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Abstract

The implementation of high data rate and high reliability wireless com-
munication systems is one of the most widely investigated topics within the
scientific community and has raised new engineering and research challenges
for many years. Consequently, Multi-input Multi-output (MIMO) systems are
today regarded as one of the most promising research areas in wireless commu-
nications. This is due to the fact that MIMO wireless communication systems
provide high capacity thanks to the multiple paths created between the trans-
mitter and the receiver. Hence, multiple signal streams can be transmitted in
parallel assuring an increase in communication capacity.
Existing signaling techniques for MIMO systems have focused primarily on
multiplexing for high data rate or diversity for high link reliability as a conse-
quence of the fact that both high diversity degree and multiplexing rate cannot
be enjoyed simultaneously.
In this report, we present different schemes whose design bridges the gap be-
tween multiplexing and diversity using new proposed codes that typically per-
form well both in terms of ergodic capacity as well as error probability. This
is important because designs performing well from an ergodic capacity (data
rate) point of view do not necessarily perform well from an error probability
(reliability) point of view.
A Synthesis scheme is investigated in order to find a transmission structure
which allows reaching good performance in term of error probability with a
reasonable complexity. This task is achievable based on the use of lattice re-
duction technique (LR).
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Chapter 1

Introduction

Wireless systems with multiple transmit and receive antennas (MIMO) are impor-
tant due to their potential for significant spectrum efficiency. Practical modulation
schemes for MIMO systems with receive-only channel knowledge fall principally into
two areas known as diversity and multiplexing. Diversity modulation or space-time
coding, uses specially designed codewords that maximize the diversity advantage
or reliability of the transmitted information. This is done by sending signals that
carry the same information through different paths. In fading channels, such codes
maximize the diversity gain at the expense of a loss in capacity (achievable rate).
Spatial multiplexing, on the other hand, transmits independent data streams from
each transmitting antenna such that multiple parallel spatial channels are created.
Multiplexing designs allow capacity to be achieved but at the expense of a loss in di-
versity advantage in fading channels. In practical systems, it is desirable to provide
both high spectrum efficiency and high reliability; thus, new space-time signaling
techniques are needed. In order to take advantage of both diversity and multiplexing
gains, a compromise has to be made. This compromise is captured by the Diversity
-Multiplexing tradeoff (DMT). In this context, we will in this report consider two
different schemes of MIMO transmission system, which have been proved that they
guarantee optimality with respect to the diversity-multiplexing tradeoff (DMT).
The first structure is based on the use of a Space-Time Spreading (STS) code with
lattice reduction aided (LRA) detection whereas the second structure is based on
the use of Golden Code (GC) with MMSE-lattice-reduction aided detection.
The rest of the report is outlined as following. Chapter 2 emphasizes the project
task. Chapter 3 gives a brief description of the system and introduces some notations
which are adopted in the whole report. Chapter 4 defines the diversity-multiplexing
tradeoff and discusses its optimality. Chapter 5 details the implementation of two
space-time codes which are Space-Time Spreading (STS) and the Golden code (GC).
Chapter 6 points out the usual linear detection techniques. Chapter 7 presents the
lattice design and highlights its properties. Chapter 8 outlines a complexity syn-
thesis. Chapter 9 comments the simulation results. finally, Chapter 10 contains the
synthesis of the project.
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Chapter 2

Project Management

2.1 Project Description
The tradeoff between reliability of detection and achievable data rates in wireless
multiple antenna MIMO channels was in 2003 succinctly characterized by Zheng
and Tse’s diversity and multiplexing tradeoff (DMT) [1]. The reliability and rate
was at a high signal-to-noise ratio (SNR) captured by the diversity gain and mul-
tiplexing gain respectively, and the DMT provided fundamental limits to these
quantities. Following the development of the DMT much research efforts was di-
rected towards inventing practically realizable communication methods that would
reach these fundamental limits. Towards this end, Medles and Slock [2] suggested
a form of Space-Time Spreading code that could be decoded using a hybrid low
dimensional maximum likelihood (MP) decoder per timeslot together with a deci-
sion feedback mechanism between timeslots. While this improved on the full ML
receiver by making the complexity linear in the codeword length, the solution was
still exponentially complex in the number of transmit antennas. In essence, the
method of Medles and Slock can be viewed as an efficient way of reducing the di-
mension of the signaling space, although the dimension cannot be made lower than
the number of transmit antennas.
In another line of research, Jaldén and Elia [3] proved that MMSE-lattice reduc-
tion aided (LRA) linear detection is DMT optimal at only polynomial complexity.
Although DMT optimal this method suffers a large SNR gap to capacity when the
signal space dimension is large. Nevertheless, as was mentioned in [3], it is likely
that by combining the methods of [2] and [3] the best properties of the two methods
could be combined. However, this has not yet been tested in practice.
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6 CHAPTER 2. PROJECT MANAGEMENT

2.2 Objectives
The thesis project consists of implementing a combination of the methods in [2]
and [3] and to evaluate the performance of such a system in comparison with pure
implementations of [2] and [3]. While most of the initial work would consist of
writing MATLAB implementations, there is also room for analytically assessing the
properties of the combined scheme.

2.3 Planning of the Project
The different tasks of the project have been scheduled as following:

1. Implementation of a Space-Time Spreading coded transmission system with
decision feedback equalizer, using the maximum likelihood detector.

2. Implementation of a perfect Space-Time coded system based on Golden Code
using maximum likelihood receiver.

3. Implementation, evaluation and comparison of different suboptimal detection
techniques in term of performance (error probability).

4. Implementation of the lattice reduction aided detection technique; investigate
its properties and analyze the behavior of the method when changing pa-
rameters of the transmission mode (number of transmit antennas, size of the
constellation)

5. Implementation of a combination of the two proposed schemes: a Space-Time
Spreading code based on lattice reduction aided technique and evaluate its
performance.

2.4 Problem statement
One relevant matter in wireless communication systems is the existant compro-
mise between performance and complexity. In MIMO systems, the detection has
a complexity that increases in number of antennas. Therefore, adding antennas
to a MIMO transmission would entail more complexity in detection but leads to
better performance. Consequently, lowering the complexity of the detection while
maintaining performance is an important issue that is needed to be investigated,
and this by using the lattice reduction technique. In this context, it is proposed
here two schemes, which should be investigated separately:

Scheme1: Space-Time Spreading code with decision feedback mechanism and
Maximum likelihood decoder.
Good points:
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• Complexity is linear in the codeword length.

• Reduction of the signaling space dimension.

Bad points:

• Complexity is exponential in the number of transmit antennas.

Scheme2: Golden Code with MMSE-lattice reduction aided detection.
Good points:

• Polynomial complexity in detection.

Bad points:

• Large SNR gap to capacity due to the fact that the signal space dimension is
large.

The main purpose is to implement a combination of the 2 schemes so that:

1. We lower the complexity in detection in the first scheme especially for large
number of transmit antennas.

2. Decrease the SNR gap to capacity in the second scheme by reducing the signal
space dimension.

Hence, we aim to combine the STS code with the MMSE-lattice reduction detector.
The obtained scheme should behave well in term of performance and complexity;
performance must be near optimal and complexity must not grow significantly when
increasing the number of transmit antennas.





Chapter 3

System Model and Notation

We consider a MIMO system with Nt transmit and Nr receive antennas such that
Nt ≤ Nr. The multiple input multiple output (MIMO) channel model can be de-
scribed by the figure below. TX and RX stand for transmitter and receiver antennas,
respectively.

Figure 3.1: Modelisation of the transmission system

In each use of the MIMO channel, a vector x = (x1 x2 . . . xNt)
T of complex

numbers is sent and a vector y = (y1 y2 . . . yNr )T of complex numbers is received.
The complex received signal is given by

y = Hx+ w,

where x ∈ CNt , y, w ∈ CNr , H ∈ MNr×Nt(C). The entries of the channel matrix
H are assumed to be i.i.d. complex Gaussian random variables with zero mean
and unit variance, and w is the Gaussian noise with i.i.d. entries of zero mean and
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10 CHAPTER 3. SYSTEM MODEL AND NOTATION

variance σ2
w. The independent coefficients of the channel matrix represent the gain

over each path of the transmission system. The MIMO system offers multiple paths
within the channel, thereby increasing the amount of information the system carries.
We consider the coherent case where H is known at the receiver. The variance of
the noise σ2

w varies depending on the signal to noise ratio (SNR) desired according
to the formula:

SNR = σ2
s

σ2
w

, where σ2
s is the variance of the signal.

By increasing the SNR, the variance of the noise decreases, and so the transmitted
message is then less corrupted by the noise, which provides better performance in
detection.

The following notation will be adopted in what follows of the report:

• || · || denotes the Euclidean norm.

• < u, v > denotes the scalar product of the vectors u and v.

• AH denotes the Hermetian transpose of A.

• H+ denotes the Moore-Penrose pseudo inverse of H.

• vT denotes the transpose of the vector v.

• I refers to the identity matrix with the suitable dimensions.

• ρ denotes the signal to noise ratio.

• During the simulations and for simplicity, only systems with the same number
of transmit and receive antennas are considered so Nt = Nr = N .

• j denotes the imaginary number such that j2 = −1.

• QAM refers to the quadratic amplitude modulation.

• M denotes the modulation order, i.eM = 4 refers to the 4-QAM constellation.

• S denotes the set of M-QAM modulated symbols.

• C(Z) denotes the space of complex integers.

• Z+ refers to the space of positive integers.

• σ2
s and σ2

w denote respectively the variance of the signal and the noise.



Chapter 4

Diversity-Multiplexing Tradeoff

Diversity and multiplexing are two criteria which characterize a MIMO transmis-
sion in a wireless communication system; a MIMO system can provide two types
of gains, the diversity gain and the spatial multiplexing gain. While the multi-
plexing gain illustrates the number of degrees of freedom within the transmission
system or more appropriately the rate, the diversity degree expresses the reliability
of the transmission mode. The tradeoff between the two criteria rises from the fact
that it is impossible to design a transmission system with both maximal diversity
and maximal multiplexing. However, it is possible to achieve optimality in the
diversity-multiplexing tradeoff in order to obtain simultaneously the advantage of
both benefits of diversity and multiplexing, and consequently achieve a high rate
reliable transmission. In the spatial multiplexing scheme, where independent infor-
mation stream are transmitted through the spatial channels, and assuming that the
fading is independent across antennas pairs, a maximal diversity gain of Nr can be
achieved: the average error probability can be made to decay like 1/(ρ)Nr at high
signal to noise ratio ρ, in contrast to the 1/ρ for the single antenna fading channel.
In a coded system with Nt transmit and Nr receive antennas, assuming the path
gains between individual antenna pairs are independent and identically distributed
Rayleigh faded, the maximal diversity gain is Nt × Nr, which is the total number
of fading gains that can one average over. Transmit and receive diversity is actu-
ally a mean to combat fading. By definition, a scheme is said to achieve spatial
multiplexing gain r and diversity d if the data rate is such that

r = lim
ρ→∞

R(ρ)
log(ρ)

and the average error probability is such that

d = − lim
ρ→∞

logPe(ρ)
log ρ

Since higher spatial multiplexing comes at the price of sacrificing diversity and
vice-versa, it is important to find a characterization of the optimal tradeoff curve

11
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achievable by any scheme. According to [3], it has been shown that, as long as the
block length in term of symbols l ≥ Nt, the optimal diversity gain d∗(r) achievable
by any coding scheme turns out to be a simple function of the multiplexing gain as
following:

d∗(r) = (Nt − r)(Nr − r), r ∈ Z+

The last expression can be interpreted by the fact that out of the total source
of Nt transmit and Nr receive antennas, it is as though r transmit and r receive
antennas were used for multiplexing and the remaining (Nt−r) transmit and (Nr−r)
receive antennas provided the diversity. Thus, the optimal diversity-multiplexing
tradeoff curve for l ≥ Nt+Nr + 1 is shown below:

Figure 4.1: Optimal DMT Curve

It can be particularly noticed on the curve that d∗max = Nt · Nr and r∗max =
min(Nt, Nr) The optimal tradeoff curve bridges the gap between the two design
criteria of a maximal diversity gain and a maximal multiplexing gain by connect-
ing the two extreme points (0, d∗max) and (r∗max, 0) and consequently provides a
more complete picture of the achievable performance over multiple-antenna chan-
nels. Concerning the impact of a change of the number of antennas, an increase of
both Nt and Nr by 1 leads to a shift to the right by 1 of the curve above; for any
given diversity gain d, the supported spatial multiplexing gain is increased by 1.
The last note highlights the fact that the more antennas the system has, the more
diversity or multiplexing advantage it can obtain.
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Illustrative Example:

In order to illustrate this tradeoff between diversity and multiplexing, we com-
pare two practical schemes in 2×2 MIMO systems, which are repetition scheme and
Almouti scheme. The repetion scheme consists in repeating the same symbol on the
two transmit antennas in two consecutive symbol times. Hence, each information
bit passes through all the four paths from the transmitter to the receiver.
The Almouti scheme consists in transmitting, in a specific way, two data symbols
in every block of length 2.

Repetition scheme Almouti scheme

X =
(
x1 0
0 x1

)
X =

(
x1 −x∗2
x2 x∗1

)

Figure 4.2: Diversity-Multiplexing tradeoff: comparison between 2 schemes

The last comparison shows how important the Diversity-Multiplexing tradeoff is
for the characterization of a transmission scheme; If the performance of schemes only
evaluated by maximal diversity gain d(0), we cannot distinguish the performance
of the repetition scheme and the Alamouti scheme.





Chapter 5

Space-Time Codes

In this section, two coding techniques will be described:

• Space-Time Spreading code with decision feedback equalization.

• Perfect Space-Time code with minimum delay.

Both of the two codes achieve the optimal Diversity-Multiplexing tradeoff when
using maximum likelihood (ML) technique for symbol detection.

5.1 STS scheme with DFE equalizer

The MIMO communication system with Nt transmit antennas and Nr receive an-
tennas can be described as following: The Space-Time encoder takes input symbols
and generates a codeword matrix, that is, a codeword with dimension in both space
and time. The codeword is launched into the propagation environment from Nt

transmit antennas and arrives at the Nr receive antennas. The receiver is assumed
to have perfect channel knowledge while the transmitter has no channel knowledge.

Transmitter: The bit stream of information at the input is mapped into QAM
symbols and then multiplexed in order to obtain symbol vectors bk with Nt entries.
The linear precoding consists then in filtering the vectors bk using a square matrix
prefilter T (q).

Xk = T (q) · bk =
Nt−1∑
i=0

Tibk−i

Where:
T (q) = D(q) ·Q;
D(q) = diag(1, q−1, . . . , q−(Nt−1));

15



16 CHAPTER 5. SPACE-TIME CODES

Q = (1/
√
Nt)


1 θ1 . . . θNt−1

1
1 θ2 . . . θNt−1

2
...

...
...

1 θNt . . . θNt−1
Nt


With θi are the roots of θNt − j = 0
The following figure illustrates the transmit system:

Figure 5.1: Block diagram of the Transmitter of STS code

It is worth to mention here that the coding performed is called linear dispersion
coding as the obtained codewords at the output of the prefilter are linear functions
of the imput symbols, which makes the decoding relatively easy and less complex
than using nonlinear coding.

Concerning the transmission mode, the input data is split into packets and
gets transmitted in frames of length Ns. The frame structure requires the proper
handling of the frame borders to avoid interframe interference. An appropriate way
to do so consists in the insertion of guard intervals of size equal to the memory of
the prefilter, hence of size Nt − 1 Symbol periods. The frame structure is thus as
following:

Figure 5.2: Frame structure of STS code

Normally, the introduction of the guard intervals at the beginning and the end
of each frame has an impact on the transmission rate. The irrelevant information
embedded in the guard interval (not part of the useful transmit information) leads
to a reduction of the rate by a factor 1− (Nt − 1)/Ns . The last quantity becomes
negligible by adopting long frames; several symbol periods per frame.

Channel: As described in Chapter 3, the channel is anNt×Nr matrixH whose el-
ements are independent and identically distributed (i.i.d) complex Gaussian random
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variables. The channel matrix is constant over the duration of the frame of interest
but varies independently from frame to frame. Thus, each frame is associated to a
different channel realization, and the channel coefficients at each realization are in-
dependent in space and time. At the output of the channel, for each symbol period
,the receive signal is an Nr × 1 vector:

yk = Hxk + wk ,

Where wk is the additive Gaussian noise vector.

Receiver: The receiver, as described in [2], is composed basically of 2 principal
elements: the matched filter and the DFE equalizer.

• The matched filter has as role to maximize the output signal to noise ratio.
It has the following expression:

G†(q) =
Nt−1∑
i=0

GHi q
i ,

Where G(q) = HT (q).
At the output of the matched filter, we obtain the symbol vectors ak:

ak = G†(q)yk

• The decision feedback equalizer (DFE) offers an effective and low-complexity
solution to combat the inter-symbol interference. Decision Feedback equaliz-
ers (DFEs) usually outperform linear equalizers for channels with intersym-
bol interference. However, the DFE performance is highly dependent on the
availability of reliable past decisions. The DFE produces the following symbol
estimate:

b̂k = −B(q)bk + F (q)ak ,

where B(q) denotes the feedback filter and F (q) denotes the feedforward filter.

The DFE equalization has an important role in improving the symbols decision.
The use of the DFE is based on the fact that if the values of previously detected sym-
bols are known, their interference contribution can be cancelled out or subtracted
at the output of the feedforward filter. Hence, the feedforward and feedback filters
proceed by eliminating and suppressing the inter-symbol interference. The filters
of the MMSE conventional MIMO DFE receiver are computed using the following
formulas:

B(q) = T †(q)LHT (q)− I

V = QHSQ

F (q) = V −1B−†(q)
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Figure 5.3: The decision feedback equalizer’s structure

Where L and S result from the LDU triangular matrix factorization of :

HHH + (1/ρ)I = LSL′

Since the DFE operates by estimating and subtracting the impact of the past
detected interfering symbols, past symbol decisions affect considerably the later
decisions. In particular, when an error is made by the DFE receiver, this error risks
to propagate sequentially which implies mistaken future decisions.
The bit-by-bit decision is performed using the Maximum likelihood (ML) detection
which searches for the closest possible transmitted vector to the estimated symbols.
More specifically, the joint detection of the components of bk is achieved using a
weighted minimum distance detector, described by:

bk = arg min ||bk − b̂k||2Cee
= arg min[(bk − b̂k)H · C−1

ee · (bk − b̂k)] , bk ∈ SNt

here Cee denotes the covariance matrix of the estimated error.

Disadvantages:

• The DFE suffers from error propagation caused by the feedback of incorrect
decision

• Exponential complexity in the number of transmit antenna for the detection
due to the use of ML detection; complexity in the order of MNt .
I.e, for 4-QAM modulation, using 2 antennas, 42 = 16 elementary operations
are required for the detection each symbol period. For 4-QAM modulation,
using 4 antennas, 44 = 256 elementary operations are required for the detec-
tion each symbol period.
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5.2 Perfect Space-Time code with minimum delay:
Golden Code

The Golden Code is a Perfect Space-Time code for 2x2 coherent MIMO channel; it
refers to a type of codes that satisfy certain number of criteria that affect perfor-
mance. Such a code has a full rate of Nt information symbols per symbol period
and has a non vanishing determinant which ensures DMT optimality under the
condition of ML decodering. The minimum delay refers to the block length being
equal to Nt.

Transmitter: Each codeword is composed of 4 signals, and is sent in 2 channel
uses of the two transmit antennas. So the transmitted codewords are 2×2 complex
matrices whose elements are linear combinations of the inputted QAM symbols.
The codewords X of the Golden Code are 2× 2 complex matrices of the following
form :

X = (1/
√

5)
(

α[a+ bθ] α[c+ dθ]
jσ(α)[c+ dσ(θ)] σ(α)[a+ bσ(θ)]

)

Where a, b, c, d are the information symbols chosen in theM -QAM constellation,
j =
√
−1, θ = (1 +

√
5)/2 = 1.618 . . . (Golden number), σ(θ) = 1− θ, α = 1 + jσ(θ),

σ(α) = 1 + jθ

Channel: Assuming the "block fading" channel model, each transmitted codeword
will be affected by an independently varying channel matrix H. Assuming hij as
the time varying channel fading coefficients between the j-th transmit antenna and
the i-th receive antenna, the MIMO channel is described through a 2x2 matrix:

H =
(
h11 h12
h21 h22

)

Then, the 2× 2 received matrix is:

Y = HX +W,

where W is a 2x2 additive white Gaussian noise matrix

Receiver: As stated in [4], the codeword X can be represented in a vectorized
form ,where, real and imaginary components are separated, resulting in a 8× 1 real
vector x. Consequently, we get:

x = Gs ,

where G is a 8× 8 orthogonal matrix :
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G = (1/
√

5)



1 −σ(θ) θ 1 0 0 0 0
σ(θ) 1 −1 θ 0 0 0 0

0 0 0 0 −θ −1 1 −σ(θ)
0 0 0 0 1 −θ σ(θ) 1
0 0 0 0 1 −σ(θ) θ 1
0 0 0 0 σ(θ) 1 −1 θ
1 −θ σ(θ) 1 0 0 0 0
θ 1 −1 σ(θ) 0 0 0 0


and s = [<(a) =(a) <(b) =(b) <(c) =(c) <(d) =(d)]T . The Channel matrix H

consequently can be rearranged in a 8×8 real-valued matrix H2. The Golden coded
system model can so be expressed as:

y = H2Gs+ z,

Where y is the 8× 1 received real vector and z is a 8-dimensional i.i.d. zero mean
Gaussian noise real vector. The receiver which minimizes the codeword error rate
is the maximum likelihood detector in our case; it is supposed to find a solution to
the optimization problem:

arg min ||y −H2Gs||2,

where s belongs to the search space.

Disadvantages:

• High signal space dimension.

• High complexity and heavy computations imposed by the ML detection in full
rate minimum delay Space-Time codes: exponential complexity of MN2

t

For 4-QAM modulation, using 2 antennas, the detection requires 44 = 256
operations each two symbol periods.
For 4-QAM modulation, using 4 antennas, the detection requires 416 opera-
tions each two symbol periods.



Chapter 6

Usual Detection Techniques

6.1 Optimal Detectors

Optimal detectors assure optimal performance but at exponential complexity. For
instance, maximum likelihood detection (MLD) is performed by minimizing the
probability of block error. The detected transmitted vector is hence given by the
solution to the following minimization problem:

x̂ML = arg min ||y −Hx||2, x ∈ SNt

which may be solved by checking all the possible transmitted vectors with entries
belonging to the constellation space, i.e, by a full search of the codebook. Conse-
quently, and implemented in this way, ML has exponential complexity in transmis-
sion rate.

6.2 Suboptimal Detectors

Suboptimal detectors do not provide optimal performance and they do not attain
maximal diversity but they offer polynomial complexity. For instance, we can state
zero forcing (ZF) detection and Vertical Bell Labs Layered Space Time (V-BLAST)
detection. Unfortunately, for ill-conditioned channel matrices all these schemes are
clearly inferior to Maximum Likelihood (ML) detection.

6.2.1 Linear Receivers

Linear receivers are the class of receivers for which the symbol estimate x̂ is given
by a transformation of the received vector r of the form x̂ = Q(Ψr) Where Ψ is a
matrix that depends on H and Q is a quantizer or slicer that maps its argument to
the nearest signal point in S (using Euclidian distance). Linear detection is optimal
for an orthogonal channel matrix.
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ICD Detection Technique(ZF)

Given the received signal vector y = Hx+ w, Inverse channel detection consists in
multiplying the received signal by the Moore-Penrose pseudo inverse of the channel
matrix H+, so we get:

H+y = x+H+w

(H+ is equal to H−1 in the case of square matrix H). Then the transmitted signal
vector x is obtained by the quantization of each entry of the vector H+y to the near-
est constellation symbol. This method assures low complexity detection but on the
other hand provides poor performance due to noise enhancement, especially when
H is near singular. In fact, zero forcing (ZF) approach has an effect of noise ampli-
fication that deteriorates the system performance. Moreover, the component-wise
slicer (or the quantizer) ignores the correlation introduced by the equalizer which
makes the performance of the detection depend on the condition of the channel
matrix.

MMSE-Based Detection Technique

The minimum mean square error equalization design is based on the use of an
extended system model with the Nr × Nt channel matrix H = (H σw

σs
I)T and

length Nr receive vector y = (y 0)T : i.e,

x̂ = H+y = (HHH + σ2
w

σ2
s

I)−1HHy.

The MMSE receiver can be seen as ZF receiver that takes into consideration the
presence of the additive noise and hence utilize a better conditioned equivalent
channel matrix. The MMSE criteria provides better performance in conjunction
with a detection method such SIC than using the ZF-based receiver.This is can be
explained by the fact that the MMSE takes into account the variance of the noise
while detecting, which allows to minimize the overall error due to the noise at the
filter output. Moreover, the MMSE approach provides optimal tradeoff between the
residual interference and noise amplification.

6.2.2 Successive Interference Cancellation (SIC) Receivers

SIC receivers are non-linear detection schemes where data symbols are detected
successively by canceling the effect of previously detected symbols.Hence, the order
in which the symbols are detected affects the performance and can be optimized.

V-BLAST Detection With Standard Ordering

The proposed V-BLAST detection method is a scheme based on successive interfer-
ence cancellation (SIC). Given the received signal vector y = Hx+w, the V-BLAST
detection consists in decomposing the channel matrix into an orthogonal matrix Q
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and a triangular matrix R; H = QR It proceeds then by multiplying the received
signal by the inverse of the unitary matrix Q. We get:

y′ = Q+y = Rx+Q+w

By exploiting the fact that R is upper triangular matrix, the entries of x are detected
one by one successively in decreasing order by canceling the effect of previously
detected symbols [5]:

y′1
y′2
...
y′Nt

 =


r11 . . . . . . r1Nt

0 r22 . . . r2Nt

... . . . . . . ...
0 . . . 0 rNtNt

 ·


x1
x2
...
xNt

+


w′1
w′2
...

w′Nt


We start by detecting xNt and then, xi, i ∈ {Nt − 1, . . . , 1} are detected progres-
sively by cancelling the interference of the last detected entries; after detecting
xk, . . . , xNt , we can subtract their interference out of y′k−1 to detect xk−1.

This method offers better performance than conventional linear receivers and
still has low complexity, but the performance suffers from the error propagation
which occurs when first detected entry is mistaken; detecting later entries correctly
strongly depends on having correctly decoded previous entries.

V-BLAST Detection with optimal ordering

V-BLAST detection based on optimal ordering algorithm (orthogonal Bell Labs
Layered Space Time) is a recursive procedure that extracts the components of the
transmitted vector x according to a certain ordering of the indices of the elements
of x. In a VBLAST scheme, an ordering process is performed in loop so that the
data stream with the highest SNR (signal to noise ratio) is always detected prior to
the others until all the transmitted signals are detected sequentially. For the i-th
recursion, the estimate of the ki-th symbol is calculated as

ŝ = wHki
· ri

The nulling vector wHki
is chosen from the Moon-Penrose pseudo-inverse of the chan-

nel matrix which only contains the channel fading corresponding to the undetected
transmit signals. The criterion is that the row vector with the minimum norm is
always picked. The estimate ŝ is then demodulated and canceled from ri. The
nulling and canceling processes are performed at each recursion successively so that
the effect of previousely detected symbols is suppressed. The recursion keeps on
until all the symbols are detected. The V-BLAST algorithm is described in [6] as
following:
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Initialization:

W1 = H+

i = 1

Recursion:

ki = arg min ||(Wi)j ||2, j /∈ {k1, . . . , ki−1}

yki
= (Wi)ki

· ri
x̂ki

= Q(yki
)

ri+1 = ri − x̂ki
·Hki

Wi+1 = H+
k̄i

i = i+ 1

Where (Wi)j is the j’th row ofWi, Q(.)is a quantizer to the nearest constellation
point, (H)ki

denotes the ki’th column of H, and Hk̄i
denotes the matrix obtained

by nulling the columns k1, k2 . . . , ki of H.
In V-BLAST detectors, there is actually a sub-optimal detection order from the
last to the first layer which corresponds to the V-BLAST with standard ordering
described in the last section.
In term of complexity, a comparison between the standard V-BLAST detection and
V-BLAST with optimal ordering is done by finding out how much complexity we
can save by removing the optimal ordering step in the V-BLAST detectors. The
complexity of ordering in the algorithm includes computing the norm of Nt columns
of the weight matrixW . The size ofW for the case of ZF nulling is Nr×Nt. As there
are Nt iterations and after one iteration the number of columns in W is reduced by
one, the complexity is given by

Nt∑
i=0

i ·Nr = Nr(Nt + 1)Nt/2

Assuming that Nr = Nt = N the complexity order of the optimal ordering process
is O(N3). It is noted here that the algorithm described above actually requires
O(N4) operations, however this complexity can be reduced down to O(N3) by a
better implementation.

N.B: In all simulations,we will use the notation SIC in reference to
the V-BLAST detection with standard ordering.



Chapter 7

Lattice Reduction Aided Detection

7.1 Lattice Reduction (LR) Technique

The noise enhancement is one of the main problems that encounter linear detectors
and occurs when the channel is poorly conditioned. As a consequence, the perfor-
mance is severely degraded in comparison to the optimal ML detector when the
channel matrix is ill-conditioned. One way to overcome the stated problem is to use
a new representation of the signal lattice. Hence, the idea behind the use of lattice
reduction (LR).

7.1.1 Description

An n-dimensional complex valued lattice can be defined as a discrete additive sub-
group of Cm described by:

L = {s|s = Gz} ,

where G ∈ Cm×n is called the generator of the lattice and whose columns are basis
vectors of the lattice, and z is a vector of complex integer values, z ∈ (Z + jZ)n.
A lattice of dimension n is defined so as an integer linear combination of n inde-
pendent m-dimensional real-valued vectors (called the basis of the lattice) where
n ≤ m. Any lattice point is so represented by integer multiples of the basis vectors,
that means, if c ∈ L and G = (b1 . . . bm) , then ∃zi ∈ Z such that c =

∑m
i=1 zi · bi.

Any lattice can be expressed in term of different possible bases, so if G is a basis,
GT is also a basis for any unimodular matrix T i.e. T and T−1 have integer entries.

Considering our detection problem, the received constellation Hx (H:channel,
x:transmitted vector) can be viewed as a lattice with generator H and the received
vector y = Hx + w (w:noise vector) can be viewed as the translated version of a
point of this lattice. Since that, lattice reduction technique proceeds by finding
a well conditioned basis with favorable properties (short and nearly orthogonal
vectors) for the received constellation. This can be illustrated as following: If y
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denotes the received vector after the transmission, we have

y = Hx+ w = (HT )(T−1x) + w

H ′ = HT is so the new basis and z = T−1x is the transformed codeword
expressed in the new basis. The detection problem is so solved with respect to
the reduced basis, which would improve the decision boundaries and hence the
performance of the detection, as illustrated in Fig.1 of [3] and [5]. The lattice
reduction is used in conjunction with low-complexity detectors such as ICD and
V-BLAST which are suboptimal compared to the ML detector. At the end, the
obtained solution is transformed back to the original domain.
The basic idea behind using lattice reduction in conjunction with traditional low-
complexity detectors is to operate in a chosen lattice basis that is optimized for
those detectors, as shown in the following figure:

Figure 7.1: Using lattice reduction aided detection

With this basis change, the traditional detector is first used to compensate for
the new channel H ′ = HT to produce ẑ, then x̂ is produced via x̂ = T ẑ.
For example, if ICD is employed, then (H ′)−1y is quantized to produce ẑ, from
which we obtain x̂ via x̂ = T ẑ.

The decision region or shaping region represent the decision boundaries defined
by a given detection method. when a receive symbol falls within a given decision
region, the detector rounds the decision to the lattice point inside the decision
boundaries. A narrow decision region leads to a bad detection; small amounts of
noise would cause detection errors. In this context, the LR technique provides an
improved shaping region by reducing the correlation among the basis vectors of the
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received constellation. The decision region is optimal when the lattice basis are
orthogonals and as short as possible. An illustrative example is given in the 2 × 2
real case in [5].

Since the reduced basis has better mathematical properties, LR provides a good
decoding error probability performance in a computationally efficient manner. In
fact, we will show in the next part that the lattice reduction assumes infinite constel-
lation which makes lower the computational expenses while searching the nearest
points to the estimated entries of the transmitted vector.

In mobile communication scenarios, where the channel remains constant for
several symbol durations, it is preferable to spend most of the computational effort
only once at the beginning of each frame. Hence, the use of LR technique is suitable
as it allows for performing the basis reduction process once per channel realization.

7.1.2 Implementation
During the phase of symbols detection, the lattice reduction method is implemented
in order to make less exhaustive the searching effort employed for finding the vectors
of QAM symbols which are the most likely to be transmitted. At most cases, the
elements in set S are not continual integers as demanded by LR. Thus in order to see
that MIMO detection problem is equivalent to a lattice decoding problem, we start
by remapping the elements x ∈ SNt to s ∈ C(Z)Nt . In other words, a shifting and
rescaling of the constellation space is required so that the searching space includes
continual set of complex integers (S ⊂ C(Z)).
We consider here the case of 4-QAM mapped entries for the transmitted vector x.
Hence, the shifting and rescaling operations which must be done for the constellation
can be illustrated by the following transformation: x 7−→ s = (x + 1 + j)/2,which
turns out the space of search of each entry of the transmitted signal to a subset of
the complex integers, let’s denote this new set by A. The minimization problem in
the detection phase becomes:

arg min ||y −H(2s− 1− j)||, s ∈ ANt , whereA ⊂ C(Z)

This leads finally to solving:

arg min ||Y −Ms||, s ∈ ANt , A ⊂ C(Z),

Where Y = y+H(1 + j) and M = 2H. In other words, if L(M) =
{
Mx, x ∈ ANt

}
denotes the finite lattice generated by M , the received vector Y can be interpreted
as a lattice point u ∈ L(M) that has been translated by an additive Gaussian noise
vector. The detection problem consists then in solving the closest-vector problem
in the finite lattice L(M):

arg min ||Y − u||, u ∈ L(M)

Solving the last entity through an exhaustive search over all lattice points in L(M)
typically results in high computational complexity. Hence, a promising approach
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to reduce this computational complexity is to relax the finite lattice L(M) to the
infinite lattice:

L(M) =
{
Mx, x ∈ (C(Z))Nt

}
And consequently solve arg min ||Y − u||, u ∈ L(M) by searching over the infinite
lattice generated by M . As the resulting estimated û is not necessary in L(M),
remapping û onto the finite lattice L(M) is required whenever û /∈ L(M).

Once the last preprocessing is done, the lattice reduction technique can be per-
formed and applied toM , the new pseudo channel matrix, by using for instance the
LLL-algorithm. The reduction algorithm leads to an improvement of the basis of
the infinite lattice L(M). Let P be the new basis and T the transformation matrix,
So we have :

Mx = MT × T−1x = Pz,

where z = T−1x ∈ C(Z)Nt since T is unimodular with integer entries.
The detection problem is equal then to solving :

arg min ||Y − Pz||, z ∈ C(Z)Nt

But this time P is a well conditioned matrix. Once the lattice reduction is per-
formed, a suboptimal detection method can be used in order to find the argument
of z, solution of the minimization problem;

• Using the inverse channel detection (ICD) which is known by zero forcing
(ZF), the vector z is the solution of arg min ||P+Y − z|| which implies that z
is the quantization’s output of P+Y using a complex integers quantizer, i.e

z̃LLL−ZF =
⌈
P+Y

⌋
,

where P+ is the Moore-Penrose pseudoinverse of P and d.c denotes compo-
nentwise rounding to the nearest integer.

• Using the standard V-BLAST detection, a QR decomposition is performed so
that we obtain P = QR with Q orthogonal matrix and R upper triangular
matrix, then the vector z is the solution of arg min ||Q+Y −Rz||which can be
easily solved using the fact that R is upper triangular. The entries of z are
detected one by one in decreasing order. By defining Ỹ = Q+ · Y, ,the entries
of z̃LLL−SIC are defined as follows:

z̃N =
⌈
ỸN/rNN

⌋
, z̃i =

(Ỹi −
N−1∑
j=1

rij · z̃j)/rii

 , i = N − 1, . . . , 1

For both detectors, a transformation back to the original domain would permit
next to estimate the transmit vector x from z; x̃ = 2z̃−1− j. Finally, we proceed to
a searching operation which consists in finding the nearest possible symbol vector
to the obtained estimated vector x. If we denote Qs the quantizer that forces the
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solution to belong to the constellation S, we have x̂LLL = Qs(x̃). Here, it must be
noted that it would be a huge mistake to run the search over all the combinations
of possible transmitted vectors which would make the complexity of the searching
phase in the order of MNt ,with M the modulation order and Nt the number of
transmit antennas. Since the main purpose of the maneuver was to reduce the com-
plexity of the detection, the detection of the vector x is performed by searching the
nearest QAM constellation to each entry of the obtained vector x, which actually,
settle the complexity in the order of M · Nt instead. The last manipulation could
be performed since the entries of the symbol vector x are interdecorrelated.

To resume, the LR procedure was pursued mainly in three steps:

• Determin an improved basis for the lattice induced by the channel via lattice
reduction. The original and reduced basis are related via a unimodular matrix.

• Solve the detection problem with respect to the reduced basis.

• Transform the solution back to the original domain using the unimodular
matrix.

Concerning the use of lattice reduction aided V-BLAST detector, it is noted
[7] that without optimal ordering we can have a complexity order of O(N3) while
not reducing the BER performance significantly compared with the case of optimal
ordering. For this reason, in simulation, it was preferred sometimes not to perform
optimal ordering.

The main motivation for the performed relaxation of the lattice is that LR can
be applied only to infinite lattice. In fact, LR computes through the LLL-algorithm
an equivalent and more orthogonal basis (for the lattice L(M)) with the generator
matrix P = M ·T where T is an unimodular matrix . Thanks to the unimodularity
of T , we have L(P ) = L(M). The last equivalence holds only for infinite lattices,
whereas L(P ) 6= L(M) in general.[8]

A performance improvement can be achieved by extending the linear lattice
reduction-aided detection according to the MMSE criterion as described in [9]; we
apply the lattice reduction to the extended channel matrix H = (H σw

σs
I)T . The

obtained detection scheme is called MMSE-based lattice reduction aided detection.
Note that applying the MMSE-criterion to the LR aided detection is essential for
achieving a full diversity when using Space-Time codes.[3]

7.1.3 LR-Algorithms

The algorithms performing the lattice reduction have as purpose to reduce the lattice
basis with shorter basis vectors and improved orthogonality. Different approaches
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can be used [10], they provide a tradeoff between the quality of the reduction per-
formed and the amount of computations needed for that aim. Two algorithms will
be discussed here : Gauss-reduction and LLL-reduction.

Gaussian Reduction Algorithm

The Gaussian reduction algorithm is restricted to the two dimensional lattices,
n = 2 which makes it useless in our problem while using more than 2 antennas.
However, its efficiency and the simplicity of its implementation makes it an attrac-
tive approach in the case of 2 antennas use. The main operations performed by
the algorithm are size reduction and column swapping. The algorithm is as follows:
Let’s start by denoting (b1, b2) the latticebasis with ||b1|| ≤ ||b2||

1. Check the correlation between b1 and b2. If |< {< b1, b2 >} | ≤ 1/2 · ||b1||2and
|= {< b1, b2 >} | ≤ 1/2·||b1||2, thus the correlation between the basis vectors is
minimized, so the algotithm is ended. Otherwise, we substract n copies of b1
out of b2 so that the correlation is minimized which imply that b2 is replaced
by b2 −

⌈
< b1, b2 > /||b1||2

⌋
· b1.

2. Check the length of the two vectors: If ||b2|| > ||b1|| then b1 and b2 are the
shortest vectors that are not linearily dependent in the lattice, so the algorithm
is ended. Otherwise the two vectors are swapped, and we return to step 1.

LLL(Lenstra-Lenstra-Lovász)-Algorithm

The LLL-algorithm is valid for any latticedimensions, famous and widely used. The
LLL algorithm computes LLL-reduced bases, it operates using the QR decomposi-
tion of the input basis. Actually, there is no known efficient algorithm to compute
a basis in which the basis vectors are as short as possible for lattices of dimensions
greater than 4. However, an LLL-reduced basis is nearly as short as possible. By
denoting rij the elements of the triangular matrix obtained of the QR decomposi-
tion of a latticebasis, the LLL-algorithm is ended when the following conditions are
satisfied:

• Size reduction condition:

|rk,l| ≤ 1/2.|rk,k|, 1 ≤ k < l < m

• Lovász condition:
δ.|rl−1,l−1|2 ≤ |rl,l|2 + |rl−1,l|2 ,

where δ is a parameter in [0.25,1].
Greater values of delta lead to stronger reduction of the basis, in our problem this pa-
rameter is fixed to δ = 3/4. Any lattice can be LLL-reduced after certain number of
operations; the former process is called size-reduction and the later basis-swapping.
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The whole LLL reduction is accomplished by performing these two processes alter-
natively. The outline of the LLL-algorithm is described below [7] : The inputs are
the basis matrix H and the reduction parameter δ.

H̃ ← H
[Q̃, R̃]← qr(H̃)

l← 2
Repeat

h̃l ← h̃l − dr̃l−1,l/r̃l−1,l−1c h̃l−1
if δ|r̃l−1,l−1|2 > |r̃l,l|2 + |r̃l−1,l|2 then

h̃l−1 ↔ h̃l
l← max(l − 1, 2)

else
for k = l − 2 to 1 do
h̃l ← h̃l − dr̃k,l/r̃k,kc h̃k

end for
l← l + 1
end if

Until l > m

7.2 Augmented Lattice Reduction (ALR) Technique

The classical LLL algorithm for lattice reduction, whose average complexity is poly-
nomial in the number of antennas, has been proven to achieve the optimal receive
diversity order in the spatial multiplexing case. It has also been shown that com-
bined with regularization techniques such as MMSE preprocessing, lattice reduction-
aided decoding is optimal in terms of diversity-multiplexing tradeoff . However, the
shift between the error probability of ML detection and LLL-ZF (respectively, LLL-
VBLAST) detection increases greatly for a large number of antennas. Hence, a
new detection technique has been developed in order to better reduce the SNR gap
from capacity in the case of large number of antennas. This technique is called
Augmented lattice reduction (ALR) and described in [11]. Simulations evidence
that augmented lattice reduction outperforms LLL-SIC detection without entailing
any additional complexity, as shown in Figure 9.3. The LLL algorithm, unlike the
LLL-ZF and LLL-SIC decoders, does not require the inversion of the channel matrix
at the last stage. Let y be the (real) received vector. Consider the (Nt+1)×(Nr+1)
augmented matrix:

H̃ =
(

H −y
01×m p

)
=


h1,1 . . . h1,Nt −y1
...

...
hNr,1 . . . hNr,Nt −yNr

0 . . . 0 p
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Where p > 0 is a parameter to be determined. The points of the augmented
lattice L(H) are of the form:

H̃ =
(
Hx′ − qy

qp

)
, x′ ∈ ZNt , q ∈ Z

In particular, the vector v = (Hx−y p)T = (w p)T belongs to the augmented
lattice. It is proved that for a suitable choice of the parameter p, and supposing
that the noise is small enough, v is the shortest vector in the latticeand the LLL
algorithm is able to find this vector. That is ±v is the first column of H̃red = H̃T̃ ,
the output of LLL algorithm on H̃. Clearly, since H̃ is full-rank with probability 1,
in this case the first column of the change of basis matrix T̃ is (±x ± 1)T .
To summarize, in order to decode we can perform the LLL algorithm on H̃, and
given the output H̃red = H̃T̃ , we can choose

x̂ = Qs

(⌈
1

t̃Nt+1,1
(t̃1,1 . . . t̃Nt,1)T

⌋)
,

where T̃ = (t̃i,j). The previous decoder can be improved by including all the columns
of Hred in the search of the vector v. Specifically, let

tk = 1
t̃Nt+1,k

(t̃1,1 . . . t̃Nt,k)T , k = 1, . . . , Nt.

If there exists some k ∈ {1, . . . , Nt} such that |t̃Nt+1,k| = 1, we define

kmin = arg min ||Htk − y||, k ∈
{
k, |t̃Nt+1,k| ≡ 1

}
,

Otherwise kmin = 1. Then the Augmented lattice reduction decoder outputs

x̂ALR = Qs(dtkmin
c).

Concerning the choice of the parameter p, by denoting a(Hred) the length of the
smallest vector in the Gram-Schmidt orthogonalization of Hred, it was proved in [11]
that using p = ε · a(Hred), where ε ≤ 1

2
√

2αNt−0.5 , the Augmented lattice reduction
achieves the maximum receive diversity Nr. We choose the highest value of ε that
verifies the hypothesis of the previous proposition, i.e, ε = 1

2
√

2αNt−0.5 , where α =
1

δ−1/4 (α = 2 since we chose δ = 3/4 as LLL-algorithm’s parameter).
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Complexity Note

The significant contribution of the LR technique is offering low complexity detec-
tion; LLL-algorithm is seen as a powerful preprocessing tool to reduce the heavy
compuational effort imposed by the optimal MIMO detectors.

In order to perceive this contribution, a complexity comparison between opti-
mal detection and LR-aided detection should be performed. As mentioned before,
optimal detectors, for instance the ML method, require high complexity. Actu-
ally, the complexity of ML depends on the signal space dimension hence the coding
technique, but it is always exponential in the number of transmit antennas. For a
M -QAM modulation, using N transmit antenna, the complexity of the ML detec-
tion is in the order of M f(N), where f is a given mathematical function.
For the STS code, this complexity is in the order of MN . For the GC, this com-
plexity is in the order of MN2 .

Concerning the LR technique, the basis reduction solution is carried out by the
LLL-algorithm. The complexity of the LLL-algorithm is variable as it depends on
the channel matrix. Thereby, a good approach consists in studying the average
complexity of the LLL-algorithm, which depends on the number of antennas. Let’s
denote n = Nr and m = Nt. Every instance of the lattice reduction aided decoder
consists of three main phases:

1. A full Gram-Schmidt orthogonalization is performed through the QR decom-
position at the beginning of the LLL algorithm. This requires O(nm2) ele-
mentary operations.

2. The main Repeat loop of the LLL algorithm requires O(m2) elementary op-
erations for each iteration. The number of iterations of the LLL algorithm is
bounded for a fixed realization H but it was proved that for general channel
H, the number of iterations can be arbitrarily large . Consequently, the com-
plexity of the main loop of the LLL algorithm is often cited as polynomial but
the worst-case complexity is not even finite.

3. Finally,the ZF or SIC receiver entail respectively the multiplication by the

33
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pseudo- inverse of Hred and its QR decomposition. Both have complexity
order of O(nm2).

In fact, and refering to [12], a well-known result states that for n-dimensional
lattices with integer input basis vectors of bounded length B, the LLL-algorithm
terminates after at most O(n2 logB) iterations. But it was proved however that,
in typical communication scenarios, the number of LLL-iterations denoted K is un-
bounded. More specifically, for any integer k, n,m such that 2 ≤ n ≤ m, there exist
real-valued bases for n-dimensionnal lattices in Rm such that their LLL-reduction
requires more than k iterations [12]. In other words, in our transmission problem,the
worst case complexity of the LLL lattice reduction is not even finite. However, since
the atypically large values of K are rare, it is the average case complexity which is
taken into account in the complexity evaluation . In this context, it has been shown
in [12] that the average number of iterations K, required by the complex LLL-
algorithm when applied to a complex channel matrix H with the same properties
of those in our case (i.i.d Gaussian distributed entries), satisfies:

E[K] ≤ N2
t (logt(Nt/(Nr −Nt + 1)) + 2.24/ loge(t)) +Nt

Which implies polynomial average complexity:

E[K] = O(N2
t log(Nt))

Consequently, the complexity of the LLL-algorithm in the LR technique is in
average polynomial in the dimension of the lattice. Thus, when using LR-aided
detection, the exponential complexity in transmit antenna is avoided and replaced
instead by a polynomial complexity . The numerical experiments in the simulation
part confirms the relatively low complexity of the LLL-algorithm in practice.



Chapter 9

Simulation and Results

The simulations can be split into two parts: a spatial multiplexing transmission
part and a space-time coded transmission part. A useful MIMO performance figure
is the diversity order, defined as the asymptotic slope of the error probability Pe(ρ)
on a log-log scale, in reference to the explicit expression of the diversity provided in
Chapter 4. Therefore, the diversity gain can be drawn out graphically by estimating
the coefficient of the slope of the BER curve at high SNR rate.

9.1 Spatial Multiplexing Case

In this part of the simulation, mainly detection techniques are investigated. The
simplicity of the transmission scheme based on spatial multiplexing makes easier to
establish a behavior comparison in term of bit error performance among different
detectors, for instance lattice reduction aided ones. The scheme consists simply in
transmitting independently QAM-symbol streams from each of the multiple trans-
mit antennas, without any required coding.
N = min {Nt, Nr} is thus the number of streams that can be transmitted in parallel.

The bit stream of information at the input are converted to QAM symbols
which are then grouped into transmit vectors of dimension the number of transmit
antennas. Hence, using M -QAM modulation, the number of bits is such that

Nb =
√
MNtNs,

where Nt is the number of transmit antennas and Ns is the number of symbol pe-
riods which is fixed here to Ns = 30.
Only 4-QAM constellation is used in this part of simulation.
First, we show in the Figure 9.1 the deficiency of sub-optimal detection tech-
niques; they present an important SNR gap from the optimal ML detection besides
the fact that they don’t achieve optimal diversity-multiplexing tradeoff.
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Figure 9.1: Performance comparison between optimal and suboptimal detection
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Figure 9.2: Performance comparison between optimal and LR-aided detection
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Second, through the Figure 9.2, it is highlighted the fact that using the lattice
reduction technique to the previous suboptimal detection methods leads to better
BER performance.
The difference in performance between ML detection and sub-optimal detection
methods is shown in the Figure 9.1, it can be observed that the SNR gap at 10−2

BER is not less than 4 dB and can reach 10 dB, which is the case of Zero forcing de-
tection(very poor performance). Also, the diversity degree is only d = Nr−Nt+1 =
1 for the considered sub-optimal detection techniques compared to the full diversity
degree of 2 reached by ML detection (which is the maximal diversity achieved for
spatial multiplexing case in 2× 2 MIMO system) .

It is clear in Figure 9.2 that the LR-aided detection methods have the same
slope of the ML curve at high SNR, which means that the different schemes achieve
the maximal diversity of 2 when using LR aided detection. The full diversity is
hence achieved by LR. We can notice also a considerable performance improvement
compared to the previous schemes without lattice reduction design: At 10−2 BER,
the SNR gap is in the range of 2-3 dB. When including the MMSE criteria to the
LR-aided detection, the performance improvement becomes even more significant
and near optimal: The SNR gap is less than 1dB at 10−2.

In both previous simulations, it has be confirmed that V-BLAST detection with
optimal ordering outperforms V-BLAST detection with standard ordering (denoted
by SIC), but this difference of performance is less obvious when using the LR tech-
nique especially in the case of small number of antennas; No more than 1 dB is saved
when using the ordering algorithm. It can be concluded that, when using LR-V-
BLAST detectors with optimal ordering, we add a complexity order of O(N3) while
do not improve BER performance significantly compared with the case of optimal
ordering.

In order to improve the detection performance without adding complexity, Aug-
mented lattice reduction (ALR) turns out to be a good alternative. When using 4
antennas at the transmission and the same number of antennas at the reception,
the simulation result is obtained in Figure 9.3.

The Augmented lattice reduction as shown outperforms the LR technique and
the difference in performance between the two techniques becomes more important
when increasing the number of transmit-receive antennas; an improved SNR gap is
obtained with ALR. Meanwhile, the complexity remains almost unchanged .

In order to study the impact of an increase of the number of antennas, we sim-
ulate a comparison in performance between the use of transmission system with
Nt = Nr = 2 antennas and a transmission system with Nt = Nr = 6 antennas, the
curves obtained are displayed in the Figure 9.4.
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Figure 9.3: Performance comparison between LR and ALR
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First, we notice that using more transmit and receive antennas offers better
performance which makes sense since a system with larger number of antennas is
more reliable; higher number of receive antennas imply higher diversity degree and
consequently higher reliability and so better performance.(more pathes where data
can be transmitted over). Second, the figure shows that the SNR gap between
maximum likelihood detection and the lattice aided detection technique becomes
larger when increasing the number of antennas; LR becomes less efficient with high
number of antennas since it is harder to reduce a latticewith higher dimensions.
Nevertheless, the scheme still achieves a full diversity of Nr at high SNR (LR and
ML have the same slope). To resume, increasing the number of antennas when
using lattice reduction aided detection improves the full diversity gain achieved (
equal to the number of receive antennas), however, it leads to an increase of the
SNR gap from the optimal detection.

So far, lattice aided detection has been investigated for a transmitted data which
belongs to 4-QAM constellation. It can however be interesting to see what effects
follow from an increase of the constellation size. Since lattice reduction method as-
sumes an infinite lattice when searching the closest point to each estimated symbol,
an increase of the constellation size would make this assumption closer to reality
and hence improve the LR performance. A comparison between the use of 16-QAM
constellation and the use of 4-QAM is illustrated in the Figure 9.5. According to
the figure increasing the constellation space to 16-QAM degrades the overall per-
formance of the transmission system significantly, which is obvious since it implies
larger search space (more chances that the detected symbols get mistaken).
On the other hand and as expected, the SNR gap between ML detection and LR-
aided detection becomes smaller when using 16-QAM constellation; the gap drops
from around 2 dB for 4-QAM down to 1 dB for 16-QAM.

In term of complexity, it is important to concretize the complexity reduction that
offers the lattice reduction aided detection. This can be illustrated by simulating the
execution time required to run the detection algorithm. In essence, a comparison
is done in term of CPU time between optimal detection achieved by maximum
likelihood and lattice reduction aided detection.
It is clear from Figure 9.6 that the complexity of ML decoding is exponential in the
number of transmit antennas. We can see also that LLL algorithm adds complexity
to the sub-optimal detection methods. Nevertheless this complexity remains low
compared to that of the ML.
It can be also worthy to discuss the efficiency of the optimal ordering in the V-
BLAST detection. While we have seen that the optimal ordering allows us to
improve the performance of detection by very little, we observe here that it comes at
the expenses of an additive complexity which grows in the number of antennas. One
can think that it is not so much worth to add complexity for so little improvement
but however, the complexity carried by the optimal ordering can be neglected to
the complexity saved avoiding the exhaustive ML algorithm.
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Figure 9.5: Effects of increasing the constellation size on LR technique
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9.2 Space-Time coding case
The space-time codes under investigation are the ones described previously in the
report, Space-Time Spreading (STS) and the Golden Code (GC).
A preprocessing turns out to be necessary in order to adapt the lattice reduction
technique to the detection problem relative to each of the proposed codes.

Concerning the STS code, the detection is performed, as described before,
through the exhaustive symbol comparison with the codebook reference. This is
done within the decoder which belongs to the equalizer according to the following
expression:

bk = arg min ||bk − b̂k||Cee = arg min[(bk − b̂k)H · Cee−1 · (bk − b̂k)], bk ∈ SNt

Knowing that Cee is Hermitian with positive diagonal elements, its inverse is Hermi-
tian with positive diagonal elements as well. Hence,(Cee)−1 can be decomposed into
the product of an upper and lower triangular matrices using cholesky decomposition
as following :

C−1
ee = AHA.

By replacing C−1
ee with its decomposition, the detection problem can be reformulated

as following:

bk = arg min ||b̂k − bk||2Cee

= arg min[(b̂k − bk)HAHA(b̂k − bk)]
= arg min[A(b̂k − bk)]H · [A(b̂k − bk)]
= arg min ||[A(b̂k − bk)||2

= arg min ||y −Hx||2

Where y = Ab̂k , H = A and x = bk belongs to the search space: vectors with
entries symbols of the M -QAM constellation.
With this new formulation of the detection problem, any detection method can be
applied by regarding Y as a received signal and H as a channel matrix.

Concerning the Golden Code, no reformulation is needed, as the detection prob-
lem is carried in the form:

ŝ = arg min ||y −H2.G.s||2

However the space of search here is different from the one of the STS code, due to
the conversion of the codeword to the vectorized form. s is hence a vector with real
entries, it includes all real and imaginary parts of the constellation points. Once
again, any detection method can be applied as long as reconstitution of the detected
vectors is done properly; real and imaginary separated parts are regrouped to form



42 CHAPTER 9. SIMULATION AND RESULTS

symbols belonging to the M -QAM constellation. In what follows of simulations,
the STS frame length is fixed to T = 10.
First, a simple comparison between the two space-time codes is performed, using
an ML detection. The comparison is described by the figure below:
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Figure 9.7: Comparison between STS code and GC code, using maximum likelihood
detection

It is clear that the Golden code outperforms the Space-Time Spreading code,
however, the difference in performance is not so significant; the SNR gap does not
exceed 2 dB. The diversity degree in both schemes is 4 which is the maximal achiev-
able diversity in a coded 2× 2 MIMO scheme. DMT optimality is hence assured by
the studied Space-Time codes, under the constraint of using ML detection at the
receiver.
The investigation of the scheme where LR is performed for a large signal space
dimension is done through the Golden code. The obtained figures provide the per-
formance of the lattice reduction aided detection compared to the ML and the sub-
optimal detection in the case of the Golden code. They provide also a comparison
between 4-QAM and 16-QAM mapped transmit signal.
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Figure 9.8: Performance comparison of detection techniques applied to the GC
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Figure 9.9: Effects of large-size constellation on LR-GC
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The obtained curves in Figure 9.8 show that the MMSE-LR-aided linear de-
tection improves the performance of the sub-optimal detectors and the reliability of
the system. The LLL-curves achieve thereby the maximum diversity. Nevertheless,
the detection still suffer from a relatively large SNR gap to capacity that can not
be made better than 2 dB.
In the Figure 9.9, we notice that the SNR gap is a little bit reduced by increasing
the QAM constellation size; infinite latticeassumption is more valid for large con-
stellations.

The combination of the STS coding and the lattice reduction detction technique,
gives rise to the STS code with MMSE-LR-aided detection. Resulted are presented
in Figure 9.10 and Figure 9.11.
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Figure 9.10: Performance comparison of Detection methods applied to the STS code

The Figure 9.10 shows how significant is the improvement carried by LR-aided
detection technique when associated to a low signal space dimension code such STS.
The SNR gap can be reduced hence to attaint 1dB when using efficient SIC detec-
tion method. Full diversity is moreover achieved. In a case of larger constellation
as shown in Figure 9.11, the SNR gap becomes very tight if not negligible .This
proves the high efficiency of LR technique for large constellation for low signal space
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Figure 9.11: Effects of large-size constellation on LR-STS

dimension. It is confirmed here that LR followed by linear detection achieves full
diversity, i.e, equal to 4 in this case.

Finally we proceed to a comparison between the combined method STS-MMSE-
LLL and the pure implementation of the individual methods STS-ML and GC-
MMSE-LLL, in term of performance and complexity. The results are presented in
Figure 9.12 .

In term of performance, we can observe that the STS-MMSE-LLL performs as
good as the GC-MMSE-LLL does. However, the use of STS code reduces the SNR
gap from which suffers the LR when associated to a large code dimension (Golden
Code).
On the other hand, and in term of complexity, we can observe that STS-MMSE-
LLL outperforms considerably the STS-ML scheme by reducing significantly the
complexity of the detection. Consequently, the combined method takes the best
properties of the individual schemes; it is a DMT optimal transmission scheme
which offers good performance (small SNR gap to capacity) for low detection com-
plexity (polynomial in the number of transmit antennas).
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Figure 9.12: Effects of code dimension on LR performance and the complexity
advantage of LR-aided detection



Chapter 10

Synthesis

In this report we have analyzed the tradeoff between reliability of detection and
achievable data rates in wireless multiple antenna MIMO channels and investigated
the characteristics of the lattice reduction technique when applied to space-time
codes.

The main purpose of the project was to combine Space-Time Spreading coded
MIMO transmission system with lattice reduction aided detection technique in or-
der to get advantages of the best transmission properties. We showed that the
combined scheme achieves full diversity effectively.

The first scheme based on Space-Time Spreading coded MIMO system using ML
detection provided high quality of transmission in term of error probability. How-
ever, we came to the conclusion that such a scheme suffers from high complexity in
the detection due to the exhaustive search required by the ML detector.

The second scheme is based on lattice reduction aided detection which provided
a lower complexity solution for multi-antennas transmission problem. However, this
method suffers a large SNR gap to capacity when the signal space dimension is large,
for instance when using the Golden Code.

In MIMO transmission, performance comes at the expenses of complexity, but
the combined scheme has proved its efficiency and assured a good compromise be-
tween performance and complexity: it has been shown that it is DMT optimal,
provided good performance in term of error probability which is near optimal for
small number of antenna and large constellation size and finally provided reason-
able complexity in term of detection. Lowering the complexity of detection is highly
important since it saves considerable processing time and hence makes the scheme
more adequate for real-time transmission.
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Chapter 11

Topics for Future Research

There are a number of open problem related to the topic of this project, notably
we can state:

• In this project, the Augmented lattice reduction technique was just applied
to the spatial multiplexing case, where it showed its superiority compared to
lattice reduction aided detection. It would be then interesting to investigate
the efficiency of this new technique in the case of Space-Time coded trans-
mission and using the MMSE-criteria. Specifically, research can include the
study of the impact of the signal space dimension on the complexity and per-
formance of ALR, and study if MMSE-ALR is able to improve further the
MMSE-LR-aided detection scheme.

• It can be interesting to investigate the lattice reduction detection technique in
other MIMO coding schemes. We can state for instance practical and popular
coding schemes such as orthogonal frequency-division multiplexing (OFDM)
which increases bandwidth and data capacity by splitting broad channels into
multiple narrowband channels , also the code-division multiple access (CDMA)
which optimizes the use of available bandwidth by transmetting multiple sig-
nals in a single channel.
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