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Kungliga Tekniska Högskolan, Stockholm.

TRITA-AVE-2012:23
ISSN-1651-7660
ISBN-978-91-7501-369-5

c© Jonas Lejon, 2012

ii



‘I’m not . . . exactly sure that’s all there is to it,’ said Ponder. ‘I’ve
been doing some reading and even people who do science don’t
seem clear about what it is.’

The Science of Discworld II: The Globe
Terry Pratchett, Ian Stewart and Jack Cohen.
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Abstract

The frequency, dynamic strain amplitude, prestrain, temperature and mag-
netic field strength dependence of magneto-sensitive (MS) elastomers is the
focal point of this thesis, which consists of four papers (I - IV) and an
introduction summarizing them.
Paper I contains an experimental study of the prestrain dependence of MS
rubber. The results from the quasi-static measurements indicate that the
influence of prestrain is important to consider when designing and modeling
MS elastomers.
Paper II expands the work done in Paper I to cover a wide frequency
range. It supports the findings in Paper I and more clearly demonstrates
the frequency and dynamic strain amplitude dependence of MS elastomers.
Paper III experimentally investigates the temperature, frequency, dynamic
strain amplitude and magnetic field strength dependence of an MS elastomer.
The results show that MS elastomers, like regular elastomers, display a strong
temperature dependence as the temperature is lowered and the material
reaches the transition phase.
Paper IV develops a model based on the insights gathered in the three
measurement studies. The model captures the behavior of a MS elastomer,
accounting for prestrain, dynamic strain amplitude, frequency, magnetic field
strength and temperature dependence. Comparisons with the results from
the measurements show a good agreement.
The measurements and the model presented in this thesis provides insight
into how prestrain, temperature, frequency, dynamic strain amplitude and
magnetic field strength affects a MS elastomer and thus facilitates the design
of MS isolators and dampers to meet isolation and damping criteria.
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Chapter 1

Introduction

Looking back through history, the first person to mention that iron is affected
by a magnetic field is the Greek Thales of Miletus (around 585 B.C.) who
stated that loadstone attracts iron because it has a soul. It is very likely
that mankind had previously encountered the attraction between naturally
magnetic materials and iron, but this is the first documented mention of a
material relationship that has puzzled and amazed mankind through the
ages. A few centuries later, the famous roman natural philosopher and
encyclopedist Pliny the elder writes [1]:

Upon quitting the marbles to pass on to the other more re-
markable stones, who can for a moment doubt that the magnet
will be the first to suggest itself? For what, in fact, is there
endowed with more marvellous properties than this? Or in
which of her departments has Nature displayed a greater degree
of waywardness? She had given a voice to rocks, as already
mentioned, and had enabled them to answer man, or rather, I
should say, to throw back his own words in his teeth. What is
there in existence more inert than a piece of rigid stone? And
yet, behold! Nature has here endowed stone with both sense and
hands. What is there more stubborn than hard iron? Nature has,
in this instance, bestowed upon it both feet and intelligence. It
allows itself, in fact, to be attracted by the magnet, and, itself
a metal which subdues all other elements, it precipitates itself
towards the source of an influence at once mysterious and unseen.
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The moment the metal comes near it, it springs towards the
magnet, and, as it clasps it, is held fast in the magnet’s embraces.
Hence it is that this stone is sometimes known by the name of
“sideritis;” another name given to it being “heraclion.” It received
its name “magnes,” Nicander informs us, from the person who was
the first to discover it, upon Ida. It is found, too, in various other
countries, as in Spain, for example. Magnes, it is said, made this
discovery, when, upon taking his herds to pasture, he found that
the nails of his shoes and the iron ferrel of his staff adhered to the
ground.

Even though Pliny’s version of how magnets got their name seems quite
palatable, it is held more likely that they are named after the Greek region
Magnesia, where naturally magnetic ore can be found.

How magnets actually work has since been thoroughly investigated, through
the work of people like Peter of Maricourt, who wrote the first treatise
on magnetic properties in the 13th century, and William Gilbert, who in
the year 1600 proved that the earth itself is magnetic. In the early 19th

century the Danish physicist Hans Christian Ørsted discovered the connection
between magnetism and electricity, setting the stage for James Clerk Maxwell
to finally unite magnetism and electricity to electromagnetism, through
Maxwell’s equations. Today, magnetism and electromagnetism are integral
and natural parts of a modern society filled with computers and smartphones.

In the 20th century, the term smart materials appears. This expression spans
a group of materials that can significantly change one or more properties in a
controlled way through external stimuli such as temperature and stress. The
most well known of these materials are probably the piezo-electric materials,
which produce a charge when exposed to stress. Given the relationship
between iron and magnets, elegantly described by Pliny in the quotation
above, should it not be possible to mix iron with other elements to create
materials that change properties when exposed to magnetic fields? Indeed it
should, and it is. Magneto-sensitive (MS) materials are smart materials that
alter their properties in the presence of a magnetic field. They are usually
divided into two subgroups, fluids and solids. Both consist of iron particles
mixed with a host material, see Figure 1.1 for a principal representation. In
the case of fluids the host material is commonly an oil, and in case of solids
an elastomer.
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Figure 1.1: Principal representation of a MS material. The orange spheres
represent iron particles contained in the host material (gray).

1.1 Background

Research into the subject of MS materials started in the 1940s when Rabinow
[2] was researching MS fluids. At the same time, Winslow [3] was researching
electro-sensitive (ES) fluids. Although research on the two similar types
of materials started at around the same time, research was focused on ES
materials for a long time, and it was not until the late 20th century that
research on MS materials increased.

MS elastomers can be seen as the solid analogue of the fluids Rabinow was
researching [4, 5], with the oil in the fluid replaced by an elastomer. The
two materials can be seen as complementary, since MS fluids have field-
dependent yield stress whereas MS elastomers have field dependent modulus.
The ability to rapidly and reversibly change characteristics makes it possible
to construct applications that will change properties, such as stiffness and
loss factor, with the application of a magnetic field. Using MS materials,
simple devices with variable stiffness controlled by a magnetic field [4, 6] can
be constructed. Consequently, MS materials may be used to create tunable
vibration isolators, absorbers and mounts [7]. Tunable engine mounts would
make it possible for engines to run smoother since it would make it possible
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to run them at frequencies which coincide with the eigen-frequencies of the
regular mounts. Today, the common solution is to avoid these frequencies.
However, with a mount made from a MS elastomer, it would be possible to
shift the eigen-frequency with the application of a magnetic field.

The many possible applications for MS materials [8, 9] have led to a real
increase in MS materials research over the last 15 years. It can readily be
divided into two fields: measurement studies and modeling.

All MS measurement studies include dependence of the applied magnetic
field. However, a number of other material properties and parameters have
also been investigated. Amongst these is the question whether the MS
material should be isotropic or anisotropic [10–12]. Anisotropy is achieved by
applying a magnetic field during the curing process, aligning the iron particles
in the host elastomer. Results indicate a higher magneto-sensitive response
with an applied magnetic field compared to those of isotropic materials.
However, creating anisotropy comes at a cost: isotropic MS materials are
both easier to manufacture and cheaper. Lokander and Stenberg [13, 14]
made efforts to improve the performance of isotropic MS rubber, as well as
to determine the optimal concentration of iron particles.

Other studies have investigated the difference in using natural and synthetic
rubber as the host material [15, 16], the difference between different iron
particles [13, 17] and the effect of concentration of other fillers, such as carbon
black [18, 19]. Furthermore, the influence of frequency and dynamic strain
amplitude has been investigated [16, 20]. The dynamic strain amplitude
dependence is known as the Fletcher-Gent effect [21], which has been shown
to be a factor even at very small dynamic strain amplitudes for iron particle
filled rubbers, even though the effect is negligible at small dynamic strain
amplitudes for unfilled rubber.

Additionally, Koo et al. have studied the behavior of an MS rubber under the
influence of compressive loadings parallel to the magnetic field with preload
in the low frequency range [22] and the temperature dependence of different
MS materials has been studied by Zchunke et al. [23], Gordaninejad et al.
[24] and Zhang et al. [25].

Amongst the earliest models of MS elastomers is the work of Jolly et al.
[4, 26] developing a model based on the interaction of magnetic dipoles in an
anisotropic MS elastomer. Based on the same principles, Davis [27] developed
an early model. Models based on parameters such as distance and magnetic
dipole interaction between the particles embedded in the elastomer requires a
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knowledge of the microscopical structure of the MS elastomer. The structure
can be found using an electron microscope, as shown by e. g. Chen et al.
[28]

Danas et al. [29] also modeled an anisotropic MS elastomer, but based on
another common approach to modeling. That is to derive a complete material
model with the base in solid mechanics. In the field of modeling, progress
has been made by Dorfmann and Ogden [30–33], amongst others [34–39].

Blom and Kari [40] developed a simple and straight forward phenomenological
model to describe the dynamic shear modulus of a MS rubber. It accounts
for the frequency, dynamic strain amplitude and magnetic field strength
dependence of the MS rubber and describes the material without any
microscopical knowledge. The model is based on the additively decomposable
model suggested by Berg [41], that was further developed by Sjöberg and Kari
[42, 43].

In this thesis, work is focused on the prestrain, temperature, frequency,
dynamic strain amplitude and magnetic field strength dependence of MS
elastomers. The three latter parameters are present in all of the measurement
studies. Paper I investigates the prestrain dependence in a low frequency
range, while Paper II expands the study to a wider and higher frequency
range. Paper III is a measurement study on the temperature dependence
of magneto-sensitive rubber which covers a wide temperature range and at
least two states of matter for an elastomer. Finally, Paper IV develops a
model to describe MS elastomers, taking into account prestrain, temperature,
magnetic field strength, frequency and dynamic strain amplitude dependence.
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Chapter 2

Measurement studies

2.1 Material

The MS rubber used in the measurements is a natural rubber with a
33% volume fraction concentration of irregularly shaped ASC300 pure iron
particles from Höganäs with a size distribution of 77.7% 0-38 µm, 15.6%
38-45 µm and 6.7% 45-63 µm. It is cured without exposure to a magnetic
field, leaving the particles randomly dispersed and the material isotropic.
It should be noted that the three measurement studies were performed on
different batches of the material, made by different manufacturers.

2.2 Prestrain dependence

The total strain on an elastomer that is exposed to simple shear is written
as

γtot = γs + γd, (2.1)

where γs static strain, in this thesis named prestrain, and γd, a su-
perpositioned shearing strain, named dynamic strain amplitude. In the
measurements, the dynamic shearing strain is a harmonic sinusoidal motion.
Considering an engine mounted on engine mounts, the mounts will be
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loaded by the mass of the engine, corresponding to a prestrain, whilst the
harmonic oscillations from the running of the engine will correspond to the
superimposed dynamic strain amplitude.

The prestrain dependence of unfilled rubber is a phenomenon that has been
meticulously studied by e.g. Pipkin and Rivlin [44] and different theories can
be found in solid mechanics textbooks. A review of material descriptions
based on different strain-energy functions was performed by Seibert and
Schoche [45]. General behavior of filled rubbers have been studied over
the years, with contributions from Kawabata and Hawai [46] and Seki et
al. [47], amongst others. More recently, Suphadon et al. [48–50] have
performed measurements on the loss factor for various combinations of large
prestrains and superimposed dynamic strain amplitudes in the low frequency
range for carbon black filled rubbers. However, only Koo et al. [22] have
experimentally studied MS elastomers under prestrain.

2.2.1 Low frequencies

In the low frequency region the setup in Figure 2.1, based on a hydraulic
torque tester, is used. Two samples of the MS rubber are symmetrically
glued between the steel plates and a central brass rod and simple sheared at
a combination of frequencies, prestrains and dynamic strain amplitudes. Nat-
urally, the samples are conditioned a priori the measurements to compensate
for the Mullins effect [51].

Figure 2.1: The measurement setup.
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The results of the measurements show that the magnetic field dependence is
significant. Figure 2.2 shows the averaged hysteresis loops at 1 Hz, a dynamic
strain amplitude of 0.01 mm, no prestrain and at four magnetic fields applied.
The inclination of the loops increases with increased magnetic field, which is
due to that the material is getting stiffer with applied magnetic field.

In Figure 2.3, the attention is instead turned towards the prestrain depen-
dence. It displays the shearing force as a function of displacement at four
pre-displacements and a 1 Hz frequency with no magnetic field applied. The
pre-displacements of 0, 1, 2 and 3 mm correspond to prestrains of 0, 0.5, 1
and 1.5. From the figure it is readily realized that as the prestrain increases,
the material softens before it starts to get stiffer. It should also be noted
that prestrains of order 1 or higher rarely occurs for engineering purposes.

Figure 2.2: The shearing force as a function of displacement at a frequency
of 1 Hz and no prestrain.
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Figure 2.3: The shearing force as a function of displacement at a frequency
of 1 Hz and with no magnetic field applied.

2.2.2 Wide frequency range

When expanding the measurements to a wider frequency range, the measure-
ment setup in Figure 2.4 is used. In the low frequency measurements, the
highest frequency investigated was 30 Hz. Here, a frequency range of 200−800
Hz is covered. It is worth noting that in the low frequency case, the force
and displacement were individually measured, whilst here accelerations are
measured. The measurement method is similar to the indirect method [52–54]
and was also used by Blom and Kari [16]. Furthermore, it should be pointed
out that although the rubber samples are exposed to a static prestrain, only
the dynamic shear modulus is measured.

The results indicate a strong prestrain dependence for MS elastomers in the
wide frequency range. Figure 2.5 shows the magnitude and loss factor of the
dynamic shear modulus at four prestrains with a dynamic strain amplitude
of 0.0015 and no magnetic field applied. Clearly, the material softens with
increased prestrain. For a prestrain increase from 0 to 0.5, the relative
decrease in shear modulus magnitude is about 50% and as the prestrain
increases from 0.5 to 1, the relative decrease in magnitude is approximately
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Figure 2.4: The measurement setup for the wide frequency range
measurements.

20%. This indicates that the material would start to stiffen if the prestrain
was further increased.

Figure 2.6 shows the behavior of the shear modulus for different magnetic
fields strengths with a dynamic strain amplitude of 0.0005 and no prestrain.
Clearly, the shear modulus magnitude increases with applied magnetic field
and frequency. For all combinations of prestrains and dynamic strain
amplitudes in this study, the material shows increased magnitude with
increased magnetic field strength.

Clearly, the prestrain is an important factor in the description of a MS
elastomer, and including it in models will improve the ability to design and
predict the behavior of tunable MS mounts, vibration absorbers and isolators.

2.3 Temperature dependence

For a regular compound, such as water, the states of matter are well known:
gas, liquid and solid. Equally well known are the transitions that separate
these states: boiling and melting. Rubber on the other hand, like many other
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Figure 2.5: The magnitude and loss factor of the shear modulus at four
prestrains with a dynamic strain amplitude of 0.0015 and no applied magnetic
field.

Figure 2.6: The magnitude and loss factor of the shear modulus at four
magnetic fields with a dynamic strain amplitude of 0.0005 and no prestrain.
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polymers with high molecular weight, exists in any of up to five different states
depending on the material and the temperature [55]. Here, the focus is on
the three of these states at the coldest temperatures. These are: the rubbery,
transition and glassy states. In the glassy state, the elastomer is glassy and
fragile. An ordinary plastic drinking cup is one example of a polymer that
is in the glassy state at room temperature. The glass transition state, often
called the transition region, is reached as the temperature is increased. In
the transition region the measured modulus typically drops about a factor of
up to 1000 in a span of 20 to 30 K. Increasing the temperature further takes
the elastomer to the rubbery region, where it exhibits the traits we usually
associate with elastomers. It can, for instance be heavily stretched, but upon
release it will directly strive to retake its original shape.

Figure 2.7: The part of the temperature rig enclosed in the insulated box. The
black circles show where thermocouples are attatched.

When it comes to MS materials, only a few measurement studies have
investigated the temperature dependence. Of the three mentioned in the
introduction, Zhang et al. [25] studied a MS elastomer with measurements
in the low frequency range, Zschunke et al. [23] studied MS fluids and
Gordaninejad et al. [24] studied MS greases. All three studies were performed
at temperatures above the transition region.
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Here, the temperature ranges between 242 and 320 K, thus covering the
rubbery and glass transition phases and approaching the glassy phase.
The measurement setup is similar to that in the wide frequency prestrain
measurements, see Figure 2.4, with the major difference being that the space
between the vibration exciter and the blocking mass is enclosed in a thermally
insulated box made from foamed polystyrene. Rubber hosing is led through
the box walls and the rig, see Figure 2.7. Through the hosing, hot water or
liquid nitrogen is led, allowing the temperature in the rig to be controlled.
The black circles in the Figure 2.7 shows where thermocouples are connected
to measure the temperature.

For rubbery region temperatures, the results are unsurprisingly similar to
those of the prestrain measurements. Comparing Figure 2.6 to Figure
2.8 which is taken from the temperature measurements at 273 K, they
display about the same relative increase in magnitude with applied magnetic
field. The differences in shear modulus magnitude between prestrain and
temperature measurements are likely due to the different material batches
used in the respective measurements, see section 2.1.

Figure 2.8: The magnitude and loss factor of the dynamic shear modulus at
a dynamic strain amplitude of 0.0005 at 273 K for four magnetic fields.

To understand the influence of the temperature on the MS elastomer,
especially when it reaches the transition phase, the dynamic shear modulus
with no applied magnetic field at a dynamic strain amplitude of 0.0005 is
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plotted in Figure 2.9. It shows that at 273 K, the material can still be
considered to be in the rubbery region, but as the temperature is lowered,
the considerable increase in magnitude and loss factor clearly indicates that
the transition phase is reached. From the measurements it is clear that
the temperature dependence of MS elastomers is an important parameter to
consider, especially when the temperature approaches the transition region.

Figure 2.9: The magnitude and loss factor of the dynamic shear modulus
at a dynamic strain amplitude of 0.0005 and no magnetic field for seven
temperatures.
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Chapter 3

Model derivation

3.1 General model

In Eq. (2.1), the total strain was divided into a static and a dynamic part.
Similarly, the total stress can be decomposed into a static and a dynamic
part:

τtot = τs + τd. (3.1)

In the model developed by Blom and Kari [40], the dynamic stress is further
decomposed into:

τd = τe + τve + τf , (3.2)

where τe, τve and τf are the elastic, viscoelastic and frictional stresses,
respectively. The elastic stress may be identified as

τe = µeγd, (3.3)

where µe is the dynamic elastic shear modulus [40].

The dynamic viscoelastic stress τve is given by a convolution integral
according to Boltzmann’s superposition principle [56]

15



τve =

∫ t

−∞
G(t− s)∂γd

∂s
ds, (3.4)

where G is a prestrain dependent viscoelastic relaxation function.

Finally, the frictional stress is described by a smooth Coloumb friction model
[40–43]

τf = τfs +
[τfmax − sgn(γ̇d)τfs] [γd − γs]

γ1/2

[
1− sgn(γ̇d) τfs

τfmax

]
+ sgn(γ̇d) [γd − γs]

, (3.5)

where the maximum friction stress developed, τfmax, and the strain at half
that stress, γ1/2, are material parameters and sgn(γ̇) yields the displacement
direction. The two parameters τfs and γs are updated every time the shearing
direction changes, i.e. at γ̇ = 0 as τfs = τf|γ̇=0 and γs = γd|γ̇d=0.

3.2 Prestrain dependence

With an applied prestrain, the behavior of the elastic part of Eq. (3.2) is not
as simple as indicated in Eq. (3.3). Based on measurement studies of filled
rubbers, Yeoh [57] suggested a phenomenological material model based on a
novel formulation of the strain energy function

Ψ = C10 (I1 − 3) + C20 (I1 − 3)
2

+ C30 (I1 − 3)
3
, (3.6)

where C10, C20 and C30 are material parameters and I1 is the first principal
scalar invariant [58]. Utilizing the stress-strain relation for simple shear stated
by Yeoh [57] and using that (I1 − 3) = γ2tot for simple shear, the static and
elastic stresses are

τs + τe =
[
2C10 + 4C20γ

2
tot + 6C30γ

4
tot

]
γtot. (3.7)

Using the additive decomposability of the strain, Eq. (3.7) is rewritten as

τs + τe = 2C10(γs + γd) + 4C20(γs + γd)3 + 6C30(γs + γd)5. (3.8)

This equation is linearized in terms of γd, which leaves

16



τs = (2C10 + 4C20γ
2
s + 6C30γ

4
s )︸ ︷︷ ︸

µs

γs (3.9)

and
τe ≈ (2C10 + 12C20γ

2
s + 30C30γ

4
s )︸ ︷︷ ︸

µd

γd, (3.10)

as the static and elastic parts of the stress, respectively. For a prestrained
material, Eq. (3.10) will replace Eq. (3.3).

Simulation tests indicate that to capture the behavior of the material, the
prestrain must also be included in the viscoelastic term, Eq. (3.4). This is
achieved with the assumption of a multiplicative split of prestrain and time
dependence in the relaxation function [59]

G(t) = µdg(t) (3.11)

giving

τve = µd

∫ t

−∞
g(t− s)∂γd

∂s
ds, (3.12)

where µd is defined in Eq. (3.10) and g is a relaxation function. Here, it is
taken as

g(t) = ∆Eα

(
−∆

[
µ∞t

µv

]α)
h(t), (3.13)

rendering a fractional standard linear solid introduced by Koeller [60] and
used in Refs. [54, 59], where ∆ ≥ 0 is the relaxation intensity, µ∞ the
small strain static shear modulus, 0 < α ≤ 1 the fraction derivative order
and µv ≥ 0 are material parameters while h(t) is the step function. The
Mittag-Leffler function [59] is

Eα(x) =

∞∑
n=0

xn

Γ(1 + nα)
, (3.14)

where Γ is the Gamma function. The fractional standard linear solid covers
the rubber, transition and glassy regions.
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3.3 Temperature dependence

The temperature dependence of regular elastomers is widely known, and
discussion about it can be found in textbooks [61]. Here, with the assumption
of a thermo-rheologically simple material [62], the elastic part of the shear
stress at an arbitrary temperature T is

τe,T =
TρT
T0ρ0

τe, (3.15)

where T0 is the reference temperature, ρ0 the rubber density at the reference
temperature and ρT is the rubber density at temperature T . The factor
T/T0 accounts for the entropic behavior of the rubber while ρ/ρ0 accounts
for the thermal expansion [62] and τe is the elastic shear stress at the reference
temperature given by Eq. (3.10). Similarly, the viscoelastic part of the shear
stress, Eq. (3.12), becomes

τve,T =
TρT
T0ρ0

µd

∫ t

−∞
g

(
t− s
aT

)
∂γd
∂s

ds, (3.16)

where the shift function aT is the WLF function, defined as [61]

aT = 10−
D1∆T

D2+∆T , (3.17)

with ∆T = T − T0 and where D1 and D2 are material parameters.

The thermal expansion coefficient is introduced as

β = −1

ρ

∂ρ

∂T
, (3.18)

which allows the density at temperature T to be approximated as

ρT = ρ0 (1− β∆T ) . (3.19)

For the frictional part, an Arrhenius temperature dependence is assumed.
Along the lines of Muhr [63] the frictional shear stress at an arbitrary
temperature T is expressed as

τf,T = τfe

(
E
RT −

E
RT0

)
, (3.20)
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where E is a material constant, R ≈ 8.31 J ·mol−1 ·K−1 the gas constant, e
the base of the natural logarithm and τf is given by Eq. (3.5).

3.4 Magnetic dependence

Along the lines of Ref. [40] the viscoelastic part of the stress is assumed
independent of an applied magnetic field. This assumption is based on
the experimental observation that the shear modulus magnitude difference
between the zero-field and saturated states at different frequencies appears to
be constant. The elastic part of the stress under the influence of an arbitrary
magnetic field is expressed as

τMe,T =

[
1 +

(
M

Ms

)2

δ1

]
τe,T , (3.21)

where µ0Ms is the saturation magnetization, i.e. the highest value µ0M can
assume, µ0 the permeability of free space, δ1 a real and positive material
parameter and τe,T is taken from Eq. (3.15). Similarly, the magnetic
dependence of the two material parameters from Eq. (3.5) can be expressed
as [40]

γM1/2 =
γ1/2

1 +
(
M
Ms

)2
δ2

(3.22)

and

τMfmax =

[
1 +

(
M

Ms

)2

δ3

]
τfmax. (3.23)

Finally, using Eqs. (3.1), (3.2), (3.5), (3.9), (3.10), (3.12), (3.13), (3.15),
(3.16), (3.17), (3.19), (3.20), (3.21), (3.22) and (3.23), the total shear stress
in the time domain becomes
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τtot =

(
1 +

∆T

T0

)
(1− β∆T )

{
(2C10 + 4C20γ

2
s + 6C30γ

4
s )γs+ (3.24)

(2C10 + 12C20γ
2
s + 30C30γ

4
s )×

([
1 +

(
M

Ms

)2

δ1

]
γd+

∆

∫ t

−∞
Eα

(
−∆

[
µ∞(t− s)
µvat

]α)
∂γd
∂s

ds

)}
+ e

(
E
RT −

E
RT0

)
×τfs +

(γd − γs)
([

1 +
(
M
Ms

)2
δ3

]
τfmax − sgn(γ̇d)τfs

)
γ1/2

1+( M
Ms

)
2
δ2

[
1− sgn(γ̇d) τfs[

1+( M
Ms

)
2
δ3
]
τfmax

]
+ sgn(γ̇d) [γd − γs]

 .

The dynamic shear modulus is calculated as

G̃ =
τ̃d
γ̃d
, (3.25)

where (̃·) is the temporal Fourier transform of (·). The dynamic part of Eq.
(3.24) is

τ̃Md,T =

(
1 +

∆T

T0

)
(1− β∆T )

(
2C10 + 12C20γ

2
s + 30C30γ

4
s

)
×

{[
1 +

(
M

Ms

)2

δ1

]
+

∆ (aTµvjω/µ∞)
α

∆ + (aTµvjω/µ∞)
α

}
γ̃d,+τ̃

M
f,T , (3.26)

where j is the imaginary unit, ω the angular frequency and τ̃Mf,T is the
Fourier transform of the frictional stress. It is calculated numerically since
an analytical transform is not straightforward.
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Chapter 4

Simulations and
validations

Since the simulation results are compared to two different sets of mea-
surement data, this chapter is divided into two parts, the first covering
the prestrain dependence and the second the temperature dependence.
Both measurement sets include dynamic strain amplitude, magnetic field
dependence and cover a wide audible frequency range. Two properties of the
dynamic shear modulus are studied in the results; the magnitude, defined as
abs(G̃), and the loss factor, defined as imag(G̃)/real(G̃).

4.1 Prestrain dependence

During the measurements of the prestrain dependence the elastomer was
in the rubbery region, which implies that the relaxation intensity ∆ is
undetermined and may be set to ∞. This reduces the relaxation function in
Eq. (3.12) from the fractional standard linear solid Eq. (3.13) to a fractional
Kelvin-Voigt model

g(t) =

(
µv
µ∞

)α
Iα(t), (4.1)

where the Abel operator kernel is
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Iα(t) =
h(t)

tαΓ(1− α)
. (4.2)

This simplifies Eq. (3.26) to

τ̃Md,T =

(
1 +

∆T

T0

)
(1− β∆T )

(
2C10 + 12C20γ

2
s + 30C30γ

4
s

)
×

{[
1 +

(
M

Ms

)2

δ1

]
+ (aTµvjω/µ∞)

α

}
γ̃d,+τ̃

M
f,T, (4.3)

Figure 4.1: The magnitude (top) and loss factor (bottom) of the dynamic
shear modulus without prestrain and magnetic field for three different dynamic
strain amplitudes. Solid lines are measurements, symbols simulations.

Using non-linear least squares fits, minimizing the sum of the squares of the
dynamic shear modulus magnitude differences between measurement results
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and those of the simulations, the parameters α = 0.24, µv = 0.0031 MNs/m2,
γ1/2 = 0.0037, τfmax = 6.0 kN/m2, C10 = 0.70 MN/m2, C20 = −0.30
MN/m2, C30 = 0.084 MN/m2, δ1 = δ3 = 0, δ2 = 1.51, and µ0Ms = 0.75
T are obtained. All the measurement results not used to determine the
parameters are used as validation cases.

Results from the one of the parameters fittings is Figure 4.1, showing
results of simulations and measurements for three dynamic strain amplitudes
without prestrain and magnetic field. A comparison between measurement
and simulation results at four magnetic fields with a prestrain of 0.5 and a
dynamic strain of 0.0015 is in Figure 4.2. For further results and validations,
see Paper IV.

Figure 4.2: The magnitude (top) and loss factor (bottom) of the dynamic
shear modulus at 0.5 prestrain a with a dynamic strain amplitude of 0.0015
for four magnetic field strengths. Solid lines are measurements, symbols
simulations.
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4.2 Temperature dependence

For the temperature dependence simulations, a similar set of parameters are
obtained. The first parameters, calculated without magnetic field at room
temperature T0 = 293K, are: α = 0.30, µv = 0.62 kNs/m2, C10 = 1.79
MN/m2, γ1/2 = 0.0019 and τfmax = 3.2 kN/m2. The magnetic parameters
are: δ1 = 0.61, δ2 = 3.26, δ3 = 0, and µ0Ms = 1.0 T. It is worth noting that
when the saturation magnetization is larger then the highest magnetic field
strength used in the measurements, it is essentially undetermined. Here, it is
taken as 1.0 T, and the values of the δ1 and δ2 are scaled accordingly. Finally,
the temperature dependent parameters are: ∆ = 330, D1 = 6.2, D2 = 103 K
and E = 7.18 kJ/mol. The value for the temperature expansion coefficient
β = 6.60 · 10−4 K−1 is a table value, taken from Ref. [64].

Figure 4.3: The magnitude (top) and loss factor (bottom) of the dynamic
shear modulus without magnetic fields and at a dynamic strain amplitude
of 0.0005, for four temperatures. Solid lines are measurements, symbols
simulations.
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The temperature dependence of the elastomer is shown in Figure 4.3. Clearly,
the model is capturing the behavior of the material well. Figure 4.4 shows
the results for four magnetic fields at a temperature of 273 K and a dynamic
strain amplitude of 0.005. Once again, the correlation between simulation
results and those of measurements is good.

Figure 4.4: The magnitude (top) and loss factor (bottom) of the dynamic
shear modulus with a temperature of 273 K and at a dynamic strain amplitude
of 0.005, for four magnetic fields. Solid lines are measurements, symbols
simulations.
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Chapter 5

Conclusions and
future work

The three measurement studies presented in this thesis highlight the im-
portance of prestrain and temperature dependence for magneto-sensitive
elastomers. In order to be able to predict how tunable mounts and absorbers
work, the inclusion of these parameters are important. Finally, a model that
includes these parameters, as well as frequency, magnetic field and dynamic
strain amplitude dependence is developed. The model is used to estimate
the dynamic shear modulus for a MS rubber, and the results show good
agreement.

Although the work presented here gives insight into how prestrain, frequency,
dynamic strain amplitude, magnetic field strength and temperature affects
MS elastomers, more research is needed:

• For the model, it would be interesting to try and include prestrain
and temperature dependence in a model of MS material used in an
application, e.g. a mount or a bushing.

• It would be interesting to try and develop the model further by
including aging of the elastomer.

• Extending the model to cover anisotropic materials would be another
way to make it more complete.
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• Regarding the measurements, an important step would be to develop
a test facility for components where it is possible to study all the
parameters simultaneously.
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Chapter 6

Summary of papers

Paper I

Preload, frequency, vibrational amplitude and magnetic
field strength dependence of magnetosensitive rubber

J. Lejon and L. Kari

The preload dependence of magneto-sensitive rubber is experimentally
studied along with the influence of frequency, vibrational amplitude and
magnetic field strength. The material studied is an iron-particle filled natural
rubber with a volume particle fraction of 33%, which is close to the optimal
particle concentration. The results of the measurements show that an
increased preload decreases the influence of magnetic field strength and they
also suggest that an increase of the magnetic field reduces the influence of
the preload. Measurements of the magnitude of the dynamic shear modulus
also display a preload dependence. These results imply that in a description
of these materials the preload should be taken into account, especially since
magneto-sensitive elastomers are used in applications where they are often
exposed to preloads.
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Division of work between authors

Lejon performed the measurements and wrote the paper under supervision
of Kari.

Paper II

An experimental study in the audible frequency range of
the prestrain, dynamic strain amplitude, frequency and
magnetic field strength dependence of magneto-sensitive
rubber

J. Lejon and L. Kari

An experimental study is conducted where the prestrain dependence of
magneto-sensitive rubber in the audible frequency range is studied along with
the dependence of the dynamic strain amplitude, frequency and magnetic
field strength. The material is natural rubber with a 33% volume particle
fraction of irregularly shaped iron metal particles. The results show that with
an increase in prestrain up to 1, the magnitude of the dynamic shear modulus
decreases. As the prestrain increases the rate of decrease of the magnitude
subsides, indicating that the material is starting to stiffen. Furthermore,
an attenuation of the magneto-sensitivity with increased prestrain is noted.
As the frequency and magnetic field strengths are increased, the material
stiffens. However, it softens with increased dynamic strain amplitude. The
results presented here indicate that the pre-strain is an important parameter
to consider when describing magneto-sensitive materials.

Division of work between authors

Lejon performed the measurements and wrote the paper under supervision
of Kari.
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Paper III

Measurements on the Temperature, Dynamic Strain
Amplitude and Magnetic Field Strength Dependence
of the Dynamic Shear Modulus of Magneto-Sensitive
Elastomers in a Wide Frequency Range

J. Lejon and L. Kari

A measurement study is conducted to investigate how changes in temper-
ature, dynamic strain amplitude and magnetic field strength influence the
behavior of a magneto-sensitive material. During the measurements seven
temperatures, four magnetic fields and three dynamic strain amplitudes are
used over a 200 to 800 Hz frequency range. The results indicate a decrease in
shear modulus magnitude as the dynamic strain amplitude is increased. As
the frequency and magnetic field strength increases the magnitude increases.
However, the measurements indicate that the temperature is the most
influential of the parameters as the material stiffens significantly when the
temperature reaches the transition phase. Understanding the temperature
dependence increases the knowledge of magneto-sensitive materials and thus
enhance the possibilities to design tunable isolators and mounts that meet
the required damping and isolation criteria.

Division of work between authors

Lejon carried out the measurements and wrote the paper under supervision
of Kari.
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Paper IV

A non-linear wide frequency model of the dynamic shear
modulus dependence on temperature, prestrain, dynamic
strain amplitude and magnetic field for magneto-sensitive
rubber

J. Lejon and L. Kari

A non-linear wide frequency range model for the temperature, prestrain,
dynamic strain amplitude and magnetic field dependence of the dynamic
shear modulus for a magneto-sensitive (MS) rubber is developed. It is an
augmentation of a model consisting of an elastic, fractional order derivative
viscoelastic and a nonlinear, amplitude dependent smooth Coulomb friction
model, where the magnetic field strength dependence is parametrically
modeled, which is expanded to also contain prestrain and temperature
dependence. For the prestrain dependence, a Yeoh formulation of the strain
energy function is applied, and for the temperature, a Williams-Landel-Ferry
(WLF) function and an Arrhenius function is used, covering the rubbery,
transition and glassy phases of the rubber. The model results are compared
with those of measurements, showing good agreements. Expanding the
model to cover prestrain and temperature increases the understanding of
MS materials and improves the possibilities for MS dampers and mounts to
meet design criteria.

Division of work between authors

Lejon developed the model, carried out the simulations and wrote the paper
under the supervision of Kari.

31



Bibliography

[1] Pliny the elder. The Natural History, Book 36, chapter 25. Taylor and
Francis, London, 1855. Translated from Latin by J. Bostock and H. T.
Riley.

[2] J. Rabinow. The magnetic field clutch. AIEE Trans., 67:1308–1315,
1948.

[3] M.W. Winslow. Induced fibration of suspensions. J. Appl. Phys.,
20:1137–1140, 1949.

[4] M.R. Jolly, J.D. Carlson, B.C. Muñoz, and T.A. Bullions. The
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[42] M. Sjöberg and L. Kari. Non-linear behavior of a rubber isolator system
using fractional derivatives. Vehicle System Dynamics, 37(3):217–236,
2002.
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