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Abstract

PAHs are the reactive toxic chemical compounds which are present as envi-
ronmental pollutants. These reactive compounds not only diffuse through the
membranes of the cell but also partition into the membranes. They react with
the DNA of the cell giving rise to toxicity and may cause cancer. To under-
stand the cellular behavior of these foreign compounds, a mathematical model
including the reaction-diffusion system and partitioning phenomenon has been
developed. In order to reduce the complex structure of the cytoplasm due to
the presence of many thin membranes, and to make the model less computa-
tionally expensive and numerically treatable, homogenization techniques have
been used. The resulting complex system of PDEs generated from the model
is implemented in Comsol Multiphysics. The numerical results obtained from
the model show a nice agreement with the in vitro cell experimental results.
Then the model was reduced to a system of ODEs, a compartment model
(CM). The quantitative analysis of the results of the CM shows that it can-
not fully capture the features of metabolic system considered in general. Thus
the PDE model affords a more realistic representation. In order to see the
influence of cell geometry in drug diffusion, the non-spherical axi-symmetric
cell geometry is considered, where we showed that the cellular geometry plays
an important role in diffusion through the membranes. For further reduction
of complexity of the model, another simplified model was developed. In the
simplified model, we used PDEs for the extracellular domain, cytoplasm and
nucleus, whereas the plasma and nuclear membranes were taken away, and
replaced by the membrane flux, using Fick’s Law. We further extended the
framework of our previously developed model by benchmarking against the
results from four different cell lines. Global optimization techniques are used
for the parameters describing the diffusion and reaction to fit the measured
data. Numerical results were in good agreement with the in vitro results. For
the further development of the model, the process of surface bound reactions
were added, thus developing a new cell model. The effective equations were
derived using iterative homogenization for this model. The numerical results
of some of the species were qualitatively verified against the in vitro results
found in literature.
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Introductory Chapters
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Chapter 1

Introduction and Background
Study

Computational approaches are distinctly increasing to study complex biological
problems. These approaches help to analyze the physio-chemical systems such as
the metabolism of the cell. A series of theoretical and computational techniques
have been developed and implemented to represent the correct phenomena of the
physio and bio-chemical processes such as diffusion, binding interactions, membrane
transportation and compartmentalization in order to get better understanding. The
diversity and heterogeneity of the mammalian cells make the models highly com-
plex and multiscale with respect to both space and time. The applicability of the
different methods together with the mathematical tools to the different examples
from protein engineering and assembly, enzyme catalysis and the description of the
lipid bi-layers at different scales have been presented in [6].

In this research work, carcinogenic polycyclic aromatic hydrocarbons (PAHs)
are used as the reactive environmental pollutants. These reactive compounds not
only participate in the reaction and diffusion process throughout the cell, but also
partitions into the membranes, because they are highly lipophilic. They react with
both nuclear and mitochondrial DNA as well as proteins giving rise to toxicity
and may cause cancer. Given that numerous PAHs exist and that a good deal of
metabolic studies have been performed in cellular systems, the stage is set for a
comprehensive computational approach that can be refined against exact measures
of enzyme and molecular behavior in cells.

The present investigations are carried out in collaboration between the Numer-
ical Analysis group at Royal Institute of Technology (KTH) and a research group
at the Institute of Environmental Medicine, Karolinska Institute (KI). The exper-
imentalist (group at KI) have the expertise in enzyme kinetics and biochemical
toxicology, and have a long standing experience in the field of cellular toxicology,
metabolism and conjugation of polycyclic aromatic hydrocarbons.

This research work focuses on a group of hydrophobic molecules, where reac-
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4 CHAPTER 1. INTRODUCTION AND BACKGROUND STUDY

tivity and lipophilicity are varied and known. This work also affords the different
metabolic systems in different compartments of cellular systems. The mathematical
model is developed with the aim to aid in the risk assessment of toxic and carcino-
genic compounds. In recent years, a number of cell simulation systems appeared
which are targeted at simulating space distributed dynamic cellular metabolism.
However, in this research work, it was made possible to evaluate space and time
distributed metabolic systems in crowded media being subject to partitioning into
membranes. Thus the model developed in this research work has contributed to fill
up this gap.

The mathematical model developed in this research work not only provides a
qualitative understanding of the biological problem in hand, but is also validated
by in vitro experimental results.

Although, the scientists have done great progress regarding the study of the
growth of cancer, but this progress is still like a figment of the imagination. The
reasons for this problem are the diversity of this disease and the complexity of the
cell.

“When Renee Fister (a mathematician at Murray State University in Kentucky),
was three years old, she lost her younger brother, then 18 months old, to cancer.
Growing up, she hoped to go to medical school so that she could fight the disease
that claimed her brother. But along the way, she discovered that she didn’t have
the stomach for medicine—and that she liked mathematics a lot. She changed her
plans, but reluctantly”. “I thought I wouldn’t be able to work on cancer any more,”
she says. [7].

To build our model, we used the ideas of the mathematical formulation of the
reaction and diffusion systems, the complexity of the cellular systems, multiscale
modeling techniques in systems biology and the techniques for the numerical sim-
ulations for the biochemical kinetics given in [8], and developed our own tools as
well.

The lack of the cellular modeling tools for lipophilic compounds and the cellular
models that can be tested and verified against experiment, not only creates lot of
difficulties in order to understand the mechanisms of toxicity, but motivates us at
the same time also for our research work.

“When one admits that nothing is certain one must, I think, also admit that some
things are much more nearly certain than others.” [9]

Bertrand Russell (1872-1970)

In this introductory chapter, we will provide a short overview of the model prob-
lem in hand. Then the aim is to give some fundamental concepts including some
basic definitions so that the reader may understand the remaining chapters easily.
In Chapter 2, we will discuss the homogenization techniques for the cytoplasm,
which have been used in Papers (I–V). In the 3rd chapter, we will discuss the com-
partment modeling approach for our cell model. In chapters 4, we will summarize
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the included Papers, and in the last chapter we conclude the thesis and discuss
future directions.

Now we describe the model which we have dealt with. Firstly, we will repre-
sent the model using the biological language, then the mathematical model will be
presented.

1.1 Model Description – Biological Model

The model discussed here describes the uptake and intracellular dynamics of dif-
ferent chemicals such as PAH diol epoxides (PAH DEs) into the mammalian V79
cells. Polycyclic Aromatic Hydrocarbons (PAH) are ubiquitous environmental pol-
lutants formed from incomplete combustion. PAH DEs are ultimate carcinogenic
metabolites. PAH can be metabolized to reactive intermediates that react with
protein and DNA and thereby cause toxicity and cancer. Different PAH form a
large variety of reactive intermediates of which some are more or less carcinogenic.

The modeling domain consists of a cell and a part of its environment, where
cell consists of cellular membrane, cytoplasm, nuclear membrane, and nucleus. The
precise geometry used for the numerical experiments will be defined later. The
cytoplasm contains a large number of organelles such as mitochondria, endoplasmic
reticulum etc. These organelle membranes create a complex and dense system of
membranes or sub-domains throughout the cytoplasm.

The PAH DEs react with water available in the extracellular medium to pro-
duce PAH tetrols. This process is called hydrolysis. In the model, no reactions
takes place in the membranes, or so-called lipid compartment of the cell, but only
in the aqueous compartment. From the extracellular medium, PAH DEs and PAH
tetrols reach cytoplasm by diffusing through the cellular membrane. In the model,
PAH tetrols are not further involved in the reaction process, but they can dif-
fuse through the intra and extracellular medium. Inside the cytoplasm, the PAH
DEs undergo two main reactions. Firstly, glutathione (GSH) conjugation, cat-
alyzed by the enzyme family of glutathione transferases (GSTs), giving rise to
DE-GSH conjugates [10, 11]. Secondly, the PAH DEs undergo hydrolysis again to
yield tetrols [12, 13]. Cytoplasm consists of both aqueous and lipid membranes,
but the enzymatic reaction and hydrolysis only take place in the aqueous part of
the cytoplasm. Both reactions result in the elimination of the harmful PAH DEs.
The PAH DEs will also diffuse into the nucleus and react with DNA forming DNA-
adducts. These DNA adducts can cause cancer. In the case of missing or erroneous
DNA repair adducts/damage may result in mutations and eventually tumor devel-
opment [12,14,15]. The concentrations of water, GST/GSH, and DNA are assumed
to be constant in their respective sub-domains. Because of the lipophilic nature of
the modeled compounds and its metabolites, a major part of the molecules will
be absorbed into the cellular membranes. Thus, our model can serve as a tool to
model the fate of lipophilic compounds in cells contributing to cellular modeling.

The above model was used in Papers I–III. In order to improve the model, new



6 CHAPTER 1. INTRODUCTION AND BACKGROUND STUDY

reactions for protein interaction were added in cytoplasm and nucleus. By this
reaction, PAH DEs react with cellular proteins to form protein adducts. This new
model with protein interactions was used in Paper IV.

The model was further enhanced by introducing the surface reactions at the
lipid membranes of the cytoplasm. Complete mechanism of surface reactions will
be discussed later. The last model with surface reactions was used in Paper V.

1.2 Some Basic Definitions

In this section, some basic definitions are given. These terms will be frequently
used in the thesis.

Diffusion
Diffusion is the phenomenon of transportation of molecules from a region of higher
concentration to a region of lower concentration. This process results in mixing of
the material. We will denote the diffusion coefficient by D in this thesis.

Suppose, the concentration of the diffusing species in any domain Ω is C, then
the rate of change of C will be represented by using the concept of Fickian diffusion
as:

∂

∂t
C =∇· (D∇C) (1.1)

where∇ is a gradient operator. We have∇u= (∂u/∂x,∂u/∂y,∂u/∂z)T in Cartesian
coordinates.

Chemical Reaction
A chemical reaction is “a process that results in the interconversion of chemical
species” [16]. Suppose, there is a chemical reaction,

A+B
k−→X+Y

where k is the reaction rate constant. We consider a simple case of the Law of Mass
Action. Then for the concentrations of the species, it holds

− ∂

∂t
A=− ∂

∂t
B = ∂

∂t
X = ∂

∂t
Y =R

where

R= kAB.

With a slight abuse of notation, the concentration of a substance have been denoted
by the same letter, i.e., A,B,X and Y denote the concentrations of the substances
A,B,X and Y respectively.
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1.3 Mathematical Model

In order to describe the model we denote the chemical compounds by using mathe-
matical notations/symbols. Table 1.1 provides the list of the chemical compounds
and their mathematical notations. Schematic diagram showing the reactions and
diffusion in and around one cell is sketched in Figure 1.1. The precise geometry
used for the numerical experiments will be defined later.

The model discussed above describes the uptake of different chemical compounds
into the mammalian cell. PAH DEs which are referred to as C in the mathematical
model, are present as pollutants in large quantity in our environment. These pollu-
tants C react with water (hydrolysis) to form U in extracellular domain (numbered
as 1 in Figure 1.1). C and U diffuse through the cell membrane, and reach cyto-
plasm. In the model no reactions take place in the membranes, or so-called lipid
compartment of the cell, but only in the aqueous compartment. Water is available
in cytoplasm as well, therefore again C undergoes hydrolysis. In addition to this,
C undergoes two more reactions, thus producing B and E in the cytoplasm. C
and U further diffuse through the nuclear membrane, and reach nucleus, where C
undergoes hydrolysis and reacts with DNA, thus forming A. The concentrations of
water, GST/GSH, proteins and DNA are assumed to be constant in their respective
sub-domains leading to simple linear dynamics for the reactions.

Biological Name/
Process

Mathematical
Notation/ Symbol

PAH diol epoxides C
PAH tetrols U
DE GSH conjugates B
DNA adducts A
Protein adducts E
Diffusion D (⇐⇒)
Reaction −→

Table 1.1: Mathematical notations/symbols used for the chemical compounds.

The absorption of molecules into the cellular/nuclear membranes due to their
lipophilic nature can be described using partition coefficient. The partition coef-
ficient, Kp, is the equilibrium ratio of the concentration of C or U between any
aqueous compartment and its adjacent lipid compartment [17].
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Figure 1.1: Schematic diagram showing the reactions and diffusion in and around
one cell. There are no reactions in the membranes. Digits represent the numbering
of the different sub-domains. Figure taken from [1].

The cytoplasm consists of many thin organelles. These organelle membranes
create a complex and dense system of membranes or sub-domains throughout the
cytoplasm. Taking into account the spatial distribution of the chemical compounds,
a system of reactions and diffusion is obtained in a complex geometrical domain,
dominated by the thin membrane structures. If we treat these thin structures
as separate sub-domains, any model will become computationally very expensive.
This problem was previously circumvented by using the compartment modeling
techniques (with well-stirred compartments). Here, later in the thesis, we will show
that this assumption is not always valid.

In order to make our explicit cell representation numerically treatable, homog-
enization techniques have been used, the details of which will be given in Chapter
2.

For the mathematical model, the following modeling assumptions were made
in [2, 18], which have been summarized here:

A1.1 We adopt the continuum hypothesis, i.e., we assume that the set of molecules
in the cell can be modeled by considering a continuous representation (a
concentration).

A1.2 The physical and chemical properties of the cytoplasm and of the membranes
are uniform.
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A1.3 On a small scale in space, the volume between the outer cellular membrane
and the nuclear membrane consists of layered structures cytoplasm/membranes,
e.g. as shown in Figure 1.2.

A1.4 In a larger scale, this volume contains an unordered set of the small-scale
substructures which are uniformly distributed over the volume.

A1.5 Absorption and desorption is in rapid equilibrium at the membrane/cytoplasm
boundary and therefore the relative concentration at the border can be con-
veniently described by the partition coefficient.

Some assumptions require justification. In particular, A1.1 is justified by the
experimental setup. In the in vitro experiments, N = 1.5× 107 cells are treated
with a large amount of PAHs (C) such that the number of molecules per cell is
very large. This allows us to model the involved substances classically via concen-
trations instead of using stochastic descriptions of interacting particles. A1.3 is
motivated by the fact that organelle/cytoplasmic membranes create locally dense
layered structures throughout the cytoplasm [18,19]. A1.4 will be discussed later.

Figure 1.2: Detail of an epithelial rat cell showing the Golgi-apparatus. Copyright
Dr. H. Jastrow. From Dr. Jastrow’s Electron Microscopic Atlas – Reprinted with
kind permission.

Governing Equations
In this section, a mathematical model of a cell and its environment will be given,
where the distribution of the substances in the sub-domains is described using con-

http://www.uni-mainz.de/FB/Medizin/Anatomie/workshop/EM/eigeneEM/25942.jpg
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centrations by invoking assumption A1.1. With a slight abuse of notation, the
concentration of a substance will be denoted by the same letter, e.g., the concen-
tration of C is denoted by C again. Moreover, in order to distinguish between
the concentrations within the different compartments an index is added. For ex-
ample, the concentration of C in the extracellular water (compartment 1) is given
by C1. In the cytoplasm, concentrations in the aqueous and lipid parts need to
be distinguished. This will be done by using indices w and l , respectively. As an
example, C3,w denotes the concentration of C in the aqueous part of the cytoplasm.
The diffusion coefficient will be denoted by D using an index corresponding to the
compartment.

The reaction mechanism of Figure 1.1 gives rise to the following system of
reaction-diffusion partial differential equations for each sub-domain.

• Sub-domain 1 (extracellular medium)

In this sub-domain, we have the following chemical reaction,

C
kU−−→ U

where C and U also diffuse through the sub-domain. Hence we get the following
PDEs:

∂

∂t
C1 =∇· (D1∇C1)−kUC1, (1.2)

∂

∂t
U1 =∇· (D1∇U1) +kUC1. (1.3)

• Sub-domain 2 (cell membrane)

There is only diffusion process in this domain, but no chemical reaction is taking
place,

∂

∂t
C2 =∇· (D2∇C2), (1.4)

∂

∂t
U2 =∇· (D2∇U2). (1.5)

• Sub-domain 3 (cytoplasm)

In this sub-domain, we have the following reactions,

C
kU−−→ U,

C
kB−−→B.
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These chemical reactions only take place in the aqueous part of the cytoplasm. This
gives rise to the following equations:

∂

∂t
C3,w =∇· (D3,w∇C3,w)− (kU +kB)C3,w, (1.6)

∂

∂t
U3,w =∇· (D3,w∇U3,w) +kUC3,w, (1.7)

∂

∂t
B3,w = kBC3,w, (1.8)

∂

∂t
C3,l =∇· (D3,l∇C3,l), (1.9)

∂

∂t
U3,l =∇· (D3,l∇U3,l). (1.10)

Only C and U are subject to diffusion.
Even though B undergoes diffusion in the cell, yet, we neglect the diffusion of

B in the cytoplasm because we are only interested in the complete amount of B
produced by the cell.

The diffusion coefficients, in their respective sub-domains, will be constant due
to the assumption A1.2.

• Sub-domain 4 (nuclear membrane)

Similar to sub-domain 2, we have the following PDEs,

∂

∂t
C4 =∇· (D4∇C4), (1.11)

∂

∂t
U4 =∇· (D4∇U4). (1.12)

• Sub-domain 5 (nucleus)

In this sub-domain, we have the following reaction system,

C
kU−−→ U,

C
kA−−→A.

Hence the PDEs take the form:

∂

∂t
C5 =∇· (D5∇C5)− (kU +kA)C5, (1.13)

∂

∂t
U5 =∇· (D5∇C5) +kUC5, (1.14)

∂

∂t
A5 = kAC5. (1.15)
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The above mathematical model was used in Papers (I–III), whereas in Paper IV,
in addition to the above model new reaction for protein binding has been added in
cytoplasm and nucleus, i.e.,

C
kE−−→ E,

which gives rise to the following equations in their respective sub-domains.

• Sub-domain 3 (cytoplasm)

∂

∂t
E3,w = kEC3,w. (1.16)

• Sub-domain 5 (nucleus)

∂

∂t
E5 = kEC5. (1.17)

Interface Conditions
Since the species C and U must dissolve into and out of the lipid (membrane) phase
for the sake of transportation, therefore at the interface between sub-domains i and
i+1, we need transmission conditions for C and U . The conservation of mass leads
to the continuity of flux between the different phases. The interface conditions for
the concentration between the aqueous and membrane phases, are described by the
dimensionless partition coefficient Kp,S (assumption A1.5),

Sw =Kp,SSl. (1.18)

where S = C,U .
The interface conditions at the interfaces of sub-domains 1/2 and sub-domains

4/5 become

S1 =Kp,SS2 D1
∂

∂n1
S1 +D2

∂

∂n2
S2 = 0 (1.19)

S5 =Kp,SS4 D5
∂

∂n5
S5 +D4

∂

∂n4
S4 = 0 (1.20)

where ni denotes the outward normal vector of sub-domain i. Also, n1 =−n2 and
n4 =−n5.

Sub-domain 3 (Cytoplasm) consists of both aqueous and lipid parts. Let G3
denote the sub-domain 3, G3,w and G3,l be the aqueous and lipid part respectively.
For the interfaces of the sub-domain 3 with the sub-domains i= 2,4 and S = C,U ,
it holds:

• If G3,w and sub-domain i have a common interface:

S3,w =Kp,SSi, D3,w
∂

∂n3
S3,w+Di

∂

∂ni
Si = 0. (1.21)
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• If G3,l and sub-domain i have a common interface:

S3,l = Si, D3,l
∂

∂n3
S3,l+Di

∂

∂ni
Si = 0. (1.22)

The interface conditions between the aqueous and the lipid parts of sub-domain 3
are as follows:

S3,w =Kp,SS3,l, D3,w
∂

∂nw
S3,w+D3,l

∂

∂nl
Si = 0. (1.23)

Boundary Conditions
In experimental setup, 1.5× 107 cells are treated with a large volume of extracel-
lular medium (much larger volume than the volume of total cells). In modeling
environment, one cell surrounded by the extracellular media which is equal to the
total extracellular volume (in experimental setup) divided by total number of cells,
is used for a representative description. It was assumed that there is no exchange
of material between the neighbouring cells and the media surrounded them. This
gives rise to no-flux boundary conditions at the outer boundary of the extracel-
lular medium. Hence, at the outer boundary, Neumann boundary conditions are
required, i.e.,

∂

∂n1
S1 = 0 (1.24)

for S =C,U . Substances B and A are restricted to the sub-domain 3 and 5 respec-
tively. Therefore, again the Neumann boundary conditions are defined,

∂

∂n3
B3,w = 0, ∂

∂n5
A5 = 0. (1.25)

Similarly, we can set the boundary condition for E in sub-domain 3 and 5 as,

∂

∂n3
E3,w = 0, ∂

∂n5
E5 = 0.

Initial Conditions
It is assumed that, at initial time point, none of the substances A,B,E,U are
present in the system, whereas C is added to the system at time t= 0. This gives
rise to the condition

C1 = C0, at t= 0, (1.26)

where C0 is a constant.





Chapter 2

Homogenization

Homogenization is a general methodology for replacing complex multiscale systems
by a simple one that consists of so-called effective equations. Assuming a certain
regular structure of the system on the micro-scale, the effective equations arise as
the limiting system obtained if the scale ratio of micro and macro scales is tending
to zero. Classical applications include the flow in porous media [20]. There are
other applications, for example see [21,22].

Homogenization theory has been used in many biological applications, for exam-
ple in the study of trabecular bone mechanics [23] and thin-shell formulation [24].
Periodic homogenization was earlier applied for the modeling of diffusion of sec-
ond messengers in visual transduction [25]. In our model, we will use an iterative
homogenization procedure. This includes both periodic and stochastic homogeniza-
tion approaches, which is a new application in the area of cell modeling.

The cell has a very complex geometry and specially the cytoplasm, which is the
part of the cell enclosed by the cell membrane and the nucleus. The cytoplasm
contains many cell organelles such as mitochondria, golgi apparatus, endoplasmic
reticulum etc. The microscopic view of the cytoplasm reveals that it contains very
thin membranes. These thin membranes are so dense geometric structures that if
we discretize Eqs. 1.6–1.10 immediately, we need very small grid cells in order to
resolve their geometrical structures, which is computationally very expensive and
practically impossible. Therefore, we will derive effective equations for the sub-
stances in the cytoplasm in order to avoid the resolution of fine structures. The
derivation of the effective equations is given in detail in [2]. Since the homoge-
nization procedure has been used in all the papers I–V [1–5], a summary of the
derivation of the effective equations is given in this chapter.

The derivation of the effective equations in the cytoplasm will be done in the
following three steps:

• Finding the effective diffusion coefficients, DS,eff, for the averaged cytoplasm,
where S = C,U .

15
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• Finding the averaged reaction terms and modifying the time constant taking
into account only the partial concentrations.

• Finding the coupling conditions of the averaged cytoplasm to the surrounding
membranes (cell and nuclear membrane).

A schematic diagram showing the two step process of iterative homogenization
is given in Figure 2.3.

Since the interface conditions given in Section 1.3 are stated in such a form that
we cannot apply immediately the homogenization formulae for periodic structures,
the system will be reformulated.

2.1 Reformulation of the Reaction-Diffusion System and
Interface Conditions

We denote the union of sub-domains 1–5 by G. Let Gw and Gl be its aqueous and
lipid part, i.e G = Gw ∪ Gl, where Gl consists of cell membrane (sub-domains 2),
G3,l and nuclear membrane (sub-domains 4), whereas Gw consists of extracellular
medium (sub-domain 1), G3,w and nucleus. The interface conditions between the
aqueous part Gw and the lipid part are of the following type,

Sw =Kp,SSl, Dw(x) ∂

∂nw
Sw+Dl(x) ∂

∂nl
Sl = 0,

for S =C,U . Kp,S denotes the partition coefficient for the species C and U , whereas
Dw and Dl represent the diffusion coefficient in aqueous and lipid part respectively,
and nw =−nl. Now we define

S̃(x) =
{
S(x), x ∈Gw
Kp,SS(x), x ∈Gl

(2.1)

For S̃, the interface conditions take the form

S̃
∣∣
Gw

= S̃
∣∣
Gl
, Dw(x) ∂

∂nw
S̃+ 1

Kp,S
Dl(x) ∂

∂nl
S̃ = 0. (2.2)

The above relations motivate the following definitions

D̃S(x) =
{
Dw(x), x ∈Gw,
Dl(x)/Kp,S , x ∈Gl,

σS(x) =
{

1, x ∈Gw,
1/Kp,S , x ∈Gl,

(2.3)

k̃S(x) =
{
k(x), x ∈Gw,
0, x ∈Gl.
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where k(x) is the collection of all the reaction constants within the system. With
these definitions, the system of Eqs. (1.6,1.7,1.9,1.10) can be reformulated,

σS
∂

∂t
S̃ =∇· (D̃S(x)∇S̃) + k̃S(x)C̃, x ∈G,

subject to the boundary condition

∂

∂n S̃ = 0, x ∈ ∂G,

and the initial condition

S̃(x,t= 0) =
{

1, x ∈G1,

0, elsewhere.

Since B is only available in the aqueous part, thus we define

B̃(x) =
{
B3,w, x ∈Gw,
0, x ∈Gl,

k̃B(x) =
{
kB(x), x ∈Gw,
0, x ∈Gl.

(2.4)

The Eq. 1.8 reduces to,

∂

∂t
B̃ = k̃B(x)C̃, x ∈G3,

To simplify the notations, the tilda sign will be omitted in the following.
Let V be the total volume of the cytoplasm, Vw be the volume of the aqueous

part and Vl be the volume of the lipid part, then the volume fractions of the aqueous
part and the lipid part can be defined respectively as

pw = Vw
V
, pl = 1−pw = Vl

V

where
pw+pl = 1. (2.5)

2.2 Finding Effective Equations

Now we find the effective equations on the smaller and large scale.

Homogenization on the Smaller Scale: The First Step
According to the assumption A1.3, we assume that, on a smaller scale in space, the
volume between the outer cellular membrane and the nuclear membrane consists of
ideal layered structures/membranes as indicated in Figure 2.1. [18,19] motivates for
this approximation by showing the fact that the organelle/cytoplasmic membranes
create a locally dense layered structures throughout the cytoplasm.
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We consider that the cytoplasm consists of homogeneous layered structures,
where these structures consists of aqueous and lipid layers. The thickness of the
lipid membranes is also considered to be very small parameter say ε. Then according
to previously defined volume fractions, the thickness of the aqueous (cytosol) layers
is assumed to be εpw/pl. Since, the aim is to find the effective equations for the
cytoplasm (sub-domain 3) only, therefore the cellular and nuclear membranes will
not be considered in this process.

A similar kind of situation for stationary problem is considered in [21], where
the boundary conditions include homogeneous Neumann conditions . If we assume
the coordinate system in such a way that the z-axis is oriented perpendicular to
the layers, then the limiting equation, for ε→ 0, takes the form

0 =∇· (DS,0∇S̄) +kS,0C̄, x ∈G, (2.6)

where DS,0 and kS,0 are the diffusion and rate coefficients respectively, which we
obtain after homogenizing these coefficients individually on all the sub-domains.
On all the sub-domains excluding cytoplasm (G3), these coefficients are same as
the original ones, whereas on G3, the effective diffusion coefficient DS,0 becomes
directionally dependent, i.e, anisotropic. In the local coordinate system, it holds [21]

(DS,0)ij =


0, i 6= j

DS,0,n i= j = 3
DS,0,t i= j = 1,2

, i, j = 1,2,3. (2.7)

Here,

DS,0,n = (pw/D3,w+plKp,S/D3,ln)−1, DS,0,t = pwD3,w+plD3,lt/Kp,S ,

kS,0 =
{
−pw(kU +kB), for S = C,

pwkU , for S = U,

whereas kB,0 = pwkB for B. D3,l,n and D3,l,t are the diffusion constants normal
and tangential to the membrane respectively.

In [26], a parabolic problem without having the reaction term, and with homo-
geneous Dirichlet boundary conditions is considered for the case of periodic homog-
enization, where the limiting equation has the similar form as given in Eq. 2.6 for
the elliptic case, and the scaling coefficient σS is replaced by its mean value. This
gives rise to the following equation

σS,eff
∂

∂t
S̄ =∇· (DS,eff∇S̄) +kS,effC̄, x ∈G, (2.8)
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where

DS,eff =
{
DS,0(x), x ∈G3,

DS(x), elsewhere,
σS,eff =

{
pw+pl/Kp,S , x ∈G3,

σS(x), elsewhere,

kS,eff =
{
kS,0(x), x ∈G3,

k(x), elsewhere.

If the orientation of these thin membranes with respect to (x,y,z) is different
from the above direction, we can use another coordinate system, say (ξ,η,ζ). Then,
there exists an orthogonal matrix T with determinant 1, such thatξη

ζ

= T

xy
z

 .
Thus, we can change Eq. 2.8 accordingly as,

σS,eff
∂

∂t
S̄3 =∇(ξ,η,ζ) · (TDS,effTT∇(ξ,η,ζ)S̄3) +kS,effC̄3 (2.9)

where TT denotes the transpose of the orthogonal matrix T.

Figure 2.1: Layered structure model. Copyright Dr. Michael Hanke

Since the homogenization procedure is only applied to the sub-domain 3, there-
fore, in the remaining sub-domains, the transformed quantities need to be untrans-
formed again. Let

Ŝ(x) =


S̄(x), x ∈G3,

S̄(x), x ∈Gw\G3,

S̄(x)/Kp,S , x ∈Gl\G3.

On the sub-domains G\G3, we obtain Ŝ(x) = S(x). The interface conditions for
the boundary between sub-domain 1 and 2 as well as between sub-domain 4 and 5
are identical to those given in Section 1.3.
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On the boundaries of the sub-domain 3, it holds

S̄
∣∣
Gl

= S̄
∣∣
G3
, DS

∂

∂nl
S̄+DS,eff

∂

∂n3
S̄ = 0.

Using the definition of the quantities, the above equations, for i= 2,4, are equivalent
to,

Kp,SSi = S̄
∣∣
G3
, K−1

p,SDi
∂

∂ni
Kp,SSi+DS,eff

∂

∂n3
S̄ = 0. (2.10)

Homogenization on the Large Scale
In the previous step, a strict periodic cytoplasm was assumed. This assumption is
obviously not true. The orientation of the membranes changes at different places
in the cytoplasm. Since an analytical model is not available, we assume that the
orientation of these membranes is random. In a first approximation we assume
further that all orientations are equally probable. The variation in structure of
individual cells is considerable. However, the biochemical experiments are carried
out using cells in culture corresponding to about 1.5×107 cells per experiment, and
the measured data correspond to the joint masses of substances in all cells [2]. This
supports the assumption that the orientation of the layered structures at different
points in the cytoplasm are independent of each other.

Figure 2.2: Model domain for random averaging for N = 4. The orientations of the
layers inside the sub-cubes are chosen randomly [2].

At this point we invoke the next critical assumption A1.4, according to which,
we assume that the volume contains an unordered set of the small-scale substruc-
tures which are uniformly distributed over the volume. In this approach, we assume
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that the folding of the membranes is resolved by this two-step process. A justifica-
tion is provided by the area-volume ratio of the membranes. In [27], an area-volume
ratio for the cells in question is determined to be 3.1×107m−1. For the constants
used in our numerical experiments, we obtain a ratio of 4.4× 107m−1. This very
good agreement justifies assumption A1.4.

The key assumption here is that all the orientation of these cubic structures are
equally probable. For the determination of the effective diffusivity, we must use a
representative sub-domain. It should be small enough to fit into the cytoplasm and
being computationally tractable. It must be large enough such that the averaging
is justified. Instead of a real 3-dimensional part of the cytoplasm we use a model
representative sub-domain which is consistent with assumptionA1.4. We represent
the part of our model representative sub-domain in Figure 2.2. We will assume
that the substructures are very small compared to the volume of the cytoplasm.
We further assume that the orientation of these layered structures is also random
and uniformly distributed. Since both σS,eff and kS,eff are constant it suffices to
consider the stationary problem of determining the effective diffusivity. We will
assume that an effective diffusion coefficient exists. Conditions for its existence are
given in [22, Ch.7], [28] but the analytic expressions are not known, therefore Monte
Carlo techniques were used for the estimation of effective diffusion coefficients [2,18].

Figure 2.3: Two step process for the iterative homogenization. The right cube
showing layered structures (small scale homogenization). The left cube shows the
second step, where the model domain is tightly packed with the layered structures
[2].

Since we have assumed that the effective diffusion coefficient exists, the corre-
sponding coefficient was determined experimentally. These experiments were per-
formed earlier in [18], the details of which have been summarized in [2].
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2.3 Coupling of Homogenized Cytoplasm to the
Surrounding Medium

Since we have applied the homogenization approach to the cytoplasm only, the
remaining domains are treated in the detailed description. Now we have to couple
the effective equations of cytoplasm to the cell and nuclear membranes.

We again recall that, at the interfaces between the cytoplasm and cell membrane,
and between cytoplasm and nuclear membrane, there exist the following conditions:

• Continuity of flux

• Jump condition in the concentration

The interface conditions at the boundary between G3 and G2 will become

S2 =K−1
P,SS̄3.

The flux continuity condition gives rise to the following equations, taking the ho-
mogenized limits,

DS,eff
∂

∂n3
S̄3 +D2

∂

∂n2
S2 = 0.

where n2 =−n3.
Similar derivations can be made at the interface between the cytoplasm and the

nuclear membrane.
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Compartment Modeling

Compartment modeling is a standard and common technique, which is often used in
biological systems to describe transport and reaction [29–31]. A compartment is a
distinct, well stirred, and kinetically homogeneous amount of material. A compart-
mental system is made up of a finite number of compartments. These compartments
interact by material flowing from one compartment to another. The flow is said
to be inflow if it is into one or more compartments from outside, whereas it will
be outflow, if it is from one or more compartments to the surroundings. If there is
no inflow or outflow, then the system is called, a closed system. The advantages
of using compartment modeling approach include decreasing the complexity of the
system of equations and thus the computational cost.

In compartment modeling, we use the following assumption:

A3.1 In compartment modeling, we assume that the diffusion is very fast in the
system such that the concentration throughout the compartment is constant.

Under the assumption A3.1, the compartmental system can easily be explained by
the simple balance equation, i.e.,

inflow−−−−→ Compartment outflow−−−−−→

Mathematically, the balance equation inside a compartment can be represented
as

d

dt
(molar content) = mass inflow rate−mass outflow rate+mass sources−mass sinks

3.1 Non-Standard Compartment Model (NCM)

In order to reduce the complexity of the reaction and diffusion system, and the
computational cost, the compartment modeling approach is used. Keeping in view

23
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an established fact in biology that the membranes act as reservoirs (this was also
shown in [4]), the membranes (cell and nuclear membrane) will be considered as spa-
tially distributed sub-domains, where the remaining sub-domains will be treated as
well stirred compartments. In this way, the three compartments, namely extracel-
lular, cytoplasm and nucleus will be modeled using ordinary differential equations
(ODEs), whereas the cellular and nuclear membrane will be handled using partial
differential equations (PDEs). In standard compartment modeling, only ODEs are
used, but in our model, the system consists of both ODEs and PDEs, therefore we
call our model a Non-Standard Compartment Model (NCM). We have the following
compartmental system to understand the overall dynamics of the system.

Figure 3.1: Complete reaction and diffusion system in and outside the cell. Com-
partments II and IV are the spatially distributed compartments, whereas the com-
partments I, III and V are well stirred compartments

In the Figure 3.1, we can see the complete reaction and diffusion mechanisms
in and outside the cell by using the symbolic representation of compartments. All
the notations and chemical constants have been taken from the PDE model.

Figure 3.2: Mixed (compartmental and spatially distributed) system. A simple
model.
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For simplicity, as a first step, we consider the first three compartments. The
model is both spatially distributed and compartmental as well. So this model will
be a mixture of PDEs and ODEs. For that, we consider a model in Figure 3.2,
which consists of two compartments I and III as well as spatially extended model
for the membrane (compartment II).

Hence, from our simple given model, we get the following system of equations,
d

dt
nC1 =MA1(Kp,Cf(·,0)−C1) (3.1)

∂

∂t
f(t,x) =D

∂2

∂x2 f(t,x) (3.2)

d

dt
nC3 =MA1(Kp,Cf(·, δ)−C3) (3.3)

where the molar contents nCi
= ViCi, i= 1,3. Vi is the volume of the ith compart-

ment. M is a physical constant which gives rise to the driving force for the flux and
this determines how easy it is for a molecule to penetrate into the membrane. A1
represents the surface area of the cellular membrane, and D is the diffusion constant
inside the compartment II. Eqs. 3.1 and 3.3 are self explanatory but Eq. 3.2 needs
to be addressed in detail. The diffusion Eq. 3.2 for f(t,x) will be approximated by
linear finite elements with two degrees of freedom:

f1(t)≈ f(t,0)
f2(t)≈ f(t,1)

It turned out that, even with more than two degrees of freedom, the results are
almost identical. Although f1 and f2 are functions of space and time, but for
simplicity, we will write them here as f1 and f2, whereas f(t,x) will be denoted
as f . The equation describing the concentration inside the compartment II will be
coupled by the boundary conditions to the compartments I and III, which are:

D
∂

∂x
f(·,0) =M(Kp,Cf1−C1) (3.4)

D
∂

∂x
f(·, δ) =−M(Kp,Cf2−C3). (3.5)

Multiplying Eq. 3.2 by a test function v(x) and integrating over the domain,we get
δ∫

0

v
∂

∂t
fdx=D

δ∫
0

v
∂2

∂x2 fdx. (3.6)

Integrating by parts yields

d

dt

δ∫
0

vfdx=D(v(δ) ∂
∂x
f2−v(0) ∂

∂x
f1−

δ∫
0

∂v

∂x

∂f

∂x
dx)
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Using the boundary conditions given in Eqs. 3.4 and 3.5, we get

d

dt

δ∫
0

vfdx=−v(δ)M(Kp,Cf2−C3)−v(0)M(Kp,Cf1−C1)−D
δ∫

0

vxfxdx. (3.7)

Let

c(t,x) = f1φ1 +f2φ2 =
2∑
j=1

fj(t)φj (3.8)

which is described in terms of the nodal basis function known as hat function as
described in Figure 3.2, and can be expressed as

φ1(x) = δ−x
δ

and φ2(x) = x

δ
. (3.9)

By introducing c(x), Eq. 3.7 becomes

d

dt

δ∫
0

vcdx=−v(d)M(Kp,Cf2−C3)−v(0)M(Kp,Cf1−C1)−D
δ∫

0

vxcxdx (3.10)

Substituting the value of c(x) in Eq. 3.10, and considering the test function as nodal
basis function, we get,

d

dt

2∑
j=1

fj

δ∫
0

φiφjdx= φi(δ)M(Kp,Cf2−C3)−φi(0)M(Kp,Cf1−C1)

−D d

dx

2∑
j=1

fj

δ∫
0

φ
′
iφ

′
jdx, i= 1,2 (3.11)

where prime denotes the derivative w.r.to x. Now after doing the simple calcula-
tions, we get

δ

3 ḟ1 + δ

6 ḟ2 =−M(Kp,Cf1−C1)− D
δ

(f1−f2),

δ

6 ḟ1 + δ

3 ḟ2 =−M(Kp,Cf2−C3)− D
δ

(−f1 +f2).
(3.12)

where d

dt
fi = ḟi. Eq. 3.12 can be written as

M̃

[
ḟ1
ḟ2

]
=B

[
f1
f2

]
−
[
M(Kp,Cf1−C1)
M(Kp,Cf2−C3)

]
(3.13)
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where M̃ = δ

6

[
2 1
1 2

]
is the mass matrix, and B = D

δ

[
−1 1
1 −1

]
is the stiffness

matrix. We write Eq. 3.13 in the general form as:

d

dt
x= F (x,t) (3.14)

For the existence of non-negative solution of the above equation, the function
Fi(t,xi), i= 1, ...,n should satisfy the following condition [32, p. 270–272]:

Fi(t,xi) > 0, (xj > 0 for j 6= i, xi = 0) (3.15)
Since this condition is violated for Eq. 3.13, hence, we may get some negative

concentrations in Eq. 3.13 . In fact, numerical calculations show that negative
concentrations will occur. In order to avoid the negative concentrations, we modify
the mass matrix to a diagonal lumped matrix ˜̃M . This can be done very easily by,

˜̃mij =
{∑2

k=1 m̃ik, i= j

0, i 6= j

where i and j denote the row and column respectively. Hence, we get the lumped
matrix as,

˜̃M = δ

6

[
3 0
0 3

]
So, Eq. 3.13 becomes,

˜̃M
[
ḟ1
ḟ2

]
=B

[
f1
f2

]
−
[
M(Kp,Cf1−C1)
M(Kp,Cf2−C3)

]
(3.16)

For the modified system, the condition in Eq. 3.15 is satisfied. The Eqs. 3.1 and
3.3 together with Eq. 3.16 provide the complete system describing the mass and
concentration flow rate in the system given in Figure 3.2.

Now, we extend our results to Figure 3.3.

Since, d
dt
nC3 = inflow−outflow, therefore

d

dt
nC3 =MA1(Kp,Cf2−C3)−MA2(C3−Kp,Cf3) (3.17)

where the diffusion equation for f∗ (for nuclear membrane = compartment IV)
will be approximated by linear finite elements with two degrees of freedom f3 and
f4. A2 represents the surface area of the nuclear membrane.
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Figure 3.3: Compartmental and spatially distributed system with five compart-
ments.

The other equations can be found on similar grounds. Also, similar equations for
the diffusion process of U can be found. From Figure 3.1, we can see that there
are some chemical reactions as well, which can easily be included in the system as
sources and sinks. For example in the compartment I, we have

d

dt
nC1 =MA1(Kp,Cf(0)−C1)−kUnC1 (3.18)

d

dt
nU1 =MA1(Kp,Ug(0)−C1) +kUnC1 (3.19)

where g is the concentration in the membrane (compartment II) for species U .
Kp,U is the partition coefficient for U , and kU is the reaction rate. Similarly, we
can write all the equations for diffusion and reaction.

Now, we consider the case inside the cytoplasm. We start from the homoge-
nized reaction-diffusion equation Eq. 2.8. Integrating over the cytoplasm G3 and
integrating by parts, we obtain

σS,eff
d

dt

∫
G3

S̄3dx=
∫
G3

∇· (DS,eff∇S̄3)dx+kS,eff

∫
G3

C̄3dx

=
∫
∂G3

DS,eff
∂

∂n S̄3dΓ +kS,eff

∫
G3

C̄3dx.

where ∂G3 denotes the boundary of G3. Taking into account the Eq. 2.1, we obtain
for the molar contents nS3 ,

nS3 = σS,eff

∫
G3

S̄3dx. (3.20)
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With the above definition and by invoking assumption A3.1, an effective concen-
tration can be defined,

S3,eff = nS3/V3, (3.21)
where V3 = |G3| denotes the volume of the cytoplasm. The concentration given in
Eq. 3.21 will be used in Eqs. 3.16, and 3.17. This definition leads to define the
relation for the mass balance

d

dt
nS3 =

∫
∂G3

DS,eff
∂

∂n S̄3dΓ +
kS,eff
σC,eff

nC3

for S =C,U,B. Note that, for S =B, it holds ∂B̄3/∂n = 0 such that the boundary
term vanishes. In this equation, the boundary term corresponds to the mass inflow
or outflow, whereas the reaction term is for the source or sink depending upon the
sign.

The complete system of equations was implemented in Matlab [33]. All the
constants have been taken from the Tables 1 and 2 of Paper 1 [2]. The numerical
results were obtained for a time span of 600 s. A few results are presented in Figure
3.4.
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(a) Concentration of C in cell membrane (b) Molar contents of C in Cytoplasm

Figure 3.4: Concentration of C in cell membrane and Molar contents of C in Cy-
toplasm with different values of M .

From the Figure 3.4 (a), we can see that the concentration of C in cell membrane
increases with the increase in the value of permeability constant M . The increase
in the concentration of C in the membrane results in the increase of molar contents
of C in the cytoplasm as shown in the Figure 3.4 (b). Similar results can be found
for the nuclear membrane and nucleus as well. From the results, it is quite clear
that to achieve correct results, we need to know the correct size of M .

From the numerical results, it is concluded that NCM depends on the perme-
ability constant M , and to find the reasonable value of M is still an important
question to be solved.
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3.2 A Standard Compartment Model (CM)

For the further simplification of the model and to avoid the use of permeability
constant M , we use the standard compartment modeling approach. With this
approach, we develop a model based on ordinary differential equations describing
the diffusion and reaction system mentioned in Figure 1.1 (given in Chapter 1).

Trans-membrane Diffusion
We consider a thin membrane between two compartments as shown in Figure 3.5.

Figure 3.5: Diffusion across the membrane [2].

If there is a jump in the concentration between the membrane and the compart-
ments, then using the partition coefficient Kp,S , we can write the concentration in
the membrane at the two boundaries as,

S1 =Kp,SS21 and S3 =Kp,SS23

where S21 is the concentration at the joint boundary between the compartment I
and the membrane, whereas S23 is the concentration at the joint boundary between
the membrane and the compartment II. If δ is the thickness of the membrane then
the concentration gradient in the membrane can be defined as (S23−S21)/δ. Then
using the Fick’s Law of diffusion, according to which, “the rate at which the material
diffuses through any surface, is proportional to the product of the area, A, of that
surface and the concentration gradient between the two compartments” [34], the
mass flow rate, JS , becomes

JS = DA

δ
(S23−S21)

= DA

Kp,Sδ
(S3−S1), (3.22)

where D represents the diffusion coefficient inside the membrane.
We consider that the compartment II corresponds to the cytoplasm. It is due to

the averaging process in the cytoplasm that the concentration S3 must be taken as
the effective concentration S3,eff. Note that, in general, S3,eff is different from S̄3 in
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the averaged equation Eq. 2.8. Due to the rescaling, S̄3 does not have an immediate
physical interpretation but the molar contents can be reconstructed from it. S3,eff
was defined in Eq. 3.21 using this reconstructed quantity.

A complete compartmental system showing the dynamics of the system is given in
Figure 3.6, where the complete reaction and diffusion mechanisms in and outside
of the cell is shown, by using a symbolic representation of compartments.

Figure 3.6: Complete compartmental system with well stirred compartments. Cell
and nuclear membrane are handled as sketched in Figure 3.5 [2].

All the notations and parameters have been taken from the PDE model as shown
in Figure 1.1, and Tables 1 and 2 of Paper 1 [2]. The discussion about the effective
concentration of cytoplasm is given in Section 3.1. Thus the concentration given in
Eq. 3.21 will be used in Eq. 3.22.

Governing Equations

The complete set of equations obtained from the compartment model is given below:

• Compartment I (extracellular medium)

d

dt
nC1 = DA1

Kp,Cδ
(C3,eff−C1)−kUnC1 , (3.23)

d

dt
nU1 = DA1

Kp,Uδ
(U3,eff−U1) +kUnC1 , (3.24)

where D =D2 =D4 is the diffusion coefficient in the membrane, A1 denotes
the area of the cell membrane, and δ is the thickness of the cell/nuclear
membranes, Moreover, S1 = nS1/V1 where V1 is the volume of compartment
I.
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• Compartment II (cytoplasm)

d

dt
nC3 = DA1

Kp,Cδ
(C1−C3,eff) + DA2

Kp,Cδ
(C5−C3,eff)−

kU,eff +kB,eff
σC,eff

nC3 ,

(3.25)
d

dt
nU3 = DA1

Kp,Uδ
(U1−U3,eff) + DA2

Kp,Uδ
(U5−U3,eff) +

kU,eff
σC,eff

nC3 , (3.26)

d

dt
nB3 =

kB,eff
σC,eff

nC3 . (3.27)

where, A2 denotes the area of the nuclear membrane, and S5 = nS5/V5 where
V5 denotes the volume of the compartment III.

• Compartment III (nucleus)

d

dt
nC5 = DA2

Kp,Cδ
(C3,eff−C5)− (kU +kA)nC5 , (3.28)

d

dt
nU5 = DA2

Kp,Uδ
(U3,eff−U5) +kUnC5 , (3.29)

d

dt
nA5 = kAnC5 . (3.30)

3.3 Convergence of NCM to CM

The difference between the NCM and CM is that, in NCM the membranes are
spatially distributed, whereas in CM the membranes are replaced by the flux using
Fick’s law of diffusion. In order to see, if the spatially distributed membranes have
some special role, or the well stirred compartments can qualify the role of spatially
distributed membranes, the value of the permeability constant M , used in NCM,
was increased. The numerical results show that the non-standard compartment
model converges to the standard compartment model when M →∞, as shown in
Figure 3.7. In Figure 3.7 (a) and (b), we can see that with the increase in the value
of M , the curves of NCM are approaching to the CM. At the value of M = 10−2,
the non-standard compartment model and standard compartment model are almost
identical.

From these results, we conclude that the non-standard compartment model can
be replaced by the standard compartment model. Using the standard compartment
modeling approach, there are two main advantages as compared to using non-
standard compartment modeling approach: firstly, the complexity of the system and
the computational cost is decreased, secondly, there is no need of the permeability
constant M .
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Figure 3.7: Convergence of NCM to CM when M →∞.





Chapter 4

Summary of the Included Papers

In this chapter, we will summarize the included papers (I–V), which have been
appended at the end of this thesis. The whole work can be divided in three parts.
In the first part (section 4.1–4.3), we have developed a PDE model. The numerical
results of PDE model were validated against the in vitro experimental data. In
order to reduce the complexity of the PDE model, a compartment model was de-
veloped. In the first step, the numerical results of PDE model (with spherical and
non-spherical cellular architectures) were qualitatively verified using the compart-
ment modeling approach. Later, a quantitative comparison between the results of
PDE and CM was made. The results show that the CM cannot capture the effect
of the lipid membranes. To further reduce the complexity of the PDE model, a
2D mathematical model, without having the cellular and nuclear membranes, was
developed. In the second part of the work, the techniques of parameter fitting has
been used such that the numerical results of PDE model fit the experimental data.
Sensitivity analysis was performed to see the effect on the parameters with changes
in the dynamics of the system. In the last part, a new model including surface
reactions has been developed.

4.1 PDE Cell Model: Comparison with Experimental Data

In Paper I [2], a mathematical model given in Figure 1.1 has been developed in
order to understand the cellular behavior of toxic foreign compounds. The reaction
for the proteins in cytoplasm and nucleus was not included in Papers I–III. From
the mathematical model, the system of PDEs were obtained which are given in
Section 1.3. For the implementation of the mathematical modeling, the following
assumption was made:

A4.1 The cell is considered to be a perfect ball, where its different sub-domains
are spheres.

35
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Under Assumption A4.1, the three-dimensional problem was reduced to a one-
dimensional computational problem using spherical symmetry.

The cytoplasmic domain is very complex consisting of many thin organelle mem-
branes. If we consider these membranes as separate sub-domains, then the model
will become very complex and computationally expensive. Homogenization tech-
niques have been applied for the cytoplasm in order to make the system numerically
treatable, the details of which can be found in Chapter 2. Using this procedure,
we have derived effective equations for the cytoplasm. These tools considerably re-
duced the complexity of the mathematical model, thus allowing to solve the partial
differential equations numerically on a personal computer.

The complete model with homogenized cytoplasm was implemented in Comsol
Multiphysics 3.5/3.5a [35] using the Reaction Engineering Laboratory [36]. This
software uses the finite element method for the discretization with respect to the
spatial independent variable.

In order to see the response of the model system, the selected input parameters
of experimental interest were varied. These varied parameters can be found in [2,
Table 7]. The range of variation of these input parameters was chosen from the
available data representing different PAH DEs and cell conditions [31,37–39]. The
values of these parameters were varied one at a time while keeping the remaining
parameters fixed at the baseline values. To consider the impact on the different
compartments the formation of B and A were modeled in cytoplasm and nucleus
respectively, which can be seen in [2, Figure 10]. The parametric analysis supports
the validity of our PDE model.

In order to validate the model results, data from in vitro experiments and cells
in culture were collected. This work was done by our colleagues at Karolinska
Institutet (KI). The numerical results of the spherical model have been discussed
in detail in Paper I. Comparisons between the results from the PDE model with
the actual results from experiments using mammalian cells are shown in [2, Fig-
ure 12]. The comparison between the formation of B in the model and cellular
measurements shows a nice agreement [2, Figure 12 (A)]. Moreover, both model
and experimental results, show similar rapid degradation of C [2, Figure 12 (B)].
A major difference between the model and the experiments is the formation of
U [2, Figure 12 (C)]. This difference can in part be explained by the fact that C
also reacts with other cellular macromolecules, such as proteins, which we have not
considered in the model. Thus, in general the numerical results show a good qual-
itative and quantitative agreement with the cellular measurements. The detailed
discussion can be found in the Paper I.

4.2 Compartment Model: Qualitative and Quantitative
Comparison with PDE Model

For the reduction of complexity of the model, the compartment modeling approach
was used which has been discussed in detail in Chapter 3. With this approach,
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the model with the PDEs was reduced to a model with ODEs, thus reduced the
complexity and computational cost.

As a first step, the simulation results with different cellular architectures have
been qualitatively verified using compartmental modeling approach. This work
was done in Paper II [3]. In this paper, experiments were performed with different
cellular architectures in order to investigate the effect of cellular geometry in drug
diffusion, which can be found in Section 3 of this paper. The results given in [3,
Figure (2–5)] show a qualitative agreement of the results of PDE model with the
analysis from compartment modeling.

For the quantitative analysis, the results of the compartment model (CM) were
compared against the results of spatially distributed (PDE) model. This work was
done in Paper I [2]. The system of ODEs obtained from the CM was implemented
in Matlab [33]. Comparing the numerical results with the PDE model shows a
nice agreement between the two models at certain parameter values as can be seen
in [2, Figure 7]. However, with enhanced and reactive parameters, the two models
displayed differences (see [2, Figure 8]). The detailed discussion about the results
have been given in [2].

The inability of the compartment model to respond to certain parameter values
was further shown in [2, Figure 9] while comparing the effect of increasing the
partition coefficient Kp. The basic assumption for the well-stirred compartment
model as given inA3.1 is that the diffusion process is much faster than the reactions
involved. The results of the CM indicate that this assumption is not justified for
certain values of the parameters such that this well-stirred model no longer describes
the metabolism/reactions correctly.

4.3 2D Modeling with and without Plasma/Nuclear
Membranes of Cell

In Paper III [4], a mathematical model has been developed in 2D where non-
spherical cell geometry is considered because the cellular geometry can play an
important role for drug diffusion in the cell. In living beings, the assumption A4.1,
(which was used in Paper I) that cells are spherical can often be a good approxima-
tion. However, cultured adherent cells used in experimental systems adopt a more
flat shape. Therefore the situation was considered by representing the cell roughly
like a flying saucer. Hence the assumption A4.2 was added, that is

A4.2 The cell has cylindrical symmetry.

Invoking assumptionA4.2, three-dimensional problem was reduced to 2-dimensional
axi-symmetric model. The shape of which is similar to the shape given in Figure 4.1.
The mathematical model is same as used in Paper I and II.
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Figure 4.1: Diagram of Quarter Part of an axi-symmetric cell (not to scale) dis-
playing reactions and diffusion in and around a cell. Figure taken from [3,4].

The main advantage of a non-spherical cell model is that, we can consider a
cell geometry which is rather close to the real cell geometry in the most common
experimental systems (i.e. petri dish). For examples, different (non-spherical)
shapes of the cell can be seen in [40].

Once again the homogenization techniques were used for the numerical treat-
ment of the cytoplasm. The model was implemented in Comsol Multiphysics
3.5/3.5a [35] using the Reaction Engineering Laboratory [36]. In [2], a penalty
approach was used for implementing the transfer conditions (Eq. 1.19 and 1.20).
However, there is hardly any criteria for choosing the penalty parameter available.
Moreover, the additional stiffness introduced this way makes the solution of the
resulting ODEs, sometimes very difficult. In the model of Paper III [4], another
technique has been used which does avoid the penalty parameter. The detail of
which has been given in Section 2 [4].

Paper III is divided in two parts. In the first part, the numerical results of the
amount of different species (with respect to the time) of non-spherical model (called
as saucer) have been compared against the results of spherical model. The numerical
results of spherical model have already been validated against the results taken
from the in vitro experiments using mammalian cells in [2]. When the different
models (spherical and saucer) are applied to the diffusion and reaction system
describing the fate of the lipophilic and reactive PAH in cells (C being he mother
compound, U being the hydrolysis product, B being the glutathione conjugates
and A representing DNA adducts), the dynamics given in [4, Figure 3] are almost
identical. Thus the cellular shape is not a critical determinant for the modeling
environment for one common reactive intermediate PAH (riPAH). However, riPAHs
with higher/lower reactivity and enzymatic turnover exist where cellular shape
might have an impact on dynamics. For this purpose, the fate of more reactive
PAHs in the spherical and saucer models was compared, where cell shapes begins
to show an impact as can be seen in [4, Figure 4]. To further investigate the
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impact of cellular geometry, the simulations were performed with less solvolytic
reactivity and membrane diffusivity, that are more lipophilic. Once again, the
comparison of the spherical and saucer models showed a significant difference in
the results [4, Figure 5]. From these results, it can be concluded that the cellular
shape does have a variable impact considering a range of common riPAHs. With
more/less reactive, less membrane diffusive and more lipophilic compounds, the
cellular shape has a stronger impact on intracellular dynamics. Further simulations
(for example with faster membrane diffusion) might also show the importance of
cellular shape. In general, it is clear that explicit modeling of realistic cell geometry
will be important for reactive molecules.

In the second part of Paper III, another model was developed to reduce the
complexity due to the presence of plasma and nuclear membranes. The key idea of
this simplified model has been advocated in Virtual Cell [41]. Virtual Cell uses the
following assumption;

A4.2 If the molecules display flux through the membrane or adhere to the mem-
brane, then this flux is normal to the surface, which essentially means that the
tangential component of the flux through the membranes will be negligible.

Under the above assumption, the membranes (plasma/nuclear) were replaced by
defining the membrane flux, using Fick’s law of diffusion. The flux between one to
other sub-domain was defined in the following way: As an example, we consider
the flux between extracellular medium and cytoplasm.

D1
∂S1
∂n1

= D2
KP δ

(S3,h−S1),

D3,S,h
∂S3
∂n1

= D2
KP δ

(S1−S3,h).

where D1 and D2 are diffusion coefficients in extracellular medium and plasma
membrane respectively, D3,S,h is the effective diffusion coefficient in cytoplasm, δ
is the thickness of the membrane, and S3,h represents the effective concentration
in cytoplasm.

The numerical results of the simplified saucer model were compared against the
results of the detailed saucer model. The comparison of the results shows that both
models yield similar results using certain riPAHs. Thus the use of Virtual Cell is
justified, and the assumption A4.2 is valid for the cell line considered here using
the chosen physical parameters. To test the responsiveness of the simplified model
with highly reactive chemical compounds (riPAHs) the values of the rate constants
of catalytic efficiency and DNA reactivity were increased 100-fold. With these
parameters, we do see a difference between the results of the detailed and simplified
saucer model [4, Figure 6]. From the numerical results, one can conclude that the
membranes work as protective reservoirs. We also conclude that with more reactive
PAHs, the plasma and nuclear membranes have a significant impact in slowing
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transfer of the molecules from one domain to the next. Thus the assumption A4.2
is not valid in this case. Thus, for a generally applicable modeling environment it
is important to include detailed membrane structures.

From the results of both models, we can conclude that the membranes are pro-
tective reservoirs of significance for very reactive molecules. This certainly means
that, the non-spherical cell geometry can better depict the metabolism, as com-
pared to the spherical cell geometry, whereas the deficiency in the simplified model
motivates us to model the plasma and nuclear membranes as spatially distributed.

4.4 Parameter Fitting

In Paper IV [1], we further extended the framework of our previously developed
model of [2] by benchmarking against results from four different cell lines. For this
purpose, we developed a mathematical model. The system of PDEs were obtained
using Figure 1.1. The model is basically the same as that described previously [2]
but has been extended to include the reaction for the proteins in cytoplasm and
nucleus. Once again the same modeling assumptions as discussed in Chapter 1 are
used.

Homogenization techniques as discussed earlier in Chapter 2 were used for the
numerical treatment of the cytoplasm. Even after homogenization, the computa-
tional complexity for the model is rather complex. Therefore, we used a compart-
ment model for some more expensive calculations. The complete set of equations
for the compartment model is given in [1].

From the dimensional analysis of the compartment model, we see that the dif-
fusion related parameters have very small scaled values. Thus, their time scale is
beyond the resolution of the measurements. Therefore only reaction related param-
eters involved in the model have been optimized to fit the measured values. The
quality of a fit is measured by the total error between the numerical results of the
model and the experimental data. The usual way of minimizing this error is done
by defining the objective function,

f(k,y) = 1
2

n∑
i=1

wi(ϕi(k)−yi)2

where ϕ represents the vector of numerical results depending upon the set of pa-
rameters (k), and y represents the experimental observations. wi stands for the
weights. Sensitivity measures the changes in the estimated parameters (here, k)
against perturbations in the data y. It is given by,

s(k,y) = dk

dy

where k = k(y) is given by the solution of the minimization problem

min
k
f(k,y).
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The discussion about determining the weights wi is given in [1]. This provides us
with

W = S−1
d S−1

where Sd = diag(s̄1, s̄2, ..., s̄n) is the diagonal matrix of scaling values, while S =
diag(e1,e2, ...,en) contains the standard deviations of the measured values. Finally,
we obtain

s(k,y) = dk

dy
=H−1ϕ′(k)TW, (4.1)

where H denotes the Hessian of ϕ(k).
For a qualitative estimation of the influence of different parameters on the math-

ematical model, the compartment model was used. The PDE model could not be
used for the purposes of this sensitivity analysis because it is computationally too
complex and the necessary gradient information is not available. Global optimiza-
tion technique, Multistart [42] was used to optimize the parameters. For the
estimation of the Hessian matrix, we numerically approximated the Jacobian of
the gradient function using numjac provided by Matlab [43]. The detailed discus-
sion about the implementation of global optimization techniques and computing
the fitted parameters, is given in [1]. The relative error in the fitted parameters
using compartment model were found. To determine the fitted parameters, the
PDE model was implemented in COMSOL Multiphysics 3.5a [35] and interfaced to
Matlab’s Optimization Toolbox.

For the comparison of the model results, the data from in vitro experiments
were collected for all the four cell lines. This data was provided by our colleagues
at Karolinska Institutet (KI). The comparison of the degradation of BPDE (C),
and formation of tetrols (U) and conjugates (B), between the in vitro and model
results using normal and fitted parameters are given in [1, Figure 2].

The comparison between the DNA adducts (A) in the model using normal pa-
rameters and in vitro results showed that the model could not predict the formation
of A [1, Figure 3A]. The results using fitted parameters showed the reverse discrep-
ancy between model and cells. Although the model now could accurately predict
level of A in GST cells (GSTP, GSTA and GSTM), whereas the level in control
cells was underestimated. This discrepancy can be explained in part by the fact
that the data for A was only available at one time point, reducing the impact of the
rate constant (kA) on the fitted values. Therefore, to be able to determine fitted
parameters to accurately predict the formation of A, the fitting of kA was given
full weight [1, Figure 3A]. This was done analytically by increasing the weights for
A, whereas the weights for other species were decreased.

The model was further tested to see the impact of intracellular interactions of
BPDE (C) on the formation of DNA adducts (A). For this purpose, either different
localizations of GST (G) in nucleus were added or a nuclear GST shield was added
in the PDE model, but there was no impact in the formation of A [1, Figure 3B].
For further testing, the orientation of the cytoplasmic membranes was changed to
be either fully parallel or transversal to the gradient of C. Once again, the results
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in [1, Figure 3B] showed no effect on the formation of A. From these results, we see
that none of the different possible intracellular interactions of C affect the formation
of A. This motivate us for the further development of the model.

4.5 Cellular Modeling with Surface Reactions

The study of the cell reveals that PAHs are metabolized in two steps, (i) by protein
A

B

Figure 4.2: (A) Schematic diagram showing extra and intracellular reaction and
diffusion process. (B) Surface reactions mechanism in cytoplasm. Figure taken
from [5].
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enzymes bound to the cytoplasmic membranes, (ii) the metabolites from the first
step are further metabolized by soluble proteins found in the cytoplasm. The study
also shows that both in vitro and in vivo, the membrane bound proteins involved in
the metabolism of PAHs play an important role both in their intracellular dynamics
e.g the flux from one intracellular domain to another, and the toxicological effects
e.g cancer progression [44]. The process of the second step was included in our
previous model [2]. In Paper [5], the mathematical model is enhanced by including
the first step of metabolism, where we will model this reaction as a membrane
surface reaction. The complete model showing the reaction and diffusion system is
given in Figure 4.2.

Iterative homogenization techniques have been used to find the effective equa-
tions for the cytoplasm including surface effects. For modeling the surface reactions,
standard process of adsorption and desorption is used. The details of which are
given in [5]. In order to determine some of the rate constants, optimization proce-
dure is adopted.

The complete model is implemented in Comsol Multiphysics 3.5/3.5a [35]. The
numerical results of some of the species were qualitatively verified against the in
vitro results found in literature.





Chapter 5

Conclusion and Future Directions

In this thesis, we attempted to approximate the reaction and diffusion system in
complex cell geometry. For this, we presented a mathematical model describing
the reaction and diffusion inside as well as outside the cell. This research work
is in connection with the development of biochemical and mathematical model of
the carcinogenic compounds in mammalian cells. The present investigations are by
a collaboration between the Numerical Analysis group at Royal Institute of Tech-
nology (KTH) and a research group at the Institute of Environmental Medicine,
Karolinska Institute (KI).

For the numerical treatment of the cell model without changing the essential
features of metabolism, the technique of homogenization was used which certainly
reduced the complexity and computational cost. This reduction of complexity pro-
vided us with the opportunity to treat the resulting equations using the standard
tools of numerical analysis for solving the system of partial differential equations.
The numerical results of our cell model has been validated against the in vitro cell
experimental results.

In order to reduce the complexity and computational cost of the cell model, a
mixed model of PDEs and ODEs was developed. In this model, the extracellular
medium, cytoplasm and nucleus were treated as well stirred compartments, whereas
plasma and nuclear membrane was spatially distributed. This technique reduced
the complexity of the model, but at the same time, it demands to find the rea-
sonable value of permeability constant, which is still a valid question to be solved.
Then the model is further reduced to a system of ODEs only, which is a Standard
Compartment Model (CM). We showed that the non-standard compartment model
converges to CM at very large value of the permeability constant. The numerical
results of the PDE Model with different cellular geometries have been qualitatively
verified by using the compartment modeling approach. The quantitative analysis
of the results of the CM shows that it cannot fulfill the need of diffusion model for
the cellular and nuclear membranes in general. Hence we need a more sophisticated
model using PDEs for our homogenized cell model.

45
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In order to see the influence of cellular architecture in the metabolism consid-
ering reactions and diffusion, the non-spherical axi-symmetric cell geometry (2D)
is considered. The numerical results of the 2D model (non-spherical) have been
compared with the results of the 1D model (spherical), where the numerical results
of the 1D model have already been validated against the in vitro cell experimen-
tal results in [2]. The numerical results show that the cellular geometry plays an
important role in diffusion through the membranes at certain levels of chemical
reactivity and diffusivity. Thus for reactive toxic molecules explicit representation
of cellular shape can and will be important. For further reduction of complexity of
the model, another simplified model was developed. The key idea of this simplified
model was invoked from Virtual Cell [41]. In the simplified model, we used PDEs
for the extracellular domain, cytoplasm and nucleus, whereas the plasma and nu-
clear membranes were taken away, and replaced by the membrane flux, using Fick’s
Law. This model reduced the complexity and computational cost, but the numer-
ical results motivates us to model the plasma and nuclear membranes as spatially
distributed.

We further extended the framework of our previously developed model by bench-
marking against the results from four different cell lines. Global optimization tech-
niques are used for the parameters describing the diffusion and reaction to fit the
measured data. Numerical results concerning the formation of glutathione conju-
gates and tetrols were in good agreement with the in vitro results. The comparison
also shows that the model cannot predict the formation of DNA adducts in the
nucleus. To overcome this discrepancy, the model was extended by adding nuclear
shield, GST localization in the nucleus, and also changing the orientation of the
cytoplasmic membranes. From the results, we see that none of the different possible
intracellular interactions affect the formation of DNA adducts. This motivate us
for the further development of the model.

For the further development of the model, the process of surface bound reactions
were added, thus developing a new cell model. The effective equations were derived
using iterative homogenization for this model. The numerical results of some of the
species were qualitatively verified against the in vitro results found in literature.

5.1 Future Work

As future directions of work, one may extend the model by including different cell
organelles such as mitochondria etc. The geometry of a mitochondrion is very
complex. Also the number of mitochondria in a cell varies between hundreds to
millions. Thus their inclusion in the model can be done in the following steps:

• Including few mitochondria in PDE cell model.

• The idea of VCell [41] can be used to include many mitochondria.
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• Homogenization of mitochondria. In this way, a mitochondria will be consid-
ered as a small spherical dot. And then finally adding all the dots to make
one big sphere.

More chemical processes can be added in the model, and including the stochastic
effects can also useful to get more accurate results.
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