the unregulated inflow 

As the historical hourly data for hydro production does not usually distinguish between run-of-
the-river and lake units, only monthly values can be studied. The data is only available between 
2008 and 2010 and is published on ENTSOE’s website (7). 

There is a correlation between the production in the run-of-river units and the total inflow to the 
system. There can also be a correlation between the production in the run-of-river units and the 
production in the hydro units with reservoir. If a run-of-river unit is located downstream from a 
hydro unit with reservoir, then the amount of water released from the unit upstream will affect 
the production of the hydro unit downstream (run-of-river). This correlation is much harder to 
model since a detailed study of the geographical location of the different power plants is needed. 
This phenomenon is also more difficult to implement in the model since the discharge in a time 
step � will affect the run-of-river production in successive time steps (delay time for water 
between power plants has to be considered).  

Production in run-of-the-river units is estimated as a function of the inflow during each period 
of time. Studying the available data, one can see that the production in run-of-river units can be 
described as proportional to the total inflow to the system for each month, as shown in Figure 
29. 

 
Figure 29: Run of river model (7) 

The curves represent for each month the amount of the inflow that is considered as unregulated 
inflow. In order to get a profile for the model, a mean value is calculated for each month 
resulting in the curve “mean” in the figure above (Figure 29). 

Results 

The results of this new approach can be observed in Figure 30. 
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Figure 30: Reservoir energy content evolution Jan 2007-apr 2010 

The evolution of the energy reservoir content yield by the model when the inflow is divided into 
unregulated and regulated (Figure 30) is compared with the corresponding evolution when this 
distinction is not made (Figure 28). It can be observed that the model that considers the 
unregulated inflow reproduces the actual evolution better than the model that does not consider 
this distinction in the inflow. 

Now that a number of constraints and particularities of the French hydro system have been 
studied and identified, the model includes enough details to reproduce the actual behavior of the 
system. Nonetheless historical data has been used so far to model the merit order curve and the 
possibility of modeling the merit order curve not based on historical production is to be studied. 

 

3.2.7) Merit order curve modeling 

So far historical production has been used to model the merit order curve. Since the goal of the 
hydro power model is to forecast future evolution of the reservoir energy content, further 
discussion about how the merit order can be modeled needs to be done. 

In order to build a model of the merit order curve, historical data for production needs to be 
studied. When studying historical production data one of the main problems one faces is that the 
production units considered as small units are not included in the data. Other problems that are 
faced are for example how the historical production is split, this differs from source to source: 
some may consider all fossil fuels as a production source, for example.  

The level of detail of the data, i.e. what is considered as small power plants, how detailed the 
production by fuels is, etc. will affect the model of the merit order curve.  The only source 
providing hourly production data for France is RTE. The main problem when studying their 
data is that only units with installed capacity higher than 50 MW (or higher than 20 MW and 
whose data is available 24 hours after the end of the day) are included in the reference fleet that 
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is monitored. This results in a certain number of units not being considered, especially fossil 
fuel units. Comparing the installed capacity of the reference fleet in RTE (10) and the total 
installed capacity for France from ENTSO-E (7), some differences can be observed. This is 
shown in Table 2. 
 

 ENTSOE RTE 

Total hydro 

(MW) 

25341 24178 

Nuclear (MW) 63130 63130 
Fossil fuels 

(MW) 

26158 17377 

Table 2: Installed capacity according to various sources 

Another problem when studying this data is that RTE does not separate coal production from 
gas production for all the data until July 2010 which makes difficult to study historical 
production versus installed capacity or availability for gas and coal fueled units. 

Nuclear Generation 

The total installed capacity of the nuclear power plants in France is very large compared to other 
technologies. The main characteristic of the nuclear power is its low variable costs and its high 
fixed costs. Even though the installed capacity is high enough to cover the load during certain 
periods, this is rarely happening when historical spot prices are studied (18). When the historical 
nuclear production for France is studied, one can realize that the nuclear production is not the 
maximum available production at all times. This is illustrated by Figure 31. 

 
Figure 31: Nuclear production in France (2010) (10) 

 
From the figure above (Figure 31), it is clear that the nuclear production is significantly lower 
during the summer. This can be explained by the fact that nuclear power plants need water for 
cooling which limits their output during high temperature periods. Since the water is taken from 
lakes or rivers in many cases and there are constraints on the temperature of the water that is 
returned to the lake or river, the nuclear production is limited during the high temperatures 
periods, i.e. summer.  
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The capacity factor for nuclear power for each month can be calculated for the past years from 
the information about its production and the actual installed capacity.  
 

�CTC���� UC��EA = C��"CD TAE�"���E�TAE�"���E� C� U"DD �CTC���� 

 
The results are shown in the figure below (Figure 32). 
 

 
Figure 32: Capacity factor for French nuclear power (10) 

 
One can see from the above figure (Figure 32) the seasonal profile explained before, but the 
values of the capacity factor are lower than what it would be expected by world standards 
(closer to 0,9 (8)). 
 
Such a deviation from expected values could be explained by nuclear reactors operating in load-
following mode. Some of the reactors are even said to be closed during week-ends when there is 
not enough market for the nuclear power (19). Studying the average weekly profile for 2010, it 
can be clearly seen that the nuclear production follows the demand and is considerably reduced 
during the week-ends. This is illustrated in Figure 33. 
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Figure 33: Average weekly nuclear production and load (2010) (10) 

 
Generation in gas and coal power plants 

 
One would not expect gas units to run before all available coal production is used when 
marginal costs for coal units are lower than marginal costs for gas units. But when studying 
historical gas and coal production and comparing them to the historical effective availability of 
coal units (Figure 34), one can see that there are many hours where the gas units are producing 
even though the available production of coal is not reached.  
 

 
Figure 34: Historical coal and gas production (Jul-Dec 2010) (10) 
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This can be caused by start up costs that are not considered in the merit order used through this 
work as well activated up- or down- regulation bids. It can also be caused by the assumptions 
regarding efficiency taken for building the merit order curve (Appendix A). 
 
Generation in “Oil + peak” power plants 

 
One has to be careful when building the merit order curve by simply aggregating the units by 
type of fuel used since different units with same fuel can operate at different price. Considering 
the units monitored by RTE (10), they have chosen to divide to historical production into three 
groups: coal, gas, oil + peak. With this distinction RTE chooses to include a certain number of 
units run with gas in the oil +peak group. It seems that the gas units included in the oil + peak 
group are producing at a different price level (during peak hours) than the ones considered in the 
gas group. Due to this the gas turbines that contribute during the peak hours according to RTE 
are considered as producing at similar cost than the oil fueled units and higher than the ones 
they consider as gas. 
 
Taken into account the difficulties mentioned previously, it is challenging to estimate the 
installed capacity per price level which is used for the merit order curve. Nuclear power is 
operated in load following mode, which means that the electricity price is set by the fossil 
fueled units. Considering the price jumps from one fueled type unit to another, a wrong 
estimation of the capacities used for the merit order curve will lead to unrealistic electricity 
prices. Comparing the magnitude of the installed capacity for nuclear power with the other 
units, small changes in the capacities can result in big changes for prices (and thus for water 
value). 
 

3.3) Stochastic approach 

3.3.1) Base model 

The determinist approach is a good way to understand how dynamic programming works in the 
optimization of hydro storage problem. Unfortunately, when doing forecasts future information 
for inflows will not be available which means that a deterministic approach is not suitable for 
Long Term Price Forecasting. As in many other decision problems, the decisions have to be 
taken based on phenomena that have uncertainty associated. This is the case of the yearly water 
inflows. In order to take an optimal decision regarding the hydro production from available 
storage, one would need to know the exact inflow for the coming time periods. Since this is not 
possible, the inflows must be described by a probability model and the decision then can be 
made with the help of it. 

The data available for the inflows is limited, so describing each time period of the year with a 
probability distribution does not provide enough insight. Instead one can use the historical data 
for inflows in order to create a set of inflow scenarios with equal probability. 

Problem description 

The problem is now to determine the optimal hydro production considering the uncertainty of 
water inflows to the reservoir. As the uncertainty is modeled by a set of equiprobable scenarios, 

the problem is then to minimize the sum of total immediate fuel costs (∑ ���������� ) and future 
costs (�� �) in each scenario [ for all the scenarios (\). 
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�� = 1\ � ]� ��,^� ��,^��
��L + �� �_`

��     (3.40) 

Even though the restrictions remain unchanged it has to be noted that these are affected by the 
scenarios, since the total water inflow to the system affect the regulated inflow to the reservoir 
but also the unregulated inflow. Since the unregulated inflow is present in the merit order curve 
as the unit with the lowest marginal cost, at the same time stage different merit order curves will 
be encountered for each scenario. 

Based on the previous considerations, the scheduling problem for a hydrothermal system with 
inflow uncertainty can mathematically be expressed as 

min �� = 1\ � ]� ��,^� ��,^��
��L + �� �_`

^��            (3.41) 

 

Subject to 

� ��,^��
��L + "� = ��               (3.42) 

��,^ = ��J� + A�J�,^ − "�J� − $�J�,^       (3.43) 

0 ≤ ��� ≤ ��'(    � = 1. . �               (3.44) 

B�,^ + A�,^ = #�,^          (3.45) 

B�,^ = Y #�,^            (3.46) 

� ≤ ��,^ ≤ �             (3.47) 

��,^LZZZZZ = B�,^       (3.48) 

 

where 

-��,^�  is the production level of each thermal power plant � at time � for each scenario [ (MWh), � = 1. . �, � = 1. . �, [ = 1. . \. 

-��,^�  is the cost for each thermal power plant � at time � for each scenario [ (EUR/MWh), � = 1. . �, � = 1. . �, [ = 1. . \. 

-��,^L  is the production level of the run-of-the-river power plants at time � for each scenario [ 

(MWh), � = 1. . �, [ = 1. . \. 

-��,^L  is the cost for the run-of-the-river power plants at time � for each scenario [ (EUR/MWh),   � = 1. . �, [ = 1. . \. 
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- "� is the regulated hydro production during each period � (MWh), � = 1. . �. 

- A�,^ is the regulated inflow during each period � for each scenario [ (MWh), � = 1. . �, [ =1. . \. 

- B�,^ is the unregulated inflow during each period � for each scenario [ (MWh) , � = 1. . �,[ = 1. . \. 

-  �� is the demand during each period � (MWh),  � = 1. . �. 

- #�,^ is the inflow to the system during period � for each scenario [ (MWh), � = 1. . �, [ =1. . \. 

- �� is the energy content of the reservoir at the beginning of period � (MWh), � = 1. . �. 

- $�,^ is the spillage from reservoir during period � for each scenario [ (MWh),  � = 1. . �, [ =1. . \. 

- Y, is the percentage of total inflow to the system that is unregulated (%). 

- �  is the minimum reservoir energy content (MWh). 

- � is the maximum reservoir energy content (MWh). 

-\ is the total number of scenarios. 

-��'(  is the availability of each thermal power plant � at time � for each scenario [ (MWh), � = 1. . �, � = 1. . �. 

 

With the same reasoning used through equations (3.14) –(3.19), "� is now given by: 

1\ � F^(�� − "�) + 1\ � �� �∗ M(�� + A�,^− "� − $�,^ ) = 0  (3.49)`
^��

`
^��  

It has to be noted that F^ is the merit order curve for each scenario and that the merit order 
curve changes from one scenario to another due to the fact that the unregulated inflow is 
assumed proportional to the total inflow. 

Calculation of the value function 

The future costs function needs to be calculated for each time stage � using a dynamic 
programming recursion as it was done for the deterministic approach but now the uncertainty on 
the inflows has to be taken into account in the calculations. 

The value function � is now affected by the inflow scenarios. 

� = �ℎ@ABCD �E$�$ + U"�"A@ �E$�$ 

where 
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�ℎ@ABCD�$�$ = − 1\ � G F^(KI
HI

�� − ") �"`
^��    (3.50) 

and 

U"�"A@ �E$�$ = 1\ � �(�� �)`
^��    (3.51) 

 

First, a set of system states is defined for each time stage �, in the same way it was defined in 
the deterministic approach.  

The recursion is initiated in � = � where future costs are assumed to be zero. For each of the 
values in the set of system states, equation (3.49) is solved and an optimal hydro production is 
obtained for all the possible scenarios. The future costs associated at this reservoir energy 
content and the hydro production obtained have to be calculated as the sum of the total thermal 
costs for each possible scenario plus the sum of the future costs for each possible scenario (these 
are zero for � = �). After completing the calculations for all the system states in stage T, the 
future costs function is known for � = � by interpolation between the obtained points. The 
Figure 35 is illustrating this. 

 
Figure 35: Future costs calculation for stochastic inflow 

This procedure is repeated through the stages � = � − 1, � − 2, … ,1. For each system state in 
each time stage, equation (3.49) is solved since the future costs function is already known from 
previous stage calculations. 
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An illustration on how equation 3.49 is solved 

For a certain time period �, the optimal hydro production for a given storage energy content (��) 
needs to be calculated. The water value curve in the following time period � + 1 is known and 3 
different inflow scenarios are considered (Figure 36).  

Observe that scenario 2 has high inflow, scenario 1 has medium inflow and scenario 3 has low 
inflow. This leads to different values for capacity of the unit with the lowest short term marginal 
cost (��L) which is representing the run-of-river units. Since different capacities of this unit will 
lead to different merit order curves, for a given thermal production (demand minus hydro 
production), the marginal cost level will (or can be) different for each scenario. This can be 
observed in Figure 36. As all scenarios have the same initial reservoir energy content (��) and 
same hydro production the resulting reservoir energy content for the beginning of next period 
(�� �) will differ for each scenarios which will result in different water values. This can also be 
observed in Figure 36. 

First a feasibility interval for hydro production is determined. The lower value of this interval is 
zero and the upper value is determined by the constraints: the inflow scenarios, the current 
reservoir energy content and installed capacity. Both upper and lower bounds are checked for 
optimality. If none of them are optimal, then the solution is searched with a half-interval search 
algorithm.  

A general hydro production " is considered for all the scenarios and in order to check its 
optimality the merit order curve for each scenario as well as the water value curves are needed. 
When for example three inflow scenarios are considered and both the merit order curves and the 
water value curves are known (Figure 36). According to equation (3.49), the general hydro 
production " shown in the figure will be the optimal for the time period � and the considered 
energy reservoir content �� if: 

13 (��� + ��
 + ���) = − 13 a�MO�� �,�P + �MO�� �,
P + �MO�� �,�Pb  (3.52) 

Observe that the same considerations regarding the solution space that were studied for the 
deterministic model in section 3.2.1 have to be taken into account. 

An illustration on how the calculations are performed for a small test system with the stochastic 
approach can be found in Appendix C. 
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Figure 36: Solution to equation 3.49 
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Forward and backward simulation: 

In the same manner as in the deterministic approach one has first to assume water value zero for 
time periods � > � and then calculate the optimal water productions for each reservoir energy 
content in each time period � = �, � − 1, � − 2, … ,2. Doing these calculations backwards, one 
can obtain the water value curves for each time period. Once the water value curves are known 
and also knowing the reservoir content for � = 1 and the inflow scenario, one can run a forward 
simulation in order to calculate the optimal hydro production in each time period for the given 
inflow scenario. 

In the deterministic approach the forwards simulation could be avoided since having only one 
inflow scenario, the forwards simulation will almost yield the same results as the backward 
simulation for high discretization levels. 

Since the stochastic approach introduces different inflow scenarios, a forward simulation is 
needed to calculate the optimal hydro production. The water value curves are estimated based 
on different possible inflow scenarios during the backward simulation whereas in the forward 
simulation the optimal hydro production is calculated for a given scenario. 

 

Results 

The program is run with the all the inflow scenarios for calculation of future cost curves. 
Forward simulation is run with real scenario 2007-2010 and the results are shown in Figure 37.  

 
Figure 37: Reservoir energy content Jan 2007 – Apr 2010 

When comparing the modeled evolution from the stochastic approach with the results from the 
deterministic model (Figure 30), it can be seen that both modeled evolutions follow historical 
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trends. Since the stochastic model takes into account uncertainty of the inflows, the modeled 
evolution does not fit the actual evolution as well as the deterministic model does. 

3.3.2) Simultaneous solving 

So far the problem is solved in a sequential way where each time period is facing a constant 
load. In order to solve the problem this way, perfect information about water inflows would be 
needed, i.e. one has to know the exact amount of inflow for each time period. As it is very 
unlikely to obtain such information for the inflows it does not seem reasonable to solve the 
problem in a sequential way where the time step is lower than the time step for the information 
on inflows. For instance if the data for water inflows is given on a monthly basis, then it seems 
more reasonable to divide the problem in monthly time steps rather than in smaller steps.  

Adapting the time step 

The goal of dividing the problem in smaller steps in earlier approaches is to take into account 
the variations in the load illustrated by the load duration curves. The idea is now to adapt the 
time steps to the available inflow data instead of adapting them to the load curve modeling. The 
load curve modeling has proven to have a significant importance so far so it is necessary to 
maintain it in the model. In order to maintain it, the load model is introduced in each new time 
step as shown in Figure 38. 

 
Figure 38: Time step adaption 
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Intra time step solving 

When solving the problem in this manner, a hydro production is decided for each time step �� 
and then has to be distributed optimally inside the load duration curve. If the installed capacity 
of hydro generation is not considered, the optimal split inside the load duration curve is 
obtained by “peak trimming”. The load duration curve is first filled with ℎ� ∗ (�� − �
) then 
with (ℎ� + ℎ
) ∗ (�
 − ��) and so on. This is illustrated in Figure 39. 

 
Figure 39: Peak trimming strategy 

Let’s suppose a load duration curve model with K different demand levels 
(��, �
, … ��, �� �, … �c). Let’s also suppose that the optimal total hydro production for time � is 
known and denoted d. 

dL = � e(�� − �� �) ∗ � ℎN
�

N�� fgJ�
��� < d ≤ � e(�� − �� �) ∗ � ℎN

�
N�� fg

���     (3.53) 

The production dL is divided as explained before and shown in Figure 39. Then it has be 
decided how the remaining production (d − dL) is to be split.  

If the remaining production is split as shown in Figure 40 (pink area), then the thermal 
production for all demands ��, �
, … , �g is the same resulting in equal prices T� = T
 = ⋯ =Tg. 
If the remaining production (pink area) is split in any other way, then the thermal production is 
not equal for all the demands ��, �
, … , �g which can result in different prices. If two (or more) 
prices are different, then the production split is not optimal since it would be more profitable to 
move some of the production from the lower price to the higher price. 
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Figure 40: Intra level production split 

When the installed capacity limit is taken into account, the split process is the same but it has to 
be checked that the area under each demand level does not exceed the value of the installed 
capacity times the number of hours the given demand occurs.  

Let’s denote K the number of demand levels in the load duration curve (constant K is assumed 
for all time periods). 

The total immediate costs at stage � are then defined as the sum of the thermal costs for each 
demand level: 

�ℎ@ABCD �E$�$ = � � �����,i��
���  c

i��    (3.54) 

Then the original problem described by equation (3.6), is modified and now mathematically 
defined as: 

�� = � � �����,i��
���  c

i�� + �� �    (3.55)         
The total hydro production in MWh during period � is now noted d� and is equal to the hydro 
production level in MW multiplied by the number of hours the production level ("�,i) is 

maintained (ℎ�,i): 

d� = � "�,i ∗ ℎ�,i
c

i��    (3.56) 
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The problem can then be mathematically described as: 

min �� = � � �����,i��
���  c

i�� + �� �    (3.57)         
Subject to 

� ��,i��
��� + "�,i ∗ ℎ�,i = ��,i     (3.58)              

d� = � "�,i ∗ ℎ�,i      (3.59)c
i��  

�� � = �� + #� − d� − $�      (3.60)        
0 ≤ ��,i� ≤ ��,i'ZZZZZ     (3.61)                   

0 ≤ �� ≤ )     (3.62)                  
0 ≤ "�,i ≤ "Z�     (3.63) 

d� , $� ≥ 0     (3.64) 

where: 

-��,i�  is the production level of each thermal power plant � at time � for demand level j (MWh),  � = 1. . �, � = 1. . �, j = 1. . k. 

-���  is the cost for each thermal power plant � at time � (EUR/MWh), � = 1. . �, � = 1. . �. 

- "�,i is the hydro production during each period � for demand level j (MW), � = 1. . �,   j =1. . k. 

- ��,i is the demand during each period � and demand level j (MWh), � = 1. . �, j = 1. . k. 

- #� is the inflow to the reservoir during period � (MWh),  � = 1. . �. 

- �� is the energy content of the reservoir at the beginning of period � (MWh),  � = 1. . �. 

- $� is the spillage from reservoir during period � (MWh), � = 1. . �. 

-d�  is the total hydro production during period � (MWh), � = 1. . �. 

- ) is the capacity of the reservoir (MWh). 

- "�ZZZ is the installed capacity of hydro reservoir in period � (MW). 

- ℎ�,i is the duration the demand level j is faced during period � (hours),  � = 1. . �   j = 1. . k. 

-��,i'ZZZZZ is availability of each thermal power plant � at time � for demand level j (MWh),  � =1. . �, � = 1. . �, j = 1. . k 
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Following the same steps shown in equations (3.13)-(3.16), equation (3.17) can be expressed as: 

��∗(��) = minl< 6�ℎ@ABCD�E$�$(�� , d�) + �� �∗ (�� + #� − d� − $�)9     (3.65)        
And the thermal costs are now calculated as: 

�ℎ@ABCD�E$�$ = � mG F(�) ��HI,nJKI,n
L oc

i��  ℎ�,i
= − � mG F(��,i − ") �"KI,n

HI,n
o ℎ�,i       (3.66)c

i��     
Future costs are a function of d� whereas the thermal costs are function of "�,i. In order to be 
able to differentiate both functions it is needed to transform the thermal costs into a function of d� . 
Let’s denote ∆d a small variation of the total hydro production during period �. 

For the demand levels j where no hydro production is used ("�,i = 0), a small variation ∆d in 
the total hydro production during period t will not make any changes in the hydro production 
(will still be equal to zero) which results in ∆"�,i = 0. 

For the demand levels j where hydro production is used but installed capacity is reached 
("�,i = "Z), a small variation ∆d in the total hydro production during period t will not make any 

changes in the hydro production (will remain equal to the installed capacity) which results in ∆"�,i = 0. 

As for the levels where hydro production is used but installed capacity is not reached, a small 
variation ∆d in the total hydro production during period t will result in an increase of the hydro 
production equal to: 

∆"�,i = ∆d∑ ℎ�,iiqi�ir       (3.67) 

Where jJ is the lowest demand index where hydro production is used but installed capacity is 
not reached and j  is the highest demand index where hydro production is used but installed 
capacity is not reached. 

Based on the previous considerations: 

�" = �d∑ ℎ�,iiqi�ir       UEA jJ ≤ j ≤ j      (3.68)    
�" = 0 E�ℎ@A#�$@ 

Replacing �" in equation (3.66) with the above expression, the thermal costs function can be 
differentiated with respect to d� . 

� �ℎ@ABCD�E$�$�d� = ∑ sFO��,i − "�,iP ∗ ℎ�,itiqi�ir ∑ ℎ�,iiqi�ir      (3.69) 
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As shown previously, for the demand levels where hydro production is used but installed 
capacity is not reached, i.e. the demand levels jJ ≤ j ≤ j , the price given by the merit order 
curve is the same. This leads to: 

� �ℎ@ABCD�E$�$�d� = FO��,i∗ − "�,i∗P    (3.70) 

Where j∗ is any value in the set of values 6jJ, jJ + 1, … , j 9. 

In order to minimize expression (3.65) it is differentiated with respect to d� and set equal to 0. 

FO��,i∗ − "�,i∗P + �� �∗ M(�� + #� − d� − $�) = 0    (3.71)    
Observe that the same considerations regarding the solution space that were studied for the 
deterministic model in section 3.2.1 have to be taken into account. 

The problem presented in equation (3.57) is deterministic since no inflow scenarios are 
included. The scenarios for the water inflows can be introduced in the same manner as they 
were introduced in the stochastic approach. 

 

Results 

 
Figure 41: Modeled evolution Jan 2007-Apr 2010 

As can be seen from Figure 41 and when comparing with the results obtained before the 
simultaneous solving (Figure 37), the difference between the actual and the modeled evolution 
is larger. The peak trimming method used cannot be adapted to the system in study due to the 
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nuclear load-following mode. The same problem would be encountered even reducing the time 
step to a week or a day since there is a significant variation of the nuclear generation daily and 
weekly. 
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4) Conclusions 
 
In this chapter, the conclusions and the most interesting observations made during the master 
thesis are summarized.  

Throughout the course of the work a hydro model has been developed with the help of 
optimization theory. The optimization method chosen was dynamic programming. The problem 
is first approached from a deterministic perspective which gives insight to different phenomena 
that occurs such as load profiles, reservoir limits, generation patterns, etc. After having a deeper 
understanding of the particularities of the studied system, the model is expanded with stochastic 
variables, solving the problem from a stochastic approach. Both the deterministic and stochastic 
models have been created using MATLAB. Despite the fact that they have been applied to the 
French hydro system during this master thesis, they can be used for studying other systems with 
a single reservoir approach when the appropriate in-data is given. 

The main conclusions can be summarized as follows, 

• Setting limits to the hydro energy contents in the deterministic model yield results that 
fit the historical observations. 

• Dividing the inflow into regulated and unregulated inflows improved the results. 
• Special characteristics on how the nuclear power is run in France were observed. 

• Consideration of the imports/exports with the neighbors is essential to model the load. 

• Allocation method for cross border capacities makes it difficult to model cross-border 
exchanges through optimization theory.  

• The results yield by the stochastic model do not fit historical observations as good as 
the results from the deterministic model. 

• The intra time step solving does not further improve previous models. 

Setting limits to the hydro reservoir energy contents has been of importance when comparing 
modeled reservoir content evolution to actual reservoir content evolution. When the actual 
evolution is studied it can be seen that some form of limits exist which need to be accounted for 
in the model. The size of France and the different altitudes of the hydro reservoirs may result in 
heterogeneous inflow patterns to reservoirs which cannot be considered in a single reservoir 
model. The single reservoir approach is maybe too simple to describe with enough detail a 
hydro system such as the French hydro system. On the other hand, increasing the level of detail 
by increasing the number of reservoirs will increase the complexity of the problem. This will 
lead to long computing times which is undesirable since the hydro model is to be integrated in a 
bigger model that has to be run with a reasonable time. 

The hydro model needs to be supported by an accurate merit order curve model. Because of the 
special characteristics of the generation mix, inaccuracies in the merit order curve model can 
result in significant variations in the hydro production. The special characteristics of the 
generation system come from its nuclear capacity installed. The nuclear capacity installed is 
much larger than the installed capacity of other technologies but electricity price is almost never 
set by the nuclear production. This special distribution of the generating capacities leads to a 
system that is very sensitive to changes in generation when modeled. 

Even though the merit order curve is of importance, the load model also plays a key role since 
the market price is nonetheless the cross between the supply and demand curves. In order to 
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have a correct model of the load of the system an accurate model of the flows is also necessary 
since they have a significant contribution to the load of the studied system. With the current 
regulation for allocation of capacities of cross border flows, it is not possible to model them 
through optimization theories where generation and capacity allocation are scheduled at the 
same time.  

 

Further work 

As mentioned before some key factors affect the model which can be studied further. For 
instance the merit order curve can be improved by further investigating how the nuclear 
generation is run. More information on the planned outages of the different nuclear units 
(refueling cycles, etc.) as well as more detailed information on the load following process and 
how it is done can improve the results yield by the hydro model.  

Further work needs to be done regarding the power flows between France and neighboring 
countries. These need to be included in the French model and since forecasting them with 
optimization theory will not yield accurate results, other methods have to be studied (forecasts 
based on historical power flows, etc.). 

Regarding the core of the hydro model, further studies on the limited use of the reservoir 
capacity, cascades and controlled and uncontrolled hydro generation need to be carried out. If 
the limited use of the reservoir capacity is dependent on hydrological constraints (different 
inflow patterns in the reservoirs) then the necessity of changing from a single reservoir approach 
to a multiple reservoirs approach needs to be considered. Modeling of cascades will require time 
and will also increase the computing time of the whole model if implemented but might 
substantially improve the French hydro model. The current split of hydro production units in run 
of river and lake generators is rather simple and thus can be further developed by taking 
pondage hydro plants into consideration. 
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Appendix A 

The Merit order curve prices 

The short-term marginal cost for nuclear production is set in the model of the merit order curve 
to 10 EUR/MWh. 

When run-of-river units are considered, their short-term marginal cost is assumed to be 0 
EUR/MWh. 

The short term marginal costs for the rest of the units are calculated as follows: 

Asset Price 

Coal (Pc) EUR/t 
Oil (Po) EUR/bbl 
Gas (Pg) EUR/MWh of heat 
CO2 emission allowances (Pco) EUR/t 

Table 

In order to determine the costs for the different units, the CO2 emission allowances have to be 
taken into account. It is necessary to get an idea of the CO2 emissions per type of fuel used. The 
fuel-dependent CO2 emission factors calculated by the European Environment Agency (EEA) 
are used (20). 

K=3,6 GJ/MWh 

Coal 

Energy (Ec) 32  GJ (heat) per ton of coal 
CO2 emission (Xc) 100 kg of CO2 per GJ (heat) 
Average efficiency (ηc) 0,36 

Table 

:A��@ = kuv ∗ ηv :v + )v ∗ kηx :vy 

Gas 

CO2 emission (Xg) 56 kg of CO2 per GJ (heat) 
Average efficiency (ηg) 0,58 

Table 

:A��@ = 1ηz :z + )z ∗ kηx :vy 

 

Oil + Peak 

Energy (Eo) 6,1  GJ (heat) per bbl 
CO2 emission (Xo) 77 kg of CO2 per GJ (heat) 
Average efficiency (ηo) 0,28 

Table 

:A��@ = kuy ∗ ηy :y + )y ∗ kη{ :vy 
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Appendix B 
 

Since electrical systems are not run in isolation, their connection with other systems must be 
studied. The generation mix tends to vary from a country to another and results in electricity 
price differences between them due to fuel price variations. The flow of electricity from one 
country to another is affected by these price differences and therefore variable in time. Since 
exports and imports of electricity through interconnectors affect the production planning, 
interconnections need to be studied. 

The interconnection of different electrical systems is the physical linking of the systems for the 
mutual exchange of electricity. Interconnections can offer both advantages and disadvantages. 
An interconnection can improve the security of the system by increasing its robustness and 
reliability. When price differences exist between two electrical systems, gains in efficiency can 
be obtained by interconnecting the two electrical systems. On the other hand interconnections 
can lead to import dependency which might not be accepted from a political point of view. One 
also has to study the economical aspects of interconnections. Building interconnection lines 
involves high investment costs and thus benefits from trade between different markets have to 
be studied carefully. Rules and regulation for interconnections vary considerably from one 
country to another and regulatory issues such as transmission access rights, imbalance 
arrangements, ownership on the interconnection or security measures are of importance.  

Physical vs. commercial flows (7) 

A clarification is needed when dealing with the exchanges on the borders. Two different type of 
cross-border flows appear in the literature (7): the physical flows and the commercial flows. The 
term “commercial flow” is commonly used and can induce to an error since they do not 
represent the flows in the lines as a physical magnitude. Two dimensions are involved in the 
cross-border flows. The physical flows represent the physical dimension from the system 
operator point of view and can be measured directly on the lines. The commercial flows which 
should actually be referred to as commercial scheduled flows represent the commercial 
dimension, i.e. they refer to commercial linkages between producers, consumers and traders. 

The physical flows observed on the lines are determined by the combination of power sources, 
power sinks and grid configuration according to physical laws. The capacities on the lines relate 
to commercial exchanges capacities although their calculation is based on physical constraints.  

In general, when one interconnection between two areas is considered, the physical flows will 
not coincide with the commercial scheduled flows. When considering one area and under the 
assumption that a program of exchange scheduled with a neighbor instantaneously takes effect it 
can be shown that: 

Tℎ�$��CD �BTEA�$ − Tℎ�$��CD @�TEA�$ = �EBB@A��CD �BTEA�$ − �EBB@A��CD @�TEA�$  

When studying electricity markets, the physical flows are not of interest. It is the commercial 
exchange that is interesting and thus commercial schedules for flows are to be studied.  
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Transmission limits: 

When considering interconnection, transmission limits have to be taken into account since 
physical limits need to be accounted for (21). Transmission limits are determined by thermal 
limits, voltage stability and angle stability.  

• The thermal limit of a transmission line is reached when the material starts losing 
mechanical strength after reaching a certain temperature level caused by current flows. 
This limit is determined by the material and dimensions of the conductors as well as 
weather conditions (wind speed, temperature).  

• Voltage stability is the ability of the power system to keep the voltages in all its buses 
within acceptable limits after a major disturbance. The voltage stability sets a limit for 
power transfer between two areas.  

• Angle stability refers to the ability of synchronous generators to remain in synchronism 
after a major disturbance. The angle stability sets a limit for power transfer between two 
areas. 

A transmission capacity needs to be determined which is usually done by the TSO. When 
setting a transmission capacity, the usual approach is to start from a base case for the 
transmission and then increase the value of the base case transmission until the security limits 
are exceeded. Usually a certain margin is subtracted from the transmission capacity for security 
reasons (consider possible uncertainties). The result yield by these calculations is the net 
transfer capacity (NTC).  The available transmission capacity (ATC) for a certain period is then 
the difference between the net transfer capacity and the already allocated transmission capacity 
(AAC).  

When the price difference between two areas makes it economically interesting to transfer more 
electricity than what is feasible from a technical point of view there will be congestion in the 
interconnector. Congestion management is the method to decide which actors can use the 
limited capacity of the interconnector and how this use will be valued. 

Capacity allocation methods for congestion management (21) 

• Non-auction based allocation 

Type of contract: The duration of the contract can be used to solve the congestion, i.e. long term 
contracts are prioritized over short term contracts. 

Pro rata: each request is reduced proportionally so that the sum of all the requests is equal to the 
free capacity. With this method none of the requests are rejected but none of them are fully 
accepted. 

First-come-first-serve: Requests are accepted by order of submission until the free capacity is 
fully used.  

• Auction based allocation 

Explicit auction: Power plants generation and transmission are not scheduled at the same time. 
Usually the use of the transmission capacity is scheduled before the generation in the different 
power plants. The explicit auction process in day-ahead markets is shown in Figure 42. 



 

Implicit auction: Power plants generation and transmission are scheduled at the same time. A 
fee is added to every bid. By adding this fee, the auctions of electricity will implicitly include 
the auctioning of transmission capacity. Market splitting or market coupling can be u
implicit auctioning of the transmission capacity. In market splitting the implicit auction of the 
transmission capacity is performed by only one power exchange while in market coupling it is 
organized by more than one power exchange. The implicit a
is shown in Figure 43. 
 

 
Capacity allocation on French borders 

• France-Great Britain: France
lines. The capacity for the interconnection is allocated in an explicit auction. Auctions 
are organized to allocate annual, seasonal, quarterly, monthly, weekend, daily and 
intraday capacities.  

• France-Switzerland: The exportation capacity is allocated by RTE via the daily or intra 
daily mechanisms of the “Règles D’Accès au Réseau Public de Transport Français pour 
des Importations et des Exportations”. In importation there is no ex
if congestion occurs, the nominations are reduced with a pro rata.

• France-Italy: The capacity for the interconnection is allocated in an explicit auction by 
TERNA (Italy’s TSO) on behalf of TERNA and RTE. Auctions are organized to 
allocate yearly, monthly a

• France-Belgium: Yearly and monthly capacity for the interconnection are allocated in 
an explicit auction but daily capacity is allocated implicitly by means of market 
coupling. Intraday capacities are allocated explicitly by means of a

• France-Spain: The capacity for the interconnection is allocated in an explicit auction 
operated by RTE and REE. Auctions are organized to allocate yearly, monthly, daily 
capacities and intra-daily.

• France-Germany:  Yearly and monthly 
an explicit auction but daily capacity is allocated implicitly by means of market 
coupling. Intraday capacities are allocated via explicit and implicit auctions. Intraday 
capacities are free and must be ful

Figure 42: Explicit auction 

er plants generation and transmission are scheduled at the same time. A 
fee is added to every bid. By adding this fee, the auctions of electricity will implicitly include 
the auctioning of transmission capacity. Market splitting or market coupling can be u
implicit auctioning of the transmission capacity. In market splitting the implicit auction of the 
transmission capacity is performed by only one power exchange while in market coupling it is 
organized by more than one power exchange. The implicit auction process in day

Figure 43: Implicit auction 

Capacity allocation on French borders (10) 

Great Britain: France is interconnected to Great Britain by means of 4 HVDC 
lines. The capacity for the interconnection is allocated in an explicit auction. Auctions 
are organized to allocate annual, seasonal, quarterly, monthly, weekend, daily and 

Switzerland: The exportation capacity is allocated by RTE via the daily or intra 
daily mechanisms of the “Règles D’Accès au Réseau Public de Transport Français pour 
des Importations et des Exportations”. In importation there is no ex-ante allocation and 
f congestion occurs, the nominations are reduced with a pro rata. 

Italy: The capacity for the interconnection is allocated in an explicit auction by 
TERNA (Italy’s TSO) on behalf of TERNA and RTE. Auctions are organized to 
allocate yearly, monthly and daily capacities. 

Belgium: Yearly and monthly capacity for the interconnection are allocated in 
an explicit auction but daily capacity is allocated implicitly by means of market 
coupling. Intraday capacities are allocated explicitly by means of a pro rata mechanism. 

Spain: The capacity for the interconnection is allocated in an explicit auction 
operated by RTE and REE. Auctions are organized to allocate yearly, monthly, daily 

daily. 
Germany:  Yearly and monthly capacity for the interconnection are allocated in 

an explicit auction but daily capacity is allocated implicitly by means of market 
coupling. Intraday capacities are allocated via explicit and implicit auctions. Intraday 
capacities are free and must be fully used. 
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Current use of the interconnectors 

As mentioned before, France does not have a homogenous use of interconnectors along its 
borders. When modeling flows in the interconnectors, the flows are obtained based on the price 
differences between two areas. When considering explicit auctioning for a given 
interconnection, flow directions and price differences are not always consistent. A model based 
on the price difference between zones and interconnector capacities thus cannot explain 
historical economically irrational use of the interconnectors.  

Historical flow analysis: 

Belgium 

As mentioned in section 2.5 an implicit auctioning system exists in the border Belgium-France. 
The hourly cross border schedules (7) are studied along with spot prices for Belgium (22) and 
France (18). The net cross border schedules in the direction France to Belgium are plotted 
against the spot price difference (spot price in France minus spot price in Belgium). 

 

Figure 44: France-Belgium interconnection Nov 2008-Nov 2010 

Based on a economically rational use of the interconnection one would expect flows from 
France to Belgium when the spot price in Belgium is higher than the spot price in France and 
flows from Belgium to France when the spot price in Belgium is lower than the spot price in 
France. When the both spot prices are equal, the direction cannot be determined by the sign of 
the difference of the spot prices. 

According to this economically rational use of the interconnection, one would only expect 
points in the second and fourth quadrants in the above figure (Figure 44). The points in the first 
and third quadrants would correspond to economically irrational uses of the interconnector since 
the flow would be going from a high price area to a lower price area. Using the available data 
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for cross border schedule (2nd of November 2008 to 31st of October 2010) (7) one can determine 
the number of economically irrational uses of the interconnector. In 45 hours out of the 17496 
hours included in the set of data, the interconnector was used in an economically irrational way. 
This represents 0,43% of the total hours studied which can be explained by inaccurate data or 
French exports travelling to other countries through Belgium. 

Italy 

The Italian-French interconnection does not have any implicit auctioning system. 

The hourly cross border schedules are studied along with spot prices for Italy and France. The 
net cross border schedules in the direction France to Italy are plotted against the spot price 
difference (spot price in France (18) minus spot price in Italy (23)). 

 

Figure 45: France-Italy interconnection Nov 2008-Nov 2010 

As explained previously, one would only expect points in the second and fourth quadrants in the 
above figure (Figure 45) according to the economically rational use of the interconnection. But 
it can be observed that many of the points are situated in the first and third quadrant.  In 2563 
hours out of the 17496 hours included in the set of data, the interconnector was apparently used 
in an economically irrational way, i.e. 14,6% of the time. One has to consider the possibility of 
the apparently irrational uses of the interconnection being economically rational.  

Switzerland 

The Swiss-French interconnection does not have any implicit auctioning system. 

The hourly cross border schedules are studied along with spot prices for Switzerland and France 
(Figure 46). The net cross border schedules in the direction France to Switzerland are plotted 
against the spot price difference (spot price in France (18) minus spot price in Switzerland (18)).  
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Figure 46: France-Switzerland interconnection Nov 2008-Nov 2010 

As in the case for Italy, in 5989 hours out of the 17496 hours included in the set of data, the 
interconnector was apparently used in an economically irrational way, i.e. 34,2% of the time. 

 

Optimality 

Even though these cases are not always economically irrational, they are not optimal uses of 
both interconnections and generation. If the electricity flows from a high price area to low price 
area, then considering the two areas as a system, it would be more optimal to decrease 
generation in the high price area and increase generation in low price area, resulting in 
decreasing the electricity flow. In order to achieve this, generation and transmission need to be 
scheduled simultaneously. The real flows cannot be estimated through optimization theory. 
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Appendix C 
 

1) Application of the deterministic model to a simple system 

The system consists of four thermal units and a hydro unit with an installed capacity of 20 
MWh. The hydro unit has a reservoir and there are no run of river units in the system. All the 
inflow to the system goes directly to the reservoir. The thermal units have different capacities 
and marginal costs which are shown in the merit order curve below (Figure 47). 

 

 
Figure 47: Merit order curve of the example system 
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The time period considered is 3 hours, and the load in MWh for each hour is shown in the figure 
below (Figure 48).

 
Figure 48: Load considered for the example 

The inflow considered for each time period considered is shown in the figure below (Figure 49). 

 
Figure 49: Deterministic inflow for the example 

The optimal hydro policy for this system is to be determined. First the water value curves are 
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To determine the water value curves, the future costs functions need to be calculated for each 
time step considered. In order to start the dynamic regression of these calculations, it is 
necessary to assume a value for the future costs after the time horizon considered. In this 
example it will be assumed that the future costs are zero for time periods after the time horizon 
(three hours) considered.  

The total energy content of the reservoir is discretized in three states: 0%, 50% and 100% of the 
reservoir’s energy capacity. The reservoir’s energy capacity is considered equal to 10 MWh for 
this example and the initial reservoir energy content is 50%. 

While calculating the future costs functions, two matrixes will be used to store the values that 
are necessary. In a matrix named |X}� the values of the future costs functions for the different 
system states will be stored and in a matrix named dX}� the values of the optimal hydro 
production of the different system states will be stored. The dimension of these matrixes will be (3�4) where each row represents a system state (reservoir energy content) and each column 
represents a time stage (the three stages considered plus an extra column representing the future 
periods). The first row represent 100% of the reservoir content, second row represents 50% of 
the reservoir content and the last row represents 0% of the reservoir content. 

dX}� = ]−−−
− − −

−− −
000_,    |X}� = ]−−−

− −−
− − −

000_ 

The calculations are then initiated for � = 3. As no future costs are assumed for � > 3, the water 
value is zero for future periods, which means that in period 3, all water available will be used 
since there is no profit from storing water for future periods. This means that for each of the 
system states considered the optimal hydro production is equal to the reservoir content 
corresponding to each state plus the inflow to the reservoir during this period. Column three of dX}� can then be simply calculated. 

dX}� = ]−−−
− −−  1383  000_ 

According to these production the future costs function can be calculated.  

For a reservoir content of 0%: 

The inflow for this time period is 3 MWh and the optimal hydro production is 3 MWh. The 
demand for this period is 20 MWh which means that 17 MWh of the demand will be covered by 
the thermal units. The immediate costs (or thermal costs) for this situation can be easily 
calculated from the merit order curve with the help of equation (3.16). 

�BB@��C�@ �E$�$ = G F(�� − "�)�� = 10 ∗ 10 + 5 ∗ 40 + 2 ∗ 50 = 400 ud~��
L  

 

 

For a reservoir content of 50%: 
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The inflow for this time period is 3 MWh and the optimal hydro production is 8 MWh. The 
demand for this period is 20 MWh which means that 12 MWh of the demand will be covered by 
the thermal units. The immediate costs (or thermal costs) for this situation can be easily 
calculated from the merit order curve with the help of equation (3.16). 

�BB@��C�@ �E$�$ = G F(�� − "�)�� = 10 ∗ 10 + 2 ∗ 40 = 180 ud~�

L  

For a reservoir content of 100%: 

The inflow for this time period is 3 MWh and the optimal hydro production is 13 MWh. The 
demand for this period is 20 MWh which means that 7 MWh of the demand will be covered by 
the thermal units. The immediate costs (or thermal costs) for this situation can be easily 
calculated from the merit order curve with the help of equation (3.16). 

�BB@��C�@ �E$�$ = G F(�� − "�)�� = 7 ∗ 10 = 70 ud~�
L  

With the above results, |X}� can be updated by adding the corresponding future costs for each 
of the immediate costs previously calculated. As future costs are zero in this case, the sum of 
immediate and future costs remains equal to immediate costs. 

|X}� = ]−−−
− −−

70 180 400
000_ 

Time stage 3 has been solved and the future costs function and water value curve calculated 
(Figure 50) will be used to solve time stage 2. The water values are calculated based on equation 
(3.21). According to this equation, the water value function can be defined by: 
 
 

− 400 − 1800 − 5 = 44 ud~ ��ℎ⁄  UEA 0 ≤ � < 5 

 

− 180 − 705 − 10 = 22 ud~ ��ℎ⁄  UEA 5 ≤ � < 10 
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Figure 50: Future costs and water value for t=3 

Considering now time stage � = 2: 

For a reservoir content of 0%: 

The inflow for this time period is 2 MWh and the load is 23 MWh. The future costs function 
and water values are know from the previous calculation. The solution for the optimal hydro 
production for this system state is trivial since the feasible hydro production is between 0 and 2 
MWh for this time period. The water value for any of the possible stored energy is 44 
EUR/MWh as it can be observed in Figure 50. Since for the maximal feasible hydro production 
(2 MWh) the necessary thermal production (21 MWh) is producing at a marginal cost equal to 
100 EUR/MWh it is optimal to run the hydro production at its maximal feasible level, which 
means that the reservoir will also be emptied in this case.  

The immediate costs associated at this hydro production policy can be calculated with the help 
of the merit order curve and equation (3.16). 

�BB@��C�@ �E$�$ = G F(�� − "�)�� = 10 ∗ 10 + 5 ∗ 40 + 4 ∗ 50 + 2 ∗ 100 = 700 ud~
�
L  

The total costs for this system state has then to take into account the future costs according to 
equation (3.3). As the reservoir is emptied, the future costs are obtained directly from reading 
the future costs function for a reservoir content of 0%. Observing Figure 50the future costs for 
this situation amount to 400 EUR. 

�E�CD �E$�$ = 700 + 400 = 1100 ud~ 
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The inflow for this time period is 2 MWh the load is 23 MWh and the reservoir content is 5 
MWh. The future costs function and water values are know from the previous calculation. The 
solution for the optimal hydro production for this system state is also trivial since the feasible 
hydro production is between 0 and 7 MWh for this time period. The water value for any of the 
possible stored energy is at most 44 EUR/MWh as it can be observed in Figure 50. Since for the 
maximal feasible hydro production (7 MWh) the necessary thermal production (16 MWh) is 
producing at a marginal cost equal to 50 EUR/MWh it is optimal to run the hydro production at 
its maximal feasible level, which means that the reservoir will also be emptied in this case.  

The immediate costs associated at this hydro production policy can be calculated with the help 
of the merit order curve and equation (3.16). 

�BB@��C�@ �E$�$ = G F(�� − "�)�� = 10 ∗ 10 + 5 ∗ 40 + 1 ∗ 50 = 350 ud~�

L  

The total costs for this system state has then to take into account the future costs. As the 
reservoir is emptied, the future costs are again obtained directly from reading the future costs 
function for a reservoir content of 0%. Observing Figure 50 the future costs for this situation 
amount to 400 EUR. Total costs are then calculated according to (3.3) 

�E�CD �E$�$ = 350 + 400 = 750 ud~ 

 

For a reservoir content of 100%: 

The inflow for this time period is 2 MWh, the load is 23 MWh and the reservoir content is 10 
MWh. The future costs function and water values are know from the previous calculation. The 
solution for the optimal hydro production for this system state is not trivial anymore since the 
feasible hydro production is between 0 and 12 MWh for this time period. The water value for 
any of the possible stored energy is at the most 44 EUR/MWh as it can be observed in Figure 
50. Since for the maximal feasible hydro production (12 MWh) the necessary thermal 
production (11 MWh) is producing at a marginal cost equal to 40 EUR/MWh which is lower 
than the water value of 44 EUR/MWh, then it is optimal to save water for the next time period. 
The solution to the problem has then to be found by searching the cross between the merit order 
curve and the water value curve according to (3.19). This is shown in the following figure 
(Figure 51). 
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Figure 51: Cross between water value curve and merit order curve 

 

The cross is given at a thermal production of 15 MWh, which means that the optimal hydro 
production is 8 MWh. 

The immediate costs associated at this hydro production policy can be calculated with the help 
of the merit order curve and equation (3.16). 

�BB@��C�@ �E$�$ = G F(�� − "�)�� = 10 ∗ 10 + 5 ∗ 40 = 300 ud~��
L  

The future costs are associated to the reservoir energy content at the end of this period which 
amounts to 4 MWh. The future costs are obtained from the future costs function previously 
calculated for the amount of water saved as: 

U"�"A@ �E$�$ = 400 − 4 ∗ 44 = 224 ud~ 

The total costs are then given by: 

�E�CD �E$�$ = 300 + 224 = 524 ud~ 

After these calculations both |X}�and dX}� can be updated: 

 

|X}� = ]−−−
 524 750 1100

70 180 400
000_ , dX}� = ]−−−

 8 7 2  1383  000_ 

The future costs function and water values for this time period (� = 2) are shown in the 
following figure (Figure 52). 
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Figure 52: Future costs and water value for t=2 

 

Now that water values and future costs functions are known for � = 2 and � = 3 the problem 
can be solved directly knowing the initial reservoir content. Another option is to calculate the 
optimal hydro production and therefore future costs and water values for � = 1 for all the states. 
If the initial reservoir energy content is exactly equal to one of the states, the optimal hydro 
production is directly read from dX}�. 
In the same manner as it is been done for previous time stages, dX}� and |X}� can be 
completed. 

|X}� = ]594704930
 524 750 1100

70 180 400
000_ , dX}� = ]500

 8 7 2  1383  000_ 

Knowing the water values for � = 2 and � = 3, the problem is solved directly for an initial 
reservoir energy content of 50%. For the period � = 1 the reservoir energy content (i.e. the 
reservoir energy content at the beginning of time period � = 1) is 5 MWh and the inflow during 
the period is 5 MWh. The load is 12 MWh for this hour and the merit order curve and water 
value curve are known. The optimal hydro production is then given by the cross between the 
merit order curve and the water value curve according to equation (3.19). This cross is shown in 
the following figure (Figure 53). 
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Figure 53: Cross between merit order curve and water value curve 

The cross is obtained for a thermal production of 12 MWh, which is equal to the load and thus 
for this hour and the initial reservoir energy content considered the optimal hydro production is 
zero. When checking the full matrix dX}� it can be seen that it is the same value for the 
corresponding system state and time stage, i.e. |X}�(2,1) is zero. 

With this initial reservoir energy content and knowing the inflow and the optimal hydro 
production, the reservoir energy content at the beginning of time step 2 can be calculated 
according to equation (3.8). This value is 10 MWh. 

The optimal hydro production for time stage 2 can then be obtained by finding the cross 
between the merit order curve and the water value curve according to equation (3.19). As the 
reservoir energy content in the beginning of time period 2 is equal to one of the system states 
(100% of the total energy content of the reservoir), the optimal hydro production can simply be 
read from dX}�. The optimal hydro production in time stage 2 is the 8 MWh. 

The reservoir energy content at the beginning of time period 3 can be calculated from the 
reservoir energy content in the beginning of time stage 2 plus the inflow and minus the hydro 
production according to equation (3.8). The reservoir energy content at the beginning of time 
stage 3 is 4 MWh (40% of the total energy content of the reservoir). This value is not equal to 
any of the system states and thus the optimal hydro production cannot be read from dX}�. 
Formally the optimal hydro production should be calculated by searching the cross between the 
merit order curve and the water value curve according to (3.19). But as it is the last time step 
and the water value is considered as zero for future time periods, the optimal hydro production 
is maximal feasible hydro production which in this case is equal to the reservoir energy content 
at the beginning of period 3 (4 MWh) plus the inflow during this period (3 MWh). The optimal 
hydro production is then 7 MWh. 
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The evolution of the reservoir energy content is shown in Figure 54. The figure shows the 
reservoir energy content at the beginning of each time stage. 

 
Figure 54: Reservoir energy content evolution for the studied period 

 

2) Application of the stochastic model to a simple system 

The same load, merit order curve, total reservoir energy content and initial reservoir energy 
content are considered in the stochastic model, but now two inflow scenarios with equal 
probability of occurring are considered to calculate the water values. The two inflow scenarios 
are shown in Figure 55. 
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Figure 55: Stochastic inflow 

For each system state, the goal is to calculate a common hydro production for all scenarios that 
minimizes the sum of immediate and future costs for all scenarios according to equation (3.49). 
In the same manner, a matrix to store the future costs (|X}�) is created, the matrix for hydro 
production is not interesting anymore. The values for water production used to calculate the 
future costs function will significantly differ from the water production for a given inflow 
scenario and thus dX}� is not of interest. 

|X}� = ]−−−
− −−

− − −
000_ 

The calculations are the initiated for � = 3 and again no future costs are assumed for � > 3 
which means that the water value is zero for future periods. When deciding on a common hydro 
production for several scenarios the maximum hydro production will be limited by the 
minimum of the inflow scenarios for the considered period. For instance for period � = 3 the 
inflow from scenario 1 is 3 MWh and the inflow from scenario 2 is 4 MWh. That means that for 
a considered reservoir content of 0% at the beginning of � = 3 the total hydro production that 
minimizes the sum of all scenarios cannot be greater than 3 MWh. 

Keeping this in mind, the hydro production that minimizes the sum of all scenarios (according 
to equation (3.49)) is the same as the solution found in the deterministic solution since the 
minimum inflow for � = 3 corresponds to scenario 1 that is the same used in the deterministic 
solution and future costs are equal to zero for any reservoir content. Total costs for this time 
stage are then equal to the ones initially calculated. |X}� is then: 

|X}� = ]−−−
− −−
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Now that the future costs function (and thus water value curve) is known for � = 3, the optimal 
hydro production and future costs function is calculated for � = 2. 

For a reservoir content of 0%: 

The inflow for this time period is 2 or 1 MWh. The demand for this period 23 MWh and the 
future costs function is known and can be seen in Figure 50. The optimal hydro production is 
then comprised between 0 and 1 MWh since 1 is the minimum inflow to the system during this 
period. For a hydro production of 0 MWh the water value for a reservoir energy content of 1 
MWh or 2 MWh in the next time period is 44 EUR/MWh. The marginal cost for a thermal 
production equal to the demand is 100 EUR/MWh. This means that the optimal production is 
greater than 0 since the average of the water value is greater than the average of the marginal 
cost for the thermal production.  

If the hydro production is now increased to 1 MWh, the water value for a reservoir energy 
content of 0 MWh or 1 MWh in the next time period is 44 EUR/MWh. The marginal cost for a 
thermal production equal to the demand minus 1 MWh (22 MWh) is 100 EUR/MWh which 
means that it is worth producing 1 MWh in this situation. As 1 MWh is the maximum feasible 
hydro production it is the optimal hydro production common for all scenarios. 

The immediate costs are the same for both scenarios and are equal to the thermal costs for a 
thermal production of 22 MWh. 

�BB@��C�@ �E$�$ = G F(�� − "�)�� = 10 ∗ 10 + 5 ∗ 40 + 4 ∗ 50 + 3 ∗ 100 = 800 ud~


L  

The future costs are then read from the total costs function calculated in the previous step.  

For scenario 1: 

Water in the reservoir in the next period is equal to the water in the reservoir at the beginning of 
period � = 2 (0 MWh) plus inflow (2 MWh) minus hydro production (1 MWh). The future 
costs for this system stage are then 356 EUR. 

For scenario 2: 

Water in the reservoir in the next period is according to equation (3.43) equal to the water in the 
reservoir at the beginning of period � = 2 (0 MWh) plus inflow (1 MWh) minus hydro 
production (1 MWh). The future costs for this system stage are then 400 EUR. 

The total costs are 1200 EUR for scenario 1 and 1156 for scenario 2. The total costs for the 
considered hydro production are then the average of the total costs for each scenario according 
to equation (3.40), which means that the value that will be stored in |X}� for the system state 
0% is 1178 EUR. 

Based on this procedure the optimal hydro productions that minimize the total costs for system 
states 50% and 100% are respectively 6 MWh and 8 MWh. The total costs that are stored in |X}� are also calculated as an average of the total costs for each scenario and |X}� is then: 

|X}� = ]−−−
 546 778 1178

70 180 400
000_ 
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It is not interesting to calculate the first column anymore since the hydro production calculated 
through these steps will not be equal to the hydro production calculated for a given scenario. 

Now, based on the water values calculated, assuming an initial reservoir content at the 
beginning of � = 1 of 50% and that the inflow that actually happens is scenario 2. The evolution 
of the reservoir content is calculated exactly in the same manner as it was in the deterministic 
calculations since now there is only one inflow scenario. The evolution of the reservoir energy 
content based on inflow scenario 2 where the water value was estimated based on two scenarios 
is shown in Figure 56. 

 

 
Figure 56: Reservoir energy content evolution for inflow scenario 2 
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