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Abstract: currently operational non-destructive testing methods for pavements have many 

drawbacks that need improvement. This thesis investigates the possibility of utilizing the normal 

incidence reflection coefficient of acoustic waves in characterizing and studying of porous 

granular materials. The reflection coefficient of acoustic waves carries information about the 

physical parameters of materials. The fouling process in ballast layer and the compaction 

progress in sand and road base layers are the main focus of this study. Simplified fluid equivalent 

models are used to characterize and study the granular porous layers. The Delany- Bazley and 

Johnson- Allard models which require few non-acoustical material parameters are used in this 

analysis. A one dimensional problem which involves a porous layer backed by an infinite 

impedance surface has been solved in Matlab. The results from the two models have been 

compared and parametric studies of non-acoustical parameters have been also done. The study 

concludes the possibility of a new non-contact non –destructive testing method for unbound 

granular layers which utilize the reflection coefficient of acoustic waves. 
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1. Introduction 

1.1 Background 

In civil engineering constructions it is necessary to assess the quality of ongoing work or the 

already constructed work. The testing methods that are currently being used in predominant civil 

engineering projects have their own drawbacks. They are ineffective when one considers their 

destructive nature, the time they consume and the expense they incur. Conventional and to some 

extent non-destructive testing methods for pavements and railways share many of these 

drawbacks.  

An efficient and accurate non-destructive testing method which eliminates most of the 

drawbacks of existing test methods will have a paramount importance in pavement construction 

and management. Moreover, the newly developed M-E design method requires material 

properties of the pavement being designed or maintained in order to be effective which makes 

fast, reliable and inexpensive test methods vital. Sound waves, which have been successfully 

used in medical imagining, can be a good alternative. The reflection coefficients of acoustic 

wave carry information about the material from which it is reflected. This principle has been 

investigated in this study to establish a correlation between the reflection coefficient and material 

parameters of granular layers. 

1.2 Objectives 

The primary objective of this thesis is to study the possibility of utilizing acoustic wave 

reflection coefficients for the development of new non-contact non-destructive test. By utilizing 

the reflection coefficient, this new test will give information about various parameters of porous 

granular materials. The study also includes different models characterization of granular porous 

materials and the interaction between mechanical waves and granular materials. 

1.3 Methods  

In this thesis, the granular porous materials are characterized by simplified equivalent fluid 

models. A one dimensional normal plane acoustic wave is used in the calculation to simplify the 

whole process.  
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2. Existing non-destructive pavement testing methods 

2.1 Introduction 

There are currently many non-destructive test methods that are being used to monitor the quality 

of pavements. These tests have many advantages that make them very preferable to the 

traditional quality control methods. If they are employed in on-service pavements, test can be 

done with minimal disruption to traffic, minimal or no damage to the pavement and a reliable 

result can be obtained in a very quick manner. Moreover, the reliability of field non-destructive 

tests can be improved by calibrating them with laboratory non-destructive tests or conventional 

tests like resonance column and ultrasonic testing methods. In addition, their non-destructive 

nature enables the engineer to perform several tests at a given point which can be used later for 

statistical reliability calculations (Goel and Das, 2008). These non-destructive quality control 

methods can be used to assess the volumetric, functional and structural status of a given 

pavement. However, most non-destructive testes except a few are specific point tests, this put 

limitations on their ability to find out irregularities in the pavement being tested
 
(NCHRP, 2009).  

In order to obtain the desired results, most non-destructive pavement testing methods that are 

operational currently employ sophisticated methods and procedures. They need different 

assumptions and modeling in order to collect and interpret data. Many of these testing methods 

use the forward approach to collect data and the reverse approach to evaluate and interpret this 

collected information. In forward approach, the pavement being tested is idealized so that its 

response to some kind of stimulus can be evaluated. In most cases, a simple modeling in which 

the pavement is idealized as a linear, elastic, isotropic and horizontally layered media is used. 

This kind of modeling facilitates the data acquisition process greatly. However, this model does 

not actually represent the reality on the ground so in case of importance or when a more accurate 

result is needed, a very complex model that is close to the reality should be put in to use. In 

addition, the seismic /loading response of pavements is quite complex that make the whole 

situations of modeling a difficult task. In the inverse approach, an unconstrained optimization 

scheme is applied to the collected data to estimate the desired properties of the pavement. Initial 

values are assumed for the unknown parameters and subsequent errors are minimized by using 

iterations which recalls the forward process (Goel and Das, 2008). 
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In the new mechanistic empirical (M-E) design method, laboratory measured material moduli 

like unbound layers resilient modulus and HMA layer dynamic modulus are input parameters in 

the structural design of pavements. Although the accuracy between the different tests differ 

significantly and they need some kind of improvement, most currently operational non- 

destructive testing methods can predict the modulus of a given pavement layer either in the 

laboratory or in the field with a reasonable accuracy. This gives them a very important edge for 

future involvement in pavement testing and evaluation (NCHRP, 2009). 

These are the main non-destructive testing methods which have found some kind of application 

in quality control of pavements. Their basic working principle and the scope of their application 

along with future potential are discussed in detail. 

2.2 Deflection-Based methods 

In this method, vertical deflections due to an applied load on a pavement surface are measured 

and evaluated to estimate the required parameters. The load can be static, steady-state harmonic 

or transient impulse. The vertical deflections could be measured by using velocity transducers 

(Geophone) or a dial gauge. The following are the main deflection based NDT methods (Goel 

and Das, 2008). 

 Static loading method – The Benkelman beam deflection test (BBD) falls on this category. 

It is a simple and relatively inexpensive test where a static load is applied to a test section and 

the resulting deflection is measured. This method measures the deflection caused by the dual 

tyres of a loaded truck. While measuring the deflections caused by the load, the influence of 

the deflection bowl on the readings must be considered. This method is mainly used to find 

out whether a given pavement needs resurfacing or not, a deflection value which is higher 

than the allowable indicates an overlay is necessary. In addition to being slow, the BBD test 

is a point test which has limited its potential application. However, this limitation has been 

improved by the introduction of the Rolling weight deflectometer (RWD). Rolling weight 

deflectometer (RWD) can perform multi-point probing with improved accuracy while 

employing the same principle as the BBD (Goel and Das, 2008). 
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        Figure 1. Benkelman beam deflection measuring equipment (Goel and Das, 2008) 

 Steady state loading – A low frequency oscillatory load is applied to the pavement surface 

and the subsequent deflection response is recorded by Geophones. The dynamic load which 

is applied either by counter rotating mass or electro-hydraulic system is distributed equally 

by the two trailer wheels in to the pavement surface. The good advantage of this method is 

that the measured deflections are free from the influence of the deflection bowl. However, 

the magnitude and duration of the load applied does not represent the actual in-situ 

conditions (Goel and Das, 2008). 

 

 Falling weight deflectometer (FWD) – In this method, a dynamic load which is equivalent 

in magnitude and duration to a single heavy moving wheel load is applied to the pavement 

surface. The response of the pavement can be measured by a series of geophones that 

measure the resulting vertical deflections in a given area (NCHRP, 2009). The applied load is 

adjusted in such a way that the magnitude, duration and contact area of the load resembles 

actual in-service standard truck load conditions. The peak load can be controlled by varying 

the falling mass, the drop height and the spring constant. The time of impulse load may vary 

between 0.025 and 0.3s and the applied load may vary between 4.45 and 156 KN
 
(Goel and 

Das, 2008). This method enables the engineer to determine a deflection basin caused by a 

controlled load. Thus, making it possible to determine the stiffness of existing pavements for 

rehabilitation purpose. The elastic modulus of each layer is then evaluated from the 

deflection basin by separate software that employs back calculations. Back calculation 
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methods do not determine unique elastic modulus values and are also sensitive to the 

variations of layer thickness (NCHRP, 2009). 

 

 
 

      Figure 2.  Schematic of a typical FWD test set up (NCHRP, 2009). 

 

In FWD method, the actual in-service loading conditions are simulated. This method also 

enables the user to conduct and measure the deflections without closing off traffic. However, 

the FWD method is expensive, the test apparatus is heavy and inverse analysis is very 

complex (Goel and Das, 2008). The other drawback of this method is that the test operator 

needs sophisticated training for setting up the equipment and to interpret the deflection basin 

data. In addition, the calculated stiffness values for the upper layer depend on the variability 

of the supporting layers, making it less reliable. Other disadvantage sides of this method are 

the time required which is approximately 2 minutes and the minimum thickness requirement 

of 3 inches for estimating the stiffness of a given layer (NCHRP, 2009).  

Because of mentioned drawbacks, the FWD test is less effective and not practically ideal for 

pavements. A new method that eliminates the current drawbacks like size of the system, time 

needed to perform each test, data interpretation software and the expense to conduct a test is 

needed in order to make this method competitive (NCHRP, 2009) . Some of these problems 

have been solved by the introduction of rolling dynamic deflectometer (RDD) where the 

vehicle moves slowly while taking continuous deflection measurements by using rolling 

sensors (Goel and Das, 2008) . 
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2.3 Steady-state vibratory – GeoGauge 

The Geogauge method is used to estimate the stiffness of soils and unbound layers. It displays 

the estimated stiffness on its gauge which can be downloaded to a computer at a later time. The 

estimated stiffness, which is a function of density and water content, is equivalent with the one 

that is measured in the laboratory. The process of measurement, with a few exceptions, is 

identical to that of the state-of-the-art nuclear density gauge instrument. In this method, a thin 

layer of moist sand is spread at the test spot to facilitate the contact between the ring under the 

gauge and the pavement surface. This layer of sand should be thick enough to fill the voids on 

the surface and enables the Geogauge to have contact with 75 percent of the surface area 

(NCHRP, 2009).   

   
 

 Figure 3.  Humboldt GeoGauge (NCHRP, 2009).  

To perform a given test with a GeoGauge requires 75 seconds which is greater than that of the 

time required for a nuclear density gauge (60 seconds). However, this method can be used 

without posing any hindrance to the progress of construction and can also be used in new 

pavement constructions to compare the modulus growth with that of level of compaction. The 



7 
 

other advantage is that the test can be performed by technicians who are familiar with nuclear 

density gauge. Nevertheless, caution is necessary when this method is used in non-cohesive and 

well graded sands as it results in high variability. The other disadvantage of GeoGauge is that it 

needs proper material calibration in testing thin (less than 4 inches) or thick pavements (greater 

than 12 inches) (NCHRP, 2009).   

2.4 Stress or elastic wave method 

In this kind of tests, the property and principle of elastic wave propagation is utilized in order to 

analyze multi layered pavements. Elastic waves are mechanical waves that can be generated 

through drop weight, strike-hammer or a transducer and can be sensed or received by 

accelerometer (transducer receiver). The required parameters are estimated after collecting and 

analyzing the data by a data acquisition system. In this method, a suitable correction is required 

as the estimated seismic moduli are larger than that of the values obtained from deflection 

methods. This is mainly because of the fact that a low magnitude loading at higher strain rate is 

applied. The following are the main elastic wave based NDT methods (Goel and Das, 2008).  

 
 Pulse velocity method – In this method, the velocity of the primary wave (VP) is estimated 

from the experiment and later used to calculate the dynamic elastic modulus (E) or the 

Poisson‟s ratio (ν) values by using the following equations.  

 

                   
𝑉𝑝

𝑉𝑠
 =  

2(1−𝑣)

(1−2𝑣)
                                                                                             [1] 

 
                   E = 2ρ𝑉𝑠

2 (1+v)                                                                                                          [2] 

 

In the above equations, VP and Vs are the primary and secondary body wave velocities, ρ is 

the bulk density, ν is the Poisson‟s ratio and E is the stiffness modulus. The test set-up 

consists of, as can be shown in the following figure, a wave-pulse transmitter Tx and a 

transducer receiver Rx that are placed at some distance apart. By recording the transient time 

elapsed in data acquisition unit, the elastic wave velocity can be calculated. For field in-situ 

pavement testing, the indirect approach is selected as only the top surface is available for 

testing. A good advantage of this method is that it enables the user to assess the homogeneity 

of the pavement layer by studying the variation of the P-wave velocity in the medium. It has 
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been also revealed in recent studies that ultrasonic based PV method can be used to monitor 

top-down cracking, fatigue damage and crack healing in asphalt pavements (Goel and Das, 

2008). 

 

 
 

Figure 4. Transducer configurations a) direct, b) semi-direct c) indirect transmission of waves 

(Goel and Das, 2008)  

                       

 Spectral analysis of surface waves method (SASW) – A relatively simple and portable 

technique that uses surface waves for pavement testing. A range of frequencies which are 

generated by hammer-impact surface wave source and received by two transducer receivers 

are analyzed by employing spectral analysis for signal processing. The elastic modulus and 

thickness of pavement layers can be estimated while operating at negligible strain level. In 

this method, it is assumed that only the fundamental mode of the Rayleigh wave is generated 

and recorded, higher modes of R-wave are usually neglected. The S-wave velocity, which is 

the characteristic engineering property of a material, is determined and later used to calculate 

the required parameters. Three-step evaluation procedure is commonly used  

 

i. Generation of experimental dispersion curve (EDC) 

ii. Forward modeling of R-wave dispersion and 

iii. Inversion to generate vertical stiffness profile of the test section (Goel and Das 2006) 
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          Figure 5.  A typical SASW test set-up (Goel and Das, 2008) 

 

Different methods of higher capabilities that use the basic evaluation method as above have 

been introduced. The multi-channel analysis of surface waves (MASW) which uses more 

than two receivers and introduced by Park can detect higher modes of propagation present in 

the surface wave. By this method, a more accurate dispersion curve can be generated. 

Another introduction that works by the same technique as MASW is multichannel simulation 

using one receiver (MSOR). This method uses one receiver and a moving source (or vice 

versa) in order to collect a number of data sets and then use the data to simulate multichannel 

data. Depth of surface cracks and elastic modulus of asphalt layer have been successfully 

predicted by ultrasonic surface waves (Goel and Das, 2008).    

 
2.5 Ground penetrating radar (GPR)  

This is a typical pulse-echo method that uses radio waves to study the property and to measure 

the thickness of pavement layers. Radio waves are transmitted to the pavement surface from 

moving antennas. These waves after penetrating the pavement surface are reflected back at 

dissimilar material boundaries. This method can be used to characterize and study HMA, 

unbound aggregate base and embankment soils. By using air-coupled horn antennas attached to 

the back of a small SUV, the speed of data collection can be made simple and easy. The data can 

be collected driving at 40 mph and this speed can be increased further with little enhancement to 

the equipment and the data acquisition system. Thus, data can be collected without affecting the 

contractor progress. The collected data is not affected by the temperature condition of the 

pavement which is a good advantage point to be used in HMA (NCHRP, 2009).    
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 Figure 6. Air coupled GPR attached to a survey vehicle (NCHRP, 2009).   

 

This system is easy to operate and gives results immediately in the form of dielectric values.  The 

results are in the form of „picture‟ of the pavement system. In addition, these continuous 

dielectric values of the pavement system can be used later to produce layer thickness profiles and 

complete contours of the layers in short period of time. However, this method requires an 

operator with a special skill to interpret the result which has a physical meaning to the quality 

control. This can be facilitated by using a software program which interprets the data with 

different color code charts and contours of the material. These software programs need 

volumetric assumptions (density, air voids, moisture content) to interpret the dielectric values 

which can result in wrong estimation of the required pavement parameters (NCHRP, 2009).   
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3. Seismic or Elastic waves 

3.1 Introduction 

Seismic waves are energy waves that involve in the event of propagating a source in a wave 

guide. Well known wave sources include impacts, explosives or the evolutions of material 

defects. During its propagation, the structural, mechanical and geometrical properties of the 

wave guide affect the seismic wave, thus shaping its characteristics. This disturbance propagates 

in a given medium with a finite velocity which is referred to as wave velocity. At the same time, 

during its passage in a given medium, individual particles of the medium exhibit a limited 

vibration. In solids, this propagation of seismic waves can be viewed as time dependent 

displacements. Furthermore, in solids which exhibit elastic properties, this wave can be 

considered as elastic wave. At moderate load and temperature conditions, most solid parameters 

can be described approximately by linear relations. Waves transfer energy through space and has 

an ability to reach anywhere in the medium, these qualities give them a practical significance 

(Beltzer, 1988). 

Seismic wave propagation in a heterogeneous medium is very complex to describe so 

assumptions are needed to simplify the equations. The heterogeneity problem can be solved by 

assuming a homogeneous condition. This is done by dividing the medium into parallel layers and 

by assuming properties (thickness, density, elastic properties) which are exact to the actual 

conditions. Though it does not hold near the seismic source, the wave is assumed to propagate by 

an elastic displacement. At the source, the particles are displaced permanently causing anelastic 

deformation. However, after the wave travels some distance from the source, the wave amplitude 

decreases and the wave travels without causing permanent deformation to the particles of the 

medium. Instead, the particles deform elastically in harmonic motion to let the passage of the 

wave (Lowrie, 2007). 

In a homogeneous medium, seismic energy is transmitted as body waves and surface waves. 

When there is a release of seismic energy near the surface, part of it will be propagated in the 

body of the medium as body waves and the other remaining part spreads out to the surface as 

surface waves (Lowrie, 2007). 
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3.2 Elasticity theory  

The basic equations governing wave propagation in an infinite elastic medium are derived from 

the linear theory of elasticity (Hooks law). A force F (F1 F2 and F3) applied to a rectangular 

prism P with area A (A1, A2 and A3) in orthogonal Cartesian coordinate system (x1, x2 and x3) 

produces stresses in the respective three directions. On area A1, the force F1 induces a normal 

stress ζ11 and that of forces F2 and F3 produce shear stresses ζ21 and ζ31 respectively. In a similar 

way, on areas A2 and A3 the corresponding forces give normal and shear stresses. In the whole, 

nine stresses that completely define the state of stress of a body are produced. The induced 

stresses due to the applied load can be represented by the stressmatrix.   

                                          𝜎𝑖𝑗  =  

𝜎11 𝜎12 𝜎13

𝜎21 𝜎22 𝜎23

𝜎31 𝜎32 𝜎33

  

Figure 7.   Stress matrix 

In the case of irrotational deformation, the values of ζ12 and ζ21, ζ13 and ζ31, ζ23 and ζ32 are the 

same so only six independent elements of the stressmatrix remains. 

Under load, a body deforms and distorts longitudinally and transversally. In an elastic body, the 

displacement of a point (x1, x2, x3) by an infinitesimal amount to the point (x1+ u1, x2+ u2, x3+ u3) 

can be accounted by longitudinal and shear strains. The longitudinal strains are accounted by e11, 

e22 and e33 which consider the deformations in x1, x2 and x3 axes respectively. The strains in the 

principal directions are dependent and interrelated by the Poisson‟s ratio ν. The shear strains are 

caused by the shear stresses which cause angular deformation and distortions to the body. The 

strains caused by the stresses can be described by a strainmatrix (Lowrie, 2007).  

                                       𝑒𝑖𝑗  =  

𝑒11 𝑒12 𝑒13

𝑒21 𝑒22 𝑒23

𝑒31 𝑒32 𝑒33

  

 Figure 8. Strainmatrix 

The cubical dilatation is the limit of the ratio of the change in the volume to the initial volume 

when the dimensions of the initial volume approach zero (Allard and Atalla, 2009). 
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                  θ = e11 + e22 + e33 = 
𝜕𝑢1

𝜕𝑥1
 + 

𝜕𝑢2

𝜕𝑥2
 + 

𝜕𝑢3

𝜕𝑥3
                                                             [3] 

According to Hook‟s law, when a body deforms elastically, there is a linear relationship between 

the strain generated and the stress imposed. The elastic modulus is the ratio of stress to that of 

strain and for different types of deformations this ratio can be taken as the Young‟s modulus, the 

rigidity (shear) modulus and the bulk modulus. 

The Young modulus defines the longitudinal extension of a body deformation. 

                ζ11 = Eɛ11                         ζ22 = Eɛ22                         ζ33 = Eɛ33                                            [4] 

The rigidity (shear) modulus defines the shear deformations. In each plane, the shear stress is 

proportional to the shear strain. The rigidity (shear) modulus μ is the proportionality constant. 

                 ζ12 = 2μɛ12                       ζ23 = 2μɛ23                            ζ31 = 2μɛ31                                           [5] 

The bulk modulus is defined from the dilatational changes experienced by a body while 

subjected to a hydrostatic pressure. The inward normal stresses in every direction are equal to the 

hydrostatic pressure –P whereas the shear stresses are zero. The bulk modulus of the material K 

is the ratio of the hydro static pressure to that of the volume change θ. 

                        K = -P/θ                                                                                                                 [6]                                                                                                

The hydrostatic pressure leads to a negative volume change which makes the bulk modulus 

positive for all materials. In this case, the deformation is irrotational as there are no associated 

shear stresses (Allard and Atalla, 2009). 

The bulk and shear moduli can be expressed in terms of the Young modulus E and Poisson‟s 

ratio ν as follows. 

                     K = 
𝐸

3(1−2𝜈)
                                                                                                                       [7]           

                      G = μ =
𝐸

2(1+𝑣)
                                                                                                                    [8] 

The Young modulus E and the Poisson‟s ratio ν are related to the lame coefficients (μ and λ) by 



14 
 

                     E = 
𝜇 (3𝜆+2𝜇 )

(𝜆+𝜇 )
                                                                                                                     [9] 

                       ν = 
𝜆

2(𝜆+𝜇 )
                                                                                                                        [10]  

3.3 Body waves 

In the interior of an isotropic elastic medium, two types of body waves exist. The first one is the 

primary or dilatational waves (P-wave) for which polarization and propagation directions 

coincide. These waves propagate with a velocity VP and are influenced by both the bulk and 

shear moduli of the medium. The other is the secondary or shear waves (S-waves), in this case, 

the particle displacement and the direction of propagation are mutually normal thus creating a 

transverse wave. Shear waves which propagate with a velocity Vs are only governed by the shear 

modulus of the medium. (Beltzer, 1988)  

Near the source in a homogenous medium the wavefront (a surface where all particles vibrate 

with the same phase) of a body wave travels in a spherical shape pattern and the wave is called a 

spherical wave. Nevertheless, at sufficiently large distance from the source as the curvature 

becomes very small this pattern can be assumed as a plane and the wave as a plane wave. This 

enables us to use the orthogonal Cartesian coordinate system which simplifies the description of 

harmonic motion (Lowrie, 2007).  

  
 

Figure 9.   Primary and secondary waves 
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By assuming movement only in one direction, the Primary wave speed calculation could be 

simplified. Let the x1 axis in Cartesian coordinate system be the wave propagation direction, this 

leaves the x2 and x3 axes in the plane of the wavefront. When the wave propagates in the x1 

direction, the particles of the medium also move harmonically back and forth in the same 

direction. This produces a body wave which transmits by rarefactions and condensations. 

The area of the wavefront which is perpendicular to the x1-direction is A1 and the wave motion 

can be considered as one directional. At a distance x1, the propagation of the wave produces a 

force F1 and a displacement u1. After an infinitesimal distances dx1, the same wave produces a 

force F1 + dF1 and a displacement u1 + du1. The force F1 is the result of the stress ζ11 which is 

applied to A1. The density of the material is ρ. The one directional equation of motion can be 

written as follows: 

                    (F1 + dF1) – F1 = dF1 = 
𝜕𝐹1

𝜕𝑥1
 dx1                                                                                        [11]               

                    (ρdx1A1) 
𝜕2𝑢1

𝜕𝑡2
 = dx1 A1  

𝜕𝜎11

𝜕𝑥1
                                                                                          [12] 

The stress can be expressed in terms of the young modulus and the strain,  

                     ζ11 = Ee11 = E 
𝜕𝑢1

𝜕𝑥1
                                                                                                                        [13] 

Substituting equation 13 in to equation 12 gives the one dimensional wave equation. 

                       
𝜕2𝑢1

𝜕𝑡2
   = V

2 
𝜕2𝑢1

𝜕𝑥1
2                                                                                                                          [14] 

Where V is the velocity of the wave given as follow 

                    V =  
𝐸

𝜌
                                                                                                                                             [15] 

The above equation is derived assuming only the deformation changes in 𝑥1 direction, neglecting 

the associated changes in 𝑥2 and 𝑥3 directions. However, the elastic elongation in a given 

direction in an elastic solid is accompanied by changes in the transverse directions as well. This 
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makes the area A1 of the wave front to vary .This variation can be considered by the Poisson‟s 

ratio which establishes a relation between the strain changes in the longitudinal direction with 

that of the transverse directions. A three dimensional analysis that considers the strain changes in 

every direction is needed to solve the problem. This can be done by considering the change in the 

volume of the medium. Therefore, the equation of the compression wave in the x1-direction 

becomes  

                     
𝜕2𝜃

𝜕𝑡2
 = α

2
 
𝜕

2
𝜃

𝜕𝑥1
2                                                                                                                      [16] 

Where α is the wave speed in three dimensions and given as follows 

                   VP =  
𝜆+2𝜇

𝜌
 =  (𝑘 +

4𝜇

3
)/𝜌                                                                                   [17] 

The primary wave or p-wave is the fastest of all the seismic waves. During the event of an 

earthquake, it is the first to reach a recording station. As can be seen from equation 17, it can 

travel in solid, liquid and gas. In liquid and gas, as they lack shear support (μ = 0), the 

compression wave velocity will be  

                  VP =  
𝐾

𝜌
                                                                                                                    [18]  

The wave while propagating in the x1 direction also makes the particles to distort and rotate in 

the x2 and x3 directions.  The vibrations along the x2 and x3 axes are parallel to the wavefront and 

transverse to the propagation direction. Though it is possible to analyze the vibration along the 

vertical and horizontal planes together, it is very convenient to analyze it separately.  

Consider the distortion of a body that has a small thickness dx1 in x1 direction and separated by 

two vertical planes in x1 x3 coordinate system. During wave propagation, the vertical planes jump 

up and down and the body experiences shape distortion. At a distance x1, the propagating wave 

produces a force F3 and a vertical displacement u3 in the x3 direction. After a distance dx1, the 

same disturbance produces a force F3 +dF3 and a displacement u3 +du3 in the same direction. F3 

is the result of the shear stress, ζ13 that acts on A1. The density of the material is ρ. 
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                 (ρdx1A1)
 𝜕

2
𝑢3

𝜕𝑡2  = (dx1A1) 
𝜕𝜎13

𝜕𝑥1
                                                                                    [19] 

For an isotropic elastic material, lame‟s expressions for Hook‟s law are: 

                             ζij = λθδij + 2μеij                                                                                                                                      [20] 

Where δij is the Kronecker delta: 

                              δij = 1                                         if i=j                                                            [21] 

                              δij = 0                                          if i≠j 

In this case, as x1 ≠ x3 the shear stress ζ13 and the shear strain ɛ13 will be given as follows: 

                      ζ13 = 2μɛ13                                                                                                             [22] 

                      ɛ13 = 
1

2 
(
𝜕𝑢3

𝜕𝑥1
 +

𝜕𝑢1

𝜕𝑥3
)                                                                                                 [23] 

For a one dimensional shear motion, the small distance dx1 remains constant which makes du1 

and ∂u1/∂x3 zero, so the new ɛ13 would become ½(∂u3/∂x1). Substituting this new value in 

equation 22 and by substituting and rearranging this new value in equation 19 we get  

                                  
 𝜕2𝑢3  

𝜕𝑡2
 = β 

 𝜕2𝑢3

𝜕𝑥1
2                                                                                                          [24] 

 

Where β is the velocity of the shear wave and given by: 

                        Vs= 
𝜇

𝜌
                                                                                                                [25] 

The only elastic property that determines the value of shear wave velocity is the shear modulus. 

In liquids and gases, shear waves cannot propagate as these medium lack shear modulus. In the 

event of an earthquake, they arrive at a later time at an earthquake observation station. They are 

often referred to as secondary or S-wave. 
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During the passage of shear waves, a volume of an element undergoes a rotation within the plane 

normal to the ray path without altering its volume. That is why they are sometimes called 

rotational or equivoluminal waves. The rotation is a vector ψ with x1, x2 and x3 components. 

         ψ1 = 
𝜕𝑢3

𝜕𝑥2
−

𝜕𝑢2

𝜕𝑥3
     ψ2 = 

𝜕𝑢1

𝜕𝑥3
−

𝜕𝑢3

𝜕𝑥1
     ψ3 = 

𝜕𝑢2

𝜕𝑥1
−

𝜕𝑢1

𝜕𝑥2
                                                    [26] 

A more appropriate equation for the shear wave in x1 direction will be 

                  
𝜕2𝜓

𝜕𝑡2
 = β

2
 
∂2ψ

∂x1
2

                                                                                                                                                                   
[27] 

Where β is the velocity of the shear wave 

3.4 Body wave equations in solids 

The wave equation is derived from Newton second law of motion. In the absence of a body 

force, this linearized equation can be expressed in terms of stress ζ and displacement u. ρ is the 

mass density of the material. 

                       
𝜕𝜎1𝑖

𝜕𝑥1
 + 

𝜕𝜎2𝑖

𝜕𝑥2
 + 

𝜕𝜎3𝑖

𝜕𝑥3
 = ρ

𝜕2𝑢𝑖

𝜕𝑡2
                i = 1, 2, 3                                          [28] 

The stresses in the above equation can be calculated by using the lame equation for stress-strain. 

From the same lame equation, the strains are expressed using the displacement vector as follows:         

          e11 = 
𝜕𝑢1

𝜕𝑥1
                         e22 = 

𝜕𝑢2

𝜕𝑥2
                          e33 = 

𝜕𝑢3

𝜕𝑥3
                        

       e12 = 
1

2
 (

𝜕𝑢1

𝜕𝑥2
 + 

𝜕𝑢2

𝜕𝑥1
)           e13 = 

1

2
 (
𝜕𝑢1

𝜕𝑥3
 + 

𝜕𝑢3

𝜕𝑥1
)            e23 = 

1

2
 (

𝜕𝑢2

𝜕𝑥3
 + 

𝜕𝑢3

𝜕𝑥2
)                      [29] 

The quantities u1, u2, u3 are the components of the displacement vector u in x1, x2, x3 directions 

respectively.  

The equation of motion can be expressed in terms of displacement by substituting the stresses 

and strains with their respective displacement forms. Substituting equations 29 in equation 28 

gives us 
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                     (λ + μ) 
𝜕𝛻∙ 𝐮

𝜕𝑥𝑖
 + μ𝛻2𝑢𝑖   = ρ

𝜕2𝑢𝑖

𝜕𝑡2
                    i = 1, 2, 3                                           [30]  

 𝛻2 is the Laplacian operator    
𝜕2

𝜕𝑥1
2 +

𝜕2

𝜕𝑥2
2 + 

𝜕2

𝜕𝑥3
2 . 

Equations 30 can be written with vector notations as follows 

                            (λ + μ) ∇∇ ∙ u + μ 𝛻2u = ρ
𝜕2𝐮

𝜕𝑡2
                              i = 1, 2, 3                           [31] 

In the above equation, ∇∇ ∙ u is the gradient of the divergence ∇ ∙ u of the vector field u, and its 

components are 

                           
𝜕

𝜕𝑥𝑖
 [
𝜕𝑢1

𝜕𝑥1
 + 

𝜕𝑢2

𝜕𝑥2
 + 

𝜕𝑢3

𝜕𝑥3
]                           i = 1, 2, 3                                            [32] 

𝛻2u is the Laplacian of the vector field u, having components 

                              
𝜕2𝑢𝑖

𝜕𝑥𝑗
2𝑗 =1,2,3                                 i = 1, 2, 3                                                 [33] 

Displacements in a solid can be expressed using the scalar potential φ and the vector potential ψ 

(ψ1, ψ2, ψ3) as follows: 

                                       u1 =  
𝜕𝜑

𝜕𝑥1
 +  

𝜕𝜓3

𝜕𝑥2
  -  

𝜕𝜓2

𝜕𝑥3
 

                                       u2 =  
𝜕𝜑

𝜕𝑥2
 +  

𝜕𝜓1

𝜕𝑥3
  -  

𝜕𝜓3

𝜕𝑥1
                                                                        [34]            

                                       u3 =  
𝜕𝜑

𝜕𝑥3
 +  

𝜕𝜓2

𝜕𝑥1
  -  

𝜕𝜓1

𝜕𝑥2
 

In vector form, this can be expressed as follows                                       

                              u = ∇φ + ∇  ˄ ψ                                                                                              [35] 

Substituting the displacement equation given in Equation 35 into Equation 31 and rearranging 

the result gives two equations containing respectively the scalar and the vector potential. 
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                               ∇2
φ =  

𝜌

𝜆+2𝜇
 
𝜕2𝜑

𝜕𝑡2
                                                                                           [36]  

                            ∇2ψ =  
𝜌

𝜇
 
𝜕2𝛙

𝜕𝑡2
                                                                                 [37] 

The scalar potential describes the propagation of irrotational wave travelling with a wave number 

vector k. This vector equals to 

                       k = ω (ρ / (λ + 2μ)) 
1/2

                                                                                           [38] 

The vector potential describes the propagation of equivoluminal (shear) waves propagating with 

a wave number equal to 

                               k
’
 = ω (ρ / μ) 

1/2
                                                                                             [39] 

It is not possible to solve directly the displacement equations of motion. However, a form of 

solutions can be proposed and checked by differentiation and substitution to find out their 

suitability. In this case, by assuming the wavefront as an infinite plane normal to the direction of 

propagation, a form of solutions can be found and expressed as  

                      u1, u2, u3 = Ae 
i (kx

1
- ωt)

 + Be 
i (kx

1

+ ωt)                                                                                                       
 [40] 

In the above equation, ω is the angular frequency. The first term represents a travelling harmonic 

wave in the positive x1 direction with amplitude A whereas the second term stands for a 

travelling harmonic wave in the opposite direction with an amplitude B (Ryden, 2004). 

3.5 Surface waves 

A disturbance at the free surface of the earth propagates partly as surface wave. Depending on 

the pattern of the particle motion in the wavefront, surface waves are categorized into Rayleigh 

and Lamb waves.  In the case of Rayleigh waves, particles in the wavefront are polarized to 

vibrate in the vertical and horizontal plane (see figure 10). According to the Rayleigh wave 

theory, the speed of propagation for a solid where Poisson‟s relation holds (i.e. ν = 0.25) equals 

to 0.9194 of the speed of S-wave. This is approximately the case in the Earth. During the 

propagation of a Rayleigh wave, in addition to the particles at the free surface, particles below 

the surface of the medium are also affected. However, in a uniform half space, the amplitude of 
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the particle displacement reduces exponentially with increasing depth. Therefore, the depth of 

penetration by a surface wave can be taken where its amplitude from the free surface is 

attenuated by a factor (e
-1

). For a Rayleigh wave of wavelength λ, the characteristic penetration 

depth is about 0.4λ.  

Love in 1911 showed that if there is a horizontal layer between the free surface and the semi - 

infinite half space, a surface wave with a horizontal particle motion will be generated in the 

horizontal layer.  Waves that are reflected at supercritical angles from the top and bottom 

boundaries of the horizontal layer and which subsequently interfere constructively are 

responsible for this phenomenon (Lowrie, 2007).  

                               

Figure 10.  Rayleigh surface wave 

Surface waves in a homogeneous medium are generally non-dispersive. However, in the earth, 

velocity of surface waves generally increases with depth of penetration. Therefore, the longer 

components of the wave can penetrate deeper into the earth and hence travel faster. As a result of 

this effect, surface waves are dispersive (frequency dependent velocity). This characteristic of 

surface waves is widely used to analyze horizontally layered surfaces (Wijk and Levshin, 2004). 
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4. Acoustic waves 

4.1 Introduction 

Unlike solids, inviscid fluids lack the necessary constraints against deformations. In fluids, a 

restoring force which is generated by the pressure changes that occur when a fluid undergoes a 

volume change is responsible for the propagation of waves. This force makes individual 

elements of the fluid to move back and forth in the direction of the force thus creating 

compression and rarefaction to adjacent regions similar to those produced by longitudinal waves 

in a bar (Kinsler et al., 2000). Waves that propagate in a fluid as compressional oscillatory 

disturbances can be defined as sound waves. While propagating, the sound wave is accompanied 

by changes in pressure, temperature and density. At the same time, the wave causes individual 

particles of the fluid to move back and forth without net gain in flow. Unlike temperature or 

density changes, the sound pressure, which is the difference between the instantaneous value of 

the total pressure and the static pressure, is much easier to measure (Jacobsen et al., 2011). 

 

Figure 11. A single frequency sound wave travelling through air (Nave, 2006)  

Sound waves can be categorized into three broad different groups depending on their frequency. 

This classification is mainly based on the ability of the human ear sensitivity to the wave 

propagation frequency. The human ear is sensitive to the audible pressure fields of moderate 

intensity. In ultrasonic waves (>20 kHz), the frequency of propagation is higher than the 

maximum audible frequency. On the contrary, infrasonic waves (< 20Hz) propagate with a 
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frequency which is less than the minimum audible frequency. This classification also includes 

high intensity waves like those near jet engines and missiles which produce a sensation of pain 

rather than sound, nonlinear waves of higher intensities and shock waves generated by 

explosives and supersonic jets (Kinsler et al., 2000). 

The thermodynamic speed of sound is a characteristic property of the fluid and depends on the 

equilibrium conditions. At 0°c temperature and 1atm pressure, the theoretical value for the speed 

of sound in air is 331.5m/s; measured values are in excellent agreement with this theoretical 

speed and support the assumption that acoustic processes in a fluid are adiabatic. The speed of 

sound in a gas is a function of only temperature and nearly independent of fluctuations in 

pressure (Kinsler et al., 2000). However, the speed of propagation of sound waves in fluids is 

independent of frequency unlike bending waves on plates and beams which are dispersive by 

nature (Jacobsen et al., 2011). This speed variation with temperature is expressed accordingly as 

follows (in air) 

                          V (Tc) = (331.5 m/s) 1 +
𝑇𝑐

273°𝑐
                                                                      [41] 

Where Tc is the temperature in degree Celsius 

Sound waves share many phenomena that are associated with waves. Sound waves interfere 

constructively or destructively when they propagate in different directions. They are also 

reflected or more or less absorbed when in contact with a rigid or a soft surface. Being scattered 

by small obstacles is another characteristic of sound waves. Moreover, they have a tendency to 

diffract thus creating a shadow behind a screen. While propagating in inhomogeneous materials, 

sound waves change direction due to temperature gradients (Jacobsen et al., 2011).  

4.2 Sound wave equations in fluids 

In order to arrive at a simplified mathematical description for the propagation of sound wave in a 

fluid, assumptions are required. Even in the absence of acoustic waves, the molecules of a fluid 

are on constant move at an average velocity far higher than particle velocity induced by wave 

motion. However, particles that leave their places are replaced on average by another equal 

number. This brings a constant volume to an element, thus making the macroscopic properties of 
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the fluid to remain the same. Therefore, particle velocity and displacement caused by acoustic 

waves in a fluid can be taken in the same sense as elastic waves in a solid. In addition, there are 

no dissipative effects such as those that arise from viscosity or heat conduction as the fluid is 

lossless. To minimize the change in density compared to its equilibrium values, the analysis is 

also limited to those waves that have smaller amplitudes. Experiments show that these 

assumptions are successful and lead to an adequate description of most common acoustic 

phenomena (Kinsler et al., 2000). 

The wave equation in a fluid for sound waves can be derived by using Hook‟s law and Newton‟s 

second law of motion. According to Hook‟s law, the stress coefficients for a fluid where μ = 0, 

are as follows (Allard and Atalla, 2009): 

                       𝜎11 =  𝜎22 =  𝜎33  =  𝜆𝜃 =  −𝑝                                                                         [42] 

The corresponding shear stresses are zero and the three nonzero elements are equal to –p, where 

p is the pressure. Accordingly, the bulk modulus K will be equal to λ. 

In inviscid fluid, acoustic excitation does not produce rotational deformations. Nevertheless, a 

real fluid has a finite viscosity and involves rotations on some locations but for most acoustic 

excitation these effects are small and confined to the vicinity of boundaries (Kinsler et al., 2000). 

Thus, the displacement vector u can be represented in this form. 

                   u = ∇φ=  𝑢1 + 𝑢2 + 𝑢3  = 
𝜕𝜑

𝜕𝑥1
+ 

𝜕𝜑

𝜕𝑥2
+  

𝜕𝜑

𝜕𝑥3
                                                         [43] 

By using Newton‟s second law of motion, the following equation can be generated. 

                   ρ 
𝜕2𝐮

𝜕𝑡2
 = (λ) ∇∇ ∙ u                                                                                                     [44] 

By substituting the displacement representation Equation 43 into Equation 44 and by rearranging 

the result, the following equation could be generated. 

            ∇ [k 𝛻2𝜑 – ρ 
𝜕2𝜑

𝜕𝑡2
 ] = 0                                                                                                    [45] 

As an example a simple solution for Equation 45 is 
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           φ = 
𝐴

𝜌𝜔2
 exp [j (-k𝑥3 + ωt) +α]                                                                                       [46] 

In this equation, A is the amplitude of the wave, α is the attenuation factor and k is the wave 

number and given by 

            k = ω (ρ/ K) 
1/2      

                                                                                                            [47] 

The phase velocity is given by 

            c = ω/ k                                                                                                                            [48] 

In this case, 𝑢3 is the only nonzero component of u and expressed as follows: 

             𝑢3 = 
𝜕𝜑

𝜕𝑥3
 = - 

𝑗𝑘𝐴

𝜌𝜔2
 exp [j (-k𝑥3 + 𝜔𝑡 +  𝛼)]                                                                   [49] 

The pressure p will be 

          p = -ρ
𝜕2𝜑

𝜕𝑡2
 = A exp [j (-k𝑥3 +  𝜔𝑡 +  𝛼)]                                                                          [50] 

In this case, the field of deformation corresponds to the propagation parallel to the x3 axis of a 

longitudinal strain, with a phase velocity c. 

4.3 Acoustic Impedance  

Acoustic impedance establishes a relation between the pressure of an acoustic wave and the 

velocity of displaced particles. It is very useful in the field of sound absorption. For a harmonic 

linear plane wave that propagates in a compressible lossless fluid in the positive x direction, the 

acoustic pressure and the displacement vector are respectively (Allard and Atalla, 2009). 

              P (x1, t) = Aexp [jω (t- kx1)]                                                                                          [51] 

              u1 (x1, t) = - 
𝑗𝐴𝑘

 𝜌𝜔2
 exp [jω (t- kx1)]  ,                 u2 = u3 = 0,                                         [52] 

From Equation 52 only the x1 component of the velocity vector ν1 doesn‟t vanish and given 

accordingly as 
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                     ν1(x1, t)  =
𝐴𝑘

 𝜌𝜔
 exp [jω (t- x1/c)]                                                                           [53] 

The impedance can be defined as: 

            𝑍𝑐= P (x1, t) / ν1 (x1, t) = (ρ K)
 1/2

                                                                                   [54] 

 In the above equation, ρ and K are the density and the bulk modulus of the fluid respectively. 𝑍𝑐  

is the characteristic impedance of the fluid. At a point in a given media, when there is only an 

ingoing wave, the impedance at that point is the characteristics impedance. For air at normal 

conditions of temperature and pressure (18°C and 1.033*10
5
 Pa) the density ρ0, the adiabatic 

bulk modulus K0, the characteristic impedance Z0 and the speed of sound co are the following 

(Allard and Atalla, 2009) : 

                                    ρ0 = 1.213 kgm
-3 

                                   K0 = 1.42*10
5 

Pa 

                                   Z0 = 415.1 Pam
-1

s 

                                   C0 = 342 ms
-1 

Impedance calculation: transmission along the direction of propagation 

In the case where the incidence of the wave is normal, the impedance variation along the 

direction of propagation in a fluid can be described as follows.     

d

    Z(M2)    Z(M1)

x

M2 M1

p

      p'

Fluid 2Fluid 1

  

Figure 12. An incident and reflected wave propagating in the positive and negative x directions  
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The impedance of a wave at any point can be calculated by taking the total pressure and velocity 

of the wave at that point. Two different waves which propagate in a given direction and have the 

same frequency ω and wave number k can be superimposed to give one equivalent wave that 

propagates in the same direction. In Figure 12 two waves propagate in the positive and negative 

x1 direction. The total pressure and velocity at point M1 can be calculated by adding the incident 

and reflected waves at that particular point. Thus, the total pressure and velocity are as follows 

               PT (x1, t) = Aexp [j (-kx1 + ωt)] +A’exp [j (kx1 + ωt)]                                                   [55]                            

              VT (x1, t) = 
𝐴

𝑍𝑐
 exp [j (-kx1 + ωt)] – 

𝐴′

𝑍𝑐
exp [j (kx1 + ωt)]                                                 [56] 

The impedance at point M1 can be expressed as 

        Z (M1) = 
𝑃𝑇(𝑀1)

𝑉𝑇(𝑀1)
 = 𝑧𝑐

𝐴 𝑒𝑥𝑝  −𝑗𝑘 𝑥1 𝑀1  + 𝐴′𝑒𝑥𝑝 [𝑗𝑘 𝑥1 𝑀1 ]

𝐴 𝑒𝑥𝑝  −𝑗𝑘 𝑥1 𝑀1  −𝐴′𝑒𝑥𝑝 [𝑗𝑘 𝑥1 𝑀1 ]
                                               [57] 

By the same approach, the impedance at point M2 can be expressed as 

          Z (M2) = 
𝑃𝑇(𝑀2)

𝑉𝑇(𝑀2)
 = 𝑧𝑐

𝐴 𝑒𝑥𝑝  −𝑗𝑘 𝑥1 𝑀2  + 𝐴′𝑒𝑥𝑝 [𝑗𝑘 𝑥1 𝑀2 ]

𝐴 𝑒𝑥𝑝  −𝑗𝑘 𝑥1 𝑀2  −𝐴′𝑒𝑥𝑝 [𝑗𝑘 𝑥1 𝑀2 ]
                                             [58] 

From Equation 57 and 58 we can establish a relation between the two impedances as follows 

                    
𝐴′

𝐴
 = 

𝑍 𝑀1 − 𝑍𝑐

𝑍 𝑀1 +𝑍𝑐
 exp [-2jkx1 (M1)]                                                                             [59] 

              Z (M2) = 𝑧𝑐
−𝑗𝑍  𝑀1 𝑐𝑜𝑡𝑔  𝑘𝑑+𝑍𝑐

𝑍 𝑀1 − 𝑗𝑍𝑐  𝑐𝑜𝑡𝑔  𝑘𝑑
                                                                                   [60] 

Where d is the distance difference between M1 and M2. 
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Impedance calculation: a fluid backed by a rigid wall 

In this configuration, the fluid layer is backed at the rare end by an impervious rigid wall. The 

velocity of the particles at the rare end of the fluid is zero thus causing the impedance at that 

point to be infinite. The impedance variation for a normal incidence wave can be determined as 

follows.  

Fluid 1

x = -d x = 0

p'

p

M2M3 M1

x

Fluid 2

 
 

Figure 13.  A fluid layer backed by a rigid impervious wall at the rare end and in contact with 

another fluid on its front face. 

In the above figure, points M2 and M3 are located at the boundary of fluid 1 and 2. M2 is located 

inside fluid 1 while M3 is located inside that of fluid 2. On the rare side, M1 is located inside the 

border of fluid 1. 

As can be seen from Figure 13, the impedance at M1 is infinite. Therefore, the impedance at M2 

can be calculated by making the impedance of M1 infinite in Equation 60. The resulting 

impedance is 

           Z (M2) = -j𝑍𝑐  cotg kd                                                                                                       [61] 

In Equation 61, Zc and k are the characteristic impedance and wave number of the wave in fluid1. 

At the boundary between fluid 1 and 2 the pressure and the velocity are continuous as a result the 

impedance on either side of the boundary is the same 
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                  Z (M3) = Z (M2)                                                                                                          [62] 

Impedance calculation: multi-layered fluids 

Another important configuration is when multi layered fluids are involved. This problem can be 

solved by following the impedance relation between two points in a given fluid. 

d1 d2 d3

x

M6 M5 M4 M3 M2 M1

Impedance plane

Figure 14.   Three layers of fluids backed by an impedance plane. 

For a layer of multi layered fluids, if the impedance Z (M1) is known then the impedance Z (M2) 

can be calculated by using Equation 60. As the impedance is continuous at the boundary, the 

impedance Z (M3) is equal to that of the impedance Z (M2). The impedance Z (M4), Z (M5) and Z 

(M6) can be calculated by following the same procedure. 

4.4 Reflection and absorption coefficients 

Reflected and transmitted waves are generated when a sound wave travelling in one medium 

encounters the boundary of a second medium. The phenomena of sound reflection and 

transmission can be simplified if it is assumed that the incident wave and the plane dividing the 

two media are planar. In addition, assuming the two media as a fluid will avoid the complications 

that arise when one of the two is a solid. However, for normal incidence of sound waves many 

solids obey the same equations that are developed for fluids. In the case of solids, the speed of 

the wave is the bulk speed of sound which depends on both bulk and shear moduli. 
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The reflection coefficient R at the surface of a layer of fluid is calculated by taking the ratio of 

the complex amplitude of the reflected pressure wave P’ to that of the complex amplitude of the 

incident pressure wave P. On the other hand, the transmission coefficient T is the ratio of the 

complex amplitude of the transmitted pressure wave P” to that of the complex amplitude of the 

incident pressure wave P. These two coefficients depend on the characteristic acoustic 

impedances and speeds of sound in two media and on the angle the incident wave makes with the 

interface (Kinsler et al., 2000).  

The reflection and transmission coefficients can be expressed mathematically as follows. 

                     R = P’ /P                                                                                                                   [63] 

                    T = P” /P                                                                                                                  [64] 

Since both the reflected and incident pressures have the same dependence on t, the reflection 

coefficient does not depend on time.  

Reflection coefficient: transmission from one fluid to another 

In Figure 12, the boundary x (d) divides fluid 1 with a characteristic acoustic impedance of 𝑍𝑐
′  to 

that of fluid 2 with a characteristic acoustic impedance of 𝑍𝑐 . If the following incident wave 

travelling in the positive x direction  

                         𝑝𝑖  = 𝐴𝑒𝑖(𝜔𝑡−𝑘1𝑥)                                                                                                 [65] 

Strike a boundary between the two, it generally generates a reflected wave and a transmitted 

wave that can be expressed respectively as follows 

                         𝑝𝑟  = 𝐴′𝑒𝑖(𝜔𝑡+𝑘1𝑥)                                                                                                [66] 

                        𝑝𝑡  = 𝐴"𝑒𝑖(𝜔𝑡−𝑘2𝑥)                                                                                                 [67] 

All the three waves propagate with the same frequency. However, as the speed of propagation is 

different in the two media, the incident and reflected waves propagate with a wave number 𝑘1 = 

ω/𝑐1 whereas the transmitted wave propagates with a wave number 𝑘2 = ω/𝑐2. The speed 𝑐1 and 

𝑐2 are the wave speed in fluid 1 and 2 respectively.  
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At all points on the boundary, the following two conditions must be satisfied. The first condition 

satisfies continuity of pressure, thus making the net force on the massless plane separating the 

two fluids to be zero. The continuity of the normal component of particle velocity is the second 

condition that requires the fluids to remain in contact. Because of the above two conditions, the 

acoustic pressures and the normal component of the particle velocities on either side of the 

boundary are the same (Kinsler et al., 2000). This can be expressed in equations as follows 

                                 𝑝𝑖  + 𝑝𝑟  = 𝑝𝑡                                                                                                 [68] 

                                 𝜈𝑖  + 𝜈𝑟  = 𝜈𝑡                                                                                                 [69] 

Since the specific acoustic impedance at the boundary is constant, another equation which 

involves pressure and particle velocity can be established. Accordingly expressed as follows 

                                 
𝑝𝑖+𝑝𝑟

𝜈𝑖−𝜈𝑟
 = 

𝑝𝑡

𝜈𝑡
                                                                                              [70] 

Since impedance 𝑍𝑐
′  = 𝑝𝑖  /𝜈𝑖  = 𝑝𝑟  /𝜈𝑟  and impedance  𝑍𝑐  = 𝑝𝑡  /𝜈𝑡 , the above equation can be 

written as follows 

                             𝑍𝑐
′  

𝑝𝑖+𝑝𝑟

𝑝𝑖−𝑝𝑟
 =  𝑍𝑐                                                                                                 [71] 

Accordingly, the reflection coefficient can be expressed in terms of the characteristic impedances 

of the two fluids as follows 

                           R = 
𝑍𝑐  𝑍𝑐  

′ − 1 

𝑍𝑐  𝑍𝑐
′ + 1

                                                                                     [72] 

R is always real. Moreover, at the boundary, the acoustic pressure of the reflected sound wave is 

either in phase or 180° out of phase with that of the incident pressure wave. When a sound wave 

travelling in air reflected at air-water boundary, the value of R will be positive as the 

characteristic impedance of the water is greater than that of air. This value would be negative 

when a sound wave strikes air-water boundary from the water side. At the boundary, the acoustic 

pressure of the reflected sound wave is either in phase or 180° out of phase with that of the 

incident pressure wave (Kinsler et al., 2000).  



32 
 

Reflection coefficient: Between two points in a given fluid 

The reflection coefficient R can be calculated anywhere in a given medium if there is an ingoing 

and outgoing wave which propagate in opposite directions. Compared with the impedance, the 

behavior of the reflection coefficient as a function of x is much simpler to understand and to 

express. The relation between R (M1) and R (M2) in Figure 12 can be established as follows: 

The ingoing and outgoing pressures in the positive and negative abscissa are respectively: 

                    P (x, t) = A exp [jw (t - kx)]                                                                                     [73] 

                    P’(x, t) = A’ exp [j (kx + wt)]                                                                                  [74] 

The relation between the reflection coefficients will be 

                    R (M2) = R (M1) exp (-2jkd)                                                                                     [75] 

Where d is the distance difference between x (M1) and that of x (M2). 

Reflection coefficient: A fluid layer backed by a rigid impervious wall 

At the boundary, the rigidity of the impervious wall causes the normal particle velocity to be 

zero thus making the surface impedance at that point to go to infinity. This makes the wave to be 

reflected with no reduction in amplitude and no change in phase. Accordingly, the reflection 

coefficient at the surface of the fluid in Figure 13 can be described as follows 

Using Equation 72 the reflection coefficient at M3 can be expressed as follows. 

           R (M3) = (Z (M3) - 𝑍𝑐
′ ) / (Z (M3) +𝑍𝑐

′ )                                                                                [76] 

In the above equation, 𝑍𝑐
′  is the characteristic impedance of the wave in fluid 2.  

The relation between the absorption coefficient α (M) and the reflection coefficient R (M) at a 

point M is as follows: 

                       α (M) = 1- |R (M) |
2 

                                                                                               [77] 
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If the absorption coefficient is needed to carry as much information as the reflection coefficient 

and the impedance, the phase must not be removed from R (M) in Equation 77 (Allard and 

Atalla, 2009). 
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5. Seismic testing of unbound granular layers and railway ballast  

5.1 Introduction 

In flexible pavement construction, unbound layers are required so as to prevent the resulting 

stress on the top of the sub-grade from exceeding the maximum allowable stress. In most cases, 

this unbound layer comprises of only one layer (base) but sometimes depending on the 

underlying soil conditions it can be of two layers (base and sub-base). The failure of the unbound 

layer or the underlying sub-grade layer is exhibited in the form of deformation called rutting. 

This is one of the main causes of flexible pavement failure and one of the two main criteria in the 

design of flexible pavements. Though the bearing capacity of unbound layers is one of the main 

criteria  in structural design of pavements, other serviceability requirements like optimal 

drainage, low temperature cracking, low(or no) frost heave and high tire friction (Ryden,2004) 

must also be considered in the design to have a well functioning pavement. 

                

Figure 15. Typical section of a flexible pavement (NHI, 2006) 

Conventional pavement design methods, which assume a simplistic isotropic linear material 

property that only needs Young‟s modulus (E) and Poisson‟s ratio (ν) to characterize the 

material, have fallen so far in predicting the actual material response. New advanced design 

methods which take into account the actual material property are being developed to offset the 

shortcomings of the traditional methods. An efficient NDT method that employs elastic waves is 

a good tool in mapping the structural status of the pavement as a function of space and time 

which can be later used for design and management (Ryden 2004). Elastic wave propagation in 
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particulate media like unbound layers depends on the wave parameters (e.g., frequency, 

wavelength, amplitude, and mode of propagation) and the soil parameter (e.g., skeleton stiffness, 

porosity, and degree of saturation). The primary waves (P-waves) propagation velocity shade 

light on the bulk B and shear G stiffness of the medium, while the secondary wave (S-waves) 

propagation velocity only reflect the shear stiffness G (Santamarina et al.,2001). The measured 

elastic wave velocity can be used to estimate the in-situ isotropic mean effective stress which is 

one of the most important parameter governing both the strength and stiffness of the unbound 

granular base layer (Ryden, 2004).  

The other granular layer which is addressed in this report is railway ballast. Ballast is a large-

sized aggregate layer which is part of the railway substructure and helps mainly to distribute the 

train load to the foundation soil. Unlike base and sub-base materials, ballast materials deteriorate 

and break down under cyclic railway loads. These deteriorations will cause the ballast material to 

deviate from the specifications and form „fouled ballast‟. Fouling starts with internal degradation 

of the ballast and continues with sub-grade infiltration and surface spillage. This deterioration 

also increases with number of loading repetitions and the load intensity. Fouling increases plastic 

deformations of ballast layer which leads to deteriorate track surface (Ebrahimi et al., 2010). 

 

Figure 16. Track layout of a typical ballasted track side view (Lim, 2004) 
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Track maintenance which is mainly because of deterioration of track geometry claims each year 

a large amount of money. This deterioration is mainly caused by the settlement of the 

substructure which tends to depend on the site conditions. In good subgrade soil conditions, 

ballast is the main source of this settlement, thus contributing much to truck deterioration. Under 

traffic loading, the stresses in the ballast are sufficient enough to cause settlements and the track 

geometry will need to be restored by tamping.  However, this tamping process will cause further 

ballast breakdown, in addition to the one caused by traffic loading. This maintenance cycle at the 

end will lead to loss of strength and excess fines. When the excess fines reaches a critical level, it 

prevents the water from draining from the surface, at this stage, the track should be maintained 

either by ballast cleaning or ballast removal (Lim, 2004). However, cleaning the ballast by 

removal is very expensive so new test methods which can monitor the progress in deterioration 

of the ballast are very crucial in avoiding these huge costs.  

The cost of track maintenance which is caused by ballast fouling is high in many countries that 

have an extensive fright rail network. In the US, high fright loads and substandard track- 

substructure make the problem much worse (Ebrahimi et al., 2010). In addition, the response of 

fouled ballast is highly dependent on the types of fouling materials, the quantity of fouling 

materials and water content (Lim, 2004). This problem is further complicated by the lack of 

appropriate and efficient NDT method to estimate the track conditions. The most current NDT 

method which is being used to assess the ballast condition is ground penetrating radar (GPR). 

This method continuously images the reduced thickness of track bed as the amount of fouling 

increases progressively. The effectiveness of the GPR method decreases as the fouled content in 

the ballast increases and retains moisture, the reflection becomes less defined and horizons 

become less difficult to track (Ebrahimi et al., 2010). 

An efficient NDT method which employs elastic wave propagation techniques in granular 

materials can be used to collect information about the ballast conditions which is crucial to track 

maintenance and repair. 

5.2 Wave propagation in granular materials 

Wave propagation theories in soils assume a continuum medium. However, this assumption has 

its own limitations as it is devoid of the fact that soils or granular materials are particulate in 
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nature that comprises of small particles, gas and fluid. This particulate nature has its own 

implications. The interplay between particle characteristics (e.g. shape, size, and mineralogy), 

inter-particle arrangement, interconnected porosity, inherently non-linear non-elastic contact 

phenomena and particle forces affect the combined medium of the soil (Santamarina 2001). 

According to Craig (1992) as cited by Ryden (2004), in unbound materials (soils), under 

operational loads, the states of the particles (orientation and contact) are more complicated, 

showing more pronounced  non-linear stress dependent stiffness and strength properties with 

volume change tendencies. 

The equivalent continuum assumptions can be applied for wave propagation when the spatial 

scale of perturbations (i.e., wave length λ), is much greater than the internal scale of the medium 

a, (λ » a) (Santamarina et al., 2001). If the wavelengths are less than the particle size in the 

medium, the waves will be strongly attenuated from a combination of absorption and scattering, 

Jacobs and Owino (2000) as cited by Ryden (2004).  

The main factors which affect the wave propagation speed (VP and Vs) in soils are the skeleton 

stiffness of the particles, porosity and degree of saturation (Ryden 2004). The shear wave 

velocity depends on the shear stiffness of the soil mass which is determined by the skeleton. 

However, the P-wave velocity is controlled by both shear and bulk modulus, therefore, the fluid 

as well as the granular skeleton contributes to VP. In soils where capillary effects are negligible, 

the effective stress controls the shear stiffness and the effect of saturation on shear velocity is 

only related to changes in mass density ρ, through Vs = √(G/ρ). For degree of saturation Sr less 

than 99%, the compression wave velocity is controlled by the stiffness of the constrained 

compressed soil skeleton. However, for fully saturated conditions, Sr = 100, the constrained 

modulus of this two-phase medium is dominated by the relative incompressibility of the water 

with respect to the soil skeleton. Thus, the resulting value of VP varies with the void ratio or 

porosity n, the bulk stiffness of the material that makes the grains Bg and the bulk stiffness of the 

fluid Bf (Stokoe and Santamarina, 2000). So, in a case where the degree of saturation is lower, 

the stiffness of the soil skeleton can be revealed by the propagation velocity of both the P and S 

waves. This gives a unique opportunity to monitor the undisturbed small strain stiffness of soils 

by using wave propagation methods (Ryden 2004). 
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Table 1. Approximate P and S wave velocities in different soils, from (Ryden 2004) 

Material VS (m/s) Vp (m/s) Density (kg/m
3
) Poisson‟s ratio 

Pavement base 250 - 500 350 - 800 2100 - 2300 0.10 – 0.30 

Clay, silt 40 - 300 100 - 600 1400 - 2000 0.40 – 0.50 

Clay, silt (saturated) 40 - 250 1450 1400 - 2000 0.45 – 0.50 

Sand 100 - 500 150 -1000 1600 - 2000 0.15 – 0.35 

Sand (saturated) 80 - 450 1450 2000 - 2300 0.45 – 0.50 

Till 300 - 750 600 - 1500 1800 - 2300 0.20 – 0.40 

Till (saturated) 250 - 700 1400 - 2000 2100 - 2400 0.45 – 0.50 

Granite, Gneiss 1700-3500 3500 - 7000 2200 - 2600 0.20 

 

By influencing the skeleton stiffness of particulate materials dominantly, the in-situ state of 

effective stress and void ratio control the P-wave velocity in unsaturated conditions and the S-

wave velocity in both saturated and unsaturated conditions (Ryden 2004). The relationship 

between wave propagation velocity (Vs) and mean effective stress (ζ’0) can be expressed as  

                           Vs = α [
𝜎0

′

1 𝑘𝑝𝑎
]β                                                                                                         [78] 

In the above equation, α and β are empirical coefficients dependent on the contact properties 

between particles. β can be related to the geometry and contact plane of the particles whereas α is 

related to the relative density (void ratio), contact behavior, and fabric changes (Santamarina et 

al., 2001). 

By conducting seismic measurement in the field and using empirical Equation 78, the state of 

stress built up from compaction and soil suction can be estimated. However, in order to get a 

good approximation, the correct α and β coefficients have to be determined for the specific soil 

or fabric type. In addition, the soil shouldn‟t be affected by aging (cementation between 

particles) which also increases the small strain stiffness of the soil, Howie et.al. (2002) as cited 

by Ryden (2004). 
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5.3 Unbound granular layers 

A typical flexible pavement consists of a prepared subgrade or foundation and layers of sub-

base, base and surface course (AASHTO 1993). The layers are provided in order to minimize the 

stress on the subgrade from the imposed traffic load to an acceptable level, a level which the 

subgrade can support without failure. The top surface course consists of a mixture of mineral 

aggregates cemented by a bituminous material whereas the base and the subbase are mainly 

composed of granular materials. In the case where the asphalt layer is thin, the unbound granular 

layers are major structural components of the pavement system (ICAR, 2001) and also in flexible 

pavements, the mechanical properties of unbound granular layers are important in over all 

structural integrity of the pavement structure. According to Larsson (1994) as cited by (Ryden, 

2004), the resilient (elastic) properties of unbound granular materials are non-linear and stress 

dependent. 

Unbound granular layers are heterogeneous multi-phase materials comprised of aggregate 

particles, air voids and water. Like soils, their mechanical properties are influenced by factors 

such as density, stress history, void ratio, temperature, time and pour water pressure. The 

mathematical characterization of unbound granular materials must be based on the behavior of 

the individual constituent elements and their interaction. This makes it possible to use the 

particulate mechanics techniques to characterize the behavior of unbound granular materials 

(ICAR, 2001). However, since the scale of interest is in the range of tens to hundreds of meters, 

the microscopic effect of unbound granular materials can be averaged and can be considered as a 

continuum (Ryden, 2004).  

Currently pavements are being analyzed and designed by empirical procedures. These 

procedures were developed under limited conditions and through long term experience for a 

limited number of materials and specific types of structures. These empirical methods considered 

a very conservative view of the relative strength properties of granular materials. In addition, 

changes in loading and environmental conditions were not included in these methods so their use 

should be limited to the conditions for which they were developed. A new mechanistic empirical 

method that predicts pavement response and which is based on physics or engineering principles 

is under development. This response is adjusted or calibrated to fit observed performance or 
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empirical data. For this method to succeed, understanding the behavior of pavement materials 

and their accurate characterization is very important (ICAR, 2001). 

Poor performance of unbound granular layers in rigid and flexible pavements leads to reduce life 

and costly maintenance. In flexible pavements, these failures are manifested as rutting, fatigue 

cracking, longitudinal cracking, depressions, corrugations and frost heave. Whereas this poor 

performance of unbound layers contributes to pumping, faulting, cracking and corner breaks of 

rigid pavements. The properties of the aggregate used are the main factor which determines the 

performance of unbound granular layers. However, many current aggregate tests were developed 

empirically to characterize an aggregate without considering its final usage which makes it 

necessary to devise new tests that considers its performance in unbound granular layers 

(NCHRP, 2001).  

Granular base layer: this layer is used in flexible pavements mainly to increase the load 

carrying capacity of the structure. Improved drainage and protection against frost heave are the 

secondary benefits of base layer. Since they are provided just beneath the surface layer, it is a 

prerequisite for them to possess high resistance against deformation. For maximum stability, the 

material for the base layer should possess high internal friction which is a function of particle 

size distribution, particle shape and density. The presence of little or no fines in the aggregate is 

desirous in order to minimize the risk of frost susceptibility and to make the layer more pervious. 

In addition, the aggregate shall be free from dirt, shale or other deleterious matter and must bind 

readily to form a stable road base (AEE, 1997). 

The resilient modulus of base layers affects the overall pavement performance. By providing stiff 

base layer, the tensile strains at the bottom of the asphalt layer can be reduced, thus avoiding the 

risk of fatigue cracking; vertical compressive strain is also reduced within the base and subgrade 

layers, consequently reducing permanent deformations. However, the reduction is much more 

pronounced in the case of fatigue cracking than permanent deformations. Therefore, in asphalt 

concrete, variations in base resilient modulus affect fatigue cracking much more than that of 

permanent deformations (C. W. Schwartz et al., 2007). 

Granular subbase layer: this is the layer of aggregate material that lies just beneath the 

concrete pavement in rigid pavements and below the base layer in flexible pavements. Crushed 
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aggregates, gravel, recycled materials, cement-treated materials and open graded highly 

permeable materials which can be stabilized or not can be used as a subbase. This layer serves a 

variety of purposes but its main purposes are to give structural support and to facilitate drainage. 

By acting as a load bearing layer, subbase layer helps in reducing the stress on the subgrade and 

also provides drainage at the lowest pavement system that lengthens the pavement life. As they 

serve a variety of purposes, material attributes like proper size, grading, shape and durability 

should be assessed while selecting a given material. In addition, the material should be durable 

enough to withstand the effect of handling, spreading, compacting without generation of 

deleterious fines. The average thickness that would be suitable for the above purposes is 6 inches 

and the minimum thickness shouldn‟t be less than 4 inches. If additional thickness beyond 6 

inches is provided, this leads the subbase layer to consolidate over time as traffic loads 

accumulate. This may causes problems for the pavement (SUDAS, 2010). 

5.4 Railway ballast  

Ballast is one of the main components of railway track substructure that includes as well 

subballast and subgrade. It is mainly consists of crushed granular aggregates and placed as the 

top of the substructure layer, in cribs between the sleepers and in shoulders between the sleepers 

ends down to the bottom of the ballast layer. Traditionally, aggregates which are crushed, hard, 

angular, uniformly graded, not prone to cementing actions and free of dust and dirt are 

considered well suited for ballast layer. Owing to many factors but mainly because of economic 

considerations and availability of materials, a range of different materials such as granite, 

limestone, basalt, slag and gravel are being used in construction of ballast. However, the quality 

of the aggregates do matter to ensure the life of the ballast on the track and to reduce fine waste 

produced from it, so caution should be taken in selecting the right material (Lim, 2004).  

Ballast layers are provided mainly to retain track position by resisting vertical, lateral and 

longitudinal forces applied to the sleepers. By providing resilience and energy absorption for the 

track, ballast also helps in reducing the stresses in the underlying materials to an acceptable 

level. The other good quality of ballast layer is its large voids which are created by the 

arrangement of the aggregates. These voids facilitate drainage of water falling onto the track and 

also store fouling materials. During maintenance level correction and alignment operations, 

ballast needs an ability to rearrange itself (Lim, 2004). 
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6. Material modeling for unbound granular layers 

6.1 Introduction 

Detailed understanding of the behavior of unbound granular materials under different loading 

and environmental conditions is crucial for the good performance of pavement structures 

(Yohannes et al., 2009). By nature, unbound granular materials are multi phase, comprised of 

aggregate particles, air voids and water. In addition, their mechanical behavior is influenced by 

factors such as density, stress history, temperature, void ratio and pore-water pressure. When 

subjected to load, they deform and thus create consolidation, distortion and attrition in pavement 

layers. The response of an element of granular material in pavement layers is also shaped by its 

stress history, the current stress level and the degree of saturation. Because of these complexities, 

it is difficult to adequately incorporate all these aspects in a simple mathematical model and then 

to use it for analysis and design of pavement layers (ICAR, 2001). Nevertheless, different 

attempts have been made to characterize granular layers that can be used further to develop 

models for analysis and design of pavement layers. 

Theory of elasticity has been used extensively in analysis and design of multilayered pavements. 

By modeling the pavement layers as homogeneous, isotropic and elastic materials, Burmister in 

1943 developed the essential equations required to calculate stresses and displacements 

(deformations). In later years, the way results were obtained was facilitated by various computer 

programs that were developed by following early set of tabulated solutions. Most of these 

computer programs assume the pavement layers to be linearly-elastic and for a given geometry 

and surface loading, the values of stress, strain and deflection components can be computed at 

any defined point. In this method, the imposed traffic wheel load is represented by a uniformly 

distributed pressure over a circular area; the method can also accommodate dual or multi-wheel 

configurations. However, these simplified assumptions do not represent the actual conditions, in 

reality, the loading condition is transient and the soils (sub grade) with the granular layers are 

inhomogeneous, anisotropic and have markedly non-linear stress-strain relationships. Even with 

these non-linearities, the elastic theory has been justified to be used under a single load 

application, this is because, most pavements will respond in a resilient manner and any 

irrecoverable deformations will be small relative to the recovered part (Brown, 1996). 
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An effective analytical approach that considers the in- service condition of pavements would be a 

vital tool in the analysis and design of pavements. The establishment of this kind of performance 

based method would facilitate the designing process and ultimately lengthen the life of 

pavements. An ideal design method is expected to have a structural model that predicts the state 

of stresses and strains within the pavement layers under the action of traffic and environmental 

loadings. For the structural model to be effective, a material model that captures the mechanistic 

response of the various materials that are used for the construction of a pavement is a necessity. 

Such a model can be called mechanistic (Ali, 2005). It is part of the mechanistic-empirical 

approach, a method that has got emphasis in recent years for pavement analysis and design. In 

this method, models based on physics and engineering principles are used to predict pavement 

response, the response is then adjusted or calibrated to fit observed performance or empirical 

data. For the success of the mechanistic-empirical procedure, proper understanding and accurate 

characterization of pavement materials behavior is very important (ICAR, 2001). For unbound 

granular layers, a Poroelastic material model that considers the non-homogeneity of the material 

in addition to other properties could be a good alternative.  

In this section, efforts have been made to explain the elastic and Poroelastic material models that 

have some kind of application in modeling of granular pavement layers. Their basic definitions, 

working principles and mathematical derivatives are explained.  

6.2 Elastic modeling 

The linear elastic material law can be taken of as a generalization Hook‟s law f = -Kx to three 

dimensional deformable objects. The basics of this theory generalize that stretching or 

compressing an object in any direction results in an elastic force in the same direction which is 

proportional to the extension or compression. Nevertheless, this theory can only be applied to a 

small class of materials. For an object in three dimensions, in most cases, a stretch in one 

direction changes as well the dimensions in the perpendicular directions.  These two aspects of 

deformations are characterized by two constants: the Young‟s modulus (E), which corresponds 

to the constant in Hooke‟s law and the Poisson‟s ratio (ν), which is the ratio of elongation stretch 

to transverse change (Zorin 2003).   
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Figure 17. Stresses on an element 

In a homogeneous isotropic linear elastic material, the theory of elasticity basic equations 

describes the relations between stresses, strain and displacements. The components of the 

displacement vectors are the basic variables. In a Cartesian coordinate system, the displacement 

components of the displacement vector can be denoted by ux, uy and uz. The components of the 

strain tensor can be derived from the displacement by differentiation (equation 29 is repeated 

here for clarity), 
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𝜕𝑢𝑦

𝜕𝑦
                       εzz = 

𝜕𝑢𝑧

𝜕𝑧
                        

        εxy = 
1

2
 (

𝜕𝑢𝑥

𝜕𝑦
 + 

𝜕𝑢𝑦

𝜕𝑥
)         εyz = 

1

2
 (
𝜕𝑢𝑦

𝜕𝑧
 + 

𝜕𝑢𝑧

𝜕𝑦
)         εzx = 

1

2
 (

𝜕𝑢𝑧

𝜕𝑥
 + 

𝜕𝑢𝑥

𝜕𝑧
)                              [79] 

In the above equation, εxx, εyy and εzz measure the relative change of length in the three coordinate 

directions. Whereas the shear strains εxy, εyz and εzx measure the angular deformation. 

The relative change in volume is considered by the volume strain as follows: 

           εvol = 
∆𝑉

𝑉
 = εxx + εyy + εzz                                                                                                    [80] 
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According to Hook‟s law, the stress-strain relation for a linear elastic material is as follows 

         εxx = −
1

𝐸
 [𝜎𝑥𝑥 − 𝜈 𝜎𝑦𝑦 + 𝜎𝑧𝑧 ]                  εyy = −

1

𝐸
 [𝜎𝑦𝑦 − 𝜈 𝜎𝑧𝑧 + 𝜎𝑥𝑥  ]  

         εzz = −
1

𝐸
 [𝜎𝑧𝑧 − 𝜈 𝜎𝑥𝑥 + 𝜎𝑦𝑦  ]                  εxy = −

1+𝜈

𝐸
 𝜎𝑥𝑦   

         εyz = −
1+𝜈

𝐸
 𝜎𝑦𝑧                                             εzx = −

1+𝜈

𝐸
 𝜎𝑧𝑥                                                [81]  

In the above equation, stresses are considered positive for compressions and strains positive for 

extension that is why the minus sign is introduced (Verruijt, 2010). 

By using the theory of elasticity that was derived by Love in 1923, Burmister developed in 1943 

the first elastic solutions for two layered system and later in 1945 for three layered system. For a 

typical two layered system subjected to normal surface loads, Burmister used the following 

assumptions and conditions: 

 Materials – the materials of each layer are homogeneous, isotropic, elastic and satisfy 

Hook‟s law. 

 System characteristics – the top layer has a finite thickness and rested continuously on the 

second layer which has infinite thickness. 

 Boundary conditions – the surface of the top layer, outside of the surface loading, is 

considered to be free from shearing and normal stress and also stress and displacement at 

infinite depth in the second layer are assumed to be zero. 

 Continuity conditions – Burmister considered two continuity conditions. The first condition 

is where the two layers is continuously in contact with no shearing in between, the second 

condition is where the two layers are assumed to be continuously in contact with a 

frictionless interface. 

Burmister developed equations to calculate vertical deflections at the top layer and shear stresses, 

normal stresses, radial stresses and vertical deflections at the interface between the two layers 

(Mings and Raad, 1993).  Because of its simplicity with limited number of input parameters, the 

analytical elastic method has been used extensively in the last half century (Alkasawneh et al., 

2006). 
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6.3 Poroelastic modeling 

Materials like felts, foams and granular materials are porous in nature. They can be considered as 

consist of two phases: a solid phase called frame and a fluid phase inside the pores which is 

mainly water or air and on some occasions a combination of the two (Seppi, 2009). These two 

phases have an interdependent effect on each other. The mechanical response of the porous 

medium is affected by the presence of the moving fluid and at the same time the fluid inside the 

pores is influenced by the change in mechanical state of the porous skeleton. These two coupled 

deformation-diffusion phenomena underlie a poroelastic material behavior. These two 

phenomena can be summarized in other words as follows: 

 Fluid-to-solid coupling: happens when deformation of the porous skeleton is induced by 

change in the fluid pressure or fluid mass.  

 Solid-to-fluid coupling: happens when change in fluid pressure or fluid mass is caused by 

modifications in the stress of the porous skeleton. 

In line with the above two phenomena, the fluid filled porous medium acts in a time-dependent 

manner and also can be considered as quasi-static if the inertial forces are neglected 

(Naumovich, 2007). The coupling between the solid and fluid phases can be described 

mathematically in a simplest form by a set of linear constitutive equations. These equations 

establish a relation between strain and fluid-mass changes to stress and fluid-pressure changes. 

The poroelasticity constitutive equations, which are generalizations of linear elasticity, 

incorporate the fluid pressure in a way similar to the temperature filed is incorporated in 

thermoelasticity. As the case with an increase in temperature, fluid pressure increases will cause 

the medium to expand (Wang, 2000). 

It was Terzaghi who first tried to develop theories to characterize the effect of pore fluid to 

quasi-static deformations of soils. These theories considered only fluid-to-solid coupling which 

in turn make them much easier to solve mathematically. The problem can be decoupled and 

solved in two stages, separately for the flow and for the stress fields. Even if it does not consider 

the two-way coupling phenomena, this kind of theory can model successfully poroelastic cases 

of which the pores are filled with a highly compressible fluid like air. In the case of slightly 

compressible (or incompressible) fluids, the solid-to-fluid coupling cannot be ignored as the 
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changes in stress field can influence significantly the pore pressure, thus making this theory 

unable to solve the problem. It was M. Biot who first developed a detailed mathematical theory 

of poroelasticity that incorporated successfully both fluid-to-solid and solid-to-fluid couplings 

(Naumovich, 2007).  

In Biot model, both the solid and fluid phases are fully connected. To develop his mathematical 

theory, Biot used a conceptual model of a coherent solid skeleton and a freely moving pore fluid. 

Two strain quantities, the small strain tensor 𝜀𝑖𝑗  and the variation of fluid content ζ, are needed to 

consider the two kinematic quantities. The small strain tensor 𝜀𝑖𝑗  considers the deformation of 

the porous solid with respect to an initial state and is related to the solid displacement vector ᴜ𝑖 , a 

vector that follows the movement of the porous solid with respect to a reference configuration. 

The variation of fluid content δ, which is defined as the variation of fluid volume per unit volume 

of porous material, is related to the specific discharge vector 𝑞𝑖 , a vector that describes the 

motion of the fluid relative to the solid. For small strain tensor 𝜀𝑖𝑗  and variation of fluid content 

δ, positive indicates extension and gain of fluid by the porous solid respectively. Biot also 

considered two dynamic variables, the total stress tensor 𝜎𝑖𝑗  and the pore pressure p, which are 

conjugate quantities of the strain and the variation of fluid content respectively. The total stress 

tensor 𝜎𝑖𝑗  can be defined as the total force in the x direction per unit area whose normal is in the 

x direction. A scalar variable, the pore pressure p can be defined as a pressure in the porous 

medium that is in equilibrium with the pressure of a hypothetical reservoir (Detournay and 

Cheng, 1993). 

The theory of poroelasticity has found many applications in the fields of science, engineering 

and biomedical engineering. Problems of soil consolidation, filtration and soft tissue modeling 

like bone, cartilage, skin, arterial walls and etc can be modeled successfully by using this theory. 

Layered soil profiles, biological tissues or filtering materials, which are either natural or 

industrial porous materials, have an inhomogeneous structure that makes poroelastic modeling 

very preferable for many practical applications (Naumovich, 2007).   
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7. Reflection coefficient calculation in Matlab 

7.1 Introduction 

The propagation of sound in air saturated rigid framed porous media has potential industrial 

applications in the fields of noise control, architectural acoustics and transportation (Fellah et al., 

2002). There are several models which can be used to determine the acoustical behavior of 

porous materials. These models differ significantly as different assumptions were made 

regarding the stiffness of the skeleton, shape and positions of the pores and on other factors that 

have an impact on theirs acoustical behavior (Knapen et al., 2003).  Simplified models that 

predict properly the interaction between acoustic waves and porous materials are valuable tools 

in assessing different engineering and science problems. Acoustic wave characteristics like 

reflection and transmission coefficients which carry information about the physical parameters of 

the porous material can be easily determined from these simplified models (Depollier et al., 

2004). Moreover, the absorption coefficient which has practical applications can be easily 

derived from the reflection coefficient and used to assess and monitor ongoing changes in these 

porous materials. The absorption coefficient has been directly linked to the physical parameters 

which characterize porous materials by various equations (Castagnede et al., 2000). 

The propagation of sound in porous media is quite complex to describe as sound also excites and 

moves the skeleton of these porous materials (Allard and Atalla, 2009). However, in some 

applications and for wide frequency ranges, the skeleton vibration can be ignored and the air 

inside the medium can be replaced by an equivalent free fluid. This approach of porous material 

modeling can be applied to materials that have rigid skeleton and also to materials that have an 

elastic frame and set on a rigid wall (Zielinski et al., 2005). In these equivalent fluid models, a 

closed form analytical solution for a one dimensional normal plane wave can be obtained which 

could predict the acoustic behavior of porous materials.  

 It is the aim of this analysis to solve a one dimensional problem in Matlab and thus study the 

acoustic behavior of granular porous materials. A layer of granular porous materials like sand, 

road base and ballast were impinged by an incident normal plane wave and the subsequent 

reflection coefficients were calculated. The frequency domain reflection coefficients were then 

analyzed to study the relation between non-acoustic material parameters and ongoing changes in 
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these media. The compaction progress in sand and road-base materials and the deterioration of 

railway ballast or fouling are the main focus of these analyses. It is the wish of the author that a 

new non-contact non-destructive test can be devised from the outcome of these analyses which 

could enhance the implementation of acoustic waves in testing of different civil engineering 

constructions. 

This report covers detail information from problem formulation to sample preparation. The 

calculated reflection coefficients of the different samples from different models and under 

different conditions were given and analyzed to find out the correlation between reflection 

coefficients and non- acoustical properties of granular materials. 

7.2 Equivalent fluid model 

Many theoretical and analytical models were developed over the years to predict the physical 

behavior of porous materials. To model a porous material which is built up of pores and 

characterized by the interaction between its solid and fluid parts requires the investigation and 

definition of a number of parameters. These parameters have a specific physical meaning 

associated with them which makes this kind of modeling very valuable. In the case of complex 

models, the number of these parameters can reach up to ten (Seppi, 2009). However, simplified 

model like the equivalent fluid model needs only five parameters to characterize porous 

materials behavior during acoustic wave propagation. If the frame of the porous material is 

motionless during acoustic wave propagation, the air inside the porous medium can be replaced 

on the macroscopic scale by an equivalent free fluid. This equivalent fluid can be characterized 

by its effective density ρ (ω) and bulk modulus K (ω). The value of these parameters depend on 

the angular frequency of medium vibrations ω = 2πf.  In addition, the wave number k (ω) and the 

characteristic impedance Zc (ω) of the equivalent fluid are also frequency dependant (Allard and 

Atalla, 2009). 

In this analysis, the Delany-Bazley and Johnson-Allard models were selected to study the 

parametric changes of porous materials. Even if the Delany-Bazley method is best suited for 

porous materials where the porosity is close to 1, it has been included in these analyses along 

with the Johnson-Allard model. Though questionable, the Delany- Bazley method was used by 

some researchers to calculate impedance of ballast layers (Heutschi, 2009). 
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7.2.1 Delany- Bazley method  

For a large range of frequencies, Delany and Bazely measured the complex wave number k and 

characteristic impedance Zc of many fibrous materials with porosity close to 1. In this method, 

flow resistivity ζ and angular frequency ω are the only parameters on which the measured values 

(k and Zc) depend (Zielinski et al., 2005). The following expressions give a good fit for the 

measured values. 

            k = 
𝑤

𝑐0
 𝐹1(x)                  𝑍𝑐  = 𝜌0𝑐0 𝐹2(X)                                                                          [82] 

Where 𝜌0is the density of air, 𝑐0 is the speed of sound in air and ω = 2πƒ is the angular 

frequency, while 

        𝐹1(x) = 1 + 0,0987 X
-0,700

- j 0,189 X
-0,592

                                                                            [83] 

       𝐹2(x) = 1 + 0,0571 X
-0,754

- j 0,087 X
-0,732

                                                                             [84] 

X is a dimensionless parameter which is equal to 

                                        X = 
𝜌0 𝑓

𝜎
                                                                                                [85] 

According to Delany and Bazley, the boundary of X should fall in the following range for the 

above Equations 83 and 84 to be valid. 

                                              0, 01 < X < 1, 0                                                                              [86] 

Thus, frequency dependent sound speed and density of a highly porous material according to this 

fluid equivalent model can be expressed as follows:  

         𝑐𝑒𝑞  = 
𝜔

𝑘
  = 

𝑐0

𝐹1(𝑋)
 ,             𝜌𝑒𝑞  = 

𝑍𝑐

𝑐𝑒𝑞
 = 

𝑍𝑐𝑘

𝑤
 = 𝜌0𝐹1(X)  𝐹2(X)                                               [87] 

Flow resistivity of porous material ζ – is the only physical parameter of the porous material 

which is used by the Delany-Bazley method. Flow resistivity, which is extremely difficult to 

measure, characterizes the difficulty with which air move through a porous medium (Harrop, 
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2000). It is an intrinsic property of the micro geometry of the pores and governs the absorption 

and attenuation of waves (Allard and Atalla, 2009). 

Simplified equations like Delany-Bazley that depend only on frequency and flow resistivity to 

study the acoustic behavior of porous materials might not be expected to provide the perfect 

predictions (Allard and Atalla, 2009). However, they are widely used and can give a reasonable 

estimate of complex wave number and characteristic impedance magnitudes. 

7.2.2 Johnson- Allard model 

This method is a particular case of Biot‟s theory. In this approach, the acoustic wave propagates 

only in the air saturated pores as the frame of the porous material is motionless (Depollier et al., 

2004). For this kind of situations, the medium can be considered as porous material of rigid 

frame and one can apply the equations of fluid mechanics to solve problems of wave propagation 

(Zielinski et al., 2005). In fluid mechanics, the density and the bulk modulus of the fluid are the 

two parameters which are necessary to characterize the fluid. However, these two parameters in 

this equivalent fluid model are complex, i.e. highly frequency– dependent. This frequency 

dependence represents the deviation from the behavior of the fluid in free space as the frequency 

increases (Depollier et al., 2004). Thus, these two parameters are refereed in this model as 

effective density and effective bulk modulus. 

Effective density ρ (ω) - is responsible for sound damping in acoustic materials. It expresses the 

viscous exchange between the air and the structure (Depollier et al., 2004). According to 

(Castagnede et al., 2000) the effective density in Johnson- Allard model can be expressed as 

follows 

                            ρ (ω) = 𝛼∞𝜌0 + 
𝜎𝜙

𝑗𝜔
  1 +

4𝜂𝛼∞
2 𝑗𝜔𝜌𝑜

𝜎2∧2𝜙2
                                                             [88] 

In addition to flow resistivity, it involves three other non-acoustical porous material parameters. 

While viscosity and density refer to the saturating fluid, which is air in this case, the rest are 

innate material properties of the porous material which depend on the intrinsic geometry of the 

pores (Tizianel et al., 1999).  
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Density of the saturating fluid ρo - in this analysis the value of air at the normal conditions of 

temperature and pressure (0 °C and 101325
 
Pa) is used. ρ = 1,213 Kgm

3
  

Shear viscosity of the saturating fluid η - in this analysis the value of air at normal conditions is 

used. ε = 1, 84*10
-5 

Pa·s. 

Open porosity of the porous material ϕ - is the ratio of the volume of air in the pores to the total 

volume of the porous material ( 𝑉𝑎 𝑉𝑇 ). While considering 𝑉𝑎 , only the volume occupied by the 

air in the connected pores should be calculated (Allard and Atalla, 2009). Porosity is responsible 

for visco- thermal absorption effect in porous materials (Asdrubali and Horoshenkov, 2002). 

Tortuosity of the porous material α∞ - is the property of the micro geometry of the porous 

material and measures the increased path length through the material due to the deviation from a 

straight line (Harrop, 2000). It can be measured by the following equation (1 / cos
2
ϕ) where ϕ is 

the angle between the axis of the pores and the surface normal (Allard and Atalla, 2009).  

Viscous characteristic length of the porous material Λ - depends only on the geometry of the 

pores and describes the high frequency viscous interaction between the fluid and the stiff 

material (Knapen et al., 2003).  

Effective bulk modulus K (ω) - the frequency-dependent effective bulk modulus of porous 

materials with rigid skeleton is in fact the bulk modulus of the fluid that saturates the pores of the 

material. Nevertheless, this value is not the same as the specific bulk modulus of the fluid 

(Zielinski et al., 2005). According to (Castagnede et al., 2000) the effective bulk modulus can be 

expressed as follows 

                      K (ω) = 
𝛾𝑃0

𝛾  − 
𝛾−1

1+𝐻(𝜔 )

   ,             H (ω) = 
 64𝜂2+4𝜂∧′2𝐵2𝜌0𝑗𝜔

∧′2𝐵2𝜌0𝑗𝜔
                                 [89] 

This equation expresses the thermal exchange between the air and the structure which is 

responsible for sound damping in acoustic material (Depollier et al., 2004). In addition to 

viscosity and density of the saturating fluid, it involves four other material parameters. While 

thermal characteristic length is associated with the geometry of the porous materials, the rest 

three of the parameters are attributed to the saturating fluid that fills the pores. 
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The ambient mean pressure of the fluid in the pores P0 – in this analysis the value of air at 

normal temperature and pressure conditions is used. P0 = 101325 Pa. 

The ratio of specific heat (γ) – is an adiabatic constant for the saturating fluid. It is the ratio of 

the specific heat per unit mass at constant pressure to the specific heat per unit mass at constant 

volume (Cp/Cv); this value is 1,4 for air at normal conditions of temperature and pressure (Allard 

and Atalla, 2009). 

Prandtl number (B
2
) – is the parameter of the saturating fluid and defined as the ratio of thermal 

conductivity to that of density and specific heat per unit mass at constant pressure (к / (ρ0*cv)). 

Air has a Prandtl number value of 0, 71 at normal conditions of temperature and pressure (Allard 

and Atalla, 2009). 

Thermal characteristic length (Λ’) – is a measure of the size of the pores as long as the thermal 

exchange between the frame and the air is considered. In the case of cylindrical pores having 

identical radii, it is equal to the radius of the pores (Tizianel et al., 1999).  It affects the high 

frequency behavior of the bulk modulus (K) of the saturating fluid.  

For the reliability and success of equivalent fluid models, an accurate characterization and 

measurement of the parameters involved is very crucial. However, direct measurement of some 

of the parameters like characteristic lengths is very difficult. In most cases, their measurement 

represents an academic point and for common application indirect characterization techniques 

are involved (Seppi, 2009).  

7.3 Material samples for analyses 

Different granular porous materials which are under different conditions were used for this 

analysis. The deteriorations of railway ballast and the compaction progress in sand and roadbase 

layers were the main focus of this analysis. Most of the study regarding the acoustical behavior 

of porous materials is on industrial products which makes it very challenging and arduous to find 

sources which can give reliable data on acoustical and non- acoustical parameters of granular 

materials. Moreover, it was also very difficult and time taking to establish relation between 

porous material parameters and ongoing physical changes in these materials. All efforts were 

made to come up with a reasonable engineering estimate which considers the changes that occur 
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during compaction and fouling processes. We can say compaction effects in granular porous 

materials have approximately the same effect as of compressional changes in fibrous porous 

materials. Since in both cases, the pore space between the particles decreases without permanent 

deformation of the grains or the fibers involved. 

The way the three samples: sand, roadbase and ballast layers were prepared is explained in 

detail. All efforts were made to find good sources which can give good information on 

compaction and fouling processes. In addition, the parametric variations were estimated in a 

careful way to demonstrate the ongoing changes in these samples. 

7.3.1 Sand 

The material for this case is air saturated quarry sand. During acoustic wave propagation, the 

viscous coupling between the sand grains and the air inside the pores is sufficiently low which 

makes the sand grain to be motionless. The five non acoustical material parameters of the sand 

were measured successfully by other researchers using different methods and techniques. The 

porosity ϕ was evaluated from the measurement of air content in a given volume of sand. The 

tortuosity was determined from successive resistivity measurements. For the  thermal 

characteristics length, the presence of dust and the small surface roughness compared to the 

viscous skin depth make the BET method which is used to measure thermal characteristics length 

of synthetic materials unfit for this sample so other method was used (Tizianel et al., 1999). 

To establish a relation between the compaction rate and the five non acoustical material 

properties of the sand, various sources were consulted. For fibrous porous materials, there is a 

direct relation between the compression rate and the evolution of porous material parameters. 

These relations can be easily derived and have been extensively documented (Castagnede et al., 

2006). When compressed, fibrous porous materials undergo a change in which the porosity and 

characteristic lengths decrease whereas tortuosity and flow resistivity increase. Equations were 

forwarded to formulate these variations during a uniaxial (1D) and a surface like (2D) 

compressions. For a surface like compression, the five non acoustical parameters are related with 

the rate of compression as follows 

    𝜙(𝑛) = 1- n
2
 (1 -𝜙(0))                    𝛼∞

(𝑛)
 = 1- n

2
 (1 -𝛼∞

(0)
)                     𝜎(𝑛)= 𝑛2𝜎(0) 
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   Ʌ(𝑛)
′  = 

Ʌ(0)
′

𝑛
 + 

𝑎

2
 (

1

𝑛
 - 1)               Ʌ 𝑛  = 

Ʌ(0)

𝑛
 + 

𝑎

2
 (

1

𝑛
 - 1)                                                   [90] 

In the above equations, n designate the compression rate and given by n = ho/h where ho is the 

original uncompressed height. Whereas a stands for the average diameter of fibers. 

During the compression process, the fibers are brought nearer towards each other without 

experiencing any deformations, i.e. the radius of the fibers remains unchanged. For most porous 

materials as a is very small i.e. Ʌ’ >> a, the first term in the characteristic lengths equation can 

be amply sufficient (Castagnede et al., 2000). 

All the non-acoustical material properties of the sand except the flow resistivity are actual 

measured values from other studies (Tizianel et al., 1999). Harrop (2000) has given typical flow 

resistivity values of different soils and soil conditions, thus the flow resistivity of this sand 

material was approximated from these typical values. The analysis was done by assuming this 

sand material to be well compacted. Other two conditions were considered: when the same sand 

material was moderately compacted and when it is loose.  

With a reduction in the volume of air, compaction process increases the density of a material by 

packing the particles closer together (Jenkins, 2006). This process decreases porosity which 

causes the flow of air and water through the material to reduce (Randrup and Lichter, 2001). 

According to Asdrubali and Horoshenkov (2002), the flow resistivity of a loose granular mix is 

sensitive to the level of compaction and density of the mix. In addition, the tortuosity of a given 

soil sample has an indirect relation with that of porosity (Harrop, 2000). By using the above facts 

and by taking the similarity between granular material compaction and compression of fibrous 

materials, the non acoustical material properties of the moderately compacted and loose sand 

layers were estimated. The thickness of the original sand sample is 3cm. Though this thickness is 

assumed to remain constant throughout the compaction period, the values of the parameters for 

moderately and loose state were estimated by using equation [90] and by making n= 2. 

Accordingly the thickness decreases by half when it progresses from one stage to another. The 

terms well compacted; moderately compacted and loose sand are just terms to show the 

difference in condition between the samples and might not be suited to refer to the materials in 

actual conditions.  
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Table 2. Non-acoustical material properties of the sand sample 

Parameters Well compacted Moderately 

compacted 

Loose sand 

Thickness (m) 0,03 0,03 0,03 

Porosity 0,37 0,555 0,685 

Flow resistivity (Nsm
-4

) 170000 120208,153 85000 

Tortuosity 1,68 1,481 1,34 

Viscous characteristic length (μm) 30 60 120 

Thermal characteristic length (μm) 90 180 360 

 

7.3.2 Road base 

This is a hypothetical material where each of the non-acoustical material parameters is either 

taken directly or approximated from other close materials. The porosity was averaged by taking 

the gravel, sand and clay-silt materials from Uyanik (2010) including the gravel-sand material 

from Bakulin et al., (2009). The tortuosity value was estimated by taking values from the gravel- 

sand material of Bakulin et al., (2009) and sand material of Fellah et al., (2002). The flow 

resistivity value was established by taking average values of similar soils from Harrop (2000). 

The characteristic length values were approximated from Tizianel et al., (1999) and Fellah et al., 

(2002).  

The non-acoustical material parameters of the moderately compacted and loose road base layers 

were derived by using the same procedure as of sand layers. It is assumed that the effect of 

compaction on sand and road base layers is the same. In this case also, the thickness of the road 

base layer is assumed to remain constant during the compaction progress. The terms well 

compacted; moderately compacted and loose are just terms to show the difference in conditions 

between the samples and might not be suited to refer to the materials in actual conditions. 
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Table 3. Non-acoustical material properties of the road base sample 

Parameters Well compacted Moderately 

compacted 

Loose road base 

Thickness (m) 0,3 0,3 0,3 

Porosity 0,37 0,486 0,555 

Flow resistivity (Nsm
-4

) 180000 146969,385 127279,221 

Tortuosity 1,54 1,441 1,382 

Viscous characteristic length (μm) 35 52.5 70 

Thermal characteristic length (μm) 100 150 200 

 

7.3.3 Railway ballast 

Except the characteristic lengths, all the other non-acoustical material parameters of the ballast 

including the thickness are actual material properties of this sample taken from other studies 

(Heutschi, 2009). Additional parameters like the viscous and thermal characteristic lengths were 

estimated from Tizianel et al., (1999) and Fellah et al., (2002). Railway ballast consists of large 

size aggregates which cause the flow resistivity to be small compared with that of typical gravels 

(Attenborough, 2011).  There is very little data in literatures on the acoustical behavior of 

railway ballast materials (Heutschi, 2009). This lack of data makes the estimation process of 

parameters for fouling very difficult and the whole process may not be to the standard. 

 The fine particles, which are the result of fouling, migrate within the ballast layer and fill the 

void between large size aggregates. This process effectively decreases the volume, porosity and 

drainage characteristics of the ballast (Indraratna et al., 2006). Moreover, it can be said that 

fouling increases the contact between aggregates by decreasing the air space between them in 

same way as compaction. Therefore, as fouling progresses, it is expected for the ballast layer 

flow resistivity and tortuosity to increase and that of characteristic lengths to decrease. The 

thickness of the ballast layer is assumed to remain constant. 
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Table 4. Non-acoustical material properties of railway ballast 

Parameters Clean Moderately 

fouled 

Highly fouled 

Thickness of ballast (m) 0,33 0,33 0,33 

Porosity 0,3 0,275 0,25 

Flow resistivity (Nsm
-4

) 12190 25294,25 38398,5 

Tortuosity 1,1 1,221 1,342 

Viscous characteristic length (μm) 40 27 19 

Thermal characteristic length (μm) 125 75 45 

 

7.4 Results and discussion 

A simple configuration in which a granular porous material is backed by a rigid impervious 

surface is studied. The layer, characterized by constant parameters, occupies the region between 

x= 0 and x= d in the positive x direction (Cartesian coordinate system). A normal planar incident 

wave impinges the layer at x= 0, some of the wave reflected back and the rest transmitted into 

the porous layer. The reflection coefficients at the face of the porous layer (M3) are calculated 

and analyzed in Matlab. Further detail on the Matlab code can be found in Appendix A. The 

Matlab code for the three materials is typical so only the Matlab code for the sand layer is 

presented. 

air porous granular material

M1M2M3

d

rigid

impervious

surface

Figure 18.  A layer of porous granular material backed by a rigid impervious surface 
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7.4.1 Results from Delany- Bazley method 

In Delany- Bazley method, the reflection coefficients cannot be calculated directly. For the case 

where the porous layer is backed by an impervious rigid surface, the impedances can be 

calculated by using Equation 61. Consequently, the reflection coefficients are derived by 

employing the calculated impedances in Equation 76. However, at low frequencies and for 

layered media, the Delany- Bazley method can sometimes predict non-acoustical results (Kruse, 

2008). 

Sand 

The calculated reflection coefficients for sand layer when it is loose, moderately compacted and 

well compacted are given below. 

 

Figure 19. Reflection coefficient for sand layer: Delany- Bazley method 
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Road base  

The calculated reflection coefficients for road base layer when it is loose, moderately compacted 

and well compacted are given below. 

Figure 20. Reflection coefficient for road base layer: Delany- Bazley method  

Ballast 

The calculated reflection coefficients for railway ballast layer when it is clean, moderately fouled 

and highly fouled are given below. 

Figure 21. Reflection coefficient for railway ballast layer: Delany- Bazley method 
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7.4.2 Results from Johnson- Allard model 

For a porous layer backed by a rigid impervious surface, there is a direct analytical expression 

for the reflection coefficient in Johnson- Allard model. This expression is given in (Castagnede 

et al., 2006) as follows 

                     R = 
𝐴𝑟

𝐴𝑖
 = 

𝑍𝑚𝑎𝑡  𝑐𝑜𝑠𝑘𝑚𝑎𝑡 𝐿−𝑗𝜙𝑠𝑖𝑛 𝑘𝑚𝑎𝑡 𝐿

𝑍𝑚𝑎𝑡  𝑐𝑜𝑠𝑘𝑚𝑎𝑡 𝐿+𝑗𝜙 sin 𝑘𝑚𝑎𝑡 𝐿
                                                                   [91] 

In the above equation, 𝐴𝑟  and 𝐴𝑖  are respectively the reflected and incident acoustic waves 

amplitudes. 𝑍𝑚𝑎𝑡 , 𝑘𝑚𝑎𝑡  and L refer to the acoustical impedance ratio between the material and 

air, the wave number in the material and the thickness of the porous material respectively.  

Sand 

The calculated reflection coefficients for sand layer when it is loose, moderately compacted and 

well compacted are given below. 

 

Figure 22. Reflection coefficient for sand layer: Johnson- Allard model 
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Road base layer 

The calculated reflection coefficients for roadbase layer when it is loose, moderately compacted 

and well compacted are given below. 

Figure 23. Reflection coefficient for road base layer: Johnson- Allard method 

Ballast 

The calculated reflection coefficients for railway ballast layer when it is clean, moderately fouled 

and highly fouled are given below. 

Figure 24. Reflection coefficient for railway ballast layer: Johnson- Allard model 
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The figures generated from the two models (Fig. 19- Fig. 24) give straightforward qualitative 

information on the reflection coefficient change during the process of compaction and fouling. 

The root means square error (RMS error) is employed on the calculated data in order to obtain 

quantitative information. Two RMS error values were calculated for each material in each model 

to show the difference between successive set of reflection coefficients. 

Table 5. The calculated RMS error values of each granular porous material in both Delany- 

Bazley and Johnson- Allard models. 

Porous granular material Delany – Bazley model Johnson- Allard model 

RMS error1 RMS error2 RMS error1 RMS error2 

Sand 0.063 0.067 0.113 0.168 

Roadbase 0.0270 0.039 0.055 0.100 

Ballast 0.0651 0.0474 0.059 0.054 

 

RMS error1 quantifies the reflection coefficient difference between moderately compacted and 

loose states for sand and road base materials; for railway ballast, it quantifies the difference 

between moderately fouled and clean conditions. 

RMS error2 quantifies the reflection coefficient difference between well compacted and 

moderately compacted states for sand and roadbase materials; for railway ballast, it quantifies the 

difference between heavily fouled and moderately fouled conditions.  

For the compaction progress in sand and roadbase layers, the Johnson- Allard model gives RMS 

error values which are far higher than the values from the Delany- Bazley model. However, for 

the fouling process in ballast layer, the two models give comparative results. 

For the frequency range of 0Hz- 4000Hz, the Delany- Bazley method gives RMS error values 

which are well above the average RMS error values of the three materials. However, for the 

frequency range of 8,000Hz- 10,000Hz, the same method gives RMS error value which is far 

below the average RMS error value of the ballast layer. 

For the frequency range of 0Hz- 1000Hz, the RMS error value of the sand layer in the Johnson- 

Allard model is 0,0485 which is far below the average RMS error value. Nevertheless, as the 
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frequency increases, the gap between these two values diminishes. The same trend can also be 

observed in the road base material. Nevertheless, the same method gives consistent RMS error 

values for the ballast material.  

The value of the reflection coefficient from the Johnson- Allard model does not follow a 

downward or upward trend for very thin porous materials i.e. h < 5cm.  

A parametric study has been done for the loose road base material. The effect of each non-

acoustical parameter has been studied by decreasing each parameter by 10 % while keeping the 

rest constant. It is the porosity which has showed a remarkable impact on the value of the 

reflection coefficient. It increases the average value of the reflection coefficient by more than 

5%. On the contrary, the effect of the characteristic lengths is negligible, below 0.05%. The flow 

resistivity and tortuosity decrease the average reflection coefficient value by 2.12% and 1.42% 

respectively.  

The same parametric study has also been done for the heavily fouled ballast material. In this 

case, the effect of each non-acoustical material parameter has been investigated by increasing the 

parameters by 10% while keeping the rest constant. The increase in porosity and characteristic 

lengths decrease the average reflection coefficient value by 2.67% and 0.873% respectively. 

Whereas tortuosity and flow resistivity increase the reflection coefficient value by 1.26% and 

0.02% respectively.  
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8. Conclusion 

The compaction progress in sand and road base materials has been satisfactorily observed by 

both models. The Johnson- Allard model gives poor results at lower frequencies and might not 

be suitable for frequencies which are lower than 1000Hz. On the contrary, the Delany- Bazley 

method is well suited for lower frequency ranges and can give good results up to 4000Hz. By 

combing the reflection coefficients of the two models, a new non- contact non- destructive test 

may be devised which could monitor the compaction progress of unbound granular layers. 

Laboratory acoustic measurements on real samples under different compaction and fouling 

stages are recommended for future studies. 

Interestingly, for the fouling process in ballast layer, both the Johnson- Allard and the Delany- 

Bazley models give comparative results. In comparison with the Delany- Bazley model which is 

ineffective at high frequencies, the Johnson- Allard model gives good results for the whole 

frequency range. This makes the Johnson- Allard model appropriate for monitoring the fouling 

progress of ballast layers. In addition, as it has considered many non-acoustical parameters of the 

porous material, the results of the Johnson- Allard model can give the opportunity of parametric 

studies.  

Parametric study in Johnson- Allard model has shown that the variation of porosity affects the 

reflection coefficient of road base material considerably. This creates the possibility of using this 

model to monitor porosity variations of soils and unbound granular materials. On the contrary, 

the effect of the characteristic lengths is negligible thus providing the opportunity to reduce the 

time and resources that would be spent in measuring these difficult parameters.  

The reflection coefficient from the same parametric studies in ballast layer has been also affected 

more by porosity variations than other parameters. The effect of the flow resistivity is negligible 

whereas tortuosity and characteristic lengths have some effect. Thus, the measured reflection 

coefficient can be utilized to monitor and study these parameters. 

As can be seen in Fig 22, the reflection coefficient from Johnson- Allard model may not be 

suitable to characterize the compaction progress of very thin granular porous materials i.e. 

h<6cm. 
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                                                      Appendix A 

Matlab code for the reflection coefficient calculation in Delany- Bazley and Johnson- Allard 

methods for sand material 

Delany- Bazley method 

clc 
Clear all 
%%Reflection coefficient from Delany- Bazley model; normal incidence at the 
%%surface of loose sand layer backed by an impervious rigid wall 
fr = 85000;                    %Ns/m^4 flow resistivity 
d = 1.213;                     %kg/m^3 density of air  
l = 0.03;                      %m thickness  
c = 342;                       %m/s speed of sound in air 
f = 0:100:10000;               %Hz frequency 
w = 2*pi*f;                    %rad angular frequency 
Zo = 415.03;                   %Pas/m Characteristic impedance in air 
X = d*f/fr;                    %dimensionless parameter 
%%%since 0.01 < X < 1.0 we can use Delany and Bazley equations 
    F1 = 1+0.0987*X.^-0.700-1i*0.189*X.^-0.592;      %dimensional parameter 
    F2 = 1+0.0571*X.^-0.754-1i*0.087*X.^-0.732;      %dimensional parameter 
k = (w/c).*F1;                                       %complex wave number in 

the porous material 
Zc = d*c*F2;                                         %complex characteristic 

impedance in the porous material 
ZM2 = -1i*Zc.*cot(k*l);                              %surface impedance at M2 
RM2 = (ZM2-Zo)./(ZM2+Zo);                            %Reflection coefficient 

at M3 
ReRM1 = real(RM2);                                   %Real part of RM2 
%%Reflection coefficient from Delany- Bazley model; normal incidence at the 
%%surface of moderately compacted sand layer backed by a rigid impervious 

layer 
fr = 120208.15;                 %Ns/m^4 Flow resistivity 
d = 1.213;                      %kg/m^3 density of air  
l = 0.03;                       %m thickness of  
c = 342;                        %m/s speed of sound in air 
f = 0:100:10000;                 %Hz frequency 
w = 2*pi*f;                     %rad angular frequency 
Zo = 415.03;                    %Pas/m Characteristic impedance in air 
X = d*f/fr;                     %dimensionless parameter 
%%% since 0.01 < X < 1.0 we can use Delany and Bazley equations 
    F1 = 1+0.0987*X.^-0.700-1i*0.189*X.^-0.592;      %dimensional parameter 
    F2 = 1+0.0571*X.^-0.754-1i*0.087*X.^-0.732;      %dimensional parameter 
k = (w/c).*F1;                                   %complex wave number in the 

porous material 
Zc = d*c*F2;                                     %complex characteristic 

impedance in the porous material 
ZM2 = -1i*Zc.*cot (k*l);                          %surface impedance at M2 
RM2 = (ZM2-Zo). / (ZM2+Zo);                        %Reflection coefficient at 

M3 
ReRM2 = real (RM2);                               %Real part of RM2 
%%Reflection coefficient from Delany- Bazley model; normal incidence at the 
%%surface of well compacted sand layer backed by a rigid impervious layer 
fr = 170000;                      %Ns/m^4 Flow resistivity 
d = 1.213;                        %kg/m^3 density of air  
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l = 0.03;                         %m thickness  
c = 342;                          %m/s speed of sound  
f = 0:100:10000;                   %Hz frequency 
w = 2*pi*f;                       %rad angular frequency 
Zo = 415.03;                      %Pas/m Characteristic impedance  
X = d*f/fr;                       %dimensionless parameter 
%%% since 0.01 < X < 1.0 we can use Delany and Bazley equations 
    F1 = 1+0.0987*X.^-0.700-1i*0.189*X.^-0.592;      %dimensional parameter 
    F2 = 1+0.0571*X.^-0.754-1i*0.087*X.^-0.732;      %dimensional parameter 
k = (w/c).*F1;                                          %complex wave number 

in the porous material 
Zc = d*c*F2;                                     %complex characteristic 

impedance in the porous material 
ZM2 = -1i*Zc.*cot (k*l);                          %surface impedance at M2 
RM2 = (ZM2-Zo). / (ZM2+Zo);                        %Reflection coefficient at 

M3 
ReRM3 = real (RM2);                               %Real part of RM2 
plot(f,ReRM1,'-*',f,ReRM2,'--s',f,ReRM3,':o'); 
legend('Loose’, ‘Moderately compacted’, ‘Well compacted') 
xlabel('Frequency f [Hz]') 
ylabel('Reflection coefficient R') 

 

Johnson- Allard model 

 

 clc 
 clear all       
 %%Reflection coefficients from Johnson- Allard model; normal incidence at 
 %%the surface of loose sand layer backed by an impervious rigid wall 
 h = 0.03;                            %m thickness  
 po = 102312.5;                       %Pa pressure 
 p = 0.685;                           %porosity 
 fr = 85000;                          %Nsm^-4 flow resistivity 
 t = 1.34;                            %tortuosity 
 vl = 120e-6;                         %microm viscous characteristic length 
 tl = 360e-6;                         %microm thermal characteristic length 
 v = 1.84e-5;                         %Pa.s viscosity of air  
 d = 1.213;                           %kg/m^3 density of air  
 pr = 0.71;                           %Prandtl number 
 ac = 1.4;                            %adiabatic constant a=cp/cv 
 c = 342;                             %m/s speed of sound in air  
 f = 0:100:10000;                      %Hz frequency 
 w = 2*pi*f;                          %rad angular frequency 
 dw = t*d+(fr*p./(1i*w)).*sqrt(1+1i*4*t^2*v*d*w/(fr^2*vl^2*p^2)); %alpha(w)              
 kw1 = po*ac*(1+sqrt (64*v^2+4*v*tl^2*pr^2*d*1i*w)./(tl^2*pr^2*d*1i*w));                
 kw2 = ac*(1+sqrt (64*v^2+4*v*tl^2*pr^2*d*1i*w)./(tl^2*pr^2*d*1i*w))-(ac-1); 
 kw = kw1./kw2;                       %beta(w)                                                               
 cmat = sqrt(kw./dw);                 %speed of sound in an equivalent fluid 

medium 
 kmat = w./cmat;                      %wave number of sound in an equivalent 

fluid medium      
 dmat = dw;                           %density of equivalent fluid 
 zmat = dmat.*cmat/(d*c);             %ratio of acoustical impedances in the 

material over that in the free air  
 Ar = zmat.*cos(kmat.*h)-1i*p*sin(kmat.*h);            %amplitude of 

reflected sound wave 
 Ai= zmat.*cos(kmat.*h)+1i*p*sin(kmat.*h);             %amplitude of incident 

sound wave 
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 R = Ar./Ai;                                           %Reflection 

coefficient 
 ReR1 = real(R);                                       %Real part of R 
 %%Reflection coefficients from Johnson- Allard model; normal incidence at 
 %%the surface of moderately compacted sand layer backed by an impervious 

rigid wall 
 h = 0.03;                             %m thickness  
 po = 102312.5;                        %Pa pressure 
 p = 0.555;                            %porosity 
 fr = 120208.15;                       %Nsm^-4 flow resistivity 
 t = 1.481;                            %tortuosity 
 vl = 60e-6;                           %microm viscous characteristic length 
 tl = 180e-6;                          %microm thermal characteristic length 
 v = 1.84e-5;                          %Pa.s viscosity of air  
 d = 1.213;                            %kg/m^3 density of air  
 pr = 0.71;                            %Prandtl number at T=18c 
 ac = 1.4;                             %adiabatic constant a=cp/cv 
 c = 342;                              %m/s speed of sound in air at standard 

conditions 
 f = 0:100:10000;                       %Hz frequency 
 w = 2*pi*f;                           %rad angular frequency 
 dw = t*d+(fr*p./(1i*w)).*sqrt(1+1i*4*t^2*v*d*w/(fr^2*vl^2*p^2)); %alpha(w)              
 kw1 = po*ac*(1+sqrt(64*v^2+4*v*tl^2*pr^2*d*1i*w)./(tl^2*pr^2*d*1i*w));                
 kw2 = ac*(1+sqrt(64*v^2+4*v*tl^2*pr^2*d*1i*w)./(tl^2*pr^2*d*1i*w))-(ac-1); 
 kw = kw1./kw2;                        %beta(w)                                                                
 cmat = sqrt(kw./dw);                  %speed of sound in equivalent fluid 

medium 
 kmat = w./cmat;                       %wave number of sound in equivalent 

fluid medium       
 dmat = dw;                            %density of equivalent fluid 
 zmat = dmat.*cmat/(d*c);              %ratio of acoustical impedances in the 

material over that in the free air  
 Ar = zmat.*cos(kmat.*h)-1i*p*sin(kmat.*h);   %amplitude of reflected sound 

wave 
 Ai= zmat.*cos(kmat.*h)+1i*p*sin(kmat.*h);    %amplitude of incident sound 

wave 
 R = Ar./Ai;                                  %Reflection coefficient 
 ReR2 = real(R);                              %Real part of R     
 %%Reflection coefficient from poroelastic constants; normal incidence at 
 %%the surface of well compacted sand layer backed by an impervious rigid 

wall  
 h = 0.03;                               %m thickness  
 po = 102312.5;                          %Pa pressure 
 p = 0.37;                               %porosity (given) 
 fr = 170000;                            %Nsm^-4 flow resistivity(given) 
 t = 1.68;                               %tortuosity (given) 
 vl = 30e-6;                             %microm viscous characteristic 

length(given) 
 tl = 90e-6;                             %microm thermal characteristic 

length(given 
 v = 1.84e-5;                            %Pa.s viscosity of air at standard 

conditions 
 d = 1.213;                              %kg/m^3 density of air at standard 

conditions T = 0c 
 pr = 0.71;                              %Prandtl number at T=18c 
 ac = 1.4;                               %adiabatic constant a=cp/cv 
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 c = 342;                                %m/s speed of sound in air at 

standard conditions 
 f = 0:100:10000;                         %Hz frequency 
 w = 2*pi*f;                             %rad angular frequency  
 dw = t*d+(fr*p./(1i*w)).*sqrt(1+1i*4*t^2*v*d*w/(fr^2*vl^2*p^2));          

%alpha(w)              
 kw1 = po*ac*(1+sqrt(64*v^2+4*v*tl^2*pr^2*d*1i*w)./(tl^2*pr^2*d*1i*w));                
 kw2 = ac*(1+sqrt(64*v^2+4*v*tl^2*pr^2*d*1i*w)./(tl^2*pr^2*d*1i*w))-(ac-1); 
 kw = kw1./kw2;                          %beta(w)                                                                 
 cmat = sqrt(kw./dw);                    %speed of sound in equivalent fluid 

medium 
 kmat = w./cmat;                         %wave number of sound in equivalent 

fluid medium       
 dmat = dw;                              % density of equivalent fluid 
 zmat = dmat.*cmat/(d*c);                         %ratio of acoustical 

impedances in the material over that in the free air  
 Ar = zmat.*cos(kmat.*h)-1i*p*sin(kmat.*h);       %amplitude of reflected 

sound wave 
 Ai= zmat.*cos(kmat.*h)+1i*p*sin(kmat.*h);        %amplitude of incident 

sound wave 
 R = Ar./Ai;                                      %Reflection coefficient 
 ReR3 = real(R);                                  %Real part of R 
 plot(f,ReR1,'-*',f,ReR2,'--s',f,ReR3,':o'); 
 legend('Loose’, ‘Moderately compacted’, ‘Well compacted') 
 xlabel('Frequency f [Hz]') 
 ylabel('Reflection coefficient R') 

 

 

 

 

 


