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Abstract
When nuclear fuel, fabricated for the purpose of trans-
muting spent fuel is irradiated, significant amounts of He
is produced from alpha particles mainly emitted when
242Cm decays into 238Pu. From irradiation experiments
it is known that the presence of He in the solids alters the
swelling behaviour of the material. The thesis presents
the theoretical background from which nucleation mod-
els of He bubbles can be formulated. Such models are
presented for He in metals, and the case of He in Mo is
studied as an example. MgO, which together with Mo is
suggested as a matrix material in transmutation fuel is
also studied and the stability of He containing bubbles
in this material is discussed.

By calculating parameters for a rate theory model
derived from atomistic modelling, it is shown that He
can stabilise vacancy clusters and cause cluster growth
at temperatures and irradiation doses where nucleation
and growth would not otherwise occur. At the initial
stages of nucleation He can stabilise small bubbles while
larger bubbles are unstable. This results in an incuba-
tion time of swelling, which implies that He does not
always cause increased swelling, but can at certain irra-
diation conditions slow down the growth of large vacancy
clusters and thereby delay swelling beyond the time of
the irradiation.

When comparing the behaviour of bubble nucleation
in Mo and MgO, it is found that He has a significant
impact even at very low concentrations in Mo. In con-
trast, the concentration of He has to be considerably
higher in MgO to affect the swelling behaviour. For an
inert matrix fuel, designed for transmutation purposes,
this implies that the Mo matrix will have a tendency
to swell considerably at rather high temperatures due
to He stabilised vacancy clusters. If operated at lower
temperatures, the swelling could instead be reduced due
to the incubation time. In a MgO matrix, the swelling
behaviour will instead depend largely on the production
rate of He. For a low production rate, the material will
have a swelling behaviour similar to the one seen when
He is not present in the material. A high production rate
implies that He will remain in vacancy clusters, thereby
stabilising the clusters and enhancing the growth and
swelling.





Sammanfattning

Heliumfyllda bubblor i fasta material
- Kärnbildning, tillväxt och svällning

Redan idag har det byggts upp stora lager med utbränt
kärnbränsle. Detta bränsle skulle kunna återanvändas
i framtida kärnkraftsreaktorer byggda i syfte att kly-
va de tunga atomkärnorna som fortfarande finns kvar
i det utbrända bränslet. Skulle man lyckas med detta
kan lagringstiden för det utbrända kärnbränslet i ett
slutförvar minskas fr̊an hundratusentals år till mellan
femhundra och tusen år. För att kunna genomföra detta
krävs dock särskilda reaktorer för just detta syfte, samt
särskilt framställda bränslen som klarar förh̊allandena i
dessa reaktorer. Den här avhandlingen strävar efter att
beskriva den svällning som man kan räkna med sker i
en av de föreslagna bränsletyperna för transmutation.
Denna typ av bränslen kallas inerta matrisbränslen och
best̊ar av små sfäriska partiklar med aktivt bränsle som
är inkapslade i en matris av antingen molybden eller
magnesiumoxid.

I alla bränslen ämnade för transmutation kommer
det att produceras signifikanta mängder helium p̊a grund
av de alfasönderfall som sker i framför allt 242Cm. Des-
sa heliumatomer kommer diffundera genom kristall gitt-
ret i matrisen och f̊angas in i de tomrum som utgörs
av vakanser i gittret. P̊a grund av den ständiga neu-
tronbestr̊alningen av bränslet under den tid reaktor är
i ett kritiskt tillst̊and kommer det ocks̊a att bildas en
övermättnad av vakanser i matrisen. Denna övermättnad
kan leda till att vakanserna samlas i kluster som ocks̊a
kan f̊anga in det helium som diffunderar i matrisen. I av-
handlingen formuleras rater för absorption och emission
av helium atomer och vakanser in i och ut ur dessa va-
kanskluster. De parametrar som behövs för att beräkna
raterna härleds fr̊an atomistiska modeller och en konti-
nuum modell som presenteras i avhandlingen. Med hjälp
av raterna formuleras en ratteori som beskriver tids-
utvecklingen av heliumfyllda vakanskluster. Genom att
taylorutveckla funktioner i ratteorin härleds en fokker-
planck ekvation för tidsutvecklingen av kluster. En ana-
lys av termerna i denna ekvation leder till att den kri-
tiska mängden helium i ett vakanskluster kan beräknas.
Denna storhet talar om hur mycket helium det f̊ar plats
i ett vakanskluster innan trycket gör det instabilt och



mer helium evaporerar än absorberas fr̊an vakansklus-
tet. Även den kritiska storleken p̊a ett vakanskluster kan
härledas. Denna talar om hur stort ett kluster måste va-
ra för att det ska vara stabilt och där med fortsätta att
växa. Med hjälp av dessa tv̊a storheter och lösningar
till ratekvationerna kan kärnbildningen av heliumfyllda
vakanskluster studeras.

I avhandlingen visas att helium har en betydande
p̊averkan p̊a kärnbildningen av vakanskluster i molyb-
den. Även väldigt l̊aga heliumkoncentrationer leder till
att vakanskluster är stabila vid b̊ade temperaturer och
str̊aldoser vid vilka vakanskluster utan heliuminneh̊all
inte är stabila. Dock behöver inte helium i molybden-
gittret leda till en ökad svällning av materialet. Under
vissa förutsättningar bidrar nämligen helium till att sta-
bilisera väldigt sm̊a vakanskluster, medans större kluster
fortfarande är instabila. Detta leder till att vi f̊ar en in-
kubationstid innan svällningen p̊abörjas. Vid l̊aga tem-
peratur där kinetiken är tillräckligt l̊angsam kan denna
inkubationstid vara tillräckligt l̊ang för att svällningen
aldrig hinner bli n̊agot problem innan bränslet tas ut ur
reaktorn.

I magnesiumoxid krävs det betydligt högre koncent-
rationer av helium i matrisen för att liknande fenomen
ska uppenbara sig. Det betyder att en först̊aelse av sväll-
ningen hos inerta matrisbränslen med en matris av mag-
nesiumoxid i större utsträckning kan f̊as genom att stu-
dera bestr̊alad magnesiumoxid utan inverkan av helium.
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Chapter 1

The purpose of a transmutation fuel

The worlds energy production has never been as diversified as today. A consider-
able part of this is the electricity product, where the burning of oil and coal still
is the dominating method of production [1]. Since the middle of the 20th century,
the share of nuclear power of the worlds electricity production has increased. With
an installed commercial capacity of 368 GWe in 435 reactors1 worldwide, nuclear
energy is today a significant part of the worlds electricity production with an ap-
proximate share of 16% [1]. Most estimates also point to an increase in the installed
capacity over the next decades, and with the 63 power reactors under construction
at the beginning of 2012, this estimate seems likely in a short time perspective. It
is of course possible to speculate about the importance of nuclear power for the
electricity and energy production of the world in a long time perspective, but this
is far from the topic of the thesis2. No matter the future fate of nuclear power, the
fact remains that it has been extensively utilised since the start of its development
in the early 1940s. Along with nuclear energy production comes also the production
of nuclear waste. This waste comes in different shapes, but the most significant part
of the high level radioactive waste is spent nuclear fuel. Only in Sweden, with the
once through fuel cycle [2] implemented here, this waste is expected to account for
more than 11700 metric tonnes [3] by the end of life of the 12 light water reactors
in the country which have been operating so far.

The spent fuel accumulated in a once through fuel cycle [2] still has a high
energy content possible to harvest by reprocessing the spent fuel and fabricate new
fuel. To some extent the basic technology to accomplish this is already mature, and
so called mixed oxide fuel (MOX), containing Pu from transmutation reactions, is
being produced and used as fuel. In the fabrication of MOX fuel, Pu in the spent
fuel is recycled as plutonium dioxide, PuO2, and mixed with depleted uranium
dioxide, UO2, to produce a new fuel. In this way one can harvest 30% more energy

1According to the International Atomic Energy Agency’s (IAEA) Power Reactor Information
System on 5 January 2012, http://www.iaea.org/programmes/a2/

2For a reader interested in such discussions the International Energy Agency’s series World
Energy Outlook is recommended, http://www.iea.org/
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CHAPTER 1. THE PURPOSE OF A TRANSMUTATION FUEL

[4] from mined uranium ore. The spent fuel also contains several other heavy
elements whose nuclei can be fissioned in one way or another [4], and increase the
energy efficiency of the fuel cycle even more. However, energy efficiency is not
the only reason for recycling spent fuel. So called partitioning and transmutation
(P&T), i.e. the process of retrieving the fissionable heavy elements from spent fuel
and reuse them, also has the benefit of not sending the fissionable material to a
final repository. This in turn leads not only to fewer waste packages but also to a
shorter timespan for the radiotoxicity levels of the waste to be reduced to those of
the original uranium ore. In fact, the reduction time between waste from a once
through fuel cycle and waste from a cycle where all heavy elements are recycled
could differ by as much as a factor of 200 [4]. The underlying reason for this is not
only the long half-lifes of the heavy element, the actinides. As seen in Table 1.1,
some of the fission products have as long or even longer half-lives, but it is rather
the combination of half-lifes and high effective dose coefficients [5] that enforces the
long storage times of the actinides. The effective dose coefficient is a measurement
on the damage a certain isotope does to the body if either inhaled or digested. The
damage is measured in Sievert (Sv) and depends not only on the type of decay in
the nuclei, but also on where in the body the nuclei is deposited when inhaled or
digested.

The major reason for the much higher effective dose coefficients exhibited by
the actinides is the alpha decay of these nuclei. In contrast, beta decay is the
most common decay mode of the fission products. When ingesting or inhaling the
alpha emitting nuclei the emitted 4He nuclei, which constitute the particles, has
the potential of causing much more damage in living tissue than the smaller and
lighter beta particles. From this it seems reasonable to remove the actinides from
the spent fuel before sending it away to a final repository. Thus, one of the major
cornerstones in the strategy behind P&T is to retrieve the actinides and reuse them
as fuel material in ordinary commercial reactors or dedicated reactors and thus
transmuting them into fission products [4]. To achieve this one first has to separate
the actinides from the spent fuel. This reprocessing is performed by first dissolving
the fuel in nitric acid and then by solvent extraction methods retrieve the actinides.
Today this is done on an industrial scale to retrieve Pu from spent fuel and there are
methods developed to also retrieve Np, Am and Cm [7], the minor actinides. With
the actinides retrieved from the spent fuel, fresh fuel can be fabricated. Several
different fuels for transmutation purposes have been suggested, all with their own
advantages and disadvantages. A review of fuels suggested for this purpose can
be found in reference [8]. In this thesis the inert matrix fuels will be given special
attention since the presented research has had its main focus on them, but most
methods presented throughout the thesis are applicable for modelling nucleation of
voids and bubbles in any of the fuels mentioned in reference [8].

Designing a reactor which will have large amounts of minor actinides in the core
is challenging from a neutronic perspective [4]. The degradation of several safety
parameters caused by the introduction of minor actinides in the fuel effectively sets
a limit on the amount of such elements in the core. Future reactor systems as those

2



Table 1.1. The relative mass abundance of actinides and the most important fission
products in a UO2-fuel with a burn-up of 41.2 GWd/tHM and an initial enrichment
of 3.7% in 235U after four years of cooling [6], presented together with half-lives and
the effective ingestion dose coefficients [5].

Element/Nuclei Relative mass Half-live Effective ingestion
[years] dose coefficient

[10−8 Sv/Bq]
Uranium 94.6%

235U 0.76% 7.04 · 108 4.7
236U 0.57% 2.34 · 107 4.7
238U 93.3% 4.47 · 109 4.5

Neptunium 0.06%
237Np 0.06% 2.14 · 106 11

Plutonium 1.1%
238Pu 0.03% 87.7 23
239Pu 0.60% 2.41 · 104 25
240Pu 0.23% 6.56 · 103 25
241Pu 0.14% 14.4 0.47
242Pu 0.07% 3.75 · 105 24

Americium 0.05%
241Am 0.03% 432 20
243Am 0.02% 7.37 · 103 19

Curium 0.01%
243Cm 0.0001% 29.1 15
244Cm 0.0092% 18.1 12
245Cm 0.0006% 8.50 · 103 21
246Cm 0.0001% 4.76 · 103 21

Fission products 4.2%
93Zr 1.29% 1.53 · 106 0.11
99Tc 1.48% 2.11 · 105 0.078

107Pd 0.40% 6.50 · 106 0.004
126Sn 0.05% 2.30 · 105 0.47
129I 0.31% 1.57 · 107 11

135Cs 0.68% 2.30 · 106 0.2

designed within the Generation IV community [9] are often only possible to design
to handle the actinides produced by themselves, but can, in some cases, have the
potential to burn some of the actinides existing in present stockpiles of spent fuel.
However, to be able to transmute the vast amount of minor actinides produced by
the present fleet of nuclear reactors, one will need to introduce dedicated reactors
for the purpose. The accelerator driven systems (ADS) is one such system, where

3



CHAPTER 1. THE PURPOSE OF A TRANSMUTATION FUEL

a subcritical minor actinide loaded core is powered by spallation neutrons [4].
The success of any transmutation strategy is largely dependent on the capacity

of the fuel to reach high burn-ups while maintaining its mechanical integrity. The
latter requirement is to ensure the safety of the reactor and to avoid unnecessary fuel
damage during operation. To understand the degradation of material properties in a
transmutation fuel, the behaviour of gases in the fuel material has to be understood.
In a transmutation fuel not only does the high burn-up lead to a high production of
fission gases such as Xe and Kr, the presence of Am also leads to a large production
of He. The He is created from alpha decay of mainly 242Cm through the following
reaction chain

241Am + n −→ 242Am β−−→
16 h

242Cm α−−−→
163 d

238Pu. (1.1)

The purpose of this thesis is to contribute to a broadening of the understanding
of gas behaviour in transmutation fuel, especially inert matrix fuel. The field will
be approached from an atomistic perspective with the main focus on nucleation
processes of voids and bubbles and diffusion of defects in crystal lattices. The
current chapter will continue with an introduction to inert matrix fuel and a short
comment on the choice of units in the thesis. Chapter 2 introduces the topic
of neutron induced radiation damage and presents models of self-defect diffusion
in solids. It ends with a description of state of the art swelling models to give a
context for the models developed within the frame of the thesis. Chapter 3 discusses
irradiated materials and the impact implantation of gases has on the material and
at the end of the chapter, the nucleation model of bubbles is presented. Following
that, Chapter 4 deals with the different calculation tools with which the theoretical
models can be assessed. Continuing from there Chapter 5 presents the scientific
results produced by the models in Chapter 3 and the result is discussed. This is
followed by Chapter 6 where the implications of the results are discussed and an
outlook of future possibilities is presented.

1.1 Inert matrix fuel

Inert matrix fuel, or dispersed matrix fuel, is an heterogeneous fuel consisting of
fuel particles encapsulated in a matrix. The matrix material is chosen such that
chemical reactions with the fuel particles are minimised, thereof the name. The
matrix does not only serve to increase mechanical stability of the fuel, correctly
chosen it will also enhance the thermal conductivity of the fuel. In the 1990s, test
irradiations of inert matrix fuel was conducted by the EFTTRA collaboration [10].
Among the matrix materials was a MgAl2O4 spinel [11]. In the first irradiation tests
with UO2 fuel particles this matrix showed good irradiation performance and was
selected for irradiation with fuel particles containing Am. In this irradiation test
the matrix exhibited high swelling rates, when 94% of the Am had been transmuted
the fuel had swelled by 18% [12]. He originating from the reaction chain in (1.1)

4



1.1. INERT MATRIX FUEL

a) b)

Figure 1.1. The crystal lattices of the two studied materials. a) The bcc lattice of
Mo. b) The fcc lattice of MgO.

was found trapped in bubbles in the spinel and was determined to be the cause of
the swelling [13].

Since then, new matrix materials have been suggested, and to some extend
tested. The two new leading candidates are Mo and MgO [14]. Fuel with a Mo
matrix combined with ceramic fuel particles is called CERMET fuel and fuel with
the MgO matrix goes under the name of CERCER fuel. So far only about a hundred
CERMET and CERCER fuel pellets have been fabricated and irradiated [14]. Thus,
very little knowledge of the properties of the two matrices under irradiation has
been gained. Therefore, in this thesis we will try to predict the behaviour of He in
Mo and MgO during irradiation to lay the foundation for future fuel performance
modelling of CERMET and CERCER fuels.

The two materials of concern in this thesis, Mo and MgO, are rather different in
material properties. To begin with their crystal structures are different as illustrated
in Figure 1.1. Other material properties are listen in Table 1.2 for comparison.
Some of the differences seen in the table will have a significant impact on the He
behaviour, as will be discussed in detail in Chapter 5.

To put in context the models discussed in the following chapter, we will continue
with a brief discussion on simplifications of the inert matrix fuel system which can
be made from geometrical and physical considerations.

For the inert matrix to have an effect on thermal conductivity and mechanical
stability, the matrix has to constitute more than 50 vol% of the fuel. Typically
60–70 vol% is chosen. With such a large fraction of matrix material, interactions
between fuel particles can be disregarded and for modelling purposes it is sufficient
to consider one fuel particle and the matrix around it as illustrated in Figure 1.2.
In this figure four zones are depicted [16]:

5



CHAPTER 1. THE PURPOSE OF A TRANSMUTATION FUEL

Table 1.2. A comparison between some material properties of MgO and Mo all
temperature dependent properties given at room temperatures [15].

Mo MgO
Lattice bcc fccstructure

Chemical metallic ionicbinding
Melting 2896 K 3073 Kpoint
Thermal 143 W m−1 K−1 62 W m−1 K−1

Conductivity
Density 10220 kg m−3 3576 kg m−3

Molar 95.94 g mol−1 40.30 g mol−1
mass

i) The fuel particle, in our case an actinide oxide with a typical diameter of
100–200µm [17]. The radiation damage in the fuel particle will be similar to
the damage seen in ordinary oxide fuel [18], with the major difference of high
pressure which will build up as the fuel particle swells and presses against the
matrix.

ii) In this zone, ranging from the fuel particle to about 6µm into the Mo matrix
and 9.5µm into the MgO matrix3 respectively, fission fragments are the major
cause of radiation damage and radiation doses might reach several hundred
dpa4. Gases, both fission products and He from alpha decay, will accumulate
in this zone and contribute to the high pressure exerted on this zone by a
swelling fuel particle. At the late stages of irradiation, plastic deformation is
to be expected.

iii) This zone starts at at the end of zone ii) where the range of fission fragments
ends, and has its outer boundary at a radius of about 13µm in Mo and about
18.5µm in MgO from the fuel particle. In this region the alpha particles from
decay of mainly 242Cm in the fuel will be deposited, causing radiation doses of
a few dpa at least.

iv) The last zone starts at the end of zone iii) and is the part of the matrix material
between the fuel particles not included in zone ii) or iii). Here only neutrons

3All estimates of ion ranges were obtained from SRIM [19] calculations assuming an alpha
particle energy of 5–6 MeV and a fission product mass number of 95 and a fission product energy
of 65–95 MeV

4Displacement per atom or dpa is a commonly used measurement on radiation damage. 1 dpa
is a radiation dose which on average have caused one displacement of every atom in the material.
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will account for the radiation damage. A significant amount of He will be
present in this zone, migrating here from zone iii). The size of this zone will
depend on matrix fraction and size of the fuel particle, but if we assume a
particle size of 150µm, a matrix volume fraction of 60 vol% and a distribution
of fuel particle minimising the distance between them, the minimal length of
this zone will be approximately 70µm in Mo and 65µm in MgO.

Zone ii) will be the part of the matrix which reaches the highest dose, and
also zone iii) will sustain a quite significant dose. However, most of the matrix
constitutes zone iv) material in both CERMET and CERCER fuels. In the example
above where the matrix constitutes 60 vol% of the entire fuel, zone iv) will make
up 82 vol% of the Mo and 72 vol% of the MgO respectively. Zone iv) is therefore
the region which will have the largest impact on macroscopic material properties.
This thesis will therefore mainly discuss radiation damage and void and bubble
growth in zone iv) like conditions. In the cases models are relevant for zone ii) or
iii) conditions, it will be mentioned.

1.2 Dimensions and units

Neutron induced radiation damage and swelling is a multi-disciplinary field, and
along with that comes the issue of coping with different conventions of dimensions
and units in different fields. Here, the choice of units is a convenient mixture of the
conventions in atomistic modelling and those in material science. The selected units
of three quantities are of special interest and will therefore be discussed here. First,
the unit of energy is throughout the thesis eV, because it is the most convient energy
unit from an atomistic modelling point of view. Second, all entropies are expressed
in units of the Boltzmann constant, kB. This choice simplifies the equations where
the entropy is divided by kB since this constant can be factored out. Third, all
concentrations are expressed in atoms per unit volume. That is the reason the
number density, ρn, is introduced in equation (2.1) which otherwise defines the
concentration as a dimensionless quantity expressed as per atom, frequently used
in physics. However, as a careful reader probably will notice, it is not always
possible to follow this convention, e.g. in Chapter 2.1 concentrations of defects and
impurities are, at one point, given in the unit of ppm to give the reader a better
understanding. At those few cases when the convention has been abandoned, units
have been explicitly written to avoid confusion.

7



CHAPTER 1. THE PURPOSE OF A TRANSMUTATION FUEL

iii)

ii)

i)

iv)

100-200 !m

Figure 1.2. A schematic view of part of a cross section of an inert matrix fuel
with the four zones. i) The fuel particle. ii) The zone in the matrix where fission
fragments are responsible for the major dose. iii) The zone in the matrix where alpha
particles will be deposited. iv) The zone in the matrix only receiving radiation dose
from neutrons.
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Chapter 2

Modelling radiation damage in solids

Neutron induced radiation damage is a multi-scale phenomenon. A neutron scatter-
ing event where a neutron interacts with an atom in the crystal lattice and knocks
it out from its position into an interstitial site and creates a so called Frenkel pair
is the starting point. Given that a sufficient amount of energy was transferred to
the knocked out atom, the atom will most likely interact with other atoms in the
lattice and create more Frenkel pairs whose interstitial atoms has the potential to
knock out more atoms. In a fast flux reactor this chain of events, a radiation dam-
age cascade, can result in hundreds of displaced atoms [20], and the same amount
of vacancies, in just a few pico seconds [21]. Most of the Frenkel pairs recombine
in a short timespan, but some do not, resulting in an oversaturation of vacancies
and interstitials. As the system evolves most of the remaining interstitials are ab-
sorbed by sinks like dislocations and grain boundaries [22]. Those of the formed
vacancies which have not recombined with interstitials or been absorbed by sinks
will cluster and grow to voids with radius of several micro meters [23]. This results
in swelling on the macroscopic scale. Not only does an irradiated material tend
to swell during irradiation, the composition of phases in the material can change.
This decomposition or dissolution of phases occur are either due to the equilibrium
phase composition is reached faster because of increased diffusion coefficients or the
equilibrium composition itself is changed due to the irradiation [24].

Before radiation damage models are introduced we will take a look at equilib-
rium conditions in a crystalline material, this chapter will then examine models for
each of the steps in the radiation damage sequence leading to material degradation.
We will start from the atomistic scale with the radiation damage cascade and con-
tinuing through diffusion modelling to the production bias model. The concept of
multi-scale modelling, i.e. to combine different models into a coherent context will
then be discussed in the following chapter.
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CHAPTER 2. MODELLING RADIATION DAMAGE IN SOLIDS

2.1 Equilibrium conditions

Even though the concept of irradiation damage is in its nature a non-equilibrium
phenomenon, knowledge of equilibrium conditions, in non-irradiation environments,
are needed to understand the impact of irradiation. We will therefore discuss the
concentration of vacancies and other thermally activated defects without irradiation
first. The thesis mainly discusses nucleation and growth of voids and bubbles, and
does therefore not treat the phenomena of phase equilibria, transformations and
segregation under irradiation in any detail other than when they are related to the
void and bubble growth. References [25, 26] contain interesting reading for those
interested in the field.

At finite temperatures all crystalline materials contain defects formed in thermal
activated processes. The most common of these defects is the vacancy, which is
typically formed on a grain boundary or at a dislocation in the material when an
atom is released to the surrounding. In turn, already existing vacancies can diffuse
to the crystal surface and there disappear. In thermal equilibrium the amount of
created vacancies per unit time is equal to the amount of vacancies disappearing,
the reaction can in other words be formulated as an equilibrium reaction. The
same holds true for all thermally activated defects, from which it follows that the
concentration of a defect, Cd, can be written as [27]

Cd = ρne
−∆Fd

f /(kBT ). (2.1)

Here, kB is the Boltzmann constant, T the absolute temperature and ρn the number
density of atoms. ∆F df is the free energy of formation of the defect, and can be
decomposed into ∆F df = ∆Edf + ∆Sdf T , with ∆Edf being the formation energy of
the defect and ∆Sdf the formation entropy of the defect.

In an ionic material, like MgO, where no electron cloud shields the defects,
equation (2.1) applies directly to uncharged defects. For it to apply for charged
defects the conditions posed by charge neutrality has to be taken into account [28].
If we take monovacancies in MgO as an example, O vacancies carry an effective
positive charge and Mg vacancies cary a negative one. Assuming the absolute
value of this charge to be c, the concentration of O vacancies to be Cv,O and the
concentration of Mg vacancies to be Cv,Mg, charge neutrality demands

cCv,O − cCv,Mg = 0. (2.2)

In other words, as an O vacancy is formed a Mg vacancy has to be formed as well.
This means that the equilibrium reaction governing monovacancy concentration
includes such pairs of equal but oppositely charged defects, Schottky pairs, and
equation (2.1) has to be rewritten as

Cv,OCv,Mg = ρ2
ne
−∆FS

f /(kBT ). (2.3)
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Here, ∆F S
f is the formation energy of a Schottky defect. By inserting equation

(2.2) into equation (2.3) we find, for the resulting concentration of O vacancies

Cv,OCv,Mg = C2
v,O = ρ2

ne
−∆FS

f /(kBT ) =⇒ Cv,O = ρne
−∆FS

f /(2kBT ). (2.4)

Equation (2.4) applies to an ideal ionic material containing no impurities. In
an ionic material with charged impurities the concentration takes a different form.
In MgO a common type of impurities is trivalent ions like Fe+3 substituting Mg on
its position in the lattice [28], if the concentration of the trivalent impurities is C+3
the condition posed by charge neutrality changes into

cCv,O + C+3 − cCv,Mg = 0. (2.5)

To be able to continue from here some approximations have to be made. To guide
us in this, the concentration of Schottky defects, CS, in the ideal crystal can be
estimated. A conservative estimate, likely to overestimate the concentration, of
the defect formation energy and entropy is ∆ES

f = 5.5 eV and ∆SS
f = 7.3kB [29]

respectively. Calculating the concentration of Schottky defects from equation (2.1)
with these numbers yields CS = 2 ·10−5 ppm at 2000 K. Now, in a real MgO crystal
we can assume, by e.g. browsing catalogues from chemical vendors1, trivalent
impurity concentrations to be at least a few ppm. So, for equation (2.5) to be
fulfilled Cv,Mg will have to increase significantly, Cv,O can then be disregarded in
equation (2.5) resulting in

Cv,Mg = 1
c
C+3. (2.6)

With a fixed impurity concentration the O vacancies are still formed in pairs with
Mg vacancies, so equation (2.6) can be inserted into equation (2.3)

Cv,O
1
c
C+3 = ρ2

ne
−∆FS

f /(kBT ) =⇒ Cv,O = c

C+3
ρ2
ne
−∆FS

f /(kBT ). (2.7)

To conclude this section, in a metal thermally activated defects are governed by
equation (2.1). The same goes for uncharged defects, like divacancies, in an ionic
material. The concentration of charged defects in an ionic material containing
impurities are influenced by the conditions posed by charge neutrality and are
therefore dependent on the impurity concentrations. In the case of MgO this leads
to the charged defect concentrations in equations (2.6) and (2.7).

2.2 Radiation damage cascades

Before we start discussing neutron induced radiation cascades, a short note on
what will be presented in the rest of the chapter. The models in the following

1For example Sigma-Aldrich offers single crystal MgO samples with a promised Fe impurity
concentration of < 50 ppm, see http://www.sigmaaldrich.com
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sections mainly concern metals and mono-elemental materials, for the simple reason
that most previous modelling and experimental work have been conducted on such
materials. However, several of the principles presented below are general and can
be transferred to other materials, like MgO, as well.

A radiation damage cascade commences with a neutron interacting with an
atom in the crystal lattice. If we assume the scattering event to be elastic and that
the energy transfer from the neutron to the atom can be treated classically, we can
define the energy transfer coefficient γ as the maximum fraction of energy that can
be transferred. From classical mechanics we then have [25]

γ = 4mnM

(mn +M)2 , (2.8)

where mn is the neutron mass and M is the mass of the scattered atom. In this
classical picture the maximal energy is transferred in a head-on collision, if one
take all possible collisions into account one arrives at an effective energy transfere
coefficient of γ/2 [25]. If the energy transferred to the atom is sufficient, the atom
will be knocked out from its position in the lattice and will be called the primary
knocked out atom (PKA). Given sufficient energy, the PKA has the potential to
knock out other atoms as it travels through the crystal lattice. We would therefore
like to estimate the number of Frenkel pairs created by the PKA. The simplest
model to do this is the Kinchin-Pease model [30], where the collisions of atoms is
treated fully elastically and the number of displaced atoms, Nd, is estimated from

Nd =


0 0 ≤ EPKA < Ed

1 Ed ≤ EPKA < 2Ed
EPKA

2Ed
2Ed ≤ EPKA < Ec

Ec
2Ed

Ec ≤ EPKA <∞.

(2.9)

Here, EPKA is the energy of the PKA, Ed is the average displacement energy, i.e.
the average energy needed to displace an atom from its lattice position. Ec is a
cut-off energy, limiting the maximum number of displaced atoms.

To refine this model, a more realistic model can be introduced by treating the
ion-ion interaction in more detail, including the stopping of knocked out ions by
electrons and taking into account the fact that scattering is a probabilistic event.
The NRT-model is such an example where Nd can be written as [20]

Nd = κ
Ê

2Ed
, (2.10)

where κ is the displacement efficiency, usually approximated to be 0.8. Ê is the
available energy to generate atomic displacements, and is calculated from

Ê = EPKA

1 + kg(ε) . (2.11)
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The parameter k describes the electron stopping power. An empirical expression
has been derived by Lindhard et al. [31]

k = 8πh̄a0
√

2 Z
7/6
1 Z2(

Z
2/3
1 + Z

2/3
2

)3/2√
M1

, (2.12)

where h̄ is Planck’s constant, a0 the Bohr radius, Z1 and Z2 the atomic numbers
of the incoming ion and the scattered ion respectively, and M1 is the mass of
the incoming ion. For a monoatomic material like Mo where Z1 = Z2 = Z the
expression simplifies to

kMo = 4πh̄a0Z
7/6

√
M

. (2.13)

The function g(ε) in equation (2.11) is the impact of electronic stopping compared
with the stopping due to by ion-ion interaction. It is given in terms of ε which is a
dimensionless energy [32]

ε = E
aM2

Z1Z2e2(M1 +M2) , (2.14)

where e is the elemental charge and a is an effective radius of the colliding ions,
and can for this purpose be estimated by the expression [32]

a = 0.885a0(
Z

1/3
1 + Z

2/3
2

)1/2 . (2.15)

Now, with all the empirical parameters in place the so called universal function
g(ε) can be assessed. However, since it originates from the quantum mechanical
derivation of stopping powers it requires a set of wave functions to be expressed
analytically. To circumvent this, numerical approximations of g(ε) have been sug-
gested. The one suggested by Robinson [33] is stated below:

g(ε) = 3.4008ε1/6 + 0.40244ε3/4 + ε. (2.16)

We are now ready to calculate Nd from equation (2.10). The results, depicted in
Figure 2.1, where the number of created Frenkel pairs in Mo is shown as a function
of neutron energy as calculated by both the Kinchin-Pease model in equation (2.9)
with a cut-off energy of 20 keV and equation (2.10) is shown. Refining the estimate
of the Kinchin-Pease model clearly reduced the estimate of the number of created
Frenkel pairs at low neutron energies.

With a model to calculate Nd from EPKA, the number of Frenkel pairs created
per unit time and volume, Gtot, in a neutron flux can now be calculated if the
neutron flux as a function of neutron energy, φ(E), is know. With Σ(E) denoting
the macroscopic cross section of elastic neutron scattering of the PKA we have

Gtot =
∫ ∞

0
φ(E)Σ(E)Nd(γ2E)dE. (2.17)
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Figure 2.1. Number of Frenkel pairs created as a function of neutron energy
estimated from the Kinchin-Pease model with a cut-off of 20 keV and the model
presented in equation (2.10) where electron stopping is taken into account.

2.3 Diffusion in a lattice

In the thesis we will mainly treat three different types of defects, vacancies, self-
interstitials and He atoms. Each of these have different mechanisms by which
they migrate through the lattice. Of course, in the case of vacancies it is not
the empty space, constituting the vacancy, which moves, but rather lattice atoms
filing the empty space and leaving a new in their original position. Regardless of
the mechanisms responsible for the migration of these defects, we can conclude
that the concentration of them will be low compared to the number of atoms of
the host material. This means that we do not need to consider any changes in
the composition of the host material and can thereby approximately model the
concentrations of defects separately. Thus, the diffusion process of the defects can
be treated within the framework of tracer diffusion models [34]. This section will
therefore omit models of other types of diffusion, like interdiffusion and intrinsic
diffusion, an interested reader should have a look at reference [34] for a discussion
on the relation between tracer diffusion and other types of diffusion processes.

After point defects are formed, they start to migrate in the lattice. No matter
the mechanism responsible for the migration of the defect, they all have in common
an activation energy barrier, ∆Em, that has to be overcome for the migration to
occur. The migration also means a shift in entropy, ∆Sm, as the defects migrate to
a new position. The rate, Γd, of such jumps in between equivalent positions in the
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lattice can be calculated from [35]

Γd = ν∗e∆Sm/kBe−∆Em/(kBT ), (2.18)

with ν∗ being an effective frequency associated with the defect migration.
Before we formulate the relation between Γd and the diffusion coefficient of a

defect, Dd, we will have a look at a typical tracer diffusion experiment. By doing so
we will be able to discuss the difference between a Fick’s second law [36] approach
to diffusion and the approach needed in the thesis to describe defect migration in
the absence of a concentration gradient. Studying a tracer diffusion experiment
also gives us the opportunity to relate experimentally measured parameters with
those calculated from atomistic modelling.

In a typical tracer diffusion experiment a sample consists of a thin layer of tracer
atoms, dispersed on one side of a block of the host material. The tracer atoms
are such that they can be traced in one way or another, usually by radioactive
markings. The samples are then at different temperatures and for varying times,
the concentration profile of tracer atoms are measured, and the diffusion coefficient
Dd can be estimated from the profiles by solving Fick’s second law [36]

∂Cd
∂t

= ∇ (Dd∇Cd) . (2.19)

In this phenomenological approach the diffusion coefficient can be assumed to be
described by an Arrhenius relation

Dd = D0e
−Q/(kBT ), (2.20)

where D0 is a prefactor and Q is an activation energy of diffusion, or heat of acti-
vation as it is sometimes denoted. Calculated values of the parameters in equation
(2.20) is the results from a tracer diffusion experiment. To relate them with param-
eters from atomistic modelling, we can will look at the origin of equation (2.19).

Equation (2.19) can be derived from the mass balance equation and Fick’s first
law [37] which defines the flux of a defect, Jd, as a function of Dd and the concen-
tration gradient

Jd = −∇ (DdCd) = −Dd∇Cd − Cd∇Dd. (2.21)

Fick’s first law describes the effective mass transport of tracer atoms through a unit
area, resulting from a flux of atoms in both directions. Naturally, this flux does
not cease to exist as the concentration gradient and the gradient of the diffusion
coefficient simultaneously go to zero, opposite directed flux only cancel each other
out. Such constant concentration and diffusion coefficients are typically the case
in the first approximation approach of radiation damage theory, where defects are
assumed to be created uniformly throughout the material. The migration of the
created defects are then the necessary foundation for void formation and subsequent
swelling. Still, the diffusion coefficient of a certain defect is the important trans-
port parameter to describe the defect transport in the material. By formulating a
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relation between Dd in equation (2.20) and results from atomistic modelling, we
are able to use both experimental and theoretical data in radiation damage models.

We already defined the jump rate in equation (2.18). By describing diffusion
as a random walk performed by a defect in the lattice, Γd and Dd can be related
through the Einstein relation [37]

Dd = < r2 >

2dt , (2.22)

where < r2 > is the average square displacement and d is the dimensionality of
the system. Assuming the random walk of the defect to be unbiased, the average
square displacement per unit time can be written as a function of the jump length,
l, the jump rate and a statistical factor, f , compensating for jumps back to the
position of the defect before the previous jump [38]. Using this relation Dd can be
written as [38]

Dd = 1
6fl

2Γd. (2.23)

This equation is valid for a defect which migrates in a lattice through a migration
mechanisms which does not require any assistance from other defects. For other
migration mechanisms the relation between Γd and the diffusion coefficent is not as
straight forward. To complete the discussion and relate the theoretical expression
in equation (2.23) with the phenomenological expression in equation (2.20) we need
to investigate different migration mechanisms further.

2.3.1 Migration mechanisms
There are several mechanisms for point defect migration in a crystal lattice. Typ-
ically a specific point defect can migrate through more than one of several coop-
erative mechanisms each depending on the type of defect and the host material.
Figure 2.2 depicts the principles of the most important mechanisms for the mod-
els presented in the thesis. In the case of an interstitial defect migrating between
equivalent interstitial sites in the lattice, see Figure 2.2 a), equations (2.23) and
(2.20) are directly related by equality and the phenomenological parameters can be
identified as

Di
0 = 1

6fl
2ν∗e∆Sm/kB (2.24)

Qi = ∆Em. (2.25)

Figure 2.2 b) illustrates vacancy assisted migration. In this case it is easy to
realise that the rate of diffusion will depend on the availability of vacancies. The
higher the vacancy concentration, the more defects can migrate in a unit time. In
other words we expect the diffusion coefficient to be proportional to the vacancy
concentration [38],

D = 1
6fl

2CvΓd. (2.26)

16



2.3. DIFFUSION IN A LATTICE

By assuming only thermal vacancies are present in the material and therefore insert-
ing equation (2.1) in (2.26) and utilising that ∆Ff = ∆Ef + ∆SfT , the parameters
in equation (2.20) can be identified also in the case of vacancy assisted migration

Dv
0 = 1

6fl
2ν∗e(∆Sv

f +∆Sm)/kB (2.27)

Qv = ∆Ev
f + ∆Em. (2.28)

These equations also holds for divacancy assisted diffusion depicted in Figure 2.2
d). What does change from monovacancy to divacancy assisted diffusion is the
correlation factor f . If we consider vacancies as a defect themselves, the vacancy
assisted migration is of course also the mechanism governing the migration of the
vacancies. However, in that case the diffusion coefficient will not be dependent
on the concentration of vacancies and the relationship between experiments and
theoretical parameters are those in equations (2.24) and (2.25).

a) b)

c) d)

Figure 2.2. Four different mechanisms of defect diffusion. a) Interstitial diffusion
in between equivalent interstitial sites. b) Vacancy assisted self-diffusion. c) One
dimensional diffusion of interstitial clusters. d) Self-diffusion assisted by a divacancy.
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As mentioned earlier f compensates for the fact that a defect starting from one
site, jumping to the next is biased in the second jump due to the first jump. For
monovacancy assisted migration and interstitial migration [39]

f = 1+ < cos θ >
1− < cos θ >, (2.29)

where θ is the angle between the direction of two consecutive jumps. All intersti-
tial defects considered in this thesis migrate on a simple cubic lattice and at low
concentrations resulting in f = 1 [40]. For vacancy assisted migration in bcc and
fcc lattices f has been calculated to be f ≈ 0.7272 and f ≈ 0.7815 [38] respectively.
In the case of a binary compound diffusion assisted by divacancies the picture is
rather different. First, two different species are involved in the migration. Second,
for the divacancy to remain bound only certain nearest neighbours can jump into
a vacancy as illustrated in Figure 2.2 d). This results in a correlation factor for
species i that is dependent on both species jump rates

fi = 2Γj
Γi + Γj

. (2.30)

Inserting (2.30) into (2.26) one arrives at diffusion coefficients equal for both species,
as can be expected from the divacancy assisted migration.

2.3.2 The effect of irradiation
Neutron irradiation affects the concentration of vacancies and interstitials, causing
an oversaturation. The case of vacancy assisted migration in equation (2.26) is most
likely one example where this directly effects the transport properties of the ma-
terial. The oversaturation of vacancies increases the diffusion coefficient by several
orders of magnitude compared to the the coefficent in a non-irradiated material. In
the case of the interstitial migration mechanism, the diffusion coefficient will not be
effected, but the flow of interstitials which is proportional to DiCi will [41]. With
higher concentration of interstitials and with enhanced vacancy assisted migration
the probability for solute atoms to cluster increases and thereby the probability
of precipitates being nucleated [41]. Precipitates have been determined to be one
cause of the increase in ductile to brittle transition temperature (DBTT) observed
in reactor steels [41]. Although this is outside the scope of the thesis, it is interest-
ing to note that a similar mechanism is responsible both for the nucleation of voids
and bubbles and the nucleation of precipitates.

2.4 Swelling

We now have a description of the generation of defects and their diffusion, and can
start to look at the mechanisms responsible for irradiation induced swelling: the
production and diffusion of interstitial clusters and vacancies, and their different
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behaviour compared to each other. This will here be discussed within the framework
of the production bias model (PBM) [22, 42], which can be considered a state of
the art model for swelling. The name of the model is derived from the fact that
interstitials, when formed in radiation damage cascades, tend to cluster in both
immobile and mobile clusters. The mobile clusters diffuse rapidly compared to
vacancies and are more likely to interact with dislocations than vacancies, the so
called dislocation bias [43]. These two differences in behaviour, the production
bias and dislocation bias, are the fundamental principles on which swelling can be
explained. Without them, there would be no excess of vacancies, since these would
recombine with interstitials or be trapped by dislocations in the same amount as
the interstitials. The oversaturation of vacancies is needed for voids to nucleate
and grow. The PBM has proven to be efficient in describing the late stages of
swelling, whereas it lacks a correct description of void nucleation. The presentation
of the model is therefore followed by a short discussion on how this model relates to
the presented scientific results in the thesis. The presentation of the PBM follows
closely the presentation by Singh et al. [22] and Golubov et al. [42]2, and no
reference will therefore be given throughout the text, except when deviating from
their description.

The radiation damage cascades produced by neutron irradiation do not lead to
a uniform production of Frenkel pairs in the region of the cascade. Most Frenkel
pairs will recombine more or less immediately and, due to overlapping branches of
the cascade, vacancies will form vacancy loops in the centre of the cascade region
[44] and interstitials will cluster in the outer part of the cascade region. This
clustering of interstitials have an important effect on the following kinetics in the
system. Small interstitial clusters are highly mobile in one dimension as illustrated
by Figure 2.2 c), larger clusters are rather immobile and will emit interstitials until
they are reduced in size to the critical size of mobile clusters [22].

To start to quantify this, we can define parameters for the production of defects
due to a cascade. Let εr denote the fraction of Frenkel pairs that recombine quickly,
εvl the fraction of the remaining vacancies that form vacancy loops and εic the
fraction of the remaining interstitials to form clusters. Since there are two types of
interstitial clusters, mobile and immobile, εic = εmic + εimic where εmic is the fraction
of mobile interstitial clusters and εimic is the fraction of immobile clusters. Since we
are only interested in the defects which survive the cascade a production rate G =
(1− εr)Gtot is defined. With this in place we can formulate the governing equations
in the PBM, we divide the defects into six different types: mobile interstitial clusters
(m), immobile interstitial clusters (im), immobile vacancy loops (vl), immobile voids
(vo), single interstitials (i) and single vacancies (v). In the case of mobile interstitial
clusters and point defects the governing equations describe the concentration of
each type of defect. In the case of immobile defects the governing equations instead

2The major deviation from their presentation is a change of two plus signs to minus signs in
equations (2.45) and (2.51) and the definition of Qvo

i in equation (2.52), this to correct what have
to be errors in the original paper by Singh et al..
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describe the size distribution function, fα, which simply is the concentration of a
specific defect of a given size.

2.4.1 Concentration of mobile interstitial clusters
The concentration of mobile interstitial clusters Cm is governed by three parameters:
their production rate, Gm, their diffusion coefficient, Dm, and the sink strength
of mobile interstitial clusters, k2

m. If we assume the maximum size of a mobile
interstitial cluster, xm, to be small we can treat the mobile interstitial clusters as
a single defect and the governing equation of Cm can then be written as

dCm

dt
= Gm −DmCmk

2
m. (2.31)

Now, to be able to formulate expressions for Gm and k2
m we need to introduce a

few parameters, namely the grain size Rg, the distance from the grain boundary, l,
the effective diameter of a dislocation, d, the dislocation density, ρ, the efficiency
of cluster type α to be trapped by cluster type β of size x, Qβα(x, t) and the cross
section of cluster type α of size x, σα(x). With these parameters in place Gm and
k2

m can be expressed as

Gm = εmicG

xm
+Qim

v (xm + 1, t)fim(xm + 1, t)+

+
xm−2∑
x=2

(
xm − x
xm

)(
Qvl

m(x, t)fvl(x, t) +Qvo
m fvo(x, t)

) (2.32)

k2
m =

(
πdρ

4 +
√

2
l(2Rg − l)

+
∑
α

∑
x

σα(x)fα(x, t)
)2

, (2.33)

where the first sum in the last equation is taken over the immobile defects, i.e.
immobile interstitial clusters, vacancy loops and voids. The terms in equation
(2.32), describing the production rate of mobile interstitial clusters, account for,
in the same order as in the equation, the production directly from a cascade, the
absorption of a vacancy in an immobile interstitial cluster of size xm + 1 which
transforms the immobile cluster into a mobile one and the last sum accounts for the
interstitials which are left after a small vacancy loop or void have been annihilated
by a mobile interstitial cluster. The factors 1/xm and (xm−x)/xm compensate for
the approximation that all mobile interstitial clusters are of size xm. The functions
fvl and fvo are the size distributions of vacancy loops and voids respectively.

Equation (2.33) can be modified to express the partial sink strength related to
an immobile cluster of size x. This partial sink strength, k2

m,α(x) then takes the
form

km,α = σαfα(x, t)

πdρ
4 +

√
2

l(2Rg − l)
+
∑
β

∑
x

σβ(x)fβ(x, t)

 . (2.34)
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2.4.2 Size distribution of immobile interstitial clusters

The governing equation of the size distribution of an immobile interstitial cluster
of size x can then be written

∂fim(x, t)
∂t

=


Kim(x) + Jim(x− 1, t)− Jim(x, t)−
−Qim

m fim(x, t)
xm + 1 ≤ x ≤ 2xm

Kim(x) + Jim(x− 1, t)− Jim(x, t)−
−Qim

m fim(x, t) +Qim
m (x− xm, t)fim(x− xm, t)

2xm < x,

(2.35)
where Kim(x) is the production rate of immobile interstitial clusters in a cascade as
a function of size, it can be related to the production rate of Frenkel pairs through

∞∑
x=xm+1

xKim(x) = εimic G. (2.36)

Qim
m can be estimated from elastic theory by assuming the material to be isotropic

and can be written as

Qim
m (x, t) = 2.25πηim

Ω

(
xmTmΩ
T

)2/3
kmDmCmx

2/3, (2.37)

were Ω is the atomic volume and Tm the melting temperature of the material. ηim
is an introduced correction factor without direct physical meaning and has to be
determined by fitting it to experimental data.

Jim(x, t) in equation (2.35) is interpreted by Singh et al. as a flux of clusters
in the space of cluster sizes caused by trapping of single interstitials and single
vacancies and can be expressed as

Jim(x, t) =
{
−Qim

v (x+ 1, t)fim(x+ 1, t) x = xm

Qim
i (x, t)fim(x, t)−Qim

v (x+ 1, t)fim(x+ 1, t) x > xm.
(2.38)

Assuming the capturing of vacancies and interstitial to be proportional to the cir-
cumference of the immobile cluster, the trapping rates will have the following form:

Qim
v (x, t) = Wimx

1/2Z im
v DvCv (2.39)

Qim
i (x, t) = Wimx

1/2Z im
i DiCi. (2.40)

Here, Wim =
√
aπ/(Ωbim) with bim being the Burgers vector of the immobile in-

terstitial cluster. Z im
i and Z im

v are efficiency factors for the trapping of interstitials
and vacancies respectively. It is worth pointing out that equations (2.35)–(2.40)
define the immobile interstitial clusters as perfect sinks, in other words they do not
emit interstitials.
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2.4.3 Size distribution of vacancy loops
Vacancy loops are small dislocations formed in the centre of a cascade, they are
immobile and grow by trapping single vacancies and shrink by trapping single in-
terstitials and emitting vacancies. As for immobile interstitial clusters we introduce
a size distribution function for the vacancy loops, the governing equation can be
written as

∂fvl(x, t)
∂t

= Kvl(x) + Jvl(x− 1, t)− Jvl(x, t)+

+Qvl
m(x+ xm, t)fvl(x+ xm, t)−Qvl

m(x, t)fvl(x, t),
(2.41)

where x ≥ 2. Kvl is related to G through
x=∞∑
x=2

xKvl(x) = εvlG, (2.42)

Qvl
m, the trapping efficiency of a mobile interstitial cluster by a vacancy loop of size

x can also be estimated from elastic theory in the same way as Qim
m (x, t) and

Qvl
m = 2.25πηvl

Ω

(
xmTmΩ
T

)2/3
kmDmCmx

2/3, (2.43)

where ηvl is a non physical coefficient which has to be fitted to experimental data.
Jvl(x, t) is, in analog with Jim(x, t), interpreted as a flux of vacancy loops in the
space of loop sizes and can be written as

Jvl(x, t) =
{
−Qvl(x+ 1, t)fvl(x+ 1, t) x = 1
Qvl

v (x, t)fvl(x, t)−Qvl(x+ 1, t)fvl(x+ 1, t) x ≤ 2,
(2.44)

where

Qvl = Wvlx
1/2
(
Zvl

i DiCi − Zvl
v Dve

−Evl
v (x)/(kBT )

)
=

= Qvl
i − P vl

v

(2.45)

Qvl
v = Wvlx

1/2Zvl
v DvCv (2.46)

Wvl =
√

4π
Ωbvl

. (2.47)

Here, Zvl
i and Zvl

v are the vacancy loop capture efficiency of interstitials and va-
cancies respectively, and bvl the Burgers vector of the vacancy loop. Evl

v (x) is the
binding energy of a vacancy to a vacancy loop of size x, which often is assumed
to be independent of x, i.e. Evl

v (x) = E. Qvl
i and Qvl

v are the trapping efficiency
as defined earlier and P vl

v is the thermal emission rate of vacancies from a vacancy
loop.
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2.4.4 Size distribution of voids
Voids are vacancy clusters which are indirectly formed from a cascade by clustering
of vacancies. In the PBM the binding energy of vacancies to a void of size x, Evo

v (x),
is determined by fitting the energies to experimental data of void concentrations.
The governing equation for the size distribution of voids can be written as

∂fvo(x, t)
∂t

= Jvo(x− 1, t)− Jvo(x, t)+

+Qvo
m (x+ xm, t)fvo(x+ xm, t)−Qvo

m (x, t)fvo(x, t),
(2.48)

where x ≥ 2. The definition of the parameters in equation (2.48) are analog with
the ones for immobile interstitial clusters and vacancy loops, they can therefore
follow below without any discussion:

Qvo
m =

(
3Ω
√
π

4

)2/3
kmDmCmx

2/3

Ω (2.49)

Jvo(x, t) = Qvo
v (x, t)fvo(x, t)−Qvo(x+ 1, t)fvo(x+ 1, t) (2.50)

and

Qvo = Wvox
1/3
(
DiCi −Dve

−Evo
v (x)/(kBT )

)
=

= Qvo
i − P vo

v

(2.51)

Qvo
v = Wvox

1/3DvCv (2.52)

Wvo =
(

48π2

Ω2

)1/3

. (2.53)

Before we continue to the governing equations of single interstitials and vacancies
there are two important differences between the governing equations of immobile in-
terstitial clusters and vacancy loops and the governing equation of voids. First, due
to the fact that the former have a planer geometry the size dependent parameters
varies as x1/2, whereas voids have a three dimensional geometry and size dependent
parameters therefore varies as x1/3. Second, in the governing equations of immobile
interstitial clusters and vacancy loops a capturing efficiency Z was introduced, in
the case of voids, all single vacancies and interstitials reaching the effective volume
of a void are assumed to be captured by the void.

2.4.5 Concentration of single interstitials and vacancies
The concentration of single interstitials and vacancies follow quite naturally from
the above discussion and with α = i, v they can be written as

dCα
dt

= Gα − µrDiCiCv − Λα. (2.54)
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Gα is the production rate of single interstitials and vacancies respectively, µr is the
recombination rate of single interstitials and vacancies in the bulk and Λα is the
capturing rate of single interstitials and vacancies respectively. With the parameters
defined previously we can write the production rates as

Gi = (1− εic)G+Qvo
m (xm − 1, t)fvo(xm − 1, t)+

+Qvl
m(xm − 1, t)fvl(xm − 1, t)

(2.55)

Gv = (1− εvl)G+Qvo
m (xm + 1)fvo(xm + 1, t)+

+Qvl
m(xm + 1, t)fvl(xm + 1, t) + 2P vl

v (2, t)fvl(2, t)+

+ 2P vo
v (2, t)fvo(2, t) +

∞∑
x=3

(
P vl

v (x, t)fvl(x, t) + P vo
v fvo(x, t)

)
.

(2.56)

The first terms in equations (2.55) and (2.56) are the point defect production from
a cascade, the second and third terms account for the case of a mobile interstitial
being captured by a vacancy loop or void of size xm− 1 and xm + 1 respectively, in
the first case a single interstitial remains and in the second case a single vacancy
remains. The next two terms in equation (2.56) account for the thermal decom-
position of a vacancy loop of size 2 and a void of size 2 respectively. The final
sum in equation (2.56) account for thermal emission of single vacancies from larger
immobile defects. The capturing rates can be written as

Λi = ρZd
i DiCi + 2P di

i (t)Ci +
∞∑

x=xm+1
Qim

i fim(x, t)+

+
∞∑
x=2

(
Qvo

i (x, t)fvo(x, t) +Qvl
i (x, t)fvl(x, t)

) (2.57)

Λv = ρZd
vDvCv + 2P dv

v (t)Ci +
∞∑

x=xm+1
Qim

v fim(x, t)+

+
∞∑
x=2

(
Qvl

v (x, t)fvl(x, t) +Qvo
v (x, t)fvo(x, t)

)
.

(2.58)

Zd
i and Zd

v introduced in equations (2.57) and (2.58) are the trapping efficiency of
dislocations and ρ the density of dislocations. The second term in both equations
corresponds to the formation of diinterstitials and divacancies and the introduced
parameters P di

i and P di
v have to be estimated to solve the equations.
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2.4.6 Initial and boundary conditions
To solve the non-linear equations introduced above we need a set of initial and
boundary conditions. Singh et al. suggested the following set of initial conditions

fim(x, 0) = 0 x ≥ xm + 1
fvl(x, 0) = 0 x ≥ 2
fvo(x, 0) = C0δ(x− 1) x ≥ 1
Cm(0) = 0
Ci(0) = 0
Cv(0) = C0,

(2.59)

and the following set of boundary conditions

fm(1, t) = Ci(t)
fvl(1, t) = 0
fvo(1, t) = Cv(t)
fm(∞, t) = 0
fvl(∞, t) = 0
fvo(∞, t) = 0.

(2.60)

With this in place the PBM can be solved numerically, but with some simpli-
fications there are some analytical results that can be acquired from the model as
will be discussed next.

2.4.7 Final remarks on the PBM
In this section we will discuss two things related to the PBM. First, simplified
analytical results which can be retrieved from the model. Second, limitations of
the model and how this is related to the research presented in the thesis.

One of the most pronounced effects of irradiation damage is swelling, typically
caused by void growth. Naturally, swelling in the PBM arises when the void size
distribution increases for increasing values of x. We will now assume that single
interstitial and vacancies only interact with voids and thereby are not trapped by
immobile interstitial clusters and vacancy loops, that the sink strength of voids,
kvo = 4πRvoNvo, are equal for single interstitials and vacancies, that single intersti-
tials and vacancies do not recombine, and that no immobile interstitial clusters or
vacancy loops are formed during neutron irradiation (i.e. εimic = εvl = 0, εmic = εic).
By multiplying equation (2.48) with Ωx, summing over x and introducing the sim-
plifications, the swelling rate can be written as

dS

dt
= G

(
εic

(
k2

vo
k2

vo + Zd
vρ
− σvNv

km

)
+ (1− εm)pd

k2
voZ

d
vρ

(k2
vo + Zd

i ρ)(k2
vo + Zd

vρ)

)
,

(2.61)
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where pd = Zd
i /Z

d
v − 1, Rvo is the mean radius of voids and Nvo is the number

density of voids. Now, by assuming pd = 0 and a steady state we can derive
equations for the saturated mean void radius and swelling

R∞vo = 4k′m
Zd

vρ
(2.62)

S∞ = 4π(R∞vo)3Nvo

3 , (2.63)

where

k′m = πdρ

4 +
√

2
l(2Rg − l)

. (2.64)

The approach taken by Golubov et al. from here is to look at a point in the grain
far from the grain boundary, where the second term in equation (2.64) disappear,
fit the swelling and number density to experimental data, calculate the average
radius and from there d, the effective absorption diameter of a dislocation. They
found this to be 4 nm in Cu and 1.3 nm in Mo [42]. However, to be able to calculate
d from the PBM experimental data has to already exist. We also needed to make
some rather crude simplifications in order to derive equations (2.62) and (2.63).
In other words the analytical results possible to retrieve from the PBM is rather
limited.

This brings us to the second topic in this section, the limitation of the PBM. As
a reader probably remembers from the previous sections, there are several param-
eters which needs to be fitted to experimental data for the equations to be solved.
Not least the binding energy to clusters and dislocations. The same goes for the
treatment of voids in the PBM, where the binding energies of vacancies are fitted
to experimental data. In principle the parameters in the PBM could just as well
be calculated from atomistic models, but with the complexity of the model and the
way it is formulated, doing so is difficult. The fitting procedure typically applied
today comes with a great limitation in the case of voids. As we will see in Chapter
5, the curvature of the defect formation energy of voids have a significant impact
on the stability of a void. If we are fitting the binding energies of a vacancy with
experimental data for already nucleated void we will not catch the change in curva-
ture for small clusters. This will result in voids which will be nucleated and stable
no matter the size of the voids. This is in contrast to experimental findings which
clearly indicates the existence of a critical size of voids for which smaller voids are
unstable and larger are stable [25].
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Chapter 3

Modelling void and bubble formation in
solids

In this chapter we will continue the discussion on swelling, and look at some of the
mechanisms introduced earlier in the PBM in more detail. first we will continue
from here by having a look at the effect of gases on swelling. For the sake of being
able to separate voids with and without gas content we will introduce a new term,
bubble. A bubble is a void which contains gas atoms. To simplify our further
discussions slightly more we will use the expression vacancy cluster when speaking
of voids and bubbles. As we will see the energetics of void and bubble are rather
different. While the energetics of a void can be characterised by one quantity,
its volume, the energetics of a bubble is characterised by both its volume and its
pressure. But before we start discussing the energetics of voids and bubbles in
solids we will look at the migration of vacancies and gas atoms in the solid, to have
an understanding of the underlying kinetics of these systems. This will lead to
the derivation of emission and absorption rates needed to formulate a rate theory.
From there we will continue by describing the energetics of vacancy clusters, and
derive a simplified rate theory which we can use to describe the nucleation of voids
and bubbles using parameters derived from from atomistic modelling and physical
reasoning.

3.1 Migration of vacancies

As we saw in Chapter 2.3, vacancies migrate when a lattice atom moves into the
vacancy position, leaving a vacancy in its original site, and we derived an expression
for the diffusion coefficient of vacancies. Now as a vacancy migrates by random
walk in the crystal lattice it might at some point encounter a second vacancy. If
they move into nearest neighbour positions a divacancy cluster is formed. A third
vacancy migrating in the lattice can by chance end up on a nearest neighbour
position of the other two vacancies and if this continues a vacancy cluster is now
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growing. Given a vacancy cluster with v vacancies, the absorption rate, λ, of
vacancies to this cluster can be written as [24]

λ = 4π
(

3
4πΩv

)1/3
CvDv, (3.1)

where, Ω is the atomic volume of the atoms in the cluster, Cv is the concentration
of single vacancies and Dv is the diffusion coefficient of the vacancy as defined in
equation (2.23). In the derivation of equation (3.1) the vacancy is assumed to be
trapped by the cluster when and only when it reaches the border of the cluster.
This means that any interactions between the strain fields induced by the vacancy
and the vacancy cluster are disregarded.

With vacancies forming a vacancy cluster there is the possibility for a vacancy
to disconnect with the cluster and migrate away as a single vacancy. To do this the
vacancy has to overcome an energy barrier ∆Et, the transition energy. Introducing
this energy in equation (2.18) we obtain a vacancy emission rate, κ, describing the
emission of a vacancy from a cluster of size v on the form [35]

κ = ν̃e−∆Et/(kBT ), (3.2)

where ν̃ is an effective vibration which we will discuss more in detail later. Generally
the transition energy of emission is a function of v: ∆Et = ∆Et(v) or in the case
of a bubble with n He atoms ∆Et = ∆Et(n, v). Within the frame of the thesis,
∆Et has been derived from atomistic calculations and simple physical assumptions
discussed in Chapters 3.3 and 4.1.

3.2 Migration of gas atoms

Insoluble gas atoms, when implanted into a solid, will start to migrate by thermal
activation. Three different mechanisms of migration of inert gas atoms in solids
have been identified [45] and are illustrated in Figure 3.1. Each of the three have a
distinct activation energy, defined by the nature of the mechanism. The three are:

a) Interstitial migration, where a He atom migrates between interstitial positions
until it is released into a sink and is effectively removed from the system. The
activation energy of this mechanism is the migration energy of an interstitial He
atom.

b) Substitutional migration, where a He atom is trapped in a lattice vacancy and
moves into any existing vacancy on a nearest neighbour position in the lattice,
the original vacancy position is then filled by a nearest neighbour atom. This
mechanism has an activation energy equal either to the the migration energy of
a vacancy in the lattice or to the energy of emission of a vacancy from a vacancy
cluster with two vacancies and one He atom, depending on which is the highest.
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c) Dissociative interstitial migration, where a He atom is trapped in a vacancy clus-
ter, released by thermal activation into a nearby interstitial position, migrates
interstitially and is trapped in a new vacancy cluster. The activation energy
of this process is the transition energy of emission of a He atom in a vacancy
cluster.

a) b)

1

2

c)

1

2

3

Figure 3.1. Migration mechanisms of He in a crystalline solid. a) Interstitial
migration, b) substitutional migration and c) dissociative interstitial diffusion.

The different activation energies of each mechanism makes it possible to dis-
tingue between them. If we go to the case of Mo and MgO we can draw some
conclusions on the He migration from calculations of defect formation energies,
whose details are discussed later in the thesis. In Mo the migration energy of inter-
stitial He is about 0.05 eV [29], the migration energy of a vacancy is about 1.3 eV
[46], the transition energy of emission of a vacancy from a He atom and a diva-
cancy is about 1.4 eV [29] and the transition energy of emission of a He atom from
a He5V1 cluster, i.e. five He atoms in one vacancy, is about 2.0 eV [29]. In MgO
the migration energy of interstitial He is about 0.6 eV [47], the migration energy of
a Mg vacancy about 2.1 eV and for an O vacancy about 2.0 eV [48], the transition
energy of emission of a vacancy from a He atom and a divacancy is about 7.8 eV
in the case of an O atom and about 6.9 eV in the case of a Mg atom [47] and the
transition energy of emission of a He atom from a He5V1 cluster is about 1.6 eV
[48].

From these numbers we can draw some conclusions in the He migration mech-
anisms active in the two materials. First, the interstitial diffusion is fast on the
verge of being athermal in Mo due to the very low migration energy, in MgO the
migration energy of interstitial He is higher but still low enough for interstitial mi-
gration of He to be significantly faster than any of the two other mechanisms. This
means that He once in the crystal lattice will migrate rapidly until it is trapped by
a vacancy cluster or any other sink in the material. Once trapped in a bubble, He
will evaporate from the bubble if the temperature is sufficiently high and return
into an interstitial site. To put it in terms of the mechanisms above, migrate via
the dissociative interstitial migration mechanism.
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In MgO it is obvious that the substitutional migration mechanism will be of little
importance due to the much lower transition energy of emission, compared to the
activation energy of this mechanism. In Mo the transition energy of emission of a He
atom from a vacancy cluster is higher in than the activation energy of substitutional
diffusion. However, due to the oversaturation of vacancies in irradiated materials
the formation of larger vacancy clusters and the rapid He migration which quickly
fills vacancy clusters with He, the divacancy with a single He atom has a very short
lifetime. We can therefore disregard substitutional diffusion also in this case.

We can concluded that we have two processes we need to take into account
when formulating a model for the nucleation of gas filled bubbles. The trapping
rate of gas atoms in bubbles and the rate of evaporation of gas atoms from bubbles.
To formulate an expression for the trapping rate we have to make certain assump-
tions on the trapping mechanism. The migration of He atom in the lattice can be
described by a random walk process. We can therefore assume that a He atom is
trapped in a vacancy cluster when it reaches the border of the cluster. However, a
vacancy cluster causes a strain field in the lattice with which the strain field induced
by the gas atom can interact [49]. In the models presented here, any such interac-
tions between strain fields have been disregarded. By writing the concentration of
interstitial He atoms as CHe, the trapping rate of He, β, can be expressed as [24]

β = 4π
(

3
4πΩv

)1/3
CHeDHe, (3.3)

where DHe is the diffusion coefficient of interstitial He atoms.
Helium trapped in the bubble can be thermally activated and escape the po-

tential well of the bubble to be resolved into the lattice again as an interstitial.
Assuming a transition energy ∆Et, the emission rate, α, of He atoms from a clus-
ter of can be expressed as [35]

α = ν̃e−∆Et/(kBT ), (3.4)

where the transition energy will depend not only on v but also on the number of
He atoms, n, in the bubble, in other words ∆Et = ∆Et(n, v).

3.3 The energetics of voids and bubbles

Previously in this chapter we introduced transition energies of emission. As will
be explained in the next chapter, the transition energies can be calculated from
atomistic models. However, to do so for large vacancy clusters demands huge
computational power. We would therefore like to be able to estimate parts of the
transition energy, namely the defect formation energy of a vacancy cluster, from a
continuum model. Such a model can be derived from physical considerations and
only includes parameters which can be estimated from general experiments. The
defect formation energy of a vacancy cluster, ∆EC

f , can be decomposed into three
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part [50]:
∆EC

f = ∆EB + ∆EB-He + ∆EHe, (3.5)

where ∆EB is the surface energy of the host material, ∆EB-He is the interaction
energy between the bulk material and the gas in a bubble and ∆EHe is the energy
contribution from the gas in a bubble. Starting from the surface energy of the bulk
material, we will now define each of these three terms.

3.3.1 The surface energy of a void

Starting from an unrelaxed vacancy cluster with radius r0 = (3Ωv/4π)1/3, the
surface energy can be expressed as [37]

∆EB = 4πγs(r0 + δ)2 + 8πµsr0δ
2. (3.6)

Here, γs is the surface energy, µs the shear modulus and δ the change in radius
of the vacancy cluster due to relaxation. The first term on the right hand side
in equation (3.6) is the surface energy of the vacancy cluster and the second term
describes the elastic energy associated with relaxation.

In the case of voids, where ∆EB is the only contribution to the defect formation
energy, δ can easily be determined by minimising ∆EB with respect to δ. This
leads to

δ = − r0

1 + 2µsr0
γs

. (3.7)

The surface energy of the bulk material, as derived here, is valid under the as-
sumptions that: the surface energy, γs, is unaffected by the relaxation around the
vacancy cluster, the relaxations in the materials can be described by linear elastic
theory and that the material is elastically isotropic [37, 50].

3.3.2 The interaction energy of He with the surface

In a bubble of sufficient size, the repulsive interaction of He with the bulk material
is confined to a region in space close to the surface of the bulk material. This
interaction effectively reduces the available space of the He atoms in the bubble
[50]. We can therefore introduce a parameter δHe as the length of the interaction
region into the bubble. This parameter is then also the effective reduction in He
radius of the bubble. The interaction energy can be estimated from this reduction
in size of the He content in the bubble by [50]

∆EB-He = pδHe(r0 + δ)2, (3.8)

where p is the pressure in the bubble and will be defined below.
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3.3.3 The energy of He in a bubble
The pressure inside a bubble will in in the cases of interest here reach very high
values, and we can therefore expect He to be in liquid or solid form depending on
temperature. In either case the energy of He in the bubble can be divided into
two parts, a surface part and bulk part. Both of these terms originate from the
binding energy between He atoms, but since the coordination number is lower on
the surface, the contribution from these atoms will be less than those in the bulk
of the bubble. Expressed as a function of the bulk energy per He atom, EHe, ∆EHe
can be written as [51]

∆EHe = nEHe − fcn
2/3EHe = n

(
1− fc

n1/3

)
EHe. (3.9)

The factor fc compensates for the difference in coordination number and has been
derived from empirical potential calculations and found to be about 1.3 [51, 52].
The free energy of the bulk He is given by thermodynamics and can be written as
[53]

EHe =
∫ V∞

VHe
p(V )dV. (3.10)

Here, VHe is the volume per He atom in the bubble, V∞ is the volume of a reference
state and p(V ) is the pressure of the bubble. The functional form of p(V ) will
depend on which phase He is found in: liquid or solid. In the case of liquid He the
pressure can be calculated from

p = kBTz

V
, (3.11)

where, z is the compressibility factor of the fluid. There have been several sugges-
tions on expressions for z, in the thesis the expression by Trinkaus [50] was used.
This expression is based on the properties of He at the melting point, Tm(p), where
the volume per atom in Å3 can be expressed as [50]

Vm = 56T−1/4
m e−0.145T 1/4

m . (3.12)

With ρ = Vm/VHe the compressibility factor can be expressed as

z = (1− ρ)(1 + ρ− 2ρ2) + (1− ρ)2ρ
B(T )
Vm

+ (3− 2ρ)ρ2zm + (1− ρ)ρ2zmVm, (3.13)

where zm and B(T ) are the compressibility at the melting point and a temperature
dependent factor respectively. Both are empirically estimated: zm = 0.1225VmT

0.555
m

and B(T ) = 170T−1/3 − 1750/T .
In the case of solid He, the pressure can be estimated from a Vinet equation of

state [54]
p = 3B

X2 (1−X)eη(1−X), (3.14)
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where B is the bulk modulus and

X =
(
V

V0

)1/3
(3.15)

η = 3
2

(
dB

dp
− 1
)
. (3.16)

The parameter V0 is an empirical parameter and have been fitted by Loubeyre et
al. [55] to 22.78 Å3.

With all this in place, the defect formation energy of a vacancy cluster can be
calculated from equation (3.5) by minimising it with respect to δ and the phase of
He in the bubble.

3.4 Rate-theory models

With a description of the energetics of voids and bubbles and the rates formulated
earlier in the chapter, we can now start to investigate the evolution of voids and
bubbles in an irradiated material. We will start looking at a simple model for
void nucleation and growth and from there continue by including inert gases in the
model and see the effect that has on nucleation and growth.

3.4.1 Void nucleation and growth
In equation (2.17) in Chapter 2 the production rate, Gtot, of Frenkel pairs was
introduced. Later in that chapter we introduced the recombination fraction εr, to
be the number of Frenkel pairs to recombine quickly in a cascade. In the model
presented here we will ignore the interstitials of the remaining Frenkel pairs by
introducing an effective vacancy formation fraction, εv, as the fraction of vacancies
remaining after recombination and trapping in sinks have been accounted for. By
treating the production of vacancies, Gv, in such a way it can be calculated from
Gv = εv(1− εr)Gtot. A void can be seen as a state characterised by v, the number
of vacancies in the void, and the concentration of each state is denoted Cv. The
emission and absorption rates presented earlier can also be labeled by the state for
which the process occurs. Thus, κv denotes the emission rate of a vacancy from a
cluster of size v and λv denotes the absorption of a vacancy by a cluster of size v.
With this definitions we can formulate a rate equation for the concentration of a
void with v vacancies [56]:

dCv
dt

= κv+1Cv+1 + λv−1Cv−1 − (κv + λv)Cv. (3.17)

This equation is valid for v > 1, the time evolution of the single vacancy state,
v = 1, is somewhat different due to the fact that a single vacancy is formed in
all emission processes and disappears in all absorption processes, and since we
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assume only single vacancies to be formed during a radiation damage cascade. The
concentration of single vacancies can therefor be expressed as

dC1

dt
= Gv + 2κ2C2 − 2λ1C1 +

∞∑
v=3

κvCv −
∞∑
v=2

λvCv. (3.18)

The first term here is the production rate of vacancies from a cascade, the second
term is the formation of two single vacancies from one divacancy, the third term is
the disappearance of two vacancies when they combine into one divacancy and the
last two terms describe the emission and absorption of vacancies in higher order
states respectively.

The system of ordinary differential equations in (3.17)–(3.18) can be solved in
various ways. To solve it directly we need to introduce a cut-off V as the largest
cluster possible to obtain and formulate an equation for this state

dCV

dt
= λV-1CV-1 − κVCV. (3.19)

We also need initial conditions, which for example can be selected as

C1(0) = Cv

Cv(0) = 0 v > 1,
(3.20)

where Cv is the thermal concentration of vacancies introduced in equation (2.1).
With this in place the system can be solved numerically if wanted. However, it is
hard to acquire any analytical information straight from equations (3.17)–(3.19).
We will therefore reformulate the equations by introducing a continuous variable v
and letting all functions earlier indexed by v take a continuous form as functions of
v. This gives us the opportunity to Taylor expand all functions of v + 1 and v − 1
when v is large enough. The Taylor expansion of e.g. the concentrations is then
approximated by

C(v + ∆v) ≈ C(v) + ∆v dC(v)
dv

+ (∆v)2 1
2
d2C(v)
dv2 . (3.21)

We introduce the Taylor expansions into the continuous version of equation (3.17).
By dropping all terms of higher order derivatives than two we obtain a partial
differential equation which can be written as

∂C(v, t)
∂t

= − ∂

∂v

[
(λ(v)− κ(v))C(v, t)

]
+ ∂2

∂v2

[
1
2 (λ(v) + κ(v))C(v, t)

]
=

= − ∂

∂v
(F (v)C(v, t)) + ∂2

∂v2 (D(v)C(v, t))
(3.22)

We have arrived at a Fokker-Planck like equation [57] for the time evolution in the
space of void sizes. This equation has been derived by Wolfer et al. [58] earlier.
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The term on the right hand side of equation (3.22) can be interpreted as a drift
term (with governing function F (v)) and a diffusion term (with governing function
D(v)). The function D(v) indirectly defined in the equation is an always positive
function, since all rates are always positive, and can therefore be interpreted as
a space dependent diffusion coefficient. D(v) affects the system by spreading out
the cluster size distribution as time increases. Assuming D(v) = 0 leaves a partial
differential equation with general solutions on the form

C(v, t) =
C(
∫ 1
F (v)dv − t)
F (v) . (3.23)

In the general solution we need to divide the integral of 1/F (v) into parts, since
F (v), as it is defined, will vanish when κ(v) = λ(v). Wolfer et al. [58] showed that
this so called critical size has implications on the physics of the system, or more
precise the sign of F (v) determines whether void growth are present or not. A
negative sign of F (v) and the flow in the space of void sizes is towards zero, and a
positive sign of F (v) means the void sizes drift towards large v. We would therefore
like to have a look into the behaviour of F (v) and when it changes sign. As it
turns out, F (v) is an increasing function in v and therefore only changes sign once.
This critical size gives us an indication whether voids has the potential to nucleate
and grow, and thereby the chance of swelling to occur. It should be remembered
that the critical size does only give information on the long term behaviour of the
system. Even if the critical size is low, say below 10, it is not certain that void
growth will occur within reasonable time due to slow kinetics. To understand the
timescale of the nucleation, the rate equations have to be solved.

3.4.2 Bubble nucleation and growth

The introduction of He in the increases the complexity significantly. As we saw
in Chapter 3.3, He presents in voids, i.e. bubbles, have a significant impact on
the formation energy of a vacancy cluster. Thus, we have to formulate a model
including both voids and bubbles. To do this we introduce two variables which will
characterise our states, the number of He atoms in a vacancy cluster, n, and the
number of vacancies in a vacancy cluster, v. The the time evolution of concentra-
tions of a fixed state, Cnv, can then be expressed by also labeling the two emission
rates and absorption rates of He atoms and vacancies by the same convention as
earlier. We then end up with a rate equation on the following form

dCnv
dt

= αn+1vCn+1v + βn−1vCn−1v+

+ κnv+1Cnv+1 + λnv−1Cnv−1−
− (αnv + βnv + κnv + λnv)Cnv.

(3.24)
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In this case we also have to introduce equations for both the concentration of single
vacancies, C01, and interstitial He atoms, C10,

dC01

dt
= Gv + α11C11 + 2κ02C02 − (β01 + 2λ01)C01+

+
∞∑
n=1

∞∑
v=3

κnvCnv −
∞∑
n=1

∞∑
v=2

λnvCnv

(3.25)

dC10

dt
= PHe +

∞∑
n=1

∞∑
v=1

αnvCnv −
∞∑
n=1

∞∑
v=1

βnvCnv. (3.26)

PHe is the production rate of He in the material. In equation (3.26) all He is
assumed to be produced in the interstitial position and from there migrate to other
states. As an observant reader might notice, equations (3.24)–(3.26) do not give a
complete set of equations. As the equations are defined, the number of He atoms in
a vacancy cluster is defined for the range 0 ≤ n <∞, and the number of vacancies
in a vacancy cluster is defined for the range 1 ≤ v < ∞. To avoid inconsistencies
we have to include two equations for boundary values

dC0v

dt
= α1vC1v + κ0v+1C0v+1 + λ0v−1C0v−1−

− (β0v + κ0v + λ0v)C0v

v > 1 (3.27)

dCn1

dt
= αn1Cn1 + βn−11Cn−11 + κn2Cn2−

− (αn1 + βn1 + λn1)Cn1

n > 1. (3.28)

With equations (3.24)–(3.28) in place we can calculate the time evolution of
He-vacancy clusters, but to do so straight from the equations we need, in the same
way as for voids, to include cut-offs for n and v, here denoted N and V respectively.
With the introduction of these we obtain five more equations for boundary values
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on the form
dCNv
dt

= βN−1vCN−1v + κNv+1CNv+1 + λNv−1CNv−1−

− (αNv + κNv + λNv)CNv
1 < v < V (3.29)

dCnV
dt

= αn+1V Cn+1V + βn−1V Cn−1V + λnV−1CnV−1−

− (αnV + βnV + κnV )CnV .
0 < n < N (3.30)

dCNV

dt
= βN-1VCN-1V + λNV-1CNV-1−

− (αNV + κNV)CNV

(3.31)

dC0V

dt
= α1VC1V + λ0V-1C0V-1−

− (β0V + κ0V)C0V

(3.32)

dCN1

dt
= βN-11CN-11 + κN2CN2−

− (αN1 + λN1)CN1.
(3.33)

The system can now be solved with numerical methods, but as in the case with
void evolution the numerical solutions to the system only give some information on
the system. Especially in this case where an increase of 1 in N adds V equations
to the system, the computational power needed to solve the system effectively
limits the parameter space possible to investigate within a reasonable time. We
would therefore like to have an analytical tool to which gives more information on
the system to narrow down the parameter space in which numerical solutions are
needed.

If we go back to equation (3.24) and once again make a continuous extension of
all functions into a space of real valued variables n and v we can use the same type
of Taylor expansion to achieve a new Fokker-Planck like equation. In this case the
partial differential equation can be expressed as

∂C(n, v, t)
∂t

= − ∂

∂n

[
(β(n, v)− α(n, v))C(n, v, t)

]
−

− ∂

∂v

[
(λ(n, v)− κ(n, v))C(n, v, t)

]
+

+ ∂2

∂n2

[
1
2 (β(n, v) + α(n, v))C(n, v, t)

]
+

+ ∂2

∂v2

[
1
2 (λ(n, v) + κ(n, v))C(n, v, t)

]
=

= − ∂

∂n
(F1(n, v)C(n, v, t))− ∂

∂v
(F2(n, v)C(n, v, t)) +

+ ∂2

∂n2 (D1(n, v)C(n, v, t)) + ∂2

∂v2 (D2(n, v)C(n, v, t)) .

(3.34)
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This equation is the two space dimensional correspondence of equation (3.22) with
two drift terms and two diffusion terms. F1(n, v) can be interpreted as governing
function of the drift in He content in a vacancy cluster. more precisely, for a fixed
number of vacancies in a cluster F1(n, v) governs the drift of He atoms in or out
of the cluster. F2(n, v) is connected to F (v) introduced in the Fokker-Planck like
equation describing voids. However, in this case we have transitions in vacancy
number between vacancy clusters containing He atoms. This has an impact on the
nucleation behaviour of the system compared to the case of voids.

Equation (3.34) has two important properties which helps in the interpretation
of the terms in the equation. First, the terms on the right hand side are separated in
the derivatives of n and v. This means we can fixate one of the variables and study
the effect of the other. Second, the functions F1(n, v) and F2(n, v) are completely
independent. They do not include any rate which the other does. From a physical
stand point this is natural, since the change in n should only be caused by the
absorption and emission of He atoms and a change in v should only be caused by
the absorption and emission of vacancies. If we now study the behaviour of the two
functions, we find that F1(n, v) behaves like we could expect it to. It is, for a fixed
v, a positive function for low values of n and increases until it changes sign at a
certain n = n∗(v). This critical amount of He can be interpreted as the maximum
amount of He a bubble can contain, since the emission of He is higher for n > n∗,
and is a function of v as well as the temperature and interstitial He concentration.
In the case of F2(n, v) a first naive assumption would be that it behaves similar to
F (v). However, this is not generally the case for n > 0. Instead F2(n, v) is typically
positive at low values of v and then tend to change sign, decrease to a minimum and
then start to increase again and continue to grow as v increases. We can therefore
introduce a critical size v∗ for which F2(n, v) is positive for all v > v∗.

The critical amount of He and critical size of a vacancy cluster tells us something
about the long term behaviour of the system. They do not tell us anything about
the timescale in which nucleation and growth occurs. To be able to understand the
kinetics of the system we have to solve the rate equations or the Fokker-Planck like
equations.

This is probably the place to make a short remark on the use of similar rate
equations for bubble formation in MgO. The principals of bubble formation in MgO
is similar to the ones described above, with the exception of there being two different
types of vacancies in MgO. One therefore has to introduce rates for each type of
vacancy (Mg and O). All states will thereby be characterised by three numbers, the
number of He atoms, the number of Mg vacancies and the number of O vacancies.
In an ionic crystal there is one thing that simplifies the equations somewhat. Since
a vacancy cluster in MgO carry an effective charge if it doe not contains the same
number of Mg and O vacancies. This effective charge will attract vacancies which
will even out the difference in number of Mg and O vacancies very strongly. It is
therefore possible to assume that the number of Mg vacancies will always be equal
to, one higher than or one lower than the number of O vacancies. This assumption
limits the parameter space and reduces the number of rate equations considerably.
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3.4.3 The impact of not including self-interstitials

In the presented rate theory model the creation of self-interstitials and their in-
teraction with voids and bubbles have been disregarded, or rather we assume that
the production bias can be handled by the effective vacancy creation factor εw.
If self-interstitials are included, terms containing an absorption rate, µnv, of self-
interstitials have to be added in equation (3.24). When transforming equation
(3.24) into the Fokker-Planck like equation in (3.34) the result is a new expression
for the function F2(n, v) taking into account absorption of interstitials as well [58]

F2(n, v) = λ(n, v)− κ(n, v)− µ(n, v). (3.35)

If we make the same assumptions in the case of this absorption rate as in the case
of the other two, i.e. we disregard the interactions of the induced strain fields, µnv
can be written as

µnv = 4π
(

3
4πΩv

)1/3
CiDi = ZCiDi. (3.36)

Here, Ci and Di is the concentration of self-interstitials and the diffusion coefficient
of sel-interstitials respectively. The difference λnv−µnv in equation (3.35) can then
be rewritten as

λ− µ = ZC01Dv − ZCiDi =

= ZC01

(
1− CiDi

C01Dv

)
Dv =

= ZC̃Dv.

(3.37)

From equation (3.37) we can draw the conclusion that the discussions on critical
amount of He and critical size above are valid despite the fact that self-interstitials
are not included in the model. By replacing the concentration of single vacancies
by the effective concentration C̃ the quantitative results of the model are also still
valid.

The impact which self-interstitials have on the system will depend on the system
and especially the irradiation conditions. In the case of neutron scattering with high
energy neutrons causing large damage cascades we have to take into account the
mobile self-interstitial clusters created. To do so the absorption rate µ has to be
multiplied with the number of interstitial atoms in a mobile cluster. In the case
of irradiation where only a single Frenkel pairs per event is created, we can make
some estimations of C̃. By formulating a rate theory where single Frenkel pairs
are created and where vacancies and self-interstitials are absorbed by dislocations
and recombining, Christien and Barbu [59] derived expressions for the steady state
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concentrations of vacancies and self-Interstitials

C01 = −ρdziDi

2kiv
+
((

ρdziDi

2kiv

)2
+ (1− εr)GziDi

kivDv

)1/2

(3.38)

Ci = −ρdDv

2kiv
+
((

ρdDv

2kiv

)2
+ (1− εr)GDv

kivDi

)1/2

. (3.39)

Here, ρd is the dislocation density and zi is the dislocation bias factor. By assuming
a dislocation density of 1012 m2 [22], a dislocation bias of 1.2 [59] towards self-
interstitials and a production rate (1 − εr)G = 1021 m−3s−1 the effective vacancy
concentration is C̃ = 0.1C01 for a wide range of temperatures. In this case, including
the impact of self-interstitials in the rate theory model is equivalent to lowering the
steady state concentration of vacancies by an order of magnitude.

3.4.4 The connection between the rate equations and the PBM
In Chapter 2.4 we introduced the production bias model. It can be considered to
be the state of the art model to explain swelling from a microscopic perspective.
However, as discussed at the end of that chapter, the PBM assumes voids to be
nucleated from the start of the calculations since all binding energies used in the
calculations are fitted to experimental data which only exists for already nucleated
voids. This also results in a critical size of a void equal to one for any system in the
PBM. This type of limitation in the model is more or less introduced from start
when voids are treated as an unique entity already nucleated in the material. The
model presented in the thesis is based on the assumption that an understanding of
the initial nucleation mechanisms of voids and bubbles helps to formulate growth
and swelling models where parameters can be assessed by atomistic modelling and
pure physical descriptions. Such a model will also have a much wider range of
validity since it is not limited by the need of experimental swelling data for the
system of interest. Because of this, the models presented in the thesis do not
describe the complete system, but rather tries to pin point the essential physics
behind void and bubble nucleation and growth. With an understanding of, among
other things, the impact of He on swelling behaviour one would then be able to
formulate a more accurate model for void and bubble growth valid for a much
wider range of systems than is ever possible with for example the PBM.
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Chapter 4

Modelling toolbox

As mentioned earlier, the purpose of the thesis is to study the first stages of void
and bubble nucleation and growth without taking the more traditional route of
fitting model parameters to experimental data. One way of doing this was already
presented in the last chapter where the internal energy of a void and bubble were
described by material properties and physical models. The second approach of the
thesis is to formulate models in which parameters can be calculated from atomistic
models. Hopefully, the bias of experimental conditions, like the stable void of the
PBM, can be avoided by this approach and the range of validity of the models can
be extended compared to current state of the art models.

In chapters 2 and 3 several parameters in the form of energies and prefactors
were introduced to fulfill the purpose of the thesis, but none were more precisely
defined. In this chapter we will define the parameters in the introduced models and
discuss different ways to calculate them from atomistic models. In the atomistic
calculations employed in the thesis, the so called supercell method [60] has been
applied. In this method a computational cell containing the defect of interest is
created. Periodic boundary conditions are utilised in the calculation, and the size of
the cell, i.e. the number of atomic shells around the defect, is chosen large enough
to minimise interactions between mirror images of the defect. As we will see below,
this condition is hard to achieve in e.g. ionic materials, and two different ways to
handle such cases are presented.

4.1 Calculation of energies

In Chapters 2 and 3, three energies have been introduced without a real definition,
namely: the defect migration energy, the transition energy and the binding energy.
They will now be defined and we will discuss the definition made in the thesis and
how they compare with alternative definitions in the literature. Before we start
with that we will discuss the defect formation energy, which is the foundation to
calculate them. It has already been defined in one way in Chapter 3.3 for voids and
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bubbles, but has to be revisited for the atomistic models in the thesis.
In the following discussions it is of importance to keep in mind that the cal-

culation methods applied are applicable at zero kelvin, the extrapolation to finite
temperatures is then done by statistical physics methods described in Chapter 2.
When performing the energy calculations at zero kelvin two approximations are
made. First, all thermal excitation of electrons are disregarded, which should have
a marginal impact on the final result [60]. Second, the lattice vibrations are as-
sumed to be harmonic. This latter approximation can have a significant effect on
defect formation energies, as shown by Mattson et al. [46] this approximation leads
to the vacancy formation energy in Mo being underestimated with about 20% at
2000 K. However, all energies in the models presented in Chapter 3 are differences
of defect formation energies, the impact of this harmonic approximation should
therefore be small enough to be neglected.

4.1.1 Formation energies
In chemistry, the term formation energy often refers to the Gibbs free energy of for-
mation, calculated by subtracting standard Gibbs free energies of reference states
from each other. Here, formation energy refers to the internal energy needed to
form a specific defect, thereof the name defect formation energy. Calculating de-
fect formation energies also includes subtracting reference states from a calculated
energy, and is therefore similar to the convention of calculating Gibbs free energies
of formation in chemistry. In an atomistic calculation the calculated energy is the
cohesive energy, or the absolute energy as it is sometimes called, here denoted Eα.
The absence of a capital delta indicates that it is an energy calculated directly
from computational methods, rather than an energy difference. The subscript de-
notes the type of supercell used in the calculations. The cohesive energy can be
interpreted as the total binding energy of the atoms in the supercell [60].

When calculating defect formation energies in a compound system, one has to
define a reference states. The purpose of the reference state is to compensate when
there are a different amount of atoms in compared supercells. The energy per atom,
the chemical potential, of the reference state is then subtracted or added to handle
this difference. In the literature there are several different suggestions on which
reference state to choose [48, 61]. Here, the reference states are chosen such that
the defect formation energy acquired can be directly used when calculating thermal
defect concentrations in equation (2.1). Other possible choices will be discussed at
the end of this section. To illustrate the idea behind the choice of reference state
we look at calculating the defect formation energy of a vacancy in a monoelemental
crystalline material from atomistic calculations. Starting with a thermodynamical
perspective on the problem. In thermodynamics the chemical potential, µ, is defined
as the amount of Gibbs free energy needed to add one more atom to a material and
is calculated by differentiating the Gibbs free energy, G, [26]

µ = ∂G

∂n
, (4.1)
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where n is the amount of atoms in the material. To form a vacancy in the monoele-
mental material involves breaking the bonds between an atom and the surrounding
atoms in the bulk. Now, at our computational conditions of zero Kelvin and pres-
sure the Gibbs free energy can be directly replaced by the internal energy, U , [26]
and

µ = ∂U

∂n
. (4.2)

In the monoelemental bulk, where the internal energy equals the cohesive energy,
adding an atom means forming bonds and thereby adding binding energy equal to
the cohesive energy per atom in the bulk. In other words, the chemical potential
can be calculated from

µ = Eb

n
, (4.3)

where Eb is the cohesive energy of the bulk supercell and n is the number of atoms
in the supercell. From this we can now define the vacancy formation energy as

∆Ev
f = Ev −

(
Eb −

Eb

n

)
= Ev −

n− 1
n

Eb, (4.4)

where Ev is the cohesive energy of a supercell containing a vacancy. This can be
generalised to any self-defect in the monoelemental material by

∆Ed
f = Ed −

n+ ∆m
n

Eb, (4.5)

where Ed is the cohesive energy of the supercell containing the defect and ∆m is
the difference in number of atoms between the supercell containing the defect and
the bulk supercell.

We now have a way to calculate the defect formation energy for any self-defect in
a monoelemental crystal lattice. To continue we need to introduce a reference state
of He to be able to calculate defect formation energies of bubbles. As we will see in
the next chapter, He is more or less insolvable in both Mo and MgO. A reasonable
assumption would therefore be to select He gas as the reference state, which on
an atomistic level we approximate with a free He atom, when assuming He gas to
obey the ideal gas law. The absolute energy, EHe, of the free atom can easily be
obtained within our computational framework and used as the chemical potential
of He. With this, the defect formation energy of a monoelemental material with
He in the lattice can be defined as

∆Ed
f = Ed −

n+ ∆m
n

Eb − kEHe, (4.6)

where k is the number of He atoms in the supercell containing the defect. Helium
is in no way unique, equation (4.6) is straight forward to generalise to the case of
any monoatomic ideal gas.

Next step is to generalise equation (4.6) to polyelemental crystalline materials.
We start with ZrN as an example to derive a definition from which a more general

43



CHAPTER 4. MODELLING TOOLBOX

expression is easily formulated. ZrN is a non-stoichiometric [62] compound with
metallic or covalent bonding depending on deviation from stoichiometry [63]. The
cohesive energy of ZrN, as calculated in a supercell approach will include all binding
energies, both between Zr and N atoms and between Zr–Zr and N–N so it can not
easily be used to calculate a chemical potential of Zr and N individually. Instead,
the cohesive energy per formula unit, EZrN, of a perfect stoichiometric ZrN crystal
can be associated with the sum of the chemical potentials of Zr and N by [64]

EZrN = µZr + µN. (4.7)

With this relation we can formulate an expression for the defect formation energy
in ZrN

∆Ed
f = Ed −mZrµZr −mNµN = Ed −mZrEZrN − (mN −mZr)µN, (4.8)

where, mN and mZr are the number of N and Zr atoms in the supercell containing
the defect respectively and the last equality is obtained by inserting equation (4.7).
To transform this equation into something more similar to equation (4.5) we can
define ∆mZr as the difference in number of Zr atoms between the supercell con-
taining the defect and the bulk supercell, and use that EZrN = Eb/nZr, where nZr
is the number of Zr atoms in the bulk supercell. We can then write equation (4.8)
as

∆Ed
f = Ed −

nZr + ∆mZr

nZr
Eb − (mN −mZr)µN. (4.9)

To calculate the defect formation energy in ZrN when the amount of Zr atoms do
not equal the amount of and N atoms, we need to assign µN a value. To do this,
experimental boundary conditions have to be taken into account, in the case of ZrN
this could for example be the partial pressure of N2 gas above the ZrN crystal.

From our calculations, it is possible to narrow down the range of the chemical
potentials of Zr and N. Then, we first need to decide on chemical reference states
for Zr and N. The obvious choice is to select their reference states as those of the
elements at NPT: pure Zr metal and N2 gas. In case of the former, the discussion
on chemical potentials in monoelemental crystals apply. In the case of the latter,
N2 gas, the cohesive energy can be calculated from atomistic models. By selecting
these two reference states, the formation energy of ZrN per formula unit can be
expressed as [64]

∆EZrN
f = µZr + µN − µZr

Zr − µN
N

2 . (4.10)
Here, µZr

Zr and µN
N

2 are the chemical potential of Zr in the Zr metal and N in the N2
gas respectively. If we assume ZrN to be stable in comparison with the reference
states ∆EZrN

f is a negative number and the chemical potentials of Zr and N in ZrN
have to be lower than the chemical potentials in the reference states, otherwise
there would be a thermodynamic driving force for ZrN to decompose into Zr metal
and N2 gas,

µZr < µZr
Zr

µN < µN
N

2 .
(4.11)
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Now, by combining equations (4.10) and (4.11) we get

∆EZrN
f + µZr

Zr < µZr < µZr
Zr

∆EZrN
f + µN

N
2 < µN < µN

N
2 .

(4.12)

Thus, there is a region of definition in which the chemical potentials of Zr and N
can be selected in order to calculate physically reasonable defect formation energies
from equation (4.8). The arguments leading to equations (4.8) and (4.12) are in
no way limited to ZrN, the equations can therefore easily be extended to other
multicomponent systems.

Before we continue with the special case of MgO, we will have a quick look at one
other way of defining reference states for elements in atomistic modelling. Returning
to equation (4.8) the degree of freedom introduced by the chemical potential is
certainly an issue if one e.g. want to calculate defect formation energies for defect
in ZrN and compare their individual stabilities with each other, rather than use
them to calculate thermal concentration. In that case the choice of reference state
is rather arbitrary as long as the same reference state is used in all calculations.
One choice is then to select the reference state as the energy of a free atom in its
ground state, a choice similar to the reference state of He selected above. This has
been the choice in several studies in the literature, see for example [61, 65]. The
major benefit of this choice is that all chemical potentials are well defined and the
defect formation energy can be easily calculated. However, the choice rarely fulfills
equation (4.12) and is therefore a quite poor one when thermal defect concentrations
and other thermally activated processes directly dependent on the defect formation
energy are considered.

For MgO we can simplify equation (4.8) by taking into account the results from
Chapter 2.1 on charge neutrality. As discussed there, thermally activated charged
defects are formed in pairs, and any calculation of defect formation energy will then
contain an equal amount of Mg and O atoms. Equation (4.8) can therefore, in the
case of MgO, be simplified to

∆Ed
f = Ed −

n+ ∆m
n

Eb, (4.13)

where n is the total number of atoms in a bulk supercell, Eb is the cohesive energy
calculated for the bulk supercell and ∆m is the difference in number of atoms be-
tween the supercell containing the defect and the bulk supercell. The corresponding
defect formation energy of a He containing defect can be expressed as

∆Ed
f = Ed −

n+ ∆m
n

Eb − kEHe. (4.14)

In the case of MgO or any other ionic material the supercell method is associated
with limitations. In metals or covalently bonded materials self-defects like vacancies
and interstitials are uncharged, or if they are charged the electrostatic interactions
are shielded by electron screening and varies as L−5 [66, 67], with L being the side
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length of a supercell. In an ionic material where the electrons are confined to the
ions this screening is absent and the electrostatic interaction of defects varies as
the Coulomb potential, i.e. L−1 [66, 67]. In a supercell approach, this means that
the interactions of a charged defect in a supercell with its periodic mirror images
can not easily be avoided by increasing the cell size. Instead corrections have to be
made to calculated defect formation energies. Makov and Payne [66], starting from
a multipole expansion, derived a correction for charged defects in a cubic supercell
with periodic boundary conditions, a derivation which later has been generalised
to arbitrary symmetries [68]. This correction, δE, can be expressed as

δE = −q
2α

2Lε −
2πqQ
3L3ε

+O(L−5), (4.15)

where q is the charge of the defect, α is the lattice-dependent Madelung constant,
ε is the dielectric constant and Q is the quadrupole moment of the defect. All the
parameters in equation (4.15) can be calculated within the framework of density
functional theory (DFT). In principle it is also possible to calculate them in an
empirical potential calculation, but in both cases it comes with limitations in the
implementation of the model. An easier way to treat the long range interactions
are instead to use sufficiently large supercells for the L−3 term in equation (4.15) to
be disregarded. If defect formation energies are calculated for several supercells of
different size the defect formation energy can be plotted against L−1 and a straight
line can be fitted to the results. The defect formation energy of a hypothetical
infinite cell can then be acquired by letting L−1 → 0. This is the method used in
the thesis to calculate defect formation energies in MgO.

4.1.2 Migration energies
An important concept in the modelling of self-diffusion is vacancy migration energy.
Vacancies are of course only voids, and the real motion is performed by a nearest
neighbour atom as illustrated in Figure 2.2 b), but the visual effect observed on
the atomistic scale is the motion of the empty space, the vacancy. The example of
vacancy migration is one of several where an atom needs to overcome an energy bar-
rier in order to move between equivalent positions in the lattice. Another example
of this type of process, illustrated in Figure 4.1 by the transition from position III to
V via IV, also encountered in the thesis is interstitial He migrating between stable
interstitial positions in the lattice. The energy barrier for both of these processes is
here called the migration energy, ∆Em, and from the defect formation energy, the
migration energy can be calculated according to

∆Em = ∆EIV
f −∆EIII

f . (4.16)

Here, ∆EIII
f is the defect formation energy of the stable starting position with

upper index relating it to Figure 2.2 and ∆EIV
f is the defect formation energy of

the transition point. In the 3N -dimensional (N being the number of atoms in the
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supercell) configurational space, the transition point is the configuration of atoms
in which the energy barrier is manifested. We can consider ∆Em to be a real valued
function defined on the configurational space. Then, the transition point constitutes
a saddle point and the nearby stable equilibrium positions as local minima.

Depending on the implementation of calculations methods in a computer code,
finding the saddle point of the transition point is not always straight forward. In
the thesis two different methods have been applied to identify the saddle point.
The first, and most simple one is based on symmetry considerations. In the case
of vacancy migration in a monoelemental cubic lattice, the saddle point is easily
identified by visual inspection. If the computational code used conserves the sym-
metry of the system, the atom performing the transition can simply be put in the
correct position and the cohesive energy can be calculated. Even if symmetry is
not conserved, it is sometimes possible the freeze an atoms position with respect to
the mass centre of the supercell. The second method applied is the nudge elastic
band method [69]. In this method a number of configurations in the configurational
space is calculated in parallel, each with a slight shift in positions between the two
stable minima. The images of the migrating defect in the configurational space is
connected by a spring, the spring forces are added to the forces on the migrating
defect calculated in each image. By this method it is possible to identify the saddle
point [69] and estimate its cohesive energy.

Reaction coordinate

En
er

gy

I

II

III

IV

V

!Em

!Et

!Eb

Figure 4.1. The definitions of migration energy, binding energy and transition
energy. Position I represents a lowest level energy, e.g. a He atoms in a vacancy,
position II represents the top of the energy barrier which needs to be passed to escape
position I. Position III and the equivalent position V represent two local minima in
energy, e.g. a He atom in an interstitial position or a vacancy. Position IV represents
the top of the migration barrier in between to equivalent positions.
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4.1.3 Binding and Transition energies
Migration energy was defined as the energy barrier to go from one stable equi-
librium configuration to another equivalent configuration. However, in the thesis
we are also interested in the energy difference and the migration barrier between
non-equivalent stable equilibrium configurations, as those illustrated by the tran-
sition from position I to III in Figure 4.1. In the thesis we encounter this type of
processes for instance when discussing He atoms escaping from vacancy traps and
vacancies evaporating from voids. In these cases there are two energy differences
of interest, the energy difference between to stable equilibrium configurations, the
binding energy, ∆Eb, and the energy difference between the most stable equilibrium
configuration and the transition point configuration for the transition to the stable
equilibrium configuration with higher energy, the transition energy, ∆Et. ∆Eb and
∆Et can be written as

∆Eb = ∆EIII
f −∆EI

f (4.17)
∆Et = ∆EII

f −∆EI
f , (4.18)

where ∆EI
f and ∆EIII

f are the defect formation energy of the most stable equilib-
rium configuration and other less stable equilibrium configuration respectively and
∆EII

f is the defect formation energy of the transition point configuration. Finding
the transition point configuration is even more demanding when calculating transi-
tion energies than migration energies. From the definition of the transition energy
it is clear that symmetry considerations is not an option, at least not to rely on
symmetry to calculate the cohesive energy of the transition point configuration.
The nudge elastic band method still works but requires quite a large number of
calculations and could therefore be to costly to use. An approximation can there-
fore be made, taking the binding energy and assuming the extra energy barrier
to be equal to the migration energy between equivalent configurations of the less
stable equilibrium. Due to the distortion of the crystal lattice close to a defect
this assumption most likely overestimates the transition energy [37, 70]. With this
approximation, the transition energy can be expressed as

∆Et = ∆Eb + ∆Em. (4.19)
When it comes to transition energies of interest in the thesis the end state (position
III) in equation (4.17) is usually a sum of two defect formation energies. For
example, in the case of the transition energy of emission of a vacancy from a vacancy
cluster of size v, ∆EIII

f = ∆Ev
f +∆Ev−1

f , where ∆Ev
f is the defect formation energy

of a vacancy and ∆Ev−1
f is the defect formation energy of a vacancy cluster of size

v − 1.

4.2 Calculation of prefactors

When defining the jump rate in equation (2.18), a prefactor was introduced as
ν∗e∆Sm/kB . This prefactor is related to the escape frequency in the dissociation
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rates defined in Chapter 3. Also in equation (2.1), which gives the thermal defect
concentration, a prefactor written as e∆Sf/kB is present. These parameters need
to be assessed in order to calculate the jump rates, emission rates and the thermal
concentration of defects. We will start with the entropies, and discuss how they
can be addressed. From there the definition of ν∗ will follow rather neatly. Both
the formation and migration entropies can be separated into

∆Sf,m = ∆Svib
f,m + ∆Sconf

f,m , (4.20)

where ∆Svib
f,m is the vibrational entropy change associated with changes in phonon

spectra when forming a defect and when the defect migrates respectively. ∆Sconf
f,m

is the configurational entropy change associated with the formation and migration
of a defect respectively. The latter is a measurement of the change in degeneracy
associated with the process. For example, for the emission of a He atom from a
vacancy cluster to an interstitial postion

∆Sconf
m = kB ln

(
WintWn−1v

Wnv

)
. (4.21)

Here, Wint is the degeneracy of the interstitial He site and Wn−1v and Wnv are the
degeneracies of a vacancy cluster with n − 1 He atoms and v vacancies and n He
atoms and v vacancies respectively.

The vibrational entropy is associated with changes in the phonon spectrum of
the material and can in a harmonic approximation be calculated from the eigen-
modes in the system. Using this, Vineyard [35] derived an expression for ν∗e∆Sm/kB

which can be written as

ν∗e∆Svib
m /kB =

N∏
j=1

νj

N−1∏
j=1

ν′j

, (4.22)

where νj are the N eigenmodes of the atoms of a crystal in the stable initial con-
dition and ν′j are the N − 1 real eigenmodes in a crystal with the transition point
configuration. The vibrational entropy of formation can be calculated from a simi-
lar expression as the one in equation (4.22) where the product in the denominator
is taken over N states instead [27]. In the thesis, when this method of calculating
the prefactors have been applied, frozen phonon [71] calculations have been used
to determine the eigenmodes. An atom is then slightly displaced and the change
in forces acting on all atoms are calculated, this is repeated for all atoms in all
three spatial directions. From this the dynamic matrix Φ can be derived and the
eigenmodes calculated by diagonalising Φ [27].

The method developed by Vineyard is appealing in its simplicity and clarity,
however, it is not always possible to apply. If there are no or low degeneracy of the
symmetry of a supercell the number of calculations needed to be performed in order
to calculate Φ can be enormous. That is the case of He in vacancies, other methods
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has therefore been applied to calculate the escape frequency in the emission rates.
As seen in equation (4.22) the prefactors are fractions of frequencies, and are of the
same order of magnitude as a typical eigenmode in the system. If we then assume
the host material to be much heavier than the He atoms, we can approximate
the escape frequency with the highest frequency of a helium atom. It should be
mentioned that this approximation is not as exact as Vineyard’s, but it is by far
much easier to calculate. The highest frequency has been determined in two ways
depending on computational method. When DFT calculations have been used to
calculate defect formation energies, the frozen phonon method, together with the
assumption that the frequencies of He could be determined separately from the
frequencies of the host material, was used to calculate all frequencies of He atoms
in a defect cluster. In the case of empirical potential calculations, the highest
frequency of a He atom in a defect cluster was determined by running a molecular
dynamics (MD) calculation at about 200 K. This temperature was selected since it
was high enough for the vibration of He atoms to be present and significant, and
low enough for the He atoms to behave harmonically. From the postion data of the
He atoms the velocity autocorrelation function [72] was calculated according to

C(t) =< v(t)v(0) > . (4.23)

By taking the Fourier transform of C(t), the frequencies of the He atoms were
obtained and the escape frequency was selected as the maximum frequency among
them.

4.3 Empirical potentials

In the thesis two different approaches have been taken to calculate the energies
defined in the previous section, namely first-principles calculations and empirical
potentials. Both are based on atomistic considerations, but the philosophical back-
ground of the two are quite different. The first-principles approach, which will be
discussed in more detail in the next chapter, is based on the foundation of quan-
tum mechanics to calculate the forces of atomic interaction and cohesive energy.
It comes with the advantage of no parameters that have to be fitted to already
obtained data on the system. The second approach, empirical potentials, is a more
flexible method in a sense, allowing for calculations on larger supercells, but as we
will see, it requires some knowledge on the system to be able to formulate a model
of the interactions in the system and assess parameters in the functional represen-
tation of the model. This knowledge, or rather material properties, can be acquired
from experiments or first principle calculations. As an example we will have a look
at the two empirical potentials applied for modelling He in MgO. Those potentials
function well as a starting point on a wider discussion on more general potentials
and the application of them.

The interactions in MgO are of two different types, long range electrostatic forces
from the ions in the crystal and short range forces like the attractive van der Waals
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force and and the Pauli repulsion from overlapping electron clouds [73, 74]. The long
range interaction is typically treated by Ewald summation [75] and the unavoidable
interaction between mirror periodic images has to be compensated for as discussed
earlier. To calculate the short range interactions we need a functional form which
describes the essential parts of the binding and repulsion between atoms. With
some simplifications we can assume the interactions of the system to be pairwise,
i.e. all forces can be derived from single atom–atom interactions, and the internal
potential energy can then be simplified to a sum of one variable functions of atomic
distances. Based on the theory of the Pauli exclusion principle and van der Waals
forces Lennard-Jones [74, 76] proposed the following potential:

VLJ(r) = 4εLJ

((σ
r

)12
−
(σ
r

)6
)

= εLJ

((rm

r

)12
− 2

(rm

r

)6
)
. (4.24)

Here, r is the distance between two atoms and −εLJ is the lowest value of the
potential which is obtained at r = rm. The potential is positive at small values
of r and decreases in value as r increases and is equal to zero at r = σ. The
potential then acquires its minimum value at r = rm and from there asymptotically
approaches zero from below as r increases further.

The second terms in equation (4.24) describes the potential energy from the
attractive van der Waals forces and the form r−6 rests on a firm theoretical basis
[74]. The first term is from a truncated Taylor expansion and usually describes
the repulsive forces good enough to model gases and other simple systems [73].
It is also convenient from a computational perspective. To have a more accurate
description of the repulsion caused by the Pauli principle Buckingham [77] derived
an alternative expression and formulated a potential which can be expressed as

VB(r) = Ae−r/ρ − C

r6 . (4.25)

The parameters A, C and ρ lack the same physical interpretation as the parameters
in the Lennard-Jones potential. A comparison of the two potentials are depicted in
Figure 4.2 for a parameter set where

εLJ = 1 eV
rm = 1 Å

σ = rm

21/6

A = 28000 eV

C = 1 eV Å6

ρ = 0.1 Å.

(4.26)

The short range behaviour of equation (4.25) is worth noticing. As r → 0 the
first term approaches A and the second term diverges towards −∞. This means
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Figure 4.2. A comparision of the Lennard-Jones Potential and the Buckingham
potential for a parameter set described in the text.

that the potential is always attractive for very short distances between atoms.
This limitation reduces the applications of the Buckingham potential. As both
potentials falls of quickly towards zero for increasing r, the introduction of a cut-
off rc is possible, for r beyond which the potentials are assumed to be zero. The
introduction of a cut-off reduces the computational burden considerably without
losing any information since the cut-off can be chosen arbitrarily.

In a more complicated system, e.g. a metal, the interactions between atoms are
more complex. A potential does not only have to include the pairwise repulsive
and attractive forces between atoms in the Lennard-Jones potential, the electronic
density of a metal also contributes to the bonding in the crystal. One therefore has
to add this to the potential, which then no longer can be considered a potential
made up of pairwise interactions.

With a set of potentials in place all that is needed is a computer code which
calculates the potential energy of the system and, in case of finite temperatures, the
kinetic energy as well. Usually this is done within the framework of a molecular dy-
namics (MD) code. In a MD code the Newton’s equation of motions are integrated
to acquire the velocity of the atoms in a supercell and they are moved accordingly.
New forces are then calculated and the equation of motion is solved once again. To
reach a desired temperature and pressure, the velocities are rescaled and the size
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of the supercell is regulated. Within the framework of the thesis the main usage
of MD has been to obtain cohesive energies to calculate defect formation energies.
This has been done by quenching the system to an as low temperature as possible
in the MD code (typically 1 K) and a pressure as close to zero as possible. The
system has then been allowed to relax at these conditions and the cohesive energy
has been calculated.

4.4 Density functional theory

Apart from the empirical potential calculations, quantum mechanical calculations
have been used to obtain cohesive energies of He containing defects in Mo. This sec-
tion will give a brief overview of the quantum mechanical model, density functional
theory, which was used. This, to point out the important physical assumptions of
the model and the numerical schemes needed for results applicable to real systems.
Computational details for the specific calculations in the thesis will not be given
here, they can be found in the following chapter. Further reading on the DFT and
the application of it can be found in [78–80].

The quantum mechanical ground state is the quantum state with lowest energy.
To obtain a wave function description of it, the time independent Schrödinger
equation for electrons and nuclei in a crystal lattice has to be solved

HΨ = EΨ. (4.27)

Here, the eigenvalue E is the total energy of the system and Ψ is the many body
wave function of the electrons and nuclei. The Hamiltonian, H, consists of sev-
eral terms and if we apply the Born-Oppenheimer approximation [81] by assuming
that the electrons in the crystal only interact with themselves and a fixed external
potential from the nuclei we can divide H into an electronic and a nuclei part:

H = He + Hn, Ψ = ΨeΨn (4.28)
HeΨe = EeΨe (4.29)
HnΨn = EnΨn. (4.30)

The nuclei part is rather trivial to handle and will not be discussed more here. The
electronic part of the Hamiltonian can be divided into three parts:

He = T + U + V = F + V. (4.31)

Here, F represents the internal energy of the electrons and V is an external potential
originating from the electron-nuclei interactions. For now we can assume the single
particle potentials making up V to take the functional form v(r). Explicitly the
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three terms can be written

T = h̄2

2me

Ne∑
i=1
∇2
i (4.32)

U = e2

4πε0

Ne∑
i<j

1
|ri − rj |

(4.33)

V =
Ne∑
i=1

v(ri). (4.34)

Above, me is the mass of an electron, Ne is the number of electrons in the system,
ε0 the dielectric constant in vacuum and ri is the postion of an electron.

As always, the electron wave function obeys two conditions, it should be nor-
malised

〈Ψe|Ψe〉 =
∫ ∫

. . .

∫
dx1dx2 . . .xNe |Ψe|2 = 1, (4.35)

and it should be antisymmetric

Ψe(. . . ,xi, . . . ,xj , . . . ) = −Ψe(. . . ,xj , . . . ,xi, . . . ). (4.36)

However, withN3
e degrees of freedom, it is hard to implement any efficient numerical

algorithm to solve equation (4.29) and obtain the wave function. To adress this
issue the electron density can be introduced,

n(r) = Ne

∫ ∫
. . .

∫
dx2 . . . dxNe |Ψe(r,x2, . . . ,xNe)|2. (4.37)

With this definition the normalisation condition gives:∫
drn(r) = Ne (4.38)

To calculate the cohesive energy of the ground state E0, the wave function
of the ground state most first be known. E0 is then found from the expectation
value of the electron Hamiltonian. Now, any many particle wave function will give
us a cohesive energy, but from the Rayleigh-Ritz variational principle [82] we can
conclude that the ground state wave function is the only wave function which will
give us the lowest energy, i.e. the ground state energy

E0 = min
Ψ
〈Ψ|He|Ψ〉 . (4.39)

The principle also proofs the existence of a lowest energy state, so we can feel
comfortable with denoting the many particle wave function of this state with Ψe,0.
To continue, we introduce the electron density of equation (4.37) in the expectation
value

Ee = 〈Ψ|He|Ψ〉 = 〈Ψ|F|Ψ〉+ 〈Ψ|V|Ψ〉 . (4.40)
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The last term in equation (4.40) can then be written

〈Ψ|V|Ψ〉 =
∫ ∫

. . .

∫
dx1dx2 . . . dxNe

Ne∑
i=1
|Ψe|2v(ri) =

= 1
Ne

Ne∑
i=1

∫
drin(ri)v(ri) =

∫
drn(r)v(r).

(4.41)

Introducing the electron density in the first term in equation (4.40) gives us the
more complicated expression

〈Ψ|F|Ψ〉 =

=
∫ ∫

. . .

∫
dx1dx2 . . . dxNe

 h̄2

2me

Ne∑
i=1

Ψ∗e∇2
iΨe + e2

4πε0

Ne∑
i<j

|Ψe|2

|ri − rj |

 .
(4.42)

Continuing from equation (4.41) it is possible to express the external potential
as a explicit functional of the electron density 〈Ψ|V|Ψ〉 = V [n]. In other words with
a given many particle wave function the external potential term can be calculated
exactly. The wish is to be able to do the same for the internal energy, i.e. 〈Ψ|F|Ψ〉 =
F [n], but the integral in equation (4.42) can not be solved explicitly. However, there
are two theorems, presented by Hohenberg and Kohn [78] and Kohn and Sham [79]
stating:

1. The ground state electron density n(r) fully determines the potential v(r) of
a system within an additative constant.

2. For a given potential v(r) the total energy functional E[n] assumes its minimal
value for the electron density of the ground state.

Form the two theorems it can be concluded that the electron density of the ground
state fully determines all properties of the ground state. With the starting point
in the theorems and with the ansatz stated by Kohn and Sham [79], there exists
a system of non interacting electrons which ground state corresponds to the ground
state of a system with interacting electrons, it would now be possible to calculate
the electron density of the ground state of a given system through minimisation
methods. There is only one issue, to do this we are required to have an explicit
functional form of F [n], which is not possible without further approximations.

To resolve this issue several different functional forms of F [n] have been pro-
posed, all with there advantages and disadvantages. These approximations usually
goes under the name of pseudo potentials and it is worth mentioning the two most
commonly used, the local density approximation (LDA), where each electron is as-
sumed to interact with a mean field electron density, and the generalised gradient
method (GGA), where also gradients in the electron density is included. The GGA
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is not uniquely defined due to the need for parameterisation. The two most com-
mon parameterisations of GGA are made by Perdew and Wang [83] and by Perdew,
Burke and Ernzerhof [84].

With an approximation of F [n], the remaining obstacle is to select a represen-
tation of the wave functions which can be used in the minimisation in equation
(4.39). There are several choices which can be made all depending on the system
of interest. If one are interested in a molecular system with covalent bonds, the
standard choice is a set of Gaussian functions [85]. In the case of metals or other
conducting materials, a set of plane waves are the standard choice of representa-
tion [86]. The plane wave representation has been the choice in the thesis, and the
calculations have been performed with a set as implemented in the code package
VASP 4.6 [86, 87]. The most important parameter for this representation is the
cut-off energy for which the sum of plane waves are terminated. The choice of this
parameter and other relevant ones are discussed further in the following chapter.
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Chapter 5

Voids and bubbles in Mo and MgO

This chapter presents the scientific results achieved by applying the methods pre-
sented in Chapters 2–4. It follows closely the presentations in the enclosed papers
and focuses on the qualitative aspects trends in the results, while technical details
on the calculations can be found in the enclosed papers. The chapter therefore does
not present any new results compared to the papers, but rather tries to explain the
results further and in more detail than possible in a scientific journal.

We will start by discussing the similarities and differences between Mo and MgO
when it comes to defect formation and migration. There will be an emphases on
self-diffusion in MgO since this is the topic of one of the papers. The chapter will
end with a discussion on the results from rate theory modelling, the main topic of
the two final papers in the thesis.

5.1 Defect formation and migration in Mo and MgO

The thesis presents both static calculations of vacancy cluster stability and studies
of the kinetics. We will start with the former and discuss the differences and
similarities in the energetics of vacancy clusters in Mo and MgO, following that we
will look at the migration mechanisms of point defects in Mo and MgO.

5.1.1 Vacancy cluster formation in Mo and MgO

Three different methods have been used to calculate defect formation energies of
vacancy clusters in Mo and MgO. DFT calculations were applied to calculate the
defect formation energy of voids and bubbles in Mo. In order to extend the results to
larger systems than what is reachable with DFT-methods defect formation energies
were also calculated by the method presented in Chapter 3.3. For MgO empirical
potentials have been utilised to calculate the defect formation energies. In Figure
5.1 the results from the calculations are depicted.
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Figure 5.1. The formation energy of vacancy clusters in Mo and MgO as a function
of He content for different number of vacancies. In Mo the crosses represent results
from DFT-calculations and the lines are calculated from the continuum model. All
results concerning MgO are calculated with the help of empirical potentials and lines
are there only as a guide for the eye.

The DFT results were all acquired from supercell calculations in a cell consisting
of 4 × 4 × 4 unit cells, an energy cut-off of 500 eV and a 3 × 3 × 3 k-point grid in
the reciprocal space. The empirical potential calculations were performed with a
set of potentials derived by Grimes [88] and Busker et al. [89] whose parameters
are given in Table 5.1. The long range electrostatic interactions where included by
giving the Mg ion a charge of +1.7 elemental charges and the O ion a charge of
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Table 5.1. Parameters of the empirical potentials used for modelling He in MgO.

Interaction Potential Parameter

Mg-Mg Buckingham A = 0 eV
C = 0 eV Å6

O-O Buckingham
A = 2230386.3 eV
ρ = 0.1429 Å−1

C = 32 eV Å6

Mg-O Buckingham
A = 959.3 eV
ρ = 0.2994 Å−1

C = 0 eV Å6

He-He Buckingham
A = 166.8 eV
ρ = 0.28096 Å−1

C = 0 eV Å6

He-Mg Buckingham
A = 975.5 eV
ρ = 0.2229 Å−1

C = 0 eV Å6

He-O Lennard-Jones ε = 0.015386 eV
σ = 2.40001 Å−1

−1.7 elemental charges. This partial charge was chosen, instead of the full ±2.0
elemental charges, due to results indicating this to be the actual ionic charge in
MgO [90]. To model the polarisable O ion a charged shell model [91] was used
where a massless shell is connected to the O ion with a spring which was given a
spring constant of 32.2 eV Å−2.

Returning to the results in Figure 5.1, we notice that He actually stabilises
larger vacancy clusters. This trend is similar in both Mo and MgO, but is more
pronounced in MgO, where He not only stabilises larger vacancy clusters in com-
parison with smaller vacancy clusters, it also effectively lowers the defect formation
energy of vacancy clusters containing He compared to voids with the same amount
of vacancies. Going back to Mo, the result of including a specific amount of He
in a bubble is shown in the inset in Figure 5.1, a fixed amount of He results in
the creation of a minimum for v > 0. This will have a significant impact on the
nucleation and growth behaviour as we will se later in this chapter.

From the defect formation energies in Figure 5.1, we can calculate the transition
energies of emission of both vacancies and He atoms. Those numbers will not be
presented here, but there is one important difference worth mentioning between Mo
and MgO. The transition energies of emission of He is about one eV higher in Mo
compared to MgO. This difference is part of the reason for differences in nucleation
behaviour of vacancy cluster between Mo and MgO.
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5.1.2 Self-diffusion in MgO

To better understand the limitations of models describing MgO and the behaviour
of point defects in MgO, self-diffusion of both Mg and O was studied with DFT.
The DFT calculations were performed on supercells consisting of 2×2×2, 3×3×3
and 4× 4× 4 unit cells with an energy cut-off of 500 eV. In reciprocal space, a grid
of 3 × 3 × 3 k-points in the case of the two smaller cells and a grid of 2 × 2 × 2
k-points for the largest cell were used. The calculated defect formation energies
were extrapolated to a hypothetical infinite system with the method described in
Chapter 4.1.1.

Figure 5.2 depicts self-diffusion coefficients calculated from the DFT results
together with experimental results. The diffusion coefficients in the figure can
be divided into three groups, here stated from the lowest values to the highest
values: divacancy assisted migration, Schottky defect assisted migration in a pure
MgO crystal and single vacancy assisted migration of Mg in a crystal lattice with
trivalent impurities. In a hypothetical absolutely pure MgO crystal the Mg and
O would be transported by Schottky defect assisted migration. There are a few
measurement which claim to have seen diffusion coefficients in this range [28, 93],
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Figure 5.2. Self-diffusion coefficients in MgO. Grey lines and symbols and black
lines and symbols represents Mg and O diffusion coefficients respectively. Lower
black lines are diffusion coefficients of divacancy assisted diffusion, the lines in the
middle are diffusion coefficients of diffusion assisted by thermally activated Schottky
defects in pure MgO. The upper grey line correspond to diffusion coefficients of
Mg in the case of the presence of impurities. Symbols are experimental data from
[28, 92–96].
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but as seen in the figure, the slope of those measurements points rather indicate a
diffusion assisted by vacancies created due to impurities in the material.

In a real material, we expect an increase in Mg vacancy concentration and a
decrease in O vacancy concentration due to the presence of trivalent impurities
as explained in Chapter 2.1. In Figure 5.2 this is seen from the much higher
diffusion coefficient of Mg compared to O. The migration of Mg is assisted by single
Mg vacancies of which the largest amount is formed due to trivalent impurities.
The value of the diffusion coefficient of Mg is therefore highly dependent on the
concentration of impurities in the material. In Figure 5.2 the diffusion coefficient of
Mg is shown for a concentration of trivalent impurities of 150 ppm, which is typical
for experimental conditions.

Oxygen diffusion is assisted by divacancies. The divacancies do not carry any
effective charge and their thermal concentration is therefore not disturbed by the
charged impurities. The self-diffusion behaviour of Mg and O in MgO is well es-
tablished from experimental studies like the one published by Yang and Flynn [92].
The DFT-calculations not only confirmes these results, they are also able to re-
produce the diffusion coefficient of O to a high degree of accuracy. The diffusion
coefficient of Mg is also fairly well predicted in Figure 5.2, but to calculate this co-
efficient, the concentration of impurities has to be taken into account, complicating
the comparison with experimental studies where this concentration is not always
known.

5.1.3 He migration in Mo and MgO
The diffusion coefficients of interstitial He are of high importances in the absorption
rates of He. As discussed in Chapter 3.2, the mechanism responisble for He trans-
port between vacancy clusters in both Mo and MgO is interstitial migration. In the
case of Mo it is important to determine both the migration barrier and the most
stable configuration of interstitial He. In the Mo bcc lattice there exists two inter-
stitial positions with high symmetry, the octahedral position and the tetrahedral
position, both shown in Figure 5.3. DFT-calculations, with the same parameters as
in Chapter 5.1.1, gave a defect formation energy of 5.45 eV for the octahedral posi-
tion and a defect formation energy of 5.28 eV for the tetrahedral position. We can
therefore conclude that the tetrahedral position is the most stable one. In addition,
the migration barrier represented by a passage between two tetrahedral positions
without passing an octahedral position is only 0.054 eV. Helium will in other words
migrate interstitially between tetrahedral positions at low temperatures and only
occupy the octahedral position if the temperature is high enough to push He into
this position.

In MgO, the sodium chlorine structure offers only one highly symmetric position
in the lattice. The defect formation energy of interstitial He in this postion was
found to be 3.05 eV when calculated with empirical potentials. The migration
energy were calculated to be 0.55 eV. This value is an order of magnitude higher
than the migration energy of He in Mo. This will have an impact on the differences
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Figure 5.3. The two interstitial positions in a bcc lattice. The octahedral to the
left and the tetrahedral to the right.

in nucleation behaviour between Mo and MgO as we will see by the end of this
chapter.

To be able to calculate the full diffusion coefficients of interstitial He in both
Mo and MgO, we needed to calculate ν̃ = ν∗e∆Sm in equation (2.18). In the case of
Mo this factor was estimated by calculating the forces acting on a He atom in the
tetrahedral position, and was found to be ν̃ = 1.3 · 1013 s−1. In MgO the prefactor
was estimated in a similar fashion by using the vibrational modes of an interstitial
He atom in it stable equilibrium position. The prefactor was taken as the highest
vibrational mode of He in this position and was calculated to be ν̃ = 1.1 · 1012 s−1.
Both of these methods only give estimates of ν̃, but the discrepancy between these
prefactors and the actual prefactors at the transition point is expected to have a
negligible impact on the final results.

5.2 Nucleation and growth of voids and bubbles

With the methods presented in previous chapters and the results discussed above
the absorption rates and emission rates of vacancies and He atoms to and from
clusters could be calculated in Mo and MgO and used in rate theory modelling. In
the following we will have a look at some of the results from the modelling, starting
with the nucleation of voids in Mo, continuing to bubble nucleation in the same
material and end with bubble nucleation in MgO.
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Figure 5.4. a) The critical size of a void as a function of temperature and for several
different single vacancy concentrations. The line denoted thermal concentration is
the critical size for a single vacancy concentration corresponding to the thermal
equilibrium concentration of vacancies. b) The critical size of a void as a function
of single vacancy concentration and temperature, the colouring scheme is based on
a logarithmic scale.

5.2.1 Voids in Mo

In equation (3.22) we defined the function F (v) and concluded that it is the gov-
erning function of the drift in the space of void sizes. A positive value of F (v) for a
given void size v and the concentration of voids of this size will tend to increase, and
a negative sign indicates the opposite. Due to the definition of F (v) and the fact
that the defect formation energy of voids, displayed in the inset of Figure 5.1, are
an always increasing function in v, F (v) will also be an always increasing function
in v.

The critical size v∗ was defined in Chapter 3.4.2 as the value of v where F (v)
changes sign. Figure 5.4 a) shows calculated values of v∗ in Mo as a function of
temperature and single vacancy concentration. At low temperatures the critical
size is fairly low and increases as we increase the temperature. We also see that an
increase in single vacancy concentration lowers the critical size due to the increase
in absorption rates. In Figure 5.4 b) we see the same critical size in a contour
plot and as a function of both temperature and single vacancy concentration. The
contour lines increase in a logarithmic scale to better visualise the behaviour at low
critical sizes for which void nucleation can be expected.

It is hard to give an exact critical size for which we can assume nucleation
to actually take place since the diffusion term in equation (3.22) pushes the void
size against the direction given by F (v). The temperature will also determine the
timescale of the nucleation, the lower the temperature the slower the vacancy mi-
gration, the lower the growth rate. So despite low critical sizes at low temperature,
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growth rates can be slow. At higher temperatures where the vacancy migration is
faster, the critical sizes are also generally larger, but the diffusion term in equation
(3.22) will help push void sizes towards the critical size much more effectively than
in the case of lower temperatures. To fully understand the nucleation behaviour
and the kinetics in the system we therefore have to solve the rate equations. Such
solutions will be discussed next, when we have a look at the nucleation of bubbles.

5.2.2 Bubbles in Mo
The Fokker-Planck like equation (3.34) describe the time evolution of bubbles in
the lattice. We could identify two governing functions for the drifts in the space of
He amount and cluster sizes. F1(n, v) governs the drift in He amount of a bubble
for a fixed v and F2(n, v) governs the drift in cluster size for a fixed n. In the case
of n = 0, F2(0, v) = F (v) and the results from the previous discussion apply. In
Chapter 3.4.2 we also introduced the critical amount of He in a bubble, n∗. Going
back to Figure 5.1 and comparing the derivative of the defect formation energy
in the upper figure and the inset, we see that in the case when ∆Ef is expressed
as a function of n the slope of the curve increases as n increases, whereas the
slope of ∆Ef of a void decreases as v increases. This subtile difference has a large
impact on the behaviour of the two functions F1(n, v) and F (v). Where F (v) is
an increasing function in v, F1(n, v) is the opposite in n, at least for larger values
of n. At low values of n, F1(n, v) is positive, reflecting the fact that fewer He
atoms are emitted from a bubble containing a low number of He atoms compared
to the number of He atoms which are absorbed by the bubble. As the number of
He atoms in the bubble increases the pressure increases and the formation energy
of the bubble increases quickly, resulting in a decrease in the transition energy of
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Figure 5.5. The critical amount of He as a function of temperature and interstitial
He concentration in a bubble containing a) one vacancy and b) ten vacancies.
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emission, effectively increasing the emission of He from the bubble. This means
that n∗ is a measure of the maximum amount of He which can be present in a
bubble at a fixed stationary concentration of interstitial He. Figure 5.5 depicts the
critical amount of He as a function of temperature and interstitial He concentration
for v = 1 and v = 10. As we can see, with higher temperature and lower interstitial
He concentration, n∗ decreases. The critical amount of He increases as we increase
v, which is not very surprising considering that this also decreases the pressure in
the bubble.

We now turn to F2(n, v), which governs the drift in the space of vacancy cluster
sizes. Compared to F (v), we now have a function of both He amount and cluster
size. Due to the fact that He stabilises small vacancy clusters, as illustrated by the
inset in Figure 5.1, the behaviour of F2(n, v) for a fixed n 6= 0 is rather different
from the behaviour of F (v). Whereas F (v) is an always increasing function in
v, there exists a range in n in which F2(n, v) is positive for small values of v,
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decreases to negative values for larger values of v and finally reaches a minimum
from where F2(n, v) is an always increasing function in v for larger v. Because
of this, we need to redefine the critical size of a vacancy cluster, v∗. It will now
be defined as the value of v for which F2(n, v) > 0 for all v ≥ v∗. Figure 5.6
depicts the critical size of a vacancy cluster containing zero, two, five and ten
He atoms. As seen, the region of low critical sizes (black region) increases as
the amount of He in a vacancy cluster increases, whereas the region of very high
critical sizes (white region) remain more or less constant. From this we can draw the
conclusion that He will facilitate the nucleation of vacancy clusters by decreasing the
critical size, effectively causing nucleation both at temperatures and single vacancy
concentrations where nucleation of voids does not occur.

The critical amount of He and critical size of a clusters only gives us information
about the long term behaviour of the system. To understand the kinetics of nu-
cleation and growth, the rate equations have to be solved. Two such solutions are
shown in Figure 5.7, these solutions were obtained for a simulation at 800 K, with
a production rate of vacancies Gv = 6.5 ·1022 s−1. In the first simulation no He was
present in the material and in the second the interstitial He concentration was kept
constant at 10−12 He atoms per Mo atom. In the figure we see a clear difference in
the behaviour between the two simulations. In the case of voids, the single vacancy
concentration stabilises at a stationary concentration of 90 ppm, corresponding to
a critical size v∗ = 4. With such a low critical size we expect void nucleation and
growth, and this is also seen in the figure where the concentration of larger voids
increases during the first 1000 s of the irradiation. Turning to the case when He is
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Figure 5.7. The concentration of small vacancy clusters at three different times
during an irradiation at 800 K. solid lines (—) are the case when no He is present in
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is kept constant at 10−6 ppm.
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present in the material, we see a completely different behaviour compared to the
case of voids. In this case, we do not see the same quick drop in concentrations up
to v∗, instead the concentrations of small vacancy clusters are high and we see a
drop at higher values of v, resulting in much lower or basically zero concentration
of larger vacancy clusters. However, for longer times, the concentrations of larger
bubbles slowly increase to values far higher than those of voids. Thus, the presence
of even this low amount of He results in a significant incubation time before swelling
commences, but once starting to swell the rate of swelling can be expected to be
significantly higher than in the case of voids.

The incubation time is a result of the stabilising effect He has on vacancy clus-
ters. This is seen in Figure 5.1 in the minima formed when He is introduced in
vacancy clusters. For values of v at a minimum and slightly above, the transition
energy of emission is lower than for v below a minimum. This leads to an increase
in emission rate of vacancies for bubbles of a size v slightly above a minimum. The
increased emission rates causes vacancy clusters of those sizes to be destabilised,
and we have a region of unstable vacancy cluster sizes which slows down the growth
of larger vacancy clusters. The length in time of this incubation period will depend
on temperature, the higher the temperature, the faster the kinetics of the system
which shortens the incubation period.

5.2.3 Voids and bubbles in MgO
To formulate a rate theory similar to the one above for the case of He and MgO, we
would have to introduce absorption and emission rates of both Mg and O vacancies
along with the absorption and emission rates of He. All concentration would also
have to be labeled by the amount of He atoms, the number of Mg vacancies and
the number of O vacancies. This increases the complexity of the model significantly
and has therefore not been done in the thesis. Instead we formulated a simplified
model where several vacancy clusters of different sizes were created and studied the
behaviour of the system when introducing He. The main purpose of this study was
to understand the temperature and interstitial He concentration for which bubbles
are stable with respect to He content. A rate theory model was therefore formulated
where only absorption and emission rates of He were included and it was solved
for different temperatures and interstitial He concentration. A simple system was
studied with only states of at most three Mg vacancies, three O vacancies and six He
atoms. The simulations were performed in order to model annealing experiments,
where the material was held at a fixed temperature for 30 minutes to resemble
experiments performed by Schut et al. [97] and van Veen et al. [98].

Figure 5.8 a) depicts the concentration of fully filled states with three Mg va-
cancies and three O vacancies at the end of the annealing. Figure 5.8 b) shows the
occupation ratio of these fully filled states, a ratio defined as the concentration of
fully filled states divided by the sum of the concentration of fully filled states and
the concentration of completely empty states. In the figure we can identify three
temperature domains with quite different behaviour. In the first, the low temper-
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ature domain with temperatures between 300 K and 500 K, the concentration is
constant at all temperatures. This indicates a regime where the emission rates are
very low, and almost all He resides inside bubbles. The increase in concentration
of the fully filled vacancy clusters for increasing He concentrations is therefore well
described by a multinomial distribution1. In the second domain, the intermediate
temperature domain with temperatures between 500 K and 1100 K, we start to see
the thermal activation of He emission from vacancy clusters. This means that the
interstitial He concentration increases and thereby also the absorption rate. At
low He concentrations this leads to a slight increase in the concentration of fully
filled states, but at the same time a much larger increase in the concentration of
empty states, as seen by the low occupation ratio. At higher He concentrations
the concentration of empty states remains low and the occupation ratio increases.
At the last temperature domain, with temperatures from 1100 K and above, the

1The process of filling vacancy clusters performed by the absorption rate is equivalent to
throwing a fixed number of balls into different bins, each with a different probability to hit. Such
a process is in probability theory described by the multinomial distribution [99].
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He concentration has a significant impact on the behaviour. Lower He concentra-
tions lead to much less He atoms being absorbed than emitted, whereas higher He
concentrations lead to the formation of almost only fully filled states.

Comparing this case to the case of Mo, we see a much larger dependency on the
He concentration. In other words, for He to stabilise vacancy clusters in MgO the
concentration of He needs to be high enough. There are two factors which together
leads to this pronounced He concentration dependency. First, the migration energy
of interstitial He is an order of magnitude higher in MgO compared to Mo, leading
to a lower diffusion coefficient of interstitial He. Second the transition energies
of emission of He are about one eV lower in MgO compared to Mo, resulting in
significantly higher emission rates of He from bubbles in MgO compared to Mo,
especially at high temperatures. For vacancy clusters in MgO to increase in He
content, i.e. have a larger absorption than emission, the He concentration has to
be high enough to compensate the lower diffusion coefficient and to compensate for
the higher emission rates.

69





Chapter 6

Implications for fuel modelling

In this final chapter we will trying to understand the implications of the results
presented in Chapter 5. To be able to do so we will start by discussing the limita-
tions of the model. The model will also be compared with state of the art swelling
models, to more in detail understand the impact of the limitations. With this
discussion as a starting point we will elaborate on the possibilities to extend the
present model to overcome some of the limitations and be able to fully reproduce
experimental irradiation results. Finally, we will end the chapter with conclusions
regarding the irradiation behaviour of inert fuel with respect to swelling.

6.1 Limitations of the present model

We will here start by discussing the model describing void nucleation from Chapter
3.4.1, for which we have a reference in the production bias model from Chapter 2.4.
The PBM will function as the point of reference from which we can understand the
limitations of the derived model. In a first quick comparison with the PBM, it seems
like the present model is far to simplified to actually describe any underlying physics
of nucleation, growth and swelling. Nevertheless, as we will see when starting to
look at the details, the present model actually describes the important mechanisms
of the first stage of nucleation.

Already in Chapter 3.4.3, we showed that not including self-interstitials when
calculating the critical size of a vacancy cluster could be corrected for by introducing
an effective vacancy concentration. Apart from self-interstitials, the present model
disregards vacancy loops, immobile interstitial clusters and dislocations. Neither
of these three are mobile and do therefore only effect the concentrations of single
vacancies and self-interstitials by acting as sinks, and in the case of vacancy loops
and immobile interstitial clusters, sources of vacancies and self-interstitials respec-
tively. If we therefore assume the system to, at some point in time, stabilise in such
a way that the concentrations of vacancies and self-interstitials reaches stationary
values, the critical size of a cluster, shown in Figure 5.4, is correct for the stationary
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effective concentration of vacancies.
Including He in the discussion does not change the arguments. Vacancy loops

and dislocations would act as sinks also for interstitial He atoms, and vacancy loops
containing He will act as a source of interstitial He. However, with a constant He
production there are no reason not to assume the interstitial He concentration to
reach a stationery value at some pont in time. Since the introduction of vacancy
loops and dislocations only have a direct impact on the interstitial He concentration,
equation (3.34) remains unchanged. The implication of a stationary interstitial He
concentration and an unchanged equation (3.34) is that the definition of the critical
amount of He still holds if vacancy loops and dislocations would be introduced. The
result in Figure 5.5 are therefore valid given a stationary concentration of interstitial
He.

As was pointed out in Chapter 5.2.2, the two governing functions, F1(n, v)
and F2(n, v), of the drift in the space of He amount and vacancy cluster size are
independent in the sense that they are defined by different rates. This results in
that the derivation of the critical size of a bubble is fully valid by the same reasoning
as the critical size in the case of voids if vacancy loops, immobile interstitial clusters
and dislocations are included in the model. The results in Figue 5.6 is therefore also
correct in the case of more complex model reaching a stationary effective vacancy
concentration.

The present model does result in stationary single vacancy and interstitial He
concentrations, as we saw when solving the rate equations in Chapters 5.2.2 and
5.2.3. However, the resulting stationary concentrations are most likely much to
high than would be the case would vacancy loops, immobile interstitial clusters and
dislocations be taken into account in the model. This means that the model does not
describe the kinetics of the system correctly, at least not for longer times, resulting
in incorrect predictions of growth rates and swelling. On a shorter timescale, in
which the first stage of nucleation occurs, the model does include enough details to
describe the creation of vacancy clusters and their stability. The model therefore
serves as a tool to understand the conditions under which nucleation occurs and
swelling begins.

6.2 Extending the present model

The strength in the present model is the accurate description of the energetics of
vacancy clusters, which makes it possible to describe the first stage of nucleation
correctly. For it to be accurate on a longer timescale, and be able to describe
growth rates and swelling for a full irradiation experiment, one need to include
self-interstitials, vacancy loops, interstitial clusters and dislocations in the model.
Including the three first, means introducing rate equations describing the evolution
of the concentration of these defects. To include the impact of dislocation on the
system, terms describing these sinks have to be included in the rate equations of
any mobile defect in the model. This is fairly easy to do and all that is needed

72



6.3. CONCLUSIONS FOR INERT MATRIX FUEL

is to know the sink strength of dislocations for each of the mobile defects. The
sink strength can be calculated from first-principle calculations or other atomistic
modelling tools.

Formulating rate equations for the concentrations of self-interstitials, vacancy
loops and interstitial clusters are also quite straight forward. Most of the terms
needed are derived by Singh et al. [22] within the framework of the PBM, and can
be found in Chapter 2.4. However, to be able to formulate a model applicable to a
wider range of materials we need a formalism in which the parameters are possible to
estimate from general material properties or from atomistic modelling. This is one
of the two challenges if the present model are to be extended. Namely, to acquire
model parameters without fitting to already performed irradiation experiments.

The second challenge when trying to extend the present model to be able to
estimate swelling rates accurately is the complexity of the model. As was mentioned
in Chapter 3.4.2 introducing of He in the model increases the size of the system
considerably. To calculate the long term behaviour of the system we need both N
and V to be well beyond 10000. If we try to solve the rate equations (3.24)–(3.33)
without any simplifications we would have a system of more than 108 non-linear
equations. To be able to solve that system in a reasonable time we can use rate
equations for small vacancy clusters and the Fokker-Planck like equation for larger
systems. By a smart discretisation of the Fokker-Planck equation, where the He
amount and cluster size is divided into larger and larger batches as we increase n
and v the computational burden can be reduced considerably. This approach has
been proven to work efficiently for voids in Fe [100]. The rate equations can also
be solved directly by the means of Monte-Carlo methods as shown by Surh et al.
[101] who solved a similar rate theory of bubbles by such a method to understand
the impact of coalescence on the growth behaviour.

6.3 Conclusions for inert matrix fuel

We have now concluded that the present model does describe the nucleation be-
haviour of vacancy clusters accurately. However, due to the lack of a description
of sinks like dislocations, grain boundaries and vacancy and interstitial loops, the
model does not reproduce the correct single vacancy concentrations, and therefore
neither the swelling rate during an irradiation experiment. This is of course due
to an overestimation of single vacancy concentration. However, even if the swelling
behaviour is not well reproduced in the model, we are still able to draw some con-
clusions on the actual irradiation behaviour of CERMET and CERCER fuel thanks
to the accurate nucleation behaviour described in the model.

Compared to cladding material or other structural material in a reactor, a fuel
material will be subject to much higher temperatures. Typically we can expect
centre line temperatures ranging between 1000 K and 1200 K during normal op-
erational conditions and even higher at transient conditions [14]. To understand
the vacancy cluster nucleation behaviour in the CERMET fuel, Figure 6.1 shows
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Figure 6.1. The concentration of vacancy clusters of different size during the early
stages of two simulations of an irradiation experiment with a constant interstitial
He concentration of 10−6 ppm and a dose rate of 10−5 dpa s−1. Solid lines (—) for
a temperature of 1073 K and dashed lines (---) for a temperature of 1473 K.

the time evolution of vacancy clusters for two simulated irradiations at 1073 K and
1473 K, both with a constant interstitial He concentration of 10−6 ppm and a dose
rate of 10−5 dpa s−1. If there would be no He present in the matrix, the tempera-
tures are high enough for the critical size of a void to be sufficiently large for there
to be no void nucleation. When we include He in the simulation we see a completely
different behaviour. At the lower temperature, 1073 K, we see a very pronounced
example of incubated swelling. Small stable vacancy clusters are formed in high
concentrations, whereas larger vacancy clusters are unstable and effectively reduces
the growth. The small vacancy clusters function as sinks for the single vacancies,
whose concentration decreases rapidly once small vacancy clusters start to nucleate,
as seen in Figure 6.2.

At the higher temperature, 1473 K, we see we a completely different behaviour.
The kinetics are very fast at this temperature. As soon as the single vacancy con-
centration exceeds a certain threshold, vacancy clusters nucleate and grow rapidly.
This causes the single vacancy concentration in Figure 6.2 to decrease, increasing
the critical size of a vacancy cluster. This does in turn cause the concentrations of
intermediate size vacancy clusters to decrease, leaving only small clusters stabilised
by He and any large clusters which still have a size above the critical size. Now the
single vacancy concentration increases once again, since the total concentration of
sinks (vacancy clusters) has decreased. The increased single vacancy concentration
lowers the critical size, and vacancy clusters starts to grow once again. This time
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Figure 6.2. Single vacancy concentrations in two irradiation experiments at 1073 K
(solid lines) and 1473 K (dashed lines), both with an interstitial He concentration of
10−6 ppm and a dose rate of 10−5 dpa s−1.

with a higher concentration of small vacancy cluster stabilised by their He content.
To better understand what is happening at the higher temperature, we have to

go back to Figure 5.6 and compare the change in critical size as we increase the
single vacancy concentration. Especially when He is present in vacancy clusters, the
change in critical size at the higher temperature is very rapid. This is the reason
for not only the collapse of the intermediate size clusters in the simulation, but
also the first period of growth in the simulation. Due to the high temperature the
diffusion coefficient of interstitial He is very high, the very few vacancy clusters first
formed will therefore be filled with He levels close to n∗. This lowers the critical size
to below 4, in other words nucleation and growth will commence. At the second
growth period, the single vacancy concentration is lower and the critical size larger.
We therefore see a slower, but more sustainable growth of large vacancy clusters.

From this we can conclude that He will have a significant impact on the swelling
behaviour of CERMET fuel. However, the exact swelling behaviour will be critically
dependent on the temperature. At low operational temperatures there will be an
incubation time before any significant swelling will occur. At higher temperatures,
associated with transient scenarios or high power configurations, the fast kinetics
and rapid change in critical size of vacancy clusters as function of single vacancy
concentration will result in significant swelling even at low doses. The only way to
avoid this is to increase the existing sinks of single vacancies, by having a material
with a high dislocation density and small grain sizes.

For the CERCER, the situation is slightly different. As we saw in Chapter 5,
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we need a much higher interstitial He concentration for the critical amount of He
to increase beyond unity. This means that we most likely can draw conclusions on
the swelling behaviour of CERCER fuels from what is known about irradiation of
MgO without He content. In irradiation experiments with no He present in the
materials, MgO has been shown to have a similar irradiation behaviour as metals
[102], we would therefore expect the swelling rate of a CERMET fuel to decrease
as the temperature is increased.
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