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Abstract—The block diagonalization (BD) scheme is a low-
complexity suboptimal precoding technique for multiuser MIMO
downlink channels, which completely precancels the multiuser
interference. Accordingly, the precoder of each user lies in the
null space of other users’ channel matrices. In this paper, we
propose an iterative algorithm using QR decompositions (QRDs)
to compute the precoders. Specifically, to avoid dealing with a
large concatenated matrix, we apply the QRD to a sequence of
matrices of lower dimensions. One problem of BD schemes is
that the number of users that can be simultaneously supported
is limited due to zero interference constraints. When the number
of users is large, a set of users must be selected, and selection
algorithms should be designed to exploit the multiuser diversity
gain. Finding the optimal set of users requires an exhaustive
search, which has too high computational complexity to be
practically useful. Based on the iterative precoder design, this
paper proposes a low-complexity user selection algorithm using
a greedy method, in which the precoders of selected users are
recursively updated after each selection step. The selection metric
of the proposed scheduling algorithm relies on the product
of the squared row norms of the effective channel matrices,
which is related to the eigenvalues by the Hadamard and Schur
inequalities. An asymptotic analysis is provided to show that the
proposed algorithm can achieve the optimal sum rate scaling
of the MIMO broadcast channel. The numerical results show
that the proposed algorithm achieves a good trade-off between
sum rate performance and computational complexity. When users
suffer different channel conditions, providing fairness among
users is of critical importance. To address this problem, we
also propose two fair scheduling (FS) algorithms, one imposing
fairness in the approximation of the data rate, and another
directly imposing fairness in the product of the squared row
norms of the effective channel matrices.

Index Terms—Multiuser MIMO, downlink channel, asymptotic
analysis, block diagonalization, user scheduling, fairness schedul-
ing.
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I. I NTRODUCTION

Multiple input multiple output (MIMO) systems have drawn
a lot of attention over the last decade thanks to their capability
of boosting the channel capacity without the need of additional
bandwidth or power [1], [2]. MIMO systems exploit spatial
degrees of freedom provided by multiple antennas at both ends
of a communication link to support simultaneous multiple data
streams. The pioneering work in the area focused on point-to-
point transmission, but more recently, investigations on MIMO
communication have shifted from single-user to multiuser
contexts [3]. In this paper, we consider the downlink of a
single cell, where a multi-antenna base station (BS) wants to
send data to multiple multi-antenna receivers simultaneously.
Recent information theoretic studies have proved that dirty
paper coding (DPC) is the capacity-achieving transmission
technique for MIMO downlink channels [4]–[6]. However,
implementing DPC is still a challenging task because of
its successive nature of encodings and decodings, especially
when the number of users is large. Furthermore, DPC is very
sensitive to channel errors.

To avoid the complexity of DPC, there is a large interest in
developing low-complexity precoding methods. In [7], a zero-
forcing beamforming (ZFBF) for the case where all receivers
have a single antenna was proposed, which is also known as
channel inversion in [8]. Block diagonalization, introduced in
[9], can be considered as an extension of ZFBF to cope with
the case where receivers employ multiple antennas. Unlike
DPC, BD completely presubtracts the multiuser interference,
and thus decomposes a multiuser MIMO (MU-MIMO) chan-
nel into a set of parallel single-user MIMO (SU-MIMO) chan-
nels. This is accomplished by designing the precoding matrix
of each user to lie in the null space of the remaining users’
channel matrices. The traditional precoder design is basedon
the singular value decomposition (SVD) of a concatenated
matrix, which requires high complexity [9]. In this paper, we
assume perfect channel knowledge at the transmitter. First,
we propose a low-complexity iterative precoder design based
on the QRD. The idea behind the proposed method is that
the precoding matrix of each user is designed to sequentially
suppress the interference caused by other users. In this way, the
precoders can be found by recursively applying the QRD to a
sequence of matrices of lower dimensions. The computational
analysis shows that our proposed method has lower complexity
than the SVD-based method in [9].

The condition for the existence of the null space requires
that the number of users is limited by the number of transmit
antennas [9]–[12]. Suppose that the maximum number of
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supportable users isKmax. WhenK, the number of users,
is larger thanKmax, the BS should select a set of users that
maximizes a utility function. The best solution to this problem
is to search over all possible subsets of users which is of
size

∑Kmax

i=1

(
K
i

)
. When K becomes large, the size of the

search space is of the orderO(KK
max), and thus the resulting

complexity grows exponentially withK. To reduce the com-
plexity, greedy algorithms are commonly employed in a large
number of existing low-complexity user selection approaches
[10]–[15]. In contrast to full search methods where a set of
users are considered together, the general concept of greedy
algorithms is to select one user, at each iteration, that best fits
a selection criterion. For example, the c-algorithm proposed
in [10] iteratively selects from the set of unselected usersthe
user that provides the highest total throughput together with
the previously selected users. It can be easily understood that
this algorithm exhibits a good performance as the selection
criterion is based directly on the sum rate. However, the
frequent use of the SVD to obtain the singular values of
efficient channel matrices and the water-filling process at each
iteration is highly complex. In [10], the n-algorithm, which is
based on the Frobenius norm of the effective channel matrix,
was also introduced. The n-algorithm can greatly reduce the
complexity but has a worse performance because the Frobenius
norm is generally not a reliable quantity to reflect the true
capacity of a wireless channel. Further improvements of the
n-algorithm have been proposed in [11], [16]. In [12], a low-
complexity user selection algorithm based on an upper bound
on the capacity was proposed. The idea is that the sum rate
of a MU-MIMO downlink channel is upper bounded by that
of a SU-MIMO channel, which is formed by letting users
cooperate. However, the gap between the sum rate of the BD
scheme and this bound is large since the BD scheme is a
suboptimal precoding technique. Other works in the area use
a volume based-algorithm which requires the computation of
the determinant of matrices [14], [15]. Also these algorithms
suffer from a high computational burden.

Considering the problem of choosing a set of users that
provides the maximal sum rate, we propose a greedy low-
complexity scheduling algorithm, in which the product of
squared row norms of the effective channels is used as the
selection metric. This idea arises from the fact that there is
a close relation between eigenvalues and row norms of a
Hermitian matrix by the Hadamard and Schur inequalities
[17]. In each selection step, the proposed algorithm seeks
a user, from the set of users that are not selected yet, that
provides the maximum product of squared row norms of
effective channels. In this way, we avoid using any SVD,
and the resulting user selection and precoder design rely only
on QR decompositions. When adding one user to the set of
selected users, the precoders of these selected users must be
redesigned since the precoders of already selected users should
eliminate the interference caused by the newly added user.
This problem applies to any user selection algorithms for the
BD approach based on a greedy method. Instead of finding
the null space of a temporary aggregate channel matrix of
high dimensions as in existing algorithms [10], [11], [15],we
apply a QR decomposition to matrices of lower dimensions.

This is an extension of the proposed iterative QRD-based
precoder design to solve the scheduling problem. Particularly,
this recursive design can be utilized to further reduce the
complexity of existing greedy user selection algorithms. Note
that the precoders of selected users in the n-algorithm in [10]
are redesigned by applying SVD to the aggregate channel
matrix without referring to the precoders in the previous step.
We show by an asymptotic analysis that, when the number
of users is large, the proposed user selection algorithm can
achieve a sum rate that has the same scaling law as that of
DPC.

One practical matter that any scheduling algorithm should
take into account is how to maintain fairness among all
users. This problem is important for the case, where users
have different fading conditions. A scheduling algorithm that
maximizes the sum rate is more likely to select users with
favorable channel conditions, and thus leaves users with poor
conditions starved. The difficulty in addressing the fairness
issue with a greedy method is that the data rate of each user
in unknown until the whole selection process terminates. Thus,
a quantity that approximates the data rate in each selectionstep
should be defined [11], [18]. In this paper, two FS algorithms
are proposed. In the first FS algorithm, we approximate the
data rate of each user in each selection step by summing the
logarithms of the squared row norms of the corresponding
effective channels. To further lower the complexity, in the
second FS algorithm, we directly employ the fairness in the
product of the squared row norms. In other words, the second
FS algorithm aims at maintaining fairness among the products
of the squared row norms, rather than fairness among the
actual rates of users.

The rest of the paper is organized as follows. Section II
overviews MU-MIMO downlink channels with block diag-
onalization, and presents a novel precoder design for the
BD method based on QRD. This section also discusses the
dimensionality constraint and problem of user selection for
the BD scheme. Section III presents the proposed greedy
user scheduling algorithm for sum rate maximization based
on product of squared row norms of effective channels. The
computational complexity analysis of the proposed scheduling
algorithm is also provided in this section. Two FS algorithms
are described in Section IV to cope with the problem of how
to maintain fairness among users. An asymptotic analysis for a
large number of users is presented in Section V, and numerical
results through various simulation setups and insights aregiven
in Section VI. Section VII concludes the paper with some
remarks.

Notation: Standard notations in the literature are used in
this paper. Bold lower and upper case letters represent vectors
and matrices, respectively;HH and HT are Hermitian and
normal transpose ofH, respectively;||H||F is the Frobenius
norm of H. For anM × N matrix H, we denote byγ(H)
the product of the squared row norms ofH, i.e., γ(H) =
∏M

m=1

∑N
n=1 |hm,n|2 ; |S| denotes the cardinality of a setS;

N (H) denotes the null space ofH ; [x]+ = max(0, x).
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II. MU-MIMO D OWNLINK CHANNELS WITH BLOCK

DIAGONALIZATION

A. System model

Consider a single cell MU-MIMO downlink channel with a
BS andK users. The number of antennas at the BS and thekth
user is denoted byN andMk > 1, respectively. We denote this
downlink channel by the notationN × {M1,M2, . . . ,MK}.
In our work, data from the BS to each user is transmitted by
using all available antennas at both ends. In other words, the
transmit and/or receive antenna selection are not considered.
Accordingly, the channel matrix between the BS and thekth
user is represented byHk ∈ CMk×N , which is assumed to be
perfectly known at the transmitter.

Let S ⊂ {1, 2, . . . ,K} denote a set of users to whom the BS
simultaneously transmits data over the same radio resources
(time, frequency). For thekth user, letxk ∈ CMk×1 be the
vector of transmitted symbols. In linear precoding methods,
xk is multiplied with a precoderTk ∈ CN×Mk . We assume
that E[xkx

H
k ] = I and the power allocation pattern for user

k is absorbed in the covariance matrixΩk = TkT
H
k . The

received signal at thekth user is given by

yk = HkTkxk +
∑

j<k

HkTjxj +
∑

j>k

HkTjxj + nk, (1)

where nk ∈ CMk×1 is the white complex-Gaussian noise
vector with zero mean and covariance matrixIMk

. The sum-
mations of the right-hand side of (1) represent the multiuser
interference.

Transmission strategies for MU-MIMO downlink channels
are characterized by how we treat the interference between
users in (1). For example, in DPC schemes, the data transmit-
ted to each user is sequentially encoded in such a way that the
kth user only sees the signals intended for usersk+1 through
S as interference. That is, the encoding process completely
cancels the noncausal interference (

∑

j<k HkTjxj) caused by
users 1 throughk − 1. Although DPC was proved to be the
capacity achieving transmission strategy for MIMO downlink
channels, the actual algorithm of DPC, which is based on
nonlinear precoding, may be too complex for practical applica-
tions [19]. Hence, it is desirable to develop a low-complexity
precoding scheme.

B. Iterative Precoder Design for BD

Block diagonalization, proposed in [9], is a suboptimal
low-complexity solution that completely cancels the multiuser
interference in (1). The precoderTk is a cascade of two
precoding matricesBk and Πk, i.e., Tk = BkΠk, where
Bk is designed to remove the interference, andΠk is used
for power allocation to optimize a performance measure, such
as the sum rate under a total power constraint, or the total
transmit power under individual rate constraints [9]. First,
Bk is designed such thatHjBk = 0 for all k 6= j. In
[9], an approach based on SVD was introduced to findBk.
Specifically, given a set of usersS, let us consider the matrix

H̄k = [HH
1 HH

2 · · · HH
k−1 HH

k+1 · · · HH
|S|]

H ∈ C

∑
i6=k

Mi×N .
(2)

Then the precoding matrixBk for user k lies in N (H̄k).
Denote the SVD of̄Hk as

H̄k = ŪkΣ̄k[V̄
(1)
k V̄

(0)
k ]H , (3)

whereV̄(1)
k consists of the right singular vectors of̄Hk, and

V̄
(0)
k ∈ CN×M̄k , whereM̄k = N −∑i6=kMi, forms a basis

of N (H̄k). To satisfy the zero-interference constraint, we can
simply chooseBk = V̄

(0)
k , and BD schemes decompose a

MU-MIMO channel into a set of parallel SU-MIMO channels.
The method to design precoders mentioned above employs

SVD to find the null space of a complex matrix of size
(
∑

i6=kMi) × N for eachk ∈ S, which is computationally
costly. In this paper, we propose an iterative method based on
QRD to design the precoding matrices for the BD systems.
Comparing the two decomposition methods, the complexity
of the QRD is lower and deterministic, whereas that of the
SVD is data dependent. Other related works often use Gram-
Schmidt orthogonalization (GSO) procedure to find the null
space [10], [11]. However, we note that the best algorithms
for QRD are not based on GSO but rather on Givens rotations
or Householder transformations. As a result of applying the
QRD to a matrixH ∈ C

m×n with m < n, we can writeH as

H = [Lm×m 0m×(n−m)]

[
Q1

QH
null

]

, (4)

whereL ∈ Cm×m is an upper triangular matrix,Q1 ∈ Cm×n

contains the orthonormal basis of the row space ofH, and
Qnull ∈ Cn×(n−m) forms an orthonormal basis ofN (H), i.e.,
HQnull = 0, andQH

nullQnull = I. For brevity, we denote by
null(H) an orthonormal basis ofN (H).

To be specific, let us illustrate the proposed iterative design
based on the QRD of the precoding matrix for user1,
which is denoted byB(i)

1 at the ith iteration. In the first
step, we initially setB(1)

1 = IN . In the second step, let
B

(2)
1 = null(H2) ∈ CN×(N−M2).1 Suppose that we have

obtainedB(i)
1 ∈ C

N×(N−
∑

i

k=2
Mk) after theith iteration such

thatHkB
(i)
1 = 0 for all 1 < k ≤ i. In the (i + 1)th step, we

should findB(i+1)
1 thatHkB

(i+1)
1 = 0 for all 1 < k ≤ i+ 1.

The following lemma demonstrates how to obtainB
(i+1)
1 from

B
(i)
1 . The idea of this iterative design is based on the algorithm

to find the intersection of two null spaces, introduced in [20].
We notice that the same concept was also used in [16] for
user selection. Herein, we elaborate the algorithm to design the
preocoders for BD without user selection first, i.e., assuming
the BS can support all users, and then extend this idea to
address the problem of user scheduling with a new selection
metric.

Lemma 1. Let B(i)
1 ∈ C

N×(N−
∑

i

k=2
Mk) be the precoding

matrix of user1 after i iterations, thenB(i+1)
1 can be found

as
B

(i+1)
1 = B

(i)
1 G, (5)

where the columns ofG span N (Hi+1B
(i)
1 ). Moreover,

B
(i+1)
1 will be orthonormal ifB(i)

1 andG are orthonormal.

1The order by which the interference cancellation is performed depends on
the performance metric of interest. For the sum rate maximization problem,
the user ordering is irrelevant [7], [9].
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Proof: After i steps, we already haveHkB
(i+1)
1 =

HkB
(i)
1 G = 0 for all 1 < k ≤ i. Thus, we only need to find

G such that it suppresses the interference caused byHi+1.
Thus, the condition forG is written as

Hi+1B
(i+1)
1 = Hi+1B

(i)
1 G = 0. (6)

Eq. (6) holds ifG lies in N (Hi+1B
(i)
1 ), which completes the

proof.
In our work, we chooseG = null(Hi+1B

(i)
1 ). Note that

Hi+1B
(i)
1 of sizeMi+1 × (N −∑i

k=2Mk), and thusG ∈
C(N−

∑
i

k=2 Mk)×(N−
∑

i+1

k=2
Mk). Thus, the number of columns

of B
(i)
1 is reduced byMi after every iteration. Unlike the

precoder design in [9] where the precoding matrix of a user is
achieved by finding a basis for the null space of a concatenated
matrix, the iterative method proposed in this paper designs
the precoding matrix by applying the QRD to a sequence
of matrices of lower dimensions. In particular, the precoder
design of all other users inS can be carried out in parallel
to get rid of redundant computations. For completeness, we
summarize the procedure to design precoding matrices for
all users inS in Algorithm 1. In the initialization step, we
set the precoding matrix of the first user to beIN , i.e.,
B

(1)
1 = IN . In the second step, the precoding matrix of user

2 is simply found by settingB(2)
2 = B

(1)
1 × null(H1B

(1)
1 ) =

null(H1), and the precoding matrix of user1 is updated by
B

(2)
1 = B

(1)
1 × null(H2B

(1)
1 ) = null(H2), following Lemma

1, to cancel the interference induced byH2. Assume that we
already obtained{B(i)

k }ik=1, the precoding matrices of users1
throughi, afteri steps. Consequently, it holds thatHjB

(i)
i = 0

for all j = 1, 2, . . . i − 1. In the (i + 1)th step, the precoding
matrix for the (i + 1)th is designed such thatHjB

(i+1)
i+1 for

all j = 1, 2, . . . i, i.e., B(i+1)
i+1 must lie in the intersection of

N (Hj), j = 1, 2, . . . i. SinceB
(i)
i has already belonged to

the intersection ofN (Hj), for j = 1, 2, . . . i − 1, we can
computeB(i+1)

i+1 asB(i+1)
i+1 = B

(i)
i × null(HiB

(i)
i ), which is

shown in line 4. The precoding matrices for already-added
users are updated asB(i+1)

m = B
(i)
m × null(Hi+1B

(i)
m ) shown

in line 6, according to Lemma 1. This process continues until
all precoders are found.

Algorithm 1 Iterative precoder design for BD schemes
Initialization

1: i := 1.
2: B

(1)
1 = IN .

Main loop
3: repeat
4: B

(i+1)
i+1 = B

(i)
i × null(HiB

(i)
i ).

5: for m = 1 to i do
6: UpdateB(i+1)

m = B
(i)
m × null(Hi+1B

(i)
m ).

7: end for
8: i := i+ 1.
9: until i = |S|

Algorithm 1 outputs the precoding matrixBk ∈ CN×M̄k

that forms an orthonormal basis ofN (H̄k) given in (2) for the
kth user. Since columns ofBk andV

(0)
k both spanN (H̄k),

i.e., span(Bk) = span(V
(0)
k ) = N (H̄k), it is easy to see

that the proposed iterative precoder design and the SVD-based
method in [9] yield the same results. As will be shown later
in Section III-B, the computational complexity of the iterative
design presented above is lower than that of the SVD-based
method introduced in [9]. Moreover, this iterative method
allows for a low-complexity user scheduling algorithm for BD
schemes, which is described in Section III.

Next, the precoder design for BD schemes is completed
by findingΠk to optimize a performance metric under some
constraints. For example, the achievable sum rate of the BD
scheme with a total power constraintP is given by

RBD(S)= max
Ωk:

∑|S|
k=1

tr(Ωk)≤P

|S|
∑

k=1

log |I+HkBkΩkB
H
k HH

k |

= max
Ωk:

∑|S|
k=1

tr(Ωk)≤P

|S|
∑

k=1

log |I+ H̃kΩkH̃
H
k |,

(7)
where Ωk = ΠkΠ

H
k , and H̃k = HkBk is the effective

channel matrix of thekth user. The maximization in (7) is
a convex optimization problem, which is equivalent to finding
the capacity of a SU-MIMO channel with channel given by

H̃ =






H1B1

. . .
H|S|B|S|




 . (8)

Due to the block diagonal structure of̃H, the sum rate
and the resulting power allocation matrixΠk can be eas-
ily found by applying the water-filling algorithm to the
eigenvalues of{H̃kH̃

H
k }|S|

k=1. More specifically, letλk =
[λk,1 λk,2 · · · λk,Lk

] be the vector ofLk = min(Mk, M̄k)
eigenvalues of̃HkH̃

H
k . Then the sum rate of BD is expressed

as

RBD(S) =
|S|
∑

k=1

Rk =

|S|
∑

k=1

Lk∑

i=1

[log2 µλk,i]+ , (9)

whereRk =
∑Lk

i=1 [log2 µλk,i]+ is the data rate of userk,
and µ is the water-level which is determined by the power
constraint

|S|
∑

k=1

Lk∑

i=1

[

µ− 1

λk,i

]

+

= P. (10)

In the sequel, we mainly focus on the problem of sum
rate maximization. However, we note that other problems such
as the power control problem, i.e., total power minimization
under individual rate constraints, can be easily solved as well
(see [9] for more details).

C. User selection

In the iterative design above, we have assumed thatN (H̄k)
in (2) exists for every userk. The dimensionality constraint for
the existence ofN (H̄k) puts a limit on the number of simul-
taneously supportable users. Recall thatH̄k is of dimension
(
∑|S|

j=1,j 6=kMj) × N , and the BS is able to transmit data to
userk if N (H̄k) has a dimension greater than zero. Assuming
all the rows ofH̄k are independent, this condition is equivalent
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to (
∑|S|

j=1,j 6=kMj) < N becauserank(H̄k) =
∑|S|

j=1,j 6=kMj.
For all users, the condition is given by

N > max
k∈S

∑|S|

j=1,j 6=k
Mj . (11)

The condition in (11) does not imply thatN ≥ ∑|S|
k Mk,

and, in fact, there are many cases thatN <
∑|S|

k Mk. As an
example, the BD scheme can support all users of the downlink
channel6×{3, 2, 2}. For such cases, the generalized channel
inversion method proposed in [21], [22] is not applicable since
the right inverse ofHS = [HH

1 HH
2 · · · HH

|S|]
H does not exist.

SupposeMk = M for all k, BS can send data to at most
Kmax = ⌈N/M⌉ users at a time, where⌈x⌉ is the ceiling
function, i.e the smallest integer not less thanx. WhenK is
large, there are possibly many supportable setsS that satisfy
the dimensionality constraint, i.e.,|S| ≤ Kmax. Consider the
sum rate problem, the multiuser diversity gain is achieved by
selecting an optimal set of users that maximizes the sum rate
in (9). Mathematically, the sum rate of the BD scheme with
multiuser diversity is given by

RBD = max
S⊂{1,2,...,K}
|S|≤Kmax

RBD(S). (12)

We easily see that the optimal set of users is found by
searching over all possible sets. However, the complexity of
an exhaustive search grows exponentially with the number of
users. Thus, significant research efforts have been made to
find suboptimal low-complexity algorithms that can achievea
significant fraction of the best performance provided by a full
search method. In this paper, we propose a low-complexity
user selection for BD, based on a greedy method.

III. PROPOSEDGREEDY USERSELECTION ALGORITHMS

The problem of user selection for BD schemes has been
studied extensively in the literature, for single-antennare-
ceivers in [13], [18], [23]–[25], and for multiple-antenna
receivers in [10]–[12], [14]. A general approach to deal with
multiple-antenna receivers is to treat each antenna as a separate
user as in [18]. In this regard, user scheduling is investigated
in connection with receive antenna selection (RAS) [11], or
with eigenmode selection [23], [24]. On the one hand such
approaches efficiently exploit spatial multiplexing gains, but
on the other hand they require more feedback information to
be exchanged. Herein, we consider user scheduling for MIMO
downlink channel without receive antenna or eigenmode se-
lection.

The performance of a greedy user selection algorithm
mainly depends on the selection metric. It can be easily
understood that the c-algorithm proposed in [10] exhibits a
good performance as the selection criterion is based directly
on the sum rate. Note that, whenx is relatively small, we have
ln(1 + x) ≈ x. Accordingly, in the low SNR regime, the sum
rate of the BD method in (9) is closely related to the sum of
eigenvalues ofH̃kH̃

H
k , which is identical to the sum of the

Frobenius norm ofH̃k, and thus the Frobenius norm can be
a reliable indicator for the sum rate of the BD scheme in this
situation.

In this section, we propose a greedy low-complexity
scheduling algorithm for the sum-rate maximization, in which
the product of squared row norms of the effective channels is
used as the selection metric in each user selection step. The
motivation of the proposed scheduling algorithm is as follows.
We can see that the data rate of thekth user in the BD scheme
is related to eigenvalues of̃HkH̃

H
k , whereH̃k is the effective

channel matrix. If the total transmit power is high enough, the
data rate of an individual user is a monotonically increasing
function of the determinant (i.e., product of eigenvalues)of the
effective channel matrix. This is also true even for a low or
moderate transmit power, since only the dominant eigenvalues
will be used. Naturally, we can use the determinant as a
criterion for user selection [14], [15]. Nevertheless, computing
the determinant of a matrix requires high complexity. For a
Hermitian matrix, the determinant is smaller than or equal
to the product of the diagonal elements (Hadamard inequality
[17]). Moreover, the vector of diagonal entries is majorized by
the vector of eigenvalues (Schur inequality [17]). The strong
connection between eigenvalues and diagonal elements is also
used in [26]. Note that theith diagonal element of̃HkH̃

H
k ,

i.e., [H̃kH̃
H
k ]i,i is actually theith squared row norm of̃Hk.

A. Proposed algorithm

At each iteration in the selection process of a greedy
method, the precoders of previously selected users must be
redesigned to eliminate the interference induced by the newly
added user. This procedure is computationally costly. Moti-
vated by the iterative QRD-based design presented in Section
II-B, we introduce a recursive method that can efficiently
compute the precoders of selected users, thereby significantly
reducing the complexity.

The main operations of the proposed algorithm are sum-
marized in Algorithm 2, whereΦn and Ωn store the set of
remaining and selected users, respectively,B

(n)
k denotes the

precoding matrix of thekth user in the set of selected users,
andQ constitutes the null space of the rows of selected users at
the nth selection step. In the initialization step, the proposed
algorithm finds a user that yields the maximum product of
squared row norms of the channel matrix. Then, the precoding
matrix of this selected user is initially set to be the identity
matrix, andQ is an orthonormal basis for the null space of
the selected channel matrix. At thenth selection step, for each
unselected user, the proposed algorithm

• immediately finds the temporary precoding matrix, and
effective channel matrix for that user, because the pre-
coding matrix is actually an orthonormal basis for the
null space of the rows of all selected channel matrices,
which is already stored inQ (line 7 in Algorithm 2),

• calculates the resulting effective channel matrices for
the previously selected users to cancel the interference
induced by the currently considered user (line 11 in
Algorithm 2), and

• finds the user that produces the maximum product of
squared row norms of effective channels together with
those selected users.
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After one user is added to the set of selected users, we update
the null space of all selected channel matrices (line 14 in
Algorithm 2) and the precoding matrices for the previously
selected users (line 16 in Algorithm 2). This process repeats
until the maximum number of users that the BS can support
is reached. Specifically, after step 2,Kmax = ⌈N/M⌉ users
are selected because the proposed algorithm first aims at
maximizing the multiplexing gain, i.e., attempting to serve as
many users as possible. In fact, the selection process should
terminate when the total throughput starts to drop if more
users are added. This is true for the case where users’ channel
matrices are highly correlated. In such cases, it is better to
schedule a number of users less thanKmax. Thus, in the
finalization step, we apply the c-algorithm in [10] to find the
final set of selected users and the corresponding sum rate. In
this regard, steps 1 and 2 can be viewed as acoarseselection
process where the algorithm attempts to search for a set of
good candidates, and step 3 is afine selection process.

Algorithm 2 Product of squared row norms-based user selec-
tion algorithm for sum rate maximization.
Step 1: Initialization

1: Let Φ1 = {1, 2, . . . ,K} andΩ1 = ∅.
2: Select the first useru1 = argmax

k∈Φ1

γ (Hk).

3: Precoding matrix ofu1: B(1)
u1 = INt

.
4: Let Q := null(Hu1

) .
5: UpdateΦ2 := Φ1 − u1; Ω2 = u1; n := 2.

Step 2: Main loop
6: for eachm ∈ Φn do
7: SetBm = Q.
8: Calculate the effective channel matrix̃H(n)

m of userm:
H̃

(n)
m = HmBm.

9: for eachk ∈ Ωn do
10: SetGm = null(HmB

(n−1)
k ).

11: Update the effective channel matrices of previously
selected users̃H(n)

k = H̃
(n−1)
k Gm.

12: end for
13: Select the user that maximizesun =

argmax
m∈Φn

γmγ1 . . . γn−1 whereγk = γ(H̃
(n)
k ).

14: Let Q be an orthonormal basis for all rows of the
channel matrices of already selected users.

15: for eachk ∈ Ωn do
16: Update the precoders of previously selected users due

to the newly added user:B(n)
k = B

(n−1)
k Gun

.
17: StoreH̃(n)

k , k ∈ Ωn to the next iteration.
18: end for
19: Update :Φn+1 := Φn − un ; Ωn+1 = Ωn ∪ un; n :=

n+ 1.
20: end for
Step 3: Finalization
21: Apply the c-algorithm in [10] to find the final set of

selected users and the corresponding sum rate.

Remark 1. As a matter of fact, the effective channels of
selected users̃H(n)

k are not necessary to be stored after each
iteration since we can writẽH(n)

k = HkB
(n)
k . However, this

computation involves multiplication anM ×N matrix and an
N × (N −∑n

j=1Mj) matrix as mentioned in Section II-B,
which approximately needs8MN(N−∑n

j=1Mj) flops [10].2

However, according to the proposed iterative precoder design,
the dimensions ofB(n)

k , H̃(n)
k , andG are reduced after every

iteration. Thus, in Algorithm 2, the effective channel matrices
are updated recursively as̃H(n)

k = H̃
(n−1)
k G, and this compu-

tation only requires8M(N−∑n−1
j=1 Mj)(N−∑n

j=1Mj) flops
which needs lower complexity. Recall that the n-algorithm in
[10] finds a null space of an(n− 1)M ×N matrix at thenth
selection step.

It is commonly known that the sum rate of the BD approach
depends on the orthogonality of users. The multiuser diversity
gain comes from the fact that, for a large number of users,
we can find a set of users which are nearly orthogonal to each
other. The complexity of the proposed algorithm can be further
reduced by dropping the users who have large correlation
with the set of selected users. In fact, this idea was used to
develop the ZFBF-SUS algorithm in [18] for single-antenna
receivers, where the channel matrix becomes a vector, and the
orthogonality between vectors is well defined in the literature.
In our work, we deal with MIMO channels, and a quantity
needs to be defined to measure the degree of the orthogonality
between two matrices. For this purpose, we simply define the
orthogonality between two matricesH1 andH2 as

0 ≤ ε(H1,H2) =

∥
∥H1H

H
2

∥
∥
F

‖H1‖F ‖H2‖F
≤ 1. (13)

This quantity is called the spatial correlation coefficientin
[11]. SupposeQ is an orthonormal basis for all rows of the
channel matrices of selected users aftern steps. In the(n+1)th
step, we constrain the search for a user in the reduction set

Φn+1 = {k ∈ Φn|ε(Hk,Q) > ζ}, (14)

where 0 ≤ ζ ≤ 1 is a predetermined correlation threshold.
The physical meaning is that when the channel matrix of a
user in the set of remaining users is highly correlated with
the null space of the space spanned by the rows of selected
users’ channel matrices, that user will be kept in future
selection steps. The choice ofζ affects both the complexity
and sum rate performance of the proposed algorithm. When
ζ is high, many users are ignored after each iteration, and
much computational complexity can be saved. However, the
achievable throughput is degraded since we may accidentally
remove some potential users. Conversely, whenζ is small,
very few users are excluded, and the sum rate converges to that
with ζ = 0, where no additional user is excluded after every
iteration. We discuss the optimal range forζ with numerical
results in Sect. V.

B. Complexity analysis

In this subsection, we analyze the complexity of Algorithms
1 and 2. The complexity is measured by the number of flops
as in [10], [12], denoted asψ. Although flop counting is a

2A flop is equal to a real floating point operation [20]. A real addition,
multiplication, or division is counted as one flop. A complexaddition and
multiplication have two flops and six flops, respectively.
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crude measurement of the true computational complexity, it
captures the order of the computation load. The number of
flops for typical operations is given as follows. One complex
addition and multiplication take2 and 6 flops, respectively.
Multiplication of a matrixA ∈ Cm×p and a matrixB ∈ Cp×n

requires8mpn flops (mpn complex multiplications andmpn
complex additions). The number of flops needed to compute
QRD of a real matrix of sizem× n, m ≥ n with fast Given
transformations is2n2(m− n/3) [20]. For a complex matrix
of the same size, we approximate the number of flops for a
QRD by4n2(3m−n), i.e., treating every operation as complex
multiplication.

For simplicity, we show the complexity for the case where
all users have the same number of antennas, i.e.,Mk = M
for all k, and the maximum number of users that BS can
support simultaneously isKmax = N/M . First, we compare
the complexity of Algorithm 1 to that of the SVD-based
method whenN andM are fixed, and there areK = Kmax

users, which are all scheduled by the BS. For the SVD-based
method, it takes(24M(Kmax−1)N2+48M2(Kmax−1)2N+
54M3(Kmax − 1)3 flops to design the precoder of each user
[10]. Thus, the total number of flops required for the SVD-
based method is easily computed as

ψSVD = Kmax

{
(24M(Kmax − 1)N2 + 48M2(Kmax − 1)2N

+54M3(Kmax − 1)3
}
. (15)

SinceB(1)
1 is initialized with the identity matrix, we only need

to perform the QRD toH1 andH2 to find B
(2)
2 andB(2)

1 , re-
spectively. Fori ≥ 2, to computeB(i+1)

i+1 , we need8MN [N−
(i−1)M ] flops forHi+1B

(i)
i , 4M2[3(N−(i−1)M)−M ] flops

for null(Hi+1B
(i)
i ), and8N [N−(i−1)M ](N−iM) flops for

B
(i)
i × null(Hi+1B

(i)
i ). The same number of flops is needed

to updateB(i+1)
m for m = 1, 2, . . . i. Thus, the complexity of

Algorithm 1 is given by

ψAlgo. 1 = 8M2(3N −M) +

Kmax−1
∑

i=2

(i+ 1)
{

8MN [N

−(i− 1)M ] + 4M2[3(N − (i− 1)M)−M ]

+8N [N − (i− 1)M ](N − iM)
}

.

(16)

In Fig 1, we plot the number of flops of the SVD-based
method and Algorithm 1 with the number of transmit antennas,
whereMk = 2 for all k. As we can see, a substantial com-
plexity reduction can be obtained by Algorithm 1, compared
to the SVD-based method.

Next, we analyze the complexity of Algorithm 2, where the
number of usersK is larger thanKmax. In fact, the proposed
algorithm may terminate with the number of selected users less
thanKmax if adding more users reduces the sum rate. Thus, it
is difficult to provide an exact expression for the complexity.
Here, we consider the complexity for the case where BS
selectsKmax users. As mentioned above, the complexity of the
proposed algorithm is a function of the correlation threshold
ζ. However, an analytical (or closed-form) expression that
characterizes the dependency between the complexity and the
correlation threshold is hard to find, because we do not know
exactly how many users are dropped after every selection
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Fig. 1. Complexity comparison of the SVD-based method and Algorithm 1,
M = 2, K = Kmax.

step for a given value ofζ. In what follows, we analyze the
complexity whenζ = 0, i.e., the set of remaining users is not
further reduced.

In Algorithm 2, selecting the first user requires4KMN
flops, and computing the row basis for the rows ofHu1

via
QRD needs4M2(3N −M) flops. For eachm ∈ Φn, n ≥ 2,
we need8MN(N − (n − 1)M) flops for H̃m; 8MN(N −
(n − 2)M) + 4M2(3N − (n − 1)M) flops for G; and
8M(N−(n−1)M)(N−(n−2)M) for H̃(n)

k . The calculation
of the objective function takes4nM(N − (n − 1)M) flops.
Updating the null spaceQ takes4M2(3N − nM), andB(n)

k
takes8N(N − (n− 1)M)(N − (n− 2)M) for eachk ∈ Ωn.
Therefore, the total number of flops of Algorithm 2 is

ψAlgo. 2 ≈ 4KMN + 4M2(3N −M) +

Kmax
∑

n=2

(K − n+ 1)
{

8MN

(N − (n− 1)M)) + (n− 1)
[

8MN(N − (n− 2)M)

+4M2(3N − (n− 1)M) + 8M(N − (n− 1)M)(N

−(n− 2)M)
]

+ 4nM(N − (n− 1)M)
}

+ 4M2(3N

−nM) + (n− 1)8N(N − (n− 1)M)(N − (n− 2)M)

= O(K[Kmax]
2
MN

2).
(17)

The number of flops of the c-algorithm, n-algorithm and
Algorithm 2 is compared in Fig. 2. The complexity of all
three scheduling algorithms grows linearly with the number
of users. Algorithm 2 shows the lowest complexity.

IV. FAIR SCHEDULING

Algorithm 2 presented in the previous section aims at
maximizing the total throughput. Thus, the algorithm will
favor users with high SNR. In a cellular network, user fairness
is of particular concern since users at the cell edge may not
receive any throughput due to severe intercell interference.
Fair scheduling attempts to provide a certain degree of fair-
ness among users. In this section, we modify the proposed
algorithm in the previous section to address this problem. The
problem of user selection with fairness is usually obtainedby
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optimizing a suitably weighted sum rate expression

RBD(t) = max∑
k
tr(Ωk)≤P

|S|
∑

k=1

µ(t)Rk(t), (18)

where, for proportional fairness (PF),µ(t) = 1/R̄k(t) and
Rk(t) are the weighting factor and the instant rate of thekth
user during thetth scheduling interval, respectively. Note that
whenµ(t) = 1, the maximization problem in (18) is identical
to maximizing the sum rate in (9). The PF algorithm serves the
users with sufficiently highRk(t)/R̄k(t). Consequently, the
PF algorithm is able to achieve high throughput and maintain
proportional fairness among all users by giving priority to
users with a high-quality channel rateRk(t) and a low current
average service ratēRk(t). If a user receives less throughput
in previous slots, its average service rate is low, the possibility
of being scheduled in subsequent slots increases. The average
service rate of thekth user at timet is recursively updated as

R̄k(t) =

{

δR̄k(t− 1) + (1− δ)Rk(t) if selected

δR̄k(t− 1), if not selected
(19)

whereδ is the forgetting factor. If the data rate of each user
is averaged over a window ofT slots, thenδ = 1− 1/T [18].

Since the selection metric of the c-algorithm in [10] is
directly based on the data rate of each user of the BD scheme,
it is straightforward to modify this algorithm to incorporate
fairness among users. Specifically, at thenth selection step,
we choose a user such that

un = argmax
k∈Φn

(

µk(t)Rk(t) +
∑

i∈Ωn−1

µi(t)Ri(t)

)

, (20)

where Φn, and Ωn−1 are the sets of remaining users and
selected users at thenth and (n − 1)th selection step, re-
spectively. The temporary data ratesRk(t) and Ri(t) can
be attained by water-filling to the corresponding eigenvalues.
This modification of the c-algorithm is referred to as ‘PF c-
algorithm’ in this paper. The main problem with Algorithm 2
(and other existing selection algorithms, of which the selection
criterion is not directly based on the sum rate) is that the exact

Algorithm 3 PF scheduling with log2(1 + γ)

Step 1: Initialization
1: All steps are analogous to those in Algorithm 2, except

for
2: Select the first user as

u1 = argmax
k∈Φ

µk(t)R̂k(t). (22)

Step 2: Main loop
3: All steps are analogous to those in Algorithm 2, except

for
4: Select the user that maximizes

un = argmax
m∈Φn

(

µk(t)R̂k(t)+
∑

i∈Ωn−1

µi(t)R̂i(t)

)

. (23)

Step 3: Finalization
5: Apply the PF c-algorithm to find the final set and actual

rate of selected users. Update the average data rate as (19).

data rateRk(t) in each selection step is unknown until the
whole user selection process completes. To solve this problem,
we approximate the data rate of thekth user at thenth iteration
step as

R̂k(t) =

Mk∑

i=1

log2(1 +
P

M (n)
dk,i), (21)

whereM (n) =
∑n

k=1Mk, is the total of data streams at the
nth iteration, anddk,i = [H̃

(n)
k H̃

(n)H
k ]i,i is the ith squared

row norm ofH̃(n)
k . The rate approximation in (21) is inspired

by the equal power allocation scheme with eigenvalues being
replaced by the squared row norms. In fact, the true sum rate
of the kth user is obtained from water-filling a total powerP
to M (n) eigenvalues of the corresponding effective channels.
However, we cannot express the sum rate of thekth user with
water-filling in a closed-form. If equal power allocation is
used andMk eigenvalues of̃H(n)

k H̃
(n)H
k are replaced by the

squared row norms of̃H(n)
k , we obtain an approximation of

data rate shown in (21). With this approximation of the data
rate, the proposed PF scheduling is described in Algorithm 3.
After steps 1 and 2, the true rates of selected users are still
unknown. Thus, in step 3, we apply the PF c-algorithm to
find the true sum rate which is needed to update the average
data rate, and accordingly the weighting factor. In this way,
the weighting factor is updated with the actual rate, while the
instant rate is approximated by (21).

We can further simplify Algorithm 3 by directly employing
fairness in the product of squared row norms of the effective
channels, which is shown in Algorithm 4. Unlike Algorithm
3, Algorithm 4 provides fairness to the product of squared
row norms of the effective channels, rather than to the actual
rate or approximation of the actual rate. This follows from the
approximation in (21), since

2
ˆRk(t) =

Mk∏

i=1

(1+
P

M (n)
dk,i) ≈ (

P

M (n)
)Mk

Mk∏

i=1

dk,i ∼ γ(H̃
(n)
k ).

(24)
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Algorithm 4 Fair scheduling withγ
Step 1: Initialization

1: All steps are analogous to those in Algorithm 2, except
for

2: Select the first user

u1 = argmax
k∈Φ

µk(t)γk (t) , (28)

whereγk(t) = γ (Hk).
Step 2: Main loop

3: All steps are analogous to those in Algorithm 2, except
for

4: Select the user that maximizes

un = argmax
m∈Φn

µm(t)γm(t)
∏

i∈Ωn−1

µi(t)γi(t), (29)

whereγk(t) = γ(H̃
(n)
k ).

Step 3: Finalization
5: The average value ofγk(t) is updated as

γ̄k(t) =

{

δγ̄k(t− 1) + (1 − δ)γk(t) if selected

δγ̄k(t− 1), if not selected
(30)

andµk(t) = 1/γ̄k(t).

The selection criterion in (23) can be written as

un = argmax
k∈Φn

2
µk(t)Rk(t)+

∑
i∈Ωn−1

µi(t)Ri(t)

= argmax
k∈Φn

2µk(t)Rk(t)
∏

i∈Ωn−1

2µi(t)Ri(t)

= argmax
k∈Φn

γ(H̃
(n)
k )µk(t)

∏

i∈Ωn−1

γ(H̃
(n)
i )µi(t).

(25)

We note that, in [11], a FS algorithm was proposed which
maintains fairness among the Frobenius norm of the effective
channel. Eq. (25) shows that we can impose the user fairness
through the product of squared row norms of the effective
channels. Herein, to yield a different degree of fairness, we
let µk(t) = 1/γ̄k(t), i.e., µk(t) is the inverse of the average
of γk(t) in previous time slots, and consider theweighted
productof the squared row norms given in (29) of Algorithm
4. In fact, Algorithm 4 is a greedy method to find a suboptimal
set of users of the following scheduling problem

max
S∈{1,2,...,K}
|S|≤Kmax

∑

k∈S

log(
γk
γ̄k

). (26)

Assuming γk/γ̄k > 1, we have inequalitylog(γk/γ̄k) ≤
γk/γ̄k − 1. Thus, (26) is bounded above by

max
S∈{1,2,...,K}
|S|≤Kmax

∑

k∈S

γk
γ̄k
. (27)

The scheduling problem described in (27) is actually a sched-
uler that yields proportional fairness toγk. As a result,
Algorithm 4 is less fair than Algorithm 3, as numerically
shown in Fig. 7.

V. A SYMPTOTIC ANALYSIS

In this section, we analyze the asymptotic sum rate of
Algorithm 2 presented in Section III whenN and M are
fixed and the number of users,K, is going to infinity. To
simplify notations, we assume thatMk = M for all k,
and N = M × Kmax, where Kmax is consequently the
supportable number of users. In the case of single-antenna
receivers, significant research efforts have been made to prove
the asymptotic optimality of ZFBF in terms of multiuser
diversity gain. An asymptotic analysis of a greedy selection
method for the BD scheme seems to be intractable due to
several reasons. First, the data rate of the selected users is
reduced after each selection step since the precoders of already
selected users must be redesigned to deal with the interference
induced when a new user is added. Second, the data rate of
each selected user is determined by the vector of eigenvalues
of the corresponding effective channel matrix, and thus the
joint distribution of the eigenvalues is needed to study thesum
rate. To simplify the analysis, current works often consider
single-antenna receivers, or treat each receive antenna asan
independent user, or assign at most one data stream to each
user [18], [23]–[25]. In this paper, a user is assigned either all
possible data streams or no data stream at all. To facilitatethe
analysis, we make the following assumptions.

(i) The BS is always able to find a set ofKmax users
to communicate.

(ii) Transmit power is equally allocated to all selected
users. In fact, the optimal power allocation strategy
can be found through the water-filling process which
adapts allocated power according to the instanta-
neous channel gains. This will make the analysis
intractable. It is well known that the gain difference
between equal power and water-filling allocation
schemes is minimal in the high SNR regime.

The following theorem presents the asymptotic result of the
sum rate of Algorithm 2

Theorem 1. In the limit of largeK and high SNR regime, the
sum rate of the proposed algorithm is bounded by

R ≤ N log
( P

NM
logK+P log logK+O(log log logK)

)
+O(1).

(31)

Proof: Please refer to the Appendix.
For largeK, Theorem 1 shows that the achievable sum rate

of Algorithm 2 scales asN log logK, which is the scaling law
of the sum rate of DPC for a MIMO broadcast channel with
anN -antenna BS andK single-antenna receivers. If we treat
each antenna of a receiver as if it were a separate user, the
resulting scaling law isN log logMK. However, as mentioned
earlier, a large ammount of feedback information has to be
exchanged to exploit the RAS, which is not considered in
this paper. Theorem 1 indicates that, whenN , P , andK are
fixed, increasing the number of receive antennasM reduces
the achievable sum rate, which is the penalty for not exploiting
RAS. Further discussions are given with numerical results in
Section VI.
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VI. N UMERICAL RESULTS

In this section, the sum rate performance of the BD with
the proposed scheduling algorithms is numerically evaluated
and compared with that of the following greedy algorithms:

• The c-algorithm and n-algorithm proposed in [10]. The
c-algorithm is claimed to obtain a sum rate very close to
the exhaustive search method.

• The algorithm based on the capacity upper bound pro-
posed in [12].

A quasi-static fading model is used in our simulation, where
independent realizations ofHk are generated for each schedul-
ing interval. We consider a MU-MIMO downlink channel with
N = 8 antennas at the BS andM = 2 antennas at each
user. The numerical study considers both uncorrelated and
correlated channels. We note that the performance of most
existing user scheduling algorithms for BD schemes have been
numerically evaluated for uncorrelated channels [10]–[12],
[14], [15], [23], [27]. Thus, how these algorithms work in the
correlated channels is still a question. Here, the MIMO channel
matrix is simply modeled asHk = Hk,ωR

1/2
k,t (i.e., the

Kronecker model without receive correlation), whereHk,ω is a
matrix of i.i.d. complex Gaussian distribution with zero mean
and unit variance andRk,t = R

1/2
k,t R

H/2
k,t is anN×N transmit

covariance matrix [28], [29]. In our simulation setup, the
exponential correlation model is used, i.e.,[Rk,t]i,j = ρ

|i−j|
k ,

where the correlation coefficient for thekth userρk = ρejφk

with φk being i.i.d. uniformly distributed over[0, 2π] [30]–
[32].

Fig. 3 plots the average sum rate versus the number of
users forρ = 0 (uncorrelated channels) andρ = 0.95 (highly
correlated channels), and the total power isP = 10 dB. We
can see that the c-algorithm outperforms the other methods,
because the selection criterion is directly based on the sumrate
of the BD scheme. Algorithm 2 achieves a higher sum rate
than the n-algorithm and the upper bound-based algorithm.
When the correlation is high, the n-algorithm and Algorithm
2 yields a similar throughput, while the method based on an
upper bound on the channel capacity is dramatically inferior.
In addition, the numerical results for the caseP = 20 dB,
which are not shown in Fig. 3, indicate that the sum rate of
the n-algorithm is dramatically lower than that of Algorithm
2. The reason is that the Frobenius norm is not a reliable
indicator of the channel capacity in the high SNR region.

In Fig. 4, we investigate the impact of transmit-side channel
correlation on the multiuser diversity gain by varying the value
of ρ. The sum rate of the proposed algorithm versus the
number of users is drawn for three cases whenρ = 0.25,
ρ = 0.5, and ρ = 0.95. Our numerical results indicate
that antenna correlation may be beneficial in exploiting the
multiuser diversity gain. Specifically, for a given total transmit
power budget, we observe a crossing point between the sum
rate curves for systems with and without transmit correlation.
Above this point, channel correlationimprovesthe sum rate
performances and vice versa. This observation also applies
to other greedy scheduling algorithms in comparison. In fact,
as the channel correlation increases, the rate of a single
user MIMO channel is mostly determined by the dominant
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Fig. 3. Average sum rate versus number of users with and without transmit
correlation,N = 8, M = 2.

eigenmodes. From a physical perspective, the mainlobe of the
beam for the BS to a user becomes narrower. As a result, when
the number of users is large, we can select a group of users
whose dominant eigenmodes are nearly orthogonal. In the
absence of channel correlation, the transmission strategyis to
distribute power to all eigenmodes. Thus, the beams of selected
users become more correlated, and thereby degrading the sum
rate performance of BD approach. In the case of a small
number of users, channel correlation reduces the sum rate
since it reduces the spatial degrees of freedom, and multiuser
diversity gain is not available.

Fig. 5 illustrates how the average sum rate and complexity
reduction of Algorithm 2 depends on the choice of the
correlation thresholdζ. If ζ is too large, the total throughput
dramatically deteriorates due to the loss of multiuser diversity
gain, i.e., a lot of potential users are dropped after every
selection step (Fig 5(a)). In turn, the complexity is reduced
whenζ is large (Fig 5(b)). Decreasingζ improves the system
throughput, at the expense of an increased computational
complexity. It is of particular interest to find an optimal value
for ζ such that the acquired sum rate is close to that without
further dropping users after each step, i.e., whenζ = 0.
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Unfortunately, this optimal choice ofζ is difficult to find
analytically. Our numerical results reveal that the good choices
for ζ for the spatially uncorrelated multiuser channels are from
0.87 to 0.92, depending on the number of users in the systems.
For the case ofK = 40, settingζ = 0.9 can reduce80% the
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Fig. 6. Average sum rate of Algorithm 2 with different numberof receive
antennas,N = 8, P = 20 dB.

computational complexity, and still achieve96% of the sum
rate forζ = 0. For a fixedζ, too many users may be neglected
after every iteration if the correlation among users’ channels is
high, e.g. when users lie in a narrow beam seen from the base
station. This can lead to a severe degradation on the sum rate
of Algorithm 2. Thus, in practice, a good setting ofζ would
require some mechanism that adaptively adjusts the correlation
threshold based on the channel conditions of the users that
happen to be active and scheduled for the moment. However,
this problem is beyond scope of the paper, and probably needs
more extensive studies. Note that, the optimal range forζ
does not change with the total power transmit becauseζ only
measures the correlation between the subspaces, not the actual
magnitudes of users’ channel matrices. Same observations
were also reported in [11] for the Frobenius norm based
scheduling algorithm.

Fig. 6 plots the average sum rate of Algorithm 2 with
different values ofM , the number of receive antennas per
user, forN andP fixed. For illustration purpose, we denote
a MU-MIMO downlink channel withN transmit antennas at
the BS, andK users, each withM receive antennas by the
notation(N,K,M), and its achievable sum rate byR(N,K,M).
WhenK is small (e.g.,K = 4), users are spatially separated
with high probability. Thus, increasingM offers more spatial
degrees of freedom, and we are still able to find a set of
users whose channels are highly uncorrelated, leading to an
improvement in the sum rate. The effect is opposite for
largeK, i.e., the sum rate is reduced asM increases. The
asymptotic analysis in Section V indicates that this situation
also holds true for the upper bounds on the sum rate. More-
over, the experimental results with other greedy scheduling
algorithms such as the c-algorithm and n-algorithm in [10]
reveal the same properties. This problem is due to the fact
that RAS diversity gain is not exploited. Specifically, consider
the (8, 40, 2) downlink channel. Treating each antenna of a
receiver as if it were a separate user results in the(8, 80, 1)
downlink channel. By the RAS diversity gain, it follows that
R(8,80,1) > R(8,40,2). Since the multiuser diversity gain scales
as log logK, we can approximateR(8,40,1) / R(8,80,1), and
thusR(8,40,1) > R(8,40,2). By the same arguments, we have
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R(8,40,2) > R(8,40,4).
We plot the data rates for individual users for the case of

asymmetric SNRs in Fig. 7. In this simulation, a set ofK = 40
users is considered with the received SNRs varying according
to the loglinear scale [11], [18]. Specifically, the channel
matrix for thekth user is expressed asHk =

√
αkHk,ω where

Hk,ω is a matrix of i.i.d. complex Gaussian distribution with
zero mean and unit variance. The weighing factorαk of userk
is on the loglinear scale fromSNRmin = 0 dB to SNRmax =
20 dB, i.e., log10(αk+1) =

SNRmax−SNRmin

K−1 k + SNRmin, for
k = 0, 1, . . . ,K − 1. Furthermore, the values ofαk are
normalized such that

∑K
k=1 αk = K. From Fig. 7, we can

see that the maximum sum rate algorithm (i.e., Algorithm 2)
favors the the users with high SNR. More explicitly, users
1 through20 do not receive any data at all, while users30
through40 occupy most of the system throughput. The PF
c-algorithm and Algorithm 3 can maintain a similar degree of
fairness among users since Algorithm 3 is a low-complexity
approximation of the PF c-algorithm. In particular, Algorithm
4 achieves a higher throughput than Algorithm 3, but results
in a worse fairness level. Recall that Algorithm 4 attempts to
maintain the fairness index of the product of the row norms of
users’ effective channels. Accordingly, Algorithm 4 pays more
attention to users with high instantaneous data rate than users
with low average serviced rate, due to the nonlinear relation
between the product of row norms and the true capacity of a
MIMO channel.

VII. C ONCLUSIONS

We are concerned with the precoder design and user
scheduling problem for MU-MIMO downlink channels using
BD. First, an iterative precoder design based on QR decom-
positions is proposed. The idea of this iterative approach is
then used to solve the scheduling problem, where a low-
complexity user selection algorithm for sum rate maximization
is proposed. The decision metric at each selection step of
the proposed scheduling algorithm is based on the product
of squared row norms of the effective channel matrices.
Our algorithm requires lower complexity than other greedy
selection methods because the use of SVD is completely

avoided, and the precoders of previously selected users at
each iteration are efficiently updated in a recursive way, using
QR decompositions. The numerical results evaluated with and
without channel correlation demonstrate that the proposed
algorithm can achieve a better sum rate than other greedy
scheduling algorithms of similar complexity. We conclude that
product of squared row norms is probably a more reliable
indicator of channel capacity for a MIMO channel than the
Frobenius norm. We also consider the problem of maintaining
fairness among users which plays a crucial role in many
environments such as cellular networks, where users usually
experience different channel conditions. In this regard, two FS
algorithms are proposed, one based upon an approximation
of the data rate, another imposing fairness into the product
of squared row norms. The proposed methods show a good
trade-off between performance and computational complexity
to other techniques.

APPENDIX

PROOF OFTHEOREM 1

In this appendix, we prove the asymptotic result stated in
Theorem 1. Letλ be the vector of eigenvalues of the effective
channels resulting from the set of selected users for a channel
realization. The average data rate is given by

E{RBD} ≈ E

{
Kmax∑

k=1

M∑

i=1

log(1 +
P

N
λk,i)

}

(32a)

≤ E

{
Kmax∑

k=1

M∑

i=1

log(1 +
P

N
dk,i)

}

(32b)

≈ E

{
Kmax∑

k=1

log

(

1 +

(
P

N

)M M∏

i=1

dk,i

︸ ︷︷ ︸

γk

)}

, (32c)

wheredk,i is theith squared row norm of the matrix̃Hk. The
approximation (32a) is due to the assumptions (i) and (ii).
Inequality (32b) follows from the fact thatlog(x) is concave
anddk is majorized byλk [17]. The approximation in (32c)
is due to the assumption of high SNR. In (32c),γk is the
product of squared row norms of the effective channel of the
selected users at thekth iteration of the proposed algorithm,
which can be further bounded by

γk = max
1≤j≤K−k+1

γ(H̃j) (33a)

≤ max
1≤j≤K−k+1

γ(Hj) (33b)

≤ max
1≤j≤K−k+1

(‖Hj‖2F
M

)M

, (33c)

where inequality (33b) is true by noting thatdk,i =
[H̃kH̃

H
k ]i,i = [HkBkB

H
k HH

k ]i,i ≤ [HkH
H
k ]i,i, and inequality

(33c) follows from the inequality between arithmetic and
geometric mean values. From (33c), we can bound the average
sum rate by

E{RBD} ≤ E

{
KS∑

k=1

log
(

1 +
( P

NM
µk

)M)
}

, (34)
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whereµk is the maximum of(K − k + 1) i.i.d Chi-squared
random variables with2NM degrees of freedom, according
to (33c). Denote byF (x) = γ(NM,x)/(NM − 1)! where
γ(k, x) is the lower incomplete Gamma function, andf(x) =
xNM−1e−x/(NM − 1)! the cdf and pdf of a Chi-squared
random variable with2NM degrees of freedom. From order
statistics [33], we obtain the cdf and pdf ofµk as

Fµk
(x) = FK−k+1(x), (35)

fµk
(x) = (K − k + 1)× FK−k(x)f(x). (36)

Applying an asymptotic result asK → ∞ (see [34] and
references therein), we have

Pr {|µk − θ| ≤ log logK} ≈ 1−O(1/ logK), (37)

whereθ is found as

θ = logK + (NM − 1) log logK +O(log log logK). (38)

From (34) and (37), we arrive at

E{RBD} ≤ E

{
Kmax∑

k=1

log

(

1 +
( P

NM
µk

)M
)}

≈ N log
P

NM
+M × E

{Kmax∑

k=1

logµk

}

.

(39)

The key to bound (39) is to write

E

{Kmax∑

k=1

logµk

}

= Pr(µk ≤ θ + log logK)

×E
{

Kmax∑

k=1

logµk

∣
∣
∣
µk≤θ+log logK

}

+Pr(µk ≥ θ + log logK)

×E
{

Kmax∑

k=1

logµk

∣
∣
∣
µk≥θ+log logK

}

≤ Kmax log(θ + log logK)

+O(1/ logK) log(1 +
P

N
K)

≤ Kmax log(θ + log logK) +O(1).

(40)

Inserting (40) into (39) results in

E{RBD} ≤ N log
P

NM
+N log(logK +NM log logK

+O(log log logK)) +O(1)

= N log(
P

NM
logK + P log logK

+O(log log logK)) +O(1),

(41)

which completes the proof.
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