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Abstract— We present a model of a series HEV including
resistive losses in the energy storage and varying efficiency
of the combustion engine and generator. An optimal control
problem minimizing fuel consumption is solved using the model
and deterministic dynamic programming. It is evaluated on
several standard city bus driving cycles and the solutions are
analyzed to extract rules useful for real-time controlling. The
resulting real-time strategy is compared to the optimal control
using simulations. The strategy has a threshold value deter-
mining when to switch off the generator. This threshold value
has a driving cycle dependent optimum giving the minimum
increase in fuel consumption compared to the optimal control,
and the optimal value can thus be chosen based on driving
cycle characteristics. We see that the optimal value is related
to the mean power demand of the driving cycle. The proposed
real-time strategy performs well, and a minimum increase of 5
% can be achieved even on a driving cycle not used for rule
extraction.

I. INTRODUCTION

Hybrid electric vehicles (HEVs) have the potential to
reduce fuel consumption significantly. The general idea is
to reuse brake energy otherwise lost as heat, and to shift
the combustion engine’s operation point to an area with
high efficiency. Regeneration of brake energy is achieved
by a mechanical connection between the drive axle and an
electric machine, working as a generator when braking. If the
electric machine and the combustion engine are mechanically
connected the vehicle is a parallel HEV. If there is no
such connection the vehicle is called a series HEV. In the
latter case the vehicle is propelled solely by the electric
machine, i.e., the propulsion motor, with the combustion
engine supplying electrical energy to the system. A HEV
must be equipped with an energy storage (as, e.g., a flywheel,
battery or supercapacitor) with enough capacity to absorb
brake energy and supply the propulsion motor with power
during acceleration.

Much of the previous work dealing with control of HEVs
concerns finding the optimal control for hybrid vehicles.
Methods include deterministic [1], [2], [3] and stochas-
tic dynamic programming [4], [5], Pontryagin’s minimum
principle [6], [7], and, more recently, game theory [8].
These generally require information about the power load
probability distribution of the vehicle’s duty cycle, but are
interesting for benchmarking sub-optimal control strategies
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and can give good insight into the structure of the optimal
solution and how it depends on system properties.

Control of series HEVs in particular has been discussed
for example in [9] and [10] where rule-based methods are
proposed. Optimal control methods have been applied to
series HEVs in [11] but not further analyzed. In this work
we apply deterministic dynamic programming to calculate
the optimal control. We use a model incorporating resistive
losses in the energy storage which together with varying
engine and generator efficiency gives rise to a trade-off in
the optimal control problem. The result is used to extract
simple rules to suggest a basic realtime controller and the
controller performance is compared to the optimal control.

A. Paper Outline

In section II we present a model of a series HEV. Section
III states the optimal control problem in terms of our model
and describes the solution method. The solution of the
optimal control problem is discussed in section IV and we
propose a real-time controller which is evaluated in section
V. Section VI contains the concluding discussion.

II. THE SERIES HEV

This work focuses on the series hybrid bus developed by
Scania and described in [12]. It is a series HEV, called Scania
Hybrid Concept, designed for public transport in urban areas
and it uses supercapacitors as energy storage. The vehicle
basic data is presented in Table I. We described the control
of HEVs from an industrial point of view in a previous work
dealing with this vehicle [13].

A. Modelling a Series HEV

A series HEV can be described by the model shown in
Fig. 1. The generator and propulsion motor are connected
electrically and the propulsion motor interacts with the
vehicle dynamics. The electrical component contains the
supercapacitors, which are modelled as a simple resistive
circuit. The model is based on a power balance between all

TABLE I

SCANIA HYBRID CONCEPTSERIESHEV DATA

Engine Scania 9-litre engine, 1250 Nm, 198 kW
Generator Voith ELVO Driver, 1250 Nm, 220 kW

Motor Voith ELVO Driver, 2750 Nm, 150 kW
Energy storage Maxwell BOOSTCAPr, >400 Wh

Maximum weight 18 tonnes
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Fig. 1. A model of a series hybrid vehicle. An electrical grid connects the
generator and the propulsion motor. R and C are supercapacitor resistance
and capacitance.

of these components with the supercapacitors supplying or
absorbing power. This is expressed as

Ppm = Pgen + Psc (1)

where Ppm, Pgen and Psc denote propulsion motor, gen-
erator and supercapacitor power respectively.Pgen can be
controlled, whilePpm is determined by driver behaviour and
related to the driving cycle according to

Ppm = mv̇v + Pair + Prr (2)

for any velocity profile defined byv. In (2), m denotes
vehicle mass whilePair and Prr are the air and rolling
resistance power loss. In the present work, a comprehensive
model developed in-house at Scania is used for complete
vehicle simulation and calculation ofPpm.

The change in energy contentE of the supercapacitors is
a sum ofPsc and a dissipation termPloss,

Ė = Psc − Ploss =
E
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(
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E
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E
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√
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)
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Here C and R are the capacitance and resistance of the
supercapacitors. The relation can be derived from the electric
circuit in Fig. 1. Equation (3) thus describes the dynamics
of the system withE as the only state, given that the time
history ofPpm is provided beforehand, for example by using
a simulation model based on (2). It is convenient to express
the energy content as a fraction of the maximum energy
content. We thus use

ξ =
E

Emax

(5)

as a measure of the supercapacitor energy content. This
is commonly referred to as state of energy (SOE) in the
literature.

III. DYNAMIC PROGRAMMING SOLUTION
METHOD

An optimal control problem involving nonlinearities, con-
straints and, as in this case, a disturbance is conveniently
solved with the dynamic programming (DP) solution method.
A thorough presentation of DP is given in [14]. To solve
the problem numerically it is discretisized on a state and

time grid. The optimal control problem over the time interval
[0, N ] and with time step∆t can then be stated as

J∗(0, ξ0) = min φ(ξN ) +
∑N−1

k=0
Pfuel,k

subj.to























ξk+1 = ξk + (Pgen,k

−Ppm,k − Ploss,k) ∆t
Emax

Pfuel,k = f(Pgen,k)
ξk ∈ [ξmin, ξmax]
Pgen,k ∈ Sk ∩ [Pgen,min, Pgen,max]

(6)

wherek is the time index andJ∗(0, ξ0) is the optimal cost-
to-go starting atk = 0 and a desired reference valueξ0 of
the SOE. The cost at the final timeN is

φ(ξN ) = β|ξ0 − ξN |, β > 0 (7)

increasing the cost of deviation fromξ0. Choosingβ suffi-
ciently large forces all state trajectories to end up atξ0. This
makes the evaluation of the optimal solution easier since
the deviation otherwise has to be compensated for, which is
not straightforward since the power loss associated with the
energy deficit or surplus depends onξ and power levels. The
set of admissible controlsS changes with time and consists
of the controls taking the system from the current state to
the set of reachable states in the next time step. The problem
is well-posed since if the discretization is made finer it tends
to the continuous case.

Starting at the final time stepN the optimal cost-to-go
J∗(n, ξn) and the corresponding optimal controlP ∗

gen,n can
be computed for alln ∈ [0, N ] through backwards recursion
as

J∗(n, ξn) = min
Pgen,n

{Pfuel,n + J(n + 1, ξn+1)}

= P ∗

fuel,n + J∗(n + 1, ξn+1) (8)

using the Bellman equation. This procedure gives the optimal
control action for all positions in the time and state grid.

The cost function is defined in terms of the fuel power, and
the relation between fuel and generator power is described
by the functionf . Instead of minimizing control effort we
thus minimize a function of control effort. This is crucial
for the solution of the optimal control problem since it
expresses the efficiency when converting fuel to electrical
energy. The function is shown schematically in Fig. 2 to-
gether with the efficiency of the engine and generator unit
(EGU). The figures are based on component data provided
by manufacturers. The actual engine speed and torque have
already been fixed to give a good compromise between fuel
consumption and emissions. That is, we have a 1-1 relation
between power and EGU operation point and thusNOx and
PM minimization is not an issue in the current optimization
problem. When the generator delivers zero power there is
an idling power loss corresponding to the internal friction
of the EGU at idling speed. It can be seen in Fig. 2 that
electrical power is more expensive at low power outputs,
since the derivative off is larger in this area than at
higher powers. That is, for a certain increase in electrical
power the relative fuel increase is larger at low powers,
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Fig. 2. A schematic picture of the relation between input fuelpower and
output generator electrical power (left). Electrical power is most expensive
at low and high powers. Right figure shows the efficiency of theengine and
generator.

and similarly at high powers. The conversion from fuel to
electrical energy thus has an optimal operation point, as can
be seen in the efficiency plot in Fig. 2. Together with the
internal resistance of the supercapacitors this constitutes a
trade-off in the optimal control problem, since running the
engine and generator in the optimal operation point may over
or underproduce energy changingξ in a sub-optimal way. It
is the case for example if underproducing energy during a
heavy acceleration sinceξ then will drop to levels where the
power losses due to internal resistance become significant,as
seen in (4). Also, if energy is overproduced the useful amount
will be decreased by the power loss during charging and
discharging of the energy storage. This will be investigated
further in a future work [15].

IV. DYNAMIC PROGRAMMING RESULTS

A. Driving cycles

A widespread set of reference driving cycles for city buses
are the SORT 1-3 driving cycles which are advocated by
bus operators and manufacturers around the world [16]. The
velocity profiles of SORT 1-3 are shown in Fig. 3. They
are designed to represent urban, mixed and suburban driving
conditions respectively.

The optimal control problem is solved on these cycles for
a series HEV with specifications corresponding to the Scania
Hybrid Concept bus. GivenPpm, the specifications include
the energy storage internal resistance and capacitance, which
can be found in [17]. As an example, Fig. 4 shows the
optimal controlP ∗

gen on the SORT 1 driving cycle. We see
that it is optimal to followPpm in the acceleration up to
the optimal operation pointP gen of the EGU. The generator
then continues to produce electrical energy up to a certain
time whenP ∗

gen drops to zero. We also see thatP ∗

gen is
never larger thanPpm. The optimal control on SORT 1 is
thus bang-bang and can be stated as

P ∗

gen,SORT1 =

{

P gen, δ ≥ 0
0, δ < 0

(9)

whereδ remains to be determined. On driving cycles with
higher mean power demand we would needPgen > P gen

since otherwise the energy storage would be depleted. This
is further discussed in the next section.
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Fig. 3. The SORT 1-3 velocity profiles. Note that the first velocity peaks
of SORT 1 and 2 coincide.

On SORT 1 it is thus not optimal to continue running the
EGU in the optimal operation point and overproduce energy,
though this would increaseξ and reduce the power loss in
the next deceleration, which is intuitively appealing. This is
a result of the trade-off between resistive losses and engine
efficiency. It is thus sub-optimal to use on-off or thermostat
strategies based on SOE, since Fig. 4 shows thatδ depends
not only on SOE. Control of series HEVs is therefore a far
from trivial problem.

B. Rule Extraction

The problem in (6) is solved for all SORT driving cycles,
and in order to extract results useful for realtime controlling
from the DP solutions a relation between the control signal
Pgen and vehicle state variables is established. This is inher-
ently an approximation since the dependence on knowledge
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Fig. 4. Optimal control on SORT 1 driving cycle. Upper figure showsPpm

for SORT 1 (solid) and optimalPgen (dash-dotted). Lower figure shows
optimal ξ.



about the future time history of the system is eliminated.
As a measure of how to use the generator we define

the power ratioPR = Pgen/Ppm as the quotient between
generator and propulsion motor power. IfPR = 1 we have
diesel electric propulsion thus not using the energy storage.
If PR > 1 we are charging the energy storage with the
generator, ifPR < 1 stored energy is being used for the
propulsion and ifPR = 0 the EGU is idling. As a measure of
vehicle state we usėv/ξ, i.e., vehicle acceleration divided by
SOE. This ratio has interesting dynamics during acceleration
sincev̇ is large at the start of the acceleration and decreasing
gradually when going into a constant speed phase. Similarly,
ξ decreases gradually during acceleration if applying the
optimal control. The ratio thus describes a relation between
v̇, which is related to the power request, and the SOEξ that
is optimal in the sense that it reflects system behaviour when
applying the optimal control. In Fig. 5PR is plotted against
v̇/ξ when the optimal control is applied on the SORT 1-3
cycles. We see that foṙv & 0 the points are approximately
on the same line in the interval 0.005-0.02, as indicated in
the figure. This line describes the optimal control during
an acceleration and thus gives the desired relation between
control signal and vehicle state variables.

An acceleration starts in the lower right corner of the
figure whenv̇ increases stepwise. The generator then starts
to produce energy and it is optimal to follow the line. As
long as v̇/ξ & 0.01 we havePR ≈ 0.5. This corresponds
to Ppm = Ppm,max and Pgen ≈ 0.5 · Ppm,max = P gen

during the acceleration, which is the optimal operation point
of the EGU. Depending on acceleration and SOE it can now
be optimal to increase the relative generator power, but at
a certain point it drops to zero. The driving cycles with
higher mean velocity use more relative generator power since
the duration of the accelerations is longer. The points where
PR > 1 are a result of the DP-algorithm having information
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Fig. 5. The power ratioPR plotted as a function ofv̇/ξ with the
approximationh(v̇/ξ) marked with a solid line.h(v̇/ξ) indicates the
optimal control during an acceleration. Whenv̇ . 0 the generator power is
zero, which gives the dots in the lower left part of the figure.

about the next deceleration, as is further discussed below.
The boundary condition on SOE causes the deviating points
in the middle right part of Fig. 5. Negative acceleration also
gives zero generator power as can be seen in the leftmost
part of the figure. This can be summarized as

Pgen =

{

0, v̇/ξ ≤ θ
Pdmh(v̇/ξ), θ < v̇/ξ

(10)

whereh(v̇/ξ) corresponds to the curve in Fig. 5 andθ is a
threshold value determining when to produce zero generator
power. Equation (10) thus describes an approximate relation
between the control signalPgen and vehicle states based on
the DP results, and eliminating the dependence on the future
time history ofPpm forces us to introduce the threshold value
θ.

Since the future driving conditions are known when solv-
ing the optimal control problem in (6) the resulting strategy
in (10) is not feasible for implementation in a real vehicle.
Having information about the next deceleration the optimal
control is to run the EGU in the optimal operation point
as long as possible, increasing the power if necessary while
maintaining SOE on a level that is optimal taking future
events into account. However, a feasible strategy must be able
to handle accelerations during a longer period of time without
depleting the energy storage. Based on this reasoning, the
strategy in (10) is combined with a feedback loop controlling
SOE giving

Pgen =

{

kp(ξref − ξ) − kdξ̇, v̇/ξ ≤ θ

Pdmg(v̇/ξ) + kp(ξref − ξ) − kdξ̇, θ < v̇/ξ
(11)

as a control strategy feasible for implementation in a real
vehicle. We use a PD-controller to keepξ within system
limits. The controller gainskp and kd are tuned to give
desired behaviour. The SOE referenceξref can possibly be
a function of vehicle states such as velocity. The strategy in
(11) is thus a compromise between optimal control results,
common sense and knowledge about the system.

V. EVALUATION OF RULE-BASED STRATEGY

The proposed strategy is implemented and tested against
the optimal control using simulations. As an example, Fig.
6 shows the optimal control together with (11) for a certain
value ofθ on the SORT 1 driving cycle. We see that the rule-
based control is similar to the optimal and the approximation
thus gives reasonable results. It slightly underproduces en-
ergy forcing the PD-controller to compensate, as can be seen
at negative propulsion motor power.

To evaluate the performance of the proposed strategy in
terms of fuel consumption it is tested on the SORT 1-3 driv-
ing cycles with different values ofθ. It is also tested on the
Braunschweig driving cycle to evaluate its performance on an
independent cycle not used for rule extraction. Braunschweig
is a common reference driving cycle for city buses [18]. The
PD-controller maintains the SOE within system limits, but
if the SOE at the end of the driving cycle deviates from
the start valueξ0 it is accounted for without penalizing the
stored electrical energy. That is, the power losses associated
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Fig. 6. The optimal control plotted together with the rule-based control
on SORT 1. Propulsion motor power is solid and has the largest magnitude.
The optimal control is also solid while the rule-based is dashed. We see
that the rule-based control follows the optimal fairly well.

with the energy deficit or surplus are neglected. This does
not affect the solution significantly since the energy deficit
or surplus is small.

The fuel consumption increase compared to when the
optimal control is used is shown in Fig. 7 for different
values of θ. We see that for every driving cycle there is
an optimal value ofθ giving the minimum difference in fuel
consumption between the optimal control strategy and the
rule-based. We also see that we can achieve a minimum
difference of about 5 % on every cycle, which means that the
rule-based strategy performs well, even on the Braunschweig
cycle not included in the rule extraction process.

Since the optimalθ differs between driving cycles it should
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Fig. 7. The fuel consumption increase when applying the rule-based control
compared to when applying the optimal control for different driving cycles
and θ-values. We see that every driving cycle has an optimalθ-value and
that the rule-based control is approximately within 5 % from the optimal.

be possible to find the characteristics of the driving cycle
that determine the optimalθ. In this way it can be used
as a parameter to be set based on the intended driving
cycle of the vehicle, similar to a gear shifting program in
a conventional city bus with automatic transmission. Table
II shows a comparison between the performance of the rule-
based control on the various driving cycles together with the
mean velocity and mean power of the cycles. We see that
the Braunschweig cycle has the smallestθ-value followed by
SORT 1-3 in descending order. We also see that there is a
match between mean power andθ-value, giving smallerθ for
higher mean power. In driving cycles with long accelerations
and cruising in high velocities it is thus optimal to use
more relative generator power. This is in correspondence
with intuition since otherwise the resistive losses become
significant if SOE drops. The correct amount to be used is
seemingly given by the approximate relation derived here.
For driving cycles with lower mean power demand we obtain
a largerθ-value. This means that the relative generator power
is kept close to the optimal operation point of the EGU, and
the rule determines when to switch off the generator.

VI. CONCLUSIONS AND DISCUSSION

A model of a series HEV has been presented and used
to solve an optimal control problem. The model contains
varying efficiency of the engine and generator together
with resistive losses in the energy storage. As seen in the
optimal solution this gives rise to an inherent trade-off in
the optimization problem. The trade-off is thus physically
based and not a result of introducing penalizing terms in
the cost function. We saw that the optimal control strives to
maintain the engine and generator in the optimal operation
point, but chooses other operation points and switches off if
necessary to keep the state of energy on an optimal level.

The solutions of the optimal control problem on a set
of driving cycles were used to extract a rule that can be
used for real-time controlling. This rule performed well
and we achieved a minimum fuel consumption increases of
approximately 5 % even on an independent driving cycle.
The threshold value involved in the rule-based control has
a unique value for every investigated driving cycle that
minimizes fuel consumption. It was argued that this value
depends on driving cycle characteristics, though this should
be investigated further. In this way the threshold value can
be used as a parameter giving near-to-optimal performance
on the intended driving cycle. There exist many alternatives

TABLE II

PERFORMANCE OFRULE-BASED CONTROL AND DRIVING CYCLE

CHARACTERISTICS

SORT 1 SORT 2 SORT 3 Braunschweig
Mean vel. 14.3 km/h 20.6 km/h 28.5 km/h 24.0 km/h
Mean pow. 4.9 kW 8.6 kW 13.2 kW 17.9 kW
Optimal θ 0.008 0.004 0.002 0.001
Fuel. inc. 3.24 % 4.31 % 6.55 % 5.37 %



to the rule proposed here, and several of them may perform
even better.

Several issues remain to be addressed concerning the con-
trol of series HEVs. The proposed strategy would probably
under-perform if factors affecting the power consumption
such as auxiliary systems, road grade and varying vehicle
mass are included. In city bus applications auxiliary systems
constitute a considerable part of the total power consumption
and the vehicle total mass changes as passengers ascend and
descend. It would be interesting to model these phenomena
stochastically and include them in the optimization problem.
The driving cycle including road grade can also be modelled
stochastically based on measurements from for example a
specific bus route.

The proposed strategy should be implemented and tested
in a real vehicle and the accuracy of the predictions presented
here should be evaluated. Since the efficiency of components
such as power electronics is not included in the optimization
problem the results from a test in a vehicle may differ from
the ones presented here.

In a work to be published we investigate the influence
of system properties such as energy storage resistance and
capacitance on the optimal solution [15]. Together with
power levels of the driving cycle and the amount of variation
in the engine and generator efficiency this can alter the
optimal solution. Other transport applications and powertrain
configurations can thus give rise to different near-to-optimal
strategies.
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