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1.1. Abstract 
Several novel computer simulation models were developed for predicting electrical, 

mechanical, thermal and diffusion properties of materials with complex microstructures, such 

as composites, semi-crystalline polymers and foams.  

 A Monte Carlo model for simulating solvent diffusion through spherulitic semi-

crystalline polyethylene was developed. The spherulite model, based on findings by electron 

microscopy, could mimic polyethylenes with crystallinities up to 64 wt%. Due to the dendritic 

structure of the spherulites, the diffusion was surprisingly independent of the aspect ratio of 

the individual crystals. A correlation was found between the geometrical impedance factor (τ) 

and the average free path length of the penetrant molecules in the amorphous phase. A new 

relationship was found between volume crystallinity and τ. The equation was confirmed with 

experimental diffusivity data for Ar, CH4, N2 and n-hexane in polyethylene. 

 For electrostatics, a novel analytical mixing model was formulated to predict the 

effective dielectric permittivity of 2- and 3-component composites. Results obtained with the 

model showed a clearly better agreement with corresponding finite element data than previous 

models. The analytical 3-component equation was in accordance with experimental data for 

nanocomposites based on mica/polyimide and epoxy/ hollow glass sphere composites. Two 

finite element models for composite electrostatics were developed. 

 It is generally recognized that the fracture toughness and the slow crack growth of semi-

crystalline polymers depend on the concentrations of tie chains and trapped entanglements 

bridging adjacent crystal layers in the polymer. A Monte Carlo simulation method for 

calculating these properties was developed. The simulations revealed that the concentration of 

trapped entanglements is substantial and probably has a major impact on the stress transfer 

between crystals. The simulations were in accordance with experimental rubber modulus data. 

 A finite element model (FEM) including diffusion and heat transfer was developed for 

determining the concentration of gases/solutes in polymers. As part of the FEM model, two 

accurate pressure-volume-temperature (PVT) relations were developed. To predict solubility, 

the current "state of the art" model NELF was improved by including the PVT models and by 

including chemical interactions using the Hansen solubility parameters. To predict diffusivity, 

a novel free-volume diffusion model was derived based on group contribution methods. All 

the models were used without adjustable parameters and gave results in agreement with 

experimental data, including recent data obtained for polycarbonate and poly(ether-ether-

ketone) pressurized with nitrogen at 67 MPa.  



 4 

1.2. Sammanfattning 

Ett stort antal innovativa simuleringsmodeller har utvecklats med syftet att förutse elektriska, 

mekaniska, termiska och diffusionsrelaterade materialegenskaper för material med komplex 

mikrostruktur, såsom kompositer, polymerer och skummaterial.  

 En Monte Carlo modell har framtagits för att simulera diffusion av små molekyler 

genom sfärulitisk semikristallin polyeten. Sfärulitmodellen, som bygger på upptäckter som 

erhållits med elektronmikroskopi, kunde fås att efterlikna polyetenstrukturer med kristallinitet 

upp till 64 viktprocent. Tack vare sfäruliternas dendritiska struktur visade sig diffusionen 

oväntat vara oberoende av kvoten mellan kristallernas bredd och tjocklek. Samband har hittats 

mellan den geometriska blockeringsfaktorn (τ) och pentrantmolekylernas genomsnittliga fria 

väg i polymerens amorfa fas samt mellan τ och kristallinitet, vilket har kunnat bekräftas med 

experimentella diffusionsdata för Ar, CH4, N2 och n-hexan i polyeten.  

 En ny analytisk blandningsformel för elektrostatiska ändamål har formulerats, vilken 

kan förutse den effektiva dielektriska permittiviteten för kompositer med två eller tre 

komponenter. Resultat från modellen visar betydligt bättre korrelation till motsvarande FEM 

data än tidigare modeller. Modellens resultat var i överensstämmelse med experimentaldata 

för både nanokompositer (mica i polyimide) och mikrokompositer (ihåliga glaskulor i epoxy). 

Två FEM modeller för elektrostatiska beräkningar av kompositer har också utvecklats.  

 Det är allmänt känt att brottstyrka, brottseghet och sprickbildning hos semikristallina 

polymerer påverkas av andelen kedjor som överbryggar intilliggande kristallager. En Monte 

Carlo metod för att beräkna detta har utvecklats. Modellen visade att även hoptrasslade 

polymerkedjor som inte går direkt mellan kristallerna verkar ha en påtaglig inverkan på 

spänningsöverföringen mellan olika kristallskikt. Simuleringsresultat framtagna med 

modellen visade god överensstämmelse med experimentella gummimodulsdata.  

 En FEM modell för diffusion och värmeledning har utvecklats för att beräkna mängden 

gas som tränger in i trycksatta polymerstrukturer som funktion av tid. Två nyutvecklade 

realistiska PVT-modeller för sambandet mellan tryck, temperatur och densitet inkluderades. 

Den bästa kända modellen för att förutse löslighet i glasartade polymererer (NELF) 

förbättrades genom att inkludera PVT modellerna och effekten av kemiska interaktioner med 

hjälp av Hansens löslighetsparametrar. En ny fri-volymsmodell för diffusion ingick också. 

Hela modellen, inklusive alla sub-modeller, var utan justerbara parametrar. Alla resultat från 

modellen överensstämde med experimentaldata, bland annat med tidigare opublicerade data 

för polykarbonat och polyetereterketon som trycksatts upp till hela 67 MPa med kvävgas.  
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4. Nomenclature 
 

∂ :    Partial derivative 

∇ :    Space derivative 

• :    Scalar product 

c :    Concentration 

i :   Imaginary unit ( 1−=i ) 

D :    Diffusion constant, total 

aD :   Diffusion constant in the amorphous part of the material 

V :    Electric scalar potential 

ρ :    Electric charge density 

0ε :    Permittivity in vacuum 

rε :    Relative permittivity 

'ε :   Dielectric constant (real part of permittivity) 

''ε :   Dielectric loss (imaginary part of permittivity) 

ε :   Permittivity ( '''0 εεεεε ir +== ) 

1ε :   Permittivity of particles in composite 

2ε :   Permittivity of surrounding matrix in a composite 

Hε :   Permittivity of phase 3 (i.e. air) 

cv :   Volume crystallinity )( 1φ=cv  

1φ :    Volume fraction of i.e. particles in a composite. )( 1φ=cv  

2φ :    Volume fraction of matrix 

Hφ :   Volume fraction of phase 3 (i.e. air) 

rA :   Aspect ratio (width/thickness ratio of crystal blocks) 

splitθ :   Split angle 

spalyθ :   Splay angle 

twistθ :   Twist angle 

t :   Time 

)(tr :   Spatial position of a random walker at time t 
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C :   Capacitance tensor 

zA :    Area of uppermost/lowermost face of domain 

xD , yD , zD : Domain lengths in x-, y-, and z-directions 

xL , yL , zL :  Brick lengths in x-, y, and z-directions 

zyx HHH ,,  Lengths of bricks including phase 3 layer 

zxϑ , zyϑ :   Packing parameters 

κ :    Packing parameter 

δ :    Sparseness parameter  

ijkφ :    Volume fraction of octant with x-index i, y-index j and z-index k.  

ijkε :    Permittivity of material in octant with index ijk.  

k :   Adjustable tuning parameter for serial-parallel vs parallel-serial coupling 

αε :   Composite permittivity with serial-parallel coupling 

βε :   Composite permittivity with parallel-serial coupling 

>< xd :  Average excess distance “walked” for currents in x-direction 

xL0 :   Absolute overlap distance in x-direction 

xL
~

:   Brick length in x-direction after correction for overlap 

τ :   Geometrical impedance factor 

paL :   Distribution of free path length in the amorphous phase 

>< paL :  Average free path length in amorphous phase  

1k , 2k :   Adjustable parameter in new empiric relationship for τ   

β :    Constraining factor 

La:    Amorphous thickness 

Lc:    Crystal thickness 

*
cL :   Initial crystal thickness   

L:    Critical length 

xtc:    Fraction of tie-chains 

xte:    Fraction of trapped entanglements 

stc:    Stretch potential factor for tie-chains 
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ste:    Stretch potential factor for trapped entanglements 

n:    Number of bonds in one chain 

l:    Bond length between two carbons in a polymer chain 

ρ:    Density 

ρA:    Amorphous density 

ρC:   Crystal density 

wM    Weight average molar mass 

M:   Molar mass 

T:    Temperature 

Tm:    Melting temperature 

Tc:    Crystallization temperature 

T∆ :   Degree of super-cooling 

p:    Pressure 

wc:    Weight crystallinity 

rA:    Search radius on crystal surface 

ξ:    Filling degree (occupied grid positions over total positions) 

Ψ:    Number of simulated systems for obtaining better statistics 

ϖ:    Constant for obtaining stretch potential equal to one for all-trans chains 

c& :    Time-derivative of the concentration 

T& :    Time-derivative of the temperature 

K:    Thermal diffusivity 

ΓT :   Boundary temperature 

Γp :    Boundary pressure 

Γc :    Boundary concentration 

D:    Diffusivity 

S:    Solubility 

D0:    Pre-exponential factor for diffusivity 

Dc0:    Zero-concentration diffusivity 

α:    Plastization power 

DE∆ :   Activation energy of diffusion 

SE∆ :   Heat of solution 
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f:    Free volume 

V:    Specific volume 

V0:    Occupied volume 

Vw:    Van der Waals volume 

V1:    Specific volume of the solute 

V2:    Specific volume of the polymer 

w1:    Weight fraction solute 

w2:    Weight fraction polymer 

ϕ1:    Volume fraction solute 

ϕ2:    Volume fraction polymer 

nkγ :    Empirical fitting constant 

S0, S1,S2,S3:  Empirical constants for solubility calculations 

λ:    Thermal conductivity 

cp:    Specific heat capacity 

T
~

:   Reduced temperature 

p~ :    Reduced pressure 

ρ~ :    Reduced density 

T*, p*, ρ*  Material constants for temperature, pressure and density 

r:    Size factor 

R:    Gas constant 

ξ:    Gas/polymer interaction parameter 

δ
d:    Hansen solubility parameter for dispersion 

δ
p:    Hansen solubility parameter for polarity 

δ
h:    Hansen solubility parameter for hydrogen bonding 

B:    Bulk modulus 

E:    E-modulus 

p∆ :    Difference between external and internal pressure 
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5. Abbreviations 
 
FEM:   Finite element method 

Wt.:   Weigh fraction 

Vol.:   Volume fraction 

MMT:  Montmorriolonite (layered silicate) 

MICA:  (another layered silicate) 

PE:   Polyethylene 

PI:   Polyimide 

l.u.:   Length units 

ROO:  Random Oriented Objects Method 

SRB:   Smallest Repeating Box Method 

SRBP:  Smallest Repeating Box Power Method 

PDE:   Partial Differential Equation 

ODE:   Ordinary Differential Equation 

MC:    Monte Carlo Method 

MD:   Molecular Dynamics Methods 

PEEK:  Poly (ether- ether- ketone) 

PC:    Polycarbonate 

PEMA:  Poly(ethyl metacrylate) 

PTFE:  Poly(tetra-fluoro-ethylene) 

PS:    Polystyrene 

PVT:   Pressure-volume-temperature 

EOS:   Equation of State 

SL:    Sanchez-Lacombe PVT model 

NTP:   Normal Temperature and pressure 

HPHT:   High-pressure, high-temperature reactor 
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6. Introduction 

 
Due to the rapid progress within computer science, the importance of mathematical modelling 

and computer simulations as a complement to traditional experiments is increasing also within 

the field of polymer science. With computer simulations it is e.g. possible to optimize a 

manufacturing process, to predict how a tailor-made material could be designed in order to 

achieve a desired physical property, or to predict whether a construction can withstand 

mechanical stresses and thermal fluctuations without collapsing.  

 The physical properties of materials consisting of at least two distinguishable phases, 

like composites and semi-crystalline polymers, depend generally not only on the volume 

fraction of each component, but also on the nano-structure, micro-structure and boundary 

phases of the matter. Since the geometrical aspects often have a major impact, increased 

theoretical understanding about how to take geometry into account is of importance, when e.g. 

designing insulation materials for high voltage cables or when manufacturing diffusion 

resistant packaging materials or photo-voltaic solar-cells.  

 Even thought the physics behind diffusion, electrostatics, heat transfer and mechanics 

are completely different, the phenomena are mathematically closely related. The diffusion 

equation, the heat equation and the equation of electrostatics are all partial differential 

equations that are similar, especially at a stationary state when the time-derivatives are zero.   

 In this thesis diffusion properties were in focus in papers 1, 3-5, 8 and 10. Thermal 

properties were considered in papers 4, 9 and 11. Electrical properties were the theme in paper 

2 and mechanical properties were examined in papers 3, 6 and 7. Different kinds of 

composites were studied in papers 2 and 8. In most of the other projects semi-crystalline 

polymers were in focus, but also a few amorphous polymers (like polycarbonate) and natural 

polymers (like wheat-gluten) have been examined. Particular interest has been directed 

towards polyethylene (papers 1, 3, 6 and 7) since this is a commonly used polymer with a 

wide applicability.   
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7. Theory 

7.1. Geometrical Structure of Semi-Crystalline Polymers 

Polymers, i.e. materials based on macromolecules, include among others plastics, rubbers, 

proteins and polysaccharides like cellulose. Plastic materials include thermosets, which are 

crosslinked polymers that do not melt at elevated temperatures, and thermoplastics, which are 

linear or branched polymers that do melt. Thermoplastics can be amorphous, i.e. having 

molecular micro structures remaining irregular also at low temperatures, or semi-crystalline, 

i.e. containing regions where the chains form regular crystal micro structures at relatively low 

temperatures. Many of the materials mentioned in the thesis are semi-crystalline, including 

polyethylene (PE), which was studied in detail in papers 1, 3, 6 and 7.   

 Semicrystalline polymers exhibit a complex structural hierarchy with structures on 

different length scales. The unit cell defines the dense packing of the atoms within the crystals. 

On a limited length scale the structure can be viewed as a sandwich with alternating layers of 

crystalline and amorphous material. As sketched in Fig. 1, the chains in the amorphous 

regions can either be tight folds, statistical loops, loose chain ends (cilia), fully amorphous 

chains, tie chains or chains connecting via permanently entangled loops to the adjacent crystal, 

the latter being referred to as trapped entanglements. [1c, 2c]. Early recognition of covalent 

bridges (tie chains) between crystal lamellae was due to electron microscopy studies by Keith 

and Padden [3c]. The importance of these tie chains for fracture toughness and slow crack 

growth is generally recognized. Notable studies on this theme have been provided by Brown 

[4c,11c], and Seguela [5c].  

 

Figure 1: Schematic description of the possible 

shapes of polymer chains entering the amorphous 

region between to crystalline layers: (a) tight-fold, 

(b) statistical loop, (c) loose chain end, (d) free 

chain, (e) tie chain, (f) trapped entanglement 

involving two statistical loops. The crystal thickness 

is denoted Lc while the amorphous thickness is 

denoted La.  
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On a longer length scale, the crystals form a branched, diverging structure that ultimately 

leads to the spherulite. Bassett et al. [11-14a] showed that lamellar branching in polyethylene 

is due to giant screw dislocations generating two diverging crystal layers. Bassett and Hodge 

[15a] reported in earlier studies that individual crystal lamella span over 20 µm, which is 

essentially the whole spherulite radius. There seems now to be a consensus that crystals are 

essentially continuous from the centre to the periphery of the spherulites [16a]. Systems of 

spherulites are eventually formed when several spherulites are growing into each other.  

 

 
Figure 2. Growing spherulites (top) forming systems of spherulites (bottom). Both micrographs for 

polyetylene (right) and corresponding simulation results are shown (left).  

 

7.2. Diffusion and Solubility properties 

From a macroscopic point of view, the ability for a gas to diffuse through a solid can be 

described as a function of time with the diffusion equation (Eq. 1). The diffusion 

coefficient/tensor (D) is generally a function depending both on the gas/solid combination and 

on temperature (T), pressure (p) and concentration (c).  
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 &c = ∇• D∇c( )               (1)   

 
The effects of T and c near standard conditions are often modelled as exponential functions 

(Eqs. 2-3), where D0, Dc0, α and ∆ED, are, respectively, the pre-exponential factor, the zero 

concentration diffusivity, the plasticization power and the activation energy of diffusion [1d].  

 
 D(T) = D0 e−∆ED /RT            (2) 

 c

cDcD αe)( 0=             (3) 
 
An alternative strategy is to exploit the relationship between D and the free volume f of the 

gas/polymer mixture. Cohen and Turnbull [2d] suggested the expression 

)/exp()( fBAfD −= , where A and B are constants depending on the actual gas and/or 

polymer. Vrentas and Duda [3d-8d] included the effects of c and T in the equation 

D( f ) = Ae−B/ f (c,T ) e−C/RT , which requires the determination of at least three available 

experimental diffusivity data points. Thornton [9d] suggested the following equation to give a 

better model prediction when a polymer with a high free volume is examined.  

 

D( f ) = α eβ f             (4) 
 

Two extensively used methods for calculating f are the Bondi's group contribution method 

[10d] and the modified Bondi method by Park and Paul [11d]:  

 
VVVf nn /))(()( 0−=            (5) 

∑=
KK

k

wnkn VV )()( 0 γ            (6) 

 
These methods calculate f by comparing the total specific volume (V) with the occupied 

volume (V0) calculated as the sum of the van der Waals volumes VW of all KK components in 

a repeating polymer unit. In the modified version [11d], gas n and component k are connected 

by an empirical fitting constant γnk, whereas in the original version [10d] a constant value of 

1.3 was used for all combinations. Hitherto, no purely predictive diffusivity model taking p, T, 

c and the gas/polymer composition into account has been developed.  

 From a microscopic or nanoscopic point of view, diffusion calculations are even more 

demanding since the solid usually no longer can be viewed as a continuous smooth material 

with one single diffusion coefficient/tensor. Crystals of polyethylene are essentially 

impenetrable also for small penetrant molecules [1a]. Early predictions of penetrant 
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diffusivity were based on the Fricke model assuming impenetrable oblate crystals, the 

geometrical impedance factor being calculated from volume crystallinity and crystal aspect 

ratio [23a, 24a]. Later Monte Carlo simulations [25a, 26a] based on similar crystalline 

geometries, discrete plates dispersed in a continuous amorphous matrix, yielded results in 

accordance with the predictions made by the Fricke model. Mattozzi [27a, 28a] presented 

penetrant diffusion simulation results generated with a three-dimensional polyethylene 

spherulite model.    

 For modelling solubility at constant temperature and low pressure, Henry's law (Eq. 7) can 

be used, but the dual sorption Langmuir model (Eq. 8) is better suited for fitting sorption that 

includes higher pressures and glassy systems. [1d] 

 
 pSpc ⋅= 1)(             (7) 

 ( ) ppSppSSSpc ⋅=⋅++= )()1/()( 321         (8) 
 
At constant pressure, the solubility S is often an exponential function of T, where S0, S1, S2, S3, 

and the heat of solution, (∆ES), are empirical constants:  

 

 RTESSTS
/

0 e)( ∆−=             (9) 
 

The solubility can also be estimated by purely theoretical models, which usually include 

equations of state (EOS), giving relationships between p, T and specific volume (V) or density 

(ρ). Once pressure-volume-temperature (PVT) relationships are known for both the gas and 

the polymer, the equilibrium gas concentration can be estimated by equating the chemical 

potential of the gas dissolved in the polymer to the chemical potential of the surrounding free 

gas or by calculating the resulting free volume of the mixture. Among others, the PC-SAFT 

model [14d], the Simha-Somcynsky hole theory [15d], the Sanchez-Lacombe lattice fluid 

theory (SL) [16d-18d] and several free volume and UNIFAC-models [19d] are promising, but 

for predicting S in glassy polymers, the non-equilibrium lattice fluid theory (NELF) [20d-24d] 

is considered to be the most accurate. The main drawbacks of NELF are that it loses much of 

its predictive power if accurate experimental volume dilation data are not available and that it 

does not take into account differences in polarity between the gas and the polymer, in contrast 

to the improved SL models [35d]. Reviews of EOS and solubility models are presented in refs. 

[25d-27d]. 
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7.2. Electrical Properties 

A dielectric materials ability to polarize could from a macroscopic point of view often be 

described as just a single scalar or tensor, the effective relative dielectric permittivity rε , just 

like the diffusion coefficient. The εr value for vacuum is unity, and the more polarizable 

material, the higher value. For electrostatics, the differential equation used (Eq. 10) is very 

similar to the steady state version of the diffusion equation. The terms in the equation are: the 

electric charge density ( ρ ), the electric scalar potential (V) and the dielectric permittivity in 

vacuum ( 0ε ).  

 
ρεε =∇•∇− Vr0                                                        (10) 

 
A large number of different bounds for the dielectric constant for two component compounds 

have previously been proposed. The wide Wiener bounds (Eqn. 11) [1b], consist of infinite 

planes coupled in series (left) or in parallel (right), respectively. The permittivity of the 

particles is denoted 1ε , the permittivity of the surrounding media 2ε , the volume fraction of 

obstacles 1φ  and the volume fraction of non-particles 2φ . 
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                                                                         (11) 

 
Tighter bounds that give more narrow regions exist, for example the Hashin-Shtrikman 

bounds [2b], and the Milton bounds [3b], but the more narrow bounds usually assume 

isotropic media with perfect mixing. Obviously oriented media do not fit this requirement.  

 A manifold of models have also been suggested for approximating the permittivity of 

composite materials. Most models assume simplifications such as the presumption of well 

dispersed homogenous isotropic materials without magnetic forces, without polarization, and 

without interactions between the objects. When predicting the dielectrical properties of 

composites containing lamellae-shaped inclusions, models for conducting oblate spheroids, 

like the Bruggeman- (Eq. 12), the Fricke- or the Polder and Santen models [4b-6b] (Eq. 13, 

simplified) are often applied. Other widely used models for lamellae composites are the 

Sareni model [7b] (Eq. 14) for infinitely wide lamellae and the brick layer model of Verkerk 

et al [8b] (Eq. 15, simplified version) for conducting cubes. 
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7.3. Thermal properties 

Heat transfer through solid materials can be described with the heat equation:  

 

 &T = ∇• K ∇T( )               (16) 

 
where the thermal diffusivity K depends on both T and p through the relationship 

K(T) = λ(T) /(ρ(T, p) ⋅cp(T)) , where λ is the thermal conductivity and cp is the specific heat 

capacity. (An example from paper 9 is shown in Fig. 3). Since the equations for diffusion and 

heat transfer are closely related, finite element models derived for one of the properties can 

easily be adopted to the other one.  

    
Figure 3 (left): Temperature profile for a gluten foam sample heated with a heat plate at the bottom of the 

sample and attached to a thermometer at the top. Figure 4 (right): Temperature at the top of the sample against 

time in second. (*) experimental data, (-) simulation.  
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7.4. Mechanical properties 

The most important mechanical material properties can be calculated from the generalized 

Hookes law:,  

 
 εσ E=               (17) 
 
where σ is the stress, ε is the strain and E is the modulus of the material. For anisotropic 

materials, including layered composites and semi-crystalline polymers, E is a 3 ͯ 3 tensor, 

similar to the thermal diffusivity K, the mass diffusivity D and the dielectric permittivity εr. 

 For the more specific task of finding relationships between molecular structures of semi-

crystalline polymers and mechanical properties, several studies have predicted associations 

between the concentration of tie-chains bridging crystal lamellae and slow crack growth.  

 Theoretical models for predicting properties of the amorphous interlayer are usually based 

on molecular dynamics (MD) simulation, statistical models (SM) or Monte Carlo (MC) 

random walker models. MD models and similar models that include the dynamics of atoms or 

groups of atoms have been used to study amorphous polyethylene [6c], the formation of PE 

crystals [7c] and the inter-crystalline layers of PE [8c-10c]. Atomistic processes involving 

relatively small molecules can be mimicked by MD simulation. Unfortunately, due to the high 

computational cost, MD models are not yet capable of predicting the concentrations of tie 

chains and trapped entanglements. Although MD can estimate atomistic processes containing 

a relatively small number of molecules, the statistics required to simulate in a reliable manner 

concentrations of tie chains and other entanglements is computationally very expensive. 

 Among the computationally inexpensive statistical tie chain models, the Huang-Brown 

model [11c] is the most widely used. This model predicts the fraction of tie chains (P) 

according to: 
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where b

2=1.5/(6.8nl
2) for linear polyethylene [22c] with n backbone carbon-carbon bonds 

each with a bond length (l)  0.153 nm [22c]. The critical length L is usually chosen as twice 

the crystal thickness (Lc) plus the amorphous layer thickness (La). Later made improvements 

of the Huang-Brown model include attempts to constitute the use of finite integration limits 

[12c], allowing a distribution in molar mass and short-chain branching [13c], as well as chain 
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entanglements [14c, 5c]. Drawbacks of the mentioned statistical methods include the use of an 

arbitrary L, the assumption that L is equally influenced by a change in La and 2Lc and the 

assumption that trapped entanglements are always formed if the two chains are sufficiently 

close to each other. 

 MC simulations for predicting tie chain formations include the Guttman model [15c], 

which uses gamblers ruin statistics to predict the shape of random walks of polymer chains in 

the amorphous interlayer. This enables both the average length of statistical loops and the 

average length of the tie chains for infinite chains to be estimated. Early on-lattice simulations 

were performed by Bryant and Lacher [17c] to assess entanglements of simplified random 

walk paths using knot theory [16c]. These simulations ignored the influence of crystal 

thickness and approximated each random walk path with a simple triangle or square. Nilsson 

[18c] developed a more realistic off-lattice MC model for predicting tie chain concentration 

using a phantom chain random walk model [19c] to simulate the chains in the amorphous 

interlayer. 

 MC random walk models can potentially provide a good compromise between physical 

realism and computational speed. However, none of the currently presented models is 

sufficiently realistic. They either oversimplify the amorphous chain structure, ignore the effect 

of crystal thickness, simplify or ignore the entanglements, assume non-branched chains of 

constant or even infinite length, use small computational domains, ignore the need to control 

the polymer density and crystallization temperature or do not use realistic morphology data. 

 
Figure 5 (left): Monte-Carlo simulation of four thin layers of polyethylene. Figure 6 (right): Simulated 

Multispherulite system for Polyethylene.  
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8. Models and Methods 

8.1. Overview of the models 

This section is divided into four parts since the publications contained in the thesis cover a 

wide range of different models: Monte-Carlo models for penetrant diffusion in spherulitic 

polyethylene (paper 1), finite element models for dielectric- diffusion- and heat properties of 

multi component materials (paper 2), Monte-Carlo models for mechanical simulations of 

layered semi-crystalline polyethylene (papers 3,6) and free volume models and statistical 

thermodynamic models for penetrant diffusion and solubility in various polymers (papers 4,5).   

 

8.2. Models for semi-crystalline polymers and solvent diffusion 

In order to simulate penetrant diffusion through spherulitic polyethylene, two different models 

were needed; one method for modelling growth and geometry of polyethylene spherulites and 

one method for simulating penetrant diffusion through the generated spherulites. Combined, 

the methods could be used to predict the effective diffusivity of semi-crystalline polymers 

with different crystal fractions, aspect ratios and branch and splay angles. A method for 

calculating the mean free path length of the constructed polymers was also constructed since 

it was suspected that this property could be related to the effective diffusivity.   

 

8.2.1 Generation of spherulites using an off-lattice Monte-Carlo method  

The construction of model spherulites could be divided into three distinct parts; the primary 

crystal growth, the subsidiary crystal growth and the widening and thickening of crystals.  

 The crystal building blocks were considered as infinitely stiff rectangular bricks. The 

nucleation point of each spherulite was modelled as two adjacent opposite bricks, thus 

permitting lamellar crystal growth in two opposite directions (Fig. 7). The crystal grew by the 

successive addition of new bricks to the currently outermost bricks. During the successive 

addition of new bricks the growing crystal was able to branch/split, splay, twist and expand, 

mimicking the microscopy findings of Bassett et al [11-14a]. A number of parameters were 

used to control the crystal growth. The split angle (θsplit) was defined as the angle between u 

and the projection of u on the yz plane (Fig 2). The splay angle (θsplay) was defined as the 

angle between the projection of u on the yz plane and z while the twist angle (θtwist) was 
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defined as the rotation angle for two consecutive bricks around the x-axis. The probability 

constant p was defined as the probability at every time step that a new brick was added at a 

crystal front instead of generating a new branch. Once the primary growth was completed, 

subsidiary growth followed by adding additional branches at empty positions. Finally crystal 

widening and thickening was applied on all crystal lamellae.    

 

 

Fig 7. Left: Early stages of spherulite growth showing basic features of the model:  crystal brick, 

branching features and definitions of split, splay and twisting angles. Right: A small grown spherulite.  

 

 The simulation of spherulite growth was very efficient because it used a novel, numerically 

efficient, algorithm to determine collisions between bricks. When a new brick was tested for 

collisions against all old ones, a list with indices of every old brick in the vicinity of the new 

brick was first collected using domain decomposition. When a new brick was tried against 

one specific old one, both bricks were first surrounded by simple axis-aligned bounding-boxes. 

If the boxes collided, the bricks were instead surrounded by simplified cylinders. Only if the 

cylinders collided was a direct comparison between the bricks necessary. By using 

computationally cheap bounding volumes like boxes and cylinders, the total computation time 

was significantly lowered compared to previous on lattice models [27a, 28a].  
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8.2.2. Simulation of penetrant diffusion 

Penetrant diffusion was modelled with a novel off-lattice random walker Monte-Carlo method. 

Infinitely small penetrants with neglected intermolecular forces were forced to create random 

trajectories similar to Brownian motion through the created semi-crystalline polymers. The 

diffusivity (D) was calculated with the Einstein equation (Eq. 19) [34a] by monitoring the 

average squared distance from trajectory start point (r(0)) to endpoint (r(t)) at time t.  

 

D =
limt−>0 r(t) − r(0)( )

2

6t
            (19) 

 

The effective crystal blocking factor τ was calculated as the quotient of the diffusivity D in 

the simulated spherulite and the diffusivity Da in the pure amorphous phase. τ =Da/D.  

The core of the off-lattice penetrant diffusion algorithm consisted of two parts: the random 

number generators providing the direction and the length of each walker jump and the 

collision-detection algorithms. Each walker jump had to be tested for collisions against the 

crystal bricks in the vicinity of the line and against the spherical boundary. The pair-wise 

collision test between a line-segment and a brick was enhanced by the use of bounding 

volumes. Two iterations with different bounding volumes, sphere/sphere and sphere/infinite 

cylinder, were tried before the computationally expensive line-segment/brick test was 

eventually performed.   

   

8.2.3. Assessment of free path length of penetrant molecules in the amorphous phase 

For each built spherulite, ten thousand points were placed on random positions in the 

amorphous phase of the spherulite. The distance between the selected point and the 

surrounding crystal interfaces was determined along rays with a maximum length of 30 length 

units (lu) outgoing from the point. The orientation of these rays was controlled by first 

making an initial triangulation of the unit sphere, giving an optimal spread of the rays, and 

then for each spatial point rotating the triangulation randomly along the local coordinate axes. 

For each spatial point, 66 data for the free path length were obtained.  The amorphous phase 

for each built spherulite was thus characterised by a free path length distribution based on 660 

000 length values. 
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8.3. Models for effective dielectric permittivity of composites 

 

For predicting the effective relative dielectric permittivity of dielectric composites, but also 

for predicting diffusion and heat transfer rates of composites and foams, three separate models 

were constructed. The first model, called the random oriented objects model “ROO”, was 

based on finite element modelling of repeating composites partitions consisting of up to a few 

hundred inclusions. The second model, called the smallest repeating box model “SRB”, also 

used finite element modelling for determining the permittivity of the composite, but used a 

simplified way of representing the geometry which allowed for much higher volume fractions 

of inclusions to be simulated. The third model, the smallest repeating box power 

model ”SRBP”, was a corresponding analytical formula.  

 

8.3.1. The random oriented object (ROO) model 

The first FEM model was intended for modelling physical properties of composites with filler 

particles stochastically distributed in space. Numerically, the model consisted of a Monte-

Carlo algorithm for suggesting possible positions for the discrete domains in the composite 

and routines for solving the equation of electrostatics and visualizing the solution (Fig. 8). 

The ROO model has several advantages over similar models: bricks can be handled, the 

angles and geometrical shapes can be controlled in detail, and the data can be stored and used 

for validation of Monte-Carlo random walker methods [10–12b] suited for large and complex 

geometries like polymer spherulites [12b]. The dielectric permittivity tensor can be obtained 

by modelling a given structure with the applied electric field in the x-, y- and z-directions.  

 

8.3.2 The smallest repeating box (SRB) model 

The second FEM model was primarily intended for predicting the dielectric permittivity of 

composites consisting of oriented low-permittivity objects like platelets, fibres or spheroids 

surrounded by a matrix with higher permittivity, but could be used for simulating other 

physical properties of composites as well. The SRB model is based on the assumption that 

composites often have an approximately repeating structure, the so-called smallest repeating 

box, on a relatively short length scale. The computational cost of solving the FEM-problem 

was low because of the simplicity of the repeating box and the use of a single repeating box 

for the calculation. Examples of the SRB model are visualized in Fig 9. 
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Figure 8. An example of a geometry obtained from model ROO. The domain is geometrically periodic 

in all three directions. While calculating the dielectric constant of the z-direction, the bottom of the 

domain has potential 0, the top has potential 1 and periodic boundary conditions are applied on the 

sides. The colors in the figure correspond to different potentials ranging between 0 and 1.  

   
      

Figure 9. An example of a geometry obtained from model SRB. The domain is geometrically periodic 

in all three directions. While calculating the dielectric constant of the z-direction, the bottom of the 

domain has potential 0, the top has potential 1 and periodic boundary conditions are applied on the 

sides. The colors in the figure correspond to different potentials ranging between 0 and 1.  
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8.3.3. The smallest repeating box power (SRBP) model 

The analytical SRBP model derives the dielectric permittivity of finite lamellae composites by 

combining features used in the Sareni lamella formula [7b] with the brick-layer model [8b]. 

As illustrated in Fig. 10, the SRBP model calculates the permittivity as the weighted 

geometrical product (Eq. 20) of serial impedances in parallel (Eq. 21) and parallel impedances 

in series (Eq. 22). The volume fraction and the dielectric permittivity of a sub-domain were 

denoted, respectively, φijk and εijk, where the ijk-index described the position of the sub-

domain. The expressions were constructed to be exact for planes and periodic checkerboards 

(m=0.5). With small modifications, as described in paper 2, the model could also mimic 

systems containing overlapping bricks, spheroids or foams.  
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Figure 10. Principal description how to transform the domain into two different networks from which 

the total permittivity can be calculated.  
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8.4. Mechanical Models for Layered Semi-Crystalline Polyethylene 

 

8.4.1 Model overview 

The calculation of the concentrations of tie chains and trapped entanglements was performed 

in two consecutive steps. In the first step, parallel semi-crystalline layers were built using a 

Monte Carlo method [18c] so that the positions of the carbon atoms in the inter-crystalline 

layers could be stored for further analysis. In the second step, a novel numerical algorithm for 

calculating the degree of entanglement between pairs of loops was used to determine the total 

fraction of entanglements as well as tie chains. The algorithm was based on the observation 

that the only information needed to validate the existence of a knot is that describing the 

properties of the intersection points of the curves when mapped on a two-dimensional plane. 

 

8.4.2. The semi-crystalline layer model 

In this study we assumed that the crystal thickness (Lc), the amorphous thickness (La), the 

crystallization temperature (T), the amorphous density (ρa), the crystal density (ρc) and the 

weight average molar mass ( Mw) as input parameters either already known or determined by 

experimental method. Molar mass distributions could be used instead for Mwand branches 

could be included, but these features were not incorporated in this study. The dimensions of 

the simulation box were chosen, as Dx=Dy=100 nm and Dz=k(La+Lc) where k is a positive 

integer constant. The axis z is perpendicular to the crystal surface, y is the direction of crystal 

growth and x the direction along the crystal front orthogonal to the other two directions. Once 

the periodical computational domain was set, the model calculated an orthorhombic grid, 

which described the positions on the crystal (001) surfaces where the simulated polymer 

chains could enter or exit. 

 An atomistic model is generated as a sequence of chains starting in the amorphous region 

at random. Each atom is assigned a set of internal coordinates defining the chain conformation 

in terms of bond lengths (0.153 nm; [22c]), bond angles (109.47°) and torsion rotations. Each 

chain in the model was built using a stochastic Monte Carlo method, leading to a number of 

different initial configurations, without taking into account the excluded volume. Ignoring the 

excluded volume is based on the Flory principle that chains in the melt are unperturbed and 

their structural characteristics can be considered to be the sum of all possible configurations 
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of a single chain [19c]. The three torsional conformations used were trans, gauge and anti-

gauge (180°, 60° and 300° respectively). The statistical weight of the trans conformer was set 

to 1 and the statistical weights (σ) of the two gauche conformers are:  

σ = exp
−E

RT









  (23) 

 
where E is the potential energy difference between the gauche and the trans states, equal to 

2.1 kJ mol–1 [19c], and R is the gas constant. The first conformer was simulated according to 

these statistical weight factors. The probability for the next carbon-carbon bond in a 

polyethylene chain to have a specific dihedral state was determined according to the statistical 

weight matrix:  

 

 (24) 

 
where the rows correspond to the last decided bond state and the columns correspond to the 

adjacent not yet decided bond. As an example, if the previous state was gauche then the 

probability for entering trans state is given by 1/(1+σ). 

It should be noted that the statistical weight factor for gauche followed by anti-gauche or 

vice versa was set to 0. If the simulated chain ‘touched’ one of the crystal surfaces, i.e. came 

closer to the surface than one bond length in the vertical direction, and the remaining chain 

length was longer than the crystal thickness, then the chain attempted to enter the crystal. If 

there were still empty crystal grid positions on the surface sufficiently close to the entry, then 

the chain would enter the crystal at the closest node, otherwise it continues its progressing in 

the amorphous region. Typically, a search radius of 1 nm was used as a limit, but the model 

was not very sensitive to the exact value once it was larger than about 0.5 nm. 

 When the chain exits a crystal surface, it can either make a tight fold by immediately 

reentering the crystal at any adjacent empty position or start a new random walk in the 

amorphous region. The probability of tight folds (pi) was controlled by the model through 

pi+1=pi+(ρA/ρC)i-(ρA/ρC)AIM, so that the desired ratio of 0.852 between amorphous and 

crystalline densities was obtained [22c]. The procedure continued until the positions of all 

carbon atoms in the entire simulated chain were determined. New chains were initiated in the 

same way until the maximum filling degree ξ was reached. The filling degree was defined as 
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the number of occupied grid positions on the crystal surfaces over total number of crystal 

positions. Since the numerical errors of the model were largest at either very low or very high 

filling fractions, ξ=0.5 was found to be the optimal compromise. The positions of all carbon 

atoms were stored in a matrix and analyzed by the entanglement algorithm. To achieve good 

statistics and to allow for a good representation of all relevant conformational characteristics 

each individual setting corresponded to an average of Ψ simulated systems, where typically 

Ψ=100 was used.  

 

8.4.3 The entanglement algorithm 

The concentrations of trapped entanglements and tie chains were determined by analyzing the 

carbon atom coordinate matrix with our novel knot algorithm. The stored amorphous chain 

segments were distinctly separated in the matrix and the tie chain concentration was 

calculated as the ratio of tie chains over the number of filled grid positions. All free-chains, 

loose ends, tight folds and tie chains were removed at this stage because only statistical loops 

can form trapped entanglements. All loops with crystal entries on opposite crystal surfaces 

were compared in pairs with each other.  

       
Figure 11. Example of the projection of two (entangled) loops projected onto a two-dimensional grid for 

further analysis. The loops intersect only in the red square.   

 

In Fig. 11 a visualization of this concept is presented, where each loop was projected onto the 

xy-plane and mapped onto a grid with a spacing chosen so that one step in the grid 

corresponded to a step slightly larger than 0.153 nm, i.e. the distance between two adjacent 
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covalently bonded carbon atoms. All grid positions containing at least one carbon atom were 

saved as the number 1 in a sparse matrix of integers. In order to create continuous lines, the 

nearest grid positions adjacent to diagonal grid movements were also filled. When two loop 

projections were compared, their sparse matrix representations were added. The only regions 

that could potentially contain intersections were those with a sparse matrix sum equal to 2, 

which remarkably reduced the computational cost of the method. 

 Inside the areas with potential cross-overs, all active line segments from the first chain 

were tested for cross-overs against all the line segments from the second chains. This was 

made with a standard line-line collision detection method [21 Schneider]. Inside the red 

square in the example shown in Fig. 2b, two line segments of loop A must be compared with 

four segments of loop B, resulting in 8 line-line comparisons and two cross-overs. For each 

chain and intersection point, the z-value and the contour length from the loop starting point to 

the intersection were computed. For both chains, the sequence of intersection points was 

stored as a vector with (+) if the chain passed above the other and (–) otherwise, resulting to a 

sign vector of the form: v1=[+ – – + + + –]. If all the signs were equal, no entanglement was 

present. Trapped entanglements were present if the number of elements in v1 was odd, or if it 

was even and the number of (+) was odd. Otherwise the self-crossings had to be computed 

and a procedure for reducing the two sign vectors was applied. 

 

Figures 12a–c. Examples of non-entangled loops that can be simplified with reduction steps 1-3. 

 

The first reduction step (Fig. 12a) was that two adjacent (+ +) or (– –) signs on curve A could 

be removed if there were no self-intersections between p1 and p2 on A and if all intersection 

points between p1 and p2 on B had the same sign. The second step (Fig. 12b) was that two 

adjacent (+ +) or (– –) signs on curve A could be removed if all self intersections on line A 

between p1 and p2 had the same signs as p1 and p2 while all encircled intersections on line B 

had the opposite sign. The third and also final step (Fig. 12c) was that two adjacent (+ +) or (– 
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–) signs could be removed if all the contained self-intersection points had the property that 

their signs and the signs of their encircled intersection points contained only one sign change, 

e.g. [ + + – – ] while the intersections on B had the same sign. Additional reduction steps 

might be needed for capturing every possible knot configuration, but these three steps 

definitely captured the vast majority of the configurations obtained with random walks. 

 When the first sign-vector was traversed and all removable sign doublets including their 

corresponding intersections in the second vector had been removed, the same concept was 

applied on the second vector. This procedure was iterated until no changes occurred over a 

whole cycle. Only if the sign vectors could be reduced to empty vectors were no knots present. 

The concentration of entanglements was obtained by first taking the lower of the calculated 

number of entanglements and the double number of loops on the side with fewest loops 

involved in entanglements. This number was divided by the number of filled positions but 

also with the filling fraction in order to take into account the fact that the number of 

entanglements increases in proportion to the square of the filling fraction. 

 

 

8.5. Adjustable Parameter Free Models for Solubility and Diffusivity 

 

8.5.1. Model overview 

The problem of predicting the gas content in cylindrical polymer granulates as a function of 

temperature and pressure is mathematically equivalent to the simultaneous solution of the 

diffusion and heat equations. This was made possible by the use of the finite element method 

(FEM). In the implementation, the boundary concentration can be calculated either with 

NELF or with equations 7-9, while the diffusivity is estimated either with the new free-

volume diffusivity model described below or with equations 2-3. NELF is improved here by 

considering the gas/polymer polarity differences and by using an accurate polymer PVT 

model; exact experimental volume dilation data for the mixture are seldom available. Two 

empirical PVT models, covering large T- and p-ranges, were therefore developed.  

 

8.5.2. Two new PVT-models for polymers 

Two new empirical PVT models, the “spline-surface”-model and the “multi-Tait”-model, 

were constructed to be accurate, efficient and easy to use, and with the ability to cover as 

large p- and T-ranges as possible.  
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 The spline-surface model requires that polymer PVT data with negligible experimental 

error is available, which is, for instance, fulfilled in the compilation by Zoller [33d], where the 

specific volumes of many polymers are given as functions of p (0.1-200 MPa) and T 

(approximately 25-300°C, depending on the polymer). A bi-cubic surface of natural splines 

was attached to the PVT-mesh, covering the whole experimentally available p-T range with a 

smooth V-surface. Linear extrapolation was used to calculate values just outside the 

experimental range. Once the generated spline-surface was saved as a large matrix, the 

specific volume of the polymer at any p and T could be calculated at very low computational 

cost with bi-linear interpolation using the spline-matrix data. The advantages of this model are 

that 1) the surface goes through all the experimental points, 2) the computational cost is very 

low once the spline surface is generated, and 3) an entirely automatic process can be obtained 

if sufficient PVT-data are available. The drawback of the method is that if the derivative of V 

is needed rather than the absolute value, and if the error of the experimental data is not 

negligible, the predictions will not be sufficiently accurate.  

The multi-Tait model gives more reliable predictions of the derivatives, but at the cost 

of slightly less accurate volume predictions, a slightly higher computational cost and the need 

for manual parameter determination. The experimental data plotted in a V-T diagram were 

manually divided with straight lines into 1-3 regions involving no drastic changes, i.e. 

excluding glass transitions and melting regions. These regions were fitted to the empirical 

Tait equation [34]: 
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Successive nonlinear two-dimensional curve-fitting enabled the parameters a, b, c, d to be 

determined for all regions. V-values inside the intersection regions were interpolated with 

cubical Bezier curves from the slopes of the adjacent curves. Once the parameters were 

known, the V-values could be calculated at a low computational cost over the whole p-T range. 

 

8.5.3. An improved NELF-model for predicting solubility 

The NELF model is intended for estimating the penetrant gas content in “non-equilibrium” 

glassy polymers. This is achieved by equating the chemical potential for the solid phase, i.e. 

the gas-filled polymer (left-hand side of Eq. 26), with the chemical potential of the external 

gas phase (right hand side of Eq. 26):  
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Variables with subscripts 1 and 2 refer respectively to the pure gas and polymer and those 

without subscript refer to the mixtures. The PVT parameters of the model are reduced 

density */~ ρρρ = , reduced temperature */
~

TTT = and reduced pressure */~ ppp = , where *ρ , 

*T and *p  are material constants, which are normally known for the pure components and 

calculated for the mixture. The variables w, φ , M, r and R are, respectively, the weight 

fraction, the volume fraction, the molar mass, the size factor and the gas constant. All 

parameters in equation 26 can be directly obtained from equations 27-35, except for the 

reduced gas density ( 1
~ρ ), which can be calculated from the SL-equation (Eq. 36) with 

subscript 1 for all parameters. 
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*ρ , *T and *p  for the mixture are calculated from  
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The SL-equation is: 

 ln %ρ −1( ) = −
%ρ2
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1
r
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         (36) 
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The gas-polymer interaction parameter ξ is close to unity if both components are non-polar 

and has therefore been set to unity in previous NELF work. However, in recent work with the 

SL equation [35d], it has been concluded that it is advantageous to consider the effect of 

differences in the polarity by using the equation:  
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where a=-6.0065�10-2 and δd, δp and δh represent, respectively, the dispersion, the polar and 

the hydrogen bonding Hansen solubility parameters [36d]. 

 The only "missing" parameter to consider before solving Eq. 26 for ϕ1 is the reduced 

density ρ~  of the solid phase. In some previous work, volume dilation data from the actual 

sorption experiment were used, giving very accurate sorption predictions [20d, 22d]. In work 

considering isothermal measurements at a relatively low pressure [21d], the initial 

experimental polymer density was used to approximate the mixture density. There are, 

however, additional ways to estimate it. The mixture density ρ~  can be estimated 

through )(/~ *
22 ρρρ w≈  where the polymer density ρ2 is calculated with the Sanchez-Lacombe 

equation (Eq. 36) (SL1) or, at a much higher computational cost, )(~
1wρ  can be calculated 

directly from Eq. 36 (SL2). It can also be estimated from any of the two new PVT-models 

described above. In essence, thanks to these PVT-models, the polymer volume/density is 

easily calculated at each temperature and gas pressure along the sorption isotherm. 

 The improved NELF model is currently primarily intended for cases where swelling is 

small. The swelling could however be accounted for if the swelling calculations from the new 

diffusivity model below were included in the solubility model. Another possibility could be to 

use the strategy reported in ref. [24d]. 

 

8.5.4. A novel diffusivity model  

The diffusion coefficient for N2, O2, CO2, H2, CH4 or He in any polymer can be predicted near 

NTP with Eqs. (4-6) using the modified Bondi method [9d, 11d]. It is noted here that α and β 

in Eq. 4 are functions of their van der Waal radius σ, so that D can also be predicted for other 

gases. When permeability data are used, they become 24.38.155.10 σσα −+−= and 
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25.45.128.34 σσβ +−= , while diffusivity data give 20.58.282.35 σσα −+−=  and 

23.107.844.127 σσβ −+−= . The diffusivity curves are based on fewer data points. 

 Vrentas and Duda [5d] assumed that D consists of a free volume factor and an Arrhenius 

factor. Due to their assumption of free expansion of the gas in the polymer, their expression 

for f (Eq. 38) unfortunately gives unrealistically high f values when p is suddenly decreased, 

so that the gas weight fraction (w1) remains large while the gas volume (V1) increases 

dramatically.  
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Another possibility is to use the equation:  

 
** /)( ρρρ −=f             (39) 

 
with ρ calculated with NELF. This strategy is intuitive and gives a realistic f(T) dependence, 

but the NELF assumption that an increase in the gas content is not associated with a volume 

increase gives a D value that decreases with c,  clearly a non-intuitive result. A new strategy 

for calculating f and D is as follows:  (1) Over the w1-T range of interest, solve the equation: 

 
 ),0(),(),( 22211 TVwTpVwTpV =+          (40) 
 
for p numerically, for instance with "the golden section" optimization. V1 is calculated with 

the Sanchez-Lacombe EOS model and V2 with the spline surface model. . The factor V2(0,T) 

is the polymer density at temperature T and pressure p=0. Use of bi-linear interpolation 

between the grid points enables the outward pressure, pout, to be calculated over the whole 

domain. Note that Eq. 40 does not imply volume additivity, it is simply a way of calculating 

the gas pressure that gives no volume change with respect to the polymer volume at zero 

pressure. (2) Calculate the p related to no volume change as ∆p=pin-pout, where pin is the 

external pressure. (3) Assume temporarily that the bulk modulus B of the polymer is equal at 

inward and outward pressures, so that ρ=1/V(∆p,T) can be calculated for both positive and 

negative ∆p values. This assumption, which results in an underestimation of D at elevated T, 

is necessary only when accurate V(p,T) data for the expansion are not available. (4) The free 

volume f is calculated from Eq. 39 with ρ* from Eq. 32. (5) The f value is calibrated so that it 

equals the Bondi f value at NTP. (6) D is finally calculated from Eq. 5. This new method 

predicts D without using any adjustable parameters.  
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8.5.5. A predictive FEM model 

The finite element model was implemented in Comsol physics 3.5a with Matlab 2010a. For 

improved numerical efficiency, the geometry was chosen as one octant of one cylindrical 

polymer granulate (Fig 12d). A non-symmetric mesh consisting of approximately 20000 

tetrahedral elements was used, giving acceptably low numerical errors. Inside the domain c 

was calculated by solving equations 1 and 16 with a mass diffusion coefficient depending on 

p and T using equations 2 and 3 either with coefficients from the literature [37d] or with the 

new diffusivity model. Initially, a temperature of 25°C was used in the whole domain. 

Reflecting boundary conditions were used for both T and p at the inner boundaries. At the 

outer boundaries, T followed a predefined temperature ramping profile whereas c could be 

calculated either with the improved NELF method or with Eqs. (7-9).  

 

 

Figure 12d. An octant of a simulated polymer granulate. 
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9. Results and Discussion 

9.1. Results for semi-crystalline polymers and solvent diffusion  

The new off-lattice algorithm for generating polyethylene spherulites gave a significantly 

better computational performance than the previous on-lattice model [27,28a]. Simulations 

that previously took days of processing took only a few minutes on comparable computers. 

Whereas the on-lattice method yielded a maximum crystallinity of 40 vol.% [28a], the 

maximum value for the off-lattice method was 55 vol.% (64 wt.%). This is the crystallinity of 

a medium-density polyethylene. Fig. 13 shows a cross-section of a built spherulite together 

with a transmission electron micrograph. Note the branched lamellar structure which appears 

in both cases. 

 

Figure 13. An electron micrograph of a chlorosulphonated section 

of a medium-density polyethylene with an insert cut through a 

computer-built spherulite. The brightness intensity of the bricks is 

proportional to the angle between the c-axis of the crystal and the 

normal of the cut, thus highlighting lamellae in a way similar to 

that where crystals in stained sections are imaged in the electron 

microscope.  

 

 

Diffusion simulations with different crystal aspect ratios (5 – 25) yielded almost coincident   

τ–1 – vc data (Fig. 14). This result was unexpected and in disagreement with the Fricke model 

[23,24a], which was developed for particle systems containing oblate spheroids.  

 

Fig. 14. The reciprocal geometrical impedance factor 

( τ/1 ) as a function of volume crystallinity ( cv ) based 

on the walker statistics for 1.6 × 105 time steps. The 

jump length was 0.125 lu. The spherulites had splay 

angle=22.5°, split angle = 30° and the following crystal 

aspect ratios ( Ar ): ● 5, ○ 10, ■ 15, □ 20, ▼ 25. The 

corresponding values calculated from the Fricke theory 

(thin lines) are shown for comparison.  



 40 

 

The explanation is that the characteristics of the crystal phase are good indicators of the 

blocking factor only for relatively simple geometries. For complex geometries, like dendritic 

spherulites, the characteristics of the amorphous phase, where in fact the diffusion occurs, is 

more relevant for estimating the geometrical impedance. Simulations showed a near linear 

relationship between the average free path length and the reciprocal geometrical impedance 

factor (Fig. 15). This is to our knowledge the first time that the diffusivity (through τ) is 

directly correlated with a geometrical property of the amorphous phase itself. The obtained 

results can be intuitively understood. Crystals with a high aspect ratio effectively block the 

diffusion along the lamella normal direction. However, diffusion along the a-axis is free to the 

edge of the crystal (a long distance in the case of a crystal with high aspect ratio). Hence, 

these two effects are counteractive with regard to diffusion. 

 

Figure 15. Reciprocal of the geometrical impedance 

factor τ as a function of the average free path length 

(logarithmic scale) for spherulites with splay 

angle=22.5°, split angle = 30° and the following crystal 

aspect ratios ( Ar ): ● 5, ○ 10, ■ 15, □ 20, ▼ 25. The 

data presented are based on distributions with free path 

lengths truncated above 30 lu. 

 

 

 

The diffusivity data obtained by the off-lattice method were conveniently described by the 

following empirical relationship where k1 and k2 are adjustable parameters:  

 

τ =
Da

D
=

1+ k1vc

1− k2vc

 (41) 

 
Fig. 15 shows that the jump length had a pronounced effect on the geometrical impedance 

factor. However, Eq. (41) was still a good descriptor of the results for a given value of the 

jump length. The data followed an increasingly more linear trend in a log τ vs. vc diagram 

with decreasing jump length (Fig. 15). The geometrical impedance factor associated with an 

infinitely short jump length was obtained by non-linear extrapolation to zero jump length 

using converging geometrical series in τ - jump length space. The results of these 
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extrapolations are displayed in Fig. 16. The relation between log (1/τ) and crystallinity is 

close to linear.  

 

Figure 16. Results for (1/τ) as a function of (vc) for  

spherulites with crystal aspect ratio (Ar) = 5, splay 

angle=22.5° and split angle = 30°. The jump length 

was varied in this series: ● 0.125 lu, ○ 0.25 lu, ■ 0.5 

lu and □ 1 lu. The corresponding number of time 

steps in the simulations were: 1.6 × 105, 4 × 104, 

1 ×104 and 2.5 ×103.  Eq. (41) was fitted to the data 

obtained by simulation. The uppermost curve (�) 

was obtained by extrapolating data to zero jump 

length. 

 

Figure 17. The reciprocal of the geometrical 

impedance factor (t) as a function of volume 

crystallinity for the different polyethylenes with the 

following penetrants: ● n-hexane at a specific 

penetrant concentration in the amorphous component 

(15 vol.%). Data from Neway et al. [32a]; ○ CH4, 

from  [33a], ■ N2, from [33a]; □, Ar, from [33a]. The 

latter three sets of data were obtained from 

permeation data taken at 80 °C at 10 MPa.  The line 

predicted by simulation is displayed in grey. 

 

Fig. 17 presents a comparison between the predictions made by simulation assuming 

realistically short diffusive jumps and experimental data in a plot of the geometrical 

impedance factor (logarithmic scale) and crystallinity. The experimental data presented in this 

diagram concern several penetrants: methane, nitrogen and argon from data of Flaconnéche et 

al. [37a] and n-hexane according to Gedde et al. [10a, 36a]. The latter data were based on 

penetrant diffusivities obtained with 15 % n-hexane in the amorphous component. The data 

obtained by simulation are in agreement with the experimental data with regard to the 

magnitude of the change in the geometrical impedance factor with crystallinity and also with 

regard to the functional form, –log τ  shows a linear crystallinity dependence.  
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9.2. Results for the effective dielectric permittivity of composites 

 

9.2.1. Comparisons of different theoretical models 

Results obtained by the SRB model, assumed to be close to the real values, were compared 

with predictions made by various theoretical models. Fig. 18a presents data obtained by the 

SRB model for bricks with ε1/ε2 = 0.01 and compares these with data generated from the 

Bruggeman, the Fricke-Polder-van Santen, the Sareni and the brick-layer models. The 

inclusions were thin, non-overlapping bricks with dimensions 1×1×0.1 length units3, aligned 

parallel to the xy-plane with perfect absolute packing. None of the aforementioned theoretical 

models were able to predict the permittivities of these systems with well-defined geometries. 

Predictions obtained by the analytical SPBP (with m=0.65) for the same geometries gave 

clearly better results, as shown in Fig. 18b. Similar tests with different overlaps, packing and 

brick dimensions were also performed, all giving good fitting of the analytical SRBP model.  

 

 
Figure 18. In all four subfigures FEM data for different permittivity ratios are plotted together with 

lines of analytical formulas. The ratios are: ▼0.5, □ 0.25, ■ 0.1, ○ 0.01 and ● 0.001. In the upper-left 

figure SRB for bricks is compared with analytical literature models (Bruggeman, Fricke/Polder-Santen, 

Sareni and Brick layer), in the upper right figure SRB for bricks is compared with SRBP and in the two 

lower figures SRBP is compared with SRB for spheres and ROO, respectively.  
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Fig. 18c shows a comparison between data obtained by the SRB model for spheres with face-

centred cubic packing and data for this structure from the analytical SRBP model with non-

overlapping cubes with m set equal to 0.5. At high volume fractions of the inclusion phase, 

the SRB systems were transformed into closed-cell foam structures. The agreement between 

the two sets of data was good. Additional tests showed that different sphere packing strategies 

had a surprisingly small impact on the results. In Fig. 18d, the analytical SRBP model was 

compared with data obtained by the ROO model with brick volume fractions ranging from 0 

to 20 vol.% and with the same ε1/ε2 ratios as presented in Fig. 18b. The size of each randomly 

placed brick was 1 ×1 ×0.25 length units3. Assuming half maximum relative overlap, perfect 

relative packing, and m = 0.5, a good fit of the SRBP model to the ROO data was achieved. 

 

9.2.2. Comparisons with experimental data for epoxy-hollow glass composites 

Fig. 19 presents experimental data [13b] for composites consisting of micrometre-sized 

hollow glass spheres (ε1 =2.0, median diameter = 30 µm) in epoxy (ε2 =4.0) at 1 MHz in a 

comparison with data obtained by simulation using the SRB model. The experimental data are 

always lower than those predicted by the two-phase SRB model. A third, interphasial 

component is obviously needed to fit the simulation data to the experimental data. The 

introduction of a third component is motivated by of the following facts/findings: (i) the glass 

spheres were surface-coated with 3-glycidoxypropyltrimethoxysilane; (2) The authors 

observed the presence of an interphase by scanning electron microscopy; the thickness of this 

phase was ca. 10% of the radius of the hollow sphere; (3) Todd et al. [14b] proposed on the 

basis of dielectric data that a third interphasial component with low dielectric permittivity was 

present adjacent to the hollow spheres. The three-phase model was thus based on the hollow 

sphere (ε1=2.0), an interphasial shell component with a thickness of 10 % of the sphere radius 

(1.0< ε3<4.0) and a matrix (ε2=4.0). Fig. 8 shows that the optimum ε3 was between 2 and 3 for 

the filler contents between 0 and 44 vol.%. Composites with the highest filler content showed 

a higher dielectric permittivity than that predicted by this ε3 value (Fig. 19). Composites with 

so high filler content may in fact contain collapsed hollow glass spheres explaining its high 

dielectric permittivity.  
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Figure 19. Experimental permittivity data (■) for hollow 

glass spheres in epoxy compared to corresponding SRB 

simulation data for spheres (-). The thickness of the 

interphase was measured from micrographs. The 

simulations showed that the interphase permittivity must 

be in the vicinity of 2.5.  

 

 

9.2.3. Comparisons with experimental data for polyimide-mica nanocomposites  

Fig. 20 presents experimental data of Zhang et al. [15b] for a series of nanocomposites based 

on mica platelets (ε1 = 5.0; synthetic mica treated with cetyl dimethyl ammonium bromide) 

dispersed in polyimide (ε2 = 3.36). X-ray scattering showed that the mica platelets are 

arranged in stacks and interlayer spacing was the same (d = 0.97 nm) in the composite as in 

the untreated and treated mica. Line a in Fig. 20 shows that the result obtained by the SRBP 

model, assuming only two phases, is inconsistent with the experimental data. By introducing a 

third component with low dielectric constant (ε3) it was possible to fit the model to the 

experimental data (line b in Fig. 20). The volume fraction of this component was constrained 

in the modelling with respect to the mica content through the function )1/( 12113 φφφ kk += , 

where k1 and k2 are scalar constants, i.e. it resembled the character of an interphasial 

component. The nature of the interphasial component is in this case not known. There are 

several possible candidates: (i) voids (ε =1.0); (ii) a bound polymer phase (ε < 3.36); (iii) 

moisture (ε = 78.5). The dielectric data thus suggests that the presence of voids and bound 

polymer phase dominated the behaviour. 

    
 Figure 20. Experimental permittivity data (■) for 

mica flakes in polyimide compared to corresponding 

SRBP simulation results (-). Line (a) shows 

simulation results with excluded interphase while 

line (b) shows simulation results with included 

interphase. Note that the permittivity of the 

composite decreases with the mica concentration 

even though mica has higher permittivity than 

polyimide!  
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9.3. Results for tie-chains and trapped entanglements 

 
9.3.1. Parameter study: effect of molar mass, crystal thickness, amorphous layer thickness 

Fig. 21 presents data for the concentrations of tie chains and trapped entanglements from 

simulations using a constant value (25 nm) for the critical length L=2Lc+La. The molar mass 

was varied between 14 and 1400 kDa and T=417 K. The crystallinity was varied between 14 

and 67 % by changing the Lc/La ratio. Furthermore, Nx =Ny = 100 nm, ξ = 0.5, rA = 1 nm and 

ρa/ρc = 0.852. In other commonly used models, like the Huang-Brown model, it is assumed xtc 

and xtc are insensitive to the fraction Lc/La if the critical length is constant, but our simulations 

contradict that assumption.  

 

Figure 21. Concentrations of tie-chains and 

trapped entanglements as function of the quotient 

Lc/La for a constant critical length L=2Lc+La. 

Neither of the tie-chain concentration or the 

concentration of trapped entanglement is 

independent of the fraction Lc/La even though this 

is assumed in other models, including the Huang-

Brown model.  

 

 

 

9.3.2. Application of the model to real polyethylenes 

Experimental data for 11 linear polyethylenes with different molar masses (Mw from 20 kDa 

to 750 kDa and densities at room temperature between 938 and 976 kg m–3) reported by 

DesLaurierers and Rohlfing [13c] were used as input in the simulations. The input data used 

in the simulations were obtained from direct data provided by the authors, or by further 

calculation based on Eqs. (5–9). DesLaurierers [13c] provided molar mass data as well as the 

following input data used: Tm
0=418.5 °K, ρa=852 kg m–3 (at 20oC) and ρc=1006 kg m–3 (at 

Tm
0). Eq. (42) was obtained by linear fitting to data reported by DesLauriers [13c].  Eq. (43) 

was obtained by fitting a second order polynomial function to the data of Patel [22c] and 

Mirabella [23c].  Eq. (44) is the Gibbs-Thomson equation [13c]. Eq. (45) relates mass 

crystallinity (wc) to density (ρ) for polyethylene. Eq. (46) relates the thicknesses of the crystal 

and amorphous layers to the mass crystallinity.  
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Fig. 22 shows xtc and xte as a function of molar mass using the input data obtained from 

DesLaurierers and Rohlfing [13c]. Very low molar mass polymers had essentially no tie 

chains and trapped entanglements. Both xtc and xte increased strongly between 100 and 1000 

kDa, above which the increase was only moderate (Fig. 22). Both curves have similar shapes 

but xte is approximately twice as large as xtc. 

 

Figure 22. Simulations based on input data by 

DesLauriers showing the concentrations of tie-

chains and trapped entanglements for realistic 

polyethylene structures. The shapes of the curves are 

similar, but the magnitudes are different.   

 

 

 

 

Fig. 10 shows the result of simulations based on experimental structural data (Lc, La and wc) , 

provided by Patel et al. [22 Patel] for 13 polyethylenes including both homopolymers (linear 

polyethylene) and copolymers produced by single-site technology.  In the same study, rubber 

modulus data for the same set of polymers were presented, which were normalized and 

plotted together with our normalized simulations results and corresponding Huang-Brown 

simulation data. At low vc-values our model data correlates very well with the rubber modulus 

data, while at high vc it gives at least better predictions than the Huang-Brown model. The 

main reason for this is that the Huang-Brown type models erroneously neglects the effect of 

changes in Lc/La. The experimental data shows, as visualized in Fig. 24, that even though the 

critical length L diminished rapidly with vc, this is only due to a decrease in Lc. The more 

important factor La decreases instead, which partly counteracted the increase in L.  
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Figure 23 (left) shows normalized rubber elasticity data together with corresponding tie-chain simulation 

results with our model and with the Brown model. Figure 24 (right) shows underlying structural data.  

 

The mechanical properties are however also affected by how stretched the chains are. For a 

tie-chain with end-points pA and pB, n links, link length l and ||vAB||=|| pB-pA||, the "stretch 

potential factor" is stc = nlϖ/||vAB|| where the constant ϖ=0.8165, is chosen so that s=1 for all-

trans chains. A corresponding expression for two entangled loops with n1 and n2 links can be 

calculated through Eqs. 47-49, where pA and pB are endpoints of loop 1, pC and pD are end 

points of loop 2, pMAB=(pA+pB)/2, pMCD=(pC+pD)/2 and vMM=pMCD-pMAB. The distances 

between the points were: ||vAE||=|| pE-pA||, ||vBE||=|| pE-pB||, ||vCE||=|| pE-pC|| and ||vDE||=|| pE-pD||. 
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In Fig. 25 stretch simulation results for one 

polymer reported by Patel [22c] are visualized. 

The following values were used: Lc=9.2 nm, 

La=10.8 nm, M=99 kD, ρA/ρC =0.852, T=414 

K [22c], Dx=Dy=100 and Ψ=1000. The stretch 

potentials for the tie-chains were in general 

smaller than for the trapped entanglement.  

       

         Figure 25. Stretch potential distributions  

         for tie-chains and trapped entanglements.  

         Structural data from Patel.  
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9.4. Results for diffusion and solubility models 

 

9.4.1. PVT models for polymer 

The two new PVT models were successfully tested on data for 44 polymers from Zoller [33d]. 

The multi-Tait model was able to describe accurately the specific volume V of all the 

polymers over the entire experimental p-T range and the spline-surface model could 

automatically generate a smooth surface passing through all the data points at low 

computational cost. In figure 26, both models are fitted to experimental data for PC [33d].    

 

Fig. 26 (left): V(T,p) for PC (0.1-200 MPa in steps of 20 MPa). Solid lines in the main figure correspond 

to simulations with the Multi-Tait model and the points to experimental data [33]. The insert shows the 

spline surface for the same data. Fig. 27 (right): Gas saturation concentration for PC (data points) as a 

function of p at 35°C. Solid lines correspond to the NELF predictions with the Spline-Surface approach. 

 

9.4.2. Improved NELF for estimating solubility 

In figure 27, the N2 and CH4 sorption data in PC at 35°C [38] are fitted with the NELF model, 

using the spline-surface approximation of the solid phase density and the Hansen solubility 

parameters to obtain ξ. Note the good fits without the need for any adjustable parameter.  

 

9.4.3. The novel diffusivity model  

In figure 28, D for N2, saturated in PC and calculated with the new diffusivity model, is 

plotted against T and p. The overall tendency of the predictions is reasonable, except that the 

dependence on T is slightly too weak, due to the temporary assumption that the bulk modulus 

is the same in compression and expansion, which is only reasonable at relatively low 

temperatures. When the PVT-data on expansion are obtained, this assumption can be removed. 

The specific volume approaches V=V1w1+V2w2 at high T (at low bulk modulus). The figures 
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illustrate an important trend; at low hydrostatic pressure the diffusivity increases with 

increasing pressure because the gas expands and plasticizes the polymer (the free volume 

increases). At high pressures, however, the diffusivity decreases with increasing pressure 

because the compression dominates and reduces the free volume of the system. 

   

Figure 28 (left): Simulated D(p,T) for N2 in PC with the new diffusivity model. Figure 29 (right): 

Schematic sketch of the whole sorption/desoption cycle for penentrant gas loaded into polymer granulates.  

 

9.4.4. The FEM model and the experimental N2 sorption data 

A sketch of the whole loading process is given in figure 29. The concentration increases until 

point (c), where T is lowered back to room temperature. When the outer pressure starts to 

drop at point (d), reaching ambient pressure at position (e), the gas content decreases. The 

storage period (e-f) then follows, where the gas content slowly decreases over an extended 

period of time. The coloured cylindrical octants illustrate the gas concentration distributions 

obtained with the FEM simulations. In order to estimate the loss of N2 between the initial 

release of pressure and decrease in temperature and the time of weighing, eqn 3 was used 

together with literature data (PC: D0=8.1�10-13 m2/s, ∆Ed=41868 kJ/mol, PEEK: D0=3.4�10-14 

m2/s, ∆Ed≈40000 kJ/mol) [37d]. The decrease in concentration at d-e was, depending on the 

actual temperature at (c), estimated to be 6-10% for PC and 1-6% for PEEK. Figure 30 shows 

the experimental (including the correction for the mass loss between d and e in Figure 29) and 

modelled N2 solubility. The values correspond to solubilities after 72 h of high-pressure 

nitrogen gas exposure. Solubility measurements at shorter times revealed that 72 h was 

sufficient to reach a saturated nitrogen concentration at all the actual conditions. Since 

Hansen's parameters were not available for PEEK, the value of ξ obtained by fitting low 

pressure data ( 09.1=ξ ) was used.  
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Figure 30: Experimental high pressure sorption data for 

N2 in (▼) PEEK and (■) PC. Corresponding modelled 

values are (∆) PEEK and (○) PC.  

 

 

 

 

 

 

It should be noted here that NELF was consistently used in the present predictions although a 

model like SL would suffice when the polymer was in the rubbery state. However the idea 

was to have a single model for all temperatures and pressures (including the ramping in 

pressure and temperature) and, in fact, NELF coincides with SL above the glass transition 

temperature. In addition, as shown in Fig 26, the glass transition temperature increases with 

pressure (~165 °C for PC and ~180 °C for PEEK at 67 MPa) which means that several of the 

data points in Fig. 30 were in the glassy state. 

 In figure 31, normalized experimental N2-desorption data for PEEK and PC are plotted as a 

function of time. Before the desorption run at 0.1 MPa and 25°C, the samples were loaded 

with N2 for 72 h at 67 MPa. The loading T was 250°C for PEEK and 160°C for PC. The 

experimental data were extrapolated to zero time (point (e) in figure 29) and then normalized 

with respect to the mass at zero time. Results of the FEM simulations including the use of the 

D predictions with the novel diffusivity model are included in the figure. Note the good 

agreement with the experimental data, again without the use of any adjustable parameter.   

  

Figure 31: Normalized experimental N2-desorption curves: 

(■) PEEK and (●) PC. Solid lines correspond to modelled 

data.  
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10. Conclusions 

A new off-lattice simulation method for building spherulites with a maximum crystallinity  of 

55 vol.% has been developed. The principles for building the spherulites rely on findings by 

electron microscopy presented by a number of research groups, notably including the Reading 

group headed by Bassett. The diffusion of small-molecule penetrant molecules in the built 

spherulites has been simulated using a Monte-Carlo technique assuming no interfacial 

trapping of the penetrant molecules. The diffusion was strictly isotropic on the time scales 

considered and surprisingly independent of the aspect ratio of the crystal building bricks. This 

non-intuitive result, clearly in disagreement with the Fricke model, is the result of the 

complex dendritic structure of the crystal skeleton of the spherulites. A unique correlation was 

found between the geometrical impedance factor and the average free path length of the 

penetrant molecules in the amorphous phase; the latter being assessed from the built 

spherulite structures. The diffusivity data obtained by simulation compared favourably with 

experimental data obtained for several penetrants showing limited interfacial trapping. 

 Three strategies for modelling the geometrical influence on the effective dielectric 

permittivity for anisotropic oriented insulating two-phase materials eventually including 

interfacial regions were developed and evaluated. Due to the mathematical similarities 

between the differential equations for electrostatics, electrodynamics, heat transfer and solute 

diffusion, the models have a wider applicability than only to electrostatics. The first was a 

finite element model for simulating composites comprising randomly oriented particles of 

different shapes; the second was a finite element model for approximately repeating 

composites containing particles shaped like bricks or spheroids and the third an analytical 

formula applicable on different kinds of composites. Compared to finite element model data 

for well defined geometries, the new analytical formula has a clearly better prediction 

potential than other models found in the literature, including the equations due to Bruggeman, 

Fricke, Polder and Santen, and Sareni and the Brick Layer equations. The new models, 

including inter-phase components, gave results close to experimental data for composites 

consisting of hollow glass spheres in epoxy and mica in polyimide.  

 A Monte Carlo simulation method was developed for modelling tie chains and trapped 

entanglements in lamellar semi-crystalline polymers such as polyethylene. Particularly 

important, a novel numerical topology algorithm for finding trapped entanglements between 
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pairs of loops was included. The simulations revealed that the concentration of trapped 

entanglements is substantial and it is believed that they have a major impact on stress transfer 

between crystals. The model predicted that the impact of the amorphous thickness is larger 

than the impact of the crystal thickness on the molecular continuity between adjacent crystals 

expressed by the concentrations of tie chains and trapped entanglements. This explains why 

our model gives better predictions than the Huang-Brown model when compared to 

experimental rubber elasticity data.    

 Two empirical pressure-volume-temperature (PVT) models for polymers have been 

developed and compared with experimental data for 44 polymers with good result. The 

spline-surface model is more efficient for modelling V whereas the multi-Tait model is more 

accurate for modelling the derivatives of V. Both are accurate, computationally fast and valid 

over the whole experimental p- and T-range. The NELF model for predicting solubility has 

been improved by using either of the two new PVT models for estimating the polymer density 

when exact experimental volume dilation data is not available, and the inclusion of Hansen’s 

solubility parameters, which has previously proved to be successful on similar models, 

improved the NELF model further. A new free-volume model for predicting penetrant 

diffusivity as a function of T, p and c without the need for any adjustable parameters was 

successfully developed. Sorption and desorption experiments for N2 in PEEK and PC at 67 

MPa were reported. Very few studies at these very high pressures have previously been 

performed and none has attempted to predict the solubility. A FEM model for predicting 

solvent gas concentration in polymers has been developed. The saturation concentration was 

predicted with NELF, whereas D was estimated with the new diffusivity model. Comparisons 

with experimental high-pressure data were promising. The model could quantitatively predict 

the effects of changes in geometry, loading conditions and storage environment. To our 

knowledge, this is the first predictive FEM-model of its kind which includes both solubility 

and diffusivity parts without using any adjustable parameters.  
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11. Future work 
The suggested next steps of the project are the following:  

 

The study presented in paper 1 could be extended by studying periodic multi- spherulite 

systems and other types of polyethylene superstructures like axialites and shish-kebabs. 

Diffusivity information for the amorphous phase, like temperature dependence, pressure 

dependece and jump-length probability as function of distance to the nearest crystal, can be 

obtained with MD and be included in the model. Heat transfer coefficients and electric 

conductivity could also be calculated if the building blocks of the spherulite are made 

penetrable.  

  The study presented in paper 2 could be sustained by modelling not only dielectric 

permittivity but also electrical conductivity and by also including systems where the 

inclusions have higher dielectric permittivity than the surrounding polymer matrix. Additional 

experimental data are needed for the validation of the models. When using the model for 

time-dependent properties like diffusion and heat transfer, it would be interesting to examine 

if the model could be adjusted so that it can explain and predict the non-Fickian diffusion 

behaviour found in papers 8-10. The FEM models could further be combined with atomistic 

and sub-atomistic models.    

 The studies presented in paper 3 and 6 could be continued by including short chain 

branching, long chain branching, different molar mass distributions and by more extensive 

comparisons with mechanical experimental data for slow crack growth. Furthermore, the 

obtained molecular systems could, after some preparations, be used as input into molecular 

dynamics models for studying both the mechanical properties and the diffusion properties of 

the amorphous layers between the crystals. A very useful multi-scale model could be designed 

on the basis of the lamellar model and the spherulite model.  

 The studies presented in paper 4 and 5 could be extended by measuring polymer PVT 

data at expansion and compare the resulting diffusion simulations with experimental 

diffusivity data at different temperatures, pressures and polymer/gas combinations. The 

expansion predictions could also be compared with experimental data, for instance obtained 

with foaming. Molecular dynamics diffusion simulations results could also be used as 

valuable input and/or comparisons.  
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