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Abstract 

The famous Choice Axiom by Luce is now more than half a century old. We investigate the 

consequences of going back to Luce’s original formulation of the axiom, which had a more 

succinct formulation. Using this, what we term Strong Choice Axiom, we prove a sort of 

“lexicographic” version of the “Luce form” choice probabilities. Further, we study whether 

these extended choice probabilities are representable by Random Utility models. 
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1. Introduction 

In 1959, now more than 50 years ago, R.D. Luce published his influential book “Individual 

Choice Behavior”, Luce (1959). The book is most famous for its Choice Axiom (Axiom 1 in 

the Book), and its consequences, the Independence from Irrelevance Alternatives (IIA), and the 

special “Luce form” for the choice probabilities, equation (3) below. 

Luce’s book has been vey influential, among other things having a heavy influence on the 

development of Random Utility (RU) Models. We have not been able to find the number of 

citations the book, but the follow up article Luce (1977) has received 173 citations (as of May 

1, 2012) according to the Web of Science. 

As said, the Choice Axiom (CA for short) is over 50 ears old, and one might believe that there 

is nothing more to say about it. But, working with other papers connected to the choice axiom, 

Lindberg (2012 a, b, c), we discovered that there was still something to be said. 

In the current paper, we introduce a “strong” form of the Choice Axiom, which does not have 

the restrictive assumptions of the original. (This strong form was in fact the first version of the 

Choice Axiom, see Luce, 1959, 1.C.2.b.) Based on this strong axiom, we first proved an 

extended, sort of lexicographic, version of the Luce Form Choice Probabilities (LFCP), Thm. 

2, below. Later we started pondering over the relations between the strong and original 

versions of the axiom. We then succeeded to prove that the strong version implies the original 

one. Pondering even more, we realized that Extended LFCP (ELFCP) implies the SCA. Finally 

we discuss the RU representability of ELCFP. 

 

2. Setup 

The setup for the choice axiom is that we have a Universal or Global Choice Set (finite or 

infinite) U of choice alternatives. Subjects are presented finite subsets T of U and are supposed 

to choose a single element from T. The subjects don’t choose deterministically, but randomly 

between the elements and for each T presented there is supposed to exist a discrete probability 

distribution TP , such that )(xPT  is the probability of Tx  being selected, and more generally 

Sx TdfT xPSP )()(  the probability of (an element in) TS  being selected. We further use 

the notation )(for  ),( },{ xPyxP yx . Following Luce, we formally define 1/2 ),( dfxxP , so that the 

relation 1 ),( ),( xyPyxP  is fulfilled. 

In the sequel we will assume that all presented choice sets T are finite. 

The choice axiom relates the choice probabilities TP  for different subsets T of U. It reads: 

Choice Axiom (Luce, 1959, Axiom 1). Let T be a finite subset of U such that for every TS , 

SP  is defined. 

(i) If 1 0, ),( yxP  for all Tyx, , then for TSR ,  

)()()( SPRPRP TST . 

(ii) If 0 ),( yxP for some Tyx, , then for every TS  

}){()( }{ xSPSP xTT . 

(Here }{xS  is interpreted as { }y S y x )   □ 
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Remark. The Choice Axiom explicitly demands that 
SP  is defined for all subsets TS . So we 

may have the somewhat peculiar situation, that for some UT , 
SP  is defined for all its 

subsets S, and for those T, the choice axiom is valid. For other UT , 
SP  is not defined for all 

its subsets S, and for those T, the choice axiom is not valid. In this situation it would be natural 

to restrict the universe U to some maximal T, such that 
SP  is defined for all its subsets S. In the 

present paper, we will hold this position, and assume that 
SP  is defined for all finite sets S in U. 

□ 

Let us term the Choice Axiom without the requirement (ii), and without the restriction 

1 0, ),( yxP  for all Tyx,  in (i), the Strong Choice Axiom (SCA): 

Strong Choice Axiom (SCA). For any finite choice set UT , and any TSR , 

)()()( SPRPRP TST .    □ 

The present note studies the consequences of assuming just SCA instead of the full CA. 

Luce (1959) states (in 1.C.2.b) that he originally stated the Axiom in the strong form, but that it 

lead to undesirable conclusions. The reason Luce modified the original SCA to the weakened 

CA, had to do with the Corollary to Lemma 2 below (Luce (1959) 1.C.2.b), which he found 

counterintuitive. (See the discussion after the corollary.) I, on the contrary, did not find this 

result counterintuitive. I have friends, which confronted with any fish dish and any meat dish 

would choose the meat, but still would have a probability distribution over e.g. cod and plaice 

if there was no meat. And further confronted with intestinal foods they would always choose 

fish over that. I don’t find such, partly “lexicographic”, preferences counterintuitive. These 

observations lead me to investigate the consequences of assuming just SCA, and to the current 

paper. 

We will cite Luce (1959) numerous times. Therefore we will often just write “Luce”, and leave 

out the “(1959)”. This should hopefully not cause any confusion. 

 

2. Basics 

In the paper, talking about any x and y such that e.g. 0 ),( yxP , we always implicitly assume 

Uyx, . 

Our first result, Lemma 1 below, is proved both with CA and with SCA as assumption. It is 

then used to prove that SCA implies CA. From that point on, we only use SCA as assumption. 

Lemma 1. (Luce, 1959, Lemma 1) Under CA as well as under SCA: 

If 0 ),( yxP  then 0)(xPT  for any finite UT  containing x and y. 

Proof: (CA): See Luce. 

(SCA): By SCA 0}),({)()( },{ yxPxPxP TyxT .   □ 

With the help of this lemma, we are able to prove that SCA is indeed stronger than CA. 

Proposition 1. SCA implies CA. 

Proof: SCA obviously implies CA.(i) (i.e. part (i) of CA), whence it remains to prove that SCA 

implies CA.(ii). 

Thus assume that 0 ),( yxP  for some given Tyx, , and let TS  be arbitrary. 
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Then by the Lemma, 0)(xPT , implying that 1)(}){( TPxTP TT , and also that 

)(}){( SPxSP TT . 

Since by assumption TS , }{}{ xTxS . Thus we get by SCA 

}){(}){(}){(}){()( }{}{ xSPxTPxSPxSPSP xTTxTTT .  □ 

The corollary to the next result is proved in (Luce 1959), but not stated as a separate result, 

which we however do, since it is central. 

Lemma 2. Under SCA: 

For any finite UT containing  , yx , we have 

(i) If 0 ),( yxP , then 0)(yPT  if 0)(xPT  

(ii) If 1 ),( yxP , then 0)(yPT  if 0)(xPT . 

Proof: (i): Assume 0 ),( yxP . Then by SCA 

))()()(,(}),({),()( yPxPyxPyxPyxPxP TTTT .Thus, since 0 ),( yxP , 0)(yPT  if 

0)(xPT .  

(ii): If 1 ),( yxP , then 0 ),( xyP . Thus by (i), 0)(xPT  if 0)(yPT , i.e. 0)(yPT  if 

0)(xPT .     □ 

Corollary 1. (Luce, 1959, 1.C.2.b) Under SCA: 

If 0 ),( yxP  and 0 ),( zxP , then for any finite UT  containing x, y and z, 0)(zPT . 

Proof: By Lemma 1, 0)(xPT . Hence by Lemma 2.(i) 0)(zPT .                □ 

We are now in a position to discuss the consequences of Corollary 1, which lead Luce to 

include CA.(ii) in his axiom, and to modify CA.(i). 

Suppose that },,{ zyxT  and that 0),( yxP , so that 0)(xPT , by Lemma 1. Further suppose 

that )1,0(),( zxP .  

Under SCA we would have 0)(zPT , by Lemma2.(i), which Luce found counterintuitive 

(Luce, 1959,1.C.2.b and 1.D.2). 

Therefore assume on the contrary 0)(zPT  and that CA is valid. Then we must have 

0),( yzP , since otherwise we would have 0)(zPT , by Lemma 1.  

The case 1),( yzP  is not possible, since this would make 0),( zyP , and hence 0)(yPT . 

But this is not possible, since then by CA(ii), .0),()()(0 zxPxPxP yTT  Thus 

)1,0(),( yzP . 

We thus have the following situation: 

Choosing between x and z, both have positive choice probabilities. However, adding y and 

hence choosing from },,{ zyxT , x suddenly gets zero probability, whereas z still has a 

positive probability. I find this situation more counterintuitive than that which made Luce 

change from SCA to CA. 

We see from Lemma 2, that alternatives x, y having (0,1) ),( yxP  (i.e. in the open interval) 

are closely related, having selection probabilities simultaneously 0 or positive. Let us call such 
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alternatives commensurable. Further when 0 ),( yxP  (or symmetrically, when 1 ),( xyP ), 

we will say that y dominates x, and write xy   or yx  . 

We next show that commensurability is an equivalence relation. In order to do that, we first 

note that, since 1/2 ),( xxP  by convention, commensurability is reflexive. 

Lemma 3. Under SCA: 

If (0,1) ),( yxP  and (0,1) ),( zyP  then (0,1) ),( zxP . 

Proof: Assume the contrary, i.e. 1.or  0 ),( zxP  Without loss of generality we may assume 

 0 ),( zxP (otherwise we let x and z switch places). 

Let },,{ zyxT . Then by Corollary 1, 0)(xPT . Thus by lemma 2.(i), 0)(yPT , and, again 

by Lemma 2.(i), 0)(zPT . But this would give 0)(TPT , a contradiction.            □ 

Corollary 2. Under SCA: Commensurability is an equivalence relation. 

Proof: By the Lemma commensurability is transitive. By the observation before the Lemma it 

is reflexive. And further it obviously is symmetric.   □ 

By the Corollary, U decomposes into disjoint equivalence sets Afor  ,C , where A  is a (not 

necessarily finite) index set. The dominance relation between alternatives moreover carries 

over to the equivalence setsC , and hence to the A : 

Lemma 4. Under SCA, the following holds: 

Let C  and C  be two different equivalence sets, with yx   for some Cx  and Cy . 

Then vu  for any Cu and Cv . 

Proof: Take arbitrary Cu and Cv . Since x and u belong to C , they are commensurable. 

Let },,,{ vyuxT . Since 0 ),( yxP  by assumption, 0)(xPT  by Lemma 1, and 0)(uPT  by 

Lemma 2.(i). 

Since 0)()( uPxP TT , we must have 0)()( vPyP TT . But by Lemma 2, )(yPT  and 

)(vPT  are either both positive or both zero, whence we must have 0)(vPT . 

Assume by contradiction that 0),( vuP . But then, 0)(vPT , by Lemma 2.(i), which is false. 

Thus 0),( vuP  and vu  .   □ 

Thus let us say that A  dominates A , written   or  , if yx   for some 

Cx  and Cy , and hence vu   for any Cu  and Cv . 

The relation   further is transitive according to the following Lemma 

Lemma 5. Under SCA: 

If for some Uzyx ,, , yx   and zy  , then zx  . 

Proof: Let },,{ zyxT . By Lemma 1, 0)(xPT  and 0)(yPT . If 0),( zxP , then by 

Corollary 1, 0)(zPT , implying 0)(TPT , a contradiction. □ 

Corollary 3. If A,, ,   and  , then  . □ 

We thus see that   is a strict total order since   or   for any  inA . 
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Further let )(xa  denote the unique A  such that Cx , and, for any finite US , 

 Ssdf saSa )()( , and ))(max( Sa  the unique )(Sa  such that   for all )(Sa , 

different from . 

 

3. Main results 

In this section we will investigate the relations between SCA, IIA, and the Strict Utility Model 

below. 

Let us first state IIA, slightly reworded and generalized. In this connection we allow the 

interpretation of 
0

0
 to be any number. 

Proposition 2. (IIA, Luce 1959, Lemma 3). Under SCA, for any finite US , and any 

Syx, , such that 0),( xyP , the IIA relation (1) holds: 

)(

)(

),(

),(

yP

xP

xyP

yxP

S

S .    (1) 

Remark 

(i) Luce states (1) under the assumption that 1,0),( xyP  for all x, y in some (finite) T. 

Then the conclusion is supposed to hold for all TS  such that Syx, . 

(ii) The division by zero in (1) can be avoided by stating the conclusion in the less intuitive 

form 

)(),()(),( xPxyPyPyxP SS    (1’) 

Proof: Choose an arbitrary US , and arbitrary x and y in S.  

If 0)(yPS , then 0)(xPS  by Lemma 2.(i), so we can still divide by )(yPS  and get a 

RHS= 0/0 , making (1) valid, for any LHS. Thus assume 0)(yPS . 

If now 1),( xyP , then 0),( yxP , whence 0)(xPS , by Lemma 1. Thus (1) holds in this 

case too. 

Thus finally assume 0)(yPS  and 1),( xyP , i.e. x and y commensurable. Then 0)(xPS , 

by Lemma 2.(ii). 

By SCA,  

))()()(,()( yPxPyxPxP SSS , or 

),()()),(1)(()(),( xyPxPyxPxPyPyxP SSS . 

Since ),( xyP  and )(yPS  are positive, we can divide and arrive at (1).          □ 

 

The next result is maybe the most well-known. It says that the choice probabilities have the 

“Luce Form”, eq. (3) below. In Luce and Suppes (1965) this is called the Strict Utility Model 

(SUM). 
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Theorem 1. (Strict Utility Model (SUM) or Luce Form Choice Probabilities, (LFCP), Luce, 

1959, Theorem 4.) Assume IIA to hold. Let C  be a (commensurability) equivalence set. Then 

there is a function Cv :  (the positive reals), unique up to scaling by positive scalars, 

such that for any finite CT , and any Tx , 

Ty

T
yv

xv
xP

)(

)(
)( .   (3) 

Remark. Luce states the result under the condition that CA holds and that 1,0),( xyP  for all 

x, y in T. This implies that all Tyx,  are commensurable and hence T  a subset of some (not 

necessarily finite) equivalence set C . In Luce, the function v depends on T. Here it only 

depends on . Luce (in 1.E) discusses when v , i.e. his v, can be extended to the whole of U. 

Since this is outside of the main scope of this paper, we comment on this in the appendix. 

Proof: To simplify readability we will drop the subscript  on v  in the proof. Take an 

arbitrary equivalence set C , and an arbitrary fixed Cx in  . Arbitrarily let 

1)()( dfdf xvxv . (Any other positive number could do as well. This is the source of 

non-uniqueness.) Since all x in C are commensurable between themselves, )1,0(),( xxP . 

Thus by IIA, for any x in C , and any finite CS , containing x  and x, 

),()(),()( xxPxPxxPxP SS , which by (3) should give ),()(),()( xxPxvxxPxv . Thus 

we are lead to define
),(

),(
)(

xxP

xxP
xv df , which thus uniquely defines 0)(xv  for all Cx . 

It follows from IIA that for any y in S, 

)()()(
),(

),(
)( xPyvxP

yxP

xyP
yP SSS    (4) 

Consider now an arbitrary finite choice set CT , and an arbitrary Tx . Let 

}{xTS df . Then by IIA, for an arbitrary Ty  

)(

)(

),(

),(

)(

)(

yP

xP

xyP

yxP

yP

xP

S

S

T

T {by 3}
)(

)(

)()(

)()(

yv

xv

xPyv

xPxv

S

S , whence, 

)(

)(
)()(

xv

xP
yvyP T

T .    (5) 

We thus have 

Ty

T

Ty T
xv

xP
yvyP

)(

)(
)()(1 , or 

Ty

T
yv

xv
xP

)(

)(
)( , 

i.e. (3). To show uniqueness, up to scaling of v(x) with a positive constant, one can proceed as 

in Luce (1959).     □ 
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Remark. Strictly speaking, we use not only IIA in the proof, but also the existence of the sets 

C  and their properties.  □ 

We know from Lemma 4, that if  , then 0),( xyP  for any Cx  and Cy , and 

hence 0)(yPT  for any finite T containing x and y. For this reason we will define 0)( dfyv  

for any Cy  with  . 

We then have the following strengthening of Theorem 1. 

Theorem 2. (Extended Luce Form Choice Probabilities, (ELFCP)) Under IIA and LFCP, the 

following holds: 

For any finite UT , with ))(max( Tadf , and with v  defined on C according to 

Theorem 1, and extended as in the definition above to all C  for any  , and for any 

Tx , 

Ty

T
yv

xv
xP

)(

)(
)( .    (6) 

Moreover, for any TS  with ,0)(
Sy

yv  and for any Sx , 

Sy

S
yv

xv
xP

)(

)(
)(     (7) 

Proof: For TCx , with  , we have 0)(xv  by the definition above. For these x, 

0)(xPT , whence (6) and (7) hold. 

For TCy , we have 0)(yv by definition. Let TCT df  and 

})({0 yaTyT df . Then  0TT , the empty set, and  TTT 0 . By construction, 

0)(yPT  for 0Ty . Thus 101)()()( 0TPTPTP TTT . 

For any x and y in T , we have by IIA that  

)(

)(

),(

),(

)(

)(

yP

xP

xyP

yxP

yP

xP

T

T

T

T { by Thm1.}=
)(

)(

yv

xv
, or 

)(

)(
)()(

xv

xP
yvyP T

T . Thus 

Ty

T

Ty T
xv

xP
xvyP

)(

)(
)()(1 , whence 

)(xPT

TyTy
yv

xv

yv

xv

)(

)(

)(

)(
, i.e. (6) for x in T . 

Thus (6) is proved in general. 
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Now consider an arbitrary TS  with 0)(
Sy

yv . The last relation implies that 

))(max( Sa , whence (7) follows from the first part of the theorem.        □ 

Remark. In similarity to Thm. 1, we utilize not only IIA in the proof, but also the existence of 

the sets C  and their properties. □ 

As just seen, using the extended definition v of v  leads to the stronger result in Thm. 2, 

which obviously subsumes Thm. 1. 

What can more be said about the relations between SCA and ELFCP? We have already seen 

that ELFCP follows from SCA: 

How about the other way? What we have proved so far can schematically be represented as : 

SCA  IIA  LFCP  ELFCP. 

Could they all be equivalent? And Lo and Behold, this is true!: 

Theorem 3. ELFCP  SCA. 

Remark. The statement of the theorem is a bit dramatized. In similarity to Thms. 1 and 2, we 

will need objects in the theorem whose existence are guaranteed by results outside the theorem, 

such as ))(max( Tadf  and v . 

Proof: We want to prove 

)()()( SPRPRP TST    (8) 

for any finite choice set UT , and any TSR . The underlying assumption is that there 

are equivalence sets C , on which v  is defined according to Thm. 1, and then extended to C  

for  . But the machinery is that of Thm. 2. 

Let ))(max( Tadf  and let v  be defined on C according to Thm. 1, and extended as above 

to all C  for any  . 

Then by Thm. 2, for any V in T, 

Ty

Vy

T
yv

yv

VP
)(

)(

)(    (9) 

If 0)(RPS  then 0)(RPT , whence (8) holds. Thus assume 0)(RPS . This implies that for 

some SxS , 0)( Sxv , i.e. ))(max( Sa . Thus, by (7), for any Sx  

Sy

S
yv

xv
xP

)(

)(
)(    (10) 

We get by (10) and (9), 

)(
)(

)(

)(

)(

)(

)(

)()( RP
yv

yv

yv

yv

yv

yv

SPRP T

Ty

Ry

Ty

Sy

Sy

Ry

TS , 
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i.e. (8).     □ 

 

4. RU representability. 

Whether the SUM or LFCP (3) was representable by a Random Utility (RU) Model, was an 

open problem, until it was resolved in an indirect way by Block and Marschak (1960), and 

constructively by Holman and Marley, in an unpublished note, as cited by Luce and Suppes 

(1965, p 338-339). Holman and Marley used independent random utilities with exponential 

distributions on the negative half-axis. 

Can a similar construction with independent random utilities be made for the ELFCP (4)? Let 

us make some observations. 

Let us start with a given equivalence setC . For each Cx , there shall then exist a random 

variable xZ , such that a choice between Sx  gives choice probabilities according to (3): 

Sy

S
yv

xv
xP

)(

)(
)( . 

According to the recent papers Mattsson and Weibull (2010) and Li (2011), respectively, this 

can be achieved by for each x letting 
xZ  have cdf )(xv , where  is a given base cdf, with 

continuous density, on the real line. This solution subsumes the Holman and Marley solution. 

If we allow non-uniform expansion of the choice sets, this is the only possibility (modulo some 

possible freakish behavior), as proved in Lindberg (2012a). Thus let us suppose that we have 

this situation (with non-uniform expansion). 

Since  is supposed to have continuous density, its support must contain an open interval, 

Suppose now that we have two equivalence setsC  and C , with  . Let  and , be 

the base cdf’s for C  and C , respectively. Since any Cx  is preferred to any Cy , the 

support of  must be strictly to the left of the of .  

Suppose first that the index set { }ni i 1A  is finite. Suppose in particular that 

n ...21 . Then we can achieve the desired representation by letting 
i
 be uniform 

on the interval ),1( ii : 

Proposition 3. If the index set A  of (commensurability) equivalence sets is finite, then the 

ELFCP model (4) is representable as an independent RU Model.  □ 

In the other extreme, A  is uncountable. But this is not possible, since for each A , the 

support of  must contain on open interval, and these intervals must be disjoint. 

Proposition 3. If the index set A  of (commensurability) equivalence sets is uncountable, the 

ELFCP model (4) is not representable as an independent RU Model. (Assuming non-uniform 

expansion and barring freakish behaviour as described in Lindberg, 2012a). 

Remains the case when A  is countably infinite. Then the ELFCP model (4) is representable as 

an independent RU Model. This will be left out for space and time reasons. 

 

Acknowledgement. This paper has benefitted from comments from M. Fosgerau. 
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Appendix. Comments to Luce’s extension of the scale v to the global choice set U. 

In trying to give conditions that guarantee that the ratio scale v can be extended all of the global 

choice set U, Luce (in 1.E.3) makes the following definition. 

Definition. The universal (i.e. global) choice set U with pair wise probabilities ),( yxP  is said 

to be finitely connected if for every Uba,  for which ½),( baP , there exists a finite 

sequence Uxxx n,..., 21  such that 

1),(½  and 1,...,2,1,1),(½   ,1),(½ 11 nii xbPnixxPaxP . □ 

 

Under SCA, this definition implies that the ix  ( ax df0  and bx dfn 1  included) are 

commensurable. Thus any a, b with ½),( baP  are part of an equivalence set C  for some 

, and hence by Thm. 1 there is a ratio scale v  for such elements. Note that Luce allows 

1),( baP , which is not possible if a and b are commensurable 

To arrive at the extension of v to the whole of U, Luce further evokes a property called strong 

stochastic transitivity, and then he states the result (his Theorem 4): 

Theorem 5. Suppose that TP  is defined for every UT  such that 3T , that axiom 1 (i.e. 

CA) holds for such sets, that U is finitely connected, and that the condition of strong stochastic 
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transitivity is met. Then there is a positive ratio scale v on U such that for every UT  for 

which part 1 of axiom 1 holds 

Ty

T
yv

xv
xP

)(

)(
)( .  □ 

We will not go into detail, but is clear that we in the proof of Thm. 1, only use sets of size 3  

to define the ratio scale v. 

Further note, that the existence of the chain connecting a and b in the definition, and the 

existence of the ratio scale according to the theorem, implies that v(a), v(b), and all )( ixv  are 

positive. Thus, we cannot have 1),( baP  in the definition. And indeed, since the )(xv  are 

positive by the theorem, for all Uyx, , )1,0(),( yxP  and they are commensurable. 

Moreover, at other places Luce proves that strong stochastic transitivity follows from CA for 

commensurable alternatives (1.D.1, Corollary, and 1.D.3). Thus, since all Ux  must be 

commensurable, it might seem  unnecessary to invoke strong stochastic transitivity at all. 


