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Abstract 

Invariance in Random Utility (RU) Models is the property that the distribution of achieved 

utility is invariant across the alternatives chosen. In this note we study a generalization termed 

Power Invariance (PI). It generalizes the property, showed by Mattsson and Weibull, that 

invariance holds for an independent RU Model, where the cdf’s of the random terms are 

positive powers of a given base cdf . The power invariant copulas turn out to be the copulas 

of Multivariate Extreme Value distributions. We further show that, under natural regularity 

conditions, the copulas of the marginal distributions of a PI copula are power invariant. 
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Introduction 

By invariance in random utility model, we mean that the distribution of achieved utility is 

invariant across the alternatives chosen. See below. 

The study of Invariance in Random Utility (RU) Models originated in the works of Strauss 

(1979) and Robertson and Strauss (1981). They gave a characterization of the joint 

distribution of the random terms in Additive RU (ARU) Models, necessary and sufficient for 

the distribution of achieved utility to be independent of which alternative attains the 

maximum. Later Lindberg, Eriksson and Mattsson (1995), noted and corrected some errors in 

the proofs of Robertson and Strauss (1981), and gave an equivalent but different 

characterization. In this note, we take invariance one step further, by introducing the stronger 

property of power invariance. 

In an RU Model, choice makers choose between alternatives in a finite Universal Choice Set 

},...,2,1{ NG df . With each alternative Gi  is associated a random utility 
iX , looked upon 

as the utility of alternative i for a randomly chosen choice maker. Hence, the probability of a 

randomly chosen choice maker to choose alternative i from a nonempty subset GI  is 

postulated to be 

},,Pr{)( ijIjXXip jidfI .   (1) 

It usually assumed that the probability of ties is zero, so the probabilities (1) sum up to 1 

The utility distributions of the alternatives further typically depend on parameters, such as the 

costs of the alternatives, or the incomes of the choice makers when these are grouped into e.g. 

income classes. 

A typical case in question is ARU models, where the utility 
iX , has been endowed an 

“additive” structure: 

iii UvX .     (2) 

Here the utility 
iX , is decomposed into the sum of a deterministic population value,

iv , 

assumed known to the analyst (such as the cost of alternative i) and an individual value, iU , 

assumed unknown to the analyst, and hence considered as random when studying choices by 

the choice makers. ARU models have become work horses in many areas of discrete 

probabilistic choice, such as choice of mode of transport (e.g. Ben-Akiva and Lerman, 1985), 

choice of residential location (e.g. McFadden, 1978), consumer brand choice, consumer 

theory and product differentiation (e.g. Anderson, de Palma and Thisse (1992)), and labor 

economics (e.g. Keane Todd and Wolpin 2010). 

Let IX̂  denote the maximum achieved utility when choosing from the set I, i.e. 

}{maxˆ
iIidfI XX . Further let IiX |

ˆ  denote the maximal utility conditioned upon alternative i 

being chosen out of I. When the choices are from the universal choice set G, we write just X̂  

and iX̂  for GX̂  and GiX |
ˆ . 

Let F be the joint cdf (cumulative distribution function) of ),...,,( 21 NXXXX . (We use bold 

face to denote vectors.) We say that F (and also the RU model in question) has the invariance 
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property, if the distribution of iX̂  is independent of i, and that it has the subset invariance 

property if the distribution of IiX |
ˆ  is independent of i I  for all I G . 

In an ARU model (2), the cdf of X depends on the vector v of population values, so let us 

denote it by 
vF , i.e. )()(},Pr{)( vxvxx 0v FFGixvUF Uiiidf , where 

UF  is 

the cdf of ),...,,( 21 NUUUU . 

The invariance result proved (modulo the corrections by Lindberg et al. (1995)) by Robertson 

and Strauss (1981) says that for an ARU Model, all the 
vF  have the invariance property, if 

and only if the cdf 
UF  has the form 

),...,,(()(()( 21 Nxxx

dfU eeeHeHF x
x ,  (3) 

where H is a linearly homogenous function and  a scalar function. (In (3), and in the sequel, 

we use the convention, that a function of one variable applied to a vector is the vector of 

function values of the vector components, i.e. ))(),...,(),(()( 21 ndf xfxfxff x .) This class 

contains among others the GEV (Generalized Extreme Value) distributions (McFadden, 

1978), for which xex)( . 

Recently, Li (2011) as well as Mattsson & Weibull (2010) have noted that, in an RU Model 

with independent random utitilities 
iX  (an independent RU Model), each with cdf of the form 

i  with 0i , for a given “base” cdf , the choice probabilities have the well-known 

“Luce form”: 

Ij j

i

jidfI ijIjXXip },,Pr{)( ,  (4) 

(cf. Luce (1959)). 

Lindberg (2012a) has further shown a converse to this result, namely that if a class of RU 

Models allows for “non-uniform expansion” of the choice set, and if it has choice 

probabilities of the Luce form (4) then the random variables iX  must have cdf’s of the form 

i  for some base cdf , possibly modulo some freakish cases. This result proves a 

conjecture by Luce and Suppes (Luce & Suppes, 1965, p 338-339). 

Mattsson and Weibull (2010, Prop.2) further show that an independent RU Model with cdf’s 

of the form i  with positive i for a given base cdf , has the invariance property. It is 

also easy to see that their proof carries over to subset invariance. 

Thus, these distributions, termed Mattsson-Weibull-Li (MWL) distributions by Lindberg 

(2012a), have many interesting properties. Let us state the last result separately for future 

reference: 

Lemma 1. If F is the cdf of a MWL-distribution, then F has the subset invariance property.  □ 

Further results are given in Theorems 1 and 1’ below. In the present paper we study a possible 

generalization of the invariance property of MWL-distributions to dependent variables. 

When we, in the sequel talk about more general distributions with the invariance property, we 

will sharpen the definition to say that a cdf : (0,1)NF C  has the invariance property if 

a RU Model with random utilities distributed according to F, has the above mentioned 
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invariance property, and moreover, each alternative has a positive probability of being chosen. 

This sharpened definition is needed to rule out freakish behavior of alternatives that have no 

chance of being chosen. 

 

1. Preamble 

The MWL distributions have further interesting properties, as showed by the following 

converse (part of their Thm. 2) by Mattsson, Weibull and Lindberg (2011) to the above 

mentioned Prop. 2 of Mattsson and Weibull (2010). 

Theorem. 1. Let 
NXXX ,..,, 21

 be statistically independent with cdf’s ( ) : (0,1)iF E , for 

some open set E . If all conditional random variables iX̂  have the same probability 

distribution (i.e. the joint cdf F has the invariance property), then for any i, j there is an a>0, 

such that aji FF )( )()( . □ 

Thus, in the independent case, invariance implies MWL distributions, if the cdf’s have the 

same domain. For the differentiable case, we will give a sharpened version of this result 

below. 

Let us first note that, in general under the invariance property, all random variables must have 

the same sup (supremum) of their supports 

Lemma 2. Suppose that )1,0(: nF  is a differentiable cdf with the invariance property, 

and that its marginal distributions have cdf’s with supports ],[ ii dc . Then all id  are equal. 

Proof: Suppose the contrary. Then for some subset G  of G={1,…, N}, 

kGkdfi ddd max , and for the rest of the indices, }{
~

GiGiG df , we have 

dddd kGkdfi
sup

~
. It is obvious that for Gi , iX̂  must have mass in ],

~
( dd . It is 

equally obvious that for Gi ˆ , iX̂  cannot have mass in ],
~

( dd . This contradicts that all iX̂  

have the same distribution.       □ 

Comment: I would have liked to prove that the ic  are equal, too, but so far I have not 

managed to do that. It is however valid in the differentiable independent case. See Thm. 1’ 

below. 

We are now in a position to sharpen the result in Thm. 1 in one direction. Then we will need 

the following result from Lindberg (2012b). To this end we define the diagonal 

{ , }D x x 1  in 
N

, where 1  denotes the one-vector )1,...,1,1(1 . 

Theorem 2. Let : (0,1)NF E  be a cdf that is differentiable on ED , with locally 

bounded gradient. Consider a RU model with random term distributed according to F. Then 

the cdf 
)(ˆ iF  of iX̂  fulfills 

x

i

i

iijidf

i dssF
p

xXijXXxXxF
 

)( )(
1

} and ,Pr{}ˆPr{)(ˆ 1 ,       (5) 

where )(ipp Idfi  and iF  denotes the partial derivative of F w.r.t ix . In particular 

 

)( dssFp ii 1 .    (6) □ 
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As a corollary we have the following useful result. 

Corollary 1. Let : (0,1)NF E  be a cdf, differentiable on ED , with locally 

bounded gradient, and consider a RU model with random term distributed according to F. 

Then F has the invariance property if and only if, for all i there are 0ia  such that 

)()( 1 11 sFasF ii
 a.e. on }{ Ess 1 .  (7) 

Remark: We might as well extend F to N , but then it need not be differentiable on the 

boundary of ED . 

Proof: F has the invariance the invariance property if and only if )(ˆ)(ˆ )1()( xFxF i  for all i. 

I.e., by (5) if and only if, for all i, and x, 

xx

i

i

dssF
p

dssF
p

 

1

1

 

)(
1

)(
1

11 .  (8) 

If (8) is valid, we get by differentiation, that for all i 

)(
1

)(
1

1

1

11 xF
p

xF
p

i

i

 a.e.,   (9) 

i.e. (7) with 1/ ppa ii  

Conversely, if (7) is valid for all i, then we get by integration from  to x: 
x

i

x

i dssFadssF
 

1

 

)()( 11 . Letting x , we get 1/ ppa ii , by (6), whence (8) follows. 

□ 

From the corollary it is clear that whether a given cdf F has the invariance property, only 

depends on its behavior around the diagonal. Thus, invariance does not necessarily imply 

subset invariance. We will return to subset invariance in the last section. 

Now to the sharpened version of Thm. 1. 

Theorem. 1’. (Sharpened version of Thm.1. for the differentiable case) Let NXXX ,..,, 21  be 

statistically independent with differentiable cdf’s )(iF , with supports ],[ iii dcE . If all 

conditional random variables iX̂  have the same probability distribution, then for all i, there is 

an a>0, such that ai FF )( )1()( . This implies in particular that all ],[ ii dc  are equal. 

Proof: Assume we have invariance. Then by Lemma 2, all kki ddd max . 

Let iidf cc max , and assume (possibly by renumbering) that cc1 . Then all )(iF  are 

positive on ),( dc . 

Let j be arbitrary >1. By Corollary 1, we must have 

)(
1

)(
1

1

1

11 sF
p

sF
p

j

j

 a.e.  on ),( dc   (10) 

Let )(if  denote the derivative of )(iF . 

Now 
i i

i xFF )(}ceindependenby {}Pr{)( )(
xXx .  
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Thus 
ij j

j

i

i

i xFxfF )()()( )()(
x , and by (10) we get 

ji

ij

ji

i xFxf
p

xFxf
p

)()(
1

)()(
1 )()(

1

)()1(

1

 a.e., or  (11) 

Since all )(iF  are positive on ),( dc , we can divide by 
i

i sFsF )()( )(
1  in (11), to get 

)(/)(
1

)(/)(
1 )()()1()1(

1

xFxf
p

xFxf
p

jj

j

 a.e. on ),( dc . (12) 

Integrating (12) from ),( dcx  to d , we get 

)](0[
1

))(ln(0[
1 )()1(

1

xF
p

xF
p

j

j

 on ),( dc , or 

))(ln())(ln( )(

1

)1( xFpxFp j

j  on ],( dc , or 

1))(())(( )()1( pjp
xFxF j , i.e. 

1/( ) (1)( ) ( ( )) jp pjF x F x .   □ 

 

2. Main result 

In our endeavor it is fruitful to look at the concept of copulas. A copula is a cdf F on N]1,0[ , 

with uniform [0,1] marginal distributions (Nelsen, 2006, Def. 2.10.6). Copulas are tools for 

introducing dependence among random variables in a controlled way. If F is a copula, and 
N

i

i

1

)( }{  is a set of univariate cdf’s, then ),...,,( )()2()1( NF  is a cdf with marginals )(i . 

Conversely, by Sklar’s Theorem (Nelsen (2006), Thm. 2.10.9 ), if F is a cdf with univariate 

marginals )(i , then there is a copula FC , such that 

))(),...,),((),...,,( )(

2

)2(

1

)1(

21 N

n

FN xxxCxxxF . 

In the independent differentiable case, when we have invariance, all marginal distributions 

have the same support. In generalizing Thms. 1 and 1’ to the dependent case, we will assume 

the same. 

We will further assume that the dependence is introduced by a given differentiable copula 

]1,0[]1,0[: NC , which we assume has the invariance property. Then transforming the 

independent variables with some strictly monotone and differentiable cdf ]1,0[: E , 

we retain the invariance property, i.e. the cdf F defined by 

))(),...,(),(()( 21 ndf xxxCF x  has the invariance property. To see this note e.g. that for 

any real x, 

}property invariance  thehas since 1, Cor.by {)())(),...,(),((),...,,(  CxxxxCxxxF ii

),...,,()())(),...,(),(( 11 xxxFaxxxxCa ii , for some 0ia . 

Thus F has the invariance property by Cor. 1. 

In the MWL-case, for a given base cdf  and powers ia , the marginal distributions are ia
. 

Thus the corresponding copula is ndf xxxC ...)( 21x , the “independence copula”. (Plugging 
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in any cdf )1,0(:)(

i

i E  into the arguments of C , we get a cdf with independent random 

variables.) C  obviously has the invariance property (by Lemma 1). By Lemma 1, it has the 

further property that for any n
a the cdf na

n

aa

df xxxCF ...)()( 21

21

a
xx  also has 

the invariance property. Then, for a given cdf ]1,0[: E , the cdf 

)()...()())(())(( 21
21

n

aaa
xxxCF na

xx  has the invariance property, as noted 

above, which is just what we want. 

Therefore, let us say that a copula C has the power invariance (PI) property if for any 
n

naaa ),...,,( 21a  the cdf )()( a
xx CF dfa  has the invariance property. In particular 

the independence copula C  above has the power invariance property. 

In proving the main result, we need the following result from Lindberg, Eriksson and 

Mattsson (2002). 

Theorem 3. (Thm. 1 in Lindberg et al. (2002).) Let the continuous function f be defined on a 

weakly solid cone K in n , and continuously differentiable on 
0int K . Suppose that f is 

nowhere ray constant. Then f is homothetic if and only if it has ray parallel gradients.        □ 

There are some terms in the statement that need explanation. A set E is termed weakly solid if 

its interior int E is non-empty and connected, and contains E in its closure. 
0E  denotes the set 

0E Ex x 0 . We also say that the function f is nowhere ray constant on a cone K in 

n , if for all nonzero Kx , there is some 0  such that ).()( xx ff Further, the 

function f on K is said to be homothetic (Shephard (1953)) if ))(()( xx Ahf , where h is 

strictly monotone, and A is linearly homogenous. Finally we say that the function f defined on 

some cone K in n  has ray parallel gradients if there is a function 0: Ck  such 

that  

)(),()( xxx fkf ,     (13) 

for all 0  and 
0Kx . 

Now to the main result. 

Theorem 4. A continuously differentiable copula C, with non-vanishing gradient, has the PI 

property if and only if it can be written in the form 

))ln(exp()( xx AC ,    (14) 

for some differentiable linearly homogenous function ),0(: NA , with 1)( iA u , 

where iu  is the i-th coordinate unit vector. 

Remark: Strictly speaking, in our setup )( iA u is not defined since A is only defined on N . 

)( iA u  should instead be interpreted as the limit of )(xA  when N
x  tends to iu . We will 

return to this aspect in the last section. 

Proof: If part: Suppose 

))ln*(exp())ln(exp()()( xaxxx
aa AACF  (15) 

for some differentiable linearly homogenous ),0[: NA , and for an arbitrary N
a . 

(Here, and in the sequel, we use * to denote component-wise multiplication between vectors, 



 8 

i.e. ),...,,,( 2211 NNdf yxyxyxy*x . Similarly we will use / also for component-wise division 

of vectors, i.e. )/,...,,/,/(/ 2211 NNdf yxyxyxyx . Finally, in line with these conventions, 

we also use the notation ),..,,( 21

21
Ny

N

yy

df xxxy
x ) Then 

)/))(ln*()))(ln*(exp()( iiii xaAAF xaxax . Thus for an arbitrary )1,0(s , 

)/))(*))ln((())(*))ln(((exp()( sasAsAsF iii a1a11  

)/))(*)ln(())(*)ln((exp( sasAsA ii aa  

}orderth -0 and1st   the to and  ofy homogeneit theusing{ iAA  

)(/)(/)()/)(())()exp((ln
1

1

)(

1

)(
1aaaa

aa sF
a

a
saAs

a

a
saAssaAAs i

i
i

Ai
ii

A

ii , for )1,0(s , 

proving invariance by Cor. 1. 

Only if part: Suppose the differentiable copula C has the PI property, i.e. for each NRa , the 

cdf )()( a
xx CF dfa  has the invariance property. 

We can now transform the argument of aF  without loosing the invariance. Thus let  y
x e , 

i.e. ]0,[for  i

y

i yex i , and let )()( y
y eCF df . (Note that iy

e  is the cdf of an 

exponential distribution on the negative half-axis.) Then, the cdf 

)*()}())(()(  tocorresp.{)()( **
yaxy

yaayaya

a FeCeCCeCF df  has the invariance 

property. We get for arbitrary i, and )0,(s  

)()*()*()()(, a1a1a11 a

a sFasFasF
x

s
x

F
sF iiii

ii

dfi . (16) 

On the other hand, since aF  has the invariance property, there are 0ib , such that 

)(}(16)by {)()( 111,, a11 aa sFabsFbsF iii .  (17) 

k (16) and (17) imply that  

iii asFabsF /)()( 11 aa , for )0,(s , 

which says that along the ray{ , 0}n s sy y a , the gradients of F  are parallel, i.e. since 

a was arbitrary, that F  has ray parallel gradients. Further note that since C is differentiable 

with non-vanishing gradient, the same is true for F . Moreover we have 0F , since F  is 

component-wise non-decreasing. 

If now F  is not nowhere ray constant, then there are N
y  and 1  such that 

)()( yy FF . But then )( yF  is constant for1 , which implies that 0yyF )( , 

which in turn implies 0y)(F , since n
y  and 0F . Thus F  is nowhere ray 

constant. 

Therefore by Thm. 2, F  is homothetic, i.e. there is a strictly monotone function h, and a 

linearly homogenous function A, such that ))(()( yy AhF . 
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A is so far undetermined in sign. A change in sign can be incorporated into h. Take an 

arbitrary N
y . As s goes from  to 0, ys  goes from y  to 0. At the same time 

))(()( yy sAhsF  goes from 0 to 1. Thus we cannot have 0)(yA . Assume, WLOG, that 

0)(yA . Then, by homogeneity, )( ysA  goes from  to 0, as s goes from  to 0. Hence h 

is defined on ),0(  and is strictly decreasing from 1 to 0. 

Thus To get a more natural behavior we will redefine h to )()( xhxh . Then we get 

))(()( yy AhF , where h  is defined on )0,( , and is strictly increasing from 0 to 1. 

A is defined on N)0,( , which is a bit awkward. By introducing )()( yy AA df , we get a 

linearly homogenous function defined on N),0(  instead. Thus we arrive at 

))(()( yy AhF , where A  is defined on N),0( . 

Now take a fixed N
y  such that 1)( yA . Then, for 0 , 

)())(())(()( hAhAhF yyy . Differentiating, we get yy)()( Fh . 

But as noted above, yy)(F  cannot be zero unless 0y)(F , which is out-ruled. Thus 

h  is differentiable with non-vanishing (i.e. positive) derivative, and hence strictly increasing. 

Therefore, it has an inverse 1h , that is also strictly increasing and differentiable. Thus we get 

)())((1
yy AFh , which implies that A  is differentiable. 

Now let’s transform back to the original copula C. We had )()( y
y eCF , whence 

)))ln((()))(ln()( xxx AhFC . 

For C to be a copula we need the univariate marginals to be uniform (0,1). To check the 

marginals, we let all jx  except one, 
ix  say, which is held at x, tend to their upper bounds 1. 

We get, for the i-th marginal, 

),...,,,...,,(lim)( 1121,1

)(

Niiijx

i xxxxxxCxC
j

 

)))0,...,ln,...,0((())),...,,,...,ln(((lim 111,1 xAhxxxxxAh niiijx j
 

= {by homogeneity} ))()(ln( iAxh u  

But xxC i )()( . Thus we get xAxh i ))()(ln( u . Let )ln()( xAy iu , i.e. )ln()(/ xAy iu , or 

))(/exp( iAyx u , then ))(/exp()( iAyyh u . This implies that all )( iA u  are equal, and by 

redefining h , we may assume that 1)( iA u  for all i. Then we get )exp()( yyh , and we 

have finally arrived at the desired representation  

)))ln((exp()( xx AC , with 1)( iA u , for all i.   □ 

M Fosgerau suggested proving Thm. 4 as a corollary to Thm. 6.10 in Joe (1997). This is 

possible, but it turns out that Joe, in the proof follows Robertson and Strauss (1981). Thus he 

makes essentially the same error as Robertson and Strauss, an error, which was noted and 

corrected in Lindberg et al. (1995). (This makes the third error of this type that we have noted 

and corrected. In Lindberg et al. (2002), we detected and corrected a similar error in Lau 

(1969). Instead, it is possible to prove Joe’s Thm. 6.10 using our Thm. 3. 
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As final result we state the following simple observations, some of which are given without 

proof: 

Observation 1. The distributions (15) are the distributions obtainable from a Power 

Invariance Copula, )))ln((exp()( xx AC , by introducing powers 
ia  of the arguments. If 

we further plug in an arbitrary base cdf  in the arguments of (16), we arrive exactly at the 

distributions with cdf’s of the form 

))))(ln(*(exp()( xax AF  

introduced by Mattsson et al (2011).    □ 

Observation 2. The copula of any GEV distribution is a PI Copula, i.e. of the form 

))ln((exp()( xx AC    (14) 

and vice versa. 

(To see this note that a GEV-distributions has cdf HF  given by ))(exp()( x
x eHFH

, 

where H is linearly homogenous, and differentiable. HF  has marginals 

)exp()}(with {))(exp())(exp(lim)( ,

)( x

iidfii

x

xx

ijx

i

H eaHaHeeHxF
i

j
uu

x , 

i.e. Gumbel distributions. Thus to transform HF  to a copula, we need to transform the 

arguments by the inverses of the functions )exp( ix

ii eay , or ))/)(lnln( iii ayx . We 

get the copula 

)))ln((exp())/)ln((exp())))/)(ln(exp(ln(exp()( yayayy AHHCH , where 

( ) ( / )A Hx x a . A obviously is linearly homogenous, and 

1/)()/()/()( iiiiii aHaHHA uuauu , i.e. HC  is of the form (14). 

Conversely, assume that ))ln((exp()( yy AC  is an arbitrary PI copula. Inserting Gumbel 

cdf’s )exp( ix

ii eay  in the arguments of this copula (18), we get a GEV distribution, with 

)*()( xx aAH df , which is homogenous.)   □ 

Observation 3. The PI copulas of the form (14) form the set of copulas for Multivariate 

Extreme Value MEV) distributions (Joe, (1997), § 6.2) 

(Too se this note with Joe (p. 173) that an MEV copula C must satisfy )()( xx
tt CC . With 

)()( y
y eCD df  (i.e. x

y e  and yx ln ), Joe notes (p. 174) that DA df ln  is linearly 

homogenous. Thus )()( y
y

AeD , and ))ln(exp()ln()( xxx ADC  for a linearly 

homogenous A.)    □ 

 

3. Subset invariance and power invariance. 

We now return to subset invariance, and in particular subset invariance in the case of power 

invariance. Since the invariance properties are inherited by the copulas, we may as well study 

copulas. So let C be an arbitrary power invariant copula, i.e. by (14) 

))ln(exp()( xx AC ,   (15) 
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Here, A is defined on N , implying that we have )1,0(ix  in (15). Suppose we want to look 

at invariance for the subset I of G. By renumbering, we may assume },...,2,1{ nI . The 

marginal distribution of ),...,,( 21 nI XXXX  as a function of ),...,( 21 nI xxxx  is given by  

))0,...0),ln((exp())ln(exp(lim)(lim)(
.1.1

)(

I
nkxnky

dfI

I AACF

II

k

II

k

xyyx

xyxy

. (19) 

Here again, ))0,...0,ln( IA x  has to be interpreted as a limit. This limit exists, since the LHS 

limit of (19) is well-defined and equal to the RHS. 

Now, for any N
x  let }0{)( ixiI x  be the index set of positive components of x , and 

conversely }0{)(
~

ixiI x  the index set of zero components. Then we can extend the 

definition of A to N  by defining 

)(lim)(

)(,
)(

~
,0

yx

x
x

AA

Iixy
Iiy

df

ii

i

   (20) 

The limits in (20) are well-defined for the same reasons as those in (19). Let IiidfI xx )( , 

and let N

Ix  have components equal to those of Ix  for Ii , and equal to zero for Ii . 

Now, we can define the restriction )( IA  of A  to any coordinate space I, i.e. the subspace 

where only Iixi ,  are non-zero: 

)()()(

IdfI

I AA xx . 

Using (19), we then have: 

Lemma 3. The cdf of the marginal distribution in the I-coordinate space, of a PI copula (15) 

can be written  

)))ln((exp()( )()(

I

I

I

I AF xx , 

Where )( IA  is the restriction to the I-coordinate space of the extension A  of A to N .

        □ 

As a consequence we have, by Thm. 4: 

Corollary 2. If the restriction )( IA  to the I-coordinate space, of the extension A  of A, is 

differentiable with locally bounded gradient in that space, then the copula of the marginal 

distribution in I-space, of the PI copula (15) is power invariant. 

As a consequence, we have: 

Proposition 1. A PI copula of the form (15) has the subset PI property, if for any GI  the 

restriction )( IA , to the I-coordinate space, of the extension A  of A, is differentiable with 

locally bounded gradient in that space. 
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