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Abstract
Mathematical modeling of reaction-diffusion system in a biological cell

is an important and difficult task, especially when the chemical compounds
are lipophilic. The difficulty level increases, when we take into account the
heterogeneity of the cell, and the variation of cellular architecture. Math-
ematical modeling of reaction-diffusion systems in spherical cell geometry
has earlier been performed by us. In the present paper, we have worked
with non-spherical cell geometry, because the cellular geometry can play an
important role for drug diffusion in the cell. Homogenization techniques,
which were earlier applied in the case of a spherical cell model, have been
used for the numerical treatment of the model. This technique considerably
reduces the complexity of the model. To further reduce the complexity of
the model, a simplified model was also developed. The key idea of this sim-
plified model has been advocated in Virtual Cell, where PDEs are used for
the extracellular domain, cytoplasm and nucleus, whereas the plasma and
nuclear membranes have been taken away, and replaced by membrane flux,
using Fick’s Law of diffusion. The numerical results of the non-spherical
cell model have been compared with the results of the spherical cell model,
where the numerical results of spherical cell model have already been vali-
dated against in vitro cell experimental results. From the numerical results,
we conclude that the plasma and nuclear membranes can be protective reser-
voirs of significance. The numerical results of the simplified model were
compared against the numerical results of our detailed model, revealing the
importance of detailed modeling of membranes in our model.
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1 Introduction
Cell biology deals with the fundamental unit of living organisms. As such the
modeling of the chemical and physical processes in cells is highly desirable to
understand biology. Schematically, a mammalian cell consists of plasma mem-
brane, cytoplasm which contains many cell organelles like mitochondria, endo-
plasmic reticulum, golgi apparatus, etc., nuclear membrane enclosing the nu-
cleus which contains DNA. Different biological processes in the cell such as bio-
transformation of foreign and endogenous lipophilic chemicals, form a complex
reaction-diffusion system. The presence of many membrane structures adds to the
difficulty in modeling as lipophilic compounds concentrate there. These mem-
brane enveloped structures create a very dense and complex system throughout the
cytoplasm. If we consider and discretize these structures as separate sub-domains,
then a computational model will become extremely complex and computationally
very expensive. In order to make a model numerically treatable, keeping in view
the limitations of computational resources, a mathematical model using the ap-
proach of homogenization for the cytoplasm has earlier been presented [1]. Here
we extend this model, that dealt with spherical cell geometry, to analyze a cellular
shape more often encountered in experimental systems, namely a flying saucer
shape. In order to develop the modeling strategy, some modeling assumptions
were made, which have been summarized here:

A1 On micro scale with respect to space, we have a very complex structure of
the cytoplasm. Cytoplasm consists of layered structures.

A2 On macro scale, cytoplasm contains an unordered set of micro scale sub-
structures, which are uniformly distributed over the volume.

A3 Continuum hypothesis will be adopted, which means that the distribution
of the substances/molecules will be described using concentrations.

A4 The physical and chemical properties of cytoplasm, and the membranes are
uniform.

A5 The jump in concentration at the interface of two sub-domains can be de-
scribed using partition coefficients.

The detailed discussion of these assumptions can be found in [1]. In the present
paper, we have used the effective equations and results of our model.

In [1], the following assumption was considered for defining the cell geome-
try:

A6 The cell is a perfect ball with the different sub-domains being spheres.
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In living beings the assumption, A6, that cells are spherical can often be a good
approximation. However, cultured adherent cells used in experimental systems
adopt a more flat shape. Therefore in the present paper we consider this situation
by representing the cell roughly like a flying saucer. Hence, we replace A6 by
A6′, that is

A6′ The cell has cylindrical symmetry.

Using this assumption, the three-dimensional problem can be reduced to a 2-
dimensional axi-symmetric model. The main advantage of a non-spherical cell
model is that, we can consider a cell geometry which is rather close to the real cell
geometry in the most common experimental systems (i.e. petri dish). For exam-
ples, different (non-spherical) shapes of the cell can be seen in [5]. Some results
of this paper were presented at the Comsol Conference [2].

In the following section of the paper, we will present the mathematical model.
In Section 3, we will discuss the detailed modeling in Comsol Multiphysics [3].
In Section 4, numerical results of the detailed model are described. In Section
5, we will discuss an alternative, often used, simplified model and its numerical
results, whereas in the last section, conclusions are given.

2 Mathematical Model and Methods

Model Description
Since, this paper is an extension of earlier work, from 1D to 2D, hence, the model
description is the same as described in [1]. For the convenience of the reader, we
present here a short summary.

The model in this paper describes the uptake of different chemical compounds
into the mammalian cell. Polycyclic aromatic hydrocarbons (PAH) are present as
pollutants in large quantity in our environment. These PAH undergo different in-
termediate reactions in living cells, where certain metabolites react with proteins
and DNA of the cell, causing cancer and toxicity. In this paper, we investigate the
fate of a class of such chemical compounds (the ultimate toxic and carcinogenic
reactive intermediate named C) with reference to different cellular architectures.
In our model, we consider the reaction of chemical compound C (in model) with
water in extracellular medium, i.e. hydrolysis. By this hydrolysis, PAH tetrols
U are formed. C and U diffuse through the plasma membrane, and reach the
cytoplasm. Hydrolysis of course takes place in the aqueous cellular compart-
ments such as cytoplasm as well. In addition to this, C undergoes conjugation to
glutathione catalyzed by enzymes (glutathione transferases), thus producing glu-
tathione conjugates, named B in the model. C and U further diffuse through the
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nuclear membrane, and reach the nucleus, where C undergoes hydrolysis or reacts
with DNA, forming DNA adducts (the premutagenic lesion). In this model, we
call them A. An important feature of our model is partitioning into membranes.
Thus our approach provides a tool to model the fate of lipophilic compounds in
cells contributing to explicit cellular modeling.

Quantitative Model
By assumption A3, the distribution of the substances/molecules will be described
using concentrations. To distinguish between concentrations within the different
sub-domains, we have added an index. For example, we denote C in cytoplasm by
C3. Similarly, the diffusion coefficient in extracellular medium will be denoted by
D1. In this paper, we consider the shape of a cell as non spherical. The reaction-
diffusion mechanism within and outside of the cell is described in Figure 1, which
gives rise to the following partial differential equations.

• Sub-domain 1 (extracellular medium) In this sub-domain, we have the
following system of PDEs,

∂

∂ t
C1 = ∇ · (D1∇C1)− kUC1, (1)

∂

∂ t
U1 = ∇ · (D1∇U1)+ kUC1. (2)

• Sub-domain 2 and 4 (plasma and nuclear membrane) Only diffusion
process takes place in these sub-domains, hence,

for i = 2,4, it holds:

∂

∂ t
Ci = ∇ · (Di∇Ci), (3)

∂

∂ t
Ui = ∇ · (Di∇Ui). (4)

• Sub-domain 3 (cytoplasm) In this sub-domain, we have the following
PDEs

σC
∂

∂ t
C3 = ∇ · (D3,C,h∇C3)− (kU,h + kB,h)C3, (5)

σU
∂

∂ t
U3 = ∇ · (D3,U,h∇C3)+ kU,hC3, (6)

∂

∂ t
B3 = kB,hC3, (7)
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where σS, S =C,U represents the time scaling coefficient which appeared due to
the homogenization procedure, and is defined by,

σS =

{
pw + pl/KP,S, x ∈ aqueous part of cytoplasm
1/KP,S, x ∈ lipid part of cytoplasm

where pw and pl represent the volume fraction of the aqueous and lipid (mem-
brane) parts, respectively. KP,S represents the partition coefficient. h in the sub-
script of diffusion and rate constants, stands for the homogenized diffusion and
rate constants. The detailed derivation of the homogenized system, and diffusion
and rate constants used in this paper if not otherwise mentioned, have been found
from [1].

• Sub-domain 5 (nucleus) In this sub-domain, we get the following PDEs

∂

∂ t
C5 = ∇ · (D5∇C5)− (kU + kA)C5, (8)

∂

∂ t
U5 = ∇ · (D5∇U5)+ kUC5, (9)

∂

∂ t
A5 = kAC5, (10)

Interface Conditions

Since, C and U must dissolve into the membrane phase for transport , we need in-
terface conditions at the interface of two different sub-domains. The conservation
of mass leads to the continuity of flux between the different phases. The interface
conditions for the concentration between the aqueous and membrane phases are
described by the partition coefficient KP,S. Hence, the interface conditions at the
interfaces take the form,

S1 = KP,SS2 , D1
∂

∂n1
S1 +D2

∂

∂n2
S2 = 0 (11)

S5 = KP,SS4 , D4
∂

∂n4
S4 +D5

∂

∂n5
S5 = 0 (12)

ni denotes the outward normal vector of the ith sub-domain, where

n1 =−n2 , n4 =−n5
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Boundary Conditions

We assume our system to be isolated, therefore, at the outer boundary, Neumann
Boundary Conditions are provided, i.e.

∂

∂n1
S1 = 0.

Substances B and A are restricted to the sub-domains 3 and 5 respectively, there-
fore, we have again Neumann Boundary Conditions

∂

∂n3
B3 = 0 and

∂

∂n5
A5 = 0.

Initial Conditions

We assume that, only C1 has non-zero initial value, i.e,

C1|t=0 =C0.

Detailed Modeling in Comsol Multiphysics
The mathematical model has been implemented in Comsol Multiphysics 3.5a [3],
and the Reaction Engineering Laboratory [4]. This software uses the method of
lines and finite element method for discretizing with respect to the spatial inde-
pendent variable.

In [1], a penalty approach was used for implementing the transfer conditions
(Eq. 11 and 12). However, there is hardly any criteria for choosing the penalty
parameter available. Moreover, the additional stiffness introduced this way makes
the solution of the resulting ODEs, sometimes very difficult. In the model of
our current paper, we have used another technique which does avoid the penalty
parameter. This new technique can be implemented in Comsol Multiphysics 3.5a.
For an example, we consider the following conditions at the interface between
extracellular medium and plasma membrane:

S1 = KP,SS2 , D1
∂

∂n1
S1 +D2

∂

∂n2
S2 = 0

These conditions are considered to be constraints in Comsol 3.5a, which are en-
forced in a weak manner by using test functions concentrated on surfaces. While
implementing the above interface conditions in Comsol 3.5a, we must take care
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that the constraint type should be changed from ideal to non-ideal. This is a criti-
cal step in creating the correct type of concentration discontinuity. The difference
between the ideal and non-ideal constraints is the way, the Lagrange multipliers
(in weak form) are applied to the model. In case of ideal constraints, the Lagrange
multipliers are applied symmetrically on all the dependent variables involved in
the constraint of the model, whereas in the case of non-ideal constraints, the re-
action forces are applied only in that domain, in which the boundary constraint is
applied. Thus, the non-ideal constraint will remove a default reaction force from
S1 = KP,SS2 constraint and gives us the full control over the flux (flux continu-
ity). The detailed description of Ideal and Non-Ideal Constraints can be found
in [10, pp 351-52]. Similarly, we can insert the other boundary conditions in all
the sub-domains.

Detailed 2D Models

In this paper, we have considered non-spherical cell models, having the shape
similar to that found in [5], which looks roughly like a flying saucer. A living cell
has many different shapes and also changes/spreads its structure with the passage
of time [6, 7]. In order to see the influence of different cellular structure on the
reaction-diffusion process, a cell model here called, saucer, has been considered.
The cell shape has been chosen randomly to approximate to cells in culture and
sketched in Figure 2.

The geometric parameters have been summarized in Table 1. The detailed def-
inition of the computational domain for spherical and non-spherical models have
been given in Table 2 and 3. It is important to note that the geometric properties
given in Table 1 are the same in both spherical and non-spherical models. The
only difference in the models is the shape of the plasma membrane, which means
that the surface area and correspondingly the volume of the plasma membrane
is different i.e., the surface area of the plasma membrane in the saucer model is
larger than the surface area of plasma membrane in the spherical model. The mea-
surements of the surface area of plasma membrane of different models are given
in Table 4.

Simplified 2D Saucer Model (Without Plasma/Nuclear Membranes)

Due to the presence of very thin plasma/nuclear membranes the model becomes
multiscale with respect to space. In order to reduce the complexity of the model
due to the presence of membranes, a simplified model has been developed. The
key idea of this simplified model has been taken from Virtual Cell [8]. This idea
was earlier used, for example in [9]. Virtual Cell uses the following assumption;
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A7 If the molecules display flux through the membrane or adhere to the mem-
brane, then this flux is normal to the surface, which essentially means that
the tangential component of the flux through the membranes will be negli-
gible.

Under the above assumption, the membranes (plasma/nuclear) will be replaced
by defining the membrane flux, using Fick’s law of diffusion. The geometric
properties of this model are very similar to the geometric properties of the de-
tailed model. The only difference is that the plasma and nuclear membranes in
the simplified model have been taken away. In extracellular medium, cytoplasm
and nucleus, the system of equations is the same as presented earlier, whereas the
interface conditions will become as:

Interface Conditions

The flux between one to other sub-domain was defined in the following way: As
an example, we consider the flux between extracellular medium and cytoplasm.

D1
∂S1

∂n1
=

D2

KPδ
(S3,h−S1),

D3,S,h
∂S3

∂n1
=

D2

KPδ
(S1−S3,h).

where D1 and D2 are diffusion coefficients in extracellular medium and plasma
membrane respectively, D3,S,h is the effective diffusion coefficient in cytoplasm, δ

is the thickness of the membrane, and S3,h represents the effective concentration in
cytoplasm. The rationale for the simplified model is achieving a greatly enhanced
computational efficiency. Here we want to investigate whether this approach can
be generally feasible for hydrophobic compounds that accumulate in membranes.

3 Results and Discussion
Cell shape certainly influences diffusion path lengths and will unavoidably have
an impact on the ratio of plasma membrane to cytosol volumes. It is therefore im-
portant to determine whether this has a strong impact. In addition, cellular shape
does vary from cell to cell in experimental systems as well as in vivo. There-
fore, there is a need to determine a representative shape as shown in Figure 2.
First we compare a spherical shape to a saucer shape. The spherical shape can
be treated in a computationally effective 1D model, whereas the saucer shape
requires a 2D model. By comparing the spherical and saucer cell shape, keep-
ing everything identical apart from the unavoidable increase of plasma membrane
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volume, the fate of the lipophilic and reactive PAH (C) can be compared (Figure
3). In terms of uptake of C from the cell media, formation of hydrolysis product
(U), glutathione conjugation in the cytoplasm (B) and DNA adduct formation (A),
the dynamics are almost identical. This also holds true for all processes in all
compartments. Thus the cellular shape is not a critical determinant for the mod-
eling environment for one common reactive intermediate PAH (riPAH). However,
riPAHs with higher/lower reactivity and enzymatic turnover exist where cellular
shape might have an impact on dynamics. To model these conditions, we com-
pared the fate of a more reactive PAH to the less reactive. The range of variation
of the parameters is discussed in [11–13], where the range of different PAHs with
different cell conditions are given. Below follow the detailed analyses.

1D (Spherical) vs 2D (Detailed Saucer)
The numerical results of the spherical model have already been validated against
the results taken from the in vitro experiments using mammalian cells in [1]. The
saucer model, which has been considered here is a detailed non-spherical axi-
symmetric cell model. Numerical Simulations for the models were performed for
a time span of 600 s. The chemical parameters have been summarized in Table 5.
The numerical results of the amount of different species (with respect to the time)
in the saucer model have been compared against the results of spherical model.
When the different models (spherical and saucer) are applied to the diffusion and
reaction system describing the fate of a reactive PAH in cells, the results given in
Figure 3 were obtained. The comparison of both models shows almost identical
results. Thus the cellular geometry does not play any vital role for the modeling
environment for a common riPAH.

riPAH:s with Enhanced Catalytic turnover and DNA Reactivity

Since, PAHs with higher reactivity exist, the fate of more reactive PAHs in the
spherical and saucer models was compared in order to see whether in this case the
cellular shape has significant impact. This was done by first increasing the rate
constants of catalytic efficiency (formation of glutathione conjugates B) and DNA
reactivity by 10-fold, i.e., (kb = 3.7×104) and (kA = 6.2×10−2). The other rate
constants were not changed. The numerical simulations were performed until re-
actions approached completion. The comparison of both models are given in Fig-
ure 7 (Appendix A) and did not show any significant impact of different cellular
geometry. Hence a spherical model is a realistic approximation also for these con-
ditions. However when the rate constants of catalytic efficiency and DNA reactiv-
ity were further increased by 10-fold, i.e., (kb = 3.7×105) and (kA = 6.2×10−1),
within the range of variation of realistic parameters found in the Table 5, cell shape

9



begins to have an impact. As can be seen in Figure. 4, when the numerical simula-
tions were again performed with these new values of catalytic efficiency and DNA
reactivity, the results of the spherical and saucer cell models start to differ. The
expected increase in cellular uptake resulting from the increased plasma mem-
brane area now becomes more pronounced (Figure 4B). An expected increase in
glutathione conjugates (B) as well as a corresponding decreased hydrolysis (U)
can be observed in the saucer model (Figure 4D and C). Increased glutathione
conjugation logically has opposite impacts on the formation of DNA adducts (A)
and we observe that the DNA adducts decrease in the saucer model. Our interpre-
tation is that increased uptake and shielding of the riPAH in the plasma membrane
of saucer shaped cells makes the cell more vulnerable to very reactive lipophilic
DNA damaging agents.

PAH:s with Less Solvolytic Reactivity and Membrane Diffusivity, that are
More Lipophilic

To further investigate the impact of cellular geometry, the simulations were per-
formed with less reactive PAHs. In the first experiment, the rate constants of cat-
alytic efficiency and DNA reactivity were decreased by 100-fold. The numerical
simulations were performed until the reactions neared completion. The compari-
son of the spherical and saucer models with these lower rate constants gave almost
similar results comparing the two cellular shapes (results not shown here). In a
second step, employing these low rate constants, the lipophilicity was increased by
10-fold. Once again the numerical results did not show any significant difference
for the two cell geometries. In a third simulation, the rate constants of catalytic
efficiency and DNA reactivity were set to their original values (as given in Ta-
ble 5), whereas the membrane diffusivity was decreased by 10-fold (i.e., 10−13)
and the solvolytic reactivity was decreased by 100-fold (i.e., kU = 7.7× 10−5) .
Furthermore, the lipophilicity was increased to Kp = 10−4. The values of kU and
Kp are chosen from the range of variation of parameters defined in [1]. The other
parameters were not changed. The numerical results of the spherical and saucer
models are compared in Figure 5, where instead of showing all the species in dif-
ferent sub-domains, only the amount of glutathione conjugates (B3) is shown. The
comparison showed a significant difference in the results.

Thus it can be concluded that the cellular shape does have a variable impact
considering a range of common riPAHs. With more/less reactive, less membrane
diffusive and more lipophilic compounds, the cellular shape has a stronger impact
on intracellular dynamics. Further simulations (for example with faster membrane
diffusion) might also show the importance of cellular shape. In general, it is clear
that explicit modeling of realistic cell geometry will be important for a subset of
toxicologically relevant reactive molecules.
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Analysis of a Simplified Model

The second type of model, which is analysed in this paper is the 2D axi-symmetric
simplified model. This simplified model was obtained by taking away the plasma
and nuclear membranes of the saucer model. This was motivated by another cell
modeling approach in Virtual Cell [8], the idea of which has been implemented
here. The discussion about the detailed and simplified model can be found in
the previous section. The numerical simulations were performed for a time span
of 600 s. The geometric constants are given in Table 1, whereas the chemical
constants have been taken from Table 5. The numerical results of the simplified
saucer model were compared against the results of the detailed saucer model as
shown in Fig. 8 (Appendix A) . The comparison of the results show that both
models yield similar results. This shows that the detailed saucer model can be
replaced by the simplified model using certain riPAHs. Thus the use of Virtual
Cell is justified, and the assumption A7 is valid for the cell line considered here
using the chosen physical parameters.

With Highly Reactive PAHs

To test the responsiveness of the simplified model with highly reactive chemi-
cal compounds (riPAHs) the values of the rate constants of catalytic efficiency
and DNA reactivity were increased by 100-fold, i.e., (kb = 3.7× 105) and (kA =
6.2× 10−1). The numerical simulations were again performed using the modi-
fied parameters. Remaining parameters were taken from Table 5. The numerical
results of the simplified saucer model were compared against the results of the
detailed saucer model as given in Figure 6. Instead of showing all the species in
different sub-domains, only the amount of DNA adducts (A5) in the nucleus is
shown.

In Figure 6, we do see a difference between the results of the detailed and
simplified saucer model. This can be explained by the fact that due to the ab-
sence of plasma membranes in the simplified model, there was no protection for
C to diffuse from extracellular medium to cytoplasm, and then from cytoplasm
to nucleus. We have already seen that membranes act as reservoirs. Therefore in
case of the simplified model, C took less time to reach the nucleus as compared
to the detailed model due to the absence of plasma and nuclear membranes. This
means that C had more time to produce A in the nucleus in the simplified model
as compared to the detailed model. Therefore the amount of A5 in the simplified
model is larger than the amount in the detailed model. From these results, one can
conclude that the membranes work as protective reservoirs. We also conclude that
with more reactive PAHs, the plasma and nuclear membranes have a significant
impact in slowing transfer of the molecules from one domain to the next. Thus
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the assumption A7 is not valid in this case. Further experiments (for example with
less reactive PAHs) might also show the importance of membranes being spatially
distributed. Thus, for a generally applicable modeling environment it is important
to include detailed membrane structures.

4 Conclusion
In this paper, the impact of cell geometry on mathematical modeling of reaction
and diffusion systems in the biological cell has been presented. The complex
architecture of a cell, and its heterogeneity regarding the enzyme distribution par-
ticipating in the bio-transformation, makes modeling very challenging. By ex-
tending previous work to non-spherical cell geometry using the assumption of
symmetry of the cell, a three dimensional model was reduced to two dimensional
axi-symmetric model. The main advantage of 2D model is its computational effi-
ciency while still approximating a cell geometry which is rather close to the real
cell geometry in relevant experimental systems. The numerical results of the 2D
model have been compared with the results of the 1D model, where the numeri-
cal results of the 1D model have already been validated against the in vitro cell
experimental results in [1].

The numerical results show that the cellular geometry plays an important role
in diffusion through the membranes at certain levels of chemical reactivity and
diffusivity as can be expected. Thus for reactive toxic molecules explicit rep-
resentation of cellular shape can and will be important. Nevertheless, for many
realistic parameter values, the most computationally efficient spherical cell ap-
proximation offers a realistic starting alternative. The comparison of the results
between the 1D and 2D model shows that the membranes act as reservoirs.

For further reduction of complexity of the model, another simplified model
was developed. The key idea of this simplified model was taken from Virtual
Cell [8]. In the simplified model, we used PDEs for the extracellular domain,
cytoplasm and nucleus, whereas the plasma and nuclear membranes were taken
away, and replaced by membrane flux, using Fick’s Law. This model reduced
the complexity and computational cost, but unfortunately, the numerical results
show that this model does not have the ability to capture the essential features of
cellular fate of reactive molecules. From the comparison of the results between the
detailed and simplified model, we conclude that the membranes act as protection
for the cell. However this will depend on the balance between the competing
reactions and their efficiency.

From the results of both models, we can conclude that the membranes are
protective reservoirs of significance for very reactive molecules. This certainly
means that, the non-spherical cell geometry can better depict the metabolism, as
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compared to the spherical cell geometry, whereas the deficiency in the simplified
model motivates us to model the plasma and nuclear membranes as spatially dis-
tributed. In addition, by using homogenization techniques, the explicit modeling
of cellular phenomena using realistic cellular shapes including all membranes is
computationally feasible, making simplifications unnecessary.
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Figure 1: Diagram of Quarter Part of an axi-symmetric cell (not to scale) display-
ing the reaction-diffusion system within and around a cell.
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Figure 2: Geometry for the saucer cell model. The definition of the computational
domain of the model is given in Table 2 and 3.
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Figure 3: comparison between spherical and saucer model using the parameters
found in Table 5.
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Figure 4: Comparison between the spherical and saucer model with for an riPAH
with high GST catalytic efficiency (kb = 3.7× 105) and DNA reactivity (kA =
6.2×10−1). The remaining parameters were taken from Table 5.
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Figure 5: Amount of glutathione conjugates (B3) in cytoplasm in spherical and
saucer model with riPAH displaying less solvolytic reactivity (kU = 7.7×10−5),
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(kA = 6.2×10−1). The remaining parameters were taken from Table 5.
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Table 1: Geometric Constants.

Constants Value
Volume of one cell [m3] 3×10−15

Relative thickness of plasma/nuclear membrane [m] 2×10−3

Volume of nucleus [m3] 7.5×10−16

Volume of cell medium [m3] 10−5

Membrane volume fraction in cytoplasm [%] 25
Number of cells 1.5×107
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Table 2: Definition of the computational domain for spherical and saucer models.

Constants value [m]
Spherical
Model

Saucer
Model

Radius of nucleus (R1) 5.6362×10−6 5.6362×10−6

Radius of nuclear membrane (R2) 5.6475×10−6 5.6475×10−6

Radius of cytoplasm (R3) 8.9357×10−6 a

Radius of plasma membrane (R4) 8.9470×10−6 b

Radius of extracellular medium (R5) 5.4193×10−5 5.4193×10−5

aGeometry of the cell is non-spherical. The shape is given in Figure 2. The geometry has
been constructed in four parts. The first two parts were constructed using bezier functions,
whereas the other two by equation of line and circle. The coordinates for this geometry are
defined in Table 3.
bThe geometry was defined in similar way as was described for the radius of Cytoplasm.
The only difference is that, the offset curve (R4) was constructed at a distance of the
thickness of the membrane from (R3) i.e, R4 = R3 +Membrane thickness.
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Table 3: Coordinates for generating the saucer geometry, as shown in Figure 1
and 2.

Curve Type Control
Points

Coordinates (r,z) – Saucer

1 Bezier P1 (0 , 6.01×10−6)
P2 (4.91×10−6 , 6.01×10−6)
P3 (6.38×10−6 , 3.32×10−6)
P4 (7.85×10−6 , 1.7×10−6)

2 Bezier P1 (7.85×10−6 , 1.7×10−6)
P2 (8.48×10−6 , 1.01×10−6)
P3 (9.11×10−6 , 5.11×10−7)
P4 (1.00×10−5 , 5.11×10−7)

3 Straight
Line

P1 (1.00×10−5 , 5.11×10−7)
P2 (2.15×10−5 , 5.11×10−7)

4 Circle Radius 5.11×10−7

Center (2.15×10−5 , 0)
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Table 4: Measurement of surface area in different models

Model Plasma membrane
surface area [m2]

Spherical 1.0059×10−9

Non Spherical (Saucer) 3.2819×10−9
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Table 5: Chemical Constants.

symbol constant value
D1 Diffusion coefficient in extracellular medium [m2s−1] 10−9

D2,D4 Diffusion coefficient in plasma/nuclear membrane [m2s−1] 10−12

D3,lt Diffusion coefficient in cytoplasmic membranes/tangential [m2s−1] 10−12

D3,ln Diffusion coefficient in cytoplasmic membranes/normal [m2s−1] 10−12

D3,w Diffusion coefficient in cytosol [m2s−1] 2.5×10−10

D5 Diffusion coefficient in nucleus [m2s−1] 2.5×10−10

Kp,C Partition coefficient in BPDE 1.2×10−3

Kp,U Partition coefficient in BPT 8.3×10−3

kU Extracellular solvolytic reactivity [s−1] 7.7×10−3

G Concentration of GST in GSTP cell line [M] 8.8×10−5

kb
a Catalytic efficiency in GSTP cell line [M−1s−1] 3.7×103

kA DNA reactivity [s−1] 6.2×10−3

C0 Initial concentration in extracellular medium [M] 10−6

akB= G∗ kb.
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Appendix A:
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Figure 7: Comparison between spherical and saucer model with high catalytic
efficiency (kb = 3.7×104) and DNA reactivity (kA = 6.2×10−2). The remaining
parameters were taken from Table 5.
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Figure 8: Comparison between the detailed and simplified saucer model at normal
PAH. The parameters were taken from Table 5.
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