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Abstract

This thesis consists of two articles related to mathematical relativity theory.
In the first article we prove future stability of certain spatially homogeneous solutions

to Einstein’s field equations. The matter model is assumed to consist of an electromagnetic
field and a scalar field with a potential creating an accelerated expansion. Beside this,
more general properties concerning Einstein’s field equation coupled to a scalar field and an
electromagnetic field are settled. The most important of these questions are the existence
of a maximal globally hyperbolic development and the Cauchy stability of solutions to the
initial value problem.

In the second article we consider Einstein’s field equations where the matter model con-
sists of two momentum distribution functions. The first momentum distribution function
represents massive matter, for instance galactic dust, and the second represents mass-
less matter, for instance radiation. Furthermore, we require that each of the momentum
distribution functions shall satisfy the Vlasov equation. This means that the momentum
distribution functions represent collisionless matter. If Einstein’s field equations with such
a matter model is expressed in coordinates and if certain gauges are fixed we get a system
of integro-partial differential equations we shall call non-linear wave equations coupled to
generalized massive-massless Vlasov equations. In the second article we prove that the
initial value problem associated to this kind of equations has a unique local solution.
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Sammanfattning

Denna avhandling består av två artiklar med anknytning till matematisk relativitetste-
ori.

I den första artikeln bevisar vi framtida stabilitet för vissa rumslikt homogena lösning-
ar till Einsteins fältekvationer. Materiemodellen antas bestå av elektromagnetisk strålning
samt ett skalärfält vars potential orsakar accelererad expansion. Förutom detta bevisas
även mer allmänna egenskaper hos lösningar till Einsteins fältekvationer med ovanstående
materiemodell. De viktigaste bland dessa egenskaper är existensen av maximala globala
hyperboliska utvecklingar samt Cauchystabilitet hos lösningar till begynnelsevärdespro-
blemet i fråga.

I den andra artikeln betraktar vi Einsteins fältekvationer då materiemodellen utgörs
av två rörelsemängdsfördelningsfunktioner. Den första av dessa funktioner ska represente-
ra massiv materia, till exempel galaktiskt damm, den andra funktionen ska representera
masslös materia, till exempel strålning. Dessutom kräver vi att rörelsemängdsfördelnings-
funktionerna ska satisfiera Vlasovekvationen. Detta innebär att fördelningsfunktionerna
representerar kollisionslös materia. Om Einsteins fältekvationer med en dylik materiemo-
dell uttrycks i koordinater med vissa bestämda egenskaper erhålles ett system av integro-
differentialekvationer som vi kallar icke-linjära vågekvationer kopplade till generaliserade
massiva-masslösa Vlasovekvationer. I den andra artikeln bevisas att begynnelsevärdespro-
blemet förknippat med detta ekvationssystem har en unik, lokal lösning.
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Chapter 1

Introduction

The foundation of general relativity is Einstein’s field equation,

Gαβ = 8πTαβ (1.1)

where we use relativistic units. (The speed of light c = 1 and the gravitational
constant G = 1.) The left hand side describes the geometry and is called the
Einstein tensor and it is defined by

Gαβ = Rαβ − 1
2
Sgαβ

where R is the Ricci tensor, S is the scalar curvature and g is the metric. The
tensor T on the right hand side of (1.1) is a continuum mechanical description of
the energy-matter content of the space-time and it is called the stress-energy tensor.
The choice of T depend on the substances you want to model. In the cosmolog-
ical setting, observations seem to indicate that we need four different classes of
energy/matter substances. They are radiation, dust, dark matter and dark energy.

Radiation and dust are both directly observable substances. The radiation
consists of the microwave background radiation and the grains of dust are either
galaxies or clusters of galaxies depending on the suitable level of course graining.
Dark matter and dark energy have thus far not directly been observed. They
have been introduced in order to fit observations to general relativistic models and
they constitute at the present a dominating part of the total energy density of the
universe. Maybe we should consider dark matter and dark energy as just some more
constants of the universe comparable to the gravitational constant and the speed
of light. But before we are content with doing this we should consider reasonable
alternatives.

There are three different main alternatives:

i) Maybe general relativity is insufficient, at least on cosmic scales, and has to
be replaced by a more powerful theory. The introduction of dark matter and

1



2 CHAPTER 1. INTRODUCTION

dark energy is comparable to the introduction of epicycles in the Ptolemaic
system.

ii) Maybe we will get a physical understanding of what dark matter and dark
energy actually is.

iii) Dark matter/dark energy may be mere mathematical illusions caused by er-
roneous assumptions about the models. For instance Wiltshire [Wil09] claims
that we cannot neglect the inhomogeneities of space. The present universe
seems to be inhomogeneous at all scales from the galactic scale to the scale
of great walls/galaxy filaments, which are enormous threads of galaxies that
delimit vast regions of empty space. You could argue that it seems reason-
able that the universe gets more smooth on the bigger scales. Then, from
a ”divine scale” everything might look very homogeneous. But the proper
scale of assessing homogeneity must be related to the matter model. If the
grains of dust are supposed to represent galaxies or clusters of galaxies then
we must somehow take the inhomogeneities into account because in those
scales inhomogeneities are present. Furthermore, there is most likely a prob-
lem associated with the gradual course graining of the dust particles. The
dust particles of the early universe correspond to atoms. The atoms formed
stars which became the new dust particles. The stars formed galaxies which
gradually formed galaxy clusters. Thus, in this evolution the objects which
the dust particles represent gets changed. Hence, in the lapse of time the dust
particles have grown heavier and become fewer.

The conclusion is that if we interpret the data of a basically inhomogeneous
space as data of a homogeneous space we are forced to adopt the notions
of an accelerated expansion and dark energy. Furthermore, the research of
Cooperstock and Tieu [CT07] indicates that using Newtonian dynamics as
approximation in the weak field limit of Einstein’s equations may simply be
inadequate. The thousands of stars in a galaxy are coupled in non-linear
ways by Einstein’s equation. These non-linear effects could very likely be of
significance when taken together, because of the enormous number of non-
linear couplings in a galaxy, and the Newtonian approximations fail taking
them into account. If that is the case then dark matter haloes around the
galaxies may be an approximation error.

The papers in this thesis will not deal with the extensive question of dark mat-
ter/dark energy directly. We will be content with studying some concrete models of
a universe containing radiation, matter, dark matter and/or dark energy. There are
different levels of descriptions of each of the four substances. These are explained
more thoroughly in Section 1.1. For instance radiation can be described by an
electromagnetic field, by the density of massless and collisionless particles (kinetic
theory) or by a radiation fluid (fluid mechanics). In Paper A we investigate the
stability of spatially homogeneous solutions to (1.1) where T involves radiation and
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dark energy. The radiation is modelled by an electromagnetic field. The kinetic
theoretical description of radiation and dust is the theme of Paper B.

1.1 Matter models

Below we will describe different ways of modelling each of the four basic substances
of the universe.

Radiation is constituted by what we usually call the cosmological background
radiation. The most accurate way of modelling radiation would be to use an elec-
tromagnetical field Fμα satisfying Maxwell’s equations. That is, we get

TEM
μν =

1
4π

(
FμαF α

ν − 1
4
FαβFαβgμν

)
(1.2)

such that

∇αFαμ = 0 (1.3)

∇[μFνξ] = 0. (1.4)

Another very common way would be to use a perfect fluid to model radiation. That
is,

TRF
μν = (ρ + p)uμuν + pgμν (1.5)

where u is a time-like future pointing unit vector field called the flow vector field,
p is the pressure function and ρ is the density function of the radiation. These
variables are related by the equation of state ρ = 3p which is particular for fluid
mechanical radiation and they have to satisfy the relativistic Euler equations

uρ = −(ρ + p)div u

(ρ + p)Duu = −grad p − (grad p)αuαu. (1.6)

This model is less accurate than the former but in many respects easier to use.
In a homogeneous isotropic universe we get that the radiation density ρ ∝ 1/a4

where a is the scale factor of the universe. This reflects that radiation gets diluted
1/a3 as well as red-shifted 1/a as the universe expands. A model whose accuracy is
in between these two models of radiation can be obtained from collisionless kinetic
theory. Let us call it the massless Vlasov model. In this model radiation is described
by a distribution function f̃ over the future-directed light-like momentum points
over each space-time point. That is

f̃ : L → [0,∞)

where L is the future directed light-like vectors of the space-time. Since no collisions
take place each light particle just follows a light-like geodesic. The function f̃(p)
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gives the density of particles having energy-momentum p ∈ L. The stress-energy
tensor is the integral over the momentum space

TRK
αβ (x) :=

∫
Lx

f̃pαpβμLx (1.7)

where Lx is the future directed light-like vectors above the space-time point x, pα

are momentum coordinates and μLx is the measure on Lx defined in Section 2.3
in Paper B. Note that, the distribution function f̃ has to be constant on light-like
geodesics. This is equivalent to satisfying the massless Vlasov equation,

pα∂xα f̃ − Γi
αβpαpβ∂pi f̃ = 0 (1.8)

where xα are space-time coordinates and pα are momentum coordinates. Further-
more, Γγ

αβ are the Christoffel symbols of the space-time.
Matter consists of galaxies which we can observe directly. Beside this matter

we need some dark matter which we thus far only have observed indirectly by its
gravitational interaction with ordinary matter. On the cosmological scale we expect
that we can model both matter and dark matter in the same way. The most common
way to model these are by a fluid mechanical dust. This means that we have the
same stress-energy tensor (1.5) as in the radiation case but a different equation of
state where p = 0. The remaining variables have to satisfy the relativistic Euler
equation (1.6). A more accurate way to model matter/dark matter would be to
use collisionless kinetic theory. This is very similar to the kinetic theoretical model
of radiation. If units are chosen so that the average particle has unit mass we can
describe dust by a distribution function f on the unit mass-shell (future directed
unit time-like vectors) over each space-time point. That is

f : P → [0,∞)

where P is the future directed unit time-like vectors of the space-time. The stress-
energy tensor is the integral over the momentum space

TDK
αβ (x) :=

∫
Px

fpαpβμPx
(1.9)

where Px is the future directed unit time-like vectors above the space-time point
x, pμ are momentum coordinates and μPx

is the measure on Px defined in Section
2.3 in Paper B. Finally, f has to satisfy (1.8) where f̃ is replaced by f and xα are
space-time coordinates and pα are momentum coordinates.

The final substance to model is dark energy. The gradual increase of observa-
tional support in favour of an accelerated expansion necessitates a substance able
to cause this. None of the traditional substances have this property. They are all
gravitating the usual way and work against the expansion of the universe, that is
they slow the expansion down. Dark energy has to achieve the opposite. There is a
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lack of physical understanding as well as of direct observational support of dark en-
ergy. It is often attributed to some kind of vacuum energy or quintessence. Despite
the lack of physical understanding we can construct suitable stress-energy tensors
having the desired effect of causing an accelerated expansion. A popular and gen-
eral way of achieving this is using a scalar field φ having the following stress-energy
tensor

TSF
μν = ∇μφ∇νφ −

(
1
2
∇αφ∇αφ + V (φ)

)
gμν (1.10)

and φ satisfies

∇α∇αφ − V ′(φ) = 0 (1.11)

where V ∈ C∞(R) is such that V (0) > 0 and V ′(0) = 0. Note that a positive
cosmological constant is a special case where V is a positive constant and φ = 0.
We then get the equation

Gαβ + Λgαβ = 8πTαβ

where Λ = 8πV (0) is the so called cosmological constant and Tαβ is the stress-
energy tensor of the remaining matter/energy fields. Having a positive cosmological
constant is the simplest way to model dark energy. It is typically put at the left
hand side of the equation since it is often regarded as universal constant rather than
as a term resulting from stress-energies of matter/energy fields. Already Einstein
considered this modification of the equation (1.1).

1.2 The initial value problem

Equation (1.1) is not sufficient in itself since it has many different solutions. Most
of them are not in agreemant with observations of our universe. We have to add
some information about the present universe to sort out one single solution that
models our universe. But exactly what information do we need in order to get a
unique solution? For answering this we need to formulate general relativity as an
initial value problem.

Let us look at the constraints imposed on a spacelike hypersurface (Σ, g0) in
a time-oriented spacetime (M, g) solving Einstein’s vacuum equation, that is (1.1)
where T = 0. Here g0 is the induced metric and D is the induced Levi-Civita
connection on Σ and ∇ denotes the Levi-Civita connection on M . Assume that N
is the future directed unit normal vector field to Σ and X and Y are any vector
fields tangent to Σ. The second fundamental form k of Σ is defined by

k(X, Y ) = g(∇XN,Y ).

This will be useful when expressing the constraints in terms of objects intrinsic to
Σ. Note that indices of objects intrinsic to Σ are raised and lowered by g0. Finally,
let r be the scalar curvature of Σ.
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Equation (1.1) restricted to Σ gives

GμνNμNν = 8πTμνNμNν = 0
GμνXμNν = 8πTμνXμNν = 0

where the left hand sides are given by Proposition 13.3 in [Rin09] and the right
hand side is zero. We get

r − kijk
ij + (trk)2 = 0 (1.12)

Djkji − Di(trk) = 0. (1.13)

Thus, we can not choose the fields g0 and k on Σ freely. They have to satisfy these
two constraint equations in order to be acceptable metric and second fundamental
form to a hypersurface of a space-time solving Einstein’s vacuum equation.

To reach the constraint equations (1.12)-(1.13) we started with a space-time and
deduced the constraints we have for a hypersurface. Now we instead want to start
from a hypersurface with fields g0 and k satisfying (1.12)-(1.13) and from these
objects construct a space-time satisfying Einstein’s vacuum equation.

We can now pose the initial value problem. Given initial data, in other words
a metric g0 and a symmetric two tensor field k on an n-dimensional manifold Σ
satisfying the constraint equations, the initial value problem consists in

i) finding an (n+1)-dimensional manifold M with a Lorentz metric g such that
(1.1) is satisfied where T = 0,

ii) and an embedding i : Σ → M such that i(Σ) is a Cauchy hypersurface in
(M, g), i∗g = g0 and if κ is the the second fundamental form of i(Σ), then
i∗(κ) = k.

Then (M, g) is called a globally hyperbolic development of the initial data.
The situation here is quite similar to the PDE setting where you wish to know

about uniqueness, local existence, stability of solutions and global existence. The
difference is that these concepts are not as easily defined in the present geometrical
initial value problem. The domain is not as clear cut as in the PDE setting since
it is a manifold and the metric of the manifold is a part of the equation.

Local existence involves finding one such space-time (M, g) solving the initial
value problem. The question of uniqueness of a local solution is more involved than
in the PDE setting. For the Einstein vacuum equation we can prove that if we have
two local solutions then there are subsets, one for each local solution, satisfying i)
the subsets are local solutions and ii) the subsets are as Lorentz manifolds isometric.
Also the question of global existence is more involved than in the PDE setting since
we do not have any absolute domain for the equations. One reasonable meaning
of global existence could be to find an inextendible space-time (M, g) solving the
initial value problem. But more often we try to find a solution called a maximal
globally hyperbolic development defined below.
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Definition 1.1. Given initial data on Σ for (1.1), a maximal globally hyperbolic
development of the data is a globally hyperbolic development (M, g), with embed-
ding i : Σ → M , such that if (M ′, g′) is any other globally hyperbolic development
of the same data, with embedding i′ : Σ → M ′, then there is a map ψ : M ′ → M
which is diffeomorphic onto its image such that ψ∗g = g′ and ψ ◦ i′ = i. A maximal
globally hyperbolic development is usually referred to as an MGHD.

An MGHD could be extendible. In that case the maximal extended space-
time is for instance, i) pathologic, having cyclic time or almost cyclic time, or ii)
there is another choice of initial hypersurface in the extended space-time such that
the extended space time is an MGHD to the initial data induced on this initial
hypersurface. This is for instance the case for a hyperbola in Minkowski space.
The MGHD of such a hyperbola is just the interior of a light-cone which is of
course extendible to the entire Minkowski space. There is a strong belief in the so
called cosmic censorship conjecture which says that almost all maximal extended
solutions of Einstein’s field equation (1.1) are actually expressible as an MGHD to
an initial value problem for some choice of initial hypersurface. That is, pathologies
of the kind i) are really exceptions. Moreover, uniqueness of a maximal globally
hyperbolic development can, for the Einstein vacuum equation, be proven to be
well defined up to isometries.

We could also ask what happens to the solution if we perturb the fields g0 and
k a little. Little effect on the solution of course means stability. This question is
important. The standard model of the universe is based on the assumption that on
cosmic scales the universe is homogeneous and isotropic. This is to some extent sup-
ported by astronomical observations. Assuming such a high amount of symmetries
enables us to actually compute analytical solutions to (1.1). But the observations
only support, at most, the statement that the universe is almost homogeneous and
isotropic on cosmic scales. Without stability the analytical solutions are unreliable.
In fact, if the relevant solutions to (1.1) are unstable then these solutions would be
quite useless.

In the case where we also have matter fields, that is T 	= 0, these fields also
enter the constraint equations. Also the matter equations, for instance Maxwell’s
equations (1.3)-(1.4), Euler’s equations (1.6), the Vlasov equation (1.8) and the
scalar field equation (1.11) can give rise to constraint equations beside those given
in (1.12)-(1.13) which we derived from Einstein’s equation (1.1). The matter fields
are fields on the space-time but when expressed as initial data they should be
rephrased in terms of fields intrinsic to Σ. A more detailed example of how this can
be done can be found in Section 1.3 of Paper A.

1.3 Non-linear wave equations

Non-linear wave equations have proven to be deeply connected to general relativity
and understanding non-linear wave equations is useful when we work with (1.1).
Below follows a short introduction to non-linear wave equations.
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Let I = (I−, I+) ⊂ R and let the C2 function

u(t, x) : I × R
n → R

N

satisfy the system of non-liner wave equations

g(t, x, u(t, x), ∂u(t, x))μν∂μ∂νu(t, x) = F (t, x, u(t, x), ∂u(t, x)) (1.14)

where F ∈ C∞(RnN+2N+n+1, RN ) and g is a Lorentz matrix valued, C∞ function
from R

nN+2N+n+1. The function g together with u gives a Lorentz metric on I×R
n.

Note that for the ordinary wave equation the function g equals the Minkowski metric
on R

n+1 and F = 0. Furthermore, let u satisfy the initial conditions

u(T0, x) = f0(x) ∈ Hk+1(Rn, RN ) (1.15)

∂tu(T0, x) = f1(x) ∈ Hk(Rn, RN ). (1.16)

where k > n/2 + 1 and Hk(Rn, RN ) denotes Sobolev spaces.
The general theory of non-linear wave equations is valid if we add some technical

assumptions concerning g and F . Then we get uniqueness and local existence of a
C2 solution u(t, x) to the initial value problem (1.14)-(1.16) as well as a continuation
criterion that assures us that either we have a global C2 solution, that is I = R, or
the quantity

m[u](t) =
∑

|α|+j≤2

sup
x∈Rn

∣∣∣∂α∂j
t u(t, x)

∣∣∣

blows up at the finite time (future or past) where the solution no longer can be
extended. For more details about non-linear wave equations cf. at Chapter 9 in
[Rin09].

Moreover, as usual for hyperbolic equations we have a finite domain of de-
pendence. There is a finite speed of propagation of information. The domain of
dependence for non-linear wave equations is deeply associated to the Lorentz ge-
ometry (I × R

n, g). We have a sharp demarcation of the domain of dependence of
{t}×U , where t ∈ I and U open subset of R

n. It is the intersection of (I−, t]×R
n

with the union of all time-like curves passing through {t} × U . For more details
about the domain of dependence of non-linear wave equations look at Chapter 12
in [Rin09]. This domain of dependence property of non-linear wave equations is
connected to the causality property of general relativity or in other words that no
information exceeds the speed of light.

Non-linear wave equations and General Relativity

The Einstein vacuum equation, that is (1.1) where T = 0, can be simplified to

Rμν = 0
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if n ≥ 2. When we express this equation in coordinates we get the following equation
for the components gμν of the metric g

Rμν = −1
2
gαβ∂α∂βgμν +

1
2

(∇μΓν + ∇νΓμ)

+ gαβgγδ(ΓαγμΓβδν + ΓαγμΓβνδ + ΓαγνΓβμδ) = 0 (1.17)

where
Γμβν =

1
2
(∂μgνβ + ∂νgμβ − ∂βgμν), Γβ = gμνΓμβν

are the Christoffel symbols of the metric g and their contractions and gαβ are the
components of the inverse of the metric. Note that this equation is not the form
(1.14) since ∇αΓβ terms contain second derivatives of the metric gμν .

To remedy this we have to use the freedom of choosing coordinate system. In fact
we can chose a suitable coordinate system such that ∇μΓν +∇νΓμ does not depend
on the second derivatives of the metric gμν . This procedure is typically referred
to as choosing the gauge. However, note that there are many more possibilities
for choosing the gauge beside the previous choice. Hence, we have an equation of
the form (1.14) and we can use the theory of non-linear equations to prove results
concerning Einstein’s vacuum equation.





Chapter 2

Summary of results

2.1 Paper A

It seems plausible that in the presence of accelerated expansion, the future fate
of the universe will be to get all its matter content, except for the dark energy
causing the acceleration, entirely diluted. Moreover, the distance between any two
comoving points in the universe will be arbitrarily large at a distant enough future.

The so called cosmic no-hair conjecture gives an exact formulation of the idea
expressed above. It states that the model space-time exhibiting accelerated ex-
pansion is the de Sitter space-time defined by the manifold M = R × S

n and the
metric

gdS = −dt2 +
1

H2
cosh2(Ht)gSn

where gSn is the standard metric on the n-dimensional unit sphere S
n. The de

Sitter space-time solves

Gμν = −Λgμν (2.1)

where Λ = n(n− 1)H2/(16π) > 0. The cosmic no-hair conjecture says that adding
any matter on the right hand side of (2.1), (where, of course, the matter should
satisfy reasonable energy conditions) yields an equation whose solutions to the
future asymptotically approach the de Sitter space locally. Thus, the matter content
of the universe will not make any difference in the long run. The solutions will be
inseparable and “bald” at large enough times. They wont have any “hair” enabling
us to separate them; only the value of Λ will matter. Dark energy will in the end
dominate all other forms of matter.

The cosmic no-hair conjecture is proven for very general classes of spatially
homogeneous solutions by Wald in [Wal83]. The next step is to see if the cosmic no
hair conjecture is valid when perturbing spatially homogeneous space-times. This
is related to the question of stability of spatially homogeneous solutions, which is
a question of importance on its own as was remarked in Section 1.2.

11
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In [Rin08] Ringström managed to prove that in the presence of only dark energy,
represented by a scalar field, spatially homogeneous universes will be stable in the
future and the perturbations are asymptotically de Sitter. In fact, it is the property
that perturbations are asymptotically de Sitter that enables us to prove stability
for all future. In particular, the accelerated expansion is very helpful when proving
stability. The mechanisms Ringström used to prove this seem to be very flexible
and should be adaptable to work when also other matter fields are included beside
the scalar field. In Paper A we add an electromagnetic field F and use the method
Ringström introduced. That is, consider (1.1) where the stress-energy tensor is
assumed to be of the form

Tμν = TSF
μν + TEM

μν (2.2)

where TSF
μν and TEM

μν are given by (1.2) and (1.10). Moreover, we require that the
electromagnetic field F solves (1.3)-(1.4) and that the scalar field φ solves (1.11)
where V ∈ C∞(R) is such that V (0) = V0 > 0, V ′(0) = 0 and V ′′(0) > 0. Note
that the technical conditions on V correspond to the fact that the scalar field is
supposed to be a quite general model of dark energy. Furthermore, the field F is
an anti-symmetric second order covariant tensor field. Let us call the system of
equations defined above the Einstein-Maxwell-Scalar field system.

Beside having implications in support of the cosmic no-hair conjecture; Paper
A contains a study of the initial value problem associated to (1.1) with the stress
energy tensor given by (2.2). We have a situation similar to the one given in Section
1.2. The difference is the stress energy tensor (2.2) and the presence of the fields
F and φ. First we need to formulate initial data on the spacelike hypersurface Σ
in the Lorentz space M for these fields. We need φ restricted to Σ and the “time
derivative” of φ restricted to Σ, that is N(φ) where N is a normal vector field to
Σ ⊂ M . Call them φ0 respectively φ1. Furthermore we need F restricted to Σ
and the one-form F (N, ·) restricted to Σ. Call them FΣ respectively FN . These
initial data have to satisfy the constraint equations of Section 1.3 in Paper A. The
results of Paper A give the existence of a unique MGHD that solves the initial
value problem for quite general initial data. But the main theorem in Paper A
gives future stability around certain spatially homogeneous solutions.

Theorem 2.1 (Main theorem Paper A). Let M be a connected and simply con-
nected 3-dimensional manifold and let (M, g0, k, φ0, φ1, FN , FΣ) be initial data for
the Einstein-Maxwell-Scalar field system with a positive cosmological constant Λ =
8πV0. In other words φ0 = φ1 = 0. Assume, furthermore, that one of the following
conditions are satisfied:

• M is a unimodular Lie group different from SU(2) and g0, k, FN and FΣ are
left invariant under the action of this group.

• M = H
3, where H

n is n-dimensional hyperbolic space and the initial data are
invariant under the full isometry group of the standard metric on H

3. As a
consequence FN = 0 and FΣ = 0.
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• M = H
2 × R and the initial data are invariant under the full isometry group

of the standard metric on H
2 × R. As a consequence FN = 0 and FΣ = 0.

Assume finally that trgk > 0. Let Γ be a cocompact subgroup of M in the case
that M is a unimodular Lie group and a cocompact subgroup of the isometry group
otherwise. Let Σ be the compact quotient. Then (Σ, g0, k, 0, 0, FN , FΣ) are initial
data. Make a choice of Sobolev norms ‖·‖Hl on tensor fields on Σ. Then there is an
ε > 0 such that if (Σ, ρ, κ, ϕ0, ϕ1, ΦN , ΦΣ) are initial data for (1.1) and (1.3)-(1.4)
satisfying

‖ρ − g0‖Hk0+1 + ‖κ − k‖Hk0 + ‖ϕ0‖Hk0+1 + ‖ϕ1‖Hk0

+ ‖FN − ΦN‖Hk0 + ‖FΣ − ΦΣ‖Hk0 ≤ ε,

where k0 = 3, then the maximal globally hyperbolic development corresponding to
(Σ, ρ, κ, ϕ1, ϕ0, FN , FΣ) is future causally geodesically complete.

Remark 2.2. If M is a 3-dimensional unimodular Lie group it contains a cocompact
subgroup Γ.

Note that we can guarantee that the perturbed space-times are really future
geodesically complete which is stronger than just being an MGHD. Furthermore,
we prove that the perturbed spacetime solutions are future asymptotically de Sitter
and they do not deviate much from the homogeneous solution which we perturbed.
It is in this sense we have stability. We can use basically the same proofs to prove
that the n-dimensional de Sitter space is both past and future stable within the
Einstein-Maxwell Scalar field system. That is, if we perturb the initial data of the
de Sitter space we get a solution which is asymptotically de Sitter in the past as
well as the future time direction.

2.2 Paper B

Traditionally, radiation and dust are modeled by fluid mechanics. The drawback
with doing this is that the equations of fluid mechanics are burdened with the ap-
pearance of shock waves in their solutions. This fact makes the analytical study
of these equations very difficult. However, results by J. Speck and I. Rodnianski
presented in [RS10] states that fluid mechanics does not give rise to shock waves
when we perturb spatially homogeneous space-times whose cosmological constant is
positive. The accelerated expansion seems to prevent shock waves to form. An alter-
native to fluid mechanics is kinetic theory. The behavior of the dynamical equations
of kinetic theory is expected to be more tractable than those for fluid mechanics.
For all we know today, kinetic theory does not give shock waves. Moreover, as was
mentioned in Section 1.1, kinetic theory is a more fine-grained description than fluid
mechanics. Fluid mechanics is an approximation of the equations of kinetic theory.
Thus, kinetic theory actually has two advantages in comparison to fluid mechanics.
Of course, these advantages do not come without a price. Fluid mechanics is in
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some respects simpler than kinetic theory. In short, fluid mechanics is attained by
integrating each space-time position of kinetic theory over the momentum space.
Thus, by using fluid mechanics we get a simplified description without any need of
invoking momentum spaces and distribution functions on momentum spaces. These
objects have to be included when analysing kinetic theoretical models of dust and
radiation. This fact makes the analysis of kinetic theoretical models a more com-
plex task. But the price of this complexity can perhaps be afforded if the reward
consists in the absence of shock waves and a more correct modeling of dust and
radiation.

By the Einstein-massive Vlasov-Scalar field system we mean (1.1) where the
stress-energy tensor is given by

Tμν = TSF
μν + TDK

μν (2.3)

where TDK
μν and TSF

μν are given by (1.9) and (1.10) respectively. Furthermore, the
scalar field φ has to satisfy (1.11) and the function f has to satisfy the massive
Vlasov equation (1.8) where f̃ is replaced by f and where xα are space-time coordi-
nates and pα are momentum coordinates of Px, that is the unit mass-shell above x.
The massive Vlasov equation is the kinetic theoretical model for collisionless par-
ticles. In [Rin] the well-posedness of the Cauchy problem of the Einstein-massive
Vlasov-Scalar field system is proven as well as the global future stability of a wide
class of spatially homogeneous solutions. Note that the scalar field models vacuum
energy and is assumed to result in a positive cosmological constant.

The simplest choice of kinetic theoretical model for radiation would be the
massless Vlasov equation. It would be desirable to investigate Einstein’s equation
where the stress-energy tensor is given by

Tμν = TSF
μν + TDK

μν + TRK
μν (2.4)

where TRK
μν , TDK

μν and TSF
μν are given by (1.7), (1.9) and (1.10) respectively. In that

way we could model all of the four substances; radiation, dust, dark matter and
dark energy, without worrying about singularity formations caused by the matter
models. Moreover, the scalar field φ has to satisfy (1.11), the radiation distribution
f̃ has to satisfy (1.8) and dust distribution f has to satisfy (1.8) where f̃ is replaced
by f . Let us call the system defined above as the Einstein-massive/massless Vlasov-
Scalar field system.

When expressing the Einstein-massive/massless Vlasov-Scalar field system in
coordinates we get a certain system of integro-differential equations, cf. Section 1.3.
In Paper B, these equations are investigated by following the same line of arguments
as was used in [Rin] to investigate the corresponding system of integro-differential
equations that appears when the Einstein-massive Vlasov-Scalar field system is
expressed in coordinates. The difference is that the massless Vlasov equation is
formulated on the light-cone and the massive Vlasov equation is formulated on
the unit mass-shell. The light-cone is singular at the apex of the cone. This fact
requires a somewhat different line of arguments than the one presented in [Rin].
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Non-linear wave equations coupled to generalized
massive-massless Vlasov equations

When expressed in coordinates, the Einstein-massive/massless Vlasov-Scalar field
system becomes a system of integro-partial differential equations. By choosing the
coordinates in an appropriate way and by applying cut-off functions, we can rewrite
this system of integro-partial differential equations into a system of equations we
shall call non-linear wave equations coupled to generalized massive-massless Vlasov
equations. See Section 1.3 for the corresponding treatment of the vacuum Einstein
equation.

Let us describe the main structure of non-linear wave equations coupled to
generalized massive-massless Vlasov equations. Let 1 ≤ n, N ∈ Z and S̄ be either
R

n or T
n. Let g be an (n + 1)× (n + 1)-Lorentz metric valued function defined on

R × S̄ × R
N . In this article we shall investigate the existence of functions

u : I × S̄ → R
N

f1, f2 : I × S̄ × R
n → R

for some interval, I = (I−, I+) � T0, solving

g(x, u)λν∂λ∂νu = F (x, u, ∂u) +
∫

Rn

kf1dp̄ +
∫

Rn

k̃f2dp̄ (2.5)

Luf1(x, p̄) = 0 (2.6)

L̃uf2(x, p̄) = 0 (2.7)

u(T0, ·) = ū0 (2.8)

∂tu(T0, ·) = ū1 (2.9)

f1(T0, ·) = f̄1 (2.10)

f2(T0, ·) = f̄2 (2.11)

where x ∈ I × S̄, p̄ ∈ R
n, F is a smooth R

N -valued function and k and k̃ are
R

N -valued integral kernels depending on x. Lu and L̃u are certain linear first order
differential operators with coefficients depending on u(x) and the derivatives of
u(x). We should regard f1 and f2 as distribution functions; that is, for each point
in I × S̄ we have a distribution over all possible momentum values represented by
R

n.
In Section 8.1 in Paper B we give a more detailed description of the initial value

problem (2.5)-(2.11) under consideration in this article. There are, of course, many
more details than those presented in the present section.

Results and future outlook

The main result, presented in Proposition 8.48 in Paper B, assumes that the number
of spatial dimensions is odd and it gives local existence, uniqueness and various
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kinds of regularity of the solution to the initial value problem (2.5)-(2.11). The
order of regularity depends on the regularity of the initial values. Furthermore,
Lemma 9.1 in Paper B gives a continuation criterion for a local solution. That
is, assume there is a finite boundary point T to the solution interval I, either a
certain quantity explodes at T or the solution can be extended beyond T . Finally,
Corollary 9.2 in Paper B gives uniqueness and existence of a smooth solution where
we assumed smooth initial data and that the initial data of the massless distribution
function vanishes within a certain fixed distance from the momentum-origin for each
space point. Furthermore, we have a continuation criterion for the smooth solution.

The previously mentioned results are useful if we wish to prove the well-posedness
of the Cauchy problem for the Einstein-massive/massless Vlasov-Scalar field system
along the same lines as Ringström follows in [Rin] to prove the correspondings facts
about the Einstein-massive Vlasov-Scalar field system. Furthermore, we hope that
also the global future stability of a wide class of spatially homogeneous solutions
can be proven by essentially using the same methods as Ringström.
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