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Abstract. We study the error and computational cost of generating output
signal realizations for the channel model of a moving receiver in a scattering

environment, as in Clarke’s model, with the extension that scatterers randomly

flip on and off. At micro scale, the channel is modeled by a Multipath Fading
Channel (MFC) model, and by coarse graining the micro scale model we derive

a macro scale Gaussian process model. Four algorithms are presented for gen-
erating stochastic signal realizations, one for the MFC model and three for the

Gaussian process model. A computational cost comparison of the presented

algorithms indicates that Gaussian process algorithms generate signal realiza-
tions more efficiently than the MFC algorithm does. Numerical examples of

generating signal realizations in time independent and time dependent scatter-

ing environments are given, and the problem of estimating model parameters
from real life signal measurements is also studied.

1. Introduction

We consider the Multipath Fading Channel (MFC) model with a transmitter
fixed and the receiver moving with a constant speed in an urban environment with
buildings obstructing the line of sight between scatterer and receiver. Incoming
rays at the receiver are thus modeled as scattered off the receiver’s surroundings.
Looking at scenarios where the distance between transmitter and receiver is large
and the majority of scattering surfaces are flat walls, the vertical angle of arrival of
incoming rays at the receiver is assumed to be 0 degrees, cf. Figure 1, i.e. scatterers
are assumed to lie in the horizontal plane. The receiver receives M incoming signal
rays whose horizontal angle of arrival {αm}Mm=1 are distributed according to a
prescribed scatterer density p : [0, 2π) → R+, and the resulting baseband output
signal is modeled by

(1) Zt,M =
1√
M

M∑
m=1

a(αm, t)e
−i(2π fc τ(αm,t)+θm(t)).

Here fc denotes the carrier frequency, τ the delay function, and a(αm, t) and θm(t)
are respectively amplitude and phase shift random processes further described in
Subsection 1.1. Two different delay functions are used in this paper; the full de-
lay function depending on an explicit description of the scattering boundary, and
τ(α, t) = −vt cos(α)/c, with v and c denoting the speed of the moving receiver and
the speed light, respectively. The latter delay function is a first order approximation
of the full delay function, cf. Appendix B.
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Figure 1. Illustration of the typical scattering environment which
we wish to model the wireless channel in.

The choice τ(α, t) = −vt cos(α)/c, is common in channel modeling since it re-
sults in a Wide Sense Stationary (WSS) channel model, i.e. a model whose signal
realizations Zt,M have constant expected value as a function of time and the au-
tocorrelation function E[Zt+∆t,MZ

∗
t,M ] is a function of only ∆t, and therefore are,

relatively speaking, easier to analyze.
To put the output of (1) in context, a more general input/output baseband signal

representation is given by

Zt =

∫
R
X(t− τ)h(t, τ)dτ,

where X(t) denotes the baseband input signal and h(t, τ) the impulse response
function. For the output in (1), the baseband input is X := 1, which corresponds
to the zero bandwidth passband input signal X(t) = exp(−i2π fc t) demodulated to
a 0 frequency signal, and the impulse response function is given by

h(t, τ) =
1√
M

M∑
m=1

a(αm, t)e
−i(2π fc τ(αm,t)+θm)δ(t− τ(αm, t))

with δ denoting the Dirac delta function. Note that although we model channels
with single frequency input signal, Doppler effects deriving from the receiver moving
relative to its surroundings will result in output signals having non-zero frequency
bandwidth.

1.1. The amplitude random process. Local shadowing by reflecting objects in
motion, for example cars, pedestrians and shaking leaves, causes scatterers to flip
from being active to passive and vice versa. Attempting to include local shadowing
in our MFC model, we define the amplitude random flip process a(α, t) which
flips on when it changes value from 0 to a+(α, t) ≥ 0 and off when the opposite
change occurs. It is here assumed that the mapping a+ : [0, 2π)× R→ R+, which
represents the active state of a reflector, is piecewise continuous (it may for example
be piecewise constant or depend on the distance from scatterer to receiver). The
flip process (of a scatterer) is modeled as Poisson process with constant flip rate C:

P (a(αm, t) flips k times on time step ∆t) =
(C∆t)k exp(−C∆t)

k!
,
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where flips are independent from the phase shift processes {θm(t)}Mm=1 and from the

scatterers’ state
⊗M

m=1{0, a+(αm, t)}. The scatterers’ initial state {a(αm, 0)}Mm=1 is
sampled according to the i.i.d. Bernoulli distribution P (a(αm, 0) = a+(α, 0)) = 1/2
and P (a(αm, 0) = 0) = 1/2 which is consistent with the steady state distribution
as t→∞. For an illustration of the effect of a positive flip rate on an output signal
realization and a comparison to a real life signal measurement, see Figure 2.

The phase shift processes {θm(t)}Mm=1 are at all times i.i.d. uniformly distributed
in [0, 2π). This is motivated from the assumption that wave lengths are very small
compared to the wave paths’ travel distance from transmitter to receiver. The
phase of θm(t) is updated by sampling θm(t) ∼ U(0, 2π) every time scatterer m
flips, since we assume that a scatterer flipping at a given angle αm is equivalent to
a new scatterer appearing at the given angle; a new scatterer requiring a new i.i.d.
phase shift uniformly distributed in [0, 2π).
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Figure 2. Left plot: Signal envelopes of two computer gen-
erated signal realizations using Algorithm 1 with the same ran-
dom seed initialization. Both realizations are generated with
fc = 1.8775GHz, v = 6.944m/s, a+ = 2, p = (2π)−1 and
τ(α, t) = −vt cos(α)/c. The only varying model parameter is the
flip rate with C = 0 (dashed line) and C = 5 (full line). Right
plot: Measured urban environment signal envelope whose carrier
frequency and receiver speed are identical to the corresponding
values for the realizations in the left plot.

Remark 1.1. The presence of measurement noise in the data might be difficult
to distinguish from flipping scatterer noise and can effect modeling parameter esti-
mates, such as the flip rate. In our model, we assume that measurement noise is
negligible relative to the noise generated by flipping scatterers.

1.2. Motivation for Gaussian processes model. The MFC model with flips
introduced here can be linked to the Master Equation, which is an equation often
used in chemistry to describe the evolution of state space probabilities, cf. [13].
In a Master Equation setting, one typically assigns finite state spin variables on a
lattice with probabilistic spin interaction dynamics and describe the time evolution
of the probability to occupy each one of a discrete set of states through a differential
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equation called the Master Equation. In our setting, we have the lattice {αm}Mm=1

and the possibly time dependent state space
⊗M

m=1{0, a+(αm, t)}.
Creating discrete signal realizations of (1) straightforwardly by the MFC algo-

rithm described in Section 2 is computationally very costly. This motivated us
to try to construct an algorithm which reduced the computational cost while at
the same time preserved the desired signal properties by using a new result in the
Master Equation setting: In [11], Katsoulakis and Szepessy developed theory for
coarse graining two state spin variables on a micro scale lattice into a macro scale
Stochastic Differential Equation (SDE) representation which reduces the compu-
tational cost for such problems considerably. Using their theory, we developed a
similar transition from the MFC model with flip state space on a micro scale lattice
to a coarse grained SDE supposed to represent the output signal. However, com-
paring signal realizations of the Master Equation developed SDE to fine realizations
of the MFC algorithm it was clear that the phase shift processes {θm(t)}Mm=1 were
not resolved in the SDE model. This observation made us believe that a Master
Equation SDE is not suitable coarse graining of (1) and lead us to instead try coarse
graining with Gaussian processes, which are more general stochastic processes than
SDEs.

The first outcome of coarse graining with Gaussian processes is Theorem 3.4
which shows that as M →∞, the signal Zt,M converges in distribution to a Gauss-
ian process Zt. Based on this theorem, we develop three algorithms, Algorithm 2, 3
and 4, using covariance and spectral properties to generate realizations of the limit
Gaussian process. The developed algorithms are studied in terms of accuracy and
computational cost, and a summary of this study, presented in Section 5, indi-
cate that that the Gaussian process algorithms generate signal realizations more
efficiently than the MFC algorithm, Algorithm 1, does.

1.3. Related works and historical remarks. In 1968, Clarke introduced the
MFC model now known as Clarke’s model in his seminal paper [7]. He considered
the superposition of M incoming waves

(2) ξt,M =
1√
M

M∑
m=1

e−i(2π fc v cos(αm)t/c+θm),

where, as before, fc is the carrier frequency, {θm}Mm=1 are i.i.d. initial phase shifts
and αm is the arrival angle of the mth component wave distributed according to
a given azimuth density p(α). Note in particular that this is a WSS model with
delay function τ(αm, t) = −v cos(αm)t/c which is identical to the delay function we
mainly use in our MFC model. Considering the scenario with angle density p(α) =
(2π)−1, Clarke noted that the auto correlation function, E[ξt,Mξ

∗
0,M ], converges

to the zeroth-order Bessel function of the first kind, J0(2π fc vt/c), as M → ∞.
And, further, he showed that its Power Spectral Density (PSD), which describes
the frequency spread around the carrier frequency and is defined by the Fourier
transform of the autocorrelation function, is on the form

(3) S(f) =

{
c

π
√

(v fc)2−(cf)2
|f | < v fc /c

0 |f | ≥ v fc /c.

This particular PSD is often referred to as Jakes’ spectrum. For plots of these
results, see Figure 3.
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Figure 3. Left plot: The autocorrelation function for Clarke’s
model with azimuth density p(α) = (2π)−1, v = 5m/s and
fc = 1.8775GHz. Right plot: The power spectral density of
Clarke’s model, often called Jakes’ spectrum, with the same model
parameters as for the left plot.

Among the papers linking the MFC model to SDE which motivated this work,
Feng, Field and Haykin [10] studied the output signal

(4) ξt,M =

M∑
m=1

ame
iφm(t).

Here am = O(M−1/2) are constant amplitudes and φm are phases with uniform
random initialization on the interval [0, 2π), and, with dWt,m denoting the Wiener
increment and B a positive constant, they assumed the phases also satisfied the
increment relation

(5) dφm(t) =
√
BdWt,m.

Since this is a model for stationary wireless channels, the phases do not include
Doppler shift terms. As M → ∞, they derived that ξt,M converges to a complex
valued Ornstein-Uhlenbeck process.

In [9], Feng and Field consider the MFC model with output

ξt,M =

M∑
m=1

am exp
(
i(2πfmt+ φ

(m)
t )

)
.

where the amplitudes am are i.i.d. random variables and fm = fD cos(αm) are
Doppler shifts with fD denoting the maximum Doppler shift and αm the angle. The

phases φ
(m)
t are independent Wiener processes with uniform initial distribution in

[0, 2π):

dφ
(m)
t =

√
BdW

(m)
t , φ

(m)
0 ∼ U [0, 2π),

where B is a constant with the dimension of frequency. With this model they obtain
the auto-correlation function

E[εt,Mε
∗
0,M ] =

M∑
m=1

E[a2
m]e−B|t|/2J0(2π fD t),
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and a corresponding PSD which they claim resemble measurements more than
Clarke’s model PSD. Although our modeling assumptions are quite different than
Feng and Field’s, we obtain similar autocorrelation and PSD results with our Gauss-
ian Process model, cf. Section 4.

The development of flipping scatterers in our model is linked to the application of
Poisson counting process as birth-death modeling of wave paths. Among the papers
considering such models is Charalambous et al. [5] which study MFC models with
output

ξ(t) =

M(Ts)∑
m=1

am(τm)eiφm(τm,t)x(t− τm),

where x(t) is the input signal, and τm, am(τm) and φm(τm, t) denote the propagation
time delay, amplitude, and phase, respectively. The number of received paths,
M(Ts), is a Poisson counting process with Ts > 0 being a fixed stopping time.
Under certain conditions, they obtain explicit expressions for the autocorrelation,
PSD and moment-generating functions. In [16], Zwick et al. develop a temporally
dynamic indoor channel model where birth and deaths of active wave paths are used
to model the varying scattering environment, and in [6], Chong et al. introduce an
indoor channel model where births and deaths of wave paths are generated by a
Markov transition matrix.

All papers mentioned above present channel models with relatively few param-
eters, but there are also reports which have a highly physical approach thereby
needing many parameters. The industry standard modeling report by 3GPP [1],
considers reflectors gathered in clusters and models the received signal as a superpo-
sition of wave paths hitting the reflectors. Among its input parameters are: trans-
mitter antenna and receiver antenna orientation, line of sight angle of departure
from transmitter to receiver, angle of departure for every path from transmitter,
angle of arrival for every path at receiver, transmitter velocity, angle of transmitter
velocity, etc.

The rest of this paper is organized as follows. In Section 2, we present a nu-
merical algorithm for generating signal realizations of our proposed MFC model.
Section 3 motivates theoretically approximating the output signal by a Gaussian
process model and two algorithms for generating Gaussian process signal realiza-
tions based on the covariance matrix is developed. An error and complexity analysis
of Algorithm 1, 2 and 3 is also included. In Section 4, we investigate the relation
between the signal’s autocorrelation and PSD for WSS signals. A method for es-
timating the flip rate and scatterer density from PSD measurements is described,
and a PSD based algorithm for generating Gaussian process signal realizations is
presented. Section 5 summarizes the complexity analysis results obtained for the
five algorithms considered in this paper. Section 6 concludes the paper with a nu-
merical examples of signal realizations for time independent and time dependent
scattering environments.

2. The MFC algorithm

We first present a numerical algorithm for generating signal realizations by the
MFC model equation (1) on a set of sampling times t = (t1, t2, . . . , tN ).

Remark 2.1. It is possible to extend the MFC model and algorithm to scenarios
including line of sight wave components, often called specular rays. Suppose you
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Algorithm 1 The MFC algorithm

Input: Amplitude function a+, flip rate C, carrier frequency fc, scatterer
density p, receiver speed v, sampling times t = (t1, t2, . . . , tN ).
Output: Signal realization Zt,M = (Zt1,M , Zt2,M , . . . , ZtN ,M ).
Generate a set of i.i.d angles of arrival {αk}Mk=1 distributed according to the
density p(α).
Generate a set of i.i.d. phase shifts {θk(0)}Mk=1 with θk(0) ∼ U(0, 2π).
Generate the initial state of the amplitudes {a(αk, t1)}Mk=1 which are i.i.d. re-
stricted to the steady state initial condition P (a(α, t1) = 0) = P (a(α, t1) =
a+(α, t1)) = 1/2.
Compute Zt1,M according to (1).
for j = 2 to N do

for k = 1 to M do
Generate nk ∼ Poisson(C(tj − tj−1)).
Flip the value of a(αk, tj) nk times.
If nk > 0, update the phase shift process by generating a new random phase
shift θk(tj) ∼ U(0, 2π).

end for
Compute Ztj ,M according to (1).

end for

have the input/output relation consisting of many diffuse ray contributions in Zt,M
and one specular ray incoming from the angle 0 with amplitude V . Then an output
signal can be generated by

Zt,M + V e−i(2π fc τ(0,t)),

where V e−i(2π fc τ(α,t)) is a deterministic term modeling the specular ray contribu-
tion.

3. Stochastic model for the signal with static scatterers

In this section we will show that the normalized signal Zt,M of equation 1 con-
verges in distribution to a complex Gaussian process as M → ∞. Thereafter, the
covariance of the limit Gaussian process is derived and used to construct an algo-
rithm for generating signal realizations in Algorithm 2. But first, let us recall the
definitions of multivariate complex normal distributions and Gaussian processes.

Definition 3.1 (Multivariate complex normal distribution I). Suppose X and Y are
random vectors in Rn such that (X,Y ) is a 2n−dimensional normal random vector.
Then we say that Z = X + iY is complex normal distributed and its distribution is
described by the mean µ = E[Z], the covariance matrix K = E[(Z − µ)(Z − µ)H ]
and the pseudo-covariance matrix J = E[(Z − µ)(Z − µ)T ], where T denotes the
transpose operator and H the Hermitian operator. We write Z ∼ NC(µ,K, J).

An alternative definition for multivariate complex normal distributions, which
often is easier to work with, derives from the one-to-one relation between the char-
acteristic function and the distribution:

Definition 3.2 (Multivariate complex normal distribution II). A random vector
Z = (Z1, Z2, . . . , Zn) ∈ Cn is said to be complex multivariate normal distributed if
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the linear combination of its components, cHZ ∈ C1 is complex normal distributed
for all c ∈ Cn.

Definition 3.3 (Complex Gaussian process). A complex Gaussian process is a
stochastic process {Zt}t∈[0,T ), Zt ∈ C1, for which any finite length sample vector
(Zt1 , Zt2 , . . . , Ztn) with 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn < T is complex normal distributed.

With the aid of the Central Limit Theorem (CLT), we now show that Zt,M
converges in distribution to a Gaussian process as M →∞.

Theorem 3.4 (Model (1)’s distributional convergence to a Gaussian process). As-
sume the amplitude function a+(·, t) and the delay function τ(·, t) is bounded and
piecewise continuous on [0, 2π) for all times t ∈ [0, T ). Then the signal

Zt,M :=
1√
M

M∑
m=1

a(αm, t)e
−i(2π fc τ(αm,t)+θm(t))

converges in distribution to a complex Gaussian process Zt as M →∞.

Proof. Letting ∗ denote the complex conjugate, definitions 3.2 and 3.3 imply that
if sums of the kind

(6) Υt,c,M :=

n∑
i=1

c∗iZti,M ,

converge in distribution to a complex normal for all finite length sampling times
t = (t1, t2, . . . , tn) ⊂ [0, T ) and complex valued vectors c = (c1, c2, . . . , cn), then
Zt,M converges in distribution to a complex Gaussian process on [0, T ).

Writing out equation (6), we have

Υt,c,M =
1√
M

M∑
m=1

n∑
j=1

c∗ja(αm, tj)e
−i(2π fc τ(αm,tj)+θm(tj))

︸ ︷︷ ︸
=:ξm

.

Since both {θm(·)}m, {a(αm, ·)}m are i.i.d. and mutually independent, the r.v.
{ξm}m are also i.i.d. with mean

(7) µ = E[ξm] =

n∑
j=1

c∗jE

[
E[a(αm, tj)|αm]E

[
e−i(2π fc τ(αm,tj)+θm(tj))

∣∣∣αm]︸ ︷︷ ︸
=0

]
= 0.

Before computing the covariance and pseudo-covariance of ξm, let us derive som
useful properties. By the definition of the phase shift processes and amplitude
process given in Subsection 1.1, we see that

P (θm(tj) = θm(tk)) = e−C|tj−tk|,

and

E[a(αm, tj)a(αm, tk)|αm, θm(tj) = θm(tk)]

= a+(αm, tj)a
+(αm, tk)P

(
a(αm, tj) = a+(αm, tk)

)
=
a+(αm, tj)a

+(αm, tk)

2
.
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Consequently,

E
[
a(αm, tj)a(αm, tk)ei(2π fc(τ(αm,tk)−τ(αm,tj))+θm(tk)−θm(tj))

∣∣∣αm]
= P (θm(tj) = θm(tk))E[a(αm, tj)a(αm, tk)|αm, θm(tj) = θm(tk)]ei2π fc(τ(αm,tk)−τ(αm,tj))

= e−C|tj−tk|
a+(αm, tj)a

+(αm, tk)

2
ei2π fc(τ(αm,tk)−τ(αm,tj)).

(8)

and

(9) E[a(αm, tj)a(αm, tk)e−i(2π fc(τ(αm,tk)+τ(αm,tj))+θm(tk)+θm(tj))|αm] = 0.

The covariance of ξm is derived using (8)

K = E[|ξm|2]

=

n∑
j,k=1

c∗jckE
[
E
[
a(αm, tj)a(αm, tk)ei(2π fc(τ(αm,tk)−τ(αm,tj))+θm(tk)−θm(tj))

∣∣∣αm]]
=

n∑
j,k=1

c∗jck
e−C|tj−tk|

2

∫ 2π

0

a+(α, tj)a
+(α, tk)ei2π fc(τ(α,tk)−τ(α,tj))p(α) dα,

(10)

and the pseudo-covariance from using (9),

J = E[ξ2
m]

=

n∑
j,k=1

c∗jckE
[
E
[
a(αm, tj)a(αm, tk)e−i(2π fc(τ(αm,tk)+τ(αm,tj))+θm(tk)+θm(tj))

∣∣∣αm]]
= 0.

(11)

Having shown that Υt,c,M =
∑M
m=1 ξm/

√
M is a sum of i.i.d. complex valued

random variables ξm with mean µ = E[ξm] = 0, pseudo-covariance J and the
bounded covariance K as given in equation (11) and (10), respectively, it follows
by the CLT for complex valued random variables that the normalized sums Υt,c,M

converge in distribution to the complex normal NC(µ, J,K) as M →∞. �

Having proved that Zt,M converges in distribution to a complex Gaussian pro-
cess Zt, our next goal is to construct an algorithm that generates realizations Zt =
(Zt1 , Zt2 , . . . , ZtN )T of the process sampled at a set of times t = (t1, t2, . . . , tN ).
To achieve that goal, we must first describe Zt in terms of its mean, pseudo-
covariance and covariance. Consider, as in the proof of Theorem 3.4, a sum

Υt,c = limM→∞
∑N
j=1 c

∗
jZtj ,M for a complex valued vector c = (c1, c2, . . . , cN ).

By choosing c such that cj = δjk, with δjk denoting the Kronecker delta, it follows
from equation (7) and the proof of Theorem 3.4 that

µk = E[Ztk ] = E[Υt,c] = 0, forall k ∈ {1, 2, . . . , N}.
Choosing instead cj = ck = 1 and the other elements of c equal to 0, it follows from
equations (11) and (10) that J(tj , tk) = 0 and

(12) K(tj , tk) =
e−C|tj−tk|

2

∫ 2π

0

a+(α, tj)a
+(α, tk)ei2π fc(τ(α,tk)−τ(α,tj))p(α) dα
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for all j, k ∈ {1, 2, . . . , N}.
When the pseudo-covariance J = 0, the multivariate complex normal is said to be

circular symmetric and, for simplicity, its distribution is represented by NC(µ,K).
An N−dimensional circular symmetric complex normal Z ∼ NC(µ,K) has the
density representation

P (Z = z) =
e−(z−µ)HK−1(z−µ)

det(K)πN
.

For the sampled limit complex Gaussian process studied here, we thus see that
Zt ∼ NC(0,K) with the terms of K given by (12).

3.1. Gaussian process algorithm based on the covariance matrix. We now
present an algorithm that generates Gaussian process signal realizations on a set
of N sampling times t by multiplying the square root of the covariance matrix to a
vector of i.i.d. standard complex normals, see (13). This is a standard way of gen-
erating Gaussian process realizations, c.f. [2], which requires having predetermined
the covariance matrix K integral terms given in (12). Generally, however, these
covariance integral terms are not solvable by pen and paper, so we approximate
them using numerical integration. This results in an approximation of the covari-
ance matrix K, which we denote K. In the algorithm to be presented, Algorithm 2,
K is used to generate Gaussian process signal realizations Zt = (Zt1 ,Zt2 , . . . ,ZtN ).

Algorithm 2 Covariance matrix based Gaussian process algorithm

Input: Amplitude function a+, flip rate C, carrier frequency fc, scatterer
density p, receiver speed v, sampling times t = (t1, t2, . . . , tN ).
Output: Gaussian process realization Zt = (Zt1 ,Zt2 , . . . ,ZtN ).
for i = 1 to N do

for j = 1 to N do
Approximate the term K(ti, tj) of equation (12) with quadrature and store

the value in the approximate covariance matrix K(ti, tj).
end for

end for

Singular value decompose K = U S U
H

, and compute K
1/2

= U S
1/2

.

Generate a vector of N i.i.d. standard complex normal elements; Ẑ ∼ NC(0, IN ),
and thereafter the sampled output signal realization

(13) Zt = K
1/2

Ẑ.

Remark 3.5. As it were for the MFC algorithm, it is also possible to extend
the covariance based Gaussian process algorithms to scenarios with specular ray
contributions. Assume you have the input/output relation consisting of many diffuse
ray contributions modeled by the Gaussian process output Zt and one specular ray
incoming from the angle α with amplitude V by

Zt +V e−i(2π fc τ(α,t)).
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3.2. Error estimates and computational complexity. Our next objective is
to estimate the computational cost of generating signal realizations on a time grid
t = (t1, t2, . . . , tN ) ⊂ [0, T ) satisfying an accuracy requirement when using either
Algorithm 1 or 2. We first introduce a measure for how well, in distributional sense,
an algorithm’s stochastic realizations approximates the sampled limit Gaussian
process Zt.

Definition 3.6 (Distributional signal error measure). Let K denote the covari-
ance matrix of the sampled Gaussian process Zt = (Zt1 , Zt2 , . . . , ZtN ) expressed in
equation (12) and let Zt denote a generated signal realization that approximates Zt

in distributional sense. Then, under the assumption that K is non-singular, the
distributional error of Zt is defined by

e(Zt) := sup
A∈C(CN )

∣∣P (Zt ∈ A
)
− P (Zt ∈ A)

∣∣ ,
where C(CN ) denotes the class of convex sets in CN .

3.3. Computational cost of Algorithm 1. To estimate the error for signals
generated by Algorithm 1, we first review a theorem on the Berry-Essen bound’s
dimensional dependency.

Theorem 3.7 (Bentkus [3]). Let X̂i be i.i.d. random vectors in RN . Assume X̂i

has mean zero and identity covariance matrix. Write β = E[|X̂i|3], let

SM =
1

M

M∑
m=1

X̂m,

and denote by C(RN ) the class of all convex sets in RN . Then

sup
A∈C(RN )

∣∣∣∣∣P (SM ∈ A)−
∫
A

e−|x|
2/2

(2π)N/2
dx

∣∣∣∣∣ ≤ 400N1/4E[|X̂|3]√
M

.

Remark 3.8. Considering the class of balls in RN instead of the class of convex
sets, it is possible to reduce the upper bound of Theorem 3.7 by a factor O(N−1/4),
c.f. [3]. However, for the processes studied in this paper, it is of interest to include
at least all ellipsoidally shaped sets.

Using Theorem 3.7 we next derive an upper bound for e(Zt,M ) as a function
both of the number of scatterers M and the number of sampling times N .

Corollary 3.9 (Error bound for Algorithm 1). Let Zt,M = (Zt1,M , Zt2,M , . . . , ZtN ,M )
denote a sampled output signal generated by Algorithm 1 with sample times t re-
stricted to [0, T ). Assume further the covariance matrix K of the sampled limit
Gaussian process Zt, cf. equation (12), is non-singular so that it may be rep-
resented by the singular value decomposition K = USUH with S = diag(si),
s1 ≥ s2 ≥ . . . ≥ sN > 0. Then

e(Zt,M ) ≤
23/4 · 400N7/4

∥∥E [(a+(α, ·))3
]∥∥
L∞([0,T ))

s
3/2
N M1/2

.

Proof. Since Zt is a circular symmetric complex normal, it holds for any set A ∈
C(CN ) that

P (Zt,M ∈ A)− P (Zt ∈ A) = P
(

(K/2)−1/2Zt,M ∈ A
)
−
∫

(K/2)−1/2A

e−|z|
2/2

(2π)N
dz,
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where (K/2)−1/2 being a linear operator implies that also (K/2)−1/2A ∈ C(CN ).
The linearly transformed signal (K/2)−1/2Zt,M may be written

(K/2)−1/2Zt,M =
1√
M

M∑
m=1

(K/2)−1/2Z̆m

with i.i.d. complex valued random vectors

Z̆m :=


a(αm, t1) exp (−i(2π fc τ(αm, t1) + θm(t1)))
a(αm, t2) exp (−i(2π fc τ(αm, t2) + θm(t2)))

...
a(αm, tN ) exp (−i(2π fc τ(αm, tN ) + θm(tN )))

 .
Following the proof of Theorem 3.4, Z̆m has zero mean, zero pseudo-covariance ma-
trix, and covariance matrix K, identical to the covariance matrix of Zt. This implies
that the random vectors (K/2)−1/2Z̆m has mean zero, zero pseudo-covariance ma-
trix, and covariance matrix equal to 2IN , with IN denoting the N−dimensional
identity matrix. Then, representing CN by R2N , we note that 2N−dimensional
real valued random vector (Re((K/2)−1/2Z̆m), Im((K/2)−1/2Z̆m)) has mean 0 and
identity covariance I2N , and the proof is completed by bounding the norm of
E[|(Re((K/2)−1/2Z̆m), Im((K/2)−1/2Z̆m))|3] = E[|(K/2)−1/2Z̆m|3], and applying
Theorem 3.7. By Hölder’s inequality,

E[|(K/2)−1/2Z̆m|3] ≤ 23/2

s
3/2
N

E


 N∑
j=1

(a(α, tj))
2

3/2


≤ 23/2
√
N

s
3/2
N

N∑
j=1

E
[
(a(α, tj))

3
]

= 21/2

(
N

sN

)3/2 ∥∥E [(a+(α, ·))3
]∥∥
L∞([0,T ))

.

End of proof.
�

It follows from the above corollary that to generate a realization fulfilling

(14) e(Zt,M ) ≤ TOL,

requires M = O(TOL−2N7/2S−3
2N ), which has the computational cost O(MN) =

O(TOL−2(N3/2/S2N )3). For statistical purposes it is often interesting to generate
many realizations, so we also note that the cost generating L realizations fulfill-
ing (14) is

Cost(Algorithm 1) = O

(
LTOL−2

(
N3/2

S2N

)3
)
.

3.4. Computational cost of Algorithm 2. Algorithm 2 uses the covariance
matrix K to generate realizations Zt = (Zt1 ,Zt2 , . . . , ZtN ). In distribution, these
realizations differ slightly from the realizations Zt that would be obtained if using
Zt’s covariance matrix K to generate signals instead of K. Here, we will bound
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the error e(Zt) in terms of the difference between K and K, a difference which is a
consequence of approximating the integral terms K(tj , tk) of (12) by quadrature:

K(tj , tk) =
e−C|tj−tk|

2

M∑
`=1

a+(x`, tj)a
+(x`, tk)ei2π fc(τ(x`,tk)−τ(x`,tj))p(x`) ν`

for the quadrature points 0 = x1 < x2 < . . . < xM = 2π and ν` being quadrature

weights fulfilling
∑M
`=1 ν` = 2π. Using M quadrature points, the error bound

(15) max
1<j,k<N

|Kj,k −Kj,k | ≤ ε = O(M−γ)

will be fulfilled, γ > 0 here depending on the quadrature method used. Conse-
quently, we may write K = K + δK with ‖δK‖2 ≤ N1/2ε. Having described the
difference between the covariance matrices we now state a theorem that bounds
e(Zt) for circular symmetric complex normals Zt approximating the sampled limit
complex Gaussian process Zt.

Theorem 3.10. Assume the covariance matrix K of the sampled limit complex
Gaussian process Zt = (Zt1 , Zt2 , . . . , ZtN ), given in (12), is non-singular so that
it may be represented by the singular value decomposition K = USUH with S =
diag(si), s1 ≥ s2 ≥ . . . ≥ sN > 0. Let further Zt be a circular symmetric normal
Gaussian with mean 0 and covariance matrix K, and assume ‖K −K ‖2 ≤ N1/2ε,
with ε = O(M−γ), γ > 0 the convergence order of the quadrature method, and M
chosen so large that 10N3/2ε < sN . Then

e(Zt) = O

(
N3/2

sN Mγ

)
.

Proof. By construction, K is symmetric, so it has a singular value decomposition

K = U S U
H

, with s1 ≥ s2 ≥ . . . sN ∈ R. According to Corollary A.1 and the
assumption on M being sufficiently large,

max
1≤j≤N

|sj − sj | ≤ N1/2ε < sN .

This implies that sN > 0 so that K also is non-singular with

K
−1

= (K + δK)−1 = (I +K−1δK)−1K−1 = K−1 +

∞∑
j=1

(−K−1δK)jK−1.

For later reference we further note that by the assumption of M being sufficiently
large,

(16)

∥∥∥∥∥∥K1/2
∞∑
j=1

(−K−1δK)jK−1/2

∥∥∥∥∥∥
2

≤ 2N1/2ε

sN
.
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For all Borel sets A ⊂ CN , we derive the following upper bound

P
(
Zt ∈ A

)
− P (Zt ∈ A) =

1

πN |det(K)|

∫
A

e−z
H K

−1
z

|det(K−1 K)|
− e−z

HK−1z dz

=
1

πN |det(K)|1/2

∫
A

e−z
HK−1z

(
e−z

H ∑∞
j=1(−K−1δK)jK−1z

|det(K−1 K)|
− 1

)
dz

=
1

(2π)N

∫
(K/2)−1/2A

e−|z|
2/2

(
e−z

HK1/2 ∑∞
j=1(−K−1δK)jK−1/2z/2

|det(K−1 K)|
− 1

)
dz

(16)︷︸︸︷
≤ 1

(2π)N

∫
(K/2)−1/2A

e−|z|
2/2

(
e(N1/2ε/sN )|z|2∏N

j=1

(
1−N1/2ε/sj

) − 1

)
dz

≤ 1

(2π)N

∫
R2N

e−|x|
2/2

((
1− N1/2ε

sN

)−N
e(N1/2ε/sN )|x|2 − 1

)
dx

=

(
1− N1/2ε

sN

)−N (
1− 2

N1/2ε

sN

)−N
− 1

≤ e10N3/2ε/sN − 1

≤ 20N3/2ε

sN
.

Here we used if X̂ is a 2N−dimensional real valued multivariate normal with mean

zero and identity covariance, then E
[
et|X̂|

2
]

= (1 − 2t)−N is the moment gen-

erating function to a chi-square distributed variable with 2N degrees of freedom.
Calculating along the same lines one obtains the lower bound

P
(
Zt ∈ A

)
− P (Zt ∈ A) ≥

(
1 +

N1/2ε

sN

)−N
E
[
e−(N1/2ε/sN )|X̂|2

]
− 1

≥ −3N3/2ε

sN
.

Since the upper and lower bound obtained are both valid for the class of all Borel
sets A ∈ CN and this class contains the class of convex sets C(CN ), the proof is
finished. �

It follows from Theorem 3.10 that to fulfill the accuracy condition e(Zt) ≤ TOL
for realizations generated by Algorithm 2 requires

M = O

((
N3/2

sN TOL

)1/γ
)
.

The cost of generating L signal realizations fulfilling the above mentioned accuracy
condition then becomes the sum of O(MN2) to compute the matrix elements of
K by quadrature, O(N3) to construct the square root of K and and O(LN2) for

creating L signal realizations by the matrix vector multiplication K
1/2

X̃:

Cost(Algorithm 2) = O

(
N3 +N2

(
N3/2

sN TOL

)1/γ

+ LN2

)
.
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3.5. A circulant-embedding based algorithm with error and computa-
tional cost analysis. Computing the square root of K in Algorithm 2 and gener-
ating the output signal by (13) were both computationally costly operations, and
in this subsection we consider modeling settings where it is possible to improve the
efficiency of these operations by circulant-embedding of the covariance matrix and
application of finite Fourier methods. The idea presented here is adapted from the
material in [2, Chapter XI].

In the modeling setting when

(17) τ(α, t) = −v cos(α)t/c and a+(α, t) = a+(α),

the limit Gaussian process Zt is a WSS process which simplifies the structure of
the covariance:
(18)

K(ti, tj) = E[ZtiZ
∗
tj ] =

e−C|ti−tj |

2

∫ 2π

0

a+(α)2ei2π fD cos(α)(ti−tj)p(α)dα =: A(ti−tj),

where we recall that fD = fc v/c is the maximum Doppler shift and A(t) denotes the
autocorrelation function. Sampling the limit Gaussian process Zt on a uniform time
grid t = (t1, t2, . . . , tN ), ti+1 − ti = ∆t, in setting (17), yields a circular symmetric
complex normal Zt with a covariance matrix K that is Toeplitz. Using the short
hand notation Aj = A(j∆t), the covariance matrix has the structure

K =


A0 A1 · AN−2 AN−1

A−1 A0 · AN−3 AN−2

· · · · ·
A−(N−2) A−(N−3) · A0 A1

A−(N−1) A−(N−2) · A−1 A0

 .
To illustrate circulant-embedding of K, let us for simplicity assume A−j = Aj , and
embed K as the upper left corner of a circulant of order 2N − 2:

C =



A0 A1 · AN−2 AN−1 AN−2 AN−3 · A2 A1

A1 A0 · AN−3 AN−2 AN−1 AN−2 · A3 A2

· · · · · · · · · ·
AN−1 AN−2 · A1 A0 A1 A2 · AN−3 AN−2

AN−2 AN−1 · A2 A1 A0 A1 · AN−4 AN−3

· · · · · · · · · ·
A1 A2 · AN−2 AN−1 AN−2 AN−3 · A1 A0


.

(In the general case when we only have A−j = A∗j , the circulant-embedding of K
will be of size 4N − 4.) The circulant matrix C has the eigendecomposition

(19) C = FΛFH ,

where F is the finite Fourier matrix of order 2N−2 with elements Fjk = ei2π(j−1)(k−1)/(2N−2)/
√

2N − 2,
and Λ is the diagonal matrix of eigenvalues

(20) diag(Λ) = Fa with a = (A0, A1, . . . , AN−1, AN−2, . . . , A2, A1)T .

The representation (19) shows that provided all entries of Λ are non-negative, we
may write C1/2 = FΛ1/2. The signal generated by

Zt = RFΛ1/2Ẑ,
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with Ẑ ∼ NC(0, I2N−2) and R : C2N−2 → CN defined by Rz = (z1, z2, . . . , zN )T for
all z ∈ C2N−2, will have the sought covariance K. This leads us to the following
algorithm for generating WSS Gaussian process signal realizations.

Algorithm 3 Covariance based algorithm for WSS processes

Input: Flip rate C, maximum Doppler shift fD, scatterer density p, uniform
grid of sampling times t = (t1, t2, . . . , tN ).
Output: Gaussian process realization Zt = (Zt1 ,Zt2 , . . . ,ZtN ).
for j = −(N − 1) to N − 1 do

Approximate the term Aj by quadrature of equation (18) and store the ap-

proximation in Aj .
end for
Determine Λ by computing

diag(Λ) = F (A0, A1, . . . , AN−1, AN−2, . . . , A2, A1)T ,

using the Fast Fourier Transform (FFT).

Generate a multivariate complex normal vector Ẑ ∼ NC(0, I2N−2) and thereafter
use the FFT to compute the output realization

(21) Zt = RFΛ
1/2
Ẑ.

Since a sampled realization Zt generated by Algorithm 3 is multivariate cir-
cular symmetric complex Gaussian with mean zero and covariance K, we may
use Theorem 3.10 to conclude that, under the assumptions there stated, e(Zt) =
O
(
N3/2/(sNM

γ)
)
. Alternatively, under the assumptions that Λ is positive defi-

nite, ‖K − K ‖2 ≤ N1/2ε with ε = O(Mγ) and M chosen sufficiently large so that
N1/2 tr(Λ−1)ε < 1/2, one may derive the second error bound

e(Zt) = O

(
N1/2 tr(Λ−1)

Mγ

)
from observing that for any Borel set A ∈ CN∣∣∣P (FΛ

1/2
Ẑ ∈ A× CN−2

)
− P

(
FΛ1/2Ẑ ∈ A× CN−2

)∣∣∣
=
∣∣∣P ((Λ−1Λ)1/2Ẑ ∈ Λ−1/2FH(A× CN−2)

)
− P

(
Ẑ ∈ Λ−1/2FH(A× CN−2)

)∣∣∣
= O

(
N1/2ε tr(Λ−1)

)
,

where tr(Λ−1) :=
∑
j Λ−1

j . The cost of generating L signal realizations with Al-

gorithm 3 fulfilling the accuracy e(Zt) ≤ TOL becomes the sum of O(MN) to

compute the covariance elements {Aj}N−1
j=−N+1 of K by quadrature, O(N log(N)) to

compute Λ and O(LN log(N)) for creating L signal realizations using FFT:

Cost(Algorithm 3) = O

{
N

[
N1/2

TOL
min

(
N

sN
, tr(Λ−1)

)]1/γ

+ LN log(N)

}
.

For a tentative comparison of the magnitude of N/sN and tr(Λ−1), see Section 5.
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4. Applications of the power spectral density

Being the Fourier dual of the covariance function, the PSD can, as the covariance,
be used in algorithms to construct signal realizations and to study properties process
properties. Here we derive the PSD for in the WSS process modeling setting

(22) τ(α, t) = −v cos(α)t/c, a+(α, t) = a+(α), and C = O(1).

The shape of the PSD is linked to the flip rate and the scattering density and
we will describe a method for estimating the flip rate C from the PSD computed
from real life signal measurements and also look into the relation between PSD and
scattering density. At the end of this section, an algorithm for generating Gaussian
process signal realizations using the PSD function is presented with cost and error
analysis included.

We first derive an expression for the PSD, using ideas from [9] and [7]. The PSD
is given by SC(f) = F{A(·)}, where A(t) is the autocorrelation of the limit complex
Gaussian process Zt, F(·) denotes the Fourier Transform, and the subscript C in
SC emphasizes that the PSD depends on the flip rate. In the setting (22), it follows
from (18) that the autocorrelation is on the form

(23) A(t) =
e−C|t|

2

∫ 2π

0

(a+(α))2ei2π fD cos(α)t p(α) dα,

where we recall that fD = vt/c. By the Convolution theorem for Fourier transforms,

SC(f) = F{A(·)}(f)

= F
{
e−C|·|

2

}
∗ F

{∫ 2π

0

(a+(α))2ei2π fD cos(α)· p(α) dα

}
(f),

where ∗ denotes the convolution operator. Observe next that

F{e−C|·|}(f) =
2C

C2 + (2πf)2
, ∀C > 0,

and

F
{∫ 2π

0

(a+(α))2ei2π fD cos(α)· p(α) dα

}
(f)

=

∫
R

∫ 2π

0

(a+(α))2ei2π fD cos(α)tp(α) dα e−i2πft dt (α = − cos−1(s/ fD) + {0, π})

=

∫
R

∫ fD

− fD

1

fD
√

1− (s/ fD)2

(
ei2πst(a+(− cos−1(s/ fD)))2p(− cos−1(s/ fD))

+ e−i2πst
(
a+
(
− cos−1(s/ fD) + π

))2

p
(
− cos−1(s/ fD) + π

))
e−i2πft dt ds

=
1|f |<fD(f)

fD
√

1− (f/ fD)2

(
(a+(− cos−1(f/ fD)))2p(− cos−1(f/ fD))

+
(
a+
(
− cos−1(−f/ fD) + π

))2

p
(
− cos−1(−f/ fD) + π

)))
.



18 HÅKON HOEL AND HENRIK NYBERG

Convolving the last two expressions leads to the following PSD integral expression

SC(f) =

∫ 2π

0

C(a+(α))2p(α)

C2 + (2π(f − fD cos(α)))2
dα.(24)
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Figure 4. The PSD function SC(f) is plotted for different flip
rate values C with fD = 50Hz when (a+)2p = (2π)−1.

We see that SC(f) depends on the flip rate C and the term (a+)2p, which
we hereafter refer to as a scaled scatterer density. Figure 4 illustrates SC(f)’s
dependency on the flip rate C in the modeling settings (a+)2p = (2π)−1. In that
setting S0(f) is Jakes’ spectrum and SC(f) is a progressively mollified version of
Jakes’ spectrum the higher the value of C is. In [9] it is remarked that the PSD
SC(f) with C = O(1) is more in accordance with real life measurements than Jakes’
spectrum is.

4.1. A link to Feng and Field’s model. Our MFC model’s output signal auto-
correlation and PSD results are very similar to what Feng and Field obtained under
quite different modeling assumptions in [9]. They considered the modified Clarke’s
model

εt =

N∑
n=1

an exp
(
i(2πfnt+ φ

(n)
t )
)
,

where the amplitudes an are i.i.d. random variables and fn = fD cos(αn) are

Doppler shifts where, as in this paper, fD = fc v/c. The phases φ
(n)
t are independent

Wiener processes with uniform initial distribution in [0, 2π):

dφ
(n)
t =

√
BdW

(n)
t , φ

(n)
0 ∼ U [0, 2π), ∀n ∈ {1, 2, . . . , N},

where B is a constant with the dimension of frequency. For this model they obtain
the autocorrelation function

(25) E[εtε
∗
0] =

N∑
n=1

E[a2
n]e−B|t|/2

∫ 2π

0

ei2π fD cos(α)tdα.
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For our model in the setting (22), we recall from (23) that the autocorrelation is
given by the quite similar expression

E[ZtZ
∗
0 ] =

e−C|t|

2

∫ 2π

0

(a+(α))2ei2π fD cos(α)t p(α) dα.

Remark 4.1. It should be noted that the autocorrelation similarity is obtained
although the modeling assumptions are quite different: in our MFC model the am-
plitude is governed by a Poisson flip process, Feng and Field’s model has time
invariant amplitude functions; our model updates a phase when the corresponding
amplitude flips, their model has Wiener process phase evolution.

4.2. Model parameter estimation from PSD measurements. Feng and Field’s
publication [9] presents a method for estimating the flip rate constant C from mea-
surements which can be used when the scaled scatterer density (a+)2p is known.

Namely, given a measurement of the PSD, Ŝ(f), estimate C by

(26) C = arg min
x>0

cos−1

(∫
R

√
Ŝ(f)Sx(f)df

)
,

where the PSDs are scaled so that ‖Ŝ‖1 = 1 and ‖Sx‖1 = 1. However, from (24)
we see that the shape of the PSD depends both on the flip rate and the scaled
scatterer density on (a+)2p, see Figure 5. So to estimate the flip rate from PSD
measurements, (a+)2p either has to be known or it has to be estimated. It is more
difficult and costly to estimate (a+)2p than the flip rate, we restrict ourselves to

a tentative approach to this problem. Let Ŝ denote a real life PSD measurement
for a moving receiver, and consider relation (24) as the inhomogeneous Fredholm
integral equation ∫ 2π

0

KC(f, α)(a+(α))2p(α)dα = Ŝ(f),

with unknown (a+(α))2p(α) and parametrized by the flip rate C. For a fixed flip
rate, this problem might be discretized to a system of linear equations and, if ex-

pecting noise in the measurement Ŝ, solved as an inverse problem using Tikhonov
or similar regularization techniques, c.f. [14]. For example, if we denote the dis-
cretized integral kernel KC ∈ Rm×n, then the Tikhonov regularized solution has
the variational representation

(27) (a+
C)2p

C
= arg min

x∈Rn
‖KCx− Ŝ‖2 + β‖x‖2

for a regularizing parameter β > 0 to be chosen. If the flip rate C and (a+(α))2p(α)
have to be determined simultaneously, we suggest coupling the solution of (27) with
a minimization problem on the form

C = arg min
x>0
‖Kx(a+

x )2px − Ŝ‖.

4.3. A PSD based Gaussian process algorithm. We now present a PSD based
algorithm for generating signal realizations of WSS complex Gaussian processes for
the modeling the setting (22). The PSD (24) can be used to represent the Gaussian
process spectrally by the Itô integral

(28) Zt =

∫
R
ei2πft

√
SC(f)dWf ,
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Figure 5. Right column plots illustrate the PSD SC(f) obtained
by equation (24) when the scaled scatterer density (a+)2p(α) is
given by respective left column plots, C = 10, and fD = 50.
Top row: (a+)2p = 1/(2π) yields the mollified Jakes’ spec-
trum PSD. Second row: (a+)2p(α) = 1[−π/2,π/2](α)/π yields a
PSD consisting almost exclusively of positive Doppler shifts since
the receiver’s moves towards the active scatterers. Third row:
(a+)2p(α) = 1[π/2,3π/2](α)/π yields a PSD consisting almost ex-
clusively of negative Doppler shifts since the receiver moves away
from the active receivers. Last row:(a+)2p(α) = exp(−|α −
π|)/scale.

where Wf ∈ C is a complex Wiener processes with independent infinitesimal incre-
ments dWf ∼ NC(0, df). Seeking to approximate the integral (28) by quadrature
we first approximate the integrand by a compactly supported function by choosing
a cut off frequency fM � fD and introducing the C3(R) window function

(29) %(f) =



0 if f ≤ − fM

%I(2(fM +f)/ fM) if − fM < f < − fM /2

1 if |f | ≤ fM /2

%I(2(fM−f)/ fM) if fM /2 < f < fM

0 else,

where %I(f) = −20f7 + 70f6 − 84f5 + 35f4 is the unique solution of the Birkhoff-

Hermite interpolation with conditions %
(j)
I (0) = 0 for j = 0, 1, . . . , 4 and %I(1) = 1,
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%
(j)
I (1) = 0 for j = 1, . . . , 4. Replacing the the integrand term

√
SC(f) in (28) with√

%(f)SC(f) yields the integral

(30)

∫ fM

− fM

ei2πft
√
%(f)SC(f)dWf .

Quadrature approximating this integral with the Inverse Discrete Fourier Transform
(IDFT) gives output signal realizations by

(31) Zt =

M1∑
j=1

ei2πfjt
√
%(fj)SC(fj)∆Wj .

Here fj = − fM +(j − 1)∆f , ∆f = 2 fM /(M1 − 1), ∆Wj ∼ NC(0,∆f) are i.i.d.

complex Wiener increments and SC(fj) approximates SC(fj) by quadrature of the
integral (24),

(32) SC(fk) =

M2∑
j=1

C(a+(xj))
2p(xj)ν̃j

C2 + (2π(fk − fD cos(xj)))2

on a grid 0 = x1 < x2 < . . . < xM2
= 2π with integration weights ν̃· ≥ 0 which

satisfies
∑M2

j=1 ν̃j = 2π.
Algorithms for generating Gaussian process signal realizations using the IDFT

have been described in [12, 15], and in Algorithm 4, we present a version suited for
our setting.

Algorithm 4 A PSD based Gaussian process algorithm

Input: Flip rate C, maximum Doppler shift fD, spectral cutoff fM, sampling
times t = (t1, t2, . . . , tN ) and scatterer density p.
Output: Gaussian process realization {Ztj}Nj=1.
Construct a grid fj = − fM +(j − 1)∆f , for j = 1, 2, . . . ,M1 with ∆f =
2 fM /(M1 − 1).
Construct a grid 0 = α1 < α2 < . . . < αM2 = 2π and quadrature weights ν̃· ≥ 0

for which
∑M2

j=1 ν̃j = 2π.
for j = 1 to M1 do

Compute SC(fj) according to (32).
end for
Generate i.i.d. Wiener increments {∆Wj}M2

j=1 distributed according to ∆Wj ∼
NC(0,∆f).
for k = 1 to N do

Compute Ztk by the IDFT (31).
end for

4.4. Computational cost of Algorithm 4. The error analysis for this algorithm
is quite similar to the error analysis of Algorithm 2 in the sense that the distri-
butional error can be bounded in terms of the difference between the covariance
matrix of realizations of Algorithm 4, denoted K, and the covariance matrix K for
the sampled limit complex Gaussian process Zt derived in (12). Our procedure for
obtaining an error bound is to first derive a bound of ‖K−K‖2 and thereafter use
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Theorem 3.10 to bound e(Zt) from above. We start with computing the elements
of K.

The representation (31) implies that for two arbitrary times tj , tk from the sam-
pling times t = (t1, t2, . . . , tN ),

K(tj , tk) = E
[
Ztj Z

∗
tk

]
=

M1∑
l,m=1

ei2π(fltj−fmtk)
√
SC(fl)SC(fm)

√
%(fl)%(fm)E [∆Wl∆W

∗
k ]

=

M1∑
l=1

ei2πfl(tj−tk)%(fl)SC(fl)∆f,

where we recall that SC is an approximation of the PSD SC . The error of the
covariance terms is split into three parts,

|K(tj , tk)−K(tj , tk)| =

∣∣∣∣∣
∫
R
ei2πf(tj−tk)SC(f) df −

M1∑
l=1

ei2πfl(tj−tk)%(fl)SC(fl)∆f

∣∣∣∣∣
≤
∣∣∣∣∫

R
ei2πf(tj−tk)(1− %(f))SC(f) df

∣∣∣∣
+

∣∣∣∣∣
∫ fM

− fM

ei2πf(tj−tk)%(f)SC(f) df −
M1∑
l=1

ei2πfl(tj−tk)%(fl)SC(fl)νl

∣∣∣∣∣
+

∣∣∣∣∣
M1∑
l=1

ei2πfl(tj−tk)%(fl)(SC(fl)− SC(fl))νl

∣∣∣∣∣
= I + II + III.

(33)

Under the assumption C = O(1), we see from equation (24) that SC(f) = O((1 +
f2)−1). Therefore I = O(fM

−1). For the second term [4, thm. 6.3] implies that
since %SC up third derivative is continuous and (can be considered) 2 fM periodic
on [− fM, fM], II = O((fM /M1)4), where the implicit constant in the error term
depends on the derivatives of %SC up to third order. (Increasing the number of
derivative conditions in the Birkhoff interpolation %I , will increase the convergence
order in II, but, as a trade off, the error term’s implicit constant increases as well.)
For the last term, the approximation SC(f) is obtained from the quadrature (32)

using M2 integration points, so that |SC(f)− SC(f)| = O((f2 + 1)−1M−γ2 ), where
the convergence order γ > 0 depends on the numerical integrator used and is the
same order as that obtained in (15) for Algorithm 2. Thereby

(34) III ≤
M1∑
l=1

|SC(fl)− SC(fl)|∆f = O

(∫ fM

− fM

(f2 + 1)−1dfM−γ2

)
= O(M−γ2 ).

Adding the three error terms yields the covariance error bound

(35) |K(tj , tk)−K(tj , tk)| ≤ ε = O
(
fM
−1 +(fM /M1)4 +M−γ2

)
,

and by applying Theorem 3.10 we obtain the following error bound for this algo-
rithm.
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Corollary 4.2. Let K denote the covariance matrix of the stochastic process gener-
ated by Algorithm 4 in the modeling setting (22) and assume the covariance matrix
K of the Gaussian process Zt, as given by (12), is non-singular and representable by
the SVD K = USUH with S = diag(si), s1 ≥ s2 ≥ . . . ≥ sN > 0. Then, if M1, M2

and fM are chosen sufficiently large so that the error bound (35) ‖K−K ‖2 ≤
√
Nε

is fulfilled with 10N3/2ε < sN , realizations of Algorithm 4

e(Zt) = O

(
N3/2

(
fM
−1 +(fM /M1)4 +M−γ2

)
sN

)
.

Proof. The result follows from Theorem 3.10. �

To fulfill the accuracy condition e(Zt) ≤ TOL, Corollary 4.2 implies that fM =
O
(
(SN TOL)−1N3/2

)
, M1 = O

(
((SN TOL)−1N3/2)5/4

)
andM2 = O

(
((SN TOL)−1N3/2)1/γ

)
.

The cost of generating one signal realization for this algorithm is the sum of the
cost of computing SC(fk) for k = 1, 2, . . . ,M1 by (32), which generally ammounts
to O(M1M2), and the cost O(NM1) for computing (31) to generate a realization
Zt. The cost of generating L signal realizations thus becomes

Cost(Algorithm 4) = O

((
N3/2

SN TOL

)5/4+1/γ

+ LN

(
N3/2

SN TOL

)5/4
)
.

Remark 4.3. In many settings, particularly the setting when generating realiza-
tions on uniformly sampled grid points on an interval [0, T ) with ∆t = T/N , it is
possible to apply the FFT techniques to speed up the quadrature computations of
the discrete convolution (32) and the IDFT (31) so that the cost of generating L
realizations with Algorithm 4 in terms of L,N and TOL instead amounts to

Cost(Alg 4,FFT) = O

((
L

(
N3/2

SN TOL

)5/4

+

(
N3/2

SN TOL

)1+1/min(4,γ)
)
log

(
N3/2

SN TOL

))
.

Here γ is the convergence order of the discrete convloution (32) which has the
relation γ ≤ γ since when computing (32) with FFT, the quadrature grid has to
fulfill cos(xj+1)−cos(xj) = ∆f/ fD, which generally does not optimize the accuracy
of the computation.

5. Summary of the complexity estimates

Having estimated upper bounds for the computational cost of generating output
realizations by four different algorithms, we now summarize the results. We do
however stress that none of the error bounds for which the cost estimates are based
are proven to be sharp, so the following cost comparison should not be considered
conclusive. In Table 1 we present cost estimates for non-WSS modeling settings,
which occurs if the amplitude function a+ is time dependent or/and if modeling with
the full delay function τ(α, t). The results of the table indicates that for settings
when γ ≥ 3/5, the covariance based Gaussian process algorithm, Algorithm 2, is
asymptotically the most efficient algorithm.

In modeling settings resulting in WSS output processes,

(36) τ(α, t) = −v cos(α)t/c, and a+(α, t) = a+(α),

we derived the computational cost presented in Table 2. The results of the table
indicate that in the WSS setting, Algorithm 3 outperforms the other algorithms in
terms of efficiency.
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Computational cost

Algorithm 1 O

(
LTOL−2

(
N3/2

SN

)3
)

Algorithm 2 O

(
N3 +N2

(
N3/2

sN TOL

)1/γ

+ LN2

)
Table 1. Computational cost for non-WSS modeling set-
tings.Recall that γ is the convergence order for the quadrature (15).

Computational cost

Alg 1 O

(
LTOL−2

(
N3/2

SN

)3
)

Alg 2 O

(
N3 +N

(
N3/2

sN TOL

)1/γ

+ LN2

)
Alg 3 O

(
N
[
N1/2

TOL min
(
N
sN
, tr(Λ−1)

)]1/γ
+ LN log(N)

)
Alg 4 O

((
N3/2

SN TOL

)5/4+1/γ

+ LN
(

N3/2

SN TOL

)5/4
)

Alg 4, FFT O

((
L
(

N3/2

SN TOL

)5/4

+
(

N3/2

SN TOL

)1+1/min(4,γ)
)

log
(

N3/2

SN TOL

))
Table 2. Computational cost for the WSS setting (36). Re-
call that γ is the quadrature convergence order obtained in (15)
and (34) for the respective algorithms, and γ with γ ≤ γ is the
convergence order obtained when computing (34) with FFT.

For better understanding of the cost estimates, we would like an estimate on
how N/SN and tr(Λ−1) depend on the sample times t = (0, t2, . . . , tN ) used in the
generation of signal realizations. A general answer to this question is however too
demanding; we restrict ourselves to the WSS modeling setting (22).

The eigenvalue Λn is a DFT approximation of SC((n − 1)/T ), and we may, by
introducing a cutoff function as in (29) and arguing similar as in the error analysis
of (33), derive the error bound

|Λn − SC((n− 1)/tN )| ≤ O(∆t4 + e−C|tN |), n = 1, 2, . . . , N,

and

|ΛN+n − SC(−(N − 1− n)/tN )| ≤ O(∆t4 + e−C|tN |), n = 1, 2, . . . , N − 2.
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Then it follows that for settings (4/C) log(N) ≤ tN = o(N) and ∆t = tN/(N − 1),
we obtain the sharp bound

2N−2∑
j=1

Λ−1
j = O

(
t2N
N

)
+

N−1∑
j=2−N

SC(j/tN )−1

= O

 t2N
N

+

N−1∑
j=2−N

(j/tN )2


= O

(
N3

t2N

)
,

(37)

Figure 6 illustrates this bound for a numerical example. To relate the magnitude of
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Figure 6. Numerical study of how tr(Λ−1) varies as a function
of N in the modeling setting C = 10, fD = 50Hz, (a+)2p = π−1,

tN =
√
N and N uniform sample times on the interval [0, tN ).

sN to Λ, we note that since K is circulantly embedded into K, Cauchy’s interlacing
theorem says that minj Λj ≤ sN ≤ Λ̃N with Λ̃j denoting the jth largest eigenvalue
of Λ. In settings where estimate (37) is valid, we thereby derive the upper bound
N/sN = O(N3/t2N ), giving the relationN/sN = O(tr(Λ−1)). We end these informal
estimates with the numerical study in Figure 7, showing a setting where N/sN is
orders of magnitude smaller than tr(Λ−1).

6. Numerical examples

6.1. Example 1. The first numerical example compares realizations generated
by Algorithm 1 and 2 in a WSS model setting with the scaled scatterer density
(a+)2p(α) = 1/π and the delay function τ(α, t) = −v cos(α)t/c. The flip rate is de-
termined from a real life signal measurement from a receiver moving with the speed
v = 6.9m/s and carrier frequency fc = 1.8775GHz sampled uniformly the time in-
terval [−0.08, 0.08] using N = 1419 samples, and signal realizations are thereafter

generated using the same modeling parameters. From the measured signal Ẑ(t),

we approximate the PSD by the FFT of Ẑ(t)Ẑ(0)∗ =: Ŝ(f) and determine the flip
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Figure 7. Numerical comparison of N/sN and tr(Λ−1) in the
modeling setting C = 15, fD = 50Hz, (a+)2p = π−1, tN = log(N)
and N sample uniform sample times on the [0, tN ). (Since sN is
computed by the SVD, it cannot be computed for as large N values
as tr(Λ), cf. Figure 6.)
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Figure 8. Left plot: The best fit of SC(f) to the measured sig-

nal’s PSD Ŝ(f) as a function of the flip rate C, which is determined
by (38). Right plot: Scaled signal envelopes of a measured sig-
nal, a signal realization from the MFC algorithm, and a realization
from the Gaussian process algorithm.

rate by

(38) C = arg min
C̃>0
‖(Ŝ − S

C̃
)%‖1,

which is a slight modification of Feng and Field’s idea (26). See Figure 8 for an

comparison of SC and Ŝ for the best fit flip rate C ≈ 13.65.
Having determined the flip rate, L = 2000 signal realizations are generated

by the MFC algorithm using M = 2000 scatterers and for the covariance based
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Gaussian Process algorithm, one may derive using pen and paper that K(tj , tk) =
J0(2π fD(tk−tj)), J0 denoting the Bessel function of the first kind. Autocorrelation
and PSD functions computed for respective algorithms are plotted in figures 8 and 9.
For signal realizations of Algorithm 1, the autocorrelation is approximated by taking
the sample average of

(39) E[Zt Z
∗
0] ≈

L∑
j=1

Zt(ωj) Z0(ωj)
∗

L

with Zt(ωj) denoting the jth signal realization. The approximation 39 is compared
with the autocorrelation of signal realizations of Algorithm 2 (which is given by the
first row of the covariance matrix K).
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Figure 9. Left plot: Monte Carlo estimated autocorrelation for
realizations generated by Algorithm 1, cf. (39), and the autocorre-
lation for Gaussian process signal realizations A(t) = J0(2π fD t).
Right plot: Scaled PSD of the measured signal and of one signal
realization from each the algorithms studied.

6.2. Example 2. In the second example, we model the temporally varying scat-
tering environment with a mobile receiver moving from left to right through a thin
opening of a non-reflecting wall, as sketched in Figure 10. When situated on the
left side of the opening, the mobile receiver receives scattered rays at its rear, and
when the mobile receiver is on the right side of the opening, it receives rays at its
front. As a model for this change in scattering environment we consider the the
time interval [0, 2) seconds, assume that the receiver moves through the opening at
t = 1 and set

(40) a+(α, t) =

{
cos2(α)1(π/2,3π/2)(α) for 0 ≤ t < 1

cos2(α)1(−π/2,π/2)(α) for 1 ≤ t ≤ 2.

Other modeling parameters are set to p = (2π)−1, C = 15 and fD = 43.5Hz.
Figure 11 contains snapshots of the time dependent PSD for a single stochastic
signal realization created by Algorithm 2. It shows that when the mobile receiver is
situated on the left side of the opening, the the PSD is concentrated around −fD,
and when the receiver is on the right side of the opening, the PSD is concentrated
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around fD. By the discussion of the relation between (a+)2p and SC(f) given in
Section 4, the snapshotted PSDs in Figure 11 are reasonable.

V

Reflectors

t=0

V

Reflectors

t=1.5s

Figure 10. A receiver moving rightwards through a thin opening
in a non-scattering wall and thereby experiencing a change in the
scattering environment.
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Figure 11. Snapshots of the time dependent PSD for a signal
realization at t = 0.5s when the receiver is situated on the left side
of the wall opening (blue line) and at t = 1.5s situated at to the
right side of the wall opening (green line).
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Appendix A. Theorems

Corollary A.1 ([8][p. 198]). Let G and F be arbitrary matrices (of the same size)
where σ1 ≥ . . . ≥ σn are the singular values of G and σ′1 ≥ . . . ≥ σ′n are the singular
values of G+ F . Then |σi − σ′i| ≤ ‖F‖2.

Appendix B. Approximation of the delay function

The delay function primarily considered in this paper, τ(α, t) = −vt cos(α)/c, is
a first order approximation of the full delay function. Here we describe how this
approximation is obtained.

Assuming the scattering boundary is described by {(α,R(α))|0 ≤ α ≤ 2π} and
that the receiver is moving in the direction (v, 0), the analytical delay function is
given by

τ(α, t) =

√
(R(α) cos(α)− vt)2 +R(α)2 sin(α)2

c

=

√
(vt)2 − 2vtR(α) cos(α) +R(α)2

c
.

A Taylor expansion of this function with respect to vt yields

τ(α, t) =
R(α)

c
− cos(α)

c
vt+O

(
vt

cR(α)

)
.

Assuming that for the times of interest vt/(R(α)c) is a small term, a good approx-
imation of the delay function as a function of time is

τ(α, t) = −cos(α)

c
vt.

Here the term R(α)/c is removed since it is constant with respect to time and thus
can be considered as part of the random phase shift term θα of exp(−i(2π fc τ(α, t)+
θα)). As this first order approximation considers the Doppler effect from a given
scatterer to be constant, it is only valid when the receiver is far away from the
scattering boundary.
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