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Abstract

Reliability based design optimization (RBDO) aims at minimizing an objective while constraining the failure
probability of structural components. Due to the iterative nature of both the minimization and the failure
probability validation, there is considerable computational effort associated with it. In this paper, a computa-
tionally inexpensive approach for RBDO is presented. The key contribution is the directional surrogate model
and its associated advantages; a sound balance between accuracy and computational cost, including the possi-
bility to fit model coefficients based on an optimal experiment design, high fidelity modeling of representative
structural responses, treatment of multiple constraints without added computational cost, and straightforward
sequential linear programming implementation. The directional surrogate model is of power type with non-
linear behaviour only in the gradient direction, thus balancing accuracy and computational cost. Moreover,
information from prior iterations are used in every iteration in a weighted least squares optimization. When
benchmarked against existing approaches from the literature using a well known reference problem, it is
shown to be highly efficient. It also shows promising stability and convergence rate for additional challenging
problems to which it has been applied.
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1. Introduction

Over the last decades, computer aided engineer-
ing has to a large extent replaced physical testing as
the predominant mean to improve and even verify the
structural integrity of mechanical designs. The main
advantages are time and cost. With increasing model
maturity and computer power, the possibility to not
only verify nominal design performance but to opti-
mize structures as well as to take uncertainties into
account has gained increasing attention. Unfortu-
nately, both optimization and reliability assessment
render considerably higher computational cost than
a single evaluation of the response. A number of al-
gorithms for design optimization with constraints on
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failure probability, i.e. reliability based design opti-
mization (RBDO) has been presented, see Chen et al.
(1997), Tu et al. (1999), Du and Chen (2002), and
Cheng et al. (2006) for some of the more prominent
ones and Yang and Gu (2004), Schueller and Jensen
(2008), Valdebenito and Schueller (2010), and Aoues
and Chateauneuf (2010) for useful surveys. How-
ever, there is often a high computational cost asso-
ciated with an evaluation of the response, i.e. an ex-
periment. In large-scale engineering, the response
is constituted by a physics-based computer model
or even a sequence of such. Thus, the relatively
large number of evaluations needed for reliability as-
sessment continue to drive the need for even more
efficient algorithms. Surrogate models have been
extensively used to reduce the amount of physics-
based computer evaluations in structural optimiza-
tion, see Simpson et al. (2001), Jin et al. (2003), and



Queipo et al. (2005) for extensive surveys. A surro-
gate model is ”a model of the model”. It is used in-
stead of the physics-based model in the optimization
and reliability assessment, adding negligable compu-
tational effort once it has been established. Surro-
gate models can be fitted using a mix of analytical
and experimental results, prevalent in for instance
topology optimization, or by fitting them to exper-
iment responses solely, common in RBDO applica-
tions. Efficient design of (computer) experiments has
consequently been studied in detail, see Sacks et al.
(1989), Simpson et al. (2008), and Chen et al. (2006)
for informative surveys. In all of the three above
mentioned areas: i) RBDO algorithm formulation,
ii) surrogate model use, and iii) experiment design -
significant progress has been reported.

In this paper, an algorithm in which all these as-
pects are treated in a unified manner is presented.
The aim of being ”efficient” can be directly under-
stood as saving computational effort, making it pos-
sible for RBDO to become a widely established tech-
nique in industrial applications. In conceiving the
approach, the following has been assumed: a) The
computational cost of all surrogate model related
computations are negligable compared to the high
cost of an evaluation of the physics-based model, e.g.
a large-scale FEM model, b) FORM-based reliabil-
ity assessments are accurate enough for the purpose
even though the limit states are generally slightly
non-linear, and c) Analytical information about the
physics-based computer model is not possible to re-
trieve.

The outline of this paper is as follows: The direc-
tional surrogate model is presented in Section 2 and
a justification based on solid mechanics is given. In
Section 3, the RBDO algorithm used in this work is
presented. The presentation includes the basics of
FORM, the sequential approximation procedure em-
ployed, and the treatment of multiple constraints de-
duced from the surrogate model. Subsequently, in
Section 4, the algorithm is applied to numerical prob-
lems as well as problems from solid mechanics. To
sum the paper up, a discussion and conclusions are
given in Section 5 and 6, respectively.

2. Motivation for the surrogate model

The surrogate model used in this paper originates
from relations between responses of structurally
loaded components and geometric design variables.
During design of mechanically loaded structures,
stresses, strains, or properties deduced from them,
such as fatigue life, are quantities of interest. The re-
lation between stress and geometric design variables,
such as thicknesses, heights, widths etc, is frequently
of an inverse power function type. For example, the
maximum axial stress, s(d), in a beam with rectan-
gular cross-section with width w and height h(d), see
Fig. 1, subjected to a bending moment caused by a
transversal force t is stated as s(d) = 6td/(wh(d)2),
where d is the distance from the free end. The ax-
ial stress s(d) for the same beam geometry, loaded
by an axial force f is s(d) = f /(wh(d)). Moreover,
a frequently used technique to build up geometries
is by parameterization of discrete dimensions in the
model. Subsequently, a mathematical description of
the continuous dimensions as a function of the dis-
crete dimensions is needed. A common descrip-
tion is a linear combination of the product of (pos-
sibly non-linear) basis functions and their respec-
tive parameterized dimensions, e.g. polynomial ba-
sis functions or radial basis functions. In Fig. 1,
h(d) = l−d

l
x1 +

d
l
x2 is one simple example of a con-

tinuous description of the height h(d) based on the
height at discrete positions h(0) = x1 and h(l) = x2.
Thus, a linear combination p =

∑

i
nixi of design vari-

ables xi is the basis for the directional power func-
tion surrogate model that serve as the approximation
of the response in this paper.

j = 3
j = 2

j = 1
f

t

w

X1 X2

l

d

H(d)

Figure 1: Cantilever beam with height H(d) as a function of
distance d from the free end (taken as a linear interpolation of
the heights at the base and the free end) and width w loaded at
the free end with axial force f and transversal force t. The black
nodes represent FE-model nodes, i.e. constraints ( j = 1,2,3).
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However, a design may also be performed using
holes and cut-outs and similar, essentially subtract-
ing material. One example is a plate with fixed width
w and variable height H and a circular hole with vari-
able diameter D. The nominal stress in such a plate
subjected to an in-plane force f is s = f /(h(w− d)),
see Fig. 2. For certain combinations of w, d, and
h, the compound design variable p = nTx is zero or
negative. This is likely to cause complex surrogate
responses and thus, a constant p̄ is added which is
determined so that the surrogate model does not ren-
der complex values in the desired region of confi-
dence (RoC). The RoC is the region in design space
within which the design is allowed to vary during the
current iteration. An RoC is used because the sur-
rogate model is an approximation and as such, it is
only valid in a limited region of the design space.

For generality, a constant r0 is added to cope with
responses which do not intersect the origin. Thus,
the surrogate model reads

r̂(x) = r0+a
(

nTx+ p
)γ
. (1)

where x = [x1 . . . xNX ]
T is the design variable vector

(realizations thereof) and r0, a, n, p and γ are all sur-
rogate model parameters. The subscript j = 1 . . .NC
will be added to indicate constraint number (when
needed) and a superscript k = 1 . . .NK will be used
to indicate optimization iteration number in the fol-
lowing. It is left out here for readability. The sur-
rogate model r̂ is used to model the response from
experiments on the physics-based computer model.
In turn, both the objective function C and the con-
straints G j are in general linear functions of the re-
sponse, e.g. constraints set on stress may be formu-
lated as G = smax − s(x), so that G < 0 means failure
and the stress s(x) is approximated using the surro-
gate model.

The parameters in Eq. (1) are estimated using
a two step approach. First, the limit state nor-
mals are approximated using a linear weighted least
squares approximation. The j,k:th limit state nor-

mal estimate n̂
(k)
j

is then used as input to an addi-
tion weighted least squares formulation in which the
three remaining parameters are estimated. The surro-
gate model estimates used in iteration k constitute the

solution ĉ
(k)
j
= [r̂

0(k)
j
, â

(k)
j
, γ̂

(k)
j
]T to the weighted least

squares problem

min
c j
(r− r̂(n̂

(k)
j
,c j))

TW j(r− r̂(n̂
(k)
j
,c j)). (2)

The weight function matrix W j, which is used in
both steps, is a diagonal matrix with components

Wmm = w
(k)
j
e
−λ
∣

∣

∣

∣

um−u
∗(k)
j

∣

∣

∣

∣, m = 1, . . . ,NE . The common

factor w
(k)
j

is chosen for normalization so that the
highest weight is 1. In Eq. (2), k denotes iteration

number and u
∗(k)
j

is the point in transformed design
variable space u = T (x) where the surrogate model
needs to be most accurate. The RBDO interpretation
will be explained in Section 3. As shown in Eq. (2),
the weights are independent of in which iteration an
experiment has been performed. The influence of the
decay factor λ has been studied in the third example
in Section 4.
The algorithm used to find the start guess for

Eq. (1) is described in Appendix A.

w

ff

D

T

Figure 2: Plate with thickness T , width w, and a centered hole
with diameter D, loaded by a force f .

3. Reliability based design optimization

Reliability based design optimization (RBDO) is
concerned with minimizing an objective while con-
straining the failure probability caused by uncertain-
ties in design variables. Various formulations exist.
The frequently used problem formulation employed
in this work is stated as
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min
µµµ

C(µµµ)

s.t.

{

p f , j(X) ≤ α j, j = 1 . . .NC
µL
i
< µi < µ

U
i
, i = 1 . . .NX

(3)

Throughout this paper, X = [X1 . . .XNX ]
T is the de-

sign variable vector and its lowercase counterpart x
means realizations thereof, µµµ= [µ1 . . .µNX ]

T is the de-
sign variable mean value vector, where µi = E[Xi],
C is the objective function (cost), p f , j is the j:th
failure probability, α j is the value of the j:th tar-
get failure probability, and µL

i
and µU

i
are the lower

and upper bound of design variable i, respectively.
The probability of failure can be formulated using a
(stochastic) failure function G and a (deterministic)
limit state g separating the safe and the failure do-
main. Conventionally g = 0 is used, so that

p f , j(X) = P(G j(X) ≤ 0)

=
∫

G j(x)≤0

· · ·
∫

fX1...XNX (x)dx1 . . .dxNX
,

(4)

where P(•) denotes probability of the event and
fX is the joint probability distribution function of
the design variables. In RBDO, the integral is al-
most without exception solved using either semi-
analytical formulations, such as the first order reli-
ability method (FORM), see Madsen et al. (1986), or
sampling based methods such as Monte Carlo sim-
ulation (MCS), see Rubinstein (1981). The major-
ity of RBDO formulations use FORM for reliability
assessment. FORM is based on an isoprobabilistic
transformation of design variables to normed nor-
mally distributed variables followed by a lineariza-
tion of the failure function limit state (g= 0). Numer-
ical formulations for the isoprobabilistic transforma-
tion has been proposed in HongShuang et al. (2008)
and Noh et al. (2009). For non-linear functions, it
was shown in Nikolaidis and Burdisso (1988) that
the point of linearization is of high importance. Two
points dominate the literature; themost probable fail-
ure point (MPFP) and theminimum performance tar-
get point (MPTP). These points are identical for de-
signs which meet the target reliability. It was shown
by Youn and Choi (2004) that formulations based on

the MPTP are generally less sensitive to the non-
linearity of the isoprobabilistic transformation than
those based on the MPFP. Finally, the linearization
point can either be determined exactly for each it-
eration or gradually converging approximations can
be used. In both Yang and Gu (2004), and Aoues
and Chateauneuf (2010), the so called single loop-
single variable RBDO algorithm, which is based on
an approximate MPTP was found to be most efficient
and highly stable. Thus, the approximate MPTP ap-
proach presented for normally distributed variables
by Chen et al. (1997) and further developed to ap-
ply to general distributions in Wang and Kodiyalam
(2002) is used in this work.

3.1. Algorithm description

The RBDO algorithm employed in this work is
presented in Fig. 3.

The computer experiments are presented in Ap-
pendix A along with the surrogate model coefficients
fitting scheme.

Based on the assumption that the design variables
can be separated into their mean values µi and a func-
tion of its normed normally distributed counterparts
ui as

Xi = µi+Hi(ui), (5)

the equivalent standard deviations σ̂i are estimated
through

σ̂σσ
(k,l+1)
i j

=
∂Hi

∂ui

∣

∣

∣

∣

∣

µ
(k,l)
i
,u
∗(k,l)
j

. (6)

The condition in Eq. (5) holds for a variety of prob-
ability distributions such as the Normal, the Log-
normal, the Gumbel, the Uniform and the three-
parameter Weibull if the variables are independent.
If the design variables are normally distributed, then
Hi(ui) = σiui and the MPTP is independent of l. For
other distributions and dependent variables, algo-
rithms have been proposed by Noh et al. (2009). The
important point here is that the approximate MPTP

from the previous iteration u
∗(k,l)
j

is used.

Having approximated the equivalent standard de-

viation matrix σ̂σσ j, approximate MPTPs u
∗(k,l+1)
j

are
computed as
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Set µ(1)
i
,µL
i
,µU
i
,β, fX1X2...XNX

Design computer experiment D(k)
x

Perform experiments G j(D
(k)
x )

Fit Ĝ(k)
j
, j = 1,2, . . . ,NC

Compute the NC eq. stdd matrices σ̂σσ
(k,l+1)
j

Compute the NC u-space MPPs u∗(k,l+1)
j

Solve for µµµ(k,l+1)

min C(µµµ)

s.t. Ĝ(k,l)
j

(µµµ,u∗(k,l+1)
j

) ≥ 0

Compute the CAP u∗(k,l+1)

Check convergence in µµµ w.r.t. l

Check convergence in µµµ w.r.t. k

Solution converged

k = 1

l = 1

No

l = l+1

No

k = k+1

Yes

Yes

Figure 3: Flowchart for the RBDO algorithm employed in this
work.

u
∗(k,l+1)
j

= −
σ̂σσ
(k,l+1)
j

∇̂G
(k)
j

∣

∣

∣

∣

σ̂σσ
(k,l+1)
j

∇̂G
(k)
j

∣

∣

∣

∣

β j = ±σ̂σσ
(k,l+1)
j

n̂
(k)
j
β j (7)

where β j = Φ
−1(1− α j) is the reliability index and

Φ(•) is the cumulative probability distribution for a

normed normally distributed variable, n̂
(k)
j
is the k:th

estimate of the j:th limit state normal. It can be noted
here that the sign in Eq. (7) depends on the signs of
the coefficients â and γ̂, i.e. the estimations of a and
γ in Eq. (1). Finally, the k, l:th optmization problem
can be stated as

min
µµµ
±n̂Tc µµµ

s.t.

{

(∆r j/â j)
1/γ̂ j − p j− n̂

T
j
σ̂σσ ju

∗
j
≤ n̂T

j
µµµ

µL
i
< µi < µ

U
i

(8)

where superscripts k, l have been dropped for read-
ability but are clear from Eqs. (6) and (7), n̂c is the
normal of the cost function limit state, and ∆r j =
rmax, j − r

0
j
. The sign in Eq. (8) is determined by the

signs of the coefficients âc and γ̂c. As can be noted in
Eq. (8), the surrogate model employed in this work
facilitates the solution of the RBDO problem through
a series of linear optimization problems. Thus, lin-
ear programming algorithms, such as the simplex
method, can be used to solve the optimization prob-
lem once the coefficients have been estimated.

3.2. Treatment of multiple constraints

In the above presented description of the RBDO
algorithm, no attention has been devoted to the
choice of constraint approximation point (CAP). The
CAP is the basis for the surrogate model coefficient
estimation and, hence, the region where the surro-
gate model has the largest potential to be most accu-
rate. In RBDO, the MPTP or the MPFP is for obvi-
ous reasons by far the most common choices when
dealing with a single constraint. Little attention has
been given to problems with multiple constraints,
most likely because the presented algorithms sel-
domly make use of surrogate models. Consequently,
each constraint is handled individually in proposed
algorithms. Here, a single CAP is deduced from the
assumed correct functional form of the directional
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surrogate model. The use of a single CAP renders
the computational effort equivalent to that of a single
constraint problem. Assume that the physics-based
computer model response can be stated as

r = r(nTx) = r(p), (9)

i.e. that the limit states are hyperplanes but the re-
sponse is potentially non-linear in the n-direction.
Then, for all x∗ such that nTx∗ = p∗, the response
and its gradient will be constant. Thus, the MPTP
estimate stated in Eq. (7) will be the same as long
as the CAP x∗ fulfils nT

j
x∗ = p∗

j
and there are multi-

ple points that are all equivalent and optimal CAPs
in that sense. A linear equation system can be set
up to solve for an optimal CAP. Assuming that the
number of active constraints is equal to the number
of design variables (the most common case for con-
verged solutions for the examples evaluated in this
paper) there is one unique solution. However, if
there are fewer constraints, an additional constraint
is needed. Here, the CAP which minimizes the dis-
tance |u∗| is chosen as the optimal CAP. For a sin-
gle active constraint, this problem formulation states
that the MPTP is the CAP. In the case of fewer design
variables than linearly independent active constraints
no solution exists. This is a case which would in
some sense mean an optimal parametrization. In this
work, a least squares solution has been employed for
this case. The general CAP optimization problem
can thus be stated as

min
u
|u|

s.t. (NNT)−1NG0 = u
, (10)

where [G0] = [G0
j
] j∈Ω, G

0
j
= (∆r j/â j)

1/γ̂ j − p j− n̂
T
j
µµµ,

Ω denotes the set of active constraints with length
NΩ ≤ NC , and N = [n j] j∈Ω is a matrix formed by
the limit state normals of the active constraints. The
CAP procedure is graphically presented in Fig. 4.

4. Examples

The proposed directional surrogate model that is
integrated through FORM with the RBDO algorithm
proposed in this work is tested on three examples.
The first two examples represent typical design sit-
uations encountered in industrial applications. The

u1

u2

fU = c

β

ĝ2 = 0

ĝ1 = 0

ĝ3 = 0

Ω = {2,3}

u∗

Figure 4: Illustration of an optimal CAP, u∗, for the case with
three constraints of which two are active.

first example is similar to the short column design
example introduced in Wu et al. (2001) and used ex-
tensively since. The second example is provided to
highlight the aspect of limit state normals with mixed
signs, rendering possibly negative values of the pro-
jected design variable p. The third example is an of-
ten used mathematical benchmark problem. For all
the examples, convergence conditions have been set
on (i) absolute changes in design variables, (ii) rel-
ative change in objective function, and (iii) relative
changes in constraint fulfilment. The convergence
criteria uses a threshold of 10−3 for all of these con-
ditions. The convergence condition and criteria are
the same as those of Aoues and Chateauneuf (2010),
making direct comparisons possible. A failure prob-
ability of α = 1−0.9987 has been used for all exam-
ples. This corresponds to a reliability index of β = 3.
When convergence is obtained, the converged solu-
tion and the true constraint functions have been used
with 107 Monte Carlo samples to compute a relia-
bility index which does not depend on any assump-
tions. The reliability indeces reported in this section
are thus not flawed by any assumptions pertaing to
FORM or any transformation of stochastic variables.

4.1. Cantilever beam

The weight of the cantilever beam in Fig. 1 is min-
imized with constraints set of the failure reliability.
The problem is stated as

min
µµµ

C = µ1+µ2

s.t.

{

P(s j ≥ smax) ≤ α
2 < µi < 12

(11)

with
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s j = f /(wh j)+6td j/(wh
2
j
)

h j = c
T
j
x

,

and

C = [c1, c2, c3] =

[

1 0.5 0
0 0.5 1

]

,

d = [ 0 0.5 1 ]l ,

f = 10 kN, t = 100/6 kN, w = 10 mm, l = 1000 mm,
and smax = 200 MPa. The design variables are inde-
pendent normally distributed with initial mean val-
ues of µµµ0 = [10,10] mm and both have standard de-
viation of σ = 1 mm. The optimization results are
summarized in Table 1. The failure constraints, the
converged mean value and each respective MPTP are
shown in Fig. 5.

Figure 5: Plot of the limit states G j = 0 (solid lines), the surro-
gate models limits states Ĝ j = 0 (dashed lines), the converged
solution µµµ (x marker), and the MPTPs u∗

j
for the benchmark

problem (star marker).

This example is representative for the type of prob-
lems the directional surrogate model and its RBDO
implementation are tailored for. A couple of aspects
are given extra attention here in order to highlight the
advantages of the method.
It is clear that if the beam is loaded with only axial

force f or transversal force t the constraints can be
modeled exactly by the directional surrogate model.

Figure 6: Plot of the limit state G3 = 0 (solid lines), the surro-
gate models limits state Ĝ3 = 0 (dashed lines), the converged
solution µµµ (x marker), and the MPTPs u∗

j
for the benchmark

problem (star marker).

Table 1: RBDO results for the cantilever beam example for var-
ious computational methods (CM). The CMs consist of a surro-
gate model (SM) which is either directional (Dir) or linear (Lin)
and an approximation point (CAP or MTPT).

State
(CM)

µ1 µ2 C β No of exps

Start
(-)

10 10 20 0 -

Converged
(Dir SM/CAP)

8 13 21 3 8

Converged
(Dir SM/MPTP)

8 13 21 3 12

Converged
(Lin SM/CAP)

8 13 21 3 42

One would expect a method tailored for the problem
to estimate the model coefficients exact enough so
that the optimization converges in two iterations for
such a case. This is true for the outlined method. As
seen in Table 1, this is true even if both forces act
on the beam, making the surrogate model a mere ap-
proximation of the response. Thus, the number of ex-
periments NE needed for convergence would be NE =
(NX +2)+ (NX +2)NΩ(NK −1) = 4+4×2×1 = 12 if
each MPTP had been treated individually (given that
the experiments in the first iteration was performed
using the mean value for all constraints and that only
the two active constraints were evaluated in the sec-
ond and final iteration). The use of a single CAP re-
duces the computational effort to NE = (NX +2)NK =
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8.

Also, it should be pointed out that a large num-
ber of parameterized cross-sections can be added to
the problem, effectively adding design variables to
the problem, and convergence would still be obtained
using the same number of experiments excluding the
experiments needed for screening in the first itera-
tion. This is because all the design variables’ (cross-
section heights’) significances are orthogonal to all
other design variables’ significances but the adjacent.
See Dersjö and Olsson (2012) for more details on
significance orthogonality. This elusion of ”the curse
of dimensionality” is mainly due to the findings in
Dersjö and Olsson (2012) but it is a strength of the
proposed method that it is able to exploit this strength
even though a non-linear surrogate model is used.
The problem has further been solved using a linear
weighted least squares model, i.e. γ j = 1, ∀ j= 1,2,3.
The algorithm needed 14 iterations for convergence,
that is NE = (NX+1)+ (NX+1)(NK−1)= 3+3×13=
42. Thus, for this case, the added computational ef-
fort of adding curvature in the gradient direction (one
extra experiment per iteration) paid off generously in
terms of the total number of experiments needed for
convergence. Moreover, if only the experiments per-
formed in the last iteration are used to fit the linear
surrogate model, the solution does not converge at all
but fluctuate between two solutions close to the ex-
act solution. This demonstrates the value of using all
previously performed experiments when fitting the
surrogate model.

4.2. Plate with hole

The weight of the square plate in Fig. 2 is min-
imized with constraints set of the failure reliability.
The problem is stated as

min
µµµ

C = µ1(w
2−πµ22/4)

s.t.

{

P(s ≥ smax) ≤ α
2 < µi < 15

(12)

with

s = f /(x1(w− x2)),

where f = 8 kN, w = 20 mm, and smax = 200 MPa.
The design variables are independent normally dis-
tributed with initial mean values of µµµ0 = [4,10] and

both have standard deviation σ = 0.3 mm. The op-
timization results are summarized in Table 2 and the
converged solution, MPTP and limit state is shown
in Fig. 7. The example has been used mainly for two
reasons. Firstly to show that the surrogate model is
capable of coping with a case where nTx∗ = 0 with-
out causing numerical instability. The start guess is
chosen specifically for that reason here. Secondly,
the example has a non-linear limit state with a de-
gree of non-linearity believed to be representative for
solid mechanics type problems in general. Contrary
to the first example, the surrogate model can not ex-
actly model the response. However, as seen by the
results, the convergence is fast and the accuracy loss
in reliability index caused by the linear limit state ap-
proach is on the order of per mille.

Figure 7: Plot of the limit state G1 = 0 (solid lines), the surro-
gate models limits state Ĝ1 = 0 (dashed lines), the converged
solution µµµ (x marker), and the MPTPs u∗

j
for the benchmark

problem (star marker).

Table 2: RBDO results for the in-plane loaded plate with circu-
lar hole.

State µ1 µ2 C β No of exps

Original design 4 10 1285 0 -

Optimized design 3.128 2.000 1211 2.9957 28

4.3. Mathematical RBDO benchmark problem

A frequently referenced benchmark problem for
RBDO was presented in Youn and Choi (2004). The
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problem is stated as

min
µµµ

C = µ1+µ2

s.t.

{

P(G j(X) ≥ 0) ≤ α
0 < µi < 10

(13)

where

G1(X) = X
2
1X2/20−1

G2(X) = (X1+X2−5)
2/30+ (X1−X2−12)

2/120−1

G3(X) = 80/(X
2
1 +8X2+5)−1

(14)

The optimization results are summarized in Ta-
ble 3.

Table 3: RBDO results for the mathematical benchmark ex-
ample for various computational methods (CM). New meth-
ods presented in this work are the directional surrogate model
(Dir SM) using either a CAP or the MPTPs. These are com-
pared with the single loop approach (SLA) and the performance
measure approach (PMA) with values taken from Aoues and
Chateauneuf (2010).

State
(CM)

µ1 µ2 C β No of exps

Start
(-)

5 5 10 2.499 -

Converged
(Dir SM/CAP)

3.4446 3.2643 6.7089 2.9601 32

Converged
(Dir SM/MPTP)

3.4390 3.2865 6.7255 2.9707 36

Converged
SLA

- - 6.7556 2.9998 90

Converged
PMA

- - 6.7251 2.9970 540

The failure function and corresponding surrogate
model for all constraints are presented for the con-
verged solution with the respective MPTPs in Fig. 8.
In Fig. 9 and Fig. 10, contour lines of constraint
no. 1 and 2 respectively are plotted with its surro-
gate model counterparts as well as the mean and the
MPTP. The active limit states, Ω = {1,2}, are highly
non-linear in this example and thus quite far from the
intended use of the proposed algorithm. As seen in
Table 3, convergence is still fast but the accuracy de-
creased. The number of experiments needed for con-
vergence is about equal for the two directional surro-
gate model based approaches and at least 60 per cent
lower than the most efficient algorithm presented in

Aoues and Chateauneuf (2010). The loss of accu-
racy is due to two reasons; the linearization inher-
ent to FORM and the use of a single CAP. Because
the first limit state is convex, the linearity assump-
tion in FORM is non-conservative. This is reflected
by the reliability index found when using each re-
spective MPTP instead of a single CAP. The differ-
ence in reliability index is larger between the target
value and the MPTP-based value than between the
CAP-based value and the MPTP-value. This in some
sense means that the error caused by using FORM is
larger than that casued by using a single CAP. How-
ever, as seen in Fig. 9 and Fig. 10, the error in surro-
gate model at the MPTP is larger for the second con-
straint. The reason why this is of lesser importance
for the reliability index estimate is because the limit
state of constraint 2 is concave, making the FORM
linearity assumption conservative and thus adding a
safety margin to the FORM reliability index. It can
also be noted that the MPTP solution is nearly iden-
tical to the reported optimal solution in Youn and
Choi (2004). Using 107 Monte Carlo samples and
the true response, a reliability index of β = 2.9707
was found. The reliability indeces reported in Aoues
and Chateauneuf (2010) are thus belived to be the
FORM estimates of the reliability index, making the
approach proposed here more accurate than it ap-
pears in Table 3.

A weight factor was introduced in Eq. (2). Vari-
ous functions have been tested throughout this work
and the chosen one is simple, yet with adequate per-
formance. The decay factor λ was introduced and an
appropriate value should be chosen. A study of the
algorithms sensitivity to the decay factor λ has been
performed here to aid in the choice for future appli-
cations. As seen in Fig. 11 and Fig. 12, λ has a sig-
nificant influence on both the number of experiments
needed for convergence and the reliability for the
converged solution. A decay factor λ = 0 means that
all experiments are weigthed equally and the higher
the decay factor, the lower the relative weight for ex-
periments at a distance from the approximate MPTP.
The algorithm converges faster for larger λ and the
converged solution is also more accurate. The in-
creased accuracy was expected since a more rapid
decline in weight as a function of distance to the
MPTP promises higher accuracy in the MPTP vicin-
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Figure 8: Plot of the limit states G j = 0 (solid lines), the surro-
gate models limits states Ĝ j = 0 (dashed lines), the converged
solution µµµ (x marker), and the MPTPs u∗

j
for the benchmark

problem (star marker).

Figure 9: Plot of the contour lines for constraintG2 (solid lines),
its surrogate model Ĝ2 (dashed lines), the converged solution µµµ
(x marker), and the MPTP u∗2 for the benchmark problem (star
marker).

ity. When examining the surrogate model it is ob-
served that the coefficients change slower for a lower
value on λ. This is believed to be the reason for the

Figure 10: Plot of the contour lines for constraint G2 (solid
lines), its surrogate model Ĝ2 (dashed lines), the converged so-
lution µµµ (x marker), and the MPTP u∗2 for the benchmark prob-
lem (star marker).

slower convergence. Higher λ, on the other hand,
makes the weight matrix ill-conditioned and the op-
timization problem in Eq. (2) is thus prone to diverge.
In addition, it becomes more sensitive to the start
guess. The decay factor needs to be set with regard
to the RoC and DoE so that enough experiments are
effectively used in the weighted least squares prob-
lem.
In Fig. 13, a plot of the relation between the weight

function and distance to the converged MPTP is pre-
sented with the experiment weightsWmm for the first
constraint and a decay factor λ = 3. The experiments
in the last iteration are not closest to the MPTP, but
rather far from it. This illustrates the importance of
using all experiments if a CAP is used. However,
there is much computational effort wasted due to this.
Significant improvements of the experiment design
are possible.

5. Discussion

In this paper, a new type of surrogate model that
is tailored for efficient RBDO of structural compo-
nents has been presented. The analysis is based on a
simple yet flexible directional surrogate model which
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Figure 11: Plot of the number of iterations needed for conver-
gence as a function of weight function scale factor λ. The num-
ber of experiments are four times the number of iterations.
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Figure 12: Reliability index β as a function of the parame-
ter λ. βTarget, β1(xopt), and β2(xopt) are shown for compari-
son. β1(xopt), β2(xopt), β1(x(λ)), β2(x(λ)), have been computed
through Monte Carlo simulations with 107 samples. xopt is the
optimum solution reported in Youn and Choi (2004) and x(λ)
is the the converged solution obtained with the algorithm pre-
sented in this work.

was also given a solid mechanics justification. Fur-
thermore, it was shown that treatment of multiple
constraints is possible without any additional effort
or loss of accuracy if the true constraint approxi-
mately follows the functional form of the surrogate
model. The algorithm was tested on a frequently

Figure 13: The relation between the weight function and dis-
tance to the converged MPTP for the first constraint using a
scale factor λ = 3. The experiment weights Wmm are presented
with x markers and the experiments performed in the last itera-
tion are boxed in.

used benchmark problem which differs significantly
from the type of problem the algorithm was intended
for. Even so, it proved highly efficient and reason-
ably accurate. However, the approach does have
drawbacks. The CAP estimate is exact if the true
constraint’s functional form is a power function of a
linear combination of design variables. If this is not
satisfied, the error introduced will increase with dis-
tance from the MPTP. Here, a single CAP approach
is tested against approaches where each MPTP is
treated individually. In general, a multiple CAP ap-
proach would mean anything in between these two
extremes. A criteria for selecting the number of
CAPs is then needed and such a criteria has not been
evaluated here. Also, with a given CAP, the closer
the experiments are to the MPTPs, the better the ac-
curacy. Here, no attempt at rotating the experiment
design has been made to address this. Furthermore,
the algorithm show a fairly high dependence on the
decay factor λ. Based on the results found in this pa-
per, the higher λ one can allow, the better. The draw-
back of this is of course that in early iterations, this
may cause the fitting scheme to crash as the weight
for some points is reduced to zero. A solution to
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this could be to determine λ after some initial exper-
iments. Finally, experience with the weighted least
squares problem suggest that the problem is not con-
vex in the entire domain and thus the start guesses
highly determine the convergence rate and stability
as well as the accuracy of a converged solution.

6. Conclusions

An RBDO algorithm based on a directional surro-
gate model was presented. The surrogate model re-
quires one additional experiment per iteration com-
pared to a linear model but is on the other hand
non-linear in the gradient direction. It makes use of
all previous experiments performed during the op-
timization and can be used with an optimal exper-
iment design if applied to problems with multiple
constraints. Tested on a problem which it was tai-
lored for, the algorithm converges to the exact so-
lution in 2 iterations. The total number of experi-
ments needed for convergence were reduced by over
70 % compared to the same RBDO algorithm us-
ing a linear surrogate model. The use of a single
constraint approximation point (CAP) reduced the
computational effort by another 33 %. Applied to
a mathematical benchmark problem, the number of
experiments needed for convergence was reduced by
60 % compared to the most efficient algorithm pre-
sented in a recent study. The use of a CAP reduced
to computational effort by an additional 9 % in this
case but with reduced accuracy. Based on this ex-
perience, it is not advisable to use a single CAP for
problems with highly non-linear limit states. Also,
a subjective weight factor with an exponential decay
in the normed normal u-space was introduced in the
algorithm. The results support the use of a weighted
least squares fit. However, the surrogate model re-
gion of confidence and experiment design used must
considered when choosing this decay factor in order
to aviod numerical instability or slow convergence
and inaccurate results.
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Appendix A. Fitting scheme

In this work, a weighted least squares fit has been
used to fit the surrogate model to the responses. It
has been noted that whether or not the converged so-
lution is the global minimum depends on the start
guess. Thus, an effort has been made to develop a
scheme to compute starting guesses for the optimiza-
tion. Two start guess estimate schemes are used in
the optimization. In the first iteration - where no in-
formation about the response is available - only the
first scheme is used. For the subsequent iterations -
where information from prior iterations can be uti-
lized - both schemes are used. In the following pre-
sentation, the tilde sign ˜ and the hat sign ˆ are both
used to indicate estimates where ˜ is used to indicate
the start guess estimate and ˆ is used to indicate the
weighted lest squares estimate. In the first scheme,
the start guess is estimated using

1. Estimate ∇xr j using the NX+1 first experiments
and responses as

[r̃0
j
∇̂xr j]

T = [D(k)]−1r j

where the experiment design matrix is generally
stated

D =























1 x11 . . . xNX1
...

. . .
...

1 x1NE . . . xNXNE























and in this work the experiment design for each
of the k iterations is

D(k) =



















































1 x∗(k)
T

1 [x∗(k)+βσ̂
(k)
1
e1]

T

...
. . .
...

1 [x∗(k)+βσ̂
(k)
NX
eNX ]

T

1 [x∗(k)−βσ̂σσ(k)1]T



















































where ei is the basis vector for design variable i
and 1 is a vector of ones. See Appendix B for
explanation.

2. Set

n̂
(k)
j
= ±∇̂xr j/

∣

∣

∣∇̂xr j
∣

∣

∣,

chosen so that

n̂
(k)T

j
x
∗(k)
j
= p̂
∗(k)
j
≥ 0

with

x
∗(k)
j
= µµµ(k)+ σ̂σσ

(k)
j
u
∗(k)
j

and

u
∗(k)
j
=
σ̂σσ
(k)
j
∇̂r

(k)
j

∣

∣

∣

∣

σ̂σσ
(k)
j
∇̂r

(k)
j

∣

∣

∣

∣

β j

3. Set

p
(1)
j
=















0 if p̂
(k)
min, j
≥ 0

− p̂
(k)
min, j

else

where p̂
(k)
min, j

is the smallest value of p̂
(k)
j
in the

region of confidence (RoC).

4. Approximate the first and second derivatives
dr j
dp j
,
d2r j

dp2
j

of r j using the Taylor expansion rT, j =

r j(p
∗(k)
j

) +
dr j
dp j

(p j − p
∗(k)
j

) + 1
2

d2r j

dp2
j

(p j − p
∗(k)
j

)2

least squares fit and all NX +2 experiments.

5. Estimate γ
(k)
j
as

γ̃
(k)
j
= E[p̂

(k)
j
]
d2r j

dp2
j

/
dr j
dp j
+1

6. Estimate a
(k)
j
as

ã
(k)
j
=

d2r j/dp
2+dr j/dp

γ̃
(k)
j













E[ p̂
(k)
j
]
γ̃
(k)
j
−1
+
(

γ̃
(k)
j
−1
)

E[ p̂
(k)
j
]
γ̃
(k)
j
−2












7. Estimate r
0(k)
j

as

r̃
0(k)
j
= 1
ne

∑

e
re, j− ã

(k)
j
p̂
(k)
γ̃
(k)
j

e, j
.

8. Find the solution ĉ
(k)
j
= [r̂

0(k)
j
, â

(k)
j
, γ̂

(k)
j
]T to the

weighted least squares problem

min
c j
(r− r̂(n̂

(k)
j
,c j))

TW j(r− r̂(n̂
(k)
j
,c j))

using the start guess c̃
(k)
j
= [r̃

0(k)
j
, ã

(k)
j
, γ̃

(k)
j
]T. The

weight function matrix W j is a diagonal ma-

trix with components Wee = e
λ
∣

∣

∣

∣

ue−u
∗(k)
j

∣

∣

∣

∣. The
weight function ensures that those experiments
e= 1, . . . ,NE closest to theMPTP is given heigh-
est weight, since they to higher degree deter-
mine the failure probability than those far from
the MPTP. The decay factor lambda will deter-
mine the extent to which the distance affects the
weight and its influence has been studied in the
third example in Section 4.
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In all iterations but the first, the coefficients are
also estimated using

1. Estimate ∇xr j using

[r̃0
j
∇̂xr j]

T =

(DT
T
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(k−1)
j

DT )
−1DT

T
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2. Set
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∣
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∣
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else

4. Find the solution ĉ
(k)
j
= [r̂

0(k)
j
, â

(k)
j
, γ̂

(k)
j
]T to the

weighted least squares problem

min
c j
(r− r̂(n̂

(k)
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,c j))

TW(r− r̂(n̂
(k)
j
,c j))

using the start guess c̃
(k)
j
= [r̃

0(k)
j
, â

(k−1)
j
, γ̂

(k−1)
j

]T.

Appendix B. Design of experiments

An optimal experiment design much like the one
in Dersjö and Olsson (2012) has been used to fit sur-
rogate models in this work. The basis for the de-
sign is a Koshal experiment designD= [d1 . . .dNX+1],
augmented with an additional experiment dNX+2.
The Koshal experiment design is just a one-factor-at-
a-time design. The first experiment is equal to con-
straint approximation point (CAP), that is d1 = x∗.
For experiment i + 1, variable i is varied from its
nominal value x∗

i
in the positive direction as far as the

RoC permits, i.e. di+1 = x
∗ +∆xiei with ∆xi = σiβ,

and where ei, i = 1 . . .NX are the design space ba-
sis vectors. The augmentation point is taken as the
nominal value minus the sum over all prior varia-
tions dNX+1 = x

∗ −∆x. The use of the augmentation
point ensures that there are at least three independent
experiments in p-space which is what is needed to
estimate r0, a, and γ.
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