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Abstract

As the installed capacity of wind power increases across the world, its
impact on power systems is becoming more important. To ensure the
reliable operation of a power system which is significantly fed by wind
power, the dynamics of the system must be understood. The purpose of
this study is to analyse the dynamic impact of large-scale wind farms on
the stability of a power grid, and to investigate the possibility of improving
the stabilisation and damping of the grid by smart control strategies for
wind turbines.

When unconventional types of generators are used in a power system, the
system behaves differently under abnormal dynamic events. For example,
new types of generators such as doubly fed induction generators (DFIGs)
cause different modes of oscillation in the system. In order to damp oscil-
lations in the system, it is necessary to understand the equipment causing
these oscillations, and the methods of optimally damping the oscillations.

Large power oscillations can occur in a power system as a result of distur-
bances. Ordinarily these oscillations are slow and, in principle, it is possi-
ble to damp them with the help of wind power. This suggests the use of a
power oscillation damping (POD) controller for a DFIG, similar to a power
system stabiliser (PSS) for a synchronous generator. To demonstrate this
concept, we design PODs for DFIGs in a wind farm.

Voltage stability is another important aspect of the safe operation of a
power system. It has been shown that the voltage stability of a power
system is affected by induction generators and also DFIGs. The voltage
stability must therefore also be analysed in order to guard against a power
system collapse.

In this study we develop models and control strategies for large wind farms
comprising DFIGs, and study the impact of the wind farms on power
systems. The design of multiple PODs in a wind farm is performed using
linear matrix inequalities (LMIs), and the impact of the wind turbines
is investigated through the use of linear and dynamic simulations. It
has been demonstrated that DFIGs can be used for damping oscillations,
and that they can also improve the critical clearing time of some faults.
However, they may have an adverse impact on power systems after large
voltage disturbances.





Acknowledgements

This research project has been carried out at the School of Electrical Engineering
at the Royal Institute of Technology (KTH). Financial support for the project has
been provided by the research program Vindforsk.

I would like to thank all my colleagues at KTH for interesting discussions over
many years of interesting discussions, and for their contribution to a very pleas-
ant working environment.

In particular I would like to thank Professor Lennart Söder for his enthusiasm,
and Mehrdad Ghandhari for his supervision, guidance and encouragement. I
would also like to thank Magnus Perninge and Nathaniel Taylor for their help
and company.

Finally I would like to thank my family for their support throughout my studies.

v





Contents

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Power system stability challenges . . . . . . . . . . . . . . . . . . . . 2
1.3 Current wind turbine types . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.5 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.6 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Power System Modelling 13
2.1 Modelling assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 Doubly fed induction generators . . . . . . . . . . . . . . . . . . . . 15
2.3 Synchronous generators . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.4 Loads, lines and transformers . . . . . . . . . . . . . . . . . . . . . . 26

3 Control systems 29
3.1 Linear analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.2 Power oscillation damping . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4 Case Studies 45
4.1 Two machine system . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2 Two area system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.3 Nordic 32A - CIGRE test system . . . . . . . . . . . . . . . . . . . . . 49

5 Conclusions and future work 53
5.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
5.2 Suggestions for future work . . . . . . . . . . . . . . . . . . . . . . . 54

vii



viii CONTENTS

Bibliography 57

P1 On the stability of power systems containing doubly fed induction
generator-based generation 65

P2 Using Power System Stabilisers in Doubly Fed Induction Generators 75

P3 Nonlinear Power Oscillation Damping Controllers for Doubly Fed
Induction Generators in Wind Farms 83

P4 Wind power stabilising control: Demonstration on the Nordic grid 105



Chapter 1

Introduction

1.1 Background

Power systems have been in operation since the late 19th century. They were
used for powering street lighting, and were soon expanded to include mechan-
ical loads. Originally direct current systems were used to deliver power, but
these limited the distances that loads could be placed from generation. This was
because at usable voltage levels the losses and voltage drops were very high, and
there was no convenient method for voltage transformation. The development
of the transformer led to the introduction of alternating current systems, which
became standard for power systems. Longer transmission distances became
possible and, after current frequencies were standardised, interconnection be-
tween neighbouring power systems also became possible. Interconnection led
to increased security, since loads could be supplied by many different genera-
tors, and higher system efficiency, since each generator could be utilised to a
larger extent.

Electric power systems are often described as consisting of generation, trans-
mission and distribution. Generation usually consists of synchronous genera-
tors which produce electricity. Prime movers convert thermal energy or pres-
sure to rotating mechanical energy, which is in turn converted into electrical
energy by the generator. The transmission system connects major generators
and distribution systems together by means of transmission lines. Voltages are
transformed from generator voltages up to higher transmission voltage levels,
and then stepped down again for loads.

1
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Traditionally only synchronous generators were used to generate power. How-
ever wind power is now becoming an increasingly important source of energy.
The community is looking more and more towards wind power to provide a
renewable source of energy, with rising fuel prices and growing concern over the
presence of greenhouse gases in the atmosphere. During the last decade, wind
power capacity has increased at an astounding rate, and the costs of harnessing
wind energy have been continually decreasing [12]. At the end of 2011 the total
installed capacity of wind power in Europe was approximately 10 percent of the
total installed power capacity [13], which is enough to supply 6.3 percent of the
electricity demand. With the European Union member states resolving that 20
percent of the EU’s total energy supply should come from renewable energy
sources by 2020, this capacity is expected to continue to grow.

1.2 Power system stability challenges

Historically power systems, including their generation, were run by monopolies,
but since the late 1990s governments across the world have worked at deregu-
lating electricity markets on the assumption that competition will result in their
more efficient operation [14]. As more electrical power has been generated and
consumed, the expansion of the electricity grid to transport this electricity from
producers to consumers has progressed relatively slowly, because of the large
costs involved. As a result of this the transmission system is being operated at its
limits, and in ways for which it was not designed. Interconnections which were
once built to help improve reliability levels are now used for energy trading.

Increasing the transfer of power along transmission lines stresses the power
system. Once the system is stressed, many undesirable phenomena arise, and
these can cause damage to different parts of the system. In order to keep the
system operating securely, limits must be placed on power transfers.

One limit placed on transfers relates to heating. This is the thermal limit, which
establishes the maximum electrical current that a transmission line or electrical
facility can conduct over a specified time period before it sustains permanent
damage by overheating, or before it violates public safety requirements [15].

Limits on power transfer are also required to keep the power system stable. If
the system becomes unstable, then the security of the supply of electricity can
be compromised. Power system stability can be classified into three categories
[16, 17].
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1. Rotor angle stability refers to the ability of synchronous machines in an
interconnected power system to remain in synchronism after being sub-
jected to a disturbance. Instability may result in the form of increasing
angular swings of some generators, leading to their loss of synchronism
with other generators. Even sustained oscillations that are damped slowly
may result in faulty tripping of protection equipment, and undesirable
strain on the turbine shafts in power plants. Rotor angle stability can be
divided into two types.

• Small-signal rotor angle stability which refers to the ability of the
power system to maintain synchronism under small disturbances.
These disturbances are small in the sense that linearisation of system
equations can be performed to analyse system performance. This
type of stability depends on the initial operating state of the system.

• Transient stability, which is concerned with the ability of the power
system to maintain synchronism when subjected to a severe distur-
bance.

2. Frequency stability refers to the ability of a power system to maintain
steady frequency following a severe system upset which results in a signif-
icant imbalance between generation and load. If there is an excess of load,
kinetic energy from generators is used to supply the loads, which causes
the generators to decelerate and the system frequency to decrease. Simi-
larly if there is a load deficit, kinetic energy will build up in the generators,
causing the frequency to increase.

3. Voltage stability refers to the ability of a power system to maintain accept-
able voltages at all nodes in the system. A voltage collapse typically occurs
when not enough reactive power is being produced to energise the power
system components, and is often a slow process. A possible outcome of
voltage instability is loss of load in an area, or tripping of transmission
lines and other elements by their protective systems, leading to cascading
outages.

To determine whether or not the system is secure, the N-1 criterion is often
applied. This criterion was introduced after the 1965 Northeast USA blackout
[18]. The N-1 criterion, in its simplest form, says that the system should be
able to withstand the loss of any component, for example, line, transformer or
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generator, without jeopardising the operation of the system. It is widely used in
power system operation today all over the world. By examining contingencies
arising from the loss of one component, and evaluating the resulting stability,
power system security can be tested.

In a deregulated energy market transfer limits create price differences when the
limits are reached. These price differences penalise producers and customers
who cause the limits to be reached. An increase in the transfer limits increases
the socio-economic benefit to all participants in the market.

Transfers may be limited because of rotor angle stability. The oscillations occur-
ring between large groups of machines, called inter-area oscillations, are most
likely to occur when ties between the areas are weak or heavily loaded [19]. By
determining an acceptable level of power oscillation damping, transfer limits
can be set. They can also be set by reference to the clearing capabilities of
protection equipment. Higher transfers usually lead to shorter critical clearing
times and, if breakers are not able to activate quickly enough after a fault, parts
of the power system may lose synchronism.

Increasing transfers may also pose a problem for frequency stability. If transfers
are increased, it is usually because there are loads in another area which need
to be supplied. Supplying the extra loads reduces reserves, and the system may
not be able to accommodate the loss of the largest generating unit without an
unacceptable reduction in frequency. It is not a large transfer in itself which
causes a problem for frequency, but the fact that large imbalances can arise
when production is lost.

Large transfers also require large amounts of reactive power. As transfers be-
come larger, voltages decrease along transmission lines. If there is a lack of
reactive power at the receiving end of a line, then the system can lose voltage
stability [20]. By setting limits for acceptable voltages, a transfer limit can be
determined.

In this thesis we examine how doubly fed induction generator (DFIG) based
wind farms can be used to contribute to power system stability. We first develop
a method to damp power system oscillations, which ultimately leads to an
increase in transfer limits. We then examine the effect of wind farms on transient
and voltage stability.
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1.3 Current wind turbine types

The vast majority of wind turbines that are currently installed use one of the
three main types of electromechanical conversion system.

Fixed speed induction generator

The first type of turbine uses one or two asynchronous squirrel cage induction
generators, or a pole switchable induction generator, to convert mechanical en-
ergy into electricity. The generator slip varies slightly depending on the amount
of power generated and so is not entirely constant. However this type is normally
referred to as a fixed-speed turbine because the speed variations are in the order
of 1%. Today the constant-speed design is nearly always combined with a stall
control of aerodynamic power.

This turbine uses one of the most common machines in power systems. Because
of its simple construction, it is cheap, robust and easy to maintain. However it
does experience mechanical stresses in its drive train [21], and because of its
lack of power electronics, cannot deliver a steady output power to the grid or
contribute reactive power which is important for voltage stability.

Doubly fed induction generator

The second type of turbine uses a DFIG instead of a squirrel cage induction
generator. Like the first type, it needs a gearbox. The stator winding of the

Fixed speed
induction
generator

Grid

Gearbox

Capacitors

Figure 1.1: Fixed speed induction generator system
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generator is coupled to the grid, and the rotor winding is coupled to a power
electronics converter, which is usually a back-to-back voltage source converter
(VSC). Through the use of this equipment, the electrical and mechanical rotor
frequencies are decoupled, because the power electronics converter compen-
sates for the difference between mechanical and electrical frequency by sup-
plying a rotor voltage with a variable frequency. In this way variable speed
operation becomes possible. The rotor speed is controlled by regulating the
difference between the mechanical input and the generator output power. In
this type of conversion system, the required control of the aerodynamic power
is normally achieved by controlling the pitch of the blades.

While variable speed turbines were designed to extract more energy from the
wind than fixed-speed induction generators [22], their variable speed operation
is essential for decreasing the mechanical stresses in the turbine system. The
converters in DFIGs are only a fraction of the rated power of the turbine, and
can be used for active and reactive power control. These turbines can contribute
to rotor angle stability and frequency control if their active power is controlled.
They may also be able to contribute to rotor angle stability and voltage stability
if their reactive power is controlled.

Doubly fed
induction
generator

Grid

Gearbox

AC-DC-AC Converter

Figure 1.2: Doubly fed induction generator system
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Full converter synchronous generator

The third type of turbine uses a synchronous generator with a full-scale power
electronics converter. It may use either a fast speed synchronous generator with
a gearbox, or a direct drive low speed multipole synchronous generator with the
same rotational speed as the wind turbine rotor. The generator can have either
a wound rotor or a rotor equipped with permanent magnets. The stator is not
connected directly to the grid but to a power electronics converter, which is in
turn connected to the grid. The converter may consist of a back-to-back VSC or a
diode rectifier with a single VSC and makes variable speed operation is possible.
Power limitation is achieved by pitch control, as with the doubly fed induction
generator.

This type of turbine shares the advantages of the DFIG, but its converter is a fully
rated power converter. This converter can absorb or provide a larger amount of
reactive power than a DFIG turbine, but is more expensive. If the synchronous
generator is directly driven, then the turbine requires less maintenance, has
reduced losses and costs, and a higher efficiency [23].

Comparison

We show now the difference between the behaviour of the fixed speed and vari-
able speed turbines. The responses of these turbines to a wind speed sequence
can be seen in Figure 1.4 [P10].

The rotational speed of the fixed speed turbine is approximately constant, while
the speeds of the variable speed turbines vary. There are mechanical oscillations

Full converter
synchronous
generator

Grid

AC-DC-AC Converter

Figure 1.3: Full converter synchronous generator system
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Figure 1.4: Rotor speed and output power for the fixed speed generator [solid],
DFIG [dashed] and full converter synchronous generator [dot-dashed]

which occur with the fixed speed turbine. Without any electrical control, the
mechanical oscillations can be seen at the output. The variable speed turbines
are able to regulate the output so that at high wind speeds the output is steady.

An important difference between the responses of fixed and variable speed
turbines is that the variable speed generators produce more power at lower
windspeeds than the fixed speed turbine. This is because the speed of the
variable speed generators can be varied in such a way as to follow the wind
speed, which optimises their power output. If multiple generators with different
fixed speeds are used in the same turbine, the difference in output is reduced.

Many of the newer, larger wind turbines now being produced are variable speed
turbines which use DFIGs. The growing penetration levels of DFIGs make it
important to understand the impact of these machines on a power system.
Because of the available capacity of DFIGs, these generators may be usefully



1.4. MOTIVATION 9

employed by means of controllers to contribute to power system stability. Syn-
chronous generators have been principally employed to do this, but DFIGs are
now also being used to contribute to stabilisation.

1.4 Motivation

The rapid development of wind power technology is reshaping conventional
power systems in many countries across the world. As the installed capacity
of wind power increases, its impact on power systems is becoming more impor-
tant. To ensure the reliable operation of a power system which is significantly
fed by wind power, the dynamics of the power system must be understood. The
purpose of this study is to develop suitable analytical tools for analysing the
dynamic impact of large-scale wind farms on the stability of a power system.

When unconventional types of generators are used in a power system, the
system behaves differently under abnormal dynamic events. For example, new
types of generators such as DFIGs generate different modes of oscillation in
the power system, and also behave differently under disturbances which affect
voltage.

Power oscillations can occur in a power system as a result of disturbances.
Ordinarily these oscillations are slow and, in principle, it is possible to damp
them using wind power. This suggests the use of a power oscillation damping
(POD) controller for a DFIG, similar to a power system stabiliser (PSS) for a
synchronous generator. Damping these oscillations results in a higher socio-
economic benefit, because transmission lines can be more effectively utilised,
transfer limits can be increased, and unnecessary tripping of protection and
unnecessary strain on equipment can be avoided.

Voltage stability is another important aspect of the safe operation of a power
system. Because DFIGs have different active and reactive power capabilities
from conventional generators, their behaviour must be carefully analysed in
order to guard against the possibility of a power system collapse.

Before a power system is expanded with extra transmission lines to increase
the amount of power which can be transferred, alternatives that increase trans-
mission limits are usually considered first. One alternative might be DFIG-
based wind farms, which may be able to provide system services such as power
oscillation damping.
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In this study we develop models and control strategies for large wind farms
comprising DFIGs, and study their impact on power systems.

1.5 Contributions

The main contributions of this thesis are:

1. Modelling

• Developing simplified models for DFIG based wind farms for the
analytical investigation of components of the power system [P1, P2]

• Implementing more detailed models of DFIG based wind farms for
simulations [P3, P4]

2. Control

• Investigating the possibility of improving the stability margin of a
power system using power oscillation damping for wind farms [P1,
P3]

• Deriving a control strategy for the simultaneous tuning of wind tur-
bine controllers in a wind farm [P3]

3. Performance

• Comparing the performance of DFIGs with that of synchronous gen-
erators [P1, P4]

• Studying the effect of wind power in large power systems [P4].

Publications

The following publications form a part of this thesis.

[P1] Katherine Elkington, Valerijs Knazkins, and Mehrdad Ghandhari. “On
the stability of power systems containing doubly fed induction generator-
based generation”. In: Electric Power Systems Research 78 (Sept. 2008),
pp. 1477–1484.
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[P2] Katherine Elkington, Mehrdad Ghandhari, and Lennart Söder. “Using
Power System Stabilisers in Doubly Fed Induction Generators”. In: Power
Engineering Conference, 2008. AUPEC ’08. Australasian Universities. 2008.

[P3] Katherine Elkington and Mehrdad Ghandhari. “Nonlinear Power Os-
cillation Damping Controllers for Doubly Fed Induction Generators in
Wind Parks”. In: IET Renewable Power Generation (2012). Provisionally
accepted.

[P4] Katherine Elkington. Wind Power Stabilising Control: Demonstration on
the Nordic Grid. Tech. rep. TRITA-EE 2012:015. Royal Institute of Tech-
nology (KTH), 2012.

The work in [P1] was undertaken by Katherine Elkington under the supervision
of Valerijs Knazkins and Mehrdad Ghandhari. The work in [P2] was under-
taken by Katherine Elkington under the supervision of Mehrdad Ghandhari and
Lennart Söder. The work in [P3] and [P4] was performed by Katherine Elkington
under the supervision of Mehrdad Ghandhari.

The ideas and figures in this thesis have also appeared in the following publica-
tions:

[P5] Katherine Elkington, Mehrdad Ghandhari, and Lennart Söder. “On the
rotor angle stability of Doubly Fed Induction Generators”. In: Power
Tech, 2007 IEEE Lausanne. June 2007.

[P6] Katherine Elkington, Valerijs Knazkins, and Mehrdad Ghandhari.
“Modal Analysis of Power Systems with Doubly Fed Induction Gener-
ators”. In: Bulk Power System Dynamics and Control - VII. Revitalizing
Operational Reliability, 2007 iREP Symposium. 2007.

[P7] Katherine Elkington. “Modelling and Control of Doubly Fed Induc-
tion Generators in Power Systems”. Licentiate Thesis. Kungliga Tekniska
högskolan, Apr. 2009.

[P8] Katherine Elkington and Mehrdad Ghandhari. “Comparison of Reduced
Order Doubly Fed Induction Generator Models for Nonlinear Analysis”.
In: Electrical Power Energy Conference (EPEC), 2009 IEEE. Oct. 2009.

[P9] Katherine Elkington, Hector Latorre, and Mehrdad Ghandhari. “Opera-
tion of Doubly Fed Induction Generators in Power Systems with VSC-
HVDC Transmission”. In: AC and DC Power Transmission, 2010. ACDC.
9th IET International Conference on. Oct. 2010.
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[P10] Katherine Elkington, J. G. Slootweg, Mehrdad Ghandhari, and Wil Kling.
“Wind Power in Power Systems”. In: ed. by Thomas Ackermann. 2nd ed.
To be published. John Wiley & Sons, Ltd, 2012. Chap. 36.

[P11] Camille Hamon, Katherine Elkington, and Mehrdad Ghandhari.
“Doubly-fed Induction Generator Modeling and Control in DigSilent
PowerFactory”. In: Power System Technology (POWERCON), 2010
International Conference on. Oct. 2010.

Publication [P2] won Second Best Student Paper Prize, and [P8] won Best Poster
Prize.

1.6 Outline

We start this thesis by going through the modelling of DFIGs and other power
system elements used in our investigations in Chapter 2. We then go through
the theory required to understand linear systems and design power oscillation
damping controllers in Chapter 3. In Chapter 4 we describe the studies per-
formed in [P1–P4]. In Chapter 5 we give our conclusions, and offer suggestions
for future work.



Chapter 2

Power System Modelling

In this chapter we give a brief overview of the models used in our studies.

2.1 Modelling assumptions

A large power system can easily have hundreds or even thousands of state
variables. For dynamics characterised by low frequencies or long time con-
stants, long simulations are required. Including high-frequency phenomena in
all the models used would significantly increase the amount of time taken for
simulations to be run, making it difficult to study many different scenarios and
setups.

To overcome the time demands of a complete simulation, we take into account
only the fundamental frequency component of voltages and currents into ac-
count when we study low frequency phenomena in power systems. Voltages and
currents are then represented by phasors. If the order of the model is reduced,
larger time steps can be used in the simulations [24]. Simulations using this
method are known as fundamental frequency simulations.

There are many software packages capable of performing fundamental fre-
quency simulations for power systems, such as Simpow [25]. The software is
typically used for studying rotor stability problems whose phenomena of inter-
est have a frequency of about 0.5–2 Hz, and voltage stability problems whose
phenomena of interest have even lower frequencies. These are important phe-
nomena which we examine.

13
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The dynamic behaviour of the system can be described by a set of first order
differential-algebraic equations [26]

ẋ = f (x , z ,u) (2.1)

0 = g (x , z ,u) (2.2)

y = h(x , z ,u), (2.3)

where f : Rn+m+p → Rn is a function comprised of the differential expressions
in Chapter 2, g : Rn+m+p → Rm describes the power flow into the nodes of the
power system, and h : Rn+m+p → Rq describes the output of the system. These
are functions of x ∈Rn , the vector of state variables of the generators, z ∈Rm , the
vector of algebraic variables describing the voltage at the power system buses,
and u ∈Rp the vector of control inputs. The matrix of output variables is y ∈Rq .
We assume that f , g and h satisfy the Lipschitz condition.

In these equations the dynamics of the network are not considered and the re-
lationships between the network nodes are described by the algebraic equation
(2.2).

We have used MATLAB [27] to solve equations (2.1)–(2.3) in [P1] and Simpow in
[P2–P4].

This chapter presents models for representing wind turbines. For these funda-
mental frequency simulations we make the following assumptions:

• Flux distributions are sinusoidal.

• Apart from copper losses, all losses are negligible.

• Stator voltages and currents are sinusoidal at the fundamental frequency.

• The VSCs connected on the machine side may be modelled as voltage
sources, while the VSCs connected on the grid side may be modelled as
real and reactive power sources.

• Rotor voltages and currents are sinusoidal at the slip frequency.

There are simulations in the literature that show the different responses of
reduced-order wind turbine models and complete wind turbine models [28–30].
From these it can be seen that reduced-order models are most interesting for
power system simulations.
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2.2 Doubly fed induction generators

The induction machine is the most widely used electrical machine, and has been
most commonly used to convert electric power into work. Induction machines
have traditionally been used in constant speed applications, but these machines
are now also being used in variable speed applications because they are robust
and comparatively inexpensive.

An induction machine consists of a cylindrical stator with three-phase windings
distributed symmetrically around its periphery, and a rotor which is free to
rotate inside the stator and is separated from the stator by an air gap. Alternating
current is supplied to the stator windings directly, and to the rotor by induction.

In this chapter we go through the concepts used in doubly fed induction gener-
ator modelling [24, 31].

Electrical dynamics

The most commonly described model for wind turbines is the fifth order model.

This model neglects the effects of magnetic saturation, hysteresis and eddy
currents, but it captures the dynamics important in transient studies.

We note that all variables here are in per unit.

V̄s

ı̄s

V̄r ı̄r

Doubly fed
induction
generator

Converter

Pm

Figure 2.1: Doubly fed induction generator system
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Using a standard d q-reference frame and the notation

f̄ = fd + j fq (2.4)

we can write the electrical dynamics of the fifth order model as:

v̄s =−Rs ı̄s + 1

ωs

dψ̄s

d t
+ j ψ̄s (2.5)

v̄r =−Rr ı̄r + 1

ωs

dψ̄r

d t
+ j

(
ωs −ωr

ωs

)
ψ̄r (2.6)

with the relationships between the currents and flux linkages given by

ψ̄s =−Xs ı̄s −Xm ı̄r (2.7)

ψ̄r =−Xr ı̄r −Xm ı̄s (2.8)

where the subscripts s and r denote stator and rotor values for voltages v ,
resistances R, currents i , flux linkages per second ϕ and reactances X , Xm is
the mutual reactance,ωs is the synchronous speed, andωr is the electrical rotor
speed

ωr = pωm (2.9)

where p is the number of pole pairs of the machine and ωm is the mechanical
speed of the rotor.

We can relate the stator voltage to the network bus voltage V̄s by

v̄s = V̄s . (2.10)

Reduced order models for DFIGs which are suitable for classical phasor domain
dynamic studies have been described in [30, 32]. The fifth order model includes

high frequency dynamics 1
ωs

dψ̄s

d t in the stator, which are not suitable for includ-
ing in fundamental frequency simulations. It is also common practice to neglect
the stator resistance Rs [24] since it is small.

If we neglect the stator resistance here, we can then write the electrical dynamics
of a third order model as:

v̄s = j ψ̄s (2.11)

v̄r =−Rr ı̄r + 1

ωs

dψ̄r

d t
+ j

(
ωs −ωr

ωs

)
ψ̄r . (2.12)
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Polar notation

It is useful in this study to represent the stator side of a DFIG as a voltage E ′

behind a transient impedance Rs + j X ′, so that

v̄s = Ē ′− j X ′ ı̄s . (2.13)

Equation (2.12) can then be rewritten as

dĒ ′

d t
= 1

To

(
j ToωsV̄r − j To(ωs −ω)Ē ′− Xs

X ′ Ē ′+ Xs −X ′

X ′ V̄s

)
(2.14)

where

To = Xr

ωsRr
(2.15)

is the transient open-circuit time constant and

V̄r = Xm

Xr
v̄r . (2.16)

We could also write (2.14) in polar coordinates by making the substitutions

Ē ′ = E ′e jδ (2.17)

V̄r =Vr e jθr (2.18)

V̄s =V e jθ, (2.19)

and comparing real and imaginary parts [P1]. Then

dδ

d t
= 1

E ′To

(
−To(ωs −ωr )E ′− Xs −X ′

X ′ V sin(δ−θ)

+ToωsVr cos(δ−θr )
)

(2.20)

and

dE ′

d t
= 1

To

(
− X

X ′ E ′+ Xs −X ′

X ′ V cos(δ−θ)+ToωsVr sin(δ−θr )

)
. (2.21)

The mechanical equation can also be written as

dωr

d t
= 1

M

(
Pm

ωs

ωr
− E ′V

X ′ sin(δ−θ)

)
. (2.22)

The electrical equations then take a similar form to the standard representation
of the synchronous generator. This is useful for drawing comparisons between
synchronous and asynchronous generators as in [P1].
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Mechanical dynamics

The mechanical dynamics of a turbine system can be represented by a two
mass model, which takes into account torsional oscillations found in the tur-
bine shaft. The high and low-speed shafts and the gearbox are assumed to be
infinitely stiff.

If protection is not to be examined during the simulation, then a lumped mass
model of the shaft can be used. This is because the mechanical and electrical
parts of a turbine are decoupled to a large extent by the converters in variable
speed wind turbines [33].

Let us write the combined moments of inertia of the system as

J = Jm + Jt

η2 , (2.23)

where the subscripts m and t denote the machine and turbine moments of
inertia J and 1 : η is the gearbox ratio. Then the lumped mass model describing
the rotation of the turbine is

J
dωm

d t
= (Tm −Te ) , (2.24)

where ωm is the mechanical speed, Tm is the mechanical torque, and

Te = p

ωs

(
ψd s iqs −ψqs id s

)= p

ωs

(
ψqr idr −ψdr iqr

)
(2.25)

is the electromagnetic torque.

Using the relationship

Tm = Pm

ωm
(2.26)

between the mechanical torque and the mechanical power in the machine, we
can rewrite (2.24) as [P7]

dωr

d t
= ωs

2H

(
Pm

ωs

ωr
−Pe

)
, (2.27)

where

H = 1

2
Jω2

n (2.28)
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is the inertia constant of the turbine shaft and generator in seconds,

pωn =ωs , (2.29)

and

Pe =ψd s iqs −ψqs id s =ψqr idr −ψdr iqr . (2.30)

We use the lumped mass model (2.27) in this thesis, since our investigation is
more concerned with the dynamics of generators than with the dynamics of
wind turbines.

This, together with the equations (2.11) and (2.12) form the third order model.

Aerodynamic model and pitch control

The following well-known equation gives the relation between wind speed and
mechanical power extracted from the wind [34, 35]:

Pm = ρ

2
Ar cp (λ,β)ν3, (2.31)

where Pm is the power extracted from the wind, ρ is the air density, Ar is the
area covered by the wind turbine rotor, ν is the wind speed and cp is the power
coefficient, which is a function of the tip speed ratioλ and the pitch angleβ. The
tip speed ratio is the ratio of the speed of the tip of the blades to the wind speed
at hub height, upstream of the rotor.

A quasistatic approach is used to describe power extracted by rotor of the wind
turbine. An algebraic relation between the wind speed and the mechanical
power extracted from the wind is assumed. Because the power curves of individ-
ual wind turbines are fairly similar, and do not significantly affect power system
dynamic simulations, we use a general approximation of the power coefficient:

cp (λ,β) =c1

(c2

λ
− c3β− c4β

c5 − c6

)
exp

(
− c7

λi

)
(2.32)

where

λi =
((

1

λ+ c8β

)
−

(
c9

β3 +1

))−1

, (2.33)

and c1–c9 are constants [34]. The power coefficient is shown in Figure 2.2.
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Figure 2.2: Power coefficient

Figure 2.3 depicts the relation between rotor speed and power for optimal en-
ergy capture. At low wind speeds the turbine produces no power. At medium
wind speeds, the rotor speed varies in proportion to the wind speed in order to
keep the tip speed ratio λ at its optimal value. For high wind speeds the rotor
speed is nominal.

Since we assume that the wind speed does not change, and that wind turbines
produce near their rated power, then the reference speed for the wind turbine is
always set to its nominal value.

Equations (2.32) and (2.33) are used to calculate the impact of the pitch angle β
on the power coefficient. The resulting value can be inserted into equation (2.31)
to calculate the mechanical power extracted from the wind.

Figure 2.4 depicts the pitch angle controller.

This controller is a proportional controller. It allows the rotor speed to exceed its
nominal value by an amount that depends on the value chosen for the constant
KP . Nevertheless, we use a proportional controller because tests have shown
that a more complex action (PI, PID) will make the pitch angle fluctuate more
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Figure 2.3: Rotor speed-power characteristic of a typical variable speed wind
turbine
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Figure 2.4: Pitch angle controller model

without a significant improvement in power regulation performance [36], and
a slight overspeeding of the rotor above its nominal value can be tolerated, and
does not pose any problems to the wind turbine construction.

Converter model and control

The converter of the doubly fed induction generator is modelled as a fundamen-
tal frequency voltage source. The model is only a low frequency representation
of the converter dynamics. It does not include any switching phenomena, and is
not suitable for investigating high frequency phenomena associated with power
electronics.

The machine side converters are represented as voltage sources, so the rotor
voltage references are applied directly to the rotor windings. These voltages can
be regulated independently by a controller, which takes input signals from the
power system in order to improve the dynamic response of the DFIG.

In these studies the active power reference is set to its maximum, because the
wind speed is assumed to be constant, and high.
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The total reactive power exchanged with the grid depends not only on the
control of the generator but also on the control of the grid-side converter. In
this thesis the reactive power will be set to zero, which means that the grid side
of the converter operates at unity power factor.

Many different control methods for DFIGs have been suggested. Rotor voltage
control methods were proposed in [37–39]. Internal model control was used
to design current controllers in [40]. Here we present some ideas behind DFIG
controller design, and derive basic control schemes.

Generated active and reactive power are often specified for a given period, and
need to be altered on demand. Let us look at the expressions for the active and
reactive power produced on the stator side of the generator. These are

Ps =ℜ{v̄s ı̄∗s } = vd s id s + vqs iqs (2.34)

Qs =ℑ{v̄s ı̄∗s } = vd s iqs − vqs id s , (2.35)

where Qs is the stator reactive power. In this thesis we assume that only active
power is produced on the rotor side of the generator, so that the rotor power is

Pr =ℜ{v̄r ı̄∗r } = vdr idr + vqr iqr , (2.36)

and the total generated power produced is then

Pg = Ps +Pr (2.37)

Qg =Qs . (2.38)

If we assume that the losses in the machine are small, then

Pg ≈ Pm , (2.39)

and by using (2.11) and (2.30) and noting that

Ps = Te

ωm
(2.40)

we can write

Ps +Pr ≈ (1− s)Ps (2.41)

Pr ≈−sPs (2.42)
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where

s = ωs −ωr

ωs
(2.43)

is the slip, which is a small fraction. It can then be seen that Pr represents only a
small proportion of the generated power Pg , which is largely represented by Ps ,
and that by controlling Ps we can control both the rotational speed ωr and the
generated power Pg .

It is important that the voltage at the connection point should not vary too
much. If voltages are kept high, larger amounts of active power can be trans-
ferred, while diminishing voltages can cause major system failures [41]. If the
voltages close to a machine becomes too low, the machine can suffer large in-
rush currents, and the machine may disconnect to protect itself. The disconnec-
tion further exacerbates the problem of collapsing voltages, causing blackouts.

Using (2.7), (2.8), and (2.11), we can rewrite the stator active and reactive powers

Ps =−Xm

Xs
(vd s idr + vqs iqr ) (2.44)

Qs = Xm

Xs
(vd s iqr − vqs idr )− V 2

Xs
(2.45)

in terms of rotor current ı̄r . It is clear from (2.45) that the stator reactive power
is closely coupled to the bus voltage V .

If the frequency of the voltage is continuous and very close to the synchronous
frequency, we can view all quantities as being in a frame where the d-axis
coincides with the maximum of the terminal voltage:

vd s =V , vqs = 0. (2.46)

This will give a similar, but not identical, set of equations to those described in
[P7].

The stator active and reactive powers become

Ps =−Xm

Xs
V idr (2.47)

Qs = Xm

Xs
V iqr − V 2

Xs
. (2.48)
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From these expressions it is apparent that the torque and the reactive power are
controlled by two perpendicular components of the rotor current.

We have seen that Ps , and therefore Pg and ωr , can be controlled by idr , and
similarly that Qs , and therefore Qg and V , can be controlled by iqr . In [P7] it
was shown that idr and iqr can be controlled by vdr and vqr respectively, and
we have direct control over these.

Current references can be found through control loops, taking references values
for Pg and Qg as input. Rotor voltage components can then be found with a
further set of control loops. The limits of the converter should be considered
when setting current references.

A variable speed wind turbine with a doubly fed induction generator is theoret-
ically able to participate in terminal voltage control. Equation (2.48) shows that
the reactive power exchanged with the grid can be controlled, provided that the
current rating of the power electronic converter is sufficiently high to circulate
reactive current.

We can take V instead of Qg as an input to the vqr controller in order to yield the
iqr current reference of the rotor side converter [42–44] . The grid side converter
can also be used to contribute to the regulation of the voltage. There are different
ways of coordinating these two [43], but here it is assumed that the grid side
converter does not participate in voltage regulation.

If QREF is set to zero then the controller keeps a power factor equal to 1. Wind
turbines are normally controlled to have a fixed power factor, because this re-
duces the risk of islanding, which can cause damage to equipment and reduces
safety [45]. Islanding requires a balance between both active and reactive power
consumed, and, if load demand is constantly changing, it is unlikely that precise
balance will occur.

In this thesis we have chosen to control Pg and V . Rather than generate refer-
ences for idr and iqr , the values for Vdr and Vqr are generated directly. In this
control scheme we have the inputs

∆Pg =−(Pg −PREF) (2.49)

∆V =V −VREF. (2.50)

Often Qg is used as a reference rather than V , as in [46], and then instead of ∆V
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we have

∆Qg =Qg −QREF. (2.51)

The limits for vdr and vqr result from making sure that the apparent rotor power

Sr =
√

P 2
r +Q2

r =
√

vr ir (2.52)

does not exceed the converter rating.

Cross coupling terms can be taken into account [37], and other configurations
can also be used [47].

A simpler controller with a POD input is shown in Figure 2.2. The POD signal
VPOD is normally set to zero.

PI-control
−Pg

PREF VPOD

vdr

PI-control
V −

VREF

vqr

P-control
ωr −

ωREF

β

Figure 2.5: Simple controller

2.3 Synchronous generators

The mechanical equations describing the rotation of the rotor is given by

δ=ωr −ωs (2.53)

dωr

d t
= ωs

2H

Sb

Sn
(Pm −Pe ) . (2.54)

A common way of representing synchronous generators is with one field wind-
ing, one damper winding in the d-axis and two damper windings in the q-axis.
The inbuilt model in Simpow is used to represent these synchronous generators
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in [P2], and for the thermal power stations in [P3] and [P4]. More details can be
found in [48].

The hydro power stations in [P3] and [P4] are modelled with only one damping
winding in the q-axis. Another inbuilt model in Simpow is also used to represent
these power stations.

The level of detail for the models used in [P2] was determined by the system
description in [24], while the level in [P3, P4] was chosen in [49] to reflect some
of the dynamic properties of the Nordic power system.

An even more simplified model neglects the effect of the damper windings, and
the dynamics of the d-axis transient emf. This model is given by

δ̇=ωr −ωs (2.55)

ω̇r = ωs

2H

(
Pm −

E ′
qV

X ′
d

sin(δ−θ)

)
(2.56)

Ė ′
q = 1

To

(
E f −

Xd

X ′
d

E ′+ Xd −X ′
d

X ′
d

V cos(δ−θ)

)
. (2.57)

We use this simplified model in [P1].

2.4 Loads, lines and transformers

The characteristics of loads have an important influence on power system sta-
bility. Distribution systems are however typically composed of millions of ele-
ments of many different types of loads such as lights, heaters and motors with
many millions of elements. Because of the complexity of these systems, many
simplifications are made. The simulations in this thesis employ the use of static
models.

Traditionally the exponential model has been used to describe the voltage de-
pendency of loads. This model is given by

PL = PL0

(
V

V0

)mp

, QL =QL0

(
V

V0

)mq

(2.58)

where PL and QL are the active and reactive components of the load and the
subscript 0 identifies the initial conditions for the variables. Constant power,
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constant current, or constant impedance loads can be established by setting mp
and mq equal to 0, 1 and 2 respectively. In [P1] and [P3] mp = 1 and mq = 2.

The effect of frequency on the loads can also be included:

PL = PL0

(
V

V0

)mp (
f

f0

)np

, QL =QL0

(
V

V0

)mq (
f

f0

)nq

(2.59)

where f is the actual frequency. This model is used in [P4], where np = 0.75 and
nq = 0.

Transmission lines are represented by π-equivalent circuits with lumped para-
meters as shown in Figure 2.6. The π-equivalent represents the performance of
the line as seen from its terminals.

j B

R j X

j B

Figure 2.6: Equivalent π circuit of a transmission line

In this figure R and j X are impedances, while j B is an admittance. In [P1] R and
B are removed, and lines are only modelled as reactances.

Throughout the articles transformers are also only modelled as reactances.





Chapter 3

Control systems

Here we go through the basic ideas of linear analysis, which provide some insight
into the properties of the dynamic system for small disturbances. These ideas
are used here to analyse the impact wind turbines have on power systems, and
are also used to design power oscillation damping controllers.

3.1 Linear analysis

Consider the system described by (2.1), (2.2) and (2.3):

ẋ = f (x , z ,u) (3.1)

0 = g (x , z ,u) (3.2)

y = h(x , z ,u). (3.3)

If (x0, z0,u0) is the equilibrium point, we consider a nearby solution

x = x0 +∆x (3.4)

z = z0 +∆z (3.5)

u = u0 +∆u. (3.6)

Taking a first order Taylor expansion, we find the relation

∆ẋ = Fx∆x +Fz∆z +Fu∆u (3.7)

0 =Gx∆x +Gz∆z +Gu∆u (3.8)

∆y = Hx∆x +Hz∆z +Hu∆u, (3.9)

29



30 CHAPTER 3. CONTROL SYSTEMS

where Fx , Fz , Fu , Gx Gz , Gu , Hx Hz and Hu are the Jacobian matrices

Fx = ∂ f

∂x
, Fz = ∂ f

∂z
, Fu = ∂ f

∂u
, Gx = ∂g

∂x
, Gz = ∂g

∂z
,

Gu = ∂g

∂u
, Hx = ∂h

∂x
, Hz = ∂h

∂z
, Hu = ∂h

∂u
. (3.10)

If Gz is non-singular we can see that

∆ẋ = (Fx −FzG−1
z Gx )∆x + (Fu −FzG−1

z Gu)∆u (3.11)

∆y = (Hx −HzG−1
z Gx )∆x + (Hu −HzG−1

z Gu)∆u. (3.12)

Then we can rewrite the linear relationships between the states, inputs and
outputs as

∆ẋ = A∆x +B∆u (3.13)

∆y =C∆x +D∆u (3.14)

where

A = Fx −FzG−1
z Gx (3.15)

B = Fu −FzG−1
z Gu (3.16)

C = Hx −FzG−1
z Hx (3.17)

D = Hu −FzG−1
z Hu (3.18)

are the system matrices which describe the linear relationships between the
states of x , the inputs u and the outputs y . The matrix D is the feed-forward
matrix, which describes how the inputs affect the system output directly.

The matrices A, B and C describing a power system can be found using Simpow.

If there is no input into the system, then the linear relationship between the
states is

∆ẋ = A∆x , (3.19)

where ∆x is a small deviation from the equilibrium point.
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Eigenvectors and eigenvalues

An eigenvector of A is any vector vi which satisfies

Avi =λi vi (3.20)

where λi is an eigenvalue of A, a complex scalar. In fact, the eigenvalues of A are
the same as those of AT , so that if a vector w j satisfies

AT w j =λ j w j , (3.21)

then

w T
j A =λ j w T

j , (3.22)

and w T
j is a left eigenvector of A.

If we left multiply (3.20) by w T
j and right multiply (3.22) by vi we see that

λi w T
j vi =λ j w T

j vi , (3.23)

which implies that

w T
j vi = 0 (i 6= j ) (3.24)

6= 0 (i = j ) (3.25)

if all eigenvalues are distinct.

Let

V = [
v1 v2 . . . vn

]
(3.26)

be the matrix formed by the columns of the eigenvectors of A and

W T =


w T

1
w T

2
...

w T
n

 (3.27)

be the matrix formed by the rows of the right eigenvectors of A. Then

AV =VΛ (3.28)

W T A =ΛW T (3.29)
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where

Λ=


λ1

λ2
. . .

λn

 . (3.30)

It is common practice to normalise the dot products of corresponding left and
right eigenvectors of A so that

W T =V −1. (3.31)

System modes

We now wish to diagonalise the state-space representation in (3.19). We can
do this by using a particular transformation specified by the eigenvectors of the
state matrix A. Consider a new state ξ defined by

∆x =V ξ. (3.32)

Substituting this into (3.19) and rearranging we get

ξ̇=V −1 AV ξ. (3.33)

From (3.28) we see that

V −1 AV =Λ (3.34)

so the system of equations (3.33) becomes

ξ̇=Λξ (3.35)

where the new states ξ are decoupled. The time domain solution of this system
is

ξ(t ) = eΛtξ(0) (3.36)

ξi (t ) = ξi (0)eλi t (3.37)

and converting back to the states x we find that

∆x(t ) =V ξ(t ) (3.38)

=∑
i

viξi (0)eλi t . (3.39)



3.1. LINEAR ANALYSIS 33

The natural response of the system is given by a linear combination of the modes
eλi t of the state matrix.

The right eigenvector gives the relative activity of the state variables when a
particular mode is excited. For example, vki measures the activity of the k-th
state variable in the i -th mode [24].

At time t = 0

ξ(0) =V −1∆x(0) (3.40)

=W T∆x(0) (3.41)

and so the expanded time domain solution is

∆x(t ) =∑
i

vi w T
i x(0)eλi t . (3.42)

We see here that the left eigenvector weights the contribution of the initial
condition x(0) to a particular mode. For example, wi k determines the influence
of xk (0) upon mode i [24].

The eigenvalues predict the frequencies ωpi of the modes present in the system
after a small disturbance, and the extent to which the modes are damped. A
measure of the damping of mode i corresponding to the eigenvaluesλi =σi ± jωpi

is the damping ratio

ζi = −σi√
σ2

i +ω2
pi

. (3.43)

Participation

In small-signal analysis and control it is important to ascertain the participation
of the state variables in the modes of the system.

Recall from Section 3.1 that the elements of the right eigenvectors vi of A
measure the degree of activity of the state variables in the modes i and that the
elements of the left eigenvectors wi measure the contribution of the activity to
the mode.

A dimensionless factor

pki = vi k wki (3.44)
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has been introduced [50] to describe the relative participation of the state vari-
able xk in mode i . This is called a participation factor.

By evaluating the participation factors of the system we can find which elements
participate most in particular modes. We can then use signals from these
elements as feedback variables, as the modes are most sensitive to these signals.

Controllability and Observability

Now let us consider the finite state linear system in equations 3.13 and 3.14.

We can use the change of variables (3.32) in the system equations, which then
become

ξ̇=Λξ+W T B∆u (3.45)

∆y =CV ξ+D∆u. (3.46)

If the i th row of W T B corresponding to the eigenvalues λi is zero, then the
inputs have no effect on mode i . This matrix is called the mode controllability
matrix. Similarly, if the i th column of CV is zero, then mode i is unobservable.
This matrix is called the mode observability matrix.

Transfer functions

Let us assume zero initial conditions. Taking the Laplace transform of these
equations and solving (3.45) forΞwe find that

Ξ(s) = (sI −Λ)−1W T B∆U (s), (3.47)

where I is the unit matrix. Then (3.46) can be expressed as

∆Y (s) =CV (sI −Λ)−1W T B∆U (s)+D∆U (s), (3.48)

where s is the Laplace variable.

The transfer function of the system can then be written as

G(s) = ∆Y (s)

∆U (s)
(3.49)

=CV (sI −Λ)−1W T B +D . (3.50)
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Feedback systems such as those we examine in this thesis do not feed the inputs
of the system to the output directly. In these systems D is the zero matrix. For
a single-input single-output system, the transfer function can be written as a
series of partial fractions

G(s) =∑
i

C vi w T
i B

s −λi
(3.51)

=∑
i

Ri

s −λi
(3.52)

where

Ri =C vi w T
i B (3.53)

are the residues corresponding to the eigenvalues λi . Notice that the residue is
a measure of both controllability and observability of the mode corresponding
to λi .

Lyapunov stability of linear systems

When talking about the stability of a system

ẋ = f (x) (3.54)

we usually mean stability in the sense of Lyapunov. This means that an equilib-
rium point x = 0 is [51]

• stable if, for each ε> 0, there is a δ= δ(ε) > 0 such that

‖x(0)‖ < δ⇒‖x(0)‖ < ε, ∀t ≥ 0 (3.55)

• unstable if it is not stable

• asymptotically stable if it is stable and δ can be chosen such that

‖x(0)‖ < δ⇒ lim
t→∞x(t ) = 0. (3.56)

Lyapunov’s stability theorem states that if there is a function V such that V (0) = 0
and V (x) > 0 ∀x , x 6= 0 and

V̇ (x) ≤ 0 ∀x (3.57)
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then the equilibrium point x = 0 is stable. Additionally, if

V̇ (x) < 0 ∀x , x 6= 0 (3.58)

then the equilibrium point is asymptotically stable.

Now consider the system (3.19). We choose a function

V (x) = xT P x (3.59)

with P = P T Â 0, and P Â 0 is a positive definite matrix in the cone of positive
semidefinite matrices. The Lie derivative of V is

V̇ (x) = ẋT P x +xT P ẋ (3.60)

= (Ax)T P x +xT P (Ax) (3.61)

= xT (AT P +P A)x . (3.62)

Then if

P A + AT P ≺ 0 (3.63)

the system (3.19) is asymptotically stable.

3.2 Power oscillation damping

Large power oscillations can occur in a power system as a result of disturbances.
Ordinarily these oscillations are slow and, in principle, it is possible to damp
them with the help of wind power. This suggests that a power oscillation damp-
ing (POD) control can be used for a DFIG [P1, 52]. If wind farms are to replace
conventional power plants, then they should be able to contribute damping to
the system, as power system stabilizers (PSSs) in conventional generators do. To
effect this damping, each turbine should be equipped with a POD controller.

Residue Method

The residue method is the traditional method used for designing PSSs in syn-
chronous generators. Usually each new PSS is tuned as it is installed, without
the PSSs in earlier generators being retuned.

Consider now the feedback control system shown in Figure 3.1 where the output
∆y is fed back to the input ∆u though the filter H(s) with gain K . It has been



3.2. POWER OSCILLATION DAMPING 37

G(s)

K H(s)

∆u ∆y

Figure 3.1: Feedback Control System

established [53] that

dλi

dK
= H(λi )Ri . (3.64)

If we wish to damp the mode associated with λi , then H(s) should be designed
so that

∠H(λi ) =π−∠Ri . (3.65)

The design principle is illustrated in Figure 3.2.

Setting

φ=∠H(λi ), (3.66)

we can see that (3.65) can be achieved with a filter of the form

H(s) = 1+αTs

1+Ts
(3.67)

σ

ωp

λi

Ri

Desired λi

∠Ri∠Hi

Figure 3.2: Eigenvalue direction
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where

α= 1+ sinφ

1− sinφ
(3.68)

T = 1

ωpi
p
α

, (3.69)

as long as |φ| < π/2. In practice multiple filters are used if |φ| > π/3 because the
high-frequency gain of a single lead compensator with maximum lead of more
than π

3 is significantly larger than the high frequency gain of n cascaded lead
compensators, each contributing 1/n of the same total phase lead [54].

The gain K of the filter can be increased to increase the damping ratio up to a
particular point. Ideally K should be set at a value corresponding to maximum
damping [24].

Regional pole placement

When wind power turbines are installed simultaneously, a more efficient way of
utilising their POD controllers is to tune them simultaneously.

The method of using linear matrix inequalities (LMIs) to tune PSSs simulta-
neously is well known. Problems formulated with LMIs can be solved very
efficiently using computerised solvers. The efficiency of these solvers enables
the solution of problems with very large numbers of variables, which include
many controller parameters and operating points. LMIs have been used to find
full-order controllers, as in [55, 56]. Iterative methods have been used to reduce
the order of PSSs [57], to solve bilinear matrix inequalities which cannot be
reformulated as LMIs [58], and to solve static output feedback (SOF) problems
[59]. Lower order PSSs have been designed by solving static output feedback
problems [60, 61], but these have not addressed the issue of pole placement.

Here we approach the design of feedback gains for multiple controllers as an
SOF problem. To ensure that the system satisfies a minimum damping ratio,
we impose a restriction that the system poles must lie in a particular region in
the complex plane, and formulate the problem using LMIs. This avoids having
to choose the desired pole placement beforehand. For the cases we examined,
iterative methods were not required.

In this section we outline the theory used to design our nonlinear POD con-
trollers. For convenience we also drop the bold notation for matrices.



3.2. POWER OSCILLATION DAMPING 39

Consider the linearised version of a power system:

ẋ = Ax +Bu (3.70)

y =C x (3.71)

Now recall Lyapunov’s well known LMI{
PA+ AT P ≺ 0
P = P T Â 0

(3.72)

where P Â 0 is a positive definite matrix in the cone of positive semidefinite
matrices. The LMI is satisfied if and only if the system matrix A is stable. If
we now use the static feedback

u = K y = KC x, (3.73)

then Lyapunov’s LMI becomes{
PA+PBKC +C T K T B T P + AT P ≺ 0
P = P T Â 0.

(3.74)

If B has full rank we can remove the terms bilinear in the unknown variables P
and K by introducing B M = PB and MK = N to get

PA+B NC +C T N T B + AT P ≺ 0
P = P T Â 0
B M = PB

(3.75)

which is then linear in the new variables P , N and M . The gain matrix K can
then be easily found as

K = M−1N . (3.76)

The matrix K can be made to take a specific form by specifying the structure of
the matrices N and M . The matrix N should have the same structure as the
desired structure of K , while M should have a corresponding block diagonal
structure. In a case where feedback is decentralised, these structures can be
realised by setting N and M as block diagonal matrices.

The existence of a matrix K which stabilizes the system does not imply that
(3.75) is feasible. The feasibility of this LMI problem is in fact dependent on
the state-space representation we use for describing the system [62].



40 CHAPTER 3. CONTROL SYSTEMS

These methods can be extended to find a feedback matrix which makes all the
eigenvalues of the closed loop system lie in an LMI region in the complex plane.
An LMI region can be described by

D = {z ∈C : AD +BD z +BD z̄ ≺ 0} (3.77)

where AD and BD are matrices and AD = AT
D . The characteristic function of this

region is

fD(z) = AD +BD z +BD z̄. (3.78)

For our POD controller, we aim to increase the damping of inter-area oscillation
modes, and for this we place the closed loop eigenvalues in the cone D shown
in Figure 3.3. The cone is described by

AD = 0, BD =
[

sin(θ) cos(θ)
−cos(θ) sin(θ)

]
(3.79)

where θ = acos(ζmin) is the angle of the cone encompassing the eigenvalues of
systems with damping ratio ζ≥ ζmin.

Re

Im

θ

Acceptable pole
location

Figure 3.3: LMI region

If all of the eigenvalues of the system lie in D then the system is D-stable.

The matrix Acl is D-stable if for P Â 0

MD(Acl ,P ) = AD ⊗P +BD ⊗ (PAcl )+B T
D ⊗ (PAcl )T ≺ 0, (3.80)

where MD(Acl ,P ) is related to fD(z) by the substitution (P,PA, AT P ) ↔ (1, z, z̄)
[63] and ⊗ is the Kronecker product.
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Then (3.75) can be generalised for D-stability:
BD ⊗ (PA+B NC )+B T

D ⊗ (AT P +C T N T B T ) ≺ 0
P = P T Â 0
B M = PB ,

(3.81)

and can be solved using YALMIP [64].

More details on these methods can be found in [P3, P4].

We now look at the models for which we design our controllers.

3.3 Application

Here we look at two different methods for introducing the function of power
oscillation damping into wind turbines.

Power system stabiliser

The basic function of a power system stabiliser (PSS) is to add damping to gener-
ator rotor oscillations by producing damping torque to the machine. Damping
is added by providing an auxiliary signal to the exciter of the generator.

A PSS concept for DFIGs was presented in [65], and another was examined in
[66], but further work has not been done in this area. When a PSS is used in a
DFIG, it is called a power oscillation damping (POD) controller.

We can implement a linear POD for the DFIG by adding one or more additional
signals VPOD to the controller. These signals are designed to improve the stabili-
sation and damping in the power system.

The general form of the controller we use here is shown in Figure 3.4.

K
Tw s

1+Tw s

1+T1s

1+T2s

1+T3s

1+T4s
∆u VPOD

Figure 3.4: Power system stabiliser

The first block is the gain K , while the second block is a washout filter with time
constant Tw . This filter is used to account for steady state errors due to changes
in equilibrium. The last two blocks are cascaded filters.
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The number of filters which we use to damp a particular oscillatory mode with
residue angle ∠Ri is

n =


1, −π/3 <∠Ri ≤π/3
2, π/3 <∠Ri ≤ 2π/3, −2π/3 <∠Ri ≤−π/3
1, 2π/3 <∠Ri ≤ 4π/3, with negative gain.

(3.82)

We also examine local and remote signals which are fed back through the POD
controller. This is described in Chapter 4 and in [P2]. This linear type of POD
controller is also compared with the nonlinear power oscillation damping con-
troller in [P3].

Nonlinear power oscillation damping

It has been shown in [P1] that a POD signal VPOD, as shown in Figure 2.2, can be
added to PREF to improve the damping of a power system.

We first look at a nonlinear signal for power oscillation damping. The control
signal

u = kωsin(δ) (3.83)

where ω is a speed and δ is an angle, is often used in power electronics based
controllable components [67–69]. We note that this signal is not the same as ∆u
in Figure 3.4 and is not fed back through a linear filter.

Using the idea of a single machine equivalent model, we can set

ω=ωeq =ωA −ωB (3.84)

δ= δeq = δA −δB (3.85)

which are found by considering all machines in A which oscillate against all
machines in B at the frequency of interest. The measurements

ωA = ∑
i∈A

Miωi

/∑
i∈A

Mi ωB = ∑
i∈B

Miω j

/∑
i∈B

Mi (3.86)

δA = ∑
i∈A

Miδi

/∑
i∈A

Mi δB = ∑
i∈B

Miδ j

/∑
i∈B

Mi . (3.87)

are the weighted sums of the speeds and angles of the synchronous machines
which participate in the inter-area oscillation that we wish to damp.
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The power oscillation damping signal we then use is given for generator G j by

VPODj = k jωeq sin(δeq). (3.88)

In [P3, P4] we show that this signal can also be successfully used in DFIGs.

We use the methods in Section 3.2 to find suitable constants k j for each wind
farm represented by turbine G j , to satisfy a minimum damping ratio criterion
for the system.





Chapter 4

Case Studies

In this chapter we describe the test systems used in the appended articles.

Our general goal is to investigate the effect of a wind farm on a general power
system. It is known that a number of generators which are close together and
which behave similarly can be represented by a single generator [70].

In the same way, an aggregate of DFIGs, such as a wind farm, can be represented
by a single DFIG [71, 72], and that a power system, typically made up of syn-
chronous generators, can be represented by a single synchronous generator.

4.1 Two machine system

The system shown in Figure 4.1 is a simple test system in which wind turbines
and conventional generators can be seen to interact.

This system was examined in [P1].

The generator G A is a conventional power plant or aggregate of plants, and we
examine its dynamics. These dynamics can be represented by a synchronous
generator model [70]. The generator GB is a large wind farm whose dynamics
can be represented by a DFIG model [71, 72], without controllers. This means
here that V̄r is constant.

With appropriate models, each of these generators can be represented by an
internal electromotive force (emf) Ē ′ behind a transient reactance X ′.

45
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Infinite bus

G A

GB

Figure 4.1: Two machine system

The generators are connected by short lines, each with reactance Xk , to a com-
mon bus. The bus is connected in turn to a larger power transmission sys-
tem by two longer lines, each with reactance 2X`. The transmission system is
represented by an infinite bus, which allows an examination of the interaction
between the two generators. Additional machines and loads would interfere
with this interaction.

We look at a number of different configurations for this test system. In order to
examine how the presence of a wind farm impacts upon the dynamics of the
power system G A , it is necessary to know how G A would behave in both the
presence and the absence of a DFIG. For comparison, GB can be replaced by
a synchronous generator whose ratings are identical to those of the wind farm,
but whose dynamics are represented by a synchronous generator model.

In order to see the effect of an aggregate DFIG on a power system represented by
a synchronous machine, we use the standard one-axis model for synchronous
generators given by the equations (2.55)–(2.57). Details can be found in [48].

A synchronous generator with a constant field voltage E f exciting its field wind-
ing may have a variable terminal voltage. However a generator can be controlled
in such a way that its terminal voltage is relatively constant. The control is ef-
fected through the use of an AVR, with which almost all generators are equipped.
The AVR has the effect of reducing damping torque, so many generators are also
equipped with a PSS to provide additional damping torque. The behaviour of
G A is noted in each case with AVR and a PSS, and without an AVR or a PSS.



4.2. TWO AREA SYSTEM 47

The controls yield supplementary equations

Ė f =
1

Te

(−E f +K A(VREF +VPSS −V )
)

(4.1)

V̇PSS = 1

T2

(
(ω−ωs)KPSS +T1KPSS

ωs

2H

(
Pm − E ′V

X ′ sin(δ−θ)

)
−VPSS

)
. (4.2)

All of the simulations for this system have been performed using MATLAB.

Summary

In [P1] we have shown that DFIGs are useful for damping the initial oscillations
in G A that result from small upsets in the system, but are less useful with large
disturbances. Extrapolating this, we can say that the presence of a wind farm
in the vicinity of a general power system will improve the angular behaviour of
the power system under small disturbances, but may decrease voltage stability
under larger disturbances.

4.2 Two area system

The system shown in Figure 4.2 [24] is another simple test system in which wind
turbines and conventional generators can be seen to interact.

1 5 11 37 8 96 10G1

G2

G3

G4

2 4

L7 L9

Figure 4.2: Two area system

This system was examined in [P2] and [P3].

Generator G1 is a large scale wind farm whose power and voltage ratings are
identical to those of the conventional plant described in [24], but whose dynam-
ics are represented by a DFIG model. The other generators are conventional
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power plants or aggregates of plants, each of whose dynamics can be repre-
sented by a synchronous generator model. Each of the conventional plants has
a turbine governor and an automatic voltage regulator (AVR).

This system is known to exhibit inter-area oscillations of the type we wish to
damp.

We look at several different configurations for the wind farm. We examine the
wind farm when it is equipped with a POD, fed with different signals.

In another configuration we look at the case where both generators G1 and G3

are large scale wind farms. We do this to demonstrate the method of choosing
multiple feedback gains for multiple wind farms using the LMI method de-
scribed in Section 3.2 and the nonlinear signal described in Section 3.3.

All of the simulations for this system have been performed using Simpow.

Summary

In [P2] a comparison has been made between the dynamic behaviour of con-
ventional generators and wind turbines in the system. We have presented and
compared results from eigenvalue analysis and dynamic simulations. Linear
analysis has been used as a method for tuning control parameters, and also as a
method for choosing appropriate feedback signals. Dynamic simulations have
been used to verify the linear results.

It appears that a DFIG equipped with a POD is capable of improving the damp-
ing of inter-area power system oscillations. Extending this, we can say that
a wind farm may be used to make a positive contribution to power system
damping.

We have designed and used PODs in DFIGs making up a large-scale wind farm.
We have also presented a method for designing PODs using modal analysis and
dynamic simulations, and have compared different designs.

In [P3] we have presented a new method for designing a POD controller. We
have shown that a nonlinear feedback signal, often used in power electronics
based controllable components, is a suitable signal for damping power system
oscillations, and have derived a method using LMIs to find appropriate feed-
back gains for a required damping ratio. We have compared the methods, and
demonstrated the effectiveness of the nonlinear signal.
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4.3 Nordic 32A - CIGRE test system

The Nordic 32A - CIGRE test system is designed to reflect the dynamics of the
Nordic power system. In this system we examine the impact of power oscil-
lation damping controllers in wind farms compared to the impact of PSSs in
synchronous generators.

The system was examined in [P4].

The Nordic 32A test system consists of four main areas. The north area is
characterised by high hydro generation and low load consumption. The central
area has high demand for electric energy and mainly thermal power generation.
The south west area has multiple thermal units and low load consumption.
Finally, the external area is connected to the north area and has a mixture of
generation and load.

The network is a long system from north to south. The major transfer section is
from the north area to the central area. The south west area is loosely connected
to the rest of the system. Figure 4.3 shows a single line diagram of the system. A
detailed description of the system can be found in [49].

Linear analysis of the system shows a strong inter-area mode between the exter-
nal and the south west areas with an oscillating frequency of 0.56 Hz. For the
purpose of this investigation we have disconnected all PSS units and exciters in
order to highlight the impact of the controllable components.

Thermal power stations are located at buses 4042, 4047, 4051, 4062, 4063, 4063,
1042 and 1043, and are represented by round rotor generators, with one damper
winding in the d-axis and two damper windings in the q-axis.

The hydro power stations are located at buses 4011, 4012, 4021, 4031, 4071,
4072, 1012, 1013, 1014, 1021, 1022 and 2032, and a synchronous compensator
is located at bus 4041. These are represented by salient pole generators, with
one damper winding in both the d-axis and the q-axis.

The dynamics of the thermal power stations and the hydro power stations are
given in Section 2.3. All of the synchronous generators in this system have
turbine governors, the dynamics of which can be found in [49].

Firstly we examine the system to decide where the controllable components
should be placed. We choose to replace the four synchronous machines with the
most participation in the inter-area oscillation with large wind farms, equipped
with nonlinear PODs.
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Figure 4.3: CIGRE system Nordic 32A
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In order to examine the performance of the nonlinear POD signal which we have
discussed in Section 3.3 we compare the performance of the nonlinear POD con-
trollers installed in wind farms using the regional pole placement method, and
the performance of the linear PSSs installed in those synchronous generators
which are chosen to participate in power oscillation damping. These generators
are equipped with an exciter and a linear PSS, as shown in Figure 4.4.

−
(

sT1

1+ sT1

)3

K1

1+ sT2

K2

Pe VPSS

Figure 4.4: Linear PSS for synchronous generators

In order to find the signal from equation (3.88) for this system we need to find
which machines cause the system to oscillate at the frequency of interest. These
can be found by linear analysis. This involves looking at the normalized right
eigenvector components corresponding to the rotor speeds of the synchronous
generators, weighted with their ratings and inertias. The components describe
the contributions of each generator to the inter-area oscillation. The compo-
nents in this study are shown in Figure 4.5.

It can be seen that group 1, which comprises the machines at buses 4072, 4071,
4012, 4011, 1022, 1021, 1014, 1013 and 1012, tends to oscillate against group
2 which comprises all other machines. Additionally, the analysis shows that
the four machines which participate most in the inter-area mode are located
at buses 4072, 4063 and 4062. We note that if we replace these four synchronous
generators with wind farms, then the remaining synchronous generators in
groups 1 and 2 still swing against each other at the frequency of interest at 0.69
Hz.

All of the simulations for this system have been performed using Simpow.

Summary

In [P4] we have used a POD controller in wind farms comprising DFIGs, and
have demonstrated the effectiveness of the nonlinear signal. We have com-
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Figure 4.5: Normalized eigenvector components corresponding to rotor speeds
of the machines

pared the performance of POD controllers in wind farms with the performance
of linear PSSs in synchronous generators, using both linear and non linear
simulations. The results of the linear simulations are quantified by damping
ratios, while the nonlinear simulations have yielded critical clearing times which
indicate the level of stability of a system.

It has been demonstrated that DFIGs can be used for damping oscillations, and
can also improve the critical clearing time of some faults. However, they may
have an adverse impact on the critical clearing time of large voltage distur-
bances.
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Conclusions and future work

5.1 Conclusions

This thesis has covered issues which arise when power system dynamics of wind
farms are studied. It has focused on the modelling and control of DFIG based
wind farms, and has looked at their performance in power systems.

We have looked at wind power modelling by examining DFIGs. We have derived
a model which is suitable for studying transient stability and power system
oscillations. We have listed other alternative modelling practices and, with
careful reference to the literature, have chosen a particular model which we have
examined more thoroughly.

Using the notation for the model of a DFIG described in Section 2.2 we have
been able to draw conclusions about the behaviour of DFIGs compared with the
behaviour of synchronous generators. We have inspected the eigenstructure of
a small power system consisting of a wind farm and a conventional power plant,
and performed dynamic simulations. These simulations have demonstrated
that DFIGs are useful for damping initial oscillations in synchronous generators
that result from small upsets in the power system, but are less useful with
larger disturbances. From this we can say that the presence of a wind farm in
the vicinity of a general power system will improve the angular behaviour of
the power system under small disturbances, but may decrease voltage stability
under larger disturbances.

Further models for the DFIG have been developed by adding the behaviour of
converters and pitch control. These additions allow the DFIG to be controlled
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not only to perform the basic functions of a variable speed wind turbine, but
also to improve power system performance.

Additional control has been added by feeding a signal back from the power
system to a POD. The principles involved in designing a POD have also been
described. A description of modal analysis and its applications has been in-
cluded, and an examination of different control configurations and different
input signals has been undertaken. The effect of additional controls on power
system oscillations has been demonstrated through eigenvalue analysis and
dynamic simulations.

Another nonlinear signal has also been used to find a suitable power oscillation
damping solution for multiple wind turbines. The theory behind using LMIs
to solve SOF problems has been described and used to find the appropriate
feedback gains to satisfy a required damping ratio. The effect of this new signal
in DFIGs on the power system has been compared with the signals normally
used in PSSs, and its advantages described.

The performance of wind turbines has also been compared with that of conven-
tional synchronous generator power plants. This comparison has been made
in small power systems, where wind power makes up a large proportion of
production and has a direct impact on inter-area oscillations. The comparison
has also been made in a large power system, where there are many dynamics to
consider. In both cases we have shown that a wind farm consisting of DFIGs,
which are equipped with POD control, is capable of improving the damping
of inter-area power system oscillations. Extrapolating this, we can say more
generally that a wind farm may be used to contribute positively to power system
damping. However, it has been shown that voltage stability may decrease when
wind turbines are present.

5.2 Suggestions for future work

Throughout this thesis we have represented a wind farm as an aggregate of tur-
bines, which are represented in turn by one DFIG. This representation is useful
when developing controllers, because the simplified equations describing the
dynamics of the DFIG are an easier starting point for deriving control strategies.

The validity of using a single turbine to represent a whole wind farm, which
consists of a number of turbines spread over a wide geographic area, could also
be investigated through simulations and measurements. Aggregate models have
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been examined in [72], but the extent to which the simplified models can be
relied upon is important for industry.

A nonlinear controller has been used in DFIGs, and it has been shown that the
controller can perform well under a range of contingencies, but this has only
been shown empirically. The theoretical analysis of the stability of the generator
has yet to be investigated. It would be beneficial to find a nonlinear controller
for which the region of stability could be determined.

In this thesis LMIs have been used to design a nonlinear controller by solving a
static output feedback problem. The problem could also be developed to tune
linear controllers, which are more commonly used in power systems. This would
provide an alternative to the iterative methods which are often used, which are
not guaranteed to search in the correct direction.

The voltage behaviour of DFIGs under large voltage disturbances has been
examined. A deeper analysis of the voltage support capabilities of DFIGs, in-
cluding the possibiity producing reactive power from the grid-side converter,
would give a better understanding of the voltage limitations of DFIGs.

There are very many aspects of DFIGs which have not been fully explored, but
the author hopes that this list of suggestions for future work will inspire someone
working in this area.
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Abstract

This article is concerned with the impact of large-scale wind farms utilising doubly fed induction generators on the stability of a general power
system. Inspection of the eigenstructure of the power system provides a foundation for assessing the impact, which is then quantified by means of
detailed numerical simulations.

Simplified state-space models are used to describe the dynamics of the generators in a very simple system, whose network is described by
algebraic relations. A third order model is derived for a doubly fed induction generator. Mathematical models are then used to identify the
behavioural patterns of the system when it is subject to disturbances.

Eigenvalue analysis reveals some interesting properties of the system for small disturbances, and shows that the addition to a power system of
doubly fed generators, such as those in wind farms, improves the response of the system to small disturbances. However, numerical simulations
show that it can have an adverse impact after larger disturbances.
© 2008 Elsevier B.V. All rights reserved.

Keywords: Doubly fed induction generator; DFIG; Stability; Power system; One-axis model; Third order model; Eigenvalues

1. Introduction

Wind power is becoming an increasingly significant source of
energy. The community is looking more and more towards wind
power to provide a renewable source of energy, with rising fuel
prices and growing concern over the presence of greenhouse
gases in the atmosphere. During the last decade, wind power
capacity has increased at an astounding rate, and the costs of
harnessing wind energy have been continually decreasing [1].
At the end of 2005, the total installed capacity of wind power
in Europe had reached the landmark of 40,500 MW, and the
capacity is continually growing.

Many of the newer, larger turbines being produced are vari-
able speed turbines, which use doubly fed induction generators
(DFIGs). These are induction generators which have their sta-
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E-mail addresses: katherine.elkington@ee.kth.se (K. Elkington),

knyazkin@ee.kth.se (V. Knazkins),
mehrdad.ghandhari@ee.kth.se (M. Ghandhari).

1 The second author would like to thank the Center of Excellence at Royal
Institute of Technology for providing financial support for this project.

tor and rotor independently excited. Because of their variable
speed operation, wind generators of this type can be controlled
to extract more energy from the wind than squirrel cage induc-
tion generators. Additionally, DFIGs have some reactive power
control capabilities and other advantages [2]. In this paper we
have not considered the effect of DFIG converters.

The growing penetration levels of DFIGs make it important to
understand the impact of these machines on a power system. It is
known that a DFIG can maintain its voltage at or near its steady-
state value when it is subjected to small perturbations. Because
of this, and the available capacity of DFIGs, these generators
may be usefully employed with the use of controllers to stabilise
a power system. Synchronous generators have been principally
employed to do this, and DFIGs are now also making some
contribution to stabilisation. However, the potential of DFIGs
to do even more has not yet been explored, and considering
the growing number of DFIGs now in the power system, this
potential needs investigation.

An attempt is made here to qualitatively assess the impact of
DFIGs on a power system, by studying the interaction between
an aggregated model of a wind park and the rest of the system.
We consider a simplified model of a power system comprising a

0378-7796/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.epsr.2008.01.006
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number of conventional generators and wind turbines, and rep-
resent the system by means of a third order model for a DFIG,
along with the standard one-axis model for synchronous gen-
erators, and algebraic relations describing the system network.
Dynamic simulations can then be run. It is important to use
mathematical models in studies of this type for the tuning of
parameters and for other analysis. Linearisation of these mod-
els then yields eigenvalues which describe the behaviour of the
system when it is subject to small perturbations. The dynamic
and linearised approaches give different information about the
behaviour of the system.

In Section 2 we give a motivation for and a description of our
investigation. In Section 3 we derive a set of equations describ-
ing the dynamics of the DFIG, and present the corresponding
one-axis model for synchronous generators. We also present
an extended set of equations describing the dynamics when an
Automatic Voltage Regulator (AVR) and Power System Sta-
biliser (PSS) are added. Section 4 describes the linear analysis
used to investigate system dynamics, and in Section 5 we present
the results from both the linear and the dynamic analyses. Our
conclusions are set out in Section 6.

2. Case study

Our general goal is to investigate the effect of a wind park
on a general power system. It can be shown that a number of
generators which are close together and which behave similarly
can be represented by a single generator [3]. It is then valid
to assume that an aggregate of DFIGs, such as a wind park,
can be represented by a single DFIG, and that a general power
system, typically made up of synchronous generators [4], can
be represented by a single synchronous generator.

We wish to investigate how a wind park manifests itself in the
dynamic behaviour of a power system, using a simple system as
an example. The system shown in Fig. 1 is a generic test system
in which wind generators and conventional generators are seen
to interact.

The generator GA is a conventional power plant or aggre-
gate of plants, whose dynamics we examine. These dynamics
can be represented by a synchronous generator model. The
generator GB is a large wind farm whose dynamics can be rep-
resented by a DFIG model. With appropriate models, each of
these generators can be represented by an internal electromo-

Fig. 1. Test system.

Fig. 2. Single line diagram.

tive force (emf) Ē′ behind a transient reactance X′, as shown in
Fig. 2.

The generators are connected by short lines, each with reac-
tanceXk, to a common bus. This is connected in turn to a larger
power transmission system by two longer lines, each with reac-
tance 2X�. The transmission system is represented by an infinite
bus, which allows an examination of the interaction between the
two generators. Additional machines and loads interfere with
this interaction.

We look at a number of different configurations for this test
system. In order to examine how the presence of a wind farm
impacts upon the dynamics of the power system GA, it is nec-
essary to know how GA would behave in both the presence and
the absence of a DFIG. For comparison, GB can be replaced
by a synchronous generator whose ratings are identical to those
of the wind farm, but whose dynamics are represented by a
synchronous generator model.

A synchronous generator with a constant field voltage EF
exciting its field winding may have a variable terminal volt-
age. However, a generator can be controlled in such a way
that its terminal voltage is relatively constant. The control is
effected through the use of an AVR, with which almost all
generators are equipped. The AVR has the effect of reducing
damping torque, so many generators are also equipped with a
PSS to provide additional damping torque. The behaviour of
GA will be noted in each case with and without an AVR or
a PSS.

We can examine how the system behaves when it is disturbed.
Typical disturbances have been chosen for this study.

• Small disturbance. A small disturbance should exhibit the
behaviour predicted by a linearised model. A small distur-
bance is effected by reducing the mechanical power ofGA by
10% for a short period of time t = 0.1 s.

• Large disturbance. We look at a large disturbance where one
of the lines connected to the infinite bus is disconnected per-
manently. The system then demonstrates extreme behaviour.

The configurations of the simple system and the disturbances
are chosen to display properties of a more general system. A
model of the system can then be developed to examine these
configurations.
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Fig. 3. DFIG.

3. Modelling

In order to conduct our investigation, we must use appropriate
models for a DFIG, a synchronous generator and controllers, an
AVR and a PSS. Here we derive a model for the DFIG and
present a suitable corresponding model, the standard one-axis
model, for the synchronous generator.

3.1. DFIG model

For these studies, we derive a model of the DFIG from stan-
dard machine equations. Fig. 3 represents a DFIG.

The fundamental laws of Kirchhoff, Faraday and Newton give
the phase relations

vabcs = Rsiabcs + dϕabcs
dt

(1)

vabcr = Rriabcr + dϕabcr
dt

(2)

where the subscripts s and r denote the stator and rotor voltages
v, currents i, resistances R and flux-linkages ϕ, respectively.

Using a standard dq-coordinate system as described in
Appendix A, and per unit values, Eqs. (1) and (2) can be
expressed [5] as

vdqs = Rsidqs + 1

ωs

dψdqs
dt

+ Jψdqs (3)

vdqr = Rridqr + 1

ωs

dψdqr
dt

+ J
ωs − ω

ωs
ψdqr (4)

where ωs and ω are the synchronous and electrical speeds, the
subscripts s and r denote the stator and rotor fluxes ψ and reac-
tances X, and

J =
[

0 −1

1 0

]
. (5)

The flux–current relations are

ψdqs = Xsidqs +Xmidqr (6)

ψdqr = Xridqr +Xmidqs (7)

where

Xs = Xls +Xm (8)

Xr = Xlr +Xm (9)

and the subscripts l and m denote leakage and magnetising
reactances. We have assumed that the machine operates under
symmetrical conditions.

We can express all quantities using the complex substitutions

J → j (10)

ξdq → ξd + jξq = ξ̄. (11)

It is convenient to represent the DFIG as an internal emf Ē′
behind a transient reactance X′. We can do this by introducing
the variables

Ē′ = j
Xm

Xr
ψ̄r (12)

X′ = Xs − X2
m

Xr
. (13)

It is known that the quantitiesRs and (1/ωs)(dψ̄dqs/dt) have little
impact on the system dynamics with which we are concerned
[6], and for the purpose of this investigation we assume that they
are negligible. Then we can rewrite (4) as

dĒ′

dt
= 1

T0

(
jT0ωs

Xm

Xr
v̄r − jT0(ωs−ω)Ē′− X

X′ Ē
′+X−X′

X′ v̄s

)

(14)

whereX = Xs, and T0 is the transient open-circuit time constant

T0 = Xr

ωsRr
(15)

Making the substitutions

Ē′ = E′ejδ (16)

V̄r = Xm

Xr
v̄r = Vre

jθr (17)

V̄ = v̄s = V ejθ (18)

we can write (14) in polar coordinates by comparing real and
imaginary parts [7]. We have now a third order set of equations
for the DFIG which takes a similar form to the standard repre-
sentation of the synchronous generator, shown in Section 3.2.
The equations are

δ̇ = 1

E′T0

(
−T0(ωs − ω)E′ − X−X′

X′ V sin(δ− θ)

+ T0ωsVr cos(δ− θr)

) (19)

Ė′ = 1

T0

(
− X

X′E
′ + X−X′

X′ V cos(δ− θ)

+ T0ωsVr sin(δ− θr)

) (20)

and the mechanical dynamics are described [8] by

ω̇ = ωs

2H

(
Pm
ωs

ω
− E′V

X′ sin(δ− θ)

)
(21)

where Pm is the mechanical input power and H is the inertia
constant.

Without controllers, V̄r is constant. If there is an infinite bus
in the system, V̄ = V ejθ is the bus voltage.
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Fig. 4. Synchronous generator.

3.2. Synchronous generator model

Fig. 4 represents a synchronous generator.
In order to see the effect of an aggregate DFIG on a power

system represented by a synchronous machine, we use the stan-
dard one-axis model for synchronous generators given by the
equations [9]

δ̇ = ω − ωs (22)

ω̇ = ωs

2H

(
Pm − E′V

X′ sin(δ− θ)

)
(23)

Ė′ = 1

T0

(
EF − X

X′E
′ + X−X′

X′ V cos(δ− θ)

)
(24)

where we have used standard notation. Without controllers, EF
is constant.

3.3. Controllers

To see the impact of controllers, we now consider the situation
where a synchronous machine is controlled by an AVR and a
PSS. The controls yield supplementary equations

ĖF = 1

Te
(−EF +KA(VREF + VPSS − V )) (25)

V̇PSS = 1

T2

(
(ω − ωs)KPSS + T1KPSS

× ωs

2H

(
Pm − E′V

X′ sin(δ− θ)

)
− VPSS

)
. (26)

4. Linear analysis

As we intend to maintain the system close to a stable operating
point, we can linearise the system about this point. We can then
look at the eigenvalues of the system to see the effect of small
disturbances.

4.1. Linearisation

The dynamic behaviour of the system can be described by a
set of first order differential-algebraic equations [10]

ẋ = f (x, y) (27)

0 = g(x, y) (28)

where f : Rn+m → R
n is a function comprised of the differen-

tial expressions in Section 3, and g : Rn+m → R
m describes the

power flow into the system nodes. These are functions of x∈Rn,
the state variables of the generators, and y∈Rm, the algebraic

variables describing the voltage at the power system buses. We
assume that the system is autonomous, and that f and g satisfy
the Lipschitz condition.

If (x0, y0) is the equilibrium point, we consider a nearby
solution

x = x0 +	x (29)

y = y0 +	y (30)

Taking a first order Taylor expansion, we find the relation

	ẋ = A	x+ B	y (31)

0 = C	x+D	y (32)

whereA,B,C andD are Jacobian matrices. IfD is non-singular
we see that

	ẋ = (A− BD−1C)	x. (33)

ThenG = A− BD−1C is the state matrix describing the linear
relationships among the states x.

4.2. Tuning controls

As a first step to tuning the controllers, we choose typical
values for KA, Te and T1.

The eigenvalues of G from the linearised model predict the
frequencies ωp of the modes present in the system after a small
disturbance, and the extent to which the modes are damped. A
measure of the damping of mode i corresponding to eigenvalues

Table 1
Two lines to infinite bus

Eigenvalue λ Damping ratio ζ Frequency fp

(a) GA without AVR or PSS, GB synchronous
−0.0181183 ± j 11.0153 0.0016448 1.7531
−0.069114 ± j 7.0375 0.0098203 1.1201
−7.674 1 0
−0.3856 1 0

(b) GA without AVR or PSS, GB a DFIG
−6.21793 ± j 12.9711 0.43227 2.0644
−0.47839 ± j 8.5667 0.055756 1.3634
−2.3171 1 0
−0.33883 1 0

(c) GA with AVR and PSS, GB synchronous
−92.9199 1 0
−8.3926 1 0
−3.03133 ± j 10.2534 0.28351 1.6319
−2.8332 ± j 9.5339 0.28486 1.5174
−2.2474 ± j 6.5071 0.32645 1.0356

(d) GA with AVR and PSS, GB a DFIG
−93.8358 1 0
−7.12353 ± j 16.246 0.40157 2.5856
−6.57185 ± j 9.03675 0.58815 1.4382
−2.6471 ± j 6.0353 0.40167 0.96055
−3.0963 1 0
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λi = σi ± jωpi is the damping ratio

ζi = −σi√
σ2
i + ω2

pi

(34)

We consider the space of control parameters T2 andKPSS defin-
ing the controllers, and evaluate the objective function mini(ζi)
over a coarse grid in the parameter space. The optimal values
of the parameters maximise the objective function, and these
values can be found in Appendix B.

5. Results

5.1. Linear response

We now look at the eigenvalues for each configuration of
the system, evaluated at the post-disturbance equilibrium point.
The subscripts A and B denote values from machines GA and
GB, respectively.

When the post-disturbance state is the same as the pre-
disturbance state, the eigenvalues of the configurations referred
to are set out in Table 1. The corresponding damping ratios ζ
and oscillation frequencies fp = ωp/2π are also given.

If one of the lines to the infinite bus is permanently severed,
the post-disturbance equilibrium point moves away from the

Table 2
One line to infinite bus

Eigenvalue λ Damping ratio ζ Frequency fp

(a) GA without AVR or PSS, GB synchronous
−0.0153817 ± j 11.0526 0.0013917 1.7591
−0.1177 ± j 5.1696 0.022763 0.82276
−6.9964 1 0
−0.29906 1 0

(b) GA without AVR or PSS, GB a DFIG
−5.6897 ± j 12.7917 0.40641 2.0359
−1.0275 ± j 7.6406 0.13327 1.216
−1.2492 1 0
−0.049981 1 0

(c) GA with AVR and PSS, GB synchronous
−91.947 1 0
−2.13762 ± j 10.7399 0.19521 1.7093
−5.42989 ± j 9.56449 0.4937 1.5222
−8.2968 1 0
−0.74256 ± j 4.7548 0.1543 0.75675

(d) GA with AVR and PSS, GB a DFIG
−92.8752 1 0
−7.32386 ± j 16.8017 0.39959 2.6741
−7.07331 ± j 7.48385 0.68689 1.1911
−2.2811 ± j 5.7935 0.36636 0.92206
−2.0703 1 0

Fig. 5. Root loci starting at �, Xc is the critical value of X�. (a) GA without AVR or PSS, GB synchronous, Xc=0.71; (b) GA without AVR or PSS, GB a DFIG,
Xc=0.42; (c) GA with AVR and PSS, GB synchronous, Xc=0.77; (d) GA with AVR and PSS, GB a DFIG, Xc=0.72.
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pre-disturbance equilibrium point. The eigenvalues are shown
in Table 2.

We note that the damping ratios are large, due to the con-
struction of the test system.

Each table shows that the damping ratios ζ are greater when
GB is a DFIG than when it is a synchronous generator. We note
from Table 1 that when GA is uncontrolled and GB is a DFIG,
the least ζ is approximately five times larger than the greatest ζ
whenGB is synchronous. Even whenGA is controlled andGB is
a DFIG, the least ζ is still greater than the greatest ζ whenGB is
synchronous. The tables show that after small disturbances, the
angular swings of GA are more effectively damped when GB is
a DFIG than when it is a synchronous generator.

Although the damping ratios increase when the system
includes the DFIG, some of the eigenvalues on the real axis
move closer to the imaginary axis.

Fig. 5 shows root loci of the system for increasing values of
X�. If the reactance of the long linesX� is increased beyond the
critical reactance Xc, one eigenvalue moves into the right half
plane.

The behaviour of the eigenvalues in parameter space reveals
other aspects of the interaction between the generators of the
power system. It is interesting to note the position of these eigen-
values at particular values ofX�. At some points the eigenvalues
are very close, causing violent oscillations when the system is
disturbed. This illustrates the phenomenon of modal resonance
[11] in power systems containing DFIGs.

5.2. Dynamic response

The dynamic responses of the general power system for dif-
ferent configurations and for different disturbances are described
by means of plots of the rotor angle δA and powerPGA generated
by the power system, shown in Figs. 6 and 7.

Following a large disturbance, occasioned by the line
removal, the DFIG decreases the stability margin of the sys-

Fig. 6. Large disturbance,GA without AVR or PSS. (a) δA,GB synchronous; (b)
PGA, GB synchronous; (c) δA, GB a DFIG; (d) PGA, GB a DFIG.

Fig. 7. Large disturbance, GA with AVR and PSS. (a) δA, GB synchronous; (b)
PGA, GB synchronous; (c) δA, GB a DFIG; (d) PGA, GB a DFIG.

tem. It is not evident from an examination of the eigenvalues in
Tables 1 and 2 that the DFIG has this effect.

With small disturbances, the DFIG works to dampen the
oscillations of GA [12]. The DFIG and GA have different
dynamic characteristics, and one would not expect them to
oscillate in phase. However, with the larger disturbance, the
post-disturbance eigenvalues of the system move closer to the
imaginary axis. The large disturbance causes the DFIG to con-
sume reactive power, resulting in a voltage instability from
which the DFIG cannot recover. This leads to angular instability
of GA if it is uncontrolled, and instability in the system if GA is
controlled. The angular instability is shown in Fig. 6. However,
the post-disturbance system is stable for small disturbances, as
can be seen in Table 2.

In this case study, the DFIG is less robust than a similarly
rated synchronous generator.

6. Conclusion

We have derived a third order model for a DFIG which is suit-
able for use with the standard one-axis model for synchronous
generators. We have also developed a mathematical model of a
complete system, and described the linearisation of the system.

We have presented and compared results from eigenvalue
analysis and dynamic simulations. Eigenvalue analysis is used
as a method for tuning control parameters. We have noted that a
determination of the eigenvalues is not sufficient for describing
post-disturbance behaviour, and that dynamic results are also
required.

It would appear then that DFIGs are useful for damping the
initial oscillations in GA that result from small upsets in the
system, but are less useful with large disturbances. Extending
this, we can say that the presence of a wind farm in the vicinity
of a general power system will improve the angular behaviour
of the power system under small disturbances, but may decrease
voltage stability under larger disturbances. Converters might be
utilised to improve this behaviour.
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Fig. A.1. Machine schematic.

Appendix A. Machine equations

In this paper we use the component notation

ξabc =

⎡
⎢⎣
ξa

ξb

ξc

⎤
⎥⎦ (A.1)

where ξa, ξb and ξc are the components of ξabc along the a, b and
c axes, respectively, as shown in the schematic in Fig. A.1, and

ξdq =
[
ξd

ξq

]
(A.2)

where ξd and ξq are the components of ξdq along the d and q
axes, respectively, as shown in Fig. A.2.

The reference frames used in the derivation of the machine
equations are shown in Fig. A.2, and the corresponding

Fig. A.2. Transformation axes.

transformation matrices between the abc frame and the dq
frame are [13]

Tdq = 2

3

⎡
⎢⎢⎣

cos(β) cos

(
β − 2π

3

)
cos

(
β + 2π

3

)

− sin(β) − sin

(
β − 2π

3

)
− sin

(
β + 2π

3

)

⎤
⎥⎥⎦

T−1
dq =

⎡
⎢⎢⎢⎢⎢⎣

cos(β) − sin(β)

cos

(
β − 2π

3

)
− sin

(
β − 2π

3

)

cos

(
β + 2π

3

)
− sin

(
β + 2π

3

)

⎤
⎥⎥⎥⎥⎥⎦

so that

fdq = Tdqfabc (A.3)

fabc = T−1
dq fdq (A.4)

where the values of β are shown in Fig. A.2.

Appendix B. Values used in simulations

Here XT denotes transformer reactance, and PG and VN
denote nominal generated power and nominal voltage, respec-
tively. Representative or typical values are used unless otherwise
stated.

• Power system. PGA=0.8 p.u., PGB=0.4 p.u., VNA=1 p.u.,
VNB=1 p.u., VNI = 1 p.u., ωs = 100π rad/s,Xk = 0.10 p.u.,
X� = 0.20 p.u.

• Synchronous machine. T0A=6 p.u., HA=4 s, XTA = 0.1 p.u.,
XA = 1 +XTA p.u., X′

A = 0.15 +XTA p.u.
• DFIG. Some values are taken from [14]. These values are

also used for a synchronous generator as a comparison.
T0B=0.4 p.u., HB=4 s, XTB = 0.1 p.u., XB = 1 +XTB p.u.,
X′
B = 0.10 +XTB p.u., slip s = 1 − ωω−1

s = −0.03.
• Controllers. KA = 100, Te = 0.01, T1 = 2.5. The constants

chosen through eigenvalue analysis are T2 = 0.1075,
KPSS = 0.0076 (GB is synchronous), T2 = 0.0737,
KPSS = 0.0088 (GB is a DFIG).
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Abstract—This article deals with the design and usage of a
power system stabiliser (PSS) and its impact in the controller
of a doubly fed induction generator (DFIG). Eigenvalue analysis
and numerical simulations are used to design and tune the PSS
for different types of input signals, and the suitability of the
signals is assessed.

The impact of large scale wind farms utilising DFIGs on the
oscillations of a conventional power system is compared to the
impact of conventional generators in a test power system. The
dynamics of a wind farm can be represented by a third order
DFIG model and a simple controller model. Modal analysis and
dynamic simulations are used to demonstrate the contribution
made by the wind farm to power system damping.

Numerical simulations show that DFIGs, such as those found
in wind farms, are capable of damping oscillations.

I. INTRODUCTION

Wind power is becoming an increasingly significant source

of energy. The community is looking more and more towards

wind power to provide a renewable source of energy, with

rising fuel prices and growing concern over the presence of

greenhouse gases in the atmosphere. Wind power capacity has

been increasing at an astounding rate. By the end of 2007

the total installed capacity of wind power in Europe was

approximately 57 GW, which is approximately 7% of the total

installed capacity, and wind power systems are continually

being installed [1].

Many newer, larger turbines being produced are variable

speed turbines, which use doubly fed induction generators

(DFIGs). These are induction generators which have their

stator and rotor independently excited. Because of the available

capacity of these generators, DFIGs may be usefully employed

with the use of controllers to improve the stabilisation of a

power system. Synchronous generators have been principally

employed to do this, and DFIGs are now also making some

contribution to stabilisation. However, as the proportion of

DFIGs in power systems increases, there is a need for DFIGs

to contribute further to stabilisation, and so the potential of

DFIGs to do even more needs investigation [2].

Many synchronous generators are equipped with a power

system stabiliser (PSS) to improve the dynamic performance

of a power system. A PSS provides an auxiliary input signal

to the excitation system of a generator in order to improve

power system dynamic performance by damping power system

oscillations.

In this paper we design a PSS for the DFIG, using modal

analysis and dynamic simulations, to help achieve maximum

damping. We first present a model for the DFIG and its

control system. We then design a PSS for the DFIG, and

describe a method used to tune the PSS. An attempt is made

to qualitatively assess the impact that wind farms comprising

DFIGs have on a power system by considering a simple system

comprising a number of conventional generators and wind

turbines, and evaluating the effectiveness of the wind turbines.

II. CASE STUDY

Our general goal is to investigate the effect of a wind

farm on a power system. It can be shown that a number

of generators which are close together and which behave

similarly can be represented by a single generator [3]. It is

then valid to assume that an aggregate of DFIGs, such as a

wind farm, can be represented by a single DFIG, and that a

power system, typically made up of synchronous generators,

can be represented by a single synchronous generator.

We wish to investigate how a wind farm, comprised of

DFIGs, each equipped with a PSS, manifests itself in the

dynamic behaviour of a power system, using a simple system

as an example. Here we use the system shown in Fig. 1 [4],

which is a generic test system where wind generators and

conventional generators can be seen to interact.

All four generators are conventional power plants or aggre-

gates of plants, each of whose dynamics can be represented by

a synchronous generator model. The conventional plants each

have a turbine governor and an automatic voltage regulator

(AVR).

This system is known to exhibit interarea oscillations of

the type we wish to damp. We look at a number of different

configurations for this system. In order to examine how the

presence of a wind farm impacts upon the system dynamics,

it is necessary to see how the system would behave in the

presence and in the absence of a DFIG. For comparison, G1

can be replaced by a large scale wind farm whose power and

voltage ratings are identical to those of the wind farm, but

whose dynamics are described by a DFIG model.

We can examine how the system behaves when it is dis-

turbed. Two cases have been chosen for this study.

• Disturbance 1. This disturbance is a transient distur-

bance, which exhibits similar behaviour to that predicted
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by a linearised model. The disturbance is a three phase

to ground fault at Bus 8, cleared after 100 ms.

• Disturbance 2. This disturbance is a large disturbance,

under which the system demonstrates extreme behaviour.

The disturbance is a three phase to ground fault at Bus

9. The fault is cleared after 100 ms by tripping one of

the lines between Buses 8 and 9, so the operating point

of the system is altered after the fault.

These configurations of the system and the disturbances are

chosen to display properties of a more general system.

III. MODELLING

In order to conduct our investigation, we must use an

appropriate model for a DFIG. Here we present a model for

the generator, and also for a generic rotor control scheme for

its converters. Fig. 2 represents a DFIG.

A. Doubly Fed Induction Generator

Here we consider the standard per unit equations for an

induction generator [5] in a standard dq-coordinate system:

v̄s = −Rsı̄s +
1

ωs

dψ̄s
dt

+ jψ̄s (1)

v̄r = −Rr ı̄r +
1

ωs

dψ̄r
dt

+ jsψ̄r (2)

ψ̄s = −Xsı̄s −Xm ı̄r (3)

ψ̄r = −Xr ı̄r −Xm ı̄s, (4)

where we have used phasor notation

f̄ = fd + jfq, (5)

and where the subscripts d and q denote quantities along the

d and q axes, which rotate with speed synchronous speed ωs,
the subscripts s and r denote the stator and rotor voltages v,

currents i, resistances R, fluxes ψ and reactances X , and Xm

and s are the magnetising reactance and slip respectively.

It is known that the quantities Rs and 1
ωs

dψ̄s

dt have little

impact on the system dynamics with which we are concerned

[6], and for the purpose of this investigation we assume that

they are negligible. We can then derive a model in which

the stator side of the DFIG can be represented by an internal

electromotive force (emf) Ē′ behind a transient reactance X ′

[2]:

Ė′
d =

1

T0

(
Xs −X ′

X ′ Vsd −
Xs

X ′E
′
d

+ T0(ωs − ω)E′
q − T0ωsVrq

) (6)

Ė′
q =

1

T0

(
Xs −X ′

X ′ Vsq −
Xs

X ′E
′
q

− T0(ωs − ω)E′
d + T0ωsVrd

) (7)

ω̇ =
ωs
2H

(
Pm

ωs
ω

− Ps

)
, (8)

where ω is the electrical speed of the rotor, H is the inertia

constant, Pm is the mechanical input power, Ps is the stator

power and

Ē′ = j
Xm

Xr
ψ̄r (9)

T0 =
Xr

ωsRr
(10)

X ′ = Xs −
X2
m

Xr
(11)

V̄s = v̄s = V ∠θ (12)

V̄r =
Xm

Xr
v̄r. (13)

The reactive and reactive powers generated are

Pg = Ps + Pr (14)

Qg = Qs, (15)
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where

Ps = Vsdisd + Vsqisq (16)

Pr =
Xr

Xm
(Vrdird + Vrqirq) (17)

Qs = Vsqisd − Vsdisq, (18)

and

ı̄s =
Ē′ − V̄s
jX ′ (19)

ı̄r =
jV̄s −Xsı̄s

Xm
. (20)

Here we have assumed that the grid side converter produces

only active power.

This model is sufficient for capturing the low frequency dy-

namics in which we are interested. Simulations are performed

using Simpow [7].

B. Control Scheme

It can be shown that the real and reactive stator powers are

Ps = −Xm

Xs
(Vdsidr + Vqsiqr) (21)

Qs =
Xm

Xs
(Vdsiqr − Vqsidr)−

V 2

X
. (22)

Without loss of generality, we can align the dq reference frame

with the stator voltage V̄s so that

V ′
ds = V, V ′

qs = 0, (23)

where the prime denotes the rotated coordinate system. Then

the stator active and reactive powers are

Ps = −Xm

Xs
(V i′dr) (24)

Qs =
Xm

Xs
(V i′qr)−

V 2

X
, (25)

which can be controlled by i′dr and i′qr respectively. The

dynamics of these currents are given by

dı̄′r
dt

=
ωs
X ′

Xs

Xm

(
sĒ′′ − Xm

Xr
Rr ı̄

′
r − V̄ ′

r

)
. (26)

By controlling V̄r we can then control Pg and V , which are

very much linked to Ps and Qs respectively, by using the

controller shown in Fig. 3. By removing the contribution from

Ē′ in (26) the controls of i′dr and i′qr could made be completely

independent, but in order to keep the controller simple, this

has not been done in this paper.

-∆u + h - G(s) q -
∆y

KH(s)

6+

Fig. 4. Feedback Control System
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IV. MODAL ANALYSIS

Modal analysis provides insight into the properties of the

dynamic system for small disturbances.

The power system can be linearised about an operating

point, so that it takes the form

∆ẋ = A∆x +B∆u (27)

∆y = C∆x +D∆u, (28)

where ∆x is the state vector, ∆u is the input vector and ∆y
is the output vector. The transfer function G(s) of the system

can be written as a series of partial fractions

G(s) =
∑

i

Ri
s− λi

, (29)

where in this section s is the Laplace operator and Ri are

the residues corresponding to the eigenvalues λi of the state

matrix A. The eigenvalues of G(s) predict the frequencies ωpi
of the modes present in the system after a small disturbance,

and the extent to which the modes are damped. A measure

of the damping of mode i corresponding to the eigenvalue

λi = σi ± jωpi is the damping ratio

ζi =
−σi√
σ2
i + ω2

pi

. (30)

A. Tuning

Now let us consider the feedback control system shown in

Fig. 4 where the output ∆y is fed back to the input ∆u though

the filter H(s) with gain K . It has been established [8] that

dλi
dK

= H(λi)Ri. (31)

If we wish to damp the mode associated with λi, then H(s)
should be designed so that

∠H(λi) = π − ∠Ri. (32)

The design principle is illustrated in Fig. 5.
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Setting

φ = ∠H(λi), (33)

we can see that (32) can be achieved with a filter of the form

H(s) =
1 + αTs

1 + Ts
, (34)

where

α =
1 + sinφ

1− sinφ
(35)

T =
1

ωi
√
α
, (36)

as long as |φ| < π
2 . In practice multiple filters are used if

|φ| > π
3 .

Once the parameters α and T are chosen we can consider

the space of control parameter K defining the controller, and

evaluate the objective function mini(ζi) over a coarse grid in

the parameter space. The optimal value of K then maximises

the objective function.

B. Participation

The open loop system G(s) can also be described by the

state matrix A in (27). The elements of the right eigenvectors

vi of A measure the degree of activity of the state variables in

the modes i. The elements of the left eigenvectors wi measure

the contribution of the activity to the mode.

It is common practice to normalise these vectors so that

wTi vi = 1. (37)

The product

pki = vkiwik (38)

is called the participation factor of the state variable xk in

mode i. It can be shown that

pki =
dλi
akk

, (39)

the sensitivity of the eigenvalue corresponding to mode i to

the diagonal element akk of A.

By evaluating the participation factors of the states in the

system we can find the generators which participate most in the

oscillatory modes we wish to damp. We can then use signals

from these generators as feedback variables, as the modes are

most sensitive to these signals.

C. Power System Stabiliser

When a four quadrant ac-ac converter is connected to the

rotor windings, the rotor voltages Vrd and Vrq of a DFIG can

be regulated independently by a controller, which takes input

signals measured from the power system in order to improve

the dynamic response of the DFIG. Here we look at the generic

controllers shown in Fig. 3.

We can implement a PSS for the DFIG by adding an

additional signal to the controller, either VPSSd or VPSSq , which

is designed to improve the damping in the power system.

We want to compare the performance of these two different

TABLE I
LEAST DAMPING RATIOS

Signal PSSs PSSd PSSq

None 0.0178 0.0203 0.0203

θ̇ 0.0674 0.1120 0.0225∗

P78 0.1244 0.0574∗ 0.1350

ωd 0.1333 0.1343 0.1353

PSS configurations to the performance of the conventional

synchronous generator PSS. So here we compare three types

of PSS configurations:

• PSSs. This is the synchronous generator PSS. It is

the standard PSS type with which many conventional

generators are equipped.

• PSSd. This PSS provides the signal VPSSd to the power

side of the DFIG control system.

• PSSq. This PSS provides the signal VPSSq to the voltage

side side of the DFIG control system.

We also examine three input signals to each PSS:

• θ̇. This is the speed of the voltage angle of Bus 1. It is

a local signal.

• P78. This is the power on one of the lines between Buses

7 and 8. It requires a remote signal.

• ωd. This is the difference in rotor speed of the gener-

ators which participate most in the interarea oscillation

mode. These generators can be found by analysing the

participation factors of the state variables, as described in

Section IV-B. When there is no wind farm in the system,

ωd = (ω1 − ω3), and when there is a wind farm in the

system, the signal is ωd = (ω2−ω3), where the subscripts

denote the generators. This is a remote signal requiring

information from multiple sources.

By looking at these configurations and input signals, we can

get an idea of the performance of DFIG PSSs.

V. RESULTS

Let us first examine the performance of the generic con-

troller, shown in Fig. 3. As an example, we consider what

happens when Disturbance 2 occurs. Fig. 6 shows how the

local quantities Pg and V are controlled.

The controller appears to work well, with both generated

power and voltage returning to their desired values after the

operating point of the system changes.

A. Linear Response

We now look at the eigenvalues for each configuration of

the system after the PSSs have been tuned. The least damping

ratios of the different schemes described in this paper are

presented in Table I.

Most of the least damping ratios in the table were obtained

by using the tuning method described in Section IV-A, where

K has been chosen to maximise the function mini ζi. The

starred entries are actually lower than the the maximum
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Fig. 6. Local quantities for the synchronous generator without a PSS [blue], and the DFIG without a PSS [green] for Disturbance 2

possible mini ζi predicted by linear analysis. These entries

were obtained by reducing the gain K for the PSS signals,

to improve the dynamic performance of the system when

subjected to the disturbances described in Section II. It is

important to perform dynamic simulations when dealing with

nonlinear systems, as the information provided by linear

analysis only partially describes the dynamic behaviour for

large disturbances.

We see that the PSSs for the DFIG are able to provide a

high level of damping. For every feedback signal one of the

two DFIG PSS configurations is able to provide a damping

signal which can improve upon the maximum damping which

the synchronous generator PSS can provide.

Not all the feedback signals give good results. The damping

that can be gained by using θ̇ as a feedback variable is

negligible in the case of PSSq, and although the damping

resulting from using P78 as an input signal to PSSd is

reasonable, this input signal yields much better damping in

the other PSS configurations.

The input signal ωd consistently gives good results, over

10% more than the system with no PSS, for all PSS con-

figurations. This is because it is a feedback signal based on

participation analysis, and the mode we are trying to damp is

sensitive to this.

B. Dynamic Response

The interarea oscillation for this system manifests itself in

the power P78 along the line connecting Buses 7 and 8. We

look now at how this quantity behaves when it is subjected to

the disturbances described in Section II.

From these results, it is clear that the DFIG is able to damp

interarea oscillations.

For Disturbance 1, which is a less severe disturbance, PSSs
appears to offer low oscillation amplitudes during the first

few swings, but for each input signal, one or other of the

the DFIG PSS configurations can improve the damping of the

oscillations.

For Disturbance 2, the more severe disturbance, the ampli-

tude of oscillations for PSSs is not as low when compared to

the DFIG PSS configurations, and for input signals θ̇ and ωd,

the damping of PSSd is better than that of PSSs.
When the signals θ̇ and ωd are used for the PSSs, PSSd

shows improvement in damping over PSSs for both Distur-

bance 1 and Disturbance 2. When the input signal is P78,

PSSq offers comparable damping.

The dynamic simulations also show that ωd appears to

be a good feedback signal for the improvement of interarea

oscillations, offering the best damping of the three feedback

variables for both disturbances.

VI. CONCLUSION

This article deals with the design and usage of PSSs in

DFIGs making up a large-scale wind farm. Two different types

of PSS are tested on a large-scale wind farm in a simple power

system. The dynamics of the wind farm is represented by a

third order DFIG model, and a simple set of control equations.

A comparison is made between the dynamic behaviour

of conventional generators and wind turbines in the system.

We have presented and compared results from eigenvalue

analysis and dynamic simulations. Modal analysis has been

used as a method for tuning control parameters, and also as a

method for choosing appropriate feedback signals for control.

Dynamic simulations are also required to verify linear results

for nonlinear systems and to fine tune controllers. Both modal

analysis and dynamic simulations are required to demonstrate

the contribution that DFIGs make to the system.

It would appear then that a DFIG equipped with a PSS is

capable of improving the damping of interarea power system

oscillations. Extending this, we can say that a wind farm

may be used to give a positive contribution to power system

damping.

VII. APPENDIX: VALUES USED IN SIMULATIONS

• Power system. Power system data is taken from [4].

• Synchronous machines. Synchronous generator data is

taken from [4]

• DFIG. The DFIG has the same power and voltage

ratings as the conventional machine it replaces.
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Fig. 7. Power along one line between Buses 7 and 8, P78, for PSSs [blue], PSSd [green], and PSSq [red]

Rr = 0.01, Xs = 3.1, Xr = 3.1, Xm = 3, H = 0.5,

s = 1− ωω−1
s = −0.1.

• Turbines. Turbine data is taken from [7].

• Regulators. KA = 300, TA = 0.01.

• Controllers. Kpd = 1, Kid = 0.1, Kpq = 1, Kiq = 0.1.

• PSS Washout filters. Tw = 10.
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Abstract

This article presents two methods for designing power oscillation damping (POD) controllers for wind farms

comprising doubly fed induction generators (DFIGs). The first is the residue method, which uses linear feedback.

The second method uses a nonlinear signal as feedback. Here linear matrix inequalities (LMIs) and regional pole

placement are used to determine the feedback gains for multiple wind farms simultaneously so that the power

system satisfies a minimum damping ratio.

The impact of the designed POD controllers in wind farms is demonstrated in a test power system. Modal

analysis is used to design controllers using both the residue and LMI methods, and dynamic simulations are used

to demonstrate the contribution of the wind farms to power system damping.

Numerical simulations show that DFIGs, such as those found in wind farms, are capable of damping oscilla-

tions, and also illustrate the effectiveness of using nonlinear feedback controllers.

1 Introduction

The rapid development of wind power technology is reshaping power grids in many countries across the world.

As the installed capacity of wind power increases, its impact on power grids is becoming more important.

Wind power is becoming an increasingly significant source of energy. At the end of 2011 the total installed

capacity of wind power in Europe was approximately 10 percent of the total installed capacity [1]. With the

European Union heads of state and government resolving that 20 percent of the EU’s total energy supply should

come from renewable energy sources by 2020, this capacity is expected to continue to grow.

Many of the newer, larger turbines now being produced are variable speed turbines which use doubly fed induction

generators (DFIGs). These are induction generators which have their stator and rotor excited independently. The
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rotor is connected to the grid through back-to-back voltage source converters, which can be utilised to control the

generator.

Large power oscillations can occur in a power system as a result of disturbances. Ordinarily these oscillations

are slow and, in principle, it is possible to damp them with the help of wind power. This leads to the idea of

using a power oscillation damping (POD) control for a DFIG [2, 3]. If wind farms are to replace conventional

power plants, then they should be able to contribute damping to the system, as power system stabilizers (PSSs) in

conventional generators do. To effect this damping, each turbine should be equipped with a POD controller.

Traditional methods for tuning PSSs have involved tuning each new PSS as it is installed, without retuning the

PSSs in earlier generators. When wind power turbines are installed simultaneously, a more efficient way of

utilising their POD controllers is to tune them simultaneously. This is what is done with separate wind farms, and

also with large wind farms which may comprise many turbines from different manufacturers.

The method of using linear matrix inequalities (LMIs) to simultaneously tune PSSs is well known. Problems

formulated with LMIs can be solved very efficiently using computerised solvers. Because of their efficiency, they

can solve problems with very large numbers of variables, which include many controller parameters and operating

points. LMIs have been used to find full-order controllers, as in [4,5]. Iterative methods have been used to reduce

the order of PSSs [6], or to solve bilinear matrix inequalities, which cannot be reformulated as LMIs [7], and static

output feedback (SOF) problems [8]. Lower order PSSs have been designed by solving SOF problems [9,10], but

these problems have not addressed the system damping ratio.

Here we approach the design of feedback gains for multiple controllers as an SOF problem. To ensure that the

system satisfies a minimum damping ratio, we impose the restriction that the system poles must lie in a particular

region in the complex plane, and formulate the problem using LMIs. This avoids having to choose the desired

pole placement beforehand, which requires some knowledge of suitable placement. For the cases we examined,

iterative methods were not required.

In this article we present a nonlinear POD controller for DFIGs, and a method for designing the feedback gains

for multiple controllers in large wind farms comprising DFIG turbines. We then demonstrate the effectiveness of

the resulting POD controller in a wind farm by comparing it with POD controllers designed using the classical

residue method.
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2 Regional pole placement

In this section we outline the theory used to design our nonlinear POD controllers.

Consider the linearised version of a power system:

ẋ = Ax+Bu (1)

y =Cx (2)

where x is the set of states, A is the state matrix, B is the input matrix, C is the output matrix and y is the set of

outputs. Now recall Lyapunov’s well known LMI





PA+AT P≺ 0

P = PT � 0
(3)

where P� 0 is a positive definite matrix in the cone of positive semidefinite matrices. The LMI is satisfied if and

only if the system matrix A is stable. If we now use the static feedback

u = Ky = KCx, (4)

then the state matrix of the closed loop system becomes

Acl = A+BKC (5)

and Lyapunov’s LMI becomes





PA+PBKC+CT KT BT P+AT P≺ 0

P = PT � 0.
(6)

If B has full rank we can remove the terms bilinear in the unknown variables P and K by introducing BM = PB

and MK = N to get





PA+BNC+CT NT B+AT P≺ 0

P = PT � 0

BM = PB

(7)
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which is then linear in the new variables P, N and M. The gain matrix K can then be found easily as

K = M−1N. (8)

If C has full rank, then by multiplying (3) through by W = P−1, we can similarly form the LMIs





AW +BNC+CT NT B+WAT ≺ 0

W =W T � 0

MC =CW

(9)

to find

K = NM−1. (10)

The matrix K can be made to take a specific form by specifying the structure of the matrices N and M. The

matrix N should have the same structure as the desired structure of K, while M should have a corresponding block

diagonal structure. In a case where feedback is decentralised, these structures can be realised by setting N and M

as block diagonal matrices.

The existence of a matrix K which stabilizes the system does not imply that either (7) or (9) is feasible. The

feasibility of these two LMIs is in fact dependent on the state-space representation we use for describing the

system [11]. As a first check of whether or the system can be stabilized by a matrix K, the system must be both

stabilizable and detectable. This means that





P(A+LC)+(A+LC)T P≺ 0

(A+BK)W +W (A+BK)T ≺ 0
(11)

where W � 0 and P� 0. Setting F = PL and G = KW this becomes





PA+FC+CT FT +AT P≺ 0

AW +BG+GT BT +WAT ≺ 0

P� 0, W � 0.

(12)

If there is no solution to this LMI problem, then there is no K which stabilizes the system. If there is a solution,

a possible candidate for a transformation matrix can be found in [12]. For the demonstration in this paper the

sequential use of canon, balance and canon in MATLAB yielded a suitable transformation. The first use of
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canon is useful if A has a zero eigenvalue which is not material to the design of the controller. Since the LMIs we

are solving in Section 2 include strict inequalities, the presence of zero eigenvalues can cause numerical problems.

If the matrix A is in canonical form, then the rows and columns corresponding to the zero eigenvalues along the

diagonal can be removed, along with the corresponding rows in B and the corresponding columns in C, to avoid

any complications. The second use of canon makes the matrix A sparse. Since most solvers make use of sparsity,

sparse matrices may be useful for reducing computation time.

These methods can be extended to find a feedback matrix which makes all the eigenvalues of the closed loop

system lie in an LMI region in the complex plane. An LMI region can be described by

D = {z ∈ C : AD + zBD + z̄BD ≺ 0} (13)

where AD and BD are matrices and AD = AT
D. The characteristic function of this region is

fD (z) = AD + zBD + z̄BD. (14)

For our POD controller, we aim to increase the damping of interarea oscillation modes, and for this we place the

closed loop eigenvalues in the cone D shown in Figure 1. The cone is described by

AD = 0, BD =




sin(θ) cos(θ)

−cos(θ) sin(θ)


 (15)

where θ = acos(ζmin) is the angle of the cone encompassing the eigenvalues of systems with damping ratio

ζ ≥ ζmin. If all of the eigenvalues of the system lie in D then the system is D-stable.

Re

Im

θ

Acceptable pole
location

Figure 1: LMI region
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The matrix Acl is D-stable if for W � 0

MD (Acl,W ) = AD⊗W +BD⊗ (AclW )+BT
D⊗ (AclW )T ≺ 0 (16)

where MD (Acl,W ) is related to fD (z) by the substitution (W,AclW,WAT
cl)↔ (1,z, z̄) [13] and ⊗ is the Kronecker

product.

Then (9) can be generalised for D-stability:





BD⊗ (AW +BNC)+BD⊗ (WAT +CT NT BT )≺ 0

W =W T � 0

MC =CW.

(17)

Similarly (7) can generalised as





BD⊗ (PA+BNC)+BT
D⊗ (AT P+CT NT BT )≺ 0

P = PT � 0

BM = PB.

(18)

It should be noted that the inequalities are homogenous in the unknown variables, which can lead to trivial solu-

tions. The inequalities can be dehomogenised by specifying that Tr(P) = 1 or Tr(W ) = 1.

The feasibility condition can also be generalised for D-stability as





BD⊗ (PA+FC)+BT
D⊗ (CT FT +AT P)≺ 0

BD⊗ (AW +BG)+BT
D⊗ (GT BT +WAT )≺ 0

P� 0, W � 0.

(19)

Using the LMI approach we can also limit the elements in the feedback matrix. By noting that K = NM−1 we see

that the Euclidian norm of K can be limited by ensuring that





NT N ≺ κNI

M−1 � κMI
(20)
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where κN , κM > 0, so that

KT K = M−1NT NM−1 ≺ κNM−1M−1 ≺ κNκ2
MI. (21)

The inequalities in (20) can be formed as LMIs







−kNI NT

N −I


≺ 0



−kMI I

I M


� 0

(22)

and solved together with (18) or (17) [14].

We now look at the models for which we design our controllers.

3 Doubly fed induction generator

Here we look equations used to model the DFIG. A schematic of the DFIG is shown in Figure 2.

Ūs

Īs

Ūr Īr

Doubly fed
induction
generator

Converter

Pm

Figure 2: Doubly fed induction generator system

We consider the standard per unit equations for an induction generator [15] in a standard dq-coordinate system,
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These are

Ūs =−Rs Īs +
1

ωs

dψ̄s

dt
+ jψ̄s (23)

Ūr =−Rr Īr +
1

ωs

dψ̄r

dt
+ jsψ̄r (24)

ψ̄s =−Xs Īs−Xm Īr (25)

ψ̄r =−Xr Īr−Xm Īs (26)

dωr

dt
=

ωs

2H

(
Pm

ωs

ωr
−Ps

)
(27)

where we have used phasor notation

f̄ = fd + j fq. (28)

Here the subscripts d and q denote quantities along the d and q axes which rotate with the synchronous speed ωs,

the subscripts s and r denote the stator and rotor voltages U , currents I, resistances R, fluxes ψ and reactances X ,

Xm is the magnetising reactance, s is the slip, ωr is the rotational speed, and H is the inertia constant. The stator

power Ps is defined by

Ps = real(Ūs Ī∗s ) (29)

and the mechanical power Pm is proportional to the power coefficient CP(ωr,ν ,β ) which is a function of ωr, the

wind speed ν and the pitch angle β . We have assumed that the wind speed ν is constant.

When a four quadrant ac-ac converter is connected to the rotor windings, the rotor voltages U ′dr and U ′qr of a DFIG,

along the d and q axes of the frame aligned with Ūs, can be regulated independently by a controller, which takes

output signals from the power system in order to improve the dynamic response of the DFIG.

PI-control−
Pg−PREF

UPOD

U ′dr

PI-control
Us−UREF

U ′POD

U ′qr

P-control
ωr−ωREF β

Figure 3: Basic control scheme

8



4 Power Oscillation Damping

It has been shown in [3] that a POD signal UPOD, as shown in Figure 3, can be added to PREF to improve the

damping of a power system. The signal U ′POD can also be used for this purpose. In this paper we compare two

methods for designing POD signals which control the rotor voltages.

4.1 Nonlinear signal

We first look at a nonlinear signal for power oscillation damping. This signal is given for generator G j by

UPOD j = k jωeq sin(δeq), (30)

where ωeq and δeq are the weighted sums of the speeds and angles of the synchronous machines which participate

in the inter-area oscillation that we wish to damp. The speeds and angles of of the synchronous machines can be

measured using phase measurement units [16].

The nonlinear signal used in this article for POD control is similar to the SIME signal which is often used in

power electronics based controllable components [17–19]. Simulations have shown that this signal can also be

successfully used in DFIGs [20]. Using the most modern technologies remote signals can be sent along remote

channels within milliseconds, with longer delays in communication relatively infrequent. Delays as small as these

do not interfere significantly with low frequency oscillations [21].

Our tuning method uses the methods in Section 2 to find suitable constants k j for each wind farm represented by

generator G j, to satisfy a minimum damping ratio criterion for the system.

4.2 Residue Method

The residue method is the traditional method used for designing PSSs in synchronous generators.

Recall the system given by (1) and (2). The transfer function G(s) of the system can be written as a series of

partial fractions

G(s) = ∑
i

Ri

s−λi
, (31)
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where here s is the Laplace operator and Ri are the residues corresponding to the eigenvalues λi of the state

matrix A. The eigenvalues of G(s) predict the frequencies ωpi of the modes present in the system after a small

disturbance, and the extent to which the modes are damped. A measure of the damping of mode i corresponding

to the eigenvalues λi = σi± jωpi is the damping ratio

ζi =
−σi√

σ2
i +ω2

pi

. (32)

Consider now the feedback control system shown in Figure 4 where the output y is fed back to the input u j through

the filter H j(s) with gain k j. It has been established [22] that

∆λi

∆k j
≈ dλi

dk j
= H(λi)Ri. (33)

If we wish to damp the mode associated with λi, then H(s) should be designed so that

∠H(λ j) = π−∠Ri. (34)

This design principle is illustrated in Figure 5.

Setting

φ = ∠H j(λi), (35)

we can see that (34) can be achieved with a filter of the form

H(s) =
1+αT s
1+T s

, (36)

G(s)

k jH j(s)

u j y

Figure 4: Feedback Control System
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σ

ωp

λi

Ri

Desired λi

∠Ri∠H j

Figure 5: Eigenvalue direction

where

α =
1+ sinφ
1− sinφ

(37)

T =
1

ωpi
√

α
, (38)

as long as |φ |< π/2. In practice multiple filters are used if |φ |> π/3.

Once the parameters α and T are determined we choose the feedback gain k j defining the controller for generator

G j. The optimal value of k j then maximises the objective function

max
k j

ζmin : ζmin ≤ ζi ∀ i. (39)

This process must be repeated for each POD controller that we wish to design.

In this second design methodology, we use the bus voltage frequency as the output signal y.

5 Case study

We now apply the methods described Section 4 to wind farms in the power system shown in Figure 6.

1 5 11 37 8 96 10G1

G2

G3

G4

2 4
L7 L9

Figure 6: Two area system

This system is a generic test system where wind generators and conventional generators can be seen to interact.
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Generators G1 and G3 are wind farms, while generators G2 and G4 are conventional power plants or aggregates

of plants, each of whose dynamics can be represented by a synchronous generator. The conventional plants each

have a turbine governor and an automatic voltage regulator (AVR). The data used for the synchronous generators

can be found in [23], while the data for the wind generators are given in Appendix A. This system is known to

exhibit inter-area oscillations of the type we wish to damp.

We wish to examine the performance of the nonlinear POD signal which we have discussed in Section 4.1. To do

this, we look at the following configurations:

• Configuration 1. No POD controller installed.

• Configuration 2. Nonlinear POD controllers installed using the regional pole placement method.

• Configuration 3a. Linear POD controllers installed using the residue method. First optimised for Generator

1 and then for Generator 3.

• Configuration 3b. Linear POD controllers installed using the residue method. First optimised for Generator

3 and then for Generator 1.

These configurations can be used to compare the damping provided by the nonlinear POD signal, the damping

provided by the linear controllers, and the damping when there is no controller. Two separate configurations

are chosen to demonstrate the damping performance of the linear controllers designed using the residue method,

because the controllers are tuned one at a time, and there are two ways of doing this.

We also demonstrate the usage of the regional pole placement method in the extended system, where we feed the

nonlinear signal back to both UPOD and U ′POD.

• Configuration 4. Two nonlinear POD controllers in each wind generator installed using the regional pole

placement method.

In the power system with two wind farms, we are then looking for four constants k j. Even with this small number

of POD controllers, the advantage of using the regional pole placement method over the residue method is clear,

with only one computation required, as opposed to tuning each farm separately.

For this system, the nonlinear signal in the regional pole placement method is

UPOD j = k jωeq sin(δeq) (40)
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where

ωeq =
M2ω2−M4ω4

M2 +M4
(41)

δeq =
M2δ2−M4δ4

M2 +M4
. (42)

The POD gains are based on the linearised system, but there are many nonlinearities in the system. For this reason

we also examine the dynamic results for the following disturbances:

• Case 1. A 3 phase fault at bus 8 which is cleared after 100 ms. This is a less serious disturbance between

the two wind farms.

• Case 2. A 3 phase fault at bus 9 which is cleared after 100 ms by disconnecting the line between buses 8

and 9. This disturbance results in a change of equilibrium point.

6 Results

Here we examine the results of our controller design. The controllers in Configurations 2 and 4 are designed as

described in Sections 2 and 4.1. The LMIs in (7) are implemented in YALMIP [24] and solved using the SeDuMi

solver. The controllers in Configuration 3a and 3b are designed as described in Section 4.2.

6.1 Comparison

The resulting damping ratios and corresponding frequencies for all configurations are shown in Table 1.

Table 1: Damping ratios

Configuration Damping ratio Frequency [Hz]

1 0.0482 0.7255
2 0.1712 0.6427
3a 0.1590 0.7683
3b 0.1718 0.7631

Although Configuration 2 does not have the higest damping ratio, we note that the damping ratios for Config-

urations 3a and 3b are maximised, while damping ratio for Configuration 2 can still be increased. In order to

demonstrate particular features of the damping signal, we have set the minimum required damping to 0.17, with

κN = 30 and κN = 100 limiting the gains. This limits the size of the feedback gains, but without these limitations
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the regional pole placement method can result in different gains in the region shown in Figure 7. The area to the

left of the line represents the permitted damping ratios.
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Figure 7: Damping ratios for different feedback gains.

The entire set of eigenvalues of the system for the different configurations is shown in Figure 8. The eigenvalues

very close to the imaginary axis represent the inter area modes. All other modes are much more damped.
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(a) Eigenvalues close to the imaginary axis
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(b) Closer look at eigenvalues very close to the imagi-
nary axis

Figure 8: System eigenvalues. Configuration 1 [black], Configuration 2 [blue], Configuration 3a [red +], Config-
uration 3b [red ×]

Now let us see how the controllers perform in the dynamic simulations shown in Figure 9. Simulations were

performed using SIMPOW [25].

The inter-area mode manifests itself in the power transfer P78 along the lines between buses 7 and 8, and we show

this power transfer. The terminal bus voltage V1 at Bus 1 is also shown as it gives extra information about the

behaviour of the wind farms.

14



0 2 4 6 8 10
0.1

0.15

0.2

0.25

0.3

time [s]

P 7
8

[p
.u

.]

(a) Case 1, P78

0 2 4 6 8 10

1

1.05

1.1

time [s]

V 1
[p

.u
.]

(b) Case 1, V1

0 2 4 6 8 10
0.1

0.15

0.2

0.25

0.3

time [s]

P 7
8

[p
.u

.]

(c) Case 2, P78

0 2 4 6 8 10

1

1.05

1.1

time [s]

V 1
[p

.u
.]

(d) Case 2, V1

Figure 9: Comparison of feedback signals. Configuration 1 [black], Configuration 2 [blue], Configuration 3a
[red], Configuration 3b [magenta]

It is clear that the nonlinear POD signal works well as a stabilising feedback signal. Figure 9a shows that oscilla-

tions are damped out in less than 6 seconds for Case 1 for all configurations, although the power oscillation with

Configuration 2 has much less of a peak than with Configurations 3a and 3b. However the damping results are

good for all damping configurations, as expected from the linear results.

In Case 2, the final operating point is not the same as the initial operating point. Here we see that the power

oscillations for the damping configuration are all damped in less than 6 seconds, but Configurations 3a and 3b do

not return to the equilibrium point immediately. They have a new slower dynamic, which is not suppressed until

after one minute. The nonlinear signal (30) has shown itself to be more robust than the linear signal in this test

system.
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6.2 Extended example

Here we compare Configurations 2 and 4 to see the effect of using two POD controllers in each wind farm. For

Configuration 4 we have again set the minimum required damping to 0.17 with κN = 4 and κN = 10 limiting the

gains. The results of the simulations are shown in Figure 10.
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Figure 10: Comparison of the use of one and two POD controllers per wind farm. Configuration 2 [red], Config-
uration 4 [blue]

Firstly we note from the simulations that the regional pole placement method succeeds in determining many

feedback gains which satisfy our criteria. We also look at the improvement in voltage behaviour for Cases 1 and

2. While the behaviour of the power between buses 7 and 8 is quite similar for Configurations 2 and 4, the voltage

is better damped in Case 1, and the oscillation peak in Case 2 is less pronounced. Since the damping signal U ′POD

is an input signal to the voltage control of the wind farm, we can expect to see better voltage behaviour.
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7 Conclusion

In this article we have presented two methods for designing a POD controller for wind farms. The first method

uses LMIs to simultaneously design all PODs for wind farms. The second method is the residue method, which

has been traditionally used to sequentially tune filters of PSSs. Both of these methods yield controllers which

damp inter-area power oscillations.

The method using LMIs involves solving a static output feedback problem to achieve regional pole placement

of all system eigenvalues. A nonlinear signal, based system wide information, is used to damp power system

oscillations. This method can find suitable feedback gains for all wind farms simultaneously so that a power

system satisfies a specified minimum damping ratio.

The regional pole placement method has a direct advantage over the residue method in that no iterative methods

need to be used. As the number of POD controllers increases, it becomes quite onerous to design them using the

residue method. Moreover, the PODs designed using the nonlinear signal appear to be more robust than those

designed using the residue method.

A Doubly fed induction generator data

• Common generator data Rr = 0.01 p.u., Xls = 0.1 p.u., Xlr = 0.1 p.u., Xm = 3 p.u.

• Generator G1 H = 2.5 p.u., s =−0.2, converter rating 30%

• Generator G3 H = 2 p.u., s =−0.25, converter rating 40%

• Controller data Kpd = 0.1, Kid = 0.05, Kpq = 0.1, Kiq = 0.05, Kpb = 1, where the subscripts p and i denote

proportional and integral constants of the controllers for the d and q-side rotor components, and b denotes

the pitch angle.
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Abstract

When unconventional types of generators such as doubly fed induction generators
(DFIGs) are used in a power system, the system behaves differently under abnormal dy-
namic events. For example, DFIGs cause different modes of oscillation in the power system,
and respond differently to changes in voltage. In order to damp oscillations in the system,
it is necessary to understand the equipment causing these oscillations, and the methods of
optimally damping the oscillations.

Large power oscillations can occur in a power system as a result of disturbances. Ordi-
narily these oscillations are slow and, in principle, it is possible to damp them with the help
of wind power. This suggests the use of a power oscillation damping (POD) controller for a
DFIG, similar to a power system stabiliser (PSS) for a synchronous generator.

Voltage stability is another important aspect of the safe operation of a power system.
It has been shown that the voltage stability of a power system is affected by induction
generators and also DFIGs, and we investigate some aspects of this here.

In this study we develop control strategies for large wind farms comprising DFIGs, and
study the impact of the wind farms on a system which is designed to reflect the dynamics of
the Nordic power system. The design of multiple PODs in a wind farm is undertaken using
linear matrix inequalities (LMIs). The impact of the wind turbines is investigated through
the use of linear and dynamic simulations. It has been demonstrated that DFIG-based wind
farms can be used for damping oscillations, even when they are not producing their rated
power, and that they can also improve the critical clearing time of some faults. However,
they may have an adverse impact on power systems after large voltage disturbances.
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1 Introduction
The rapid development of wind power technology is reshaping power grids in many countries
across the world. As the installed capacity of wind power increases, its impact on power grids
is becoming more important.

Wind power is becoming an increasingly significant source of energy. At the end of 2010 the
total installed capacity of wind power in Europe was approximately 10 percent of the total
capacity [1]. With the European Union member states resolving that 20 percent of the EU’s total
energy supply should come from renewable energy sources by 2020, this capacity is expected to
continue to grow.

Currently the most commonly installed wind turbine generator is the doubly fed induction
generator (DFIG), popular for its robustness, variable speed capability and small converter.
The DFIG is an induction generator which has its stator and rotor excited independently. The
rotor is connected to the grid through back-to-back voltage source converters which can be
utilised to control the generator.

Large power oscillations can occur in a power system as a result of disturbances. Ordinarily
these oscillations are slow and it is possible to damp them with the help of wind power. This
leads to the idea of using a power oscillation damping (POD) control for a DFIG [2–4]. If wind
farms are to replace conventional power plants, then they should be able to contribute damping
to the system, as power system stabilizers (PSSs) in conventional generators do. To effect this
damping, each turbine should be equipped with a POD controller.

When many wind power turbines are installed within a short period, a more efficient way
of utilising their POD controllers is to tune them simultaneously. Linear matrix inequalities
(LMIs) have been used to tune PSSs simultaneously [5,6]. Here however the design of feedback
gains for multiple controllers is approached as a static output feedback (SOF) problem and
formulated using LMIs. To ensure that the system satisfies a minimum damping ratio, we impose
a restriction that the system poles must lie in a particular region in the complex plane. This
avoids having to choose the desired pole placement beforehand, which requires some knowledge
of suitable placement. For the cases we examine, iterative methods such as those that are used
in [7] are not required.

In this article we present a nonlinear POD controller for DFIGs, and a method for designing
the feedback gains for multiple controllers in large wind farms comprising DFIG turbines. We
then compare the behaviour of wind farms comprising DFIGs and the behaviour of synchronous
generators, in a large test power system which is designed to reflect the dynamics of the Nordic
power system. This is done through both linear and nonlinear simulations.

2 Regional pole placement
In this section we outline the theory used to design our nonlinear POD controllers.

Consider the linearised version of a power system:

ẋ = Ax+Bu (1)
y = Cx (2)

where x is the set of system states, A is the state matrix, B is the input matrix, C is the output
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matrix and y is the set of outputs. Now recall Lyapunov’s well known LMI
{
PA+ATP ≺ 0
P = P T � 0 (3)

where P � 0 is a positive definite matrix in the cone of positive semidefinite matrices. The LMI
is satisfied if and only if the system matrix A is stable. If we now use the static feedback

u = Ky = KCx, (4)

then the state matrix of the closed loop system becomes

Acl = A+BKC (5)

and Lyapunov’s LMI becomes
{
PA+ PBKC + CTKTBTP +ATP ≺ 0
P = P T � 0. (6)

If B has full rank we can remove the terms bilinear in the unknown variables P and K by
introducing BM = PB and MK = N to get





PA+BNC + CTNTB +ATP ≺ 0
P = P T � 0
BM = PB

(7)

which is then linear in the new variables P , N and M . The gain matrix K can then be found
easily as

K = M−1N. (8)

If C has full rank then by multiplying (3) through by W = P−1 we can similarly form the LMI
set





AW +BNC + CTNTB +WAT ≺ 0
W = W T � 0
MC = CW

(9)

to find

K = NM−1. (10)

The matrix K can be made to take a specific form by specifying the structure of the matrices N
and M . The matrix N should have the same structure as the desired structure of K, while M
should have a corresponding block diagonal structure. In a case where feedback is decentralised,
these structures can be realised by setting N and M as block diagonal matrices.

The existence of a matrix K which stabilizes the system does not imply that either (7) or (9)
is feasible. The feasibility of these two sets of LMIs is in fact dependent on the state-space
representation we use for describing the system [8]. As a first check of whether or the system
can be stabilized by a matrix K, the system must be both stabilizable and detectable. This
means that

{
P (A+ LC) + (A+ LC)TP ≺ 0
(A+BK)W +W (A+BK)T ≺ 0 (11)
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where W � 0 and P � 0. Setting F = PL and G = KW this becomes




PA+ FC + CTF T +ATP ≺ 0
AW +BG+GTBT +WAT ≺ 0
P � 0, W � 0.

(12)

If there is no solution to this LMI problem, then there is no K which stabilizes the system. If
there is a solution, a possible candidate for a transformation matrix can be found in [9].

These methods can be extended to find a feedback matrix which makes all the eigenvalues of the
closed loop system lie in an LMI region in the complex plane. An LMI region can be described
by

D = {z ∈ C : AD + zBD + z̄BD ≺ 0} (13)

where AD and BD are matrices and AD = AT
D. The characteristic function of this region is

fD(z) = AD + zBD + z̄BD. (14)

For our POD controller, we aim to increase the damping of inter-area oscillation modes, and for
this we place the closed loop eigenvalues in the cone D shown in Figure 1. The cone is described
by

AD = 0, BD =
[

sin(θ) cos(θ)
− cos(θ) sin(θ)

]
(15)

where θ = acos(ζmin) is the angle of the cone encompassing the eigenvalues of systems with
damping ratio ζ ≥ ζmin.

Re

Im

θ

Acceptable pole
location

Figure 1: LMI region

If all of the eigenvalues of the system lie in D then the system is D-stable.
The matrix Acl is D-stable if for W � 0

MD(Acl,W ) = AD ⊗W +BD ⊗ (AclW ) +BT
D ⊗ (AclW )T ≺ 0 (16)

where MD(A,W ) is related to fD(z) by the substitution (W,AclW,WAT
cl) ↔ (1, z, z̄) [10] and

⊗ is the Kronecker product.
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Then (9) can be generalised for D-stability:




BD ⊗ (AW +BNC) +BD ⊗ (WAT + CTNTBT ) ≺ 0
W = W T � 0
MC = CW.

(17)

Similarly (7) can generalised as




BD ⊗ (PA+BNC) +BT
D ⊗ (ATP + CTNTBT ) ≺ 0

P = P T � 0
BM = PB.

(18)

It should be noted that the inequalities are homogenous in the unknown variables, which can
lead to trivial solutions. The inequalities can be dehomogenised by specifying that Tr(P ) = 1
or Tr(W ) = 1.

The feasibility condition can also be generalised for D-stability as




BD ⊗ (PA+ FC) +BT
D ⊗ (CTF T +ATP ) ≺ 0

BD ⊗ (AW +BG) +BT
D ⊗ (GTBT +WAT ) ≺ 0

P � 0, W � 0.
(19)

Using the LMI approach we can also limit the elements in the feedback matrix. By noting that
K = NM−1 we see that the Euclidian norm of K can be limited by ensuring that

{
NTN ≺ κNI
M−1 � κMI

(20)

where κN , κM > 0, so that

KTK = M−1NTNM−1 ≺ κNM
−1M−1 ≺ κNκ

2
MI. (21)

The inequalities in (20) can be formed as LMIs




[
−kNI NT

N −I

]
≺ 0

[
−kMI I
I M

]
� 0

(22)

and solved together with (18) or (17) [11].

We now look at the models for which we design our controllers.

3 Modelling
3.1 Doubly fed induction generator
Here we look equations used to model the DFIG. A schematic of the DFIG is shown in Figure 2.

We consider the standard per unit equations for an induction generator [12] in a standard
dq-coordinate system:

Ūs = −Rsı̄s + 1
ωs

dψ̄s
dt

+ jψ̄s (23)

Ūr = −Rrı̄r + 1
ωs

dψ̄r
dt

+ jsψ̄r (24)

4



Ūs
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Figure 2: Doubly fed induction generator system

ψ̄s = −Xsı̄s −Xmı̄r (25)
ψ̄r = −Xrı̄r −Xmı̄s (26)
dωr
dt

= ωs

2H

(
Pm

ωs
ωr
− Ps

)
(27)

where we have used phasor notation

f̄ = fd + jfq. (28)

Here the subscripts d and q denote quantities along the d and q axes which rotate with the
synchronous speed ωs, the subscripts s and r denote the stator and rotor voltages U , currents
I, resistances R, fluxes ψ and reactances X, Xm is the magnetising reactance, s is the slip, ωr
is the rotational speed, and H is the inertia constant. The stator power Ps is defined by

Ps = real(Ūsı̄
∗
s) (29)

and the mechanical power Pm is proportional to the power coefficient CP(ωr, ν, β) which is a
function of ωr, the wind speed ν which we have assumed is constant, and the pitch angle β.

When a four quadrant ac-ac converter is connected to the rotor windings, the rotor voltages
udr and uqr of a DFIG, along the d and q axes of the frame aligned with Ūs, can be regulated
independently by a controller, which takes output signals from the power system in order to
improve the dynamic response of the DFIG.

The power produced by the generator is

Pg = Ps + Pr (30)

where Pr is the rotor power.

3.2 Power oscillation damping
Nonlinear signal

It has been shown in [3] that a POD signal UPOD, as shown in Figure 3, can be added to PREF
to improve the damping of a power system.
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uqr

P-control
ωr −

ωREF
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Figure 3: Basic control scheme

Using the idea of a single machine equivalent, we look at a measurement of speed and angle of
the synchronous machines in power system

ωeq = ωA − ωB (31)
δeq = δA − δB, (32)

found by considering all machines in A which oscillate against all machines in B at the frequency
of interest. Here ωeq and δeq are the weighted sums of the speeds and angles of the synchronous
machines which participate in the inter-area oscillation that we wish to damp, and

ωA =
∑

i∈A

Miωi

/∑

i∈A

Mi ωB =
∑

i∈B

Miωj

/∑

i∈B

Mi (33)

δA =
∑

i∈A

Miδi

/∑

i∈A

Mi δB =
∑

i∈B

Miδj

/∑

i∈B

Mi . (34)

The nonlinear signal used in this article for POD control is similar to the SIME signal which is
often used in power electronics based controllable components [13–15]. This signal is given for
generator Gj by

UPODj = kjωeq sin(δeq). (35)

We show here that this signal can also be effectively used in DFIGs.
This signal uses remote information, but local signals can also be used in wind turbines, as
shown in [3]. The signal can also be used in the reactive power control side of the turbine [16].
Our tuning method uses the methods in Section 2 to find suitable constants kj for each wind
farm represented by turbine Gj to satisfy a minimum damping ratio criterion for the system.

Linear PSS

The synchronous generators which are chosen to participate in power oscillation damping are
equipped with an exciter and a linear PSS as shown in Figure 4.

4 Case study
We now apply the methods described Section 3.2 to wind turbines in the Nordic 32A test power
system shown in Figure 5. This is a system which is designed to reflect the dynamics of the
Nordic power system.
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Figure 4: Linear PSS for synchronous generators

The Nordic 32A test system consists of four main areas. The north area is characterised by
high hydro generation and low load consumption. The central area has high demand for electric
energy and mainly thermal power generation. The south west area has multiple thermal units
and low load consumption. Finally, the external area is connected to the north area and has a
mixture of generation and load. The network is rather long from north to south. The major
transfer section is from the north area to the central area. The south-west area is loosely
connected to the rest of the system. Figure 6 shows a single line diagram of the system. A
detailed description of the system can be found in [17]. Linear analysis of the system shows a
inter-area mode between the external and the south west areas with an oscillating frequency of
0.55 Hz. For the purpose of this investigation we have disconnected all PSS and exciter units
in order to highlight the impact of the controllable components.

Firstly we examine the system to decide where the controllable components should be placed.
We choose to replace the four synchronous machines with the largest participation in the inter-
area oscillation with large wind farms, equipped with nonlinear PODs. We do this so that the
impact of the wind farms can easily be seen.

In order to examine the performance of the nonlinear POD signal we have discussed in section
3.2, we look at the following configurations:

• Configuration 1. Nonlinear POD controllers installed in selected wind farms using the
regional pole placement method.

• Configuration 2. Linear PSSs and exciters installed in selected synchronous generators.
• Configuration 3. Nonlinear POD controllers installed in wind farms using the regional pole

placement method. The wind farms have converters which are 75% the size of those in
Configuration 1.

Configurations 1 and 2 can be used to compare the damping provided by the nonlinear POD
signal in wind farms, and the damping provided by the PSSs in the synchronous generators.
The linear PSSs take the form described in [17]. Configurations 1 and 3 can be used to compare
the performance of wind farms with different sized converters.

In order to find the signal (35) we need to find the machines which tend to oscillate against each
other at the frequency of the least damped mode, 0.55 Hz, creating the inter-area oscillation.
These can be found by linear analysis. This involves looking at the normalized right eigenvector
components corresponding to the rotor speeds of the synchronous generators, weighted with
their ratings and inertia, in Figure 6. This shows the contributions of each generator to the
inter-area oscillation. It can be seen that group 1, which comprises the machines at buses
4072, 4071, 4012, 4011, 1022, 1021, 1014, 1013 and 1012, tends to oscillate against group 2
which comprises all other machines. Additionally, the analysis shows that the four machines
which participate most in the inter-area mode are located at buses 4072, 4063 and 4062. We
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Figure 5: Cigre system Nordic 32A
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note that if we replace these four synchronous generators with wind farms, then the remaining
synchronous generators in groups 1 and 2 still swing against each other at the frequency of the
least damped mode, which is then 0.69 Hz. Let A and B denote the remaining synchronous
generators in the two groups.
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Figure 6: Contribution to the least damped mode before damping controllers are installed,
0.55 Hz, ζ = 0.0082

The four wind farms installed the north and the south of the system, make up just over 30
percent of the installed capacity in the system.

In the power system, we are looking for four constants kj . Even with this small number of POD
controllers, the advantage of using the regional pole placement method over the residue method
is clear, with only one computation required, as opposed to tuning each turbine separately.

The POD gains are based on the linearised system, but there are still many nonlinearities in
this system. For this reason we also examine the dynamic results for the following disturbances:
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• Case 1. A 3 phase fault at bus 4032 which is cleared after 0.1 s.

• Case 2. A 3 phase fault at bus 4032 which is cleared after 0.1 s by disconnecting the line
between buses 4032 and 4044.

• Case 3. A 3 phase fault at bus 4041 which is cleared after 0.1 s.

• Case 4. A 3 phase fault at bus 4012 which is cleared after 0.1 s.

Case 1 is a less serious disturbance in the system, Case 2 results in a change of equilibrium point,
while Case 3 affects the reactive power support in the system, since the machine at bus 4041
is a synchronous condenser. Case 4 is located near generator BUS121G1, which is the machine
contributing most to the least damped mode of oscillation. This can be seen by looking at
the contribution of the synchronous generators. The contributions for the Configuration 1 are
shown in Figure 7, but the result are also similar for Configuration 2.
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BUS451G1

BUS451G2

BUS471G1

Figure 7: Contribution to the least damped mode after damping controllers are installed,
1.05 Hz, ζ = 0.0457

This mode is examined in the next section.
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5 Results

Here we examine the results of our controller design. The controllers in Configuration 1 are
designed as described in Sections 2 and 3.2. The LMIs in (17) are implemented in YALMIP [18]
and solved using the SeDuMi solver. The number of inputs and outputs affects the sizes of the
matrices M and N in Section 2 and this directly affects the number of free elements which need
to be determined. We solve (17) rather than (18) because the number of outputs is larger than
the number of inputs. By doing this we decrease the number of free elements by nearly a factor
of 4.

5.1 Model reduction

In section 2 it was noted that the feasbility of the problem in (17) is in fact dependent on the
state-space representation we use for describing the systems [8]. For this paper the sequential
use of canon, balred and canon in MATLAB yielded a suitable transformation. The first use of
canon is useful to alter the matrix A slightly if A has a zero eigenvalue which is not material to
the design of the controller. Since the LMIs we are solving in section 2 include strict inequalities,
the presence of zero eigenvalues can cause numerical problems. If the matrix A is in canonical
form, then the rows and columns corresponding to the zero eigenvalues along the diagonal can
be removed, along with the corresponding rows in B and the corresponding columns in C,
to avoid any complications. The function balred computes a reduced-order approximation of
the system using Hankel singular values. This function is useful for reducing the sizes of the
matrices, and the number of variables for which need to be solved. The extra use of canon
makes the matrix A sparse. Since most solvers make use of sparsity, sparse matrices may be
useful for reducing computation time.

The eigenvalues λ of the full and reduced systems are shown in Figure 8.
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I
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(λ
)

[H
z]

Figure 8: Eigenvalues of the full [blue], and reduced [red] systems
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All of the eigenvalues representing the lightly damped oscillatory modes are represented in the
reduced system.

5.2 Comparison

The resulting damping ratios for the two configurations are shown in Table 1. The frequencies
corresponding to the mode with the lowest damping ratio are also shown.

Table 1: Damping Ratios

Configuration 1 Configuration 2
Damping ratio 0.0457 0.0505
Frequency [Hz] 1.0492 1.0779

The damping 0.0457 is achieved by using the method described in Section 2. In order to demon-
strate particular features of the damping signal, we have set the minimum required damping
to 0.044, with κN = 150 and κN = 150 limiting the gains. While our method does not find
feedback gains to match the damping ratio achieved by the PSSs in the synchronous generators,
we run nonlinear simulations to compare the performance of the system with large wind farms
with the performance of the system without them.

Simulations are performed using Simpow [19] and the results of these simulations are shown in
Figure 9. The inter-area mode manifests itself in the power transfer P4031−4041 along the lines
between buses 4031 and 4041, and we show this power transfer. The signals ωeq and δeq are also
shown in phase portraits. These portraits are a mapping of the system to a two dimensional
space, and reflect the oscillations between the machines in A and the machines in B. They also
show the evolution of the signal we are feeding back to the DFIG controller. The system is in
equilibrium when all of the machines in the system have stopped oscillating, or when ωeq = 0.

From Figures 9(a) and 9(b) we see that the system in Configuration 1 performs better in
terms of damping inter-area oscillations for the small disturbance in Case 1. The oscillations
in power along the line between buses 4031 and 4041 become nearly completely damped by 10
seconds. This oscillation does not have the same frequency as the inter-area oscillation, but of
the new least damped mode, described in Table 1. We also see from the phase portrait that the
trajectory of the system approaches the equilibrium point in far fewer swings than the system
in Configuration 2.

From the Figures 9(c) and 9(d) we also see that in Case 2 the system in Configuration 1 has
inter-area oscillations which are damped faster than in Configuration 2. While the parameters
for tuning PSSs are generally chosen by experiment and experience, they cannot always be tuned
optimally for all operating points. The nonlinear PODs in Case 1 however appear to have a
more direct impact on oscillations after only 6 seconds. The phase portrait shows that system
trajectory does not circle a particular point, but travels towards a new equilibrium point.

We show the Figures 9(e) and 9(f) for Case 3 for completeness.

From the Figures 9(g) and 9(h) we see something different than from Cases 1, 2 and 3. For
Case 4 the difference the system in Configuration 1 clearly has better damping than the system
in Configuration 2. The oscillations in Configuration 1 are nearly completely damped out after
8 seconds, but in Configuration 2 the oscillations continue well past 10 seconds.
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Figure 9: Comparison of power system behaviour in Configuration 1 [blue] and Configuration
2 [red]. Initial point [black star], Final points [dots].
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Figure 9: Continued. Comparison of power system behaviour in Configuration 1 [blue] and
Configuration 2 [red]. Initial point [black star], Final points [dots].

5.3 Critical clearing time
In order to quantify what we see in Figure 9, we measure the critical clearing times for the four
cases. The results of these measurements are shown in Table 2.

Table 2: Critical clearing times

Case Configuration 1 [s] Configuration 2 [s] Improvement [%] Configuration 3 [s]
1 0.2449 0.2418 1.28 0.2339
2 0.2227 0.2196 1.41 0.2108
3 0.2612 0.3300 -20.87 0.2021
4 0.1903 0.1481 22.18 0.1912

Notice that for Cases 1–3 the critical clearing time for Configuration 3 is reduced from Configu-
ration 1. This is because the size of the converters in Configuration 3 is smaller, and not as much
control action can be taken. The result for Case 4 is approximately the same for Configuration
1 as for Configuration 3.

We see that the critical clearing times for Cases 1 and 2 are not materially different, although
they are slightly higher for Configuration 1 than for Configuration 2,. For Case 3, however, the
critical clearing time is approximately 20% lower.

In order to examine the dynamic results of Case 3 closer to the critical clearing time, we run
the simulation again with a clearing time of 0.24 seconds. The result of this simulation is shown
in Figure 10.

While the peak power in Configuration 1 is not significantly greater than the peak power in
Configuration 2, we see that there is a large difference in maximum angles in the phase plot. It is
known that DFIGs do not behave very well under voltage disturbances [3], and the disturbance
in Case 3 directly affects the voltages. Very large values of δeq indicate that the system is coming
closer towards losing synchronism.

We can compare what happens to the DFIG-based wind farm at Bus 4062 during this fault,
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Figure 10: Dynamic results for Case 3 with a clearing time of 0.24 seconds for the power system
in Configuration 1 [blue] and Configuration 2 [red]. Initial point [black star], Final points [dots].

and what happens during the small disturbance in Case 1. In Figure 11 we show the active
and reactive powers produced by the wind farm, as well as terminal voltage and apparent rotor
power. The rotor power is shown twice so that it can be seen when it reaches its limit

Sr =
√
P 2

r +Q2
r =

√
Urir = 0.4 p.u. (36)

For Case 3, the voltage dips lower, causing the wind farm to compensate with more reactive
power. As the park increases its reactive power production, the rotor power approaches and the
limits of the converter. As the voltage is supported, more active power starts to be produced
but then the converter capacity to produce reactive power is reduced, and the voltage sinks even
lower after the fault is cleared. If the voltage sinks too low, then the system becomes unstable.

For Case 4, the critical clearing time is much higher for Configuration 1. In order to examine
the dynamic results of Case 4 closer to the critical clearing time for Configuration 2, we run the
simulation again with a clearing time of 0.14 seconds. The result of this simulation is shown in
Figure 12.

Case 4 stimulates the generator associated with the least damped mode. The PSSs of Configu-
ration 2 only use local signals, which do not communicate the entire state of the system. This
new oscillation interferes with the capability of the PSSs to damp even the inter-area oscilla-
tion, and this is clearly seen in Figure 12(a). The nonlinear signal in the POD controllers in the
wind farms of Configuration 1 are however capable of damping both modes, and oscillations die
out after 6 seconds. Using this signal results in a more robust controller for power oscillation
damping.

In this case there is also a large difference in maximum angles in the phase plot, with a larger
maximum angle for the system in Configuration 2. This large angle swing results in the lower
critical clearing time for Case 4, with the system reaching transient instability.

5.4 Varying amounts of wind power
Because wind power is a varying resource, we have looked at the system for different amounts
of produced wind power. The variation in P4031−4041 along the lines between buses 4031 and
4041 is shown for varying amounts of wind power.
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Figure 11: Reactive power [red], active power [cyan], terminal voltage [blue] and rotor power
[black]
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Figure 13: Case 1. Full capacity [blue] down to 40 percent [red].

It is not surprising that as the available wind power decreases, so does the ability of wind
turbines to damp oscillations. The feedback gains chosen using the method in Section 2 are
based on the system with full electrical output, and these feedback gains are no longer optimal
with reduced output. However even at 40 percent electrical power output the performance of
the POD controllers is still acceptable, showing that they are robust.

6 Conclusion

In this article we have presented a method for designing a POD controller. We have shown that
a nonlinear feedback signal is a suitable signal for damping power system oscillations, and have
derived a method using LMIs to find appropriate feedback gains for a required damping ratio.
We have used the POD controller in wind farms comprising DFIGs, and have demonstrated the
effectiveness of the nonlinear signal. We have compared the performance of POD controllers in
wind farms to the performance of linear PSSs in synchronous generators, using both linear and
non linear simulations. The POD controllers have shown themselves to be robust. We have
demonstrated that DFIG-based wind farms can be used for damping oscillations, even when
they are not producing their rated power. Wind farms can also improve the critical clearing
time of some faults. However, they may have an adverse impact on the critical clearing time of
large voltage disturbances.
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A Doubly fed induction generator data
• Generator data Rr = 0.01 p.u., Xls = 0.1 p.u., Xlr = 0.1 p.u., Xm = 3 p.u., H = 2.5 p.u.,

s = −0.2, converter rating 40%
• Controller data Kpd = 0.1, Kid = 0.05, Kpq = 0.1, Kiq = 0.05, Kpb = 1, where the subscripts

p and i denote proportional and integral constants of the controllers for the d and q-side
rotor components, and b the pitch angle.
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