
Congestion Pricing of Road Networks with 
Users Having Different Time Values 

Leonid Engelson1 and Per Olov ~ i n d b e r ~ ~  

Department of Infrastructure, Royal Institute of Technology (KTH), SE-100 44 
Stockholm, Sweden leeQinf ra. k t h .  se 
Department of Mathematics, Linkoping University, SE-581 83 Linkijping, 
Sweden polinQmai.liu.se 

Summary. We study congestion pricing of road networks with users differing only 
in their time values. In particular, we analyze the marginal social cost (MSC) pricing, 
a tolling scheme that charges each user a penalty corresponding to the value of the 
delays inflicted on other users, as well as its implementation through fixed tolls. We 
show that the variational inequalities characterizing the corresponding equilibria can 
be stated in symmetric or nonsymmetric forms. The symmetric forms correspond 
to optimization problems, convex in the fixed-toll case and nonconvex in the MSC 
case, which hence may have multiple equilibria. The objective of the latter problem 
is the total value of travel time, which thus is minimized at  the global optima of that 
problem. Implementing close-to-optimal MSC tolls as fixed tolls leads to equilibria 
with possibly non-unique class specific flows, but with identical close-to-optimal 
values of the total value of travel time. Finally we give an adaptation, to the MSC 
setting, of the Frank-Wolfe algorithm, which is further applied to some test cases, 
including Stockholm. 
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1 Introduction 

Traffic in large cities has become a major problem for society. It  is inefficient, 
causes accidents and pollutes the environment. It  has become a common view- 
point among transportation economists that charging some kind of fee from 
the users of the road network is necessary. The European Commission [ECOl, 
p. 771 plans to  propose a framework directive, setting out the principles of an 
infrastructure-charging system, including a common methodology for setting 
charging levels which incorporate external costs. In 1998, the Swedish Govern- 
ment [SG98] recommended that transport taxes and fees should correspond as 
close as possible to  the marginal costs caused by the transport. Road pricing 
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has further been implemented in Singapore, London, and several Norwegian 
cities. In the Stockholm region, various studies have considered different toll 
patterns and performed social cost and benefit analyses for various time hori- 
zons. Moreover, the Stockholm city government has decided to  carry out a 
full-scale trial of road pricing. Events such as these make questions related to 
the choice of pricing system and fee levels highly timely. 

By request of the Swedish Institute for Transport and Communications 
Analysis (SIKA), the consulting firm Inregia [IngOl] attempted to calculate 
marginal cost road charges for Stockholm County for three user classes (work 
and school trips, business trips, and other trips) with different time values 
(0.98, 3.30 and 0.19 SEK/min. respectively) estimated from travel surveys. 
In this implementation, the marginal cost tolls were updated by the method 
of successive average, resulting in slow convergence and large link volume 
oscillations. This led to  the initiation of a research project whose results are 
presented here. 

In transportation science, the classical marginal social cost pricing theory 
(e.g., [BMW56]) suggests that for the most efficient usage of a congested road 
network with homogeneous users, each user should be charged a toll equal to 
the total value of time loss inflicted on other users of the network. In the case 
of fixed travel demand, this will induce an equilibrium that is system optimal 
in the sense that the total cost of network usage is minimal, assuming that all 
users have fixed and identical time values. To calculate this toll pattern, one 
modifies the link cost functions by adding the external cost term and solves 
for a user-optimal solution, using e.g. the Frank-Wolfe algorithm. The solution 
is unique in the terms of link flows and tolls, provided that the modified link 
travel cost functions are positive and strictly increasing (see, e.g., [Pat94, Ch 
21). Once the tolls are fixed and implemented, the user-optimal flow pattern 
will be system-optimal. 

However, it is well known that travelers may have widely varying time 
values. In Stockholm, for instance, estimated time values for different trip 
purposes vary by a factor of more than seventeen, as indicated above. Hence, 
since tolls cannot be charged in time units, but have to  be levied in monetary 
equivalents, different user groups will react differently to  a given toll scheme. 
Therefore, methods to  compute tolled equilibria need to account for these 
different reactions, leading to multi-class user equilibrium problems. 

Dafermos [Daf73] has shown that in the case with multiple user classes, a 
modification of the link cost functions similar to the one above yields a user- 
optimizing flow that is also system-optimizing (assuming, however, convexity 
of the system objective). 

Netter [Net71], on the other hand, argues that the assumption of convexity 
of the total travel cost is unrealistic in the context of marginal cost pricing in 
multi-class transportation networks. When link travel times depend on class 
specific volumes on the links and are different for different user classes, the user 
equilibrium is not generally unique even in toll-free networks or in networks 
with fixed tolls. So, even if the planner knows the tolls corresponding to the 
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system optimum, the achievement of this optimum will not necessarily follow 
from the implementation of these tolls. In Section 5 of this article, we provide 
an example that supports Netter's statement in [Net7l]. 

Notwithstanding the practical difficulties in its implementation, tolls based 
on marginal social costs are useful for evaluating other tolling policies when 
used in conjunction with the relative welfare index introduced by Verhoef et 
al. [VNR95]. 

Hearn and co-authors (e.g., [HY02], [HR98]) argue that instead of marginal 
social cost tolls, it might be worthwhile contemplating alternative tolls achiev- 
ing the systems optimum; optimizing some other objective, such as the number 
of toll booths. 

Using an entertaining parable in two companion papers ([Diagga] and 
[Diaggb]), Dial studies the problem of determining "optimal" congestion tolls 
under continuous distribution of time values over the users. He addresses how 
such tolls can be determined by solving a variational inequality and provides a 
solution method. However, Lindberg [Lin05] indicates that [Dia99a] contains 
several flaws. 

Yang and Huang [YH04] consider the social optimum in terms of cost, as 
well a s  the system optimum in terms of time, in the context of users with dif- 
ferent time values. For the cost optimum they demonstrate that the optimum 
flows are equilibrium flows for a fixed-toll problem with marginal social cost 
tolls. However, they claim that the total social cost is a strictly convex func- 
tion (Section 3.1). We provide a counterexample to  this in Section 5 below. 
Concerning the time optimum, they show by an interesting argument that 
there exists a monetary toll pattern that minimizes the total travel time in 
the network. The corresponding tolls can be calculated by consecutively solv- 
ing two optimization problems with linear constraints - one with a convex 
objective and the other with a linear objective. 

While minimizing the total travel time might be an interesting task from 
a pure transportation planning view, the overall economic efficiency, in the 
case of fixed travel demand for all user classes, requires minimization of the 
total value of travel time 

In many case studies, problems related to  user heterogeneity have been 
circumvented by application of an average time value to all users. However, 
as shown by Eliasson [EliOO], such models can lead to  erroneous conclusions 
about the efficiency of the resulting toll system. 

The subject of the current paper is the study of tolled equilibria and 
marginal cost pricing in networks with several user classes that differ only by 
their time values. Possible applications include modeling of individual trav- 
elers that have different trip purposes (e.g. work, business, leisure etc.) and 
therefore perceive the relation between travel time and monetary cost in dis- 
similar ways. Forerunners of the current paper are Engelson, Lindberg and 
Daneva [ELDO31 and Engelson and Lindberg [EL02]. 

For the remainder, Section 2 of the paper is mainly devoted to basic defi- 
nitions, including that of a multi-class equilibrium, and to  statements of the 
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variational inequalities characterizing equilibria. For cases with symmetric 
cost functions we show that all stable equilibria correspond to  local minima 
of the corresponding objective. 

Realizing that marginal social cost tolls need to  be implemented as fixed 
tolls, we consider multi-class equilibria under fixed tolls in Section 3. We show 
that the variational inequality defining the fixed-toll equilibrium can be stated 
in nonsymmetric or symmetric forms, and thus it has a corresponding "equiva- 
lent" optimization formulation based on the symmetric form. We demonstrate 
that the optimization formulation is convex, but show that the class specific 
link flows are not necessarily unique. In spite of this, the total value of travel 
time is unique. 

Section 4 is devoted to the case with flow-dependent tolls based on 
marginal social cost (MSC tolls). Again the variational inequality can be 
stated in symmetric or nonsymmetric forms. The optimization problem corre- 
sponding to  the symmetric version has a non-convex objective function, which 
turns out to  be the total value of travel time. Finding the MSC tolls thus cor- 
responds to  a form of welfare optimization. However, due to non-convexity, 
there may be multiple local optima which implies multiple equilibria. Im- 
plementing equilibrium tolls as fixed tolls does not necessarily achieve the 
corresponding equilibrium, but still gives flows with the same total value of 
travel time. Thus, using fixed tolls we can achieve the same levels of welfare 
(in the form of total value of travel time) as when optimizing over all feasible 
flows. 

In Section 5 ,  we first consider a simple example illustrating the noncon- 
vexity of the total value of travel time function; an example which is then 
expanded to  demonstrate that this function is non-convex in general. Section 
6 outlines an algorithm of Frank-Wolfe type for the marginal cost toll case, 
an algorithm that is applied in Section 7 to the classical Sioux Falls network 
and to  that of Stockholm. 

2 User equilibria in networks with several user classes 

This section defines multi-class equilibria and characterizes them as varia- 
tional inequalities (VI). In addition, the stability of such equilibria and the 
conditions under which these VI1s can be addressed as optimization problems 
are also considered. 

As noted in the introduction, when studying tolled equilibria one needs to 
consider multi-class equilibria, i.e. with user classes having different percep- 
tions of travel costs. Dafermos [Daf73] studies such equilibria, with equilibrium 
definitions, however, that are nonstandard today. Multi-class equilibrium def- 
initions have also been given by Netter [Net711 and Van Vliet [VBS86], but in 
publications not easily accessible. Due to these circumstances, we will state 
equilibrium definitions of Wardrop type. We also state corresponding varia- 
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tional inequalities characterizing equilibria, as well as symmetry conditions 
guaranteeing the existence of corresponding optimization problems. 

Consider a road network consisting of nodes n E N and directed links 
a E A. Let W c N x N be the set of OD pairs. Assume that OD demands 
q$ between the OD pairs w E W for each user class k E K are given. For 
each link a ,  there are associated continuously differentiable cost functions 
ck : $ I f x K  + !R+ that represent the cost of traversing link a for a user in 
class k and depends on the class specific volumes in glJ links. For the time 
being, ck is a general function, but it will be endowed with special structure 
in the next section. We also let ck denote the (column) vector of link costs 
(or functions) for class k, c, the (row) vector of class costs for link a ,  and c 
the (matrix of) class specific link costs. We will use the same convention for 
other entities indexed by a and k. 

Let R, be the set of routes (or paths) connecting OD pair w and 
R = UWGw Rw,  the set of all routes. In analogy with c, let h = (h!) be 
the matrix of class k flows on routes r ,  with columns hk (of class k route 
flows) and rows h, (of class flows on route r ) .  Let the set of feasible route 
flows be H = {h E ! R f x K  : CrERw hb = q;,'dw E W, k E K ) .  Further, de- 
note by F the set of feasible link flows (or volumes), i.e. 
F = {f E ! R $ ~ ~ :  3h E H,'da E A, k E K ft = CrERbarh;) ,  where 6,, is 
1 if route r traverses link a ,  and 0 otherwise. Introducing the link-route in- 
cidence matrix A = (S,,), and using the indexing convention, we see that 
f" Ahk,  f = Ah and F = A H .  

Let C = (C:) be the matrix of total travel costs for users of class k on 
route r, with columns c k .  We assume that C: is additive over the links, i.e. 
that C: (h) = C,  6,,ck (Ah), or with our notation conventions, Ck  = ATck 
and C = ATc. 

Definition 1. (Multi-class Wardrop equilibrium) The route flow matrix E 
H is a (route flow) multi-class equilibrium if) for any OD pair and class, each 
route that is used by the class (i.e. has positive flow) has cost not greater than 
the cost of any other route for that OD pair and class. 

In similarity to the single class case, the equilibrium definition can alterna- 
tively be stated as a variational inequality (VI) in the set of feasible route 
flows or in the set of link flows. We will use (*, *) to denote the inner product 
between vectors (or matrices) of appropriate dimensions. 

Lemma 1. A route flow h E H is an equilibrium if and only if A fu@lls the 
variational inequality 

Using the relationship f* = A i l  (1) is equivalent to 

'df E  F. 
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Proof. The lemma is a simple extension of the single class result (pp. 299 - 
300) in Smith [Smi79]. 

In view of the lemma, we introduce the following notion. 

Definition 2. The link flow matrix f* E F is a (link flow multi-class) equilib- 
rium if it satisfies the VI in (2). 

Variational inequalities are usually solved by reduction to optimization prob- 
lems (or series of such). When the VI is symmetric, in the sense that the link 
specific cost functions are symmetric, i.e. when 

then c ( f )  = V I  (f ), the gradient of some differentiable primitive function I : 
W t x K  -+ 8. (This follows e.g. from Green1s/Stoke's theorem, or the Symmetry 
Principle, see, e.g., [OR70, p. 951) In this case, the VI (2) says that there are 
no feasible descent directions for I at  f*, a necessary condition for a local 
minimum of I over F (see, eg . ,  [Zan69, Lemma 2.111). Note however that the 
VI (2) can be fulfilled also at  other points, such as saddle points. Dafermos 
[Daf73] claims that the symmetry condition (3) is usually satisfied in real 
transportation networks. Netter [Net71], on the other hand, argues that,  for 
general link travel cost functions c t ,  condition (3) is not fulfilled in general. 
In sections 3 and 4 of this paper, we shall show that validity of the symmetry 
conditions may depend on the units in which the costs are specified. 

If, in addition to  ct being symmetric, I is convex, then the VI (2) is 
equivalent to  the optimization problem 

min I ( f )  s.t. f E F, (4) 

since in this case (2) is a necessary and sufficient condition for a global mini- 
mum of I over F. Summing up: 

Proposition 1. When c is symmetric, i.e. fulfilling (3), it has a primitive 
function I ,  such that c ( f )  = V I  ( f ) .  In this case the variational inequality (2) 
is equivalent to the condition that there is no feasible descent direction to I at 
f*. Moreover, if I is convex, then the multi-class equilibria f E F correspond 
exactly to the global optima of problem (4). Uniqueness of the solution to (4) 
and hence uniqueness of the equilibrium is guaranteed if I is strictly convex. 

Sandholm [San02] studies single class traffic equilibria, and introduces a type 
of continuous time, dynamic adjustment process whereby route flow (on 
the average) shifts from costlier routes to cheaper routes (in the sense that 
(C, dhldt) < 0 unless h is an equilibrium). Such a shift is quite rational from 
the point of view of the users. Therefore we will call such a process a rational 
adjustment process. (In [San02], Sandholm uses the more neutral term valid.) 
For single class equilibrium problems with a primitive function, Sandholm 
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[San02] shows that such a process will converge to  an equilibrium in the route 
flow space, and hence also in the link flow space. Such adjustment processes 
can in an obvious way be introduced also in the multi-class case, converging 
to  equilibria also in this case. It  is now natural to give the following definition. 

Definition 3. A mul t i  class equilibrium f i s  locally stable, i f  any  ratio- 
nal adjustment  process started i n  a neighborhood of a route flow matr ix  
h E Hcorresponding to  f ,  will converge to  a n  h corresponding to  f ,  and u n -  
stable otherwise. 

Stable equilibria are of interest because if an equilibrium is not locally stable, 
it can typically not be upheld, since if the route flow pattern is exposed to a 
small change (e.g. due t o  a temporary change of the traffic conditions) then 
users will deviate from the equilibrium (by the dynamic adjustment process). 
We are now in a position to state and prove 

Theorem 1. Assume that  the matr ix  cost function c has a primitive funct ion 
I .  T h e n  all locally stable multi-class equilibria are local opt ima t o  problem (4). 

Proof. If f = Ah is an equilibrium which is not a local optimum to I ( f ) ,  
then there is f = A h  E F ,  in the neighborhood of f with lower objective 
values than f. An adjustment process started in such an h cannot converge to  
an h* such that f = Ah*, since the objective values have to  decrease during 

the process (due to that $ ~ ( f )  = (VI, df /d t )  = (c ,  g ~ h )  = (ATc, dh/dt) = 

(C, d h l d t )  < 0 ) .  Hence, all locally stable equilibria correspond to local optima. 

3 Fixed-Toll Multi-Class Equilibria with Class Specific 
Time Values 

As noted above, marginal social cost tolls typically need to  be implemented 
as fixed tolls. Further, travelers with different time values react differently to  
such tolls. Therefore, in this section we specialize general multi-class equilibria 
to the case where the classes only differ in their time values, and where the 
tolls are fixed. In particular we show that the VI1s characterizing equilibria can 
be stated in symmetric or nonsymmetric forms, hence allowing corresponding 
optimization formulations. We further show that,  although this optimization 
problem is convex, the equilibrium class flows need not be unique. In spit,e of 
this the total value of travel time turns out to be unique. 

Assumption 1 Below, i t  is  assumed that the class specific travel cost of link 
a for users  of class k depends linearly o n  two components: the link toll pa and 
the travel t ime  ta( f;Ot) ,  which is  a positive, nondecreasing, nonconstant ,  and 
twice differentiable funct ion of  the total volume fiat = Ck f t  o n  the link. In 
particular, this  linear relation i s  mediated through class specific t ime  values 
vk > 0 ,  assumed distinct.  
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Remark 1. Please note that the tolls pa in this section could as well be any flow 
independent monetary cost ( eg ,  the gasoline cost if one assumes the gasoline 
consumption to  be just proportional to the trip distance). Hence the derived 
results are still valid in this "more general" case. 

Under Assumption 1, the travel disutilities can be expressed either in time or 
in monetary units. Thus we define the generalized cost E: and the generalized 
time i?k of link a for class k respectively as 

and 

fk ( f )  = ta (f;Ot) + palvk. (6) 

Note that E and t are separable over the links, in the sense that $ ( f )  and 
f:(f) only depend on fa. For this reason we will write ?:(fa) rather than ?k( f )  
and correspondingly for i?k ( f ) .  

Switching between E; and i?;, one just scales all link and route costs for a 
given user class with the same scalar (vk or l /vk) .  This does not change the 
equilibria, since Def. 1 is scale invariant in the cost. 

Definition 4. A fixed-toll multi-class user equilibrium (with class specific 
time values), is a multi-class Wardrop equilibrium with link costs ck equal 
to Ek or, equivalently, to Ek. 

By Lemma 1, these equilibria are the solutions to the VI's (1) or ( 2 ) ,  with 
these same link costs. 

Checking symmetry of E and i?, we only have to  check the "intra-link" 
version of (3), by separability. We then see, using afAot/i3f: = 1, that 

a z k ( f a )  = ~ ~ t b ( f ; ~ ' )  which in general differs from vit;(fAot) = for a f  a 

k # 1, since th(f;Ot) > 0 for some f;Ot. Thus the Z; do not fulfill (3) .  On the 
other hand, 

whence the i?k do fulfill (3), implying that f ( f )  = ~ l ( f )  for an appropriate 
primitive function 7, which can be seen to  be (up to an additive constant) 

f:", 

7 ( f )  = 1 / tu (u)du + f j ~ u / v k  . 
a E A  k E K  1 

Since the link times t, are assumed nondecreasing, 7 ( f )  is convex. Hence 
equilibrium link flows f: can be obtained as solutions to  the optimization 
problem (4) with I = 7. In summary we have showed 
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Theorem 2. T h e  equivalent cost functions ~5 and f: are nonsymmetr ic  and 
symmetr ic  respectively. T h e  fixed-toll multi-class equilibria can be determined 
as the opt ima t o  problem (4) with convex objective I = I ,  according to  (7). 

Van Vliet et al. [VBS86] also recognize similar symmetric and non- 
symmetric properties in a traffic equilibrium problem with multiple user 
classes. On the other hand, the transportation science literature does not seem 
to recognize that these properties indirectly lead to the existence of an opti- 
mization problem equivalent to  a nonsymmetric VI. In particular, standard 
references, such as Nagurney [Nag931 and Patriksson [Pat94], often claim that 
a VI, (F(x*) ,  x - x*) > 0,  Vx E S (a feasible region), has an equivalent op- 
timization problem only when F is a gradient of a function or (equivalently) 
when F has a symmetric Jacobian. However, the above discussion demon- 
strates that it is possible, in some cases, to obtain an optimization problem 
equivalent to  a VI via a reformulation even when the Jacobian of F is non- 
symmetric or when F is not a gradient of a function. 

When implementing a computed set of tolls (pa),cA, uniqueness of the 
fixed-toll equilibrium is important, so that one does indeed achieve the solu- 
tion computed. The following proposition is an extension of the well known 
uniqueness theorem for the single class user equilibrium (e.g. [Pat94, Thm. 
2.51.) 

Proposition 2. Assume that the link t imes  t ,  are strictly increasing. Let the 
link flows f , g  E F be two  fixed-toll multi-class equilibria corresponding t o  the 
same set of tolls (pa),EA. T h e n  

( a )  the total volume and the travel t ime  o n  each link are the same i n  both 
equilibria; 

(b)  for each user class and each link, the generalized link t ime  and the gener- 
alized link cost are the same i n  both equilibria; 

( c )  for each user class and each route, the generalized route cost and general- 
ized route t ime  are the same i n  both equilibria. 

Proof. Since the link travel times t ,  are increasing, the objective (7) of prob- 
lem (4) is strictly convex with respect to  the total link volumes. Hence the 
total link volumes are unique, whence the link travel times are unique too. 
This proves (a). Assertions (b) and (c) follow because generalized link times 
and costs as well as generalized route times and costs only depend on the link 
travel times, the (fixed) tolls and the class specific time values. 

Note, however, that the solution need not be unique in the terms of the 
class specific link volumes (f:), e.g. if there are two routes (between the same 
nodes) with the same sum of tolls. Indeed, if both routes are used by two 
different classes in an equilibrium (whence the route times must be equal too), 
then part of the users of the first class can be moved from one route to the other 
and exchanged for users of the other class. The new flow pattern obviously is 
an equilibrium too, since the total link flows and hence the link times are not 
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changed. This non-uniqueness implies that it is possible that implementation 
of a computed equilibrium may lead to  other solutions than the computed 
one. The next result shows that the situation is still well behaved, though, in 
that the total value of travel time , 

is unique. Let us further introduce the total generalized cost in the net- 
work, G( f )  = C,  X I ,  ckfj = C,  X I ,  Vktaf: + C,  Ck paf;, and P(f) = 

C ,  C ,  fi, the total toll revenue. Then, obviously, 

Proposition 3. Assume that the link travel times are strictly increasing. Con- 
sider a fixed-toll multi-class equilibrium for a given set of tolls. Then the total 
value of travel time is unique, i.e. V(f)  = V(g) for any two distinct equilibria 
f and g. 

Proof. By Prop. 2(a), the total toll revenue, P ( f ) ,  is unique. Hence, by (8), 
V( f )  is unique if G( f )  is. On the other hand, the total generalized cost for class 
k can be expressed in route flows instead of link flows. Using Def. 1 we thus get 

k k 
G(f)  = C a , ,  'if: = C w , ,  C r E R w  6;'; = C w , ,  C r c ~ ~ ~ ,  nkh! = C w , ,  nwqw 
where nk is the minimal generalized class k cost for routes connecting OD 
pair w. It  follows from Prop. 2(c) that the n; are the same in both equilibria. 
Thus the total generalized cost G(f )  is unique and the proposition is proved. 

The possibility of nonuniqueness of multi-class equilibria, when the link 
costs depend only on the total flows, was noted by Toint and Wynter [TW96], 
in observing that the Jacobian ( a c i / d f A )  in a is singular. Toint and Wynter 
considered this to  be a problematic property which should be avoided for link 
cost functions. In view of Proposition 3, we consider this nonuniqueness no 
more problematic in our case than the standard nonuniqueness of route flows 
in single class equilibrium problems. Further discussions of nonuniqueness of 
multi-class equilibria may be found in Konishi [Kon04]. 

We will finally discuss the continuity of the total link flows (of fixed-toll 
equilibria) with respect to the tolls. This is an interesting property in its own 
right, but it will also be instrumental in proving that one can through fixed 
tolls (at least approximately) achieve the same levels of total travel time as 
through flow dependent tolls (Thm 5, below). 

First note that since the total equilibrium link flows f t o t  = (f;Ot) are 
unique for given tolls p,  f t o t  is a function of the tolls p. 

Proposition 4. Assume that the link travel times are strictly increasing. 
Then the total equilibrium link flows f^tot(p) is a continuous function of the 
tolls p. 
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Proof. The proof will be by contradiction. Thus assume that there is a set of 
tolls p and a sequence converging to  p, such that f t o t l ( n )  = f*tot(p(n)) 
does not converge to f to t  = pot ( F ) .  By compactness of F we may assume that 

the class specific link flows f (") = ( f;"")), corresponding to f converge 
to  some $ = ($:) with pot # f to t .  Let dn) = (~~ t , ( f ; "~ ' ( " ) )  + p?)) be the 
user specific link costs corresponding to f ("1. Since f (") is an equilibrium for 
the tolls p ( n ) ,  it fulfills the VI (c("), f - f(")) 2 0,'df E F. 

But f (")converges to  $ and converges to 2 = ( vk t a (po t )  +pa).  Thus by 

continuity, f fulfills the VI (2, f - $) 2 0, 'd f E F, whence f is an equilibrium 

for p. Hence fltotand f to t  are different equilibrium link flows for p, contradict- 
ing uniqueness. Thus the introductory assumption is false, and f^tot(p) is a 
continuous function of p. rn 

Remark 2. Please note that we only used the uniqueness of f*tot(p) plus the 
standard properties of compactness of F, continuous dependence of c on its 
parts and the continuity of the inner product. Hence, the proof will go through 
in other similar cases. 

As a corollary we have 

Theorem 3. For the fixed-toll multi-class equilibrium problem the total equi- 
librium link flows f^tot(p) as well as the total (equilibrium) value of travel time, 
v ( f t o t  (p)), the total (equilibrium) generalized cost, ~ ( f ^ t " ~  (p)), and the total 
(equilibrium) toll revenue, p(f^tot(p)), depend continuously on the tolls p. 

Proof. The continuity of f^tot(p)was proved already in Prop. 3. From this 
follows that  the equilibrium link times are continuous functions of p. Thus 
also the generalized costs c are continuous, whence the same is true for the 
minimal generalized route costs, .irk, and hence also for the total generalized 

cost G(f = C w e w  C T E R ,  ~ k q i .  
The continuity of the total toll revenue, P, follows directly from that of 

f^tot(p). Finally, since V = G - P, the continuity of V follows. rn 

4 Tolls based on marginal social costs 

In this section we first look at flow dependent marginal social cost tolls. Again 
the VI characterizing equilibria can be stated in symmetric or non-symmetric 
forms. The symmetric one corresponds to an optimization problem, where 
the objective is the total value of travel time, later shown to be nonconvex 
in general (Section 5). Then we look at the implementation of these tolls as 
fixed tolls. We show that the flow dependent equilibria are indeed equilibria 
to the corresponding fixed-toll problem, which however may also have other 
equilibria. All these equilibria, however have the same total value of travel 
time. 
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Thus, we now first consider a situation where the tolls are based on 
marginal congestion costs, or marginal social costs (MSC). Internalizing the 
external congestion costs, the authorities make the users pay for the delays 
they inflict on other users and are interested in the traffic volumes that are 
established in the network and the corresponding toll values. A marginal user 
inflicts a delay t i  (f;Ot) on all other users on link a. However, the monetary 
value of this delay is different for the different users and equal to v m t i  ( fko t )  
for users belonging to  class m. The flow-dependent MSG toll then is a sum of 
all delay values for the users of the link caused by a marginal user, i.e. 

Substituting (9) into (5) or (6) gives the MSG link costs 

or the MSG link t imes  

Definition 5. A multi-class MSG equilibrium (with class specific t ime  val- 
ues) ,  is  a multi-class Wardrop equilibrium with link costs c t  equal to  C! or, 
equivalently, t o  fk. 

By Lemma 1, these equilibria are the solutions to the VI's (1) or (2),  with 
these same link costs. 

For the fixed-toll multi-class equilibrium problem, generalized time Ek was 
symmetric. Differentiating the MSC link times (11) with respect to flow vari- 

ables yields 9 = t i  (f;Ot) + kt: (f;Ot) ) urn fr + -&ti (f;Ot) ui, which af, mEK 

is different from in general. 

(To see this in more detail, note that equality holds if and only if 
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0 = tb: (fPt) C vmf,m + (., + .c?k)tb ( f A O t )  1 

which cannot hold for all fr summing up to f;Ot.) 

Hence the symmetry condition (3) does not hold, which precludes direct 
application of optimization methods to  equilibrium search based on l;. How- 
ever, differentiating the MSC costs gives 

Hence, 2; is symmetric, and there is a primitive function I ( f ) ,  such that 
07 ( f )  = 2 ( f ) .  I t  is easily checked that (up to  a constant) 

Note that y(f)  = V(f) ,  the total value of travel time in the network. As 
explained in the introduction, minimization of V(f)  corresponds to the most 
efficient usage of the road network. 

Summing up, using Prop. 1, we have the following result. 

Proposition 5. The equivalent cost functions 2; and fk are symmetric and 
non-symmetric respectively. The MSC multi-class equilibria are flow matri- 
ces f E F where the total value of travel time V( f )  has no feasible descent 
directions. 

V( f )  is in general non-convex and the VI (2) can have multiple solutions (see 
section 5). As noted before, all local minima of V(f )  (and maybe also some 
other points) in F are MSC multi-class equilibria. 

Theoretically, one can distinguish between the three kinds of equilibria: 
global minima of V(f)  on F, local minima that are not global minima, and 
other equilibria. From the application point of view, the most interesting equi- 
libria are the ones that minimize V(f )  globally on F. However, there are no 
efficient methods for finding global minima of general non-convex functions. 
Various iterative descent methods can be used for finding local minima. The 
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quality of achieved minima depends however, on the starting points of the 
algorithm. Equilibria of the third kind are of little interest. Since they are 
not local minima, there are points with better objective values V ( f )  arbitrary 
close to  them, and starting an iterative descent in such a neighbor, will give a 
local optimum of lower objective value. By Thm. 1 such equilibria are further 
unstable. 

MSC tolls typically need to be implemented as fixed tolls. The theorem 
below, shows that the multi-class MSC equilibrium flows are fixed-toll equilib- 
ria with the computed MSC tolls as fixed tolls. But, as mentioned before, the 
equilibrium with fixed tolls is not necessarily unique. Therefore, implementing 
MSC tolls as fixed tolls, the resulting fixed-toll equilibrium need not coincide 
with the MSC equilibrium. Prop. 3, however, saves the day. 

Theorem 4. Assume that the travel t ime  functions ta are strictly increasing. 
Let f be a multi-class MSC equilibrium, and let I j  = ( I j a )  = ( p a ( ! ) ) )  defined 
by (9)) be the corresponding vector of link tolls. T h e n  f is  also a fixed-toll 
multi-class equilibrium for fixed tolls p = Ij. 

~f flis another fixed-toll equilibrium for tolls p = fi, then  ~ ( f )  = ~ ( f ) ,  i.e. 
the total value of travel t ime  is  unique. 

Proof. Being an MSC equilibrium, f fulfills (by Lemma 1) the VI (2) with 
k - -k C,  - c,, i.e. V g  E F, 

But since I j a  = pa(!),  f also fulfills the VI Qg E El 

implying that fis a fixed-toll multi-class equilibrium for fixed tolls p = Ij. 
If f is another fixed toll equilibrium for p = I j ,  it follows from Prop. 3 that 

~ ( f )  = W ) .  
To clarify the above discussion, it might be illuminating to consider the 

following multi-class problems studied in sections 3 and 4, explicitly or im- 
plicitly. 

(PI): determination of fixed-toll equilibria, 
( P 2 ) :  determination of MSC equilibria, i.e. equilibria under flow dependent 

MSC tolls, and 
( P 3 ) :  finding f E F minimizing the total cost of travel time, V ( f ) .  
Further as a combination of (P I )  and ( P 3 )  we may consider 
(P4): determining fixed tolls p, minimizing the total equilibrium cost of 

travel time v ( f ( p ) )  over all fixed-toll equilibria f ( p ) .  
Of these four problems (P4) is the most important from an application 

viewpoint. 
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In section 3 we showed how to solve (PI ) .  Theorems 4 and 1 show that 
problems (Pz)-(P4) are in fact equivalent if we restrict our interest to locally 
stable equilibria and are content with local minima. They are all solved by 
minimizing V( f )  over F. In particular the minimal value of V(f^(p)) over 
fixed-toll equilibria is the same as the minirrial value of V(f)  over all of F. 

The nonuniqeness displayed above also shows that it is not altogether triv- 
ial, that implementing MSC tolls, as fixed tolls, will give flows that minimize 
total value of travel time. Yang and Huang [YH04] show that the minimum of 
V is also a fixed-toll equilibrium. This is however only necessary for being able 
to  implement the equilibrium through fixed tolls, since there are also other 
equilibria to  the fixed-toll problem. Theorem 4 proves the suficiency, namely 
that all such equilibria have the same (minimal) value for V. 

There are further problems with implementing MSC tolls. Computing the 
MSC tolls, e.g. by applying the Frank-Wolfe method to  problem (4) with 
objective I(f) = V(f) ,  one will never arrive at  the equilibrium. Thus, one 
will have to implement close-to-equilibrium tolls as fixed tolls. We know that 
equilibrium tolls, implemented as fixed tolls, will give fixed-toll equilibria with 
the same total value of travel time as the MSC equilibrium (Thm. 4). When 
implementing close-to-equilibrium tolls the situation is not a priori obvious, 
though. 

Theorem 5. Let the functions t ,  be strictly increasing and f ( n )  = (f:'(n)) 
be a sequence of multi-class flow matrices, converging to an MSC-equilibrium 

f Let f tot>(")  be the corresponding total link flows, and p(") = (p?)) = 
. . 

( t ~ ( f ~ o t " n ' )  x, v k  f,$("') the corresponding MSC tolls. Further let f ' ~~ (p ( " ) )  

be the (unique) fixed-toll equilibrium link flows corresponding to p(n), and v ( ~ )  
the corresponding unique total values of travel time. Then converges to 
V f ) .  

Proof. Since V is continuous, V(f(")) -+ ~ ( f ) ) .  Further, p(") converges to 
p = (p,(f)) = (t ' (fFt) Ck vkf:)  by continuity of pa( f ) ,  see (9). Since the 
achieved V in the fixed-toll case depends continuously on p (by Thm 3), v ( ~ )  
converges to  V ,  the total value of travel time for fixed tolls p. But, by Thm 4, 
the values of V agree in the MSC and the fixed-toll problem, i.e. V = ~ ( f ) .  
Thus v ( ~ )  -, ~ ( f ) .  

The theorem says that one is justified in implementing close-to-equilibrium 
MSC tolls as fixed tolls, but it does not tell how close one needs to  be. For 
that,  a more elaborate analysis probably is needed. 

5 Nonconvexity of V 

In this section, we will show that the MSC objective V(f)  in general is non- 
convex. We will however start with a small illuminating example that will be 
instrumental in showing non-convexity. 
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Consider a network consisting of a single OD pair w connected by two 
links a and b with identical travel time functions t, (u) = tb (u) = u (Figure 
1). Assume there are two user classes with time values vl  = 1 and v2 = 5, 
respectively, and with travel demands qh = qi = 100. 

Fig. 1. The example network 

The feasible set is seen to be 

F = {f = (f,l, f:, fbl, fi) E R4+ : fal + fbl = fa2 + fb2 = 100) * 

Introducing the independent variables f, = (fi, f : ) ,  F can be more compactly 
described as F = {f E R4 : f: E [O, 1001 , ft = 100 - f:, k = 1,2) .  

Without tolls, there is a continuous set of user equilibria 

Note that the total volume and hence the travel time on each link is constant 
across k.  Considering these equilibria as fixed-toll equilibria (with toll 0) this 
is in line with Prop. 2. 

Introduction of MSC pricing leads to the MSC objective 

or, in terms of the independent variables 

( f )  = (f 1 + p) (fa1 + 5 f2) + (200 - fal - fa2) (600 - fi - 5f3 . 

In Fig. 2 we display the level curves and negative gradient directions of V as 
functions of the independent variables. We see that there are three equilibria: 
first two equilibria corresponding to local (and global) minima, fil) = (0, 80) 
and fi2) = (100, 20), both with objective value 56000, and with corresponding 
MSC tolls p(l) = (400, 200) and p(2) = (200, 400), respectively; finally one 
corresponding to a saddle point, f (3 )  = (50, 50) with toll p(3) = (300, 300) 
and objective 60000. 

When the tolls p( l )  or p(2) are enforced as fixed tolls, the only existing 
(1) 

user equilibria are f, and fr' respectively. Implementation of the tolls p(3), 

however, does not affect the route choice, whence there is the same set of 
equilibria F as in the situation without tolls. Thus an equilibrium flow pattern 
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with fixed equilibrium tolls p(3) need not coincide with f (3).  However, in line 
with Proposition 3 and Theorem 4, these flow patterns are equivalent both 
from the individual and the social points of view, since total flow and travel 
time along each link, and the total value of travel time and toll revenues at 
any point in F is the same as a t  f ( 3 ) .  

a 

Fig. 2. Equilibria (e) ,  level curves and negative gradients of the function V 

This example shows that V( f )  is not convex in general. The example may 
seem very specialized, but the two links could represent two routes between 
two nodes in a network with at  least two user classes. In this form it can be 
used to  show that V( f )  is in general non-convex. 

In the general setting, we have several (> 2) user classes, differing only 
in their time values. Road networks (and demands) moreover typically have 
the following property: There exist two nodes nl and nz connected by two 
link-disjoint paths pj,  j = 1,2,  such that each p j  is a subpath of two routes 
r; E R,  k = 1,2 ,  and there are two classes, k = 1,2,  say, such that for a given 
k ,  r f ,  j = 1,2,  connect the same OD-pair wk with class Ic demand q:, > 0. Let 
us call such networks multi-route, multi-class networks. In particular, if there 
is an OD-pair w with at  least two routes in R,, and with positive demand for 
a t  least two classes, we have a multi-route multi-class network. 

Theorem 6.  Consider a multi-route multi-class network with strictly increas- 
ing travel time functions t,. Then the objective V(f )  in the tolled MSC equi- 
librium problem is nonconvex (on the feasible set). 
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Proof. Let us use the notations of the definition of a multi-route multi-class 
network. Consider a feasible matrix of route flows, where h: > 0 is the class 
k route flow along r! ( j  = 1,2;  k = 1,2) ,  existing according to  the definition. 

Denote hk = + h;, and let (h,k);~::i be new route flows along r: varying 
over positive values so that hf + h i  = hkl  but keep all other route flows fixed. 
In this way we get feasible route (and hence link) flows. 

We will show that V(Ah) is nonconvex as a function of (h,k):~t:i. As in 
the example, we can view pj,  j = 1 ,2  as two links. Let hl = (hf)k=1,2, be the 
independent variables, and h2 = (h;)k=1,2, the "dependent" variables, thus 
being a linear function of hl .  

When varying hl (and hence h2) the contribution to V(Ah) from links not 
in {pj)j=1,2 is constant, thus giving no contribution to  the hessian. 

Let hy t  = hi + h:, and for an a in pj  let fAot be the sum of the route flows 
in a other than h!. Thus f:Ot = hy t  + f :~~ .  

Let V(hl) be the nonconstant part of V(Ah) as a function of hl (i.e. 
excluding the constant terms mentioned above). Then, 

V(hl)  = Cj=1,2 C a c p j  t,(hyt + f;Ot)(ul hi + u2hj + . u ,~ ;o~ ) ,  where 6, is 
the mean time value of the route flows in f ia t .  Thus 

- - x [t' ( hp t  + f ; ~ ~ ) ( u l h ;  + 7~2hf $ vaf;Ot) + t a (hp t  + f ; ~ ~ ) ~ k ]  - ah: - aEp1 -a 

CaEpz [ t i (hp t  + f ; ~ ~ ) ( v l  h i  + u2h; + .U,~;O~) + t a (hp t  + f:ot)uk], 

An easy check gives that d e t ( ~ V )  = -B2(ul + ~ 2 ) ~  < 0. Thus V and 
hence V are nonconvex. 

This theorem shows that the MSC toll problem is in general nonconvex 
except for very special networks. This resolves the question, raised in Dial 
[Diagga], whether V(f)  is convex or not in general, and refutes the statement 
in Yang and Huang [YH04] that V(f) is convex. 



Congestion Pricing with Different Time Values 99 

6 A Frank-Wolfe algorithm for the multi-class MSC 
equilibria 

As noted in section 4, the equilibria in the case with flow-dependent MSC 
tolls, can be determined by solving the optimization problem (4), with the 
objective V of (12). To this end one can use (an adaptation of) the Frank- 
Wolfe method. 

To streamline the algorithm, let w,(f,) = C k u k  f! be the total 'tflow 
value" in link a. Note that the MSC link cost can be written 

ck = ukta (fjot) + th (fjot)wa ( f a ) ,  (13) 

and that the objective can be written V( f )  = C, t,( f~t)w,(f , ) .  
Also note that both f t o t  = (fkot) and w = (w,) vary linearly with f = (f:). 

Thus, instead of storing the whole vector fa = (f;)kEK for each link a it is 
enough to store xu = (fkot, w,(f,)) to be able to compute the link costs for 
the different classes. This may be important when there are many user classes. 

In analogy to  the standard single class case, linearizing the objective V, 
problem (4) decomposes into independent shortest path problems, one for each 
OD pair and class, and the extreme point solution to the linearized problem 
is composed of the all-or-nothing solutions corresponding to these shortest 
paths. The detailed implementation of this is straightforward. 

In the same way that the classical Frank-Wolfe method can be shown to 
converge to  a global optimum for a convex problem, this version can be shown 
to converge to  a solution to the VI (2) (see, e.g., [Zan69, p 158-1621). 

7 Some experimental results 

We have applied the methods and results of the current paper to  3 test prob- 
lems: the two link network (presented in section 5), the classical Sioux Falls 
network and the large Stockholm network. 

7.1 The two link network 

The algorithm has first been applied to  the two link network with two user 
classes described in the example of Section 5, although with a quadratic vol- 
ume delay function t, ( f )  = tb  ( f )  = l+ f 2 ,  and time values ul = 1 and va = 2. 
Qualitatively, the location of equilibria and their properties are the same as in 
the example. Due to the symmetric network structure with two identical links, 
the algorithm, when started under free flow conditions, quickly reaches the 
saddle point equilibrium and gets stuck there. This behavior, though improb- 
able for real networks, suggests that it may be worthwhile, after obtaining an 
equilibrium, to make a short step in a random direction and make additional 
iterations to  see if the process converges to the same equilibrium. 



100 Leonid Engelson and Per Olov Lindberg 

When the algorithm was started from another feasible link volume ma- 
trix, it converged to one of the local optima, although experiencing a lot of 
zigzagging. 

7.2 Sioux Falls 

In this network, we used three user classes, with time values from the Stock- 
holm case, v = (.98, 3.30, .19). We also set the class fractions of demand for 
each OD-pair equal to the Stockholm fractions (.754, .036, .210). See [ELDOS] 
for more details of the experiments. 

Note, that since the problem is nonconvex, we do not get an underestimate 
of the optimal value, when we solve the linearized problem. Instead, we have 
to  stop the iterations when the improvement gets to too small. 

Starting in the free flow solution, and performing the large number of it- 
erations (N=10000) that would give a relative error of lop6 in the classical 
single class case, we get an objective value of V(f)  = 71.09, compared to  the 
untolled value V(f )  = 74.80, i.e. a decrease of 5%. The iteration history of 
the "relative error" ( ~ ( f  (i)) - ~ ( f  ( N ) ) ) / ~ ( f  (N))  versus i becomes approxi- 
mately linear in a log-log diagram, similar to the single class case, showing 
that convergence is comparable to  that case (see [ELDOS]). 

To test for the existence of multiple local optima, we started a t  10 random 
extreme point solutions. For iteration counts that would give relative errors 
of low3 in the free flow run these runs all gave relative errors of the same 
magnitude (assuming that the previous long run gave the optimum) This 
indicates that there is only one local optimum (see [ELDOS]) conforming with 
the observations in Dial [Dia99b]. 

7.3 Stockholm 

To apply the algorithm to the Stockholm case (1250 centroids, 4635 regular 
nodes and 18044 links), it has been implemented as a macro in EMME/2. In 
the initial iterations of the algorithm, we minimize the convex hull, convV, of 
V, rather than V itself (see [LE04]). This approach on the one hand provides 
lower bounds for V, which we do not get from the linearizations in the Frank- 
Wolfe algorithm, due t o  the nonconvexity of V; on the other hand it speeds 
up the initial convergence (Figure 3). 

As can be seen in Figure 4, satisfactory link flow differences between con- 
secutive iterations (i.e. lower than 100 veh./h) are obtained after approx- 
imately 50 iterations of the Frank-Wolfe algorithm. This is a substantial 
progress compared to the method of successive averages used in Inregia's 
study (see Section 1). 

To check the uniqueness of the MSC equilibrium, ten initial flow patterns 
have been generated as random convex combinations (with exponentially dis- 
tributed weights) of fifteen different extreme solutions to  the multi-class as- 
signment problem. Starting from each initial pattern, 80 iterations of the 
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Fig. 3. Rel. errors for V ( f )  (Stockholm), when minimizing convV (solid) or V 
(dashed) 

Fig. 4. Convergence of link volumes (Stockholm). Horizontal axis: iteration number. 
Vertical axis: maximal absolute difference of total link flows between consecutive 
iterations 
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Frank-Wolfe method have been performed. As might be seen from Figure 5, 
the interseries standard deviation diminishes approximately as the iteration 
number to the power -0.75. Thus minimizations starting from different initial 
flows result, after a large number of steps, in essentially the same link flow 
pattern. This suggests that there is only one local minimum and conforms to 
observations above and in Dial [Diaggb]. 

10 

Iteration 

Fig. 5. Uniqueness check. Horizontal axis (log scale): iteration number (i) 

Vertical axis (log scale): Interseries standard deviation a (i) = 
10 -k . 2 -k . 10 

& E E E [fk (s, i )  - fa (%)I where fa (2) = & C f,X (s,  i)  and f,X ( s ,  2)  
s=l a E A  k E K  s=l 

is the flow of class k on link a at  iteration i of series s. 

8 Concluding remarks 

In this paper we have studied tolled multi-class traffic equilibria. In particular 
we have pointed at  some problematic points (concerning symmetry) in stating 
the equilibrium problems, in the non-uniqueness of their solutions, and in the 
implementation of computed MSC equilibria through fixed tolls, as well as 
suggested some solutions. In our opinion, the main contributions of this paper 
are the following: 

I t  elucidates that some asymmetric variational inequalities may be restated 
in a symmetric form, and hence have a corresponding optimization formula- 
tion, contrary to their first appearance. This is in particular true for fixed-toll 
multi-class equilibria and for MSC-toll equilibria. 

It  clarifies the relation between the (flow dependent) MSC-tolls and their 
implementation as fixed tolls in a multi-class setting. In particular, it shows 
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tha t  the  matrix of class specific flows a t  a stable MSC-equilibrium, which also 
is a local minimum t o  the  total value of travel time, is an  equilibrium for the  
corresponding fixed-toll problem. Further, in spite of tha t  this latter equilib- 
rium is not unique, the  total value of travel time is. I t  moreover demonstrates 
tha t  implementing close-to-optimal MSC-tolls as fixed-toll equilibria, will lead 
t o  close-to-optimal fixed-toll equilibria. 

The  paper further shows tha t  the  total value of travel time of heteroge- 
neous users in general is nonconvex, settling a question raised by Dial [Dia99a], 
and disproving a claim made by Yang and Huang [YH04]. 
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