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Abstract

Structure formations in two-dimensional systems with two- and three-body

interactions are studied using the Metropolis Monte Carlo method. Monoton-

ically repulsive and non-monotonic two-body interaction potentials are found

to yield structure formations of stripes and clusters of different forms, depend-

ing on the form of the potential, density and temperature. Model potentials

with a short-range repulsive long-range attractive two-body potential and a

repulsive three-body potential are fitted to data obtained from Ginzburg-

Landau theory simulations in the context of type-1.5 superconductivity. The

relative strength of the interactions are scaled artificially and structure forma-

tions such as clusters, stripes, honeycomb and hexagonal lattices are obtained

for different values of the relative strengths of the interaction potentials, den-

sity and temperature.
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Chapter 1

Introduction

For over a 100 years there has been intense research of the physics of supercon-
ductors and their applications. One important characteristic of superconductors is
their peculiar behavior in an applied magnetic field, which has been the focus of a
great deal of experimental and theoretical research. Recent research has shown that
tubes of magnetic flux penetrating superconductors, known as vortices, can under
certain conditions interact with complicated two-body and multi-body potentials.
The purpose of this thesis is to shed light on the possible structure formations that
arise in such systems. In this chapter, a summary of the physics of superconductors
and vortices is given. Chapter 2 describes the methods used, chapter 3 contains
results for systems with two-body interactions only, and chapter 4 contains results
where three-body interactions have been taken into account.

1.1 The history and physics of superconductivity

In this section we will briefly discuss the physics of superconductors, for a classic
reference of the theoretical and experimental facts of superconductivity, see [1].
We will discuss the basic experimental results, briefly discuss the Ginzburg-Landau
theory of superconductivity and focus on how vortices arise when superconductors
are subjected to an external magnetic field.

In the beginning of the 20th century, Kamerlingh Onnes utilized advances in low-
temperature technology to study the behavior of pure metals at temperatures close
to absolute zero. He discovered that some pure metals exhibit a phase transition
into a state where they have no measurable resistance, and called the phenomena
superconductivity. He observed that a supercurrent’s flowing through a ring would
show no measurable decay even after years of measurement, suggesting that the re-
sistance is exactly zero. The superconducting elements have critical temperatures
which are typically only a few degrees above absolute zero, but it has since Kamer-
lingh Onnes’ discovery been found that other more intricate compound materials
can superconduct at relatively high temperatures.

3
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Figure 1.1: Schematic figure of the difference between type-I and type-II supercon-
ductors. M is the magnetization and H is the applied magnetic field.

After Kamerlingh Onnes’ discovery of a vanishing resistance, Meissner and
Ochsenfeld discovered that superconductors expel external magnetic fields in such
a way that the magnetic flux density interior of the superconductor is zero, a phe-
nomena called the Meissner effect. Thus a superconductor is not only a perfect
conductor, because a perfect conductor would forbid only changes in the internal
flux (due to Lenz’s law), whereas a superconductor forbids any flux at all.

A superconductor can expel magnetic fields only up to a certain critical field
Hc. Above the critical field the superconductor transcends into its normal state,

Figure 1.2: Vortices are
tubes of magnetic flux
through a superconduc-
tor (gray) which in this
illustration is a thin slab.

and this has been known to occur in one of two different
ways shown in Fig. 1.1. Superconductors that exhibits a
behavior shown on the left of Fig. 1.1, where the super-
conductor transcends abruptly from its Meissner state to
a normal state, are called type-1 superconductors. Su-
perconductors with a behavior shown in the right of Fig.
1.1, where there is a region where the superconductor al-
lows a partial flux penetration through the material, are
called type-2 superconductors. Type-2 superconductors
have two critical fields Hc1 and Hc2, for fields under Hc1

the superconductor is in its Meissner state, and for fields
in between Hc1 and Hc2 the superconductor is in a vor-
tex state, where the external magnetic field is allowed
to penetrate the superconductor through small normal
domains.

The semi-penetration of the magnetic field through a type-2 superconductor
occurs through vortices, which are tubes of magnetic flux through the supercon-
ductor as depicted in Fig. 1.2. The vortex can be thought of having a normal core
(although there is no distinct boundary between the normal and superconduct-
ing region) surrounded by a circulating supercurrent which cancels the field in the
superconducting region. Each vortex carries a magnetic flux quantum φ0 = h/2e
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where h is Planck’s constant and e the elementary charge. Experiments have shown
that vortices in type-2 superconductors will form a hexagonal lattice, see Fig. 1.3,
called the Abrikosov lattice. As the magnitude of the applied magnetic field is
increased, so will the density of the vortices, until the vortex cores overlap and the
material becomes a normal conductor.

b b b b b b b b b

b b b b b b b b

b b b b b b b b b

b b b b b b b b

b b b b b b b b b

b b b b b b b b

Figure 1.3: For a purely
repulsive vortex interaction
the Abrikosov lattice will
minimize the interaction
energy of the vortices.

A useful theory of superconductivity is the
Ginzburg-Landau (GL)-theory. The idea of GL-
theory is to express the free energy of a supercon-
ductor in terms of a complex order parameter ψ and
minimize the free energy with respect to variations in
ψ and the magnetic vector potential A. The order
parameter ψ is a function of position in the mate-
rial and is zero in the normal regions and non-zero
in the superconducting regions. Furthermore, it is in-
terpreted as a pseudo-wavefunction which gives the
density of the supercurrent charge carriers through
the relation |ψ|2 = nS where nS is the charge carrier
density. In GL-theory, the free energy density of the
superconducting state is postulated to be

fS = fN + α|ψ|2 + β

2
|ψ|4 + 1

4m

∣

∣

∣

∣

(

h̄

i
∇− 2eA

)

ψ

∣

∣

∣

∣

2

+
1

2µ0
b
2 (r) , (1.1)

where fN is the free energy density of the normal state, b(r) is the microscopic
magnetic field interior of the superconductor, m and e are the electron mass and
charge, respectively. The expression (1.1) can be seen as an expansion of the actual
free energy. The parameters α and β are in general functions of temperature, and
in order for Eq. (1.1) to be meaningful (it should predict a phase transition between
the normal and superconducting states at Tc) we require that β > 0 and that α < 0
for T < Tc and α > 0 for T > Tc.

There are two important length scales that can be identified from Eq. (1.1), the
coherence length

ξ =

√

h̄2

4m(−α) , (1.2)

which corresponds to the rate of change of the order parameter ψ in space (i.e. the
minimal distance between normal and superconducting regions in a material), and
the London penetration depth

λ =

√

mβ

2µ0e2(−α)
, (1.3)

which corresponds to the decrease of the magnetic field interior of a supercon-
ductor (i.e. the Meissner effect). The ratio κ = λ/ξ characterizes the behavior
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Figure 1.4: Illustration of the order parameter and magnetic field in the Abrikosov
vortex lattice state.

of a superconductor in an external magnetic field. Materials with κ < 1/
√
2 are

type-1 superconductors and have attractive vortex interactions, and materials with
κ > 1/

√
2 are type-2 superconductors which have repulsive vortex interactions.

Furthermore, the energy of a superconductor-normal metal interface is positive for
type-1 superconductors and negative for type-2 superconductors, which means that
vortices are stable only in type-2 superconductors.

For a type-2 superconductor in its vortex state the order parameter can be shown
to be periodic in space [2], as illustrated in Fig. 1.4, so that the vortices form a
lattice. The lattice that minimizes the free energy is the hexagonal Abrikosov lattice
which can be seen in Fig. 1.3. In the case of multicomponent superconductors that
are discussed in the next section the interaction potentials can be more complicated,
which gives rise to more complicated structure formations.

1.2 Type-1.5 superconductivity

The previous discussion applies for superconductors for which there is a single
superconducting condensate, and a single order parameter ψ. Multicomponent
superconductors have two or more order parameter, ψ1, ψ2, etc, and recently it
has been discovered that two-component superconductors where one condensate is
type-1 and the other is type-2, can have magnetic responses that does not permit
them to be classified under either type-1/type-2 classes, but they are rather a mix
of the two categories for which reason they are called type-1.5 superconductors [3].
For a summary of the physics of type-1.5 superconductors, see [4].

A type-1.5 superconductor will not have two length scales, but rather three, λ,
ξ1 and ξ2. In the case that ξ1 <

√
2λ < ξ2, the superconductor is said to be in the

type-1.5 regime. The GL free energy density for a two-band superconductor can be
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extended from Eq. (1.1) as

fS = fN +
∑

i=1,2

[

αi|ψi|2 +
βi
2
|ψi|4 +

1

4m

∣

∣

∣

∣

(

h̄

i
∇− 2eA

)

ψi

∣
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∣

∣

2
]

+ fp +
1

2µ0
b
2(r),

(1.4)
where fp is a coupling term between the two bands, which can take on various
forms depending on how one chooses to model it. Note that α1 and α2 need not
change sign at the same Tc.

Vortex interactions in type-1.5 superconductors are richer than in one-band su-
perconductors, with non-monotonic interaction potentials, attractive at long ranges
and repulsive at short ranges. The short range-repulsion is physically due to elec-
tromagnetic interaction and the long-range attraction is due to a overlap of outer
cores of the vortices. At intermediate fields the non-monotonic vortex interaction
will give rise to a semi-Meissner state with vortex clusters [5]. The surface en-
ergy of the boundary between superconducting and normal states in the material
will be negative inside a vortex cluster but positive at the boundary of the clus-
ter. Furthermore, non-pairwise interactions have been observed numerically from
GL-theory in the type-1.5 regime under certain conditions, leading to complicated
vortex states [6]. The exact form of the interaction potentials for vortices in a
type-1.5 superconductor will be discussed and examined in chapter 4. Experiments
have shown that the vortex patterns in multicomponent superconductors are rich
with cluster and stripe formations [3] [7] [8] [9], see Fig. 1.5.
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(a) from [3] (b) from [7]

(c) from [8] (d) from [9]

Figure 1.5: Experimental results of vortex configurations in multicomponent su-
perconductors. a) Magnetic bitter decoration of MgB2. b) Scanning SQUID mi-
croscopy of MgB2 from two different cool downs. c) Bitter decoration image of
BaNi0.1 single crystals. d) Scanning probe microscopy of MgB2. The scale bars in
a), c) and d) corresponds to 10 µm.



Chapter 2

Simulation method

To simulate structure formations of a system of interacting particles, we will use
periodic boundary conditions as discussed in section 2.1, and the Metropolis Monte
Carlo method as discussed in section 2.2. In section 2.3 details of the step length
used in the simulations are discussed.

2.1 The model

We consider a thin superconducting slab and define a square region with dimen-
sions L × L, where vortices are treated as interacting elementary particles in two
dimensions with position (x, y), free to move in any direction in the plane. To re-
duce surface effects we impose periodic boundary conditions through the minimum
image convention as illustrated in Fig. 2.1, a cut off radius rc < L/2 is introduced
in the interaction energy calculations to avoid self-interaction of vortices. The sim-
ulations will be performed at a constant number of particles N , constant system
area L× L, and constant temperature T .

L

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

rc

Figure 2.1: Illustration of periodic boundary conditions imposed by the minimum
image convention. The simulation box (black) of dimensions L × L is surrounded
by copies of itself (gray) at the boundaries, and vortices in the box are interacts
with vortices in the copies that are within a cut off radius rc.
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2.2 Monte Carlo methods

A Monte Carlo method is any method of calculation which relies on random sam-
pling. In statistical physics, random sampling can be a powerful tool for calculating
statistical averages of thermodynamical quantities. For a reference, see chapter 8
in [10]. For a system of N particles the equilibrium expectation value of a quantity
A is

〈A〉 =
∫

dr3NAe−βV (ri)

∫

dr3N e−βV (ri)
, (2.1)

where β = 1/kBT and V is the potential energy of a given configuration. This
quantity is exact when calculated over all of the configuration space, but may be
approximated by a finite number of randomly sampled configurations. Generat-
ing configurations from a uniform probability distribution is called simple sampling
and is for most cases inefficient, since many of the generated configurations will
contribute little to the expectation value (2.1). On the contrary, importance sam-
pling is when a non-uniform distribution is used to generate configurations, where
configurations which contribute more to the calculation of expectation values are
more likely to be generated.

One widely used importance sampling technique which will also be used in this
thesis is the Metropolis method, which generates a Markov chain of configurations,
i.e. a chain where a configuration depends only on its predecessor. For a reference
of the Metropolis algorithm, see chapter 8.4.3 in [10]. By letting the transition
probability Wi→j = P (ri → rj) between generated configurations i and j fulfill
two conditions, the Markov chain can be shown to approach a desired distribution
which in our case is the Boltzmann distribution. The first condition is detailed
balance, which means that the transition probability obeys

Wi→j

Wj→i

= exp (−β (V (rj)− V (ri))) , (2.2)

and the second condition is ergodicity, which means that any state of the system
should be accessible in a finite number of steps.

Applied for a system of vortices, the Metropolis Monte Carlo algorithm is as
follows:

0. Generate a starting configuration and calculate the energy V0.

1. Randomly pick one vortex and change position in a random direction by a
length of χ · d, where χ is a random number between 0 and 1 and d is the
maximal step length.

2. Calculate the new energy V of the system.

3. If the net change of energy ∆V = V − V0 is positive, keep the new vortex
state. If ∆V is negative, draw a random number η between 0 and 1, and keep
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the new vortex position if exp (−β∆V ) > η, otherwise, the old state is the
new state.

4. Set V0 = V and repeat from step 1 for a desired number of iterations.

For a system of N vortices, a number of N Monte Carlo iterations according to
this scheme is called a sweep through the system.

When calculating three-body forces, we use a neighbor list to speed up the
simulation, and we will have a separate cut-off of the three-body interaction and
keep the two-body interaction cut-off to half the box length. Checks will always
be performed to ensure that the effects of the cutoff are negligible. Still, the com-
putational cost of calculating the three-body interaction is significant which causes
restrictions of how many sweeps can be performed for systems of many particles.

2.3 Step length adjustment

To increase the speed of convergence, the maximal step length d is adjusted to keep
the acceptance ratio A of trial moves to a specific value Awanted. This can be argued
to introduce errors in the simulation since basing the step length adjustment on
the history of trial moves violates the Markovian property of the process [11], but
according to [12] one can adjust the step length in a way such that the error due
to the step length adjustment is smaller than the statistical error of the simulation.
This is done by letting the time between updates be determined by

tupdate ≥
√
ttotal, (2.3)

where ttotal is the total simulation time, and time is in units of one Monte Carlo
sweep through the system. The step size is adjusted according to

dnew = dold

ln (aAwanted + b)

ln (aA+ b)
, (2.4)

where a and b are parameters. In this thesis the following parameters have been
chosen: Awanted = 0.1, a = 0.672924, b = 0.0644284 and tupdate =

√
ttotal.





Chapter 3

Structure formations in systems with

two-body interactions only

In this chapter we will study structure formations of vortices that interact with
two-body potentials only. We will denote unreduced interaction potentials by U
and reduced potentials by u, and temperature and lengths will always be in reduced
units. Section 3.1 contains results for a simple monotonically repulsive potential,
and section 3.2 extends this potential to obtain clustering of vortices.

3.1 Vortex states for a simple monotonically repulsive

potential

In this section we will simulate vortex states in a one-component type-2 supercon-
ductor where λ ≫ ξ i.e. κ ≫ 1. At low temperatures this will yield the familiar
Abrikosov lattice of Fig. 1.3. We begin by calculating the repulsive interaction
potential from London theory, and then simulate the system for various temper-
atures and utilize the radial distribution function (A.1) and the hexagonal order
parameter (A.2) to study the melting of the lattice.

Figure 3.1: Plot of the repulsive interaction potential (3.5) and its derivative.
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(a) T = 0.0 (b) T = 0.0125 (c) T = 0.1

Figure 3.2: Vortex states after 104 sweeps for the potential (3.5), with N = 500
and ρ = 1, for three different temperatures.

Consider a thin superconductor in an external magnetic field applied perpen-
dicular to the plane of the superconductor. The modified second London equation
for an isotropic superconductor with an external magnetic field in the z-direction
is [1]

(

∇2 − λ−2
)

b(r) = −V (r) (3.1)

where

V (r) =
∑

p

φ0
λ2
δ (r − rp) (3.2)

is the vorticity, and p are the positions of the vortices in the superconductor. As-
suming two vortices with positions r1 and r2, and invoking the approximation
κ ≫ 1 so that the medium is linear and we can use superposition of the magnetic
field, the solution is found to be

b(r) =
φ0

2πλ2

[

K0

( |r − r1|
λ

)

+K0

( |r − r2|
λ

)]

ẑ, (3.3)

where K0 is the zeroth order modified Bessel function of the second kind. The
line energy of two vortices is in general (2µ0)

−1
∫

S
b(r) ·V (r)dS which gives, after

integration over a contour such that the current density is negligible, that the total
energy for two vortices is given by

Etot =
φ20

2πµ0λ2

[

K0

(

ξ

λ

)

+K0

(

R

λ

)]

, (3.4)

where R = |r1 − r2|. We see that we have a vortex self-energy term, and more
importantly, a repulsive monotonic interaction term, in reduced units

u(r) = K0(r), (3.5)
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Figure 3.3: The hexagonal order parameter Ψ6 defined in Eq. (A.2) versus T for
the potential (3.5). For all temperatures except T = 0.0 the data are thermally
averaged from 100 states during 104 Monte Carlo sweeps after an initial warm-up
of 103 sweeps. The error bars correspond to one standard deviation.

with r = R/λ, plotted in Fig. 3.1.
We simulate the potential (3.5) for N = 500 vortices with area density ρ = 1.

States for three different temperatures are shown in Fig. 3.2, the hexagonal order
parameter versus temperature is shown in Fig. 3.3, and the radial distribution
functions for various temperatures is shown in Fig. 3.4. The hexagonal order
parameter falls of with increased temperature which confirms the melting of the
hexagonal lattice as can be seen in Fig. 3.2. For zero temperature, we see distinct
peaks in the radial distribution function due to the crystalline alignment of the
vortices. As temperature is raised, the peaks become less prominent, as the vortices
behave liquid-like, and at even higher temperatures there is little or no ordering as
the vortices behave gas-like.
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Figure 3.4: Radial distribution function g(r) for vortex states of the potential (3.5),
for N = 500, ρ = 1 and various T . For all temperatures except T = 0.0 the data
are thermally averaged from 100 states during 104 Monte Carlo sweeps after an
initial warm-up of 103 sweeps.
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3.2 Two-body interactions and cluster formations

In this section we will study vortex states for a variety of two-body interaction
potentials that will give rise to clustering of vortices, by making simple extensions
of the potential (3.5). For vortices, these changes in the interaction potential can be
caused by stray fields, where the magnetic field lines reaching from the vortices are
not straight as in Fig. 1.2, but curved which can cause more complicated interaction
potentials with extra repulsive tails. Similar interaction potentials can also occur
for colloids, see [13].

It is known from previous simulations that non-monotonic interaction potentials
will give rise to states of clusters, bubbles, stripes and labyrinths [14] [15] [16]. Stripe
phases are also known to occur at certain densities for monotonically repulsive
potentials. [17], and rectangular and honeycomb lattices are also known to occur
for monotonic potentials [18].

We define a potential as an extension to the potential (3.5)

u(r) = K0(r) + ke−α(r−r0)
2

(3.6)

shown in Fig. 3.5 with α = 1.0, r0 = 1.2 and various k. Several simulated vortex
states for fixed α, r0 and varying k are given in Fig. 3.6. We see that even for
monotonic potentials there are cluster formations, and conclude that it is not the
non-monoticity of the interaction potential that creates clusters, but rather the two-
scale repulsion, or the non-monoticity of the interaction force seen in the right of Fig.
3.5, that is responsible for cluster formations. Fig. 3.7 shows the radial distribution
function for k = 0.6, k = 0.4 and k = 0.2, and four different temperatures, showing
that the clustering is not very sensitive to temperature. Fig. 3.8 shows results for
k = 0.6 and varying density, where we can see an interesting stripe phase at ρ = 5.0.
It is also interesting to study the transition between densities where the cluster has

Figure 3.5: Eq. (3.6) and its derivative for α = 1.0, r0 = 1.2 and various k.
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(a) k = 1.4 (b) k = 1.2

(c) k = 1.0 (d) k = 0.8

Figure 3.6: Vortex states for the potential (3.6) with α = 1.0, r0 = 1.2, k = 1.4−0.8,
N = 1000, ρ = 1 and T = 0.001.

more than two vortices in a cluster and where they have only two vortices, which
occurs between ρ = 0.30 and ρ = 0.60 in Fig. 3.6. Fig. 3.9 shows states at ρ = 0.38
where there will be stripes for k = 0.2 and k = 0.4.
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(e) k = 0.6 (f) k = 0.4

(g) k = 0.2 (h) k = 0.0

Figure 3.6: Continued
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(a) k = 0.6

(b) k = 0.4

(c) k = 0.2

Figure 3.7: The radial distribution function for the potential (3.6) with α = 1.0,
r0 = 1.2, three different k and four different temperatures, N = 1000 and ρ = 1.
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(a) ρ = 0.10 (b) ρ = 0.30

(c) ρ = 0.60 (d) ρ = 0.90

Figure 3.8: Vortex states for the potential (3.6) for various densities ρ, with α = 1.0,
r0 = 1.2, k = 0.6, N = 1000 and T = 0.001.
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(e) ρ = 2.0 (f) ρ = 5.0

(g) ρ = 6.9 (h) ρ = 8.9

Figure 3.8: Continued
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(a) k = 0.2 (b) k = 0.4 (c) k = 0.6

Figure 3.9: Stripe states for the potential (3.6) at ρ = 0.38, N = 1000 and T =
0.001. For k ≥ 0.6 the stripes are destroyed at this density.

Figure 3.10: Eq. (3.7) and its derivative for k = 1.4, α = 1.0, r0 = 1.2, β = 10.0,
r′0 = 0.6, and various negative κ.

To study effects of the depth of the minimum of a non-monotonic potential we
define the potential

u(r) = K0(r) + ke−α(r−r0)
2

+ κe−β(r−r′
0
)2 (3.7)

and use a negative κ and r′0 < r0, see Fig. 3.10. As can be seen in Fig. 3.11, a ring
structuring of the vortices becomes more preferable as the minimum gets deeper.
Note that the size of the rings corresponds to the point of minimum distance of
the potential which is reasonable, as the depth of the minimum becomes larger, it
will overcome the short-range repulsion of the vortices and they will thus fall on a
circle.
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(a) κ = 0.4 (b) κ = 1.2

(c) κ = 2.0 (d) κ = 2.8

Figure 3.11: Vortex states for the potential (3.7) with α = 1.0, r0 = 1.2, β = 10.0,
r′0 = 0.6, various κ, N = 1000 and ρ = 1.
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Figure 3.12: The potential (3.7) and its derivative for α = 1.0, r0 = 1.2 and various
κ, β and r′0.

By instead using a positive κ and r′0 > r0 in Eq. (3.7) to add a repulsive tail
we can obtain clusters with a more complicated internal structure of rings, stripes
and smaller clusters, as can be seen in Fig. 3.13. We call the clusters with a more
complicated internal structure superclusters. Structure formations resembling this
superclustering are found in colloids [13], where an interaction potential that is
similar to the form of the potentials in Fig. 3.12 has been concluded. In Fig. 3.13a
it can be seen that no superclustering occurs where the potential has no long-range
hump and in in Fig. 3.13h it can be seen that no superclustering occurs where
the long-range hump in the potential is narrow, but rather a disordered clustering
occurs. Furthermore, superclustering does occur in Fig. 3.13c where there is a
minimum well rather than a hump. This suggests that it is the three-scale repulsion
of the potentials that cause the superclustering of the vortices. It can also be seen
in Fig. 3.13 that the size of the clusters correspond to the position of the long-range
hump.



26
CHAPTER 3. STRUCTURE FORMATIONS IN SYSTEMS WITH

TWO-BODY INTERACTIONS ONLY

(a) κ = 0.0, β = 0.0, r′
0
= 0.0 (b) κ = 0.5, β = 0.05, r′

0
= 4.5

(c) κ = −0.5, β = 0.5, r′
0
= 2.5 (d) κ = 0.5, β = 0.2, r′

0
= 4.5

Figure 3.13: Vortex states for the potential (3.7) for α = 1.0, r0 = 1.2 and various
κ, β, and r′0, N = 1000 and T = 0.001. The top part of the plots shows the
potentials of Fig. 3.12 with the potential corresponding to the state plot in bold.
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(e) κ = 0.5, β = 0.2, r′
0
= 6.0 (f) κ = 0.5, β = 0.2, r′

0
= 10.0

(g) κ = 0.5, β = 0.2, r′
0
= 7.5 (h) κ = 0.5, β = 1.5, r′

0
= 7.5

Figure 3.13: Continued





Chapter 4

Structure formations in systems with

two- and three-body interactions

In this chapter we will study vortex states in type-1.5 superconductors, where vor-
tices have a long-range attractive short-range repulsive two-body interaction, and a
purely repulsive three-body interaction. The three-body interaction as obtained by
GL-theory calculations can be seen in Fig. 4.1. We will simulate vortex states with
interaction models fitted to GL-theory data and artificially increase the strength
of the fitted three-body potential by increasing it by a factor of d, and using d
as a variable in parameter space. For strongly enhanced three-body interaction
strengths, the resulting structure formations that are found should be considered
to be of academic importance rather than directly connected to superconductivity.
We are especially interested in the formation of stripes of vortices as have been seen
experimentally, see Fig. 1.5, and will use a stripe quantifier ΨS which is defined in
section 4.1. First we will discuss known results for systems with three-body interac-
tions and present models for the interaction potentials in a type-1.5 superconductor.
Results for a vortex triplet (N = 3) and an unscaled three-body potential (d = 1)
are given in section 4.2 and for varying d in section 4.4. Results for a larger system
with N = 500 for d = 1 are given in section 4.3 and for varying d in section 4.5.
Results for thermal effects of stipe states are given in section 4.6 and a study of the
ground state of the system depending on d and the density ρ is given in section 4.7.

Studies of structure formations due to a long-range attractive short-range repul-
sive pairwise interaction in two dimensions can be found in [15] and [16]. Examples
of previous studies of classical particles with non-pairwise interaction potentials
are [19] [20] [21], which are aimed at adding low-order corrections to simulated
thermodynamic quantities of matter and do not systematically study structure for-
mations as a consequence of multi-body forces. In [22], a three-body potential is
used to stabilize simulated square crystals in two dimensions, and in [23] a certain
structure factor of two-dimensional and three-dimensional systems is imposed, giv-
ing a multi-body interaction potential which is claimed to give rise to degenerate

29
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Figure 4.1: Interpolated three-body interaction energies of vortices in a type-1.5
superconductor, with data obtained from GL-theory calculations. The plots show
the three-body interaction energy a vortex will experience from a vortex pair situ-
ated on the x-axis at ±R1/2. The interaction has an elliptical shape with the major
axis along the x-axis. The vertical contour lines seen inside of the ellipse are due
to interpolation of data where the vortices in the pair are situated. These results
which are to be published were provided by Alexander Edström.

and disordered ground states. In [24] a model with three-body interactions is stud-
ied analytically and it is claimed that a three-body potential of a certain form will
give rise to stripe states given that it is strong enough. Besides [24] the author of
this thesis is not aware of any previous systematic study of structure formations in
two-dimensions due to three-body forces, and how the strength of the three-body
force will affect the formations.
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rj
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×

Figure 4.2: Illustration of parameters used for the model of the three-body interac-
tion. A vortex at ri will be subjected to a potential by a vortex pair with positions
rj , rk, which has form of an elliptic Gaussian function with axes a, b, rotated by
an angle θ.

We express the total potential energy of N vortices as a sum of two-body inter-
actions, three-body interactions, etc,

Utot(r1, r2, . . . , rN ) =
∑

all pairs

i, j

U2B(ri, rj) +
∑

all triples

i, j, k

U3B(ri, rj , rk) + . . .

(4.1)
and assume that only two-body and three-body terms will contribute significantly
to the interaction energy. As a model the two-body interaction energy term of
(4.1), corresponding to a vortex pair we choose

U2B(r) = ε2B
(

exp
(

−αr2
)

− β exp
(

−γr2
))

, (4.2)

where r = rij = |ri − rj | is the separation between two vortices, ε2B, α, β and γ
are positive constants. The three-body interaction obtained from GL-calculations
have the form of an ellipse centered at the center of mass of the vortex pair as can
be seen in Fig. 4.1, and the magnitude of interaction decreases with distance L
between vortices in the pair. We express the three-body interaction energy term of
of (4.1) corresponding to a vortex triplet as

U3B(ri, rj , rk) = f(ri, rj , rk) + f(rj , ri, rk) + f(rk, ri, rj) (4.3)

and we model the function f as an elliptic Gaussian function whose magnitude is
scaled by L. In this model, which is illustrated in Fig. 4.2, a vortex pair j, k with
positions rj , rk will subject a vortex i at ri = (xi, yi) with an interaction
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f(ri, rj , rk) =

ε3B exp

(

− α(xi −Rx)
2 − 2β(xi −Rx)(yi −Ry)− γ(yi −Ry)

2

)

exp

(

−
(

L

w

)2
)

,

(4.4)

where R = (Rx, Ry) = (rj + rk)/2 is the center-of-mass of the vortex pair, L is
as before the distance between vortices in the pair, w corresponds to the reduction
of interaction over distance, and ε3B corresponds to the strength of the three-body
interaction. The parameters α, β, and γ are determined by

α =
cos2(θ)

2a2
+

sin2(θ)

2b2
, (4.5)

β = − sin(2θ)

4a2
+

sin(2θ)

4b2
, (4.6)

γ = − sin2(θ)

2a2
+

cos2(θ)

2b2
, (4.7)

where a and b are the axes of the ellipse and θ is the angle between the line joining
vortices in the pair and an arbitrary reference axis.

We fit our interaction models (4.2) and (4.3) to data obtained from GL-theory,
as can be seen in Fig. 4.3. There is an absence of data for very small inter-vortex
separations since the quality of data of such calculations are poor for numerical
reasons, especially for the three-body interaction energy. Hence, one should be
cautious about extrapolating data to small separations as can be seen in the right
of Fig. 4.3. Although, for low enough densities, the two-body short-range repul-
sion will cause inter-vortex separations to be large enough so that the three-body
interaction is evaluated at points for which there are reliable data.

In the following, we further reduce units such that the two-body potential has
a maximum value of unity at the origin, and its minimum at unity length, i.e.
u2B(0) = 1 and u2B(1) = min(u). This is done by dividing the potentials (4.2) and
(4.3) by ǫ2B(1 − β), and scaling lengths by the point of minimum r0 of the two-
body potential. We will also study effects of increasing the three-body interaction
strength ε3B by multiplying it with a factor d.
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Figure 4.3: Least square fits of the two- and three-body interaction models (4.2)
and (4.3) to data obtained from GL-theory calculations performed by Alexander
Edström, to be published. Left: Fit of Eq. (4.2). Middle: Fit of Eq. (4.3)
evaluated at various configurations of three vortices, the points are arranged in order
of magnitude of the interaction (note that the horizontal axis does not correspond
to a length in this plot). Right: Fit of Eq. (4.3) evaluated for configurations
where vortices form equilateral triangles with side r. The fitted parameters are
ε2B = 11.33, α = 0.8645, β = 0.9846, γ = 0.8534, ε3B = 0.04915, a = 0.8670,
b = 0.8050, and w = 1.313. The GL-theory data are in units described in [25].

4.1 A stripe quantifier ΨS

To quantify stripe patterns, we define a stripe quantifier ΨS as

ΨS =

∣

∣

∣

∣

∣

− 1 +
1

N

N
∑

i=1

∣

∣

∣

2
∑

j=1

exp (i2φij)
∣

∣

∣

∣

∣

∣

∣

∣

(4.8)

where the sum in j runs over two nearest neighbors of vortex i. It is constructed
such that for three vortices, the stripe quantifier is unity if they form a straight line,
close to unity if they form a curved line, and zero if they form a equilateral triangle.
The value for three larger configurations is shown in Fig. 4.4. This parameter will
not completely vanish for a random configuration because such a configuration is
likely to have some triplet stripes, and thus it will not approach zero as the system
melts. Therefore, it is not a true order parameter which is why we refer to it as a
quantifier.
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b b

b b b

b b

(a) ΨS = 0.14

b b b
b

b

b

b

(b) ΨS = 0.93

b b b b b b b

(c) ΨS = 1

Figure 4.4: Value of the stripe quantifier ΨS for three simple configurations.

4.2 The case N = 3, d = 1

Let us first consider the case of a vortex triplet (N = 3) with an unscaled three-body
interaction term (d = 1). Without three-body interaction, the most energetically fa-
vorable state will clearly be an equilateral triangle with sides r0. A stripe formation
of the vortices will be less energetically favorable than a equitriangular formation
because of the long-range attraction of the two-body interaction, although thermal
fluctuations can cause a stripe to form for a finite amount of time.

Including the repulsive three-body interaction should induce a larger mean sep-
aration between vortices, and also make stripe formations less energetically dis-
favorable or energetically favorable depending on the strength of the three-body
interaction. As can be seen in Fig. 4.6, which shows ΨS versus the iteration
number, thermal fluctuations at low temperatures are more likely to induce stripe
formations when a three-body interaction is present, although the ground state at
zero temperature will still be an equilateral triangle for d = 1. Fig. 4.5 shows the
average of ΨS versus T with and without three-body interaction. Since the differ-
ence between the two curves in Fig. 4.5 is very small, it is unlikely that thermal
effects would induce stripe formations in the case d = 1.

Figure 4.5: Thermally averaged stripe quantifier ΨS versus temperature T for a
vortex triplet (N = 3) with and without three-body interaction, for d=1.
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(a) T = 0.001

(b) T = 0.01

(c) T = 0.1

Figure 4.6: Evolution of the stripe quantifier ΨS for different temperatures while
simulating a vortex triplet (N = 3), with and without three-body interaction, for
d = 1.
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4.3 The case N = 500, d = 1

Next, we simulate the fitted potentials for a larger system with N = 500 and
d = 1 to study if the collective behavior of large system could induce stripe states
at d = 1. States for various densities and constant temperature are shown in
Fig. 4.7, together with radial distribution functions and nearest neighbor distance
distributions. The results in Fig. 4.7 were obtained by starting at each density from
a random configuration, performing a warm up of 103 sweeps, and then splitting
the simulation into two parts, one with and one without three-body interactions.
The simulation without three-body interactions was then equilibrated for another
103 sweeps, whereafter data was sampled from both simulations during 103 sweeps.
The simulations were at a low but finite temperature to prevent the system from
freezing, and it should be noted the vortices are not in their ground state as there
is still a small but finite convergence in the simulations.

As was the case for N = 3, we see that also for a larger system there are no hints
of stripes when d = 1. The main effect of the three-body repulsion at d = 1 is to shift
the nearest-neighbor distance distribution and radial distribution functions, and
not changing their qualitative form, hinting that in the case d = 1 the three-body
interaction does not give rise to any new interesting structure formations compared
to a system with two-body interactions only. We also see that the quantitative
difference, between a system with a three-body interaction and a system without,
diminishes with increasing density. This is due to that increased pressure will
counteract the three-body repulsion and squeeze the vortices closer together.
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Figure 4.7: Vortex states, radial distribution function g(r) and normalized distri-
bution of nearest-neighbor distance for N = 500, T = 0.001, with and without
three-body interactions. The bar in the lower left corner of the state plots corre-
sponds to the distance of minimum of the two-body potential. Here ρ = 0.3.
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Figure 4.7: Continued, ρ = 0.4
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Figure 4.7: Continued, ρ = 0.5
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Figure 4.7: Continued, ρ = 0.6
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Figure 4.7: Continued, ρ = 0.7
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Figure 4.7: Continued, ρ = 0.8
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Figure 4.7: Continued, ρ = 0.9
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Figure 4.7: Continued, ρ = 1.0
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4.4 The case N = 3 and varying d

Let us now study effects of artificially increasing the strength ε3B of the three-
body interaction by multiplying it with a factor d. First, we return to simulating
a vortex triplet by starting from a equitriangular configuration and averaging ΨS

over 100 runs at 106 sweeps each, at a temperature T = 0.001. As can be seen
in Fig 4.8 a) there is a sharp transition from a phase where the vortices form an
equilateral triangle to a phase where they form a stripe at a critical value dc ≈ 4.
This process occurs as illustrated in Fig. 4.8 b), for low d the vortices form an
equilateral triangle, whose sides grow with d until a value dc is reached, where the
vortices will instead form a stripe. As can be seen in Fig. 4.8, dc ≈ 4, i.e. the
three-body interaction of Fig. 4.3 is a factor of four weaker than would be required
for a vortex triplet to have a ground state consisting of a stripe configuration.

(a)

b b

b

b b

b

b b b

(b)

Figure 4.8: a) The stripe quantifier ΨS against d, for a vortex triplet (N = 3). b)
Illustration of states for a vortex triplet with with increasing d. As d is increased,
the equilateral triangle grows, until a dc is reached and the vortices instead form a
stripe.
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4.5 The case N = 500 and varying d

For a larger system with N = 500, the correlation between ΨS and d is more
complicated, but the same transition occurs into a stripe phase when increasing d
(as can be seen in Fig. 4.8 (a) for the case N = 3) can be seen in 4.9 a).

The contributions to the total interaction energy from two- and three-body
interactions respectively play an important role in the structure formations of the
system. Fig. 4.9 b) shows the relation of the ratio total three-body and two-body
energies (which we denote |E3B/E2B|) with d, at a low density ρ = 0.3. The ratio
grows until it reaches a maximum value, and then stabilizes at a constant value at
d = dc as the vortices enter their stripe phase. Note that this relation will change
if the density is increased, since at high enough densities the vortices will not be
free to form stripes.

Fig. 4.9 c) shows the relation between the energy ratio |E3B/E2B| and d for
various values of the density and temperature, showing that stripe states typically
occur (given that d > dc) when the system is allowed to have a value of |E3B/E2B|
less than 0.2. For high densities and temperatures, the system is unable to minimize
the three-body interaction, and we can conclude that it is the tendency of the system
to minimize a strong three-body interaction that is the cause of the stripe phases.

States for increasing d at ρ = 0.3 are shown in Fig. 4.10, and for ρ = 1.0 in Fig.
4.11, and the corresponding radial distribution functions are shown in figs. 4.12 and
4.13 respectively. In Fig. 4.11, we can see that the states become more disordered
with increasing d, with a near hexagonal lattice for low d. This can be compared
to Fig. 4 in [23], where a disordered ground state is claimed to be obtained for a
system with non-pairwise interactions, which will be further discussed in section
4.7.

Fig. 4.12 shows the radial distribution function for various d at ρ = 0.3 and
we can see a characteristic second peak for the stripe states. Fig. 4.13 shows the
radial distribution function for a higher density ρ = 1.0, where it can be seen that
the peaks become less prominent with increasing d, signifying a greater disorder
for larger d. Fig. 4.14 shows states for d = 10 and various densities and the
corresponding radial distribution functions are shown in Fig. 4.15, where we can
see that the characteristic second peak is visible only for the states where there
clearly are stripes. We also note that there is a honeycomb like structure in Fig.
4.14c at the intermediate density ρ = 0.5, which will be further discussed in section
4.7.
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(a)

(b)

(c)

Figure 4.9: a) Thermal average of the stripe quantifier ΨS versus d. b) thermal av-
erage of the ratio of the three-body and total two-body potential energies |E3B/E2B|
against d (for both a) and b), N = 500, ρ = 0.3 and T = 0.001). c) Thermal aver-
age of the ratio of the three-body and total two-body potential energies against the
thermal average of the stripe quantifier ΨS for various configurations of parameter
space (ρ, T, d). The large dots are for d > dc and the small for d < dc. The error
bars correspond to one standard deviation in all figures. Note that a) and b) are
results for constant density and temperature whereas c) is not.
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(a) d = 4 (b) d = 6

(c) d = 8 (d) d = 10

Figure 4.10: Vortex states for ρ = 0.3 for different d at N = 500 and T = 0.001.
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(e) d = 12 (f) d = 14

(g) d = 16 (h) d = 18

Figure 4.10: Continued
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(a) d = 4 (b) d = 6

(c) d = 8 (d) d = 10

Figure 4.11: Vortex states for ρ = 1.0 for different d at N = 500 and T = 0.001.
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(e) d = 12 (f) d = 14

(g) d = 16 (h) d = 18

Figure 4.11: Continued
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Figure 4.12: Radial distribution function for ρ = 0.3, N = 500, T = 0.001 and
various d.
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Figure 4.13: Radial distribution function for ρ = 1.0, N = 500, T = 0.001 and
various d.
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(a) ρ = 0.3 (b) ρ = 0.4

(c) ρ = 0.5 (d) ρ = 0.6

Figure 4.14: Vortex states for d = 5 and various densities, N = 500 and T = 0.001.
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(e) ρ = 0.7 (f) ρ = 0.8

(g) ρ = 0.9 (h) ρ = 1.0

Figure 4.14: Continued
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Figure 4.15: Radial distribution function for d = 10 and various densities, N = 500
and T = 0.001.
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4.6 Thermal effects of stripe states

Now we turn to thermal effects of the stripe phase. We choose the parameter
values d = 5, d = 10, and ρ = 0.3 to be representative of the stripe phases, but
we also include results for d = 1 for comparison, and simulate the system for
various temperatures. Fig. 4.16 shows states for three different temperatures and
d = 1, 5, 10. We see that for d = 5 and d = 10, the system has more or less
melted, although there will be local stripe ordering, as opposed to the case d = 1
where the thermal fluctuations will cause the vortices to merge into clusters. For
a system with a strong repulsive three-body interaction, the system will not merge
into clusters but rather create a disordered pattern with small stripes. Fig. 4.17
shows the radial distribution functions for various T , where we can see that there
is a prominent first peak for the case d = 1 for all T , whereas the first peak clearly
diminishes with increasing T for d = 5 and d = 10. It should be noted that the
total interaction energy of the system becomes larger as d is increased since the
three-body interaction is purely repulsive, still systems with d = 5 and d = 10
become more disordered under an increase of temperature.

Fig. 4.18 a) shows ΨS versus T , showing that the stripe ordering decreases with
temperature but converges to a fixed value for d = 10, 5 but remains small for d = 1.
Fig. 4.18 b) shows an interesting behavior of |E3B/E2B|, where it increases with T
for d = 10, remains roughly constant for d = 5, and decreases with T for d = 1.
For d = 5 and d = 10, increasing temperature forces |E3B/E2B| to be greater than
0.2, which causes the decay of the stripe state, as was concluded from Fig. 4.9 c).
For d = 1, |E3B/E2B| decreases with increasing T , which is due to the fact that the
high temperature will push the vortices into larger clusters giving a large two-body
interaction due to the minimum of the two-body potential, and this clustering can
not occur in the case of a strong three-body repulsion. Fig. 4.18 c) shows the total
energy per vortex against temperature which is qualitatively the same for d = 5, 10,
as opposed to |E3B/E2B| where the behavior was qualitatively different.
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(a) d = 1, T = 0.001 (b) d = 1, T = 0.01 (c) d = 1, T = 0.04

(d) d = 1, T = 0.001 (e) d = 5, T = 0.01 (f) d = 5, T = 0.04

(g) d = 10, T = 0.001 (h) d = 10, T = 0.01 (i) d = 10, T = 0.04

Figure 4.16: Vortex states at different temperatures T = 0.001, 0.01, 0.04 and dif-
ferent d = 1, 5, 10, N = 500 and ρ = 0.3.
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(a) d = 1 (b) d = 5 (c) d = 10

Figure 4.17: Radial distribution functions for d = 1, 5, 10, and various T , N = 500
and ρ = 0.3.
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(a)

(b)

(c)

Figure 4.18: a) ΨS versus T . b) Energy ratio versus T . c) Total interaction energy
versus T . For N = 500, ρ = 0.3 and d = 1, 5, 10.
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4.7 Ground states

Given the lack of symmetry in the states obtained above, they are clearly not in
their ground state, although it is not clear that a system with strong multi-body
interaction must have an ordered ground state as disordered ground states in con-
nection to multi-body interaction potentials have been discussed in [23]. Attempts
to reach a ground state with parallel tempering (see Appendix B) were made, but
did not yield any satisfactory results for the case of a strong three-body interac-
tion, although the algorithm was successful for systems interacting with two-body
potentials only. While simulating systems with a strong three-body interaction, it
is found that the energy convergence is slow and that the system freezes for zero
temperature. This suggests that vortices with a strong three-body interaction is
glass-like and that the energy surface is complicated with many local minima. To
come to any conclusions about the ground state of systems with strong three-body
interactions, we will make guesses of the ground states based on the obtained struc-
ture formations, artificially construct a symmetric configuration and compare the
energy to simulations where the initial configuration is a random configuration.

In Fig. 4.14 where density is varied for the case d = 10, it can be seen how the
system goes from a stripe like phase into a honeycomb like phase, and then into a
hexagonal like phase as the density is increased. For very low density and d > dc,
the ground state of several vortices will be a straight stripe, and if the simulation

Figure 4.19: Total interaction energy per particle for a system of two parallel stripes
(with 15 vortices per stripe) as a function of the relative distance x between the
stripes (see inset), for various d. The red dots signifies a local minimum of the
energy, and the blue curves lack such a minimum. The lowest curve corresponds to
d = 0 and the top curve corresponds to d = 20, and the transition between black
and blue curves occur at d ≈ 7. In this figure the stripes were shifted vertically by
half the distance between the vortices in the stripe, but result is the same for other
alignments as well.



62
CHAPTER 4. STRUCTURE FORMATIONS IN SYSTEMS WITH TWO- AND

THREE-BODY INTERACTIONS

(a) d = 6 (b) d = 8

Figure 4.20: Stripe states after starting from two parallel stripes separated a dis-
tance of 2, for d = 6 (where the stripes will effectively attract each other) and d = 8
(where they will repel).

box permits it, it is energetically favorable for the stripe to be wrapped around the
torus constituting the periodic simulation box. For a slightly larger density, where
the vortices can not form a single straight stripe through the box, this suggests
that the ground state at low density and d > dc should be several parallel stripes
wrapped around the simulation box. Let us therefore study the effective interaction
between two parallel stripes wrapped around the box by putting them a distance x
apart and calculating the total interaction energy as a function of x for several d.
Results are given in Fig. 4.19. We see that there is another critical d which we call
dc2 for which the stripes become purely repulsive, whereas they have an long-range
attractive and short-range repulsive effective interaction for dc < d < dc2. Fig. 4.20
shows states obtained for the cases d < dc2 and d > dc2 where the initial condition
is two parallel stripes close to each other.

To see for which d the low-density ground state is a system of parallel stripes,
we artificially construct an initial configuration and simulate it for 103 sweeps. To
compare, we also simulate the same system from a random initial configuration for
103 sweeps and average the energy over three runs. The result is shown in Fig. 4.21
and we see that for d ≥ 3 the stripe configuration is energetically favorable, but the
stripe state was in fact stable for all d, although only metastable for d < 3.

We repeat the same experiment for an intermediate density where we artifi-
cially construct an initial configuration of a nearly perfect honeycomb lattice and
simulate it for 103 sweeps and compare with configurations obtained from random
initial configurations. The results are shown in Fig. 4.22, and we can see that
the honeycomb lattice is energetically favorable for d ≥ 4 = dc. The honeycomb
configuration was metastable for d = 2, 3 and unstable for d = 0, 1.

At a high density we put the vortices on a nearly perfect hexagonal lattice,
results are shown in Fig. 4.23. We see that the hexagonal lattice is energetically fa-
vorable for all d, tests for a square lattice were also performed and it was found that
the hexagonal lattice was of lower energy. It is interesting to note that in the case
of high density the hexagonal lattice becomes more energetically favorable (com-
pared to states obtained from random configurations) as d increases, in contrast to
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(a)

(b) (c)

Figure 4.21: Results for the ground state at low density ρ = 0.15, with N = 240.
a) Difference between the interaction energy after 103 sweeps after starting from
a parallel stripe configuration (corresponding to Est) and configurations obtained
from a random initial configuration (corresponding to 〈Erand〉). The energy of the
random configurations 〈Erand〉 were averaged over three runs, and the error bars
correspond to a standard deviation of the energy between the three runs. The stripe
configuration was stable for all d but only metastable for d < 3. The value of the
energies were sampled after 103 sweeps. b) and c) shows the stripe and random
configurations respectively for d = 5.

the cases low and intermediate density where the level of energetic favorability was
constant with increasing d. This is consistent with the results in Figs. 4.11 and
4.13 where we could see increased disorder with increased d. We can thus conclude
that the complexity of the energy surface increases with d.

Fig. 4.24 summarizes the various phases discussed in this section, although the
transition between the various phases have not been systematically studied and are
likely complicated.
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(a)

(b) (c)

Figure 4.22: Results for the ground state at intermediate density ρ = 0.60, with
N = 240. a) Difference between the interaction energy after 103 sweeps after
starting from a nearly perfect honeycomb configuration and configurations obtained
from a random initial configuration. The honeycomb lattice was stable for all
d ≥ 4 = dc, metastable for d = 2, 3 and unstable for d = 0, 1. The value of the
energies were sampled after 103 sweeps, except in the cases d = 0, 1 where the initial
unstable honeycomb configuration was sampled. b) and c) shows the honeycomb
and random configurations respectively for d = 5.
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(a)

(b) (c)

Figure 4.23: Results for the ground state at high density ρ = 2.25, with N = 225.
a) Difference between the interaction energy after 103 sweeps after starting from a
nearly perfect hexagonal configuration and configurations obtained from a random
initial configuration. The hexagonal lattice was stable for all d. b) and c) shows
the hexagonal and random configurations respectively for d = 5.
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Figure 4.24: Schematic of the different configurations obtainable in the ρ-d-plane.



Chapter 5

Conclusions and discussion

For vortices interacting with two-body potentials only, we have found that clus-
tering of vortices occur for potentials that have two repulsive length scales, and
can form structures of hexagonally ordered clusters, rings, multiple-particle and
single-particle stripes depending on the form of the potential, density and temper-
ature. Furthermore, superclustering where clusters have more complicated internal
structure can occur for potentials where there are three repulsive length scales.

For vortices interacting with a long-range attractive short-range repulsive two-
body potential and a repulsive three-body potential, the structure formations can be
stripes, honeycomb and hexagonal lattices, and hexagonal clusters depending on the
relative strength of the two- and three-body potentials, density and temperature.
We have found that there is a critical strength dc of the three-body interaction in
order for a stripe state to be energetically favorable. Furthermore, there is a second
critical strength dc2 where for d > dc2 parallel stripes will effectively repel, and
attract for dc < d < dc2. In the case of a strong three-body potential, there are
indications that the system behave like a glass where there are many local minima
in the energy surface and a low tendency of the system to converge into a symmetric
lattice structure formation.

There are several interesting follow-up questions posed by this thesis. What are
the effects on the structure formations by varying the parameters a, b, and w of
the three-body potential of chapter 4, i.e. what role does the shape of the elliptic
Gaussian function play in the structure formation of the vortices? Is it possible to
find a three-body potential that is weak but still gives stripe states for special but
realistic a, b, and w? One could approach the problem in a reverse way and tailor
a three-body potential that gives rise to stripe states and constrain the three-body
interaction strength to be small. One could also define simpler toy potentials to
more easily identify the causes of the structure formations.

Another interesting question is the one of strong multi-body interactions and
disordered ground states. It is known that the ground state of a classical system
of particles interacting with a pairwise potential will under certain conditions give
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rise to periodic or aperiodic ordering [26]. In [23], a low-momentum behavior is
imposed on the structure factor of two- and three-dimensional systems, which gives
non-pairwise interaction potentials, which is claimed to give rise to degenerate
and disordered (and classical) ground states. Could the three-body interaction
studied in this thesis give rise to a disordered ground state at certain densities?
Are the structure formations that occur during transitions between the hexagonal
to honeycomb, and honeycomb to stripe phases ordered or disordered?

The connection of vortex pinning to the experimentally obtained structure for-
mations of vortices in multiband superconductors, has been discussed in [3] [7] [8]
[9]. One question would be how the structure formations obtained in this thesis are
affected by including pinning, for example if pinning counteracts or strengthens the
stripe and honeycomb structure formations obtained in chapter 4.

A natural extension to the work in this thesis would be to incorporate four-
body interactions, as has been done in simulations of liquid water [20]. The most
crucial question would be whether the four-body (and higher-body) interactions
will counteract the stripe formation or not, and if they will yield any qualitative
changes in the structure formations. Since higher-body interactions would be very
difficult to model, one could interpolate the interaction potentials directly from
GL-theory data in the simulations, rather than using model fits.



Appendix A

Quantitative analysis of vortex states

We compute the radial distribution function g(r) by

g(r) =
1

N

N
∑

i=1

(∆N)i/∆r

2πr
(A.1)

where (∆N)i is the number of vortices in a distance between r and r + ∆r from
vortex i.

We define the hexagonal order parameter Ψ6 by

Ψ6 =
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∣

∣

∣
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exp (i6φij)

∣
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∣

∣

∣

(A.2)

where the sum in i extends over all N vortices, and the sum in j extends over all
six nearest neighbors of vortex i, and φij is the angle between vortex i and j with
reference to some axis.

Appendix B

Parallel tempering

A problem that might occur with the Metropolis algorithm is that a system can get
trapped in a local minimum of the energy surface, and that the ergodic property
of the sampling process is fulfilled only for simulations running an unreasonable
amount of time. Thus it can be hard to reach the ground state of a system with
many deep local minima. There are various remedies to this problem and one widely
used is parallel tempering [27].

In the parallel tempering scheme the same system is simulated in parallel on
several processors, but with a different temperature on each processor. Each system
randomly choses to either make an ordinary Monte Carlo iteration, or to propose
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Figure B.1: Illustration of the parallel tempering scheme.

a configuration swap with an adjacent temperature as illustrated in Fig. B.1. A
configuration swap between adjacent simulations i and j where Ti < Tj is accepted
with probability

exp

(

−
(

1

Tj
− 1

Ti

)

(V (ri)− V (rj))

)

(B.1)

which satisfies detailed balance. For a good choice of temperatures, this method
allows a greater part of the configuration space to be sampled and in many cases the
ground state of the lowest temperature simulation can be found within a reasonable
amount of time. The temperatures are chosen such that the energy histograms of
the systems will overlap and that the configurations will swap through all temper-
atures in a finite amount of time.
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