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Abstract

The continuous downscaling of CMOS technology presents advantages
and difficulties for IC design. While it allows faster, denser and more en-
ergy efficient digital circuits, it also imposes several challenges which limit
the performance of analogue circuits. Concurrently, applications are continu-
ously pushing the boundaries of power efficiency and throughput of electronic
systems. Accordingly, IC design is increasingly shifting into highly digital sys-
tems with few necessary analogue components. Particularly, continuous-time
(CT) sigma-delta (Σ∆) analogue-to-digital converters (ADCs) have recently
received a growing interest, covering high-resolution medium-speed require-
ments or offering low power alternatives to low speed applications. However,
there are still several aspects that deserve further investigation so as to en-
hance the ADC’s performance and functionality. The objective of the research
performed in this thesis is the investigation of digital enhancement solutions
for CT Σ∆ ADCs. In particular, two aspects are considered in this work.

First, highly digital techniques are investigated to minimize circuit im-
pairments, with the objective of providing solutions with reduced analogue
content. In this regard, a multi-bit CT Σ∆ modulator with reduced number
of feedback levels is explored to minimize the use of linearisation techniques
in the DAC. The proposed architecture is designed and validated through
behavioural simulations targeting a mobile application. Additionally, a novel
self-calibration technique, using test-signal injection and digital cancellation,
is proposed to counteract process variations affecting single loop CT im-
plementations. The effectiveness of the calibration technique is confirmed
through corner simulations using behavioural models and shows that stabil-
ity issues are minimized and that a 7 dB SNDR degradation can be avoided.

The second aspect of this thesis investigates the use of high order CT Σ∆
modulators in incremental Σ∆ (IΣ∆) and extended-range IΣ∆ ADCs, with
the objective of offering low-power alternatives for low-speed high-resolution
multi-channel applications. First, a 3rd order single loop CT IΣ∆ ADC, tar-
geting an 8-channel 500 Ksamples/sec rate per channel recording system for
neuropotential sensors, is proposed, fabricated and tested. The proposed ar-
chitecture lays the theoretical groundwork and demonstrates a competitive
performance of high-order CT IΣ∆ ADCs for low-power multi-channel appli-
cations. The ADC achieves 65.3 dB/64 dB SNR/SNDR and 68.2 dB dynamic
range. The modulator consumes 96 µW from a 1.6 V power supply. Addition-
ally, the use of extended range approach in CT IΣ∆ ADCs is investigated,
so as to reduce the required number of cycles per conversion while benefiting
from the advantages of a CT implementation. The operation, influence of
filter topology and impact of circuit non-idealities are first analysed using a
general approach and later validated through a test-case. It was found that,
by applying analogue-digital compensation in the digital domain, it is possible
to minimize the noise leakage due to analogue-digital transfer function mis-
matches and benefit from relaxed amplifiers’ finite gain-bandwidth product
and finite DC gain, allowing, as a consequence, a power conscious alternative.

Keywords: analogue-to-digital conversion, sigma-delta modulation, dig-
ital enhancement, continuous-time, multi-channel applications.
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Sammanfattning

CMOS-tekologin krymper ständigt vilket medför både för- och nackdelar
för IC-konstruktion. Det medger snabbare, kompaktare och mer energisnåla
digitala kretsar, men det ökar utmaningen att nå höga prestanda hos analoga
kretsar. Samtidigt ökar tillämpningarnas krav på effektsnålhet och datatakt
hos elektroniska system. Följdaktligen kommer IC-konstruktion mer och mer
att handla om digitala system med få analoga komponenter. Särskilt tidskonti-
nuerliga sigma-delta-analog-till-digital-omvandlare (TK Σ∆ AD-omvandlare)
med hög upplösning för medelhöga omvandlinghastigheter eller låg effektför-
brukning för långsamma applikationer har på senare tid rönt ökande intresse.
Men det finns fortfarande många egenskaper som kan förbättras för att öka
AD-omvandlarnas prestanda. Den här avhandlingen undersöker digitala för-
bättringar av TK Σ∆ AD-omvandlare och det är speciellt två aspekter som
undersöks.

Först undersöks tekniker som är huvudsakligen digitala för att reducera
kretssvagheter, med syfte att ge lösningar med ett minskat analogt innehåll.
Här undersöks en flerbitars TK Σ∆ AD-modulator med färre bitar i DA-
omvandlaren för att minska behovet av linjarisering. Den föreslagna arkitek-
turen har konstruerats och verifierats med hjälp av beteendesimulering och
är ämnad för mobila tillämpningar. Dessutom presenteras en ny självkalibre-
rande teknik, med testsignalinjicering och digital utsläckning, som motverkar
effekterna av processvariationer i tidskontinuerliga implementeringar med en-
bart en återkoppling. Simulering av hörnfall med beteendemodeller bekräftar
kalibreringsteknikens effektivitet och visar att stabilitetsproblem minimeras
och att en degradering av SNDR på 7 dB kan undvikas.

Avhandlingen undersöker vidare användningen av högre ordningars TK
Σ∆-modulatorer i inkrementella Σ∆ AD-omvandlare (IΣ∆ AD-) med och
utan utökat område, med syfte att erbjuda lågeffektsalternativ för långsam-
ma högupplösande flerkanalsapplikationer. Först har en tredje ordningens
enstegsåterkopplad TK IΣ∆ AD-omvandlare avsedd för ett 8-kanals inspel-
ningssystem med 500 ksampel/s/kanal för nervsignaler konstruerats, tillver-
kats och utvärderats. Med den presenterade arkitekturen läggs den teoretis-
ka grunden och konkurrenskraftiga prestanda hos högre ordningars TK IΣ∆
AD-omvandlare för dessa applikationer. AD-omvandlaren når 65.3dB/64dB
SNR/SNDR och 68.2dB dynamiskt område. Modulatorn drar 96 uW vid 1.6V.
Dessutom undersöks IΣ∆ AD-omvandlare med utökat insignalsområde med
syfte att kunna reducera antalet cykler per omvandling och samtidigt dra
nytta av fördelarna med en tidskontinuerlig implementation. Först analyse-
ras beteende och effekter av filtertypsval och icke-ideala komponenter med en
generell metod och sedan utvärderas de med ett testfall. Avhandlingen visar
att genom att använda analog-digitalkompensering i den digitala domänen är
det möjligt att minimera brusbidrag från dålig matchning mellan den ana-
loga och den digitala överföringsfunktionen och samtidigt dra nytta av lägre
krav på förstärkarnas förstärknings-bandbreddsprodukt och DC-förstärkning
vilket därmed erbjuder ett effektsnålt alternativ.
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Chapter 1

Introduction

Over the last four decades, advances in complementary metal-oxide-silicon (CMOS)
integrated circuit (IC) technology has led to a continuous downscaling of the tran-
sistor’s dimensions by a factor of 0.7 every two years [1]. Shown in Figure 1.1a, this
trend follows the prediction widely known as “Moore’s Law” [4,5]. This continuous
downscaling has engaged the semiconductor industry in a virtuous cycle [6], as de-
picted in Figure 1.1b: the downscaling decreases the transistor’s cost / performance
ratio, which, as a result, increases the growth of the semiconductor industry. This
growth, combined with the belief that further downscaling is still feasible, impulses
additional investments into technology development. Such developments, in return,
close the cycle by nurturing further downscaling.

Digital circuits have especially benefited from this virtuous cycle, enabling to
dramatically decrease the cost per elementary function, such as cost per bit, in the
case of memories, or cost per instruction, in the case of processors. Furthermore,
downscaling has also enabled faster, denser, and more energy efficient computations,
fuelling the integration of complex algorithms into a plethora of electronic devices.

On the other hand, even if a continuous downscaling can aid analogue, radio fre-
quency (RF) and mixed-signal circuits, it has also imposed several difficulties [2,7],
limiting the performance improvement of this type of circuits with respect to dig-
ital counterparts. To illustrate the impact of downscaling, Figure 1.1c shows the
trend of relevant analogue parameters. Particularly, a continuous reduction in the
oxide thickness sets stringent requirements on the maximum available voltage sup-
ply, which, in turn, constrains the output signal swing. This limitation is even
worsened by the difficulty in reducing the threshold voltage at the same rate as the
voltage supply, due to its negative influence on leakage currents [8,9]. These difficul-
ties, combined with a reduced intrinsic transistor gain (gm/gds), has restricted key
performance metrics such as the maximum achievable signal-to-noise ratio (SNR),
given a limited power budget. While the SNR could be increased by reducing the
circuit noise, this would negatively affect the power consumption.

As a consequence, there has been an increased interest in shifting towards highly

1
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Figure 1.1. Illustration of trends in CMOS IC technology. (a) Transistor’s dimen-
sions downscaling [1]; (b) semiconductor’s industry virtuous cycle; (c) key analogue
parameters [2].
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digital systems with few compulsory analogue components. Following this direc-
tion, digital techniques have been extensively applied to analogue, mixed-signal and
RF blocks so as to enhance their performance or functionality, including phase-lock
loops (PLLs) [10], power amplifiers (PAs) [11], mixers [12] and low noise amplifiers
(LNAs) [13]. These techniques are called, in the context of this work, “digital en-
hancement” techniques. Especially important for this work, digital enhancement
has also been applied to numerous types of analogue-to-digital converters (ADCs),
both to Nyquist [14, 15] and oversampling ADCs [16]. ADCs are key components
which provide the connection between “real world” signals and digital processors.
Since analog blocks, such as sample-and-holds, comparators and operational am-
plifiers (OpAmps) are needed for the conversion of continuous-time countinuous-
amplitude information, ADCs generally suffer from the aforementioned disadvan-
tages of downscaling, thus, creating a bottleneck and limiting the achievable power
efficiency and performance of electronic systems.

1.1 Motivation

One particular architecture that inherently benefits from CMOS downscaling is the
sigma-delta (Σ∆) ADC. At the expense of more digital processing, this type of
converters takes advantage of oversampling and noise shaping techniques in order
to achieve high-resolution and relax the matching required between analogue com-
ponents, when compared to Nyquist counterparts [17]. As shown in Figure 1.2a [3],
they are especially well suited for high resolution, medium-to-low speed applica-
tions, trading an improvement in resolution by running at a higher frequency than
Nyquist ADCs.

Fuelled by well established design methodologies and robustness, Σ∆ ADCs
have almost exclusively been designed using discrete-time (DT) implementation,
mainly using switched-capacitor technique, until approximately a decade ago. On
the other hand, continuous-time (CT) Σ∆ ADCs have been receiving increased
attention during the last years, as shown in Figure 1.2b. Contrary to a DT imple-
mentation, the use of a CT loop filter allows to shift the sampling operation inside
the modulator’s loop. This, in return, allows CT Σ∆ ADCs to benefit from certain
opportunities. The main opportunity stems from the absence of switches in the
CT loop filter which relaxes the settling and bandwidth requirements of the active
blocks. This opportunity has been used to extend the maximum bandwidth of oper-
ation in Σ∆ ADCs [18,19] so as to cover increasingly higher bandwidth applications.
Recently, however, CT Σ∆ ADCs have also been proposed so as to offer low power
alternatives in low speed applications [20, 21]. Additionally, the use of a CT loop
filter offers the opportunity of providing an implicit anti-alias filter [22] [23], which
can be used to increase the rejection of interferers in a conditioning channel [24–27].
Along with such advantages, a CT implementation also imposes several difficulties
which are not present in a DT counterpart. Most notably, they suffer from wider
integrators’ coefficients spread, increased sensitivity to clock jitter and excess loop
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Figure 1.2. Framework and recent developments in Σ∆ ADCs. (a) Application
range of different types of ADCs; (b) number of publications of Σ∆ ADCs over the
last ten years in IEEE ISSCC and VLSI conferences [3].

delay (ELD) [28]. These difficulties, together with other limitations common to
both types of implementations, have to be controlled in order to fully exploit the
ADC’s capabilities. While different solutions exist, depending on the target limi-
tation to be controlled [29], digital enhancement has become, during recent years,
a popular alternative in order to reduce the burden that the analog calibration
process imposes in terms of power and area consumption [16].

Another limitation, that not only CT implementations but all Σ∆ ADCs suffer,
is the inability to be employed in multi-channel applications. Contrary to Nyquist
ADCs, Σ∆ counterparts are dynamic systems with memory, thus, they cannot be
directly used in time-multiplexed environments. In this regard, digital enhancement
has been also applied to overcome such limitation by modifying the “traditional”
operation of the Σ∆ ADCs. This has led to new Σ∆ ADC sub-classes, such as in-
cremental Σ∆ (IΣ∆) ADCs [30], extended-counting IΣ∆ ADCs [31] and extended-
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range IΣ∆ (ER-IΣ∆) ADCs [32]. This has enabled the possibility of applying the
advantages of oversampling and noise shaping in high-resolution multi-channel ap-
plications, such as biomedical acquisition systems for neuropotential signals [33] or
recording systems for imaging sensors [34], where such resolutions are difficult to
achieve with ultra-low power Nyquist ADCs [35], such as succesive-approximation-
register (SAR) ADCs.

As detailed in the following section, the general trend of shifting to highly
digitized systems, combined with the need to counteract key limitations in CT Σ∆
ADCs, have been the main drivers for this work.

1.2 Research Objectives

The main focus of this thesis is on investigating digital enhancement solutions for
CT Σ∆ ADCs. Particularly, two different aspects are considered in this work.
First, is the exploration of highly digital techniques so as to counteract analogue
circuit limitations in CT Σ∆ modulators. The objective is to propose solutions,
with reduced analogue content, so as enhance the ADC’s performance and favor
its implementation into very-large-scale integration (VLSI) systems. The second
aspect is the investigation of incremental and extended-range CT Σ∆ ADCs using
high-order CT Σ∆ modulators. As mentioned in Section 1.1, this is particularly
important for multi-channel applications. The objective is to propose novel CT
incremental and extended-range architectures for digital recording systems of neu-
ropotential arrays. The results of the analysis and design presented in this thesis
provide the groundwork and demonstrate the feasibility and potential limitations
of high-order CT IΣ∆ and ER-IΣ∆ ADCs for low-power time-multiplexed applica-
tions.

1.3 Overview of Author’s Contributions

The author’s contribution on the aforementioned aspects has led to six publications,
described as follows. Publication 1 and 2 investigate the application of highly dig-
ital technique to minimize circuits’ impairments. Particularly, two solutions are
explored in order to counteract the effects of the feedback digital-to-analogue con-
verter (DAC) non-linearities and the integrators’ coefficients spread, respectively.
In Publication 1, a multi-bit CT Σ∆ modulator, where truncation error shaping and
cancellation techniques are applied, is presented. These techniques are proposed
in order to reduce the number of levels in the feedback DACs and then minimize
or eliminate the use of linearisation techniques. Mathematical analysis, advantages
and obstacles are discussed when two different coding schemes are employed in
the 1st feedback DAC of the CT Σ∆ modulator. The proposed architecture is
designed and simulated considering a wireless mobile application. In Publication
2, a novel built-in self calibration technique for single-loop CT Σ∆ modulators is
proposed. Using out-of-band test signal injection and digital cancellation, this tech-
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nique provides an area efficient, highly digital calibration structure to counteract
gain variations in the loop filter. The calibration methodology and mathematical
analysis are presented using a 2nd order multi-bit sigma-delta modulator as proof
of concept. The effect of the finite gain-bandwidth product (GBW) of amplifiers
is included when evaluating the calibration method. The proposed technique is
validated through corner simulations using behavioural models and it shows that
degradation in the signal-to-noise plus distortion ratio (SNDR) can be counteracted.

With respect to the second aspect of this thesis, the use of high order CT Σ∆
modulators in IΣ∆ and ER-IΣ∆ ADCs is investigated, in Publications 3 to 6,
using a 3rd order CT single-bit Σ∆ modulator as test-case. In Publication 3, a
novel high-order single-loop IΣ∆ ADC for multi-channel applications is proposed.
An incremental Σ∆ architecture is used to address medium to high resolution re-
quirements of multi-channel applications, while a 3rd order CT Σ∆ modulator is
investigated as an approach for low-power solutions. The performance of the pro-
posed architecture, taking into account critical non-idealities, is analysed through
behavioural level simulations and its advantages and issues are discussed. Using
such architecture as a starting point, Publication 4 presents the implementation of
a 3rd order single-loop CT IΣ∆ ADC for time-multiplexed signals. A prototype of
the proposed Σ∆ modulator, running at 320 kHz, has been fabricated in a 0.15 µm
CMOS technology, while the synchronization circuitry to allow incremental opera-
tion was built on-board. Measurement results show that the ADC achieves 65.3 dB
maximum signal-to-noise ratio (SNRmax), 64 dB maximum signal-to-noise plus dis-
tortion ratio (SNDRmax) and 68.2 dB dynamic range (DR) over a 2 kHz bandwidth.
The modulator’s power dissipation is 96 µW from a 1.6 V power supply. This trans-
lates into the best figure-of-merit when compared to recently published CT IΣ∆
ADCs, while being competitive with respect to state-of-the-art DT counterparts.
Thereafter, the use of the extended-range approach in CT IΣ∆ ADCs is investi-
gated, in Publication 5 and 6, as a possible alternative to further reduce the power
dissipation in IΣ∆ ADCs. The initial idea, along with the design of an appropri-
ate digital filter using optimization tools in order to overcome the analogue-digital
transfer functions mismatches is presented in Publication 5. The analysis of possi-
ble loop filter topologies and critical issues, using a general approach, are presented
in Publication 6. It is demonstrated that, in order to fully benefit from extended-
range, careful attention has to be paid to the analogue-digital transfer function
mismatches. The test-case modulator is used to validate the theoretical analysis.
The CT ER-IΣ∆ ADC’s performance is evaluated while the impact of key circuit
non-idealities is quantified through behavioural level simulations. It is shown that,
by applying analogue-digital mismatch compensation in the digital domain, it is
possible to relax the amplifiers’ finite GBW and finite DC gain requirements, thus,
allowing a power conscious alternative.
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1.4 List of Publications

The author has performed the theoretical analysis, simulations and implementation
of the models and circuits presented in this work. Moreover, he designed the test-
board, performed the necessary chip measurements and wrote the manuscripts for
all publications resulted from this work.

This thesis has resulted in the following publications:
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Microelectronics and Electronic (PRIME), Jul. 2010, pp. 1 –4.

• Publication 2:
J. Garcia and A. Rusu, “Built-in self calibration for process variation in
single-loop continuous-time sigma-delta modulators,” in IEEE International
Conference on Electronics, Circuits and Systems (ICECS), Dec. 2010, pp.
1136–1139.

• Publication 3:
J. Garcia and A. Rusu, “High-order continuous-time incremental Σ∆ ADC
for multi-channel applications,” in Proceedings IEEE International Sympo-
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• Publication 8:
J. Garcia, S. Rodriguez, and A. Rusu, “Learning Mixed-Mode ICs Design
through Team-Projects,” - Abstract and Presentation, in Cadence CDNLive!
EMEA 2010 conference, 4-6 May 2010, Munich, Germany.

1.5 Thesis Outline

The thesis is organized in seven chapters, as follows. Chapter 2 introduces the
fundamentals of analogue-to-digital conversion, along with the specifications and
performance metrics used throughout this work to evaluate the proposed ADCs.
The basics in Σ∆ modulation are also given, with particular attention on CT im-
plementations. Chapter 3 is dedicated to the design issues in CT Σ∆ modulators.
The effects of key non-idealities in this type of modulators, including their impact
and system level models, are presented. Chapter 4 describes, with the aid of two
test cases, the digital techniques investigated by the author in order to minimize
the effect of the feedback DAC’s non-linearities and integrators’ gain spread. Chap-
ters 5 and 6 presents the author’s contributions on the use of high-order CT Σ∆
modulators in incremental and extended-range incremental Σ∆ ADCs. The design,
implementation and measurement of a 3rd order single-bit CT IΣ∆ ADC is given on
Chapter 5. Chapter 6 presents an in-deep analysis of CT ER-IΣ∆ ADCs, showing
their opportunities and potential pitfalls. Chapter 7 draws the conclusions of the
thesis and gives considerations for further research.



Chapter 2

CT Σ∆ Analogue-to-Digital
Conversion

Acting as a bridge between the “real world” and increasingly popular digital sys-
tems, analogue-to-digital converters are a key component present in virtually all
electronic devices. Due to the different requirements of each particular application,
numerous types of ADCs have been proposed so as to provide suitable solutions.
While several concepts are common and applicable to all ADCs, other require a
deeper understanding of the particular architecture. This chapter aims to give
an introduction of key concepts of analogue-to-digital conversion, first in general,
while focusing on CT Σ∆ ADCs afterwards. The basics of analogue-to-digital con-
version are first introduced, together with an overview of the performance metrics
used throughout this work. Thereafter, the achievable performance of Nyquist-rate
and oversampling converters are examined to later illustrate the advantage of the
oversampling noise-shaping technique. The operating principle of Σ∆ ADCs along
with fundamental design considerations are subsequently reviewed, with special
attention on CT implementations.

2.1 Analogue-to-Digital Conversion: an Overview

From a system level point of view, the objective of an ADC is to convert analogue
signals, which are continuous in time and amplitude, into digital signals, which are
discrete in time and amplitude, so they can be processed by digital circuits. Such
process can be divided into a sequence of two fundamental operations: sampling
and quantization.

2.1.1 Sampling

Sampling is the process of converting a continuous-time signal into a discrete-time
equivalent. Although there are several ways to sample a certain signal, this work

9
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will focus only on periodic or uniform sampling. As seen on Figure 2.1, the sampling
process can be seen as the multiplication of the input, x(t), with a sampling function
p(t). Considering an ideal sampling function given by:

p(t) =
+∞∑

n=−∞
δ(t− n TS) , (2.1)

where TS is the sampling period and δ(t− n TS) is given by:

δ(t− n TS) =
{

1, t = n Ts ,
0, t 6= n Ts .

(2.2)

xx(t) xp(t)

p(t)

(a)

0 t

x(t)

(b)

0 t2TS 3TSTS-TS-2TS-3TS

p(t)
1

(c)

0 t2TS 3TSTS-TS-2TS-3TS

xp(TS)

(d)

Figure 2.1. Illustration of the sampling process in time-domain. (a) Sampling
model; (b) continuous-time input signal; (c) sampling function; (d) discrete-time
output signal.



2.1. ANALOGUE-TO-DIGITAL CONVERSION: AN OVERVIEW 11

The resulting sampled function xp(t) will be given by:

xp(t) = x(t) p(t) , (2.3)

=
+∞∑

n=−∞
x(n TS) δ(t− n TS) , (2.4)

consisting of a sequence of delta functions. The amplitude of each delta function
will be equal to the input signal, x(t), at the corresponding sampling time. As mul-
tiplication in the time domain corresponds to convolution in the frequency domain,
the spectral components of the sampled input, Xp(ω), will be given by:

Xp(ω) =
1
2π

[X(ω) ∗ P (ω)] , (2.5)

where,

P (ω) =
2π

TS

+∞∑
k=−∞

δ(ω − k ωS) . (2.6)

Combining (2.5) and (2.6), the Fourier transform of xp(t) results in:

Xp(ω) =
1
Ts

+∞∑
k=−∞

X(ω − k ωS) . (2.7)

From (2.7), it can be seen that Xp(ω) is a periodic repetition of the continuous-
time input signal’s Fourier transform, X(ω), with period ωS and scaled by 1/TS.
Figure 2.2 shows the effect of sampling in the frequency domain for two different sce-
narios. Considering an input signal with a bandwidth ωB, as shown in Figure 2.2a,
and a sampling function as given in (2.1), the cases differ on the magnitude of the
sampling frequency, ωS, with respect to the signal bandwidth, ωB. In Figure 2.2b,
it can be seen that ωB < (ωS − ωB), i.e., the sampling frequency fS is greater than
two times the signal bandwidth, fB, thus, there is no overlapping among the shifted
replicas of X(ω). On the other hand, Figure 2.2c presents the case when ωS < 2ωB,
resulting, as a consequence, in an overlap between the shifted replicas. From this
observation, it can be seen that if ωS > 2ωB, it is possible to reconstruct xp(t)
by means of a low pass filter with a gain TS and a cut-off frequency ωC given by
(ωB < ωC < ωS − ωB). Known as Nyquist-Shannon sampling theorem [36, 37],
this result establishes fundamental limits on the maximum bandwidth that can be
covered by an ADC. The sampling frequency that satisfies the minimum condition
fS = 2fB is known as Nyquist frequency.

2.1.2 Quantization

Quantization is the process of converting a continuous-amplitude signal into a
discrete-amplitude digital equivalent. Each equivalent signal (sample) can then
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0 ω

X(ω)

ωB-ωB

(a)

0 ωωS

Xp(ω)

2ωS 3ωSωB-ωS-2ωS-3ωS -ωB

0 ωωS

P(ω)

2ωS 3ωS-ωS-2ωS-3ωS

2π/TS

ωS-ωB

1/TS

(b)

0 ωωS

Xp(ω)

2ωS 3ωS
ωS-ωB

-ωS-2ωS-4ωS -3ωS 4ωS

0 ωωS

P(ω)

2ωS 3ωS-ωS-2ωS-3ωS 4ωS-4ωS

2π/TS

1/TS

(c)

Figure 2.2. Illustration of the sampling process in frequency-domain. (a)
Continuous-time input signal spectra; (b) sampled output signal spectra when
ωB > (ωS − ωB); (d) sampled output signal spectra when ωB < (ωS − ωB).

be expressed with a finite number of digits. This process inherently entails an er-
ror, denominated quantization error, which originates from the difference between
the infinite continuous-valued signal and the finite digital representation.

The number of output levels that a quantizer uses to represent certain signal
are called quantization levels. Often, the number of quantization levels are a power
of 2, 2BQ , where BQ is defined as the resolution of the quantizer and is expressed in
bits. Assuming for simplicity that the continuous-amplitude signal is expressed in
volts and that the quantization process is uniform, the step between two succesive
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quantization levels will correspond to VLSB [38], given by:

VLSB =
VFS

2BQ
, (2.8)

where VFS is the maximum input voltage range applied to the quantizer.
The quantization process, along with the error introduced, is illustrated in Fig-

ure 2.3 for a single- and a multi-bit implementation. Assuming a bipolar input
signal with a range equal −VFS/2 and +VFS/2, it can be seen that the quantiza-
tion error will be, in both cases, bounded between [−VLSB/2, +VLSB/2]. On the
other hand, even though in both cases the full-scale input is assumed equal to the
full-scale output level ±VLSB/2, in a multi-bit implementation, a difference can be
noticed with respect to the gain kq that the quantizer will exhibit. While in the

Q DAC
y(n) v(n)

-

w(n)

eq(n)

(a)

y(n)

v(n),w(n)

VLSB kq

(b)

y(n)
VLSB

kq

VFS/2-VFS/2

v(n),w(n)

(c)

y(n)

eq(n)

-VLSB/2

VLSB/2

(d)

y(n)

eq(n)

VFS/2

-VFS/2

-VLSB/2

VLSB/2

(e)

Figure 2.3. Quantizer I/O transfer curves and quantization error. (a) Block di-
agram to estimate quantization error; (b) Single-bit quantizer I/O; (c) multi-bit
quantizer I/O (midrise); (d) single-bit quantization error; (e) multi-bit quantization
error.
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kq
y(n)

eq(n)

v(n)

Figure 2.4. Block diagram of quantizer considering a linear model.

multi-bit case the quantizer has a unity gain (kq = 1), in the single-bit counterpart
this gain is undefined.

Taking into account the previous considerations, a linearised quantizer model
can be used in order to simplify the analysis of an ADC. As shown in Figure 2.4,
the model consists of a gain kq and a noise source eq(n), with certain statistical
properties, which represents the quantization noise [39]. The assumptions with
respect to the statistical properties are:

1. The error sequence {eq(n)} is a stationary white noise sequence.

2. The error sequence is uncorrelated with the signal sequence.

3. The quantization error is uniformly distributed over the range corresponding
to [−VLSB/2, +VLSB/2].

4. The power spectral density (PSD) of the quantization process, Seq
(f), is flat.

While, in general, these assumptions do not hold, they provide a good approxi-
mation when the number of levels is large and the signal triggers them with equal
probability. Taking into account the previous assumptions, the total quantization
noise power is given by:

Peq
= σ2

eq
=

∞∫
−∞

e2
q p (eq) deq =

+VLSB/2∫
−VLSB/2

e2
q

1
VLSB

deq =
V 2

LSB

12
, (2.9)

where p (eq) is the probability density function (PDF) of the quantization error,
shown in Figure 2.5a. From (2.9), it can be observed that the total quantization
noise power will be determined by the number of levels in the quantizer and will not
be related to the sampling frequency. Due to the sampling process, the quantiza-
tion noise, whose bandwidth is not limited to the Nyquist frequency, will fold into
the sampled signal band, keeping the same total integrated power. Accordingly,
assuming a white noise approximation, the PSD of the quantization noise will be
given by:

Seq (f) =
V 2

LSB

12
1
fS

, (2.10)

as shown in Figure 2.5b.
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p(eq)

VLSB/2

eq

1/VLSB

-VLSB/2

(a)

fS/2

f

-fS/2

Seq(f)
Seq0(f)

(b)

Figure 2.5. Characteristics of the quantization error, assuming a linear model. (a)
Probability density function; (b) power spectral density.

2.1.3 Performance Metrics

Performance metrics are used to characterize and compare the ADCs’ performance.
In order to achieve a fair and consistent comparison, much effort is being devoted
into the standardization of methods to measure and characterize the ADCs’ perfor-
mance. The performance metrics are often divided into static and dynamic. While
static metrics are analyzed in the time domain, dynamic metrics, on the other hand,
are analyzed in the frequency domain [40].

Although there are numerous performance metrics, the amount and type of
metrics used for a particular ADC often depend on the application and context
that the ADC is employed. For example, datasheets of commercial products usually
state a wide variety of performance metrics, while research work often tend to use
the metrics that are relevant to the specific target application or to compare the
proposed ADC against previously published works using a figure-of-merit (FOM).
The performance metrics that have been used throughout this work, along with a
short description, are presented below.

Offset error is defined as the difference between the ideal first transition step and
the actual first transition step.

Gain error is defined as the difference, at full scale value, between the ideal and
actual transfer curve, after correction for offset error.

Integral non-linearity (INL) is defined as the deviation of the actual transfer
curve from the ideal one, after correction for gain and offset errors.

Differential non-linearity (DNL) is defined as the the maximum deviation in
the difference between two successive decision levels from 1 VLSB, after cor-
rection for gain and offset errors.

Harmonic distortion (HD) A harmonic is a spectral component that is an inte-
ger multiple of the analogue input frequency. Harmonic distortion is the ratio
of the root mean square (RMS) signal amplitude to the RMS value of the
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specified harmonic component, expressed in decibels relative to the carrier
(dBc) or decibels relative to the full-scale input signal (dBFS).

Spurious distortion (SD) For a pure sine wave input, spurious or non-harmonic
components are persistent sine waves at frequencies other than the fundamen-
tal (input) or those described above as harmonic components. Usually, their
amplitudes are expressed as dBFS.

Total harmonic distortion (THD) is the ratio between the RMS signal ampli-
tude and the RMS value of the sum of the harmonics, expressed in dBc.

Total spurious distortion (TSD) is the ratio between the RMS signal ampli-
tude and the RMS value of the sum of the spurious components, expressed in
dBc.

Signal-to-noise plus distortion ratio (SNDR) is the ratio between the RMS
signal amplitude and the RMS value of the sum of all spectral components,
including distortions but excluding DC. Usually expressed in dB.

Signal-to-quantization noise ratio (SQNR) is a non-standardized measure of
the maximum achievable dynamic performance of an ADC. It is given by the
ratio between the RMS signal amplitude and the RMS value of the spectral
components, generated by the quantization noise, expressed in dB.

Signal-to-noise ratio (SNR) is a non-standardized measure of the dynamic per-
formance of an ADC. In this work, it is defined as the ratio between the RMS
signal amplitude and the RMS value of all spectral components, excluding
harmonic and spurious distortions, as well as DC, expressed in decibel (dB).

Effective number of bits (ENOB) is generally specified for an input sine wave
of certain frequency and amplitude, after correction for gain and offset errors.
The effective number of bits (ENOB) can be obtained from the ADC’s SNDR,
under the same conditions, and is given by [40]:

ENOB =
SNDR− 1.76

6.02
(2.11)

Another common way to compare the ADC’s performance is by using FOMs which
usually combine several performance metrics. The FOM used here is given by:

FOMSNDR =
Power

2× BW × 2
SNDR−1.76

6.02

, (2.12)

where BW is the ADC’s bandwidth and Power is the power dissipated by the ADC.
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2.2 Nyquist-Rate and Oversampling ADCs

2.2.1 Nyquist-Rate ADCs

The sampling theorem establishes the boundary on the sampling frequency fS so as
to effectively recover a digitized signal by introducing a low-pass anti-aliasing filter.
Converters operating at the Nyquist frequency (fS = 2fB) are called Nyquist-rate
converters.

The maximum attainable signal-to-quantization noise ratio (SQNR) for an ideal
Nyquist ADC can be derived by taking into account the linear quantizer model
described in Section 2.1.2. Assuming a multi-bit quantizer with a gain kq = 1,
the in-band noise (IBN) is obtained by integrating the PDF of the noise, given in
(2.10), as:

IBNeq, Nyq =

fB∫
−fB

Seq (f) df =
V 2

LSB

12
2 fB

fS
=

V 2
LSB

12
. (2.13)

Furthermore, the power of an input sinusoidal signal, with a full-scale amplitude
equal to the full-scale input range, is given by:

Psin =
1
T

T∫
0

V 2
FS

4
sin2 (2πf t) dt =

V 2
FS

8
=

(
VLSB · 2BQ

)2
8

. (2.14)

Accordingly, the maximum signal-to-quantization noise ratio (SQNRmax) can be
derived as:

SQNRmax, Nyq = 10 log10

(
Psin

IBNeq, Nyq

)
= 10 log10

((
VLSB · 2BQ

)2
/8

V 2
LSB/12

)
, (2.15)

= 6.02 BQ + 1.76 [dB] , (2.16)

which entails that for every additional bit in the ADC the SQNRmax will increase
approximately 6 dB.

2.2.2 Oversampling ADCs

Contrary to Nyquist-rate counterparts, oversampling converters operate at a sam-
pling frequency higher than the Nyquist frequency (fS > 2fB) so as to spread the
quantization noise over a larger frequency band. The oversampling ratio (OSR) is
defined as:

OSR ≡ fS

2 fB
. (2.17)
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0 ffS

X(f)

2fS 3fSfB-fS-2fS-3fS -fB

Seq(f)=IBNeq,Nyq
HLP(f)

(a)

0 f

X(f)

fS/2fB-fS/2 -fB

Seq(f)

HLP(f)

fS-fS

IBNeq,OSR

(b)

Figure 2.6. Illustration of spectral properties of Nyquist and oversampling ADCs.
(a) Quantization noise and in-band noise for Nyquist ADC (OSR = 1); (b) quanti-
zation noise and in-band noise for oversampling ADC (OSR = 4).

As the total noise power remains constant, the in-band power of the noise is reduced,
improving, as a consequence, the SQNR over the band of interest. Put it in another
way, by using oversampling, resolution in the time domain is traded-off by resolution
in amplitude [41]. This effect is illustrated in Figure 2.6, where a digital low-pass
filter is used, after the converter, to effectively remove the noise components outside
the band of interest.

For an oversampling ADC, the IBN can be obtained by integrating the PDF of
the noise, given in (2.10), as:

IBNeq, OSR =

fB∫
−fB

Seq (f) df =
V 2

LSB

12
2 fB

fS
=

V 2
LSB

12
1

OSR
, (2.18)

which can be used, as in (2.15), to compute the SQNRmax, resulting in:

SQNRmax, OSR = 10 log10

(
Psin

IBNeq, OSR

)
, (2.19)

= 6.02 BQ + 10 log10 OSR + 1.76 [dB] . (2.20)

This means that doubling the OSR will ideally improve the SQNR by 3 dB. While
the SQNR improvement is not so significant, it is worth to mention that oversam-
pling also relaxes the anti-aliasing specifications. As seen in the next section, the
SQNR can be enhanced by combining this technique with noise-shaping.
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fS/2fB-fS/2 -fB

Seq(f) |NTF(f)|2

HLP(f)

fS-fS

IBNeq,ΣΔ 

Figure 2.7. Illustration of spectral properties for an oversampling and noise shaping
ADC.

2.3 Oversampling Noise-Shaping ADCs

As seen in Section 2.2.2, oversampling ADCs improve the SQNR by evenly spread-
ing the quantization noise over a larger frequency band. A much higher improve-
ment in SQNR can be obtained by combining oversampling with noise-shaping
techniques, commonly known as Σ∆ modulation. These techniques spread the
quantization noise over a larger band and shape it out of the desired frequency
range, as depicted in Figure 2.7. As in oversampling converters, the noise outside
the band of interest will be later removed in digital domain, so as to achieve a high
in-band SQNR. The noise shaping is obtained by embedding the quantizer in a
feedback loop, which form the so called Σ∆ modulator.

The Σ∆ modulator can be implemented as a low-pass, high-pass or band-pass
noise transfer function, depending on the target application. Furthermore, each
of them can be realized in a wide variety of topologies and using different im-
plementations, such as switched capacitor (SC) circuits, switched current circuits,
continuous-time circuits, etc. A low-pass Σ∆ ADC block diagram is shown in
Figure 2.8 [38], consisting of:

1. Continuous-time anti-aliasing filter, to limit the spectral components of the
input signal to fS/2 in order to prevent, as shown in Section 2.1.1, aliasing
effects due to the subsequent sampling process.

2. Sample-and-hold, which performs the sampling operation and is often inte-
grated into the Σ∆ modulator.

S/H
ΣΔ 

modulator

Anti-alias

filter

Digital

filter

Figure 2.8. Block diagram of an Σ∆ ADC.
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3. Σ∆ modulator, which converts the analogue signal into a high-speed digital
stream. The resolution of such stream is given by the resolution of the internal
quantizer, which is usually in the range from one to six bits.

4. Digital filter, consisting of low-pass filtering and decimation, which elimi-
nates the out-of-band noise and converts the high-speed low-resolution digital
stream into a Nyquist-rate high-resolution digital signal.

Therefore, Σ∆ ADCs benefit from oversampling and noise-shaping, attaining high
resolution without placing stringent requirements on the analogue components.

2.3.1 Operation of Σ∆ modulators

The Σ∆ modulator, which is the core of the Σ∆ ADC, is a feedback system and can
be represented, in the single-loop case, as in Figure 2.9. As it can be appreciated,
it is a single input single output (SISO) system consisting of a filter H, a quantizer
Q and a set of i DACs, i being the number of feedback branches of H. Accordingly,
H is a multiple inputs single output (MISO) subsystem. The inputs of the filter
correspond to the modulator’s input, U , and the outputs of the DACs, whereas the
output of the filter corresponds to the quantizer’s input.

As shown in Section 2.1.2, the quantizer is a non-linear component, thereby,
preventing a linear analysis of the Σ∆ modulator. A linearised model of the modu-
lator, however, can be obtained by replacing the quantizer with the model depicted
in Figure 2.4. A Z-domain representation of the modulator shown in Figure 2.9
is depicted in Figure 2.10. The quantizer has been modelled as a gain kq with an
additive white noise source EQ(z) while the DACs are assumed to have the same
number of bits as the quantizer, and an ideal transfer function. The filter H(z)
can be decomposed into its equivalent feed-forward and feedback filters, FF(z) and
FB(z) respectively. The output V (z) of the modulator is then related to the input
signal U(z) and the quantization noise EQ(z) by:

V (z) = U(z)
kq FF(z)

1 + kq LF(z)
+ EQ(z)

1
1 + kq LF(z)

, (2.21)

= U(z) STF(z) + EQ(z) NTF(z) , (2.22)

Q

U
Y V

DAC1..i
i

H

Figure 2.9. Block diagram of a generic single loop Σ∆ modulator.
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U(z) V(z)

-

FB(z)

FF(z)

H(z) EQ(z)

kQ

i

Q

DAC1..i

Y(z)

LF(z)

Figure 2.10. Block diagram of a generic single loop Σ∆ modulator, considering a
linear model.

where LF(z) is the modulator’s loop filter and NTF(z) and STF(z) are the re-
spective noise transfer function (NTF) and signal transfer function (STF), given
by:

STF(z) =
V (z)
U(z)

∣∣∣∣
EQ=0

=
kq FF(z)

1 + kq LF(z)
, (2.23)

NTF(z) =
V (z)
EQ(z)

∣∣∣∣
U=0

=
1

1 + kq LF(z)
. (2.24)

Ideally, the STF and NTF would be designed so as to completely cancel the quanti-
zation noise while leaving the input signal unaffected. Although this is not possible
in practical implementations, from (2.23) and (2.24), it can be seen that FF(z) and
LF(z) should have a large gain within the bandwidth of interest, in order to satisfy
both objectives. Under such conditions, the STF would be approximately equal
to one, thus, not disturbing the input. Moreover, as the poles of LF(z) become
the zeros of NTF(z), the quantization noise would be greatly attenuated. As a
consequence, the output signal would contain the unfiltered input plus a high-pass
version of the quantization noise.

Assuming an STF(z) ≈ 1, the PSD of the shaped quantization noise Seq, Σ∆(f),
for an Lth-order Σ∆ modulator with an NTF given by NTF(z) =

(
1− z−1

)L, will
be given by [42]:

Seq, Σ∆(f) = Seq (f) |NTF(f)|2 = Seq (f)
∣∣∣1− e−j 2π f/fS

∣∣∣2L

= Seq (f) 22L sin2L

(
π

f

fS

)
.

(2.25)

The sine function can be approximated [28], for small f/fS (i.e., OSR � 1), as
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sin(π f/fS) ≈ π f/fS, which leads to an IBN of:

IBNeq, Σ∆ =

fB∫
−fB

Seq, Σ∆(f) df ≈ π2L

2 L + 1
1

OSR2L+1

V 2
LSB

12
. (2.26)

IBNeq, Σ∆ can then be used to compute the SQNRmax, resulting in:

SQNRmax, Σ∆ = 10 log10

(
Psin

IBNeq, Σ∆

)
, (2.27)

≈ 10 log10

(
3
2

2L + 1
π2L

(
2BQ − 1

)2
OSR2L+1

)
[dB] . (2.28)

As an example, considering a single-bit single-order modulator, doubling the OSR
will result in a 9 dB increment in resolution, highlighting the advantage of Σ∆ ADCs
compared to oversampling counterparts. While (2.28) reveals the trade-off between
the loop order, quantizer’s number of bits and OSR, the predicted performance
should be cautiously considered, especially when using high-order modulators. The
theoretical SQNRmax in (2.28) has been obtained by considering a pure differential
NTF given by NTF(z) =

(
1− z−1

)L. In practical high-order systems, the use of
scaling coefficients, to create a Butterworth or an inverse Chebyshev NTF response,
or the use of multi-bit quantization, or a combination of both, will be mandatory [39]
to assure stability. The use of a different NTF from a pure differential one, will, as
a consequence, result in different SQNRmax.

2.3.2 CT Σ∆ Modulators

In Section 2.3.1, the general description including the operation and performance
of Σ∆ modulators was given. However, this was done based on DT models for
the individual blocks and the relevant signals, so as to simplify its understanding.
From a block-level perspective, the main differences of a CT implementation with
respect to DT counterparts is the loop filter implementation, which is done in CT
domain. This, in turn, allows the sampling operation to be shifted inside the Σ∆
modulator, before the quantizer. As mention in Section 1.1, these particular differ-
ences provide CT Σ∆ modulators, both advantages and challenges [23, 28]. Main
advantages include the relaxed settling and bandwidth requirements in the active
blocks of the loop filter, which can be exploited to either cover larger bandwidths
or to offer low power alternatives for narrow-band applications. Moreover, as the
sampling process is now subject to noise-shaping, impairments in the samplig block
(quantizer) are greatly attenuated. Another particular advantage of placing the
sampling operation before the quantizer is that the feed-forward signal path will
be, in certain cases, filtered before being sampled, relaxing the requirements of the
front-end anti-aliasing filter.
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Figure 2.11. Block diagram of a generic single loop continuous-time Σ∆ modulator,
considering a linear model.

A linear model of a CT single loop Σ∆ modulator is shown in Figure 2.11.
Similarly to what has been shown in Section 2.3.1, the CT filter H(s) can be trans-
formed in the equivalent CT feed-forward and feedback filters, FF(s) and FB(s).
Moreover, the sampling operation that happens in front of the quantizer is also
moved after the summation point to the feed-forward and feedback branches. The
equivalent feedback filter is generally composed of i feedback branches, resulting
in:

FB(s) =
i∑

k=1

FBk(s) , (2.29)

which are preceded by a feedback DAC with a certain transfer function, RDAC(s).
The resulting multiplication corresponds to the loop filter, given by:

LF(s) =
i∑

k=1

FBk(s) RDACk
(s) . (2.30)

Contrary to DT implementations, the DAC transfer function, even in the ideal
case, is critical to determine the value of the loop filter, LF(s), as it can be ap-
preciated from (2.30). This is due to the fact that, in a CT implementation, the
feedback pulse will be integrated over time, and, as a consequence, the output of
the feedback filter will be sensitive to the shape of such pulse. Numerous DAC
coding schemes have been proposed in the literature, each of them with specific
advantanges and limitations [23, 28]. Figure 2.12 depicts a set of commonly used
DAC shapes, along with their corresponding transfer function.

a) CT NTF Design

One critical aspect in Σ∆ modulators is the design of the noise transfer function.
This, will not only have a significant impact on the performance of the modulator,
but it will also be important for other aspects, such as the stability. A wide variety
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rDAC,R (t)

TS0

t
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α TS β TS

rDAC,R(t) =


1, αTS ≤ t < βTS

0, otherwise
(2.31)

RDAC,R(s) =
e−αTS s

“
1− e−(β−α)TS s

”
s

(2.32)

(a)

rDAC,SCR (t)

TS0

t

1

α TS β TS

rDAC,SCR(t) =


e−(t−αTS)/τ , αTS ≤ t < βTS

0, otherwise

(2.33)

RDAC,SCR(s) =
e−αTSs

“
1− e−(β−α)TS(s+1/τ)

”
s + 1

τ

(2.34)

(b)

Figure 2.12. Illustration of DAC shapes together with their corresponding impulse
responses in time and S-domain. (a) Rectangular waveforms (NRZ, RZ and HRZ
DACs); (b) SCR-DAC.

of methodologies to design the NTF of CT Σ∆ modulators has been presented in
literature. Such methodologies range from designing the NTF in discrete-time, and
later find a continuous-time equivalent loop filter [43–46], to the complete loop filter
design in continuous-time [47,48]. Particularly, this work employs the former type in
order to take advantage of several software tools and well established methodologies
available for DT implementations. Moreover, impulse invariant transformation [49]
is used in order to find the necessary continuous to discrete-time equivalent transfer
functions. The working principle of this methodology can be understood from
Figure 2.13. Consider a DT and a CT transfer function having the same input v(n)
to their corresponding DAC. If the resulting input to the quantizers yCT(t) and
yDT(n) are the same at sampling instants:

yDT(n) = yCT(t)|t=n TS
, (2.35)

then the quantizer will have the same output value, and both transfer functions
will be equivalent. In the context of the CT Σ∆ modulator, the DT equivalent of
LF(s) will be given by:

LFCTDT(z) = Z
{
L−1 [FB(s) RDACk

(s)]
∣∣
t=n TS

}
. (2.36)

Taking into account (2.36), the methodology employed in this work for the NTF
design can be divided, at system level, into the following steps:
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yCT(t) yCT(n)

(b)

Figure 2.13. Loop filter representation for DT and CT modulators when using
impulse-invariant transformation. (a) DT modulator; (b) CT modulator.

1. Select an initial OSR, quantizer number of bits, BQ, and loop filter order, L,
from (2.28).

2. Obtain NTF(z) from Σ∆ design toolbox [50]. Perform preliminary SQNR
performance and stability tests. Apply coefficient scaling and modify OSR,
BQ and loop filter order as necessary.

3. Compute LF(z) from NTF(z) as:

LF(z) =
1

NTF(z)
− 1 . (2.37)

4. Select the topology and corresponding DACs’ coding schemes.

5. Calculate LF(s) and its coefficients by using (2.36) and matching it to LF(z).

6. Simulate CT Σ∆ modulator in Matlab/Simulink environment. Perform sta-
bility tests and evaluate sensitivity to relevant non-idealities. Scale coefficients
and/or redesign NTF(z), as needed.

7. When satisfied, proceed to behavioural block level simulations with Verilog-
A/Verilog-AMS models in Cadence environment.

b) CT Loop Filter Topologies

Given certain NTF and STF, there are countless ways to implement the loop filter
so as to satisfy their in-band characteristics. As seen on Section 2.3.1, such transfer
functions share the common property that the loop filter feedback and feed-forward
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branches, LF(z) and FF(z), should provide a high gain in the frequency of interest.
Moreover, taking into account the advantages provided by the use of high-order
modulators, topologies have evolved, from the simplest case when using a single
integrator, into complex structures to cover the ever increasing performance de-
mands. These structures are generally formed by cascading integrators while in-
troducing feedback and feed-forward paths, locally and globally, to achieve certain
configuration. The most common ones include cascade of integrators in feedback
configuration (CIFB), cascade of integrators in feed-forward configuration (CIFF),
cascade of resonators in feedback configuration (CRFB) and cascade of resonators
in feed-forward configuration (CRFF), and can be represented, as well as for sev-
eral other cascade of integrators topologies, by using the generic block diagram
of Figure 2.14. Moreover, the election of the most suitable topology will depend
on several factors, including the specific STF and anti-aliasing filter requirements,
power consumption and sensitivity to distortions.

c) Non-Idealities Effect

In Section 2.3.1, the effect of introducing oversampling and noise shaping to min-
imize the impact of the quantization noise was considered. The impact of non-
idealities in Σ∆ modulators is presented here, using a general approach. This is
done by treating each non-ideal effect as an error source of noise or distortion while
considering their location of occurrence, as shown in the example of Figure 2.15 [28].
A single-bit Lth-order loop-filter in CIFB configuration has been selected and error
sources, Ei(s), modeling the integrators’ input-referred noise and distortions, have
been added before each integrator. Similarly, the quantizer and DAC non-idealities
are represented as the sources EQ(s) and Ed(s), respectively.

Several observations can be made using this example. Considering an STF ap-
proximately equal to one in the band of interest, it can be seen that any error
affecting the input signal will appear, unattenuated, at the modulator’s output.
Furthermore, the in-band input-referred noise of the first integrator’s stage, to-
gether with the non-idealities of the DAC will also add, directly, to the input node,
highlighting the critical impact of those blocks. On the other hand, the remaining

-
fS

a1 a2

b1

u(t)

-

v(n)
QI1(s) IN(s)

RDAC (s)

DAC

I2(s)
-

aN

EQ(s)

Ed(s)

EN(s)E2(s)E1(s)

Figure 2.15. Non-ideal effects entering at different locations for an Nth order,
single-loop Σ∆ modulator.
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error sources will receive certain attenuation, depending on the type of the error,
either noise or distortion, and on how far from the input node they are located.
Their contribution on the IBN can be appreciated as follows. Assuming that the CT
Σ∆ modulator has a DT equivalent NTF(z) =

(
1− z−1

)L, the IBN contribution of
the noise source Ein(s), located at the ith summation node, can be approximated
by using a similar approach as in (2.26), resulting in:

IBNEin ≈
1
b2
1

(
π2 i−2

2 i− 1
Ein

OSR2 i−1

)
. (2.38)

As the noise sources Ein(s) are assumed to have a flat PSD, both oversampling and
noise-shaping will contribute to their attenuation, obtaining a suppression propor-
tional to OSR2 i−1. Distortion sources, on the other hand, will not be influenced by
the oversampling, resulting in an attenuation proportional to OSR2 i−2, instead.



Chapter 3

Design Considerations in CT Σ∆
ADCs

Σ∆ ADCs are complex systems which require a systematic design, from archi-
tecture, down to physical implementation. Moreover, key limitations need to be
captured at early stages in order to eliminate unnecessary iterations and reduce the
design time. Accordingly, a thorough understanding of these non-ideal phenomena
is required. Due to their particular mechanisms and locations of occurrence inside
a modulator’s loop, their effect and impact on the ADC’s performance will be dif-
ferent. While several non-idealities negatively affect the performance of CT Σ∆
ADCs, this chapter focus on key impairments, which are particularly important for
the understanding of this work. Specifically, the effects of finite DC gain and GBW
product in OpAmps, delays in the quantizer and feedback DAC, known as excess
loop delay, multi-bit feedback DACs’ non-linearities, coefficient variations in the
loop filter and clock jitter, are reviewed here. This chapter introduces the mecha-
nisms of such non-ideal effects, derive mathematical models which can be used in
system level design, and describe, where appropriate, commonly used solutions to
overcome them.

3.1 Integrator Non-Ideal Behaviour

3.1.1 Integrator’s Gain Variations

As shown in Figure 2.14, the integrators’ gain is set, at architectural level, by the
products of coefficients (ai ci) and (bi ci) for the feedback and feed-forward paths,
respectively. In CT Σ∆ modulators, these coefficients are generally mapped, to the
circuit level implementation, using product of passive components, such as RC in
OpAmp-RC or GmC in resistor degenerated GmC integrators. As a consequence,
the CT filter in the modulator is highly susceptible to process variations since
its coefficients depend on the absolute value of resistors and capacitors. While

29
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the matching between capacitors or resistors is in the order of 1% or less, the
product of their absolute values can vary up to ±40%. The impact of such spread
on the modulator’s performance will depend on both magnitude and polarity of
the variation, as shown in [28]. A positive variation in the passives will translate
into a reduction in the integrators’ coefficients, which, in return, will result in a less
aggressive NTF and increase the IBN, but it will not affect the modulator’s stability.
On the other hand, a negative variation in the passives will increase the integrators’
coefficients, resulting in a more aggressive NTF. Although this will result in a slight
increase in performance if the magnitude of the spread is sufficiently low, increasing
such spread will finally lead to instability. This turning point will strongly depend
on the initially selected NTF, as well as on the magnitude of the input signal. Both
scenarios, and especially the latter one, are highly detrimental to the modulator’s
performance and highlights the need of coefficient tuning in CT implementations. A
highly digital solution will be proposed, in Section 4.2, as an alternative to minimize
this non-ideality.

3.1.2 Finite DC Gain and GBW in Active Blocks

With few exceptions [51, 52], integrators in CT Σ∆ modulators, are generally im-
plemented by using active blocks in either open- or closed-loop configurations. Par-
ticularly, the most popular types of CT loop filter implementations are composed of
GmC or OpAmp-RC based integrators or a combination of both. In either case, it
is important to analyse the requirements of such active blocks as they will directly
impact the ADC’s power dissipation. Particularly, the effect of finite DC gain and
finite GBW in the active blocks of the aforementioned integrators will be described
in this section.

a) OpAmp-RC Integrator

Figure 3.1 shows two typical scenarios for an OpAmp-RC integrator with its cor-
responding feedback and feed-forward inputs. While in both scenarios the feed-
forward input is assumed to be a low impedance voltage source, the difference lays
in the implementation of the feedback input path, which is generally driven by a
feedback DAC. Whereas in Figure 3.1a the output of such DAC is assumed to be
a low impedance voltage source, in Figure 3.1b, this output is assumed to be a
high-impedance current source. Moreover, these scenarios can be generalized in
two cases. The first case would correspond to an integrator with L inputs driven
by low impedance voltage sources, whereas the second case would correspond to an
integrator driven by one low impedance voltage source and (L− 1) high impedance
current sources. Here, the first aforementioned case will be analysed in detail, while
final results will be also given for the second case, at the end of the section.

For an OpAmp-RC implementation, the ideal integrator’s transfer function,
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Figure 3.1. Block diagram of an OpAmp-RC integrator under two different sce-
narions. (a) Scenario considering a feed-forward voltage input and a voltage DAC;
(b) scenario considering a feed-forward voltage input and a current DAC.

from the ith input path, is given by:

I(s)i = ki
fS

s
=

1
sRi C

, (3.1)

where ki is the ith integrator’s scaling coefficient and Ri is the resistor realizing
such coefficient scaling, given that C will be the same for all paths. Moreover, the
integrator’s unity gain frequency will be given by:

ωI, i =
1

Ri C
. (3.2)

Considering a non-ideal OpAmp with an infinite input impedance and a frequency
dependent gain, given by A(s), the integrator’s transfer function from the ith input
path can be obtained [53], from Figure 3.1a, as:

I(s)i, RC =
ki fS

s
(
1 + 1

A(s)

)
+ 1

A(s)

∑L
j=1 |kj fS|

, (3.3)

where L is the number of input paths in the integrator. From (3.3) it can be
seen that, depending on A(s) and the scaling coefficients of all input paths, the
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integrator’s transfer function will change. Moreover, A(s) can be used to study
the impact of OpAmp’s finite DC gain and finite GBW on the integrator’s transfer
function. As a first order approximation, the non-ideal OpAmp’s behaviour has
been considered using a single-pole model [53], given by:

A(s) =
ADC
s

ωp
+ 1

, GBW = ADC ωp , (3.4)

where ωp is the parasitic pole and ADC is the DC gain of the OpAmp.
The impact of finite OpAmp gain can then be studied by considering a frequency

independent (ωp �) finite OpAmp gain, A(s) = ADC. The integrator’s transfer
function given by (3.3) can then be expressed as:

I(s)i, RC−ADC

ωp�
≈ ki fS

s + 1
ADC

∑L
j=1 |kj fS|

. (3.5)

Contrary to the ideal integrator’s transfer function given by (3.1), the non-ideal
integrator’s transfer function given by (3.5) will now have a finite DC gain of
ADC ki/

∑L
j=1 kj and a pole, shifted from DC to

∑L
j=1 kj fS/ADC. Known as leaky

integration, this impact is common to both CT and DT implementations, and
causes a shift of the NTF’s zeros from DC, which results in less quantization noise
attenuation in the baseband and, as a consequence, a reduction of the SNR [23].

The effect of finite GBW product on the integrator’s transfer function can be
found using a similar approach. By replacing (3.4) in (3.3), when considering an
amplifier DC gain, ADC, sufficiently high, the integrator’s transfer function is given
by:

I(s)i, RC−GBW
ADC�≈ ki fS

s

GBW
GBW+

PL
j=1|kj fS|

s
GBW+

PL
j=1|kj fS|

+ 1
. (3.6)

From (3.6) it can be seen that the impact of finite GBW will manifest itself as a
combination of a gain error, GEGBW, plus an additional non-dominant pole, ωGBW,
given by:

GEGBW =
GBW

GBW +
∑L

j=1 |kj fS|
, (3.7)

ωGBW = GBW +
L∑

j=1

|kj fS| . (3.8)

The gain error has similar effects as the integrator’s gain variations with negative
polarity discussed in 3.1.1, i.e., less aggressive noise shaping behaviour, and can
be counteracted by modifying the corresponding scaling coefficient. The additional
pole, on the other hand, will introduce an extra delay in the feedback path [54],
which has similar impact as the ELD, discussed in Section 3.3.
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The same procedure is followed so as to derive the non-ideal integrator’s be-
haviours, when considering the second case in Figure 3.1b. Taking such case into
account, (3.5)-(3.6) now become:

I(s)i, RC−ADC

ωp�
≈ ki fS

s + ki fS
ADC

, (3.9)

I(s)i, RC−GBW
ADC�≈ ki fS

s

GBW
GBW+|ki fS|

s
GBW+|ki fS| + 1

. (3.10)

The main difference between the non-ideal integrator’s transfer functions for the
two analysed scenarios is that the term that sums all coefficients at the input, in
the first case, is replaced by the coefficient of the analysed path, in the second
case. These differences will affect the non-ideal integrator’s transfer functions in
the following way. With respect to the impact of finite OpAmp’s DC gain, the
integrator’s transfer function of (3.5) will have less DC gain than the case of (3.9).
Moreover, with respect to the impact of finite OpAmp’s GBW, the integrator’s
transfer function of (3.6) will suffer a larger gain error and the parasitic pole,
ωGBW, will be located at higher frequencies than the case of (3.10).

b) gmC Integrator

As in the previous section, for the gmC integrator there are two common scenarios,
as shown in Figure 3.2. The first case, when both inputs are voltage sources,
driving their respective transconductance, and the second case, when one of such
inputs is the current source output of the feedback DAC. Contrary to the case of
the OpAmp-RC integrator, a single model can be used to analyse the non-ideal
integrator’s behaviour in both scenarios.

The ideal transfer function of an ideal gmC based integrator is given by:

I(s) = k
fS

s
=

gm

sC
, (3.11)

with a unity gain frequency of:

ωI =
gm

C
. (3.12)

As seen in Figure 3.2, a first order model for the gmC integrator is character-
ized by a frequency dependent transconductance, gm(s), with a non-zero output
conductance, go. As gmC integrators are particularly sensitive to parasitic capac-
itances, their impact has been modelled by adding an additional capacitor, Cp.
The frequency dependence of the transconductance gm(s), due to parasitic poles
and zeros in the internal nodes, can be approximated by either a single effective
pole [48, 55, 56] or a single effective zero [57, 58] model. Although both models
are equivalent in terms of the introduced phase errors [59, 60], the high frequency
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Figure 3.2. Block diagram of a GmC integrator under two different scenarions. (a)
Scenario considering a feed-forward voltage input and a voltage DAC; (b) scenario
considering a feed-forward voltage input and a current DAC.

behaviour will be dependent on its particular circuit implementation. The single
effective pole model was chosen in this work so as to demonstrate the non-ideal
behaviour of this topology. The non-ideal transconductance transfer function is,
therefore, given by:

gm(s) =
gm0
s

ωp
+ 1

, (3.13)

where gm0 is the transconductance value at DC and ωp is the transconductor’s effec-
tive pole. Considering the previous assumptions, the integrator’s transfer function
is given by:

I(s)i, gmC =
gm0
go(

s
go

C+Cp

+ 1
)(

s
ωp

+ 1
) . (3.14)

Similarly to Section 3.1.2, the effect of non zero output conductance can be evalu-
ated by assuming a frequency independent (ωp �) transconductance value, gm(s) =
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gm0, which yields:

I(s)i, gmC−go

ωp�
≈

gm0
C+Cp(

s + go

C+Cp

) =
ki fS

C
C+Cp(

s + go

C+Cp

) . (3.15)

As in the OpAmp’s case, this causes a leaky integration. Additionally, a gain error
is also present, due to the influence of the parasitic capacitance Cp. It is worth
to notice that this error is not due to the non-ideal transconductance behaviour,
but rather due to the high sensitivity of the integrator’s architecture to parasitic
capacitances.

The effect of the transconductance parasitic pole, ωp, can be analysed by as-
suming a sufficiently low output conductance, (go �), in (3.14). The resulting
integrator’s transfer function is:

I(s)i, gmC−ωp

g0�≈ gm0

s (C + Cp)
1(

s
ωp

+ 1
) =

ki fS

s

C
C+Cp(
s

ωp
+ 1
) . (3.16)

As for the OpAmp-RC implementation, the impact of the transconductance band-
width’s limitation, combined with the effect of the parasitic capacitance, will result
in a gain error, GEGBW, and an additional pole in the integrator’s transfer function,
ωGBW, given by:

GEGBW =
C

C + Cp
, (3.17)

ωGBW = ωp . (3.18)

This non-ideality will have similar impact as discussed for the GBW limited OpAmp-
RC implementations of (3.6) and (3.10).

3.2 Circuit Noise

In an ideal case, a Σ∆ modulator shapes the contribution of a single noise source
which originates from the finite quantization intervals in the internal quantizer. In
practical scenarios, however, several noise sources, including circuit noise, will be
also present, degrading the modulator’s performance. Although every stage in a CT
modulator contributes to the total ADC’s noise performance, their influence will
be, as shown in Section 2.15, strongly dependent on where the noise contributors
are located. Accordingly, while circuit noise originating close the quantizer’s input
will be highly attenuated by the NTF, the noise contributors from the first stage
will be critical, as they will appear, without suppression, at the output of the
modulator. The spectral characteristics of each individual noise contributor can
be only white (resistors) or have a frequency component (transistors), while the
magnitude of such contribution will be dependent on the circuit implementation
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Figure 3.3. Sources of excess loop delay in CT Σ∆ modulators.

of each particular stage. Moreover, it is also worth to notice that only the noise
contribution within the target band of operation will degrade the performance as
the out-of band noise will be removed by the decimation filter. As mentioned
before, the first stage will have the most stringent requirements and it will greatly
determine the overall circuit noise performance of the modulator.

3.3 Excess Loop Delay

ELD is the constant delay time that occurs in the feedback loop, measured from
the quantizer’s sampling instant until a valid DAC pulse occurs as a result of such
sampling [61]. Although the sole cause for this delay can be traced back to the finite
response time of transistors, the sources for such delay, as shown in Figure 3.3, can
be divided into three groups:

1. The delay that occurs in the quantizer, since the clock edge triggers the
comparators until a valid digital output is produced. In a flash quantizer,
for example, this delay comes from the delay in the comparators plus the
propagation time1 of the output logic.

2. The delay caused by the additional logic between the quantizer and the DAC.
As the quantizer has a finite time delay, delay blocks can be intentionally
placed in order to provide the quantizer more decision time. Besides, dynamic
element matching (DEM) or calibration circuitry (Cal) may be integrated to
reduce DAC non-linearity in the case of multi-bit modulators, thus, causing
additional delays.

3. The delay from the instant that the DAC receives a valid input until it pro-
duces a valid output pulse.

1The propagation time corresponds to the delay experienced by a signal when passing through
a logic element, measured between the 50% transition points of the input and output waveforms.
As logic elements have different propagation times for positive or negative output transitions, the
propagation time is defined as the average of the two.
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Based on how the constant time delay affects the DAC pulse with respect to the
sampling period, the CT Σ∆ modulator can suffer two different non-ideal effects:
(a) if the shifted DAC pulse shape remains within the sampling period, the ELD
will result in a coefficient deviation in the CT Σ∆ modulator, however, (b) if a part
of the shifted DAC pulse shape extends into the next sampling period, the ELD will
result in an increment of the loop filter order in the CT Σ∆ modulator. As the start
and end instants of a DAC pulse varies with respect to its coding scheme, the effect
that ELD has on the CT Σ∆ modulator depends on the coding scheme used in
the DAC. Fortunately, by simply using continuous-time to discrete-time (CT-DT)
transformation and linear superposition it is possible to identify and quantify its
effect, as shown below.

3.3.1 ELD Effect on Different DAC Waveforms

As it is shown in Section 2.3.2, the CT-DT transformation takes into account the
DAC pulse shape in order to obtain an equivalent DT loop filter (LF) transfer
function. Consequently, any modification in the pulse shape, including when it is
delayed by an constant time, td, should be taken into account when performing
such transformation.

Figure 3.4 shows the DAC coding schemes mentioned in Section 2.3.2, when
subjected to a time delay td. A normalized time delay, τd, is used in this section
and is given by:

τd =
td
TS

. (3.19)

As mentioned before, when the delayed DAC pulse shape remains within the sam-
pling period, it will lead to a coefficient mismatch, thus, altering the loop filter
branches but not increasing the order of the loop filter. Accordingly, the delayed
loop filter branches can be computed by using the shifted feedback pulses in the
CT-DT transformation.

To illustrate the impact of ELD, a second-order Σ∆ modulator, given in Fig-
ure 3.5, is used. Considering return-to-zero (RZ) DACs, when subjected to an
excess loop delay, td, of less than half a sample period {α = τd, β = 1/2 + τd}, the
S-domain transfer function of the delayed RZ DAC is given by:

RDAC, RZ(s, τd) =
e−τd s − e−(1+2 τd)s/2

s
. (3.20)

Considering such transfer function, the CT-DT equivalent loop filter branches are
given by:

LFCTDT, 1(z, τd) =
1
2

a1

((
τd

2 − (1/2 + τd)2 + 1
)

z − τd
2 + (1/2 + τd)2

)
(z − 1)2

, (3.21)

LFCTDT, 2(z) =
1
2

a2

z − 1
. (3.22)
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Figure 3.4. Effect of excess-loop delay on different DAC coding schemes. (a)
RZ-DAC; (b) NRZ-DAC; (c) SCR-DAC.
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Figure 3.5. Block diagram of a single-loop 2nd order CIFB Σ∆ modulator.

The resulting DT loop filter equivalent is obtained by combining both branches, as:

LF(z, τd) =
1
8

3 a2 − 4 a2 τd + 4 a1

z − 1
+

1
2

a2

(z − 1)2
. (3.23)

The resulting NTF will be deviated from the desired one, possibly leading to in-
creased IBN and reduced maximum stable amplitude (MSA) [28]. As the order of
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the filter has not been altered, this mismatch can be compensated by simply match-
ing the resulting delayed coefficients to the target DT NTF [61]. Additionally, from
(3.22), it is possible to appreciate that first-order single loop Σ∆ modulators with
RZ coding scheme are immune to ELD, as long as such delay is less than half a
sampling period.

When the delayed DAC pulse shape extends into the next sampling instant,
the order of the filter will be incremented by one. To evaluate this effect, the
same modulator as in the previous example can be considered, but now assuming
non-return to zero (NRZ) DACs in the feedback branches, when subjected to an
ELD, td, of less than a sample period. In this case, linear superposition can be
employed in order to obtain the corresponding CT-DT transformations. As shown
in Figure 3.6, the delayed pulse can be split into two distinct components, one
in the current sample with a position {α = τd, β = 1} and a second part shifted
into the next sample, i.e., delayed by exactly one sample period, with a position
{α = 0, β = τd}. Taking this into consideration, the DT equivalent loop filter
branches are given by:

LFCTDT, 1(z, τd) =
a1 ((τ2

d − 2 τd + 1) z − τ2
d + 1)

2 (z − 1)2
+

a1 ((−τ2
d + 2 τd) z + τ2

d )
2 ((z − 1)2 z)

,

(3.24)

LFCTDT, 2(z) =
−a2 (τd − 1)

(z − 1)
+

a2 τd

(z − 1) z
. (3.25)

Similarly as with (3.23), the resulting DT loop filter equivalent is obtained by
combining both branches, as:

LF(z, τd) = ((a1 τ2
d + (−2 a1 − 2 a2)τd + 2 a2 + a1)z2

+ (−2 a1 τ2
d + (2 a1 + 4 a2)τd + a1 − 2 a2)z

+ a1 τ2
d − 2 a2 τd)/(2 z (z − 1)2) .

(3.26)

Contrary to what occurred in the RZ case, the CT-DT loop filter equivalent is now a
third-order system for τd > 0. In this case, performance degradation or even insta-
bility may occur, depending on the amount of excess loop delay. Several techniques
have been proposed to counteract this non-ideality and restore the desired NTF,
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Figure 3.6. Linear superposition of an NRZ-DAC pulse with a delay td.
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including the insertion of an additional feedback path before the quantizer [62] or
before the last integrator [63]. A comparison of the several techniques, including
the aforementioned ones, can be found in [64].

3.4 Clock Jitter

Clock jitter can be defined as statistical variations in the sampling signal due to non-
idealities in clocking systems [28]. While DT Σ∆ modulators are rather insensitive
to timing jitter, its impact is significantly more pronounced in CT counterparts
[23, 28, 65]. Present in all sampled circuits, clock jitter affects both the feedback
DACs and the quantizer. The errors induced in the latter block are, in practice,
disregarded for reasonable modulators’ order and OSR, as they enter at the point
of maximum suppression [66]. More significant, however, are the errors entering
through the feedback DACs. As shown in Figure 3.7, in a CT implementation, the
errors induced by the jitter affecting a DAC will be integrated over time. As a
consequence, if such DAC’s pulse varies statistically, it will induce a statistically
integrated error, leading to a degradation of the modulator’s SNR.

The impact of clock jitter on the DAC’s pulse can be divided into either a
random delay or a random change in the width of such pulse [67]. It has been
shown that the latter effect is more critical than the former one [68], thus, this
section will focus on the analysis of pulse width jitter induced errors.

3.4.1 Pulse Width Jitter Influence

The calculation of the pulse width jitter influence in CT modulators can be di-
vided into two aspects: (a) the calculation of the jitter induced noise, and (b) the
calculation of the influence of such noise on the modulator’s performance.

The calculation of the jitter induced sampling uncertainty, tj , is based on its
statistical characterization. As a first order approach, this noise is assumed as

DAC

I(s)
TS

Clk

TS

Integration Error

Feedback signal

t

Figure 3.7. Illustration of jitter induced errors for a first-order integrator.
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a uniformly distributed random process [28], with a Gaussian DC-free PDF and
a certain standard deviation, σj . Taking this into account, the amount of noise
entering in the modulator will be given by the variance, σ2

e , of the jitter induced
charge error, εj , relative to the sampling period, TS, [28]. The noise entering in the
DAC of the ith input branch before its corresponding scaling coefficient, Nσj , i, can
be expressed as:

Nσj , i ≈
(

σe

TS

)2

. (3.27)

This value can then be treated as any other noise source and be used to calcu-
late the modulator’s IBN due to jitter [69]. Assuming an Lth order modulator in
CIFB configuration as in Figure 2.15, the total jitter induced IBN, IBNσj , can be
approximated as:

IBNσj
≈ 1

b2
1

L∑
i=1

(
π2 i−2

2 i− 1
a2

i Nσj , i

OSR2 i−1

)
. (3.28)

From (3.28) it is possible to appreciate that the outermost branch (i = 1) will have
the most detrimental impact on the modulator’s performance, as no noise shaping
will take place. The value of this component is given by:

IBNσj , 1 =
a2
1 Nσj , 1

b2
1 OSR

. (3.29)

With respect to Nσj , a qualitative and a quantitative analysis can be performed
to understand the impact of different DACs’ implementations. As Nσj

depends on
the jitter induced charge error, εj , an intuitive understanding can be obtained by
estimating εj from Figure 3.8. This figure depicts pulses from several DACs’ coding
schemes, in single and multi-bit configurations, when they are affected by a sampling
uncertainty, tj , along with their corresponding induced charge error. While other
coding schemes have been proposed to minimize the impact of jitter [70–72], three
examples of commonly used coding schemes are discussed here. The mathematical
development presented here can be further applied to quantify the jitter sensitivity
of other alternatives. For better comparison, all DAC pulses are assumed to have
the same amplitude, IDAC, and to transfer the same amount of feedback charge per
period, after their corresponding scaling coefficient. The following observations can
be made:

• In the single-bit RZ DAC implementation shown in Figure 3.8a, certain charge
error will be induced in the falling and rising edges of every clock cycle.
Moreover, such error will not only be dependent on the timing uncertainty,
tj , but it will also be related to the amplitude of the feedback signal, IDAC.
Assuming that both jitter instants are statistically independent, the total
charge induced error, εj , can be obtained from the induced error in a single



42 CHAPTER 3. DESIGN CONSIDERATIONS IN CT Σ∆ ADCS

rDAC,RZ (t)

TS 2TS 3TS 4TS0

t

IDAC

(a)

rDAC,NRZ (t)

TS 2TS 3TS 4TS0

t

IDAC

(b)

rDAC,RZ,MB (t)

TS 2TS 3TS 4TS0

t

IDAC

(c)

rDAC,NRZ,MB (t)

TS 2TS 3TS 4TS0

t

IDAC

(d)

rDAC,SCR (t)

TS 2TS 3TS 4TS0

t

IDAC

(e)

Figure 3.8. Sampling errors on different DAC waveforms. (a) Single-bit RZ-DAC;
(b) single-bit NRZ-DAC; (c) multi-bit RZ-DAC; (d) multi-bit NRZ-DAC; (e) single-
bit SCR-DAC.

edge, εj, SE, multiplied by a factor, A, that reflects the activity of εj, SE in
each period, which yields:

εj = εj, SE · A . (3.30)

Particularly, for RZ DAC implementations, such activity factor is ARZ = 2.

• Alternatively, when using a single-bit NRZ implementation, as depicted in
Figure 3.8b, charge error will only be induced when the DAC’s digital input
changes. As it is possible to appreciate, the single ended charge error is
now related to two times the amplitude of the input feedback signal, IDAC,
however, so as to provide the same feedback charge, such value will be scaled
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to half of the RZ value. Considering that a pulse transition does not occur
in every cycle, the activity factor for single-bit NRZ ADC’s implementations
has been found to be ANRZ ≈ 0.7 [23, 28,65,73].

• Considering the multi-bit implementations shown in Figure 3.8c and Fig-
ure 3.8d, it is already apparent the advantages that a multi-bit implemen-
tation will have with respect to the single-bit counterpart. While the single
ended charge error in a single-bit implementation was related to the full-scale
feedback signal, in the multi-bit case this error will be reduced. This is partic-
ularly advantageous in the NRZ case, where, even though the activity factor
for this case, ANRZ,MB, increases to approximately ANRZ,MB ≈ 1, such charge
error will now be mostly related to one VLSB, decreasing the sensitivity to
jitter by approximately 6 dB per additional bit.

• Besides the use of a multi-bit implementation with rectangular pulses, the
jitter tolerance can also be increased by using alternative feedback shapes, as
shown in Figure 3.8e for a switched capacitor resistor (SCR) coding scheme.
While this coding scheme has an activity factor as the RZ case, it significantly
reduces the single ended charge error, as it will be quantitatively demonstrated
below.

In order to ease the mathematical development, the quantitative analysis of Nσj

can be derived using a similar concept as in (3.30), i.e., obtaining the variance of
the single-ended jitter induced charge error and multiplying it by the corresponding
activity factor, thus:

σ2
e = σ2

e, SE · A , (3.31)

which can be used to express Nσj in (3.27) as:

Nσj ≈
(

σe, SE

TS

)2

A . (3.32)

The amount of error charge, εj, SE, over one clock cycle, is given by the integration
of the DAC’s waveform, rDAC(t) over one period, including a single edge jitter
uncertainty, minus the ideal jitter free charge (tj = 0) [28]:

εj, SE =

β TS+tj∫
α TS

rDAC(t) dt−
β TS∫

α TS

rDAC(t) dt . (3.33)

Moreover, the magnitude of σ2
e, SE can be derived by noticing that a random process

g(t) over time t with a probability density function f(t) will have a variance σ2
g(t)

equal to:

σ2
g(t) =

+∞∫
t=−∞

(g(t)− 〈G〉)2 f(t) dt , (3.34)
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Table 3.1. Jitter sensitivity for different DAC coding schemes
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DACσj
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4 I2
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S
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SCR IDAC e
−TS(β−α)
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DAC

„
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−TS(β−α)
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σj
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DAC

0@e
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1A2

σj
2

τ2
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S
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† IBN calculated considering a normalized feed-forward coefficient b1 = 1 and a feedback coef-
ficient a1 so that all DACs transfer the same amount of charge.

where 〈G〉 is the expected mean value given by:

〈G〉 = E [g(t)] =

+∞∫
t=−∞

g(t)f(t) dt . (3.35)

Recalling the jitter’s statistical properties, its probability density function, f(t),
will be given by:

f(t)Gauss =
1

σj

√
2 π

e−t2j/2σj
2
. (3.36)

By choosing the single ended charge error from (3.33) as g(t) and (3.36) as f(t),
the expected mean will be given by:

E [εj, SE] =

+∞∫
t=−∞

εj, SE
1

σj

√
2 π

e−t2j/2σj
2
dtj , (3.37)

which can be used in (3.34) to derive the variance σ2
e, SE as:

σ2
e, SE =

+∞∫
t=−∞

[
(εj, SE − E [εj, SE])2

1
σj

√
2 π

e−t2j/2σj
2

]
dtj . (3.38)

The methodology of obtaining the magnitude of Nσj can be summarized as follows.
Given certain DAC waveform, rDAC(t), (3.33) can be used in (3.37), and both
these equations in (3.38) to obtain the variance σ2

e, SE. Furthermore, (3.38) can
then be used, together with the activity factor A, in (3.32), to obtain Nσj . The
dominant factor affecting the IBN has been computed, for the single-bit NRZ, RZ
and SCR coding schemes, using the aforementioned method, as shown in Table 3.1.
The improvement in jitter tolerance, mentioned in the qualitative analysis, between
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NRZ and RZ coding schemes can also be appreciated here. With respect to the
SCR coding scheme, it can be seen that the influence with respect to clock jitter
can be lowered by scaling down the constant decaying value, τSCR, of the feedback
pulse. Additionally, apart from selecting a proper DAC coding scheme, it is worth
to mention that jitter can also be reduced at system level by selecting a proper
NTF [74,75].

3.5 Element Mismatch in Multi-bit DACs

Single-bit Σ∆ modulators benefit from the use of a single-bit DAC which is inher-
ently linear. This advantage has made single-bit implementations a popular choice,
especially for high-resolution, low-speed applications, where, given a modulator’s
order, the use of single-bit quantization can be traded by a higher OSR to obtain
certain resolution. This trade-off, on the other hand, is less likely to be available
for high-bandwidth requirements, where a low OSR is used to keep the sampling
frequency within reasonable limits. In such cases, multi-bit implementations are
generally employed, having several advantages over the single-bit counterpart, such
as the possibility to use a more aggressive NTF to decrease the quantization noise,
improved loop stability and increased tolerance to clock jitter. However, the use of
multi-bit quantization generally also entails the use of a multi-bit feedback DAC,
which, inevitably, suffers from unit element mismatch. Such mismatch leads to a
variation of the feedback levels, creating a signal-dependent feedback charge error,
which translates into distortion. As shown in Section 2.15, due to the entry point of
this error, the distortion of the 1st feedback DAC will appear unsuppressed at the
modulator’s output. Accordingly, no matter the resolution of the feedback DAC, it
will require a linearity better than the overall modulator’s resolution in order not to
degrade its performance. Due to the limitation that current CMOS processes suffer
with respect to the matching between components (capacitors, resistors and transis-
tors), it is usual to employ linearisation techniques when targeting applications with
resolutions higher than approximately 10 bits. In this respect, many alternatives
have been employed to achieve the linearity requirements, based on design tech-
niques [76,77], as well as analogue and digital calibration techniques [19,73,78–82].
While such techniques can successfully supress the DAC’s distortion, they also in-
crease the area and power consumption of the ADC. Moreover, as they are located
in the feedback path, they also increase the ELD. To minimize such load, alterna-
tives have been proposed, such as allocating a specific loop delay and compensating
such delay with an additional feedback path [78, 80]. Taking a different approach,
the use of a multi-bit quantizer with reduced number of feedback in the DACs has
been proposed for DT implementations, to avoid or minimize the use of lineari-
sation. The analysis and application of this technique to CT implementations is
discussed in Section 4.1.
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3.6 Summary

The theory regarding key non-ideal phenomena, relevant for the understanding of
this work, has been reviewed in this chapter. The behavioral models used in this
work have been created, in Matlab/Simulink environment, to reflect and capture
their impact in CT Σ∆ ADCs, at an early stage. As shown in the next chapters,
the comprehension and quantification of these effects has played a key role for eval-
uating the proposed digital enahancement techniques. Moreover, the effect of these
impairments has also been added, through Verilog-A/AMS block-level models, in
Cadence environment. This has enabled the possibility of performing co-simulations
so as to reduce design iterations and minimize the risk of unexpected issues, eval-
uating their influence and acting accordingly during circuit implementation.



Chapter 4

Digitally Assisted CT Σ∆
Modulators

As shown in Chapter 3, several limitations, originating from analog circuit impair-
ments, affect the performance of CT Σ∆ modulators. To different extents, these
impairments are present in all types of ADCs, creating a bottleneck in the interface
between digital and “real world” analog signals. Taking advantage of high density
and power efficient digital circuitry, an increased number of digitally assisted ADCs
have been proposed to overcome such analog limitations. Recent examples of these
techniques, are briefly described below, whereas relevant work reviewing this trend
can be found in [17,83,84].

In [85], a digital background calibration technique was proposed so as to re-
place power-hungry precision OpAmps by simple power efficient open-loop stages
in pipelined ADCs. This approach was enhanced in [86], achieving further power
savings by exploiting the incomplete transient settling in the residue OpAmps. In
order to increase the linearity of a flash ADC, redundant comparators and DAC
trimming has been used in [87], allowing fast, small transistors to be used. Tak-
ing a different approach, a digital post-correction scheme, based on a 2-D integral
non-linearity (INL) model [88], has been applied to pipelined ADCs in [89], so as
to improve their performance. Further examples, targeting Σ∆ ADCs, will be also
reviewed later on.

Particularly, this chapter presents two case studies, where digital enhancement
techniques are used so as to counteract the effect of non-idealities. Particularly,
the first case [90] presents a technique so as to minimize or eliminate the DAC
linearization circuitry when employing multi-bit quantizers, while the second case
[91] focus on the calibration for integrators’ coefficient variations.

47
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4.1 Case Study 1: Multi-bit Σ∆ Modulator with Reduced
Number of Feedback Levels

Common to both DT and CT implementations, Σ∆ modulators suffer, in the multi-
bit case, from non-linearity of the feedback multi-bit DAC. DAC non-linearity cre-
ates harmonic distortion, which appears at the output of the modulator with the
same transfer function as the input signal. This, in return, raises the IBN and
reduces the achievable SNDR. To minimize this issue, linearization techniques are
employed, which, in turn, increases the area and power consumption. As mentioned
in Section 3.5, in low bandwidth applications this can be alleviated by increasing
the OSR, so as to decrease the number of bits in the DACs. In broadband appli-
cations, however, the gain-bandwidth product requirements for the active blocks,
constrain this trade-off. While an increment in performance could also be achieved
by using a higher-order modulator, stability concerns also restrict this option, at
least for the single loop operation.

Dynamic element matching or calibration of the unit elements are two commonly
used strategies to counteract non-linearity issues in DACs. DEM effectively transfer
the distortion, created by the mismatch of the unit elements, into noise. In high res-
olution ADCs, however, the complexity of DEM is dramatically increased [92], thus,
its power/area consumption. Another disadvantage is that these techniques are less
efficient for low OSR [19]. Also, the residual in-band noise, resulting from the av-
eraging, can potentially degrade the SNR. Calibration techniques, on the other
hand, minimize the distortion by correcting the mismatch of the unit elements.
Originally, techniques have applied this correction in the analog domain [93]. Re-
cently, however, digital calibration techniques have been proposed, estimating and
correcting the errors in the digital domain [19,94].

Taking a different approach, several techniques have been proposed for multi-
bit DT modulators [92,95–97] in order to simplify the linearization in the feedback
DAC of the 1st branch while still benefiting from multibit quantization. These
techniques reduce the number of bits in the feedback DAC by truncating its least
significant bits. The truncation operation leads to a simplification, or even an elim-
ination, of the linearization technique, depending on the number of remaining bits.
Furthermore, the truncation error that arises from such operation is filtered out of
the band of interest and cancelled at later stages. These processes are denominated
truncation error shaping and truncation error cancellation, respectively, and will
be briefly discussed here. These concepts, together with an in-deep analysis for
DT Σ∆ modulators can be found in [96] [97] [92]. Instead, this work will focus
on the technique to find the error cancellation transfer functions as well as on the
challenges and opportunities that a CT implementation introduces.

4.1.1 Truncation Error Shaping and Cancellation Techniques

To minimize the impact of reducing the feedback levels, truncation error shaping,
shapes the error, that arises from the truncation operation, out of the band of
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Figure 4.1. Block diagram of a non-delay digital Σ∆ modulator with a loop filter
HND(z) and equivalent linearized model with a noise transfer function HT(z).

interest. This is obtained by introducing a non-delay digital Σ∆ modulator before
the feedback DAC, as illustrated in Figure 4.1 (top). As it is possible to appreciate,
given a feedback signal w(n) coming from a quantizer with Bq-bits word-length, the
Bq −Bp least-significant-bit (LSB)s are truncated so as to deliver a BP -bit signal,
w′(n), to the feedback DAC (Bq > Bp). Moreover, the truncation error is shaped
by the non-delay digital loop filter, HND(z), and is modeled by an additive white
noise source ET (z). Accordingly, the output of the digital Σ∆ modulator, is given
by:

W ′(z) = W (z) + ET (z)
1

1 + HND(z)
= W (z) + ET (z) HT (z) , (4.1)

where HT (z) is the noise transfer function of the truncation error ET (z), as shown
in the equivalent block diagram of Figure 4.1 (bottom). For a truncation given by:
r = BQ −BP , the total power of the truncation noise PeT

is:

PeT =
V 2

FS

12 (2Bp)2
=

V 2
FS

12 (2Bq−r)2
=

V 2
FS

12 (2Bq)2
22r = Peq 22r . (4.2)

From (4.2), it is possible to see that, given a truncation of r bits, the total power
of the truncation noise ET (z) will be 2r times the power of the quantization noise
EQ(z).

In CT Σ∆ modulators, the output of the modulator, when only considering the
truncation error of the ith branch, ET, i, will be given by:

SET, i
(f) = SEQ

(f)22r |NTF(f) LFi(f) HT, i(f)|2 , (4.3)
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Figure 4.2. Shaped spectrum of noise sources versus oversampling ratio for a 2nd-
order Σ∆ modulator. [References: (−−): quantization, (—): r=3 sh-ord=3, (—):
r=2 sh-ord=3, (—): r=3 sh-ord=4, (—): r=2 sh-ord=4].

where LFi(f) is the equivalent feedback loop filter transfer function of the ith
branch, and HT, i(f) is the transfer function of the truncation error of the ith
branch. From (4.3) it is possible to see that, as with any non-ideality, the impact
of ET (z) will depend on its location of occurrence, being the outermost feedback
branch the most sensitive location. It is also possible to see that, by appliying a
truncation NTF sufficiently high, it is possible to minimize the impact of ET (z), if
the bandwidth is sufficiently low. This is exemplified in Figure 4.2, for a second-
order modulator, assuming, as a first-order approximation, a pure differntial NTF,
NTF(z) = (1−z−1)2, and that the product of (NTF(z) LFi(z) HT, i(z)) also results
in a pure differential tranfer function. For example, when using 3-bits truncation
and a 4th order truncation transfer function (sh-ord=4), it is possible to keep the
truncation noise under the quantization noise until an OSR ≈ 9. It is worth consid-
ering that neither the number of truncated bits nor the the order of the truncation
shaping function can be arbitrarly high. A high number of bits will limit the ef-
fectiveness of the technique, whereas a high-order non-delay shaping function can
have stability problems. A final observation is that although the truncation noise
is pushed out of the band of interest, its total power still has to be processed by
the modulator’s loop, which will increase the dynamic range requirements of the
integrators and the quantizer.

In order to mitigate this last issue, truncation error correction has been employed
in DT Σ∆ modulators. Since the truncation operation is performed in the digital
domain, then it is possible to obtain the value of the truncation error ET (z), as
shown in Figure 4.1. Furthermore, this information can be used so as to cancel
the ET (z) at a later stage. This context is illustrated in Figure 4.3 for a CT
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Figure 4.3. Block diagram of a 2nd order CT Σ∆ modulator, illustrating the appli-
cation of truncation error shaping in the first feedback branch and error cancellation
through the second feeback branch of the loop filter.

implementation. As it is possible to appreciate, given a digital Σ∆ modulator with
a noise shaping function HT (z), impulse-invariant transformation can be used to
find a truncation error cancellation function HTC(z), so as to cancel ET (z) before
the quantizer. In this example, ET (z) will be cancelled when:

HT(z) LF1(z) = HTC(z) LF2(z) , (4.4)

where LF1(z) and LF1(z) are the CT-DT transfer functions of the corresponding
loop filter branches. As in cascaded modulators, any deviation between the analog
and digital transfer functions, will produce a leakage of ET (z) to the output of the
modulator.

4.1.2 Proposed Architecture

In order to illustrate the application of these techniques in a CT implementation,
a 2nd-order 5-bit (33 levels) modulator with an OSR of 16 targetting 65 dB SNDR
over 10 MHz has been chosen as design example. The proposed architecture is
shown on Figure 4.4 and the application target is the mobile long term evolution
(LTE) radio. Although there are other combinations of filter order, number of bits
and OSR that could provide enough SNDR to comply with such requirements, these
values were selected in order to benefit from the multi-bit quantization and trun-
cation process while keeping a low sampling frequency due to the wide bandwidth
requirement. An additional feedback path before the quantizer [78] is used to min-
imize the effect of ELD. Although this type of compensation increases the area and
power consumption due to the extra DAC and summation point, it is very robust
and widely used, allowing a compensation up to one clock cycle. Moreover, this
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Figure 4.4. Proposed 2nd order CT Σ∆ modulator with truncation error shaping
and cancellation techniques.

extra feedback branch can be also used for an extra truncation error cancellation
circuitry to further reduce the truncation error. It is worth to notice that both the
analysis and the mathematical development could be easily extended to different
loop orders and quantizer resolutions.

The number of levels in the 1st feedback DAC of the proposed modulator has
been reduced to three, in order to avoid any linearization technique and minimize
ADC’s area. The minimum number of levels in the following DACs, which pro-
vides a negligible degradation in the SNDR and DR, has been determined through
extensive simulations.

As it can be seen in Figure 4.4, digital enhancement through truncation error
shaping and cancellation have been applied to each branch individually and to all
the branches as a whole. This was done by means of four digital Σ∆ modulators,
D1···3 and Dg respectively, together with their corresponding truncation error cor-
rection blocks, HTC1···3(z) and HTCg(z) respectively. 2nd order truncation error
shaping has been employed in D1 and Dg as their output will contribute to the
error injected in the 1st feedback branch, while only 1st order noise shaping has
been used for the rest of the digital modulators. Moreover, as the truncation error
can exceed 0 dB with respect to the DAC’s full scale input value, extra levels have
been accounted for. In this example, the 2nd DAC has 9 levels plus 4 extra levels
while the 3rd DAC has 33 levels plus 8 extra levels. Finally, an extra digital Σ∆
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modulator, Do, is used in order to reduce the number of bits from the internal
digital signal processor (DSP) resolution to the original quantizer resolution of 5-
bit. The noise arising from this truncation operation is shaped out of the band of
operation, in the digital domain, by the decimation filter.

As it can be seen, the number of levels in the 2nd and 3rd branch in the proposed
modulator is comparable with the traditional 2nd order 5-bit modulator. However,
the 1st branch will benefit from a substantial reduction in the number of levels
which will reduce the analog content of this DAC and have a positive impact on
the linearity.

In this work, two DAC coding schemes are considered. One case, uses NRZ
coding scheme in all its DACs. Due to the reduction in the number of bits in
the 1st feedback DAC, an increased sensitivity to clock jitter is expected, when
comparing this modulator against the traditional approach. A second case uses
SCR coding scheme [69] to reduce the jitter sensitivity. In this case, an SCR DAC,
with tp = td = 0.5 TS, is used in the 1st feedback branch and NRZ DACs are
employed in the remaining branches.

4.1.3 System Level Design

Each of the functions than cancel the truncation error is estimated by using, as
shown in Section 2.3.2, impulse invariant transformation. This transformation en-
sures CT to DT equivalence at discrete sampling times at the input of the quantizer.
Accordingly, the CT-DT equivalent loop filter LF(z), is:

LF(z) =
i∑

k=1

LFk(z) , (4.5)

where i is the number of feedback branches and LFk(z) is the CT-DT equivalent
LF of the kth branch given by:

LFk(z) = Z
{
L−1

[
FBk(s) RDACk

(s) e−s
]∣∣

t=n TS

}
, (4.6)

where FBk(s) is the equivalent feedback filter, RDACk
(s) is the DAC impulse re-

sponse of the kth branch and e−s represents the delay transfer function, z−1, used
to compensate for ELD.

The output of the proposed modulator, when only noise is considered, is found
by applying superposition and is given by:

V2(z)|U=0 = EQ(z) NTF(z) +
3∑

k=1

ETk(z) NTFET k
(z) NTF(z)

+ ETg(z) NTFET g
(z) NTF(z) ,

(4.7)

where NTFET k
(z) NTF(z) and NTFET g

(z) NTF(z) are the NTFs when only their
corresponding truncation errors, ETkth(z) and ETg(z) respectively, are considered
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and are given by:

NTFET1(z) = HTC1(z) LF2(z)−HT1(z) LF1(z) , (4.8)
NTFET2(z) = HTC2(z) LF3(z)−HT2(z) LF2(z) , (4.9)

NTFET3(z) = HTC3(z) z−1 −HT3(z) LF3(z) , (4.10)

NTFETg(z) = HTCg(z) LF3(z) z −HTg(z)
3∑

k=1

LFk(z) . (4.11)

The loop filter coefficients for the NRZ and SCR coding schemes are extracted by
mapping the LF(z) of (4.5) into an ideal DT loop filter, LFDT(z). Here, a1, c1 and
c2 were given initial values while a2, a3 and d2 have been solved.

The value of each truncation error cancellation transfer function has been ob-
tained, by cancelling the influence of its corresponding truncation error, solving:

NTFET x
(z) = 0 . (4.12)

Using Maple symbolic engine, the values for the NRZ case are given by:

HTC1(z) =
a1 c1

2 a2

(
1− z−2

)
, (4.13)

HTC2(z) =
β

a3
z−1 , (4.14)

HTC3(z) = a3

(
1− z−1

)
, (4.15)

HTCg(z) = z−1 +
α− 4 a3 + 2 β

2 a3
z−2 +

α + 2 a3 − 2 β

2 a3
z−3 , (4.16)

while for the SCR case the values are given by:

HTC1(z) = −
a1 c1 τ

(
2 τ e

1
2τ − 2 τ − e

1
2τ

)
2 a2 e

1
2τ

+
a1 c1 τ

(
−2 τ − 1 + 2 τ e

1
2τ

)
a2 e

1
2τ

z−1

−
a1 c1 τ

(
2 τ e

1
2τ − 2 τ + e

1
2τ − 2

)
2 a2 e

1
2τ

z−2 ,

(4.17)

HTC2(z) =
β

a3
z−1 , (4.18)

HTC3(z) = a3

(
1− z−1

)
, (4.19)

HTCg(z) = z−1 +
2 τ2 α

(
1− e

1
2τ

)
− 4 a3 e

1
2τ + 2 β e

1
2τ + τ α e

1
2τ

2 a3 e
1
2τ

z−2

+
2 τ2 α

(
e

1
2τ − 1

)
+ τ α

(
e

1
2τ − 2

)
− 2 β e

1
2τ + 2 a3 e

1
2τ

2 a3 e
1
2τ

z−3 ,

(4.20)
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where

α = a1 c1 c2 (d2 + 1) , (4.21)
β = a2 c2 (d2 + 1) , (4.22)

and τ is the mean lifetime of the exponentially decaying pulse.
Equations (4.13) - (4.20) can be easily implemented in the digital domain, allow-

ing a potential area and power efficient alternative, compared to the linearization
techniques for a 5-bit feedback DAC. However, the truncation error cancellation
functions will depend not only on the coefficients that are in the branches involved
in the process, and the truncation error shaping function, but also on the coding
scheme used in the DACs. This phenomenon may increase the complexity of the
DSP due to an increment in the data word size, especially for coding schemes other
than NRZ. Conclusions cannot be given regarding this complexity compared to
5-bit linearization techniques until the physical implementation.

4.1.4 Behavioural Simulation Results and Discussion

The proposed Σ∆ modulator has been designed for both DAC coding schemes at
behavioural level using Matlab/Simulink environment. The critical non-idealities
have been considered and analyzed. A traditional CT modulator with 5-bit feedback
DACs has also been designed for comparison purposes.

The integrators’ outputs and quantizer input of the traditional modulator against
the proposed modulator have been compared using histograms, as shown in Fig-
ure 4.5, with the value of each occurrence expressed with respect to the full scale
input value. As it can be seen, the integrators and the quantizer show an increase
in the processed signal amplitude. However, the quantizer increment is relatively
lower than the increment in the integrators. This effect is due to the fact that the
truncation error injected by the 1st feedback DAC is gradually cancelled in each
subsequent branch. Therefore, the error that will be processed by each integrator
will be gradually smaller. Aditionally, even if the integrators suffered the biggest
relative increment, their signal swing is still well between the boundaries of the full
scale value. It is also worth considering that the coefficients used in the traditional
and NRZ case are the same, providing a good insight when comparing the change
in the histograms due to truncation and error correction.

Figure 4.6 shows the SNDR versus input signal amplitude for the traditional and
the proposed modulator, when only thermal noise is considered. The peak SNDR is
around 76 dBFS, 75.5 dBFS and 74 dBFS for the traditional, NRZ and SCR cases
respectively. The SNDR value for the NRZ case is the same as for the traditional
case until near full scale input, where quantizer overloading occurs first for the NRZ
than for the traditional case, due to the extra noise processed in the former. The
SCR case follows the same trend as the NRZ one, but its peak SNDR is slightly
lower. Moreover, both proposed cases show minimum degradation in the SNDR
performance when the number of bits in the 1st feedback DAC has been reduced
from 5 to 1.5, therefore eliminating power/area hungry linearization techniques.
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Figure 4.5. Histogram of integrators outputs and quantizer input for a tradi-
tional 5-bit modulator and modulators with truncation error shaping and correction
applied, SCR and NRZ cases, 2nd order - OSR = 16, at PSig = −3 dBFS and
fSig = 1/3 fB .

The clock jitter sensitivity for the traditional and the proposed modulator is
shown in Figure 4.7. As expected, since the number of levels in the 1st DAC has
been reduced, the NRZ case is more sensitive to jitter than the traditional case.
This issue can be counteracted either by using a low jitter clock [98] or a shaped
feedback waveform [28] in the 1st DAC. Applying a shaped feedback waveform such
as the SCR DAC, with an appropriate mean lifetime, τ = 0.05 TS [69], a similar
jitter sensitivity as the traditional case can be obtained.

The sensitivity to process variations has been determined by introducing a de-
viation in the filter coefficients of the behavioral model [28]. The simulation results
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Figure 4.6. SNDR versus amplitude for a traditional 5-bit modulator and modula-
tors with truncation error shaping and correction applied, SCR and NRZ cases, 2nd
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Figure 4.7. Jitter sensitivity for a traditional 5-bit modulator and modulators with
truncation error shaping and correction applied, SCR and NRZ cases, 2nd order -
OSR = 16, at PSig = −20 dBFS and fSig = 1/3 fB .

presented in Figure 4.8 show that the proposed modulators have, as expected, simi-
lar behavior as cascaded structures, due to the mismatch that is created between the
analog and digital transfer functions. In order to keep the degradation within 1 dB,
tuning circuitry, such as [80], should be applied to maintain the process variation
in the range of ±2%.

The behavioral simulation results show the effectiveness of the proposed ap-
proach, which has comparable performance with a traditional multi-bit architec-
ture, but it allows to reduce the analog content, potentially allowing a power/area
cost effective alternative. Moreover, the use of digital enhancement makes the pro-
posed modulator especially suitable for the CMOS nanometer technologies.
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Figure 4.8. Coefficient variation sensitivity for a traditional 5-bit modulator and
modulators with truncation error shaping and correction applied, SCR and NRZ
cases, 2nd order - OSR = 16, at PSig = −20 dBFS and fSig = 1/3 fB .

4.2 Case Study 2: Built-in Self Calibration Technique for
Process Variations

As mentioned in Section 3.1.1, the coefficients that determine the NTF are often
set by passive components. As a consequence, process variations affecting the value
of such passives will impact the NTF, thus, potentially degrading the perfomance
of the Σ∆ modulator. Compared to CT Σ∆ modulators, loop filter coefficients
in DT implementations are set by the capacitor ratios, in the case of SC circuits,
obtaining a high tolerance to coefficient spread. CT implementations, on the other
hand, often set their coefficient based on RC or GmC, suffering, as a consequence,
coefficients variations up to ±40%. This leads to a deviation from the desired
NTF and, potentially, to an increment of the IBN and instability. Consequently,
correction techniques, such as [99–102], are generally required so as to counteract
such deviation.

A novel highly-digital technique to counteract process variations in single loop
Σ∆ modulators is proposed in this section. Before presenting the proposed cali-
bration technique, a brief description of calibration and a review of state-of-the-art
techniques is presented.

The calibration process can be divided into three main operations: (a) estimate
the deviation of the loop filter coefficients from their nominal value, (b) based on
this estimation, employ a control circuitry to compute the correct values for the
coefficients, and (c) apply such correction. The estimation of the deviation can
be performed in several ways, either in the analog or digital domain. Once the
estimation has been performed, a control circuitry, often in the digital domain,
establishes which new value the coefficients should have. This information can
then be used in the targeted system, such as the Σ∆ modulator, by modifying
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the analog filter coefficients, for example, by means of capacitor [27, 79, 103, 104]
or resistor banks [105, 106]. In the case of cascaded modulators, it is also possible
to modify the noise cancellation filter (NCF). The advantage of calibrating the
NCF is that the correction can be implemented in the digital domain, achieving a
compact design. However, signal bandwidth variations and loop gain errors are not
corrected which may lead to a reduction of the SQNR [107]. When calibrating the
analogue filter instead, the intended loop filter coefficients are restored. However,
this process implies calibrating the analog components that set such coefficients,
which is more area inefficient than the previous method.

Depending on when the calibration technique can be applied, both off-line and
on-line techniques have been proposed. While off-line calibration allows the com-
pensation of static changes, such as process variations, on-line techniques allows
the tracking of dynamic variations such as temperature changes, aging and long
term drifts.

In this work, the different techniques will be categorized by the nature of the
estimation method. Estimation techniques that involve mainly analog components
will be grouped into analog correction techniques, while estimation methods that
involve mainly digital components will be grouped into digital correction techniques.
Strictly speaking, apart from a few cases applied to calibrate the NCF of cascaded
modulators, most techniques have some analog, or mixed-signal components present
in their calibration system.

While variations can also be counteracted at the architectural level by choosing
topologies that are less prone to these non-idealities [108–110], these techniques will
be considered part of the design methodology and will not be discussed here.

4.2.1 Analogue Calibration Techniques

Primarily based on correction techniques for CT filters [99, 100], analog calibra-
tion methods estimate the deviation of the loop filter coefficients mostly in the
analog domain. Furthermore, most of these techniques employ, for this purpose,
replica circuits, in a master-slave configuration. Several examples of recent analog
calibration techniques are briefly reviewed here.

In [78,81], the spread of passives components has been measured by comparing
the time constant of a dedicated analog integrator against a reference clock, as
demonstrated in [99]. This comparison is later used by a digital control circuitry
to tune a capacitor bank, which provides an accuracy of up to 7.7%. A similar
technique is also applied in [111]. Another approach based on analog estimation
is proposed in [80] which allows an accuracy better than ±2% by using a 7 bit
capacitor bank. In this approach, a replica of the integrator’s RC time constant is
compared to the period of the input reference clock. As a result of this comparsion
the capacitors are tuned accordingly. A similar concept is also demonstrated in [29]
for accuracies in the range of ±2-10%; a prototype with a 4 bit capacitive array
provides a tuning accuracy better than ±10%.
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4.2.2 Digital Calibration Techniques

Contrary to analog techniques, digital correction techniques estimate the deviation
of the coefficients in the digital domain, benefiting from already available DSP
blocks and reducing the system’s analog content.

With respect to cascaded Σ∆ modulators, digital calibration techniques often
take advantage of the sensitivity to the matching between the loop filter and the
NCF. As mismatches between the loop filter and the NCF will cause an increase in
the IBN, the deviation of the filter coefficients can be detected by estimating the
IBN power. By using an appropriate calibration logic, this information can then
be used to compensate the loop filter or the NCF. The IBN has been estimated
in numerous ways, such as by computing the variance of the decimated output
stream [16, 107, 112] or the partial derivative (difference) of such variance with
respect to the gain used to compensate the coeffcients [106,113,114], as well as by
measuring the activity of the most-sigificant bit (MSB)s of the decimator output
[115–118]. These techniques have been implemented, either in IC [16,106,107,113]
or at board level [115, 116], obtaining an accuray of up to 1% over a ±40% spread
[106]. When estimating the IBN, such techniques set the modulator on quiescent
state, by zeroing the input of the modulator. As a consequence, they have the
disadvantage that they have to be applied offline. In order to allow an on-line
operation, a test signal, injected before the quantizer, has been used in [119, 120]
so as to calibrate the coefficients’ spread. As the tone is considered as quantization
noise, if the analog loop filter and the NCF are not matched, the tone will leak to
the output. This behavior is used to calibrate the loop filter by noticing that such
residual tone changes its polarity depending on the sign of the spread. Accordingly,
the deviation can be corrected by using a zero-forcing least mean squares (LMS)
algorithm. Furthermore, as the test signal does not need to be located in-band,
the residue can be later removed by the decimation filter (DF), thus, allowing an
on-line calibration. A cascaded 2-1-1 architecture, using such calibration technique,
has been implemented in [119] [120], where GmC integrators has been tuned by a
7 bit capacitor array with a 1.1% step.

Digitial correction has also been proposed for single loop modulators, allowing
a successful on-line calibration of coefficient deviation. A relationship between the
coefficients spread and the variance of the first difference of the modulator output
was derived in [101, 121], and used to tune a capacitor array. This was accom-
plished by predicting beforehand which variance would the modulator have in the
ideal case, compare it against the measured variance and modify the coefficients
accordingly. The comparison and the control circuitry to tune the capacitor array
was done by means of a look-up table (LUT). Applying a similar technique as in
cascaded topologies [119, 120], a test signal was used in [102] to counteract coeffi-
cients’ deviations in single-loop Σ∆ modulators with spread NTF zeroes. In this
case, however, the test signal has been injected, having the same frequency of one
of the spread NTF zeroes. As the tone becomes part of the quantization noise,
it is shaped by the NTF and it should disappear completely when there are no
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component variations. However, under components spread conditions, a residual
tone appears at the output. This behaviour is then used to calibrate the loop filter
in a similar way as in the cascaded case. The calibration technique has been imple-
mented in [102] to compensate a 3rd order feed-forward loop filter with active-RC
integrators, obtaining an accuracy of 1.25%.

4.2.3 Proposed Calibration Technique

An alternative calibration technique for single-loop Σ∆ modulators, using test-
signal injection and digital cancellation is presented here. As mentioned in 4.2.2,
test-signal injection has been used to calibrate the loop filter coefficients in a sin-
gle loop (SL) Σ∆ modulator with spread zeroes [102]. Unfortunately, the same
approach cannot be applied in modulators with all the NTF zeros located at DC,
as the calibration relies on the cancellation of the test signal by the spread zero.
Moreover, due to the finite step in the capacitor array, a small in-band residual
tone is still present after the calibration is completed, affecting the overall perfor-
mance of the modulator. Dither has been suggested to counteract this issue, but
such solution would in return increase the IBN. The proposed calibration technique
counteracts this limitation by injecting an out-of-band tone and using the aforemen-
tioned detection by correlation technique. By doing so, no in-band residual tone is
present after calibration. Besides, loop filters with and without spread zeroes can
benefit from it and on-line operation is still available. The Σ∆ modulator, which
is used as a test-case, with the proposed calibration circuitry included is shown in
Figure 4.9. The modulator consists of an OpAmp-RC based 2nd-order loop filter
with 33-levels quantizer and an OSR of 16. The target performance is 70 dB SNDR
over a bandwidth of 10 MHz. The loop filter is a CIFB along with an additional
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Figure 4.9. Block diagram of a 2nd order Σ∆ modulator with the proposed cali-
bration circuitry.
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DAC, DAC3, for ELD compensation [62] and a feedforward coefficient, d2. The
calibration circuitry consists of a test signal generation block, a deviation sensing
block and an array control block. It is worth to notice that all calibration blocks
are highly digital, having only the arrays of passives and two DACs as analog or
mixed-signal blocks. The test signal generation block processes a signed-binary
signal with a period equal to 16 times the clock period, (Tw = 16TS), and injects
two different signals: (a) w1(n) in the 1st feedback branch through DACk1, and
(b) w2(n) right before the quantizer through DACk2. Without loss of generality, a
normalized sampling rate of 1 (TS = 1) is considered.

The idea behind the proposed digital cancellation is to find the digital transfer
functions H1(z) and H2(z) so as to cancel w1(n) and w2(n) before the quantizer,
when there are no deviations in the integrators coefficients. If there is a mismatch
between these coefficients, part of w1(n) will not be cancelled and will appear at the
output of the modulator. This leakage is detected by the deviation sensing block
as it has been proven already in [102] and [120], by multiplying a delayed version
of w2(n) with v(n) and accumulating this product. Based on such detection, the
array control block switches an array of passives to tune the coefficients.

When considering process variations, it is assumed that the RC products will
suffer the same spread, ∆RC , and that the mismatch between ratios of R or C
is negligible. Same assumptions have been considered in earlier publications and
verified through measurements [107]. The ∆RC spread will affect the gain, 1

RC ,
of each integrator which is given by the products of b1 c1 and a1 c1 for the 1st

integrator and by c2 and a2 c2 for the 2nd integrator. As the spread will be the
same for all RC products, it can be mapped as a coefficient error (1 + ∆RC) that
will be inserted before each Ii(s). Furthermore, as the coefficients a3 and d2 can
be implemented by ratios of R or C, their effect would be negligible.

a) Process Variations

For a better understanding of the calibration method, only process variations are
considered first. The effect of finite gain-bandwidth of amplifiers will be added later
and the calibration structure will be re-analyzed.

In this work, impulse-invariant transformation has been used to find both the
loop filter coefficients as well as the digital blocks H1(z) and H2(z). The output of
the modulator, when only the quantization noise and the test signal are considered,
is found by applying superposition and is given by:

V (z)|U=0 = EQ(z) NTF(z) + W (z) TFW (z) , (4.23)

where TFW (z) is the CT-DT transfer function transformation, when only the test
signal W (z) is considered, and is given by:

TFW (z) =
V (z)
W (z)

∣∣∣∣
U=0, EQ=0

= NTF(z) (−LFW (z) H1(z) + k2 H2(z)) , (4.24)
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where LFW (z) is the CT-DT transformation of the path that the test signal travels
through the loop filter. For ∆RC = 0, it is given by:

LFW (z) = Z
{
L−1

[
k1 c1 c2 (d2 + 1) · RDACk1(s) s−2

]∣∣
t=n TS

}
= k1 c1 c2 (d2 + 1)

(
1
2

1
z − 1

+
1

(z − 1)2

)
. (4.25)

From (4.24) it is possible to see that, in order to cancel the test signal, H2(z) should
be:

H2(z) =
H1(z) LFW (z)

k2
. (4.26)

According to (4.25) and (4.26), if k2 = k1 c1 c2 (d2 + 1) and H1(z) = 1, then
H2(z) will be equal to the last factor of (4.25). Unfortunately, this solution is not
implementable because if W (z) is processed by such H2(z), its output would be
unbounded. In order to counteract this issue, H1(z) is set to:

H1(z) =
(
1− z−1

)2
. (4.27)

Consequently, assuming k2 = k1 c1 c2 (d2 + 1), H2(z) will be given by:

H2(z) =
1
2
(
z−1 + z−2

)
. (4.28)

From (4.27) and (4.28), it can be seen that the transfer functions H1(z) and H1(z)
can be easily implemented in the digital domain.

If the transient output of H1(z) and H2(z) are plotted when processing W (z),
it can be seen that W1(z) = {−2, 0, 2}, while W2(z) = {−1, 0, 1}, meaning that
DACk1 and DACk2 would have same number of levels but different output ampli-
tude. To make both DACs identical, H1(z) has been divided by 2 in the digital
domain. Consequently, k2, which until now was assumed k2 = k1 c1 c2 (d2 + 1),
becomes:

k2 =
1
2

k1 c1 c2 (d2 + 1) . (4.29)

MATLAB transient simulations were run with the calibration circuitry in open
loop configuration, in order to validate the digital cancellation principle as well
as the calibration technique. This was obtained by removing the array control
block and setting a specific spread ∆RC in the integrator’s coefficients. Figure 4.10
shows the PSD of the modulator’s output v(n) and the output of the accumula-
tor, dA(n) when ∆RC = {−15%, 0%, 15%}. It is possible to observe that, when
∆RC = 0%, w1(n) and w2(n) will cancel each other and the accumulation of the
product will be located around zero. This cancellation is also noticeable by ob-
serving the corresponding PSD. As expected, when there is a positive or negative
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Figure 4.10. PSD of the modulator’s output, v(n), and accumulator’s output,
dA(n), when ∆RC = {−15, 0, 15}%.

spread, the accumulation will be negative or positive respectively and an out-of-
band residual tone will appear. Taking into account this behavior, a simple control
logic for the array control block has been developed, as illustrated by the following
pseudocode:

if dA(n) > threshold then
if dC(n) 6= dC,max then

dC(n + 1) = dC(n) + 1
end if

else if dA(n) < −threshold then
if dC(n) 6= dC,min then

dC(n + 1) = dC(n)− 1
end if

else
dC(n + 1) = dC(n)

end if
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where threshold is a value to account for small variations around zero of dC(n) when
∆RC = 0%, and dC,max and dC,min are the respectives maximum and minimum
codes of the passives array used to tune the coefficients.

b) Process Variations and Finite Integrator Gain-Bandwidth

Since w1(n) goes through the integrators before being cancelled by w2(n), finite
GBW in the amplifiers have to be considered for correct operation of the calibration
technique. As shown in Figure 4.11, GBW induced errors can been modeled as a
gain error, GEi, plus a time delay, τi [53]. New values for the loop filter coefficients,
a′i, b′i, c′i and d′i, are computed by an iterative method in order to compensate for
gain errors and time delays.

The cancellation circuit is affected by both gain errors, GE1 and GE2, and the
time delay τ1. One clock cycle delay has been introduced after H2(z), in order
to compensate for the time delay τ1. Disregarding the half clock cycle introduced
after H1(z), the new CT-DT transfer function, when only the test signal W (z) is
considered, TFW,GBW(z), is now given by:

TFW,GBW(z) = NTF(z)
(
−LFW,GBW(z) H1(z) + k2 H2(z) z−1

)
, (4.30)

while the CT-DT transformation of the path that the test signal travels through
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Figure 4.11. Block diagram of a 2nd order Σ∆ modulator with the proposed
calibration circuitry when considering finite amplifier’s GBW.
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the loop filter is now given by:

LFW,GBW(z) = k1 c′1 c′2 (d′2 + 1)
(

1
2

τ2
1 + 1− 2 τ1

z − 1

− τ1 − 1
(z − 1)2

+

(
1
2
−τ2

1 + 2 τ1

z − 1
+

τ1

(z − 1)2

)
z−1

)
.

(4.31)

Taking (4.31) into account, the gain errors can be easily accounted by computing
a new value for k′2 as:

k′2 =
1
2

k1 c′1 c′2 (d′2 + 1) . (4.32)

However, assuming the same H1(z) given in (4.27), H2(z) will now be equal to:

H ′
2(z) =

1
2

(
τ2
1 + 1− 2 τ1 −

2 τ2
1 − 1− 2 τ1

z
+

τ2
1

z2

)
. (4.33)

From (4.33) it is possible to see that, unless τ1 = 1, the complexity of the H ′
2(z) as

well as the required number of levels in DACk2 would increase. As τ1 is a function
of the GBW of both OpAmps, a solution could be to set certain GBWs in order to
obtain τ1 = 1. As this solution would not be practical, since it would restrict the
freedom in the design of the OpAmps, an alternative is proposed. If H ′

2(z) is kept as
H2(z), the cancellation of w(n) will not be complete, when ∆RC = 0, and a residue
will appear. This phenomenon has two main consequences: (a) when ∆RC = 0, a
residual tone will be present, and (b) the accumulation of (W2(z) z−1 · V (z)) will
be biased. The magnitude of such tone as well as the bias will be proportional to the
deviation of τ1 from 1. The existence of a residual tone is not so detrimental as it is
located out-of-band and can be filtered in digital domain. However, a biasing factor
has to be inserted before the accumulator in order to return the accumulation back
to 0 when ∆RC = 0, as shown in the deviation sensing block in Figure 4.11. The
value of this bias factor can be determined by performing a transient simulation of
the circuit in calibration open loop when ∆RC = 0 and plotting the accumulator
value. Finally, as τ1 ≈ 0.22 due to the selected GBW values for the integrators,
half a clock cycle delay has been inserted after H1(z) in order to bring the total
delay of LFW,GBW(z) closer to 1.

For illustrating this concept, behavioral simulations have been performed in
Cadence AMS simulator using finite GBW amplifiers in the integrators and ∆RC =
0%. Figure 4.12 shows the output of the accumulator, dA(n), with and without
biasing factor applied. The biasing factor found through simulation is added before
the accumulator, restoring the accumulation to zero.

4.2.4 Behavioural Simulation Results and Discussion

To validate the proposed built-in calibration method, several behavioral simulations
have been performed in Cadence AMS environment. All digital blocks are coded
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in Verilog, the amplifiers are modeled in Verilog-A and the DACs and quantizer
are modeled in Verilog-AMS. The passives, which set the loop filter coefficients,
are implemented using a 90nm CMOS process. Coefficient tuning is performed by
means of a 6-bit capacitor array, providing a tuning range and tuning accuracy of
±40% and 1.04% respectively [99]. The initial value for the array is in the higher
end of the tuning code (dC(n) = 63) which is equivalent to start with a −40% bias
with respect to the designed coefficients. This initial value is set to ensure the
stability of the modulator when the calibration process begins.

The calibration technique has been tested by performing transient simulations
when the passives suffer variations as dictated by the design kit’s corner models.
Figure 4.13 shows the output of the control circuit, dC(n), that switches the capac-
itor array. Figure 4.14 illustrates the PSD of the modulator’s output, v(n), both
when the circuit is on its initial (uncalibrated) condition as well as after calibration
is applied. In the minimum case, the final value of dC(n) experiences almost no
change as its initial value is already in the higher end. Consequently, its initial and
final PSDs show also negligible differences and a SNDR of 72.7 dB. In the typical
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Figure 4.13. Output of array control block, dC(n), under corners.
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Figure 4.14. PSD of v(n) before and after calibration under corners. PSig = −3
dBFS and fSig = 1/3 fB. (a) Corner min., before calibration; (b) Corner min., after
calibration; (c) corner typical, before calibration; (d) corner typical, after calibration;
(c) corner max., before calibration; (e) corner max., after calibration.

case, however, dC(n) decreases to its middle value and the change between the ini-
tial and the final PSD is now noticeable with an initial and final SNDR of 69.1 dB
and 72.7 dB respectively. After calibration, both the noise as well as the power of
the injected tone (1st out-of-band tone) decrease. Finally, in the maximum case,
dC(n) decreases, as expected, down to the lower end of the calibration code and
the difference between the initial and the final PSD is even more pronounced with
an initial and final SNDR of 65 dB and 72.1 dB respectively. It is also worth to
notice the similarity between the three PSDs after calibration, both in their shape
and measured SNDR.

Corner simulations using behavioral models have demonstrated the effectiveness
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of the calibration. It has been shown that 7 dB degradation in the SNDR can be
avoided. Finally, due to the intensive use of digital circuitry, this technique allows
an area efficient nanometer CMOS solution.

4.3 Summary

Two highly digital techniques to minimize circuits impairments has been proposed
in this chapter. The theoretical analysis and particular advantages and obstacles
have been discussed. These techniques have been validated through behavioral
models showing the effectiveness and highlighting the potential of such approaches.
Moreover, they benefit from a reduced analogue content, taking advantage of power
efficient digital circuits and favoring the implementation into VLSI systems.





Chapter 5

A 3rd Order Continuous-Time
Incremental Σ∆ ADC

Recently, there has been an increased demand of low power multi-channel ADCs
having bandwidths from kilohertz to megahertz and resolutions in the range of 9
to 14 bits, so as to satisfy the requirements of numerous sensor applications, such
as biomedical acquisition systems for neuropotential signals [33, 122]. These sys-
tems are generally integrated together with complex digital signal processing cores,
which favors a sub-micron technology implementation. As mentioned in Section
2.3, Σ∆ ADCs efficiently benefit from digital circuitry, by employing oversampling
and noise shaping so as to achieve high-resolution and relax the matching require-
ments for analogue components. Unfortunately, traditional Σ∆ ADCs are dynamic
systems with memory and, thus, they cannot be directly used in time-multiplexed
environments. The incremental operation [123] has been proposed to overcome
this limitation and makes the IΣ∆ ADCs well suited for such type of applications,
acting as high-resolution Nyquist-rate converters.

The analysis, design, implementation and measurement of a CT IΣ∆ ADC
[124,125] are presented in this chapter. The implemented CT IΣ∆ ADC is used to
evaluate the benefits of employing high-order CT loop filters and to demonstrate
its feasibility for low-power time-multiplexed multi-channel applications.

5.1 Incremental Σ∆ ADCs

The concept and operation of IΣ∆ ADCs in multi-channel environments can be
understood from Figure 5.1. This figure shows a block diagram of an IΣ∆ ADC,
together with the input channel multiplexor (MUX) and the necessary sample-
and-hold (S/H) circuits. From a system level perspective, the main difference that
distinguishes IΣ∆ ADCs from traditional Σ∆ ADC counterparts is that they can be
used in a multi-channel environment, processing time-multiplexed signals. This is
obtained by resetting both the modulator’s and the digital filter’s states every time

71
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Figure 5.1. Block diagram of multi-channel single loop IΣ∆ ADC.

a new conversion takes place, and provides a one-to-one mapping between input
and output. At the beginning of every conversion, the input signal of the selected
channel, U(s), is sampled and the modulator’s states, as well as the digital filter,
are reset. The signal is then hold for a period of N/fS while the ADC performs the
conversion at fS frequency. The number of cycles, N , that the ADC runs can be
seen as the equivalent of the OSR in traditional Σ∆ ADCs. After N cycles have
passed, a valid result is obtained from the output of the digital filter HDF(z) and a
new conversion can take place.

Besides the advantage of being suitable for multi-channel environments, IΣ∆
ADCs have some differences and limitations compared to traditional Σ∆ counter-
parts. The main limitation is that, as shown in [126], traditional Σ∆ ADCs have
improved SQNR performance with respect to equivalent IΣ∆ ADCs in all situations
but at very low OSRs. Differences in the design methodology include the digital
filter realization, as shown in the following section, and stability considerations.
As the modulator process a held input signal, its stability have to be assured by
considering a DC input.

IΣ∆ ADCs were introduced in [123] and have gained increased attention dur-
ing last years, with several alternatives proposed in [34, 124, 127] or implemented
in [30, 33, 34, 122, 128–132], targeting medium to high-resolution multi-channel ap-
plications. In particular, high-order architectures are especially attractive from a
power consumption perspective, as they reduce the number of cycles per conver-
sion, N . While high-order loop-filter topologies have been used in DT IΣ∆ ADCs’
implementations [33, 130, 131], only first-order topologies architectures have been
proposed for CT IΣ∆ ADCs’ implementations [122,132]. On the order hand, high-
order CT topologies have been employed in several traditional Σ∆ ADCs [20,21,133]
to exploit their advantage in terms of power dissipation. This advantage stems
from the absence of switches in a CT loop filter which relaxes the settling and
bandwidth requirements of the active blocks, thus leading to a reduction in power
consumption. Even though a sampling occurs at the output of the MUX preceding
a multi-channel ADC, CT IΣ∆ ADCs would still be able to benefit from the CT
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advantages, as the loop filter processes each sampled input in a continuous-time
fashion. Before this work, high-order single loop CT IΣ∆ ADCs had not been
investigated. Compared to high-order DT IΣ∆ ADCs [33, 130, 131], a CT imple-
mentation would benefit from the aforementioned advantages possibly leading to
a low-power implementation. However, it would also impose difficulties which are
not present in a DT implementation, such as wider integrators’ coefficients spread
and increased sensitivity to excess-loop-delay and jitter. Compared to first-order
CT IΣ∆ ADCs [122,132], a high-order CT architecture would benefit from a lower
N at a cost of increasing the complexity in both the CT loop filter and the digital
filter. By reducing N , it would then be possible to decrease the required sampling
frequency, possibly relaxing the integrators’ bandwidth as well as the sensitivity to
jitter.

5.2 Proposed 3rd Order CT IΣ∆ ADC

The target application of the proposed CT IΣ∆ ADC is an acquisition system for
electrocorticography (ECoG)-based brain-computer-interfaces (BCIs). BCIs cap-
ture brain’s neuropotentials that reveal the user’s intention to act or to commu-
nicate [134, 135], enabling individuals with motion impairments or communication
disorders to restore such abilities. This capture can be made by means of ei-
ther a non-invasive, when using electroencephalography (EEG) activity, or an inva-
sive method, when using ECoG activity or single-neuron activity within the brain.
ECoG-based BCIs are particularly attractive since they impose less clinical risks
than single-neuron recordings [136] while providing better spatial resolution and
requiring less training than EEG counterparts. Specifically, the high-γ ECoG band
(40− 180 Hz) has received increased interest and has been used to decode move-
ment direction [137] and semantic information [135]. The proposed ADC’s targets
the digital recording of such band with 12-bit resolution and 4 Ksamples/sec sample
rate so as to cover 8-channels with 500 samples/sec per channel.

5.2.1 Design Methodology

Figure 5.2 depicts the block diagram of the proposed CT IΣ∆ ADC. So as to evalu-
ate the advantages of a high-order CT architecture, a 3rd order loop filter has been
chosen to reduce the number of necessary cycles, N . With respect to previously
implemented CT IΣ∆ ADCs, only first order topologies have been used in the loop
filter, whereas up to third order have been proposed for DT IΣ∆ counterparts.
Furthermore, CIFF configuration with input signal feed-forward has been used to
relax the signal swing in the integrators path and minimize the performance degra-
dation due to coefficient variations. With the exception of [130], this has been the
preferred configuration for all other implementations and is specially attractive in
this work due to the wide integrators’ coefficient spread when employing a CT loop
filter. All previous incremental implementations, except [33], have used a single-bit
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Figure 5.2. Block diagram of the proposed single loop CT IΣ∆ ADC.

Table 5.1. Coefficient values of the modulator shown in Figure 5.2

c1 7.0042 d1 2

c2 0.7137 d2 1

c3 0.354 d3 -0.5

a1 0.5 b1 0.05

implementation. At a cost of a less aggressive NTF, a single-bit implementation
has been chosen in this work as it minimizes the digital filter complexity and avoids
the use of linearisation techniques in the feedback DAC. In CT implementations,
however, the use of a single-bit DAC will increase the sensitivity to jitter and ELD,
unless properly assessed. Accordingly, an SCR [69] coding scheme with a mean life-
time value, τ , equal to 1/10 TS is employed here so as to enhance the modulator’s
immunity to jitter and ELD.

The NTF was chosen using [50], and features an out-of-band gain (OBG) of
1.5 and all zeroes at DC. Furthermore, transient simulations were used to scale the
loop filter coefficients and assure that all internal states are bounded between the
input full-scale value, ±UFS/2. Impulse-invariant transformation (IIT) was used to
perform continuous to discrete time transformations. The modulator’s coefficients,
assuming a normalized sampling rate of 1 (TS = 1), are listed in Table 5.1.

One particular difference of high-order CT IΣ∆ ADCs with respect to DT IΣ∆
ADCs is the design of the digital filter [124]. Although they employ the same prin-
ciple, the use of a CT implementation with SCR feedback coding scheme will result
in a different transfer function. As in DT implementations [30], the digital filter
transfer function can be obtained by setting an upper limit of the ADC quanti-
zation error based on the bounded output of the last integrator. Accordingly, the
digital filter has been designed so that the ADC’s quantization error is equal in
magnitude to the DT equivalent of the last integrator’s output, x3(n). As it will
be clarified later, it is advantageous to set the ADC’s quantization error equal the
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negative value of the DT equivalent of the last integrator’s output, −x3(n). Taking
this into account, IIT has been used in order to design the digital filter and obtain
the DT equivalent of x3(t) as well as the modulator’s output, v(n). Accordingly,
the digital filter transfer function, HDF(z), that satisfies this requirement, at times
t = n TS, can be found by solving:

V (z) HDF(z)− U(z) = −X3(z) , (5.1)

where V (z) HDF(z) − U(z) is the ADC’s quantization error, at times t = n TS.
Considering (2.23) and (2.24), the output of the modulator can be expressed as:

V (z) = U(z) STF(z) + EQ(z) NTF(z)
= VU (z) + VE(z) .

(5.2)

Unlike traditional CT implementations, impulse-invariant transformation can be
used in IΣ∆ ADCs for multi-channel applications to calculate the signal transfer
function. This is due to the input channel S/H which has a similar transfer func-
tion as NRZ DACs. Taking this into account, the CT-DT equivalent STF can be
expressed as:

STF(z) =
V (z)
U(z)

∣∣∣∣
EQ=0

=
kq FF(z)

1 + kq LF(z)
, (5.3)

where FF(z) is the CT-DT equivalent feed-forward transfer function given by the
sum of the feed-forward branches. V (z) can also be expressed as a sum of two
terms, VU (z) and VE(z), depending on U(z) and EQ(z), respectively, and given by:

VU (z) = V (z)|EQ=0 = U(z) STF(z) , (5.4)

VE(z) = V (z)|U=0 = EQ(z) NTF(z) . (5.5)

Similarly, the DT equivalent output of the third integrator, X3(z), can be expressed
as the sum of of two terms, X3U (z) and X3E(z), depending on U(z) and EQ(z),
respectively, given by:

X3U (z) = X3(z)|EQ=0 = U(z)
(
FFX3(z)− STF(z) FBX3(z)

)
, (5.6)

X3E(z) = X3(z)|U=0 = −EQ(z) NTF(z) FBX3(z) , (5.7)

where FFX3(z) is the feed-forward CT-DT transfer function, from the input S/H to
the last integrator output, and FBX3(z) is the feedback CT-DT transfer function,
from the feedback DAC to the last integrator output. By replacing (5.4)-(5.7) in
(5.1), the digital filter transfer function can be found by solving:

VU (z) HDF(z) + VE(z) HDF(z) + X3U (z) + X3E(z) = U(z) , (5.8){
VU (z) HDF(z) + X3U (z) = U(z) ,
VE(z) HDF(z) + X3E(z) = 0 .

(5.9)
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The digital filter transfer function, HDF(z), that satisfies (5.9) can then be expressed
as:

HDF(z) = − X3E(z)
VE(z)

= FBX3(z)

=
(

α

(z − 1)
+

β

(z − 1)2
+

γ

(z − 1)3

)
k ,

(5.10)

where:

α =
1
8

(
8 τ2

(
1− e−

1
2 τ

)
− 4 τ + 1

)
, (5.11)

β = − 1
2

(
2 τ
(
1− e−

1
2 τ

)
− 2 + e−

1
2 τ

)
, (5.12)

γ =
(
1− e−

1
2 τ

)
, (5.13)

k = τa1 c1 c2 c3 , (5.14)

where a1, c1, c2 and c3 are loop filter coefficients and τ is the mean lifetime value
of the SCR-DAC.

To estimate the ADC’s resolution, the LSB quantization error can be found by
recalling that the ADC’s quantization error is equal in magnitude to the DT equiv-
alent of the last integrator’s output, x3(n), at sampling times n = N . Accordingly,
the LSB quantization error is obtained by scaling the output x3(N) to the ADC’s
full-scale input signal, ±UFS/2. The scaling coefficient that relates the ADC output
to the input signal can be derived as follows. Consider the noiseless ADC output,
J(z), given by:

J(z) = V (z) HDF(z)−
(
−X3(z)

)
=
(
U(z) STF(z) + EQ(z) NTF(z)

)
FBX3(z)

+
(
U(z)

(
FFX3(z)− STF(z) FBX3(z)

)
− EQ(z) NTF(z) FBX3(z)

)
= U(z) FFX3(z) ,

(5.15)

where:

FFX3(z) = c3 c2 c1 b1

(
1

(z − 1)3
+

1
(z − 1)2

+
1
6

1
(z − 1)

)
. (5.16)

From (5.16) and (5.15) it can be seen that, as mentioned earlier, the value of X3(z)
had to be inverted so that the output of the ADC correspond to its input. The
scaling coefficient can now be derived considering that, as the input signal u(n)
is held through each conversion cycle, it remains constant. Accordingly, after N
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cycles, the time domain signal of the noiseless ADC output, j(N), will be equal to:

j(N) = U

(
1
6
N +

N (N − 1)
2!

+
N (N − 1) (N − 2)

3!

)
c3 c2 c1 b1

= U
N3 c3 c2 c1 b1

6
,

(5.17)

where U is the constant input over a conversion cycle. The scaling coefficient, G,
relating the ADC output to the input signal is obtained as:

G =
j(N)

U
=

N3 c3 c2 c1 b1

6
. (5.18)

The LSB quantization error, assuming a maximum range for x3(N) bounded be-
tween ±UFS/2, can now be derived as:

VLSB =
UFS

G
=

6 UFS

b1 c1 c2 c3 N3
, (5.19)

where UFS is the full-scale input signal and b1 is a loop filter coefficient. From
(5.19) the theoretical ENOB of the IΣ∆ ADC, when a differential input signal with
amplitude ±Umax/2 is considered, can be estimated as:

ENOB = log2

(
Umax

VLSB

)
. (5.20)

As it can be appreciated from (5.20), setting the loop filter coefficients b1 and c1..3

to one would result in significant gainings. However, this transfer function does not
lead to stable systems for single-bit modulators with order greater than two. This
could be counteracted by the use of multi-bit quantizer, at a cost of more power due
to the use of a flash ADC, linearisation techniques in the feedback DAC and more
complex digital filter. This behaviour is similar to traditional Σ∆ counterparts,
where a pure-differential NTF,

(
1− z−1

)L for an Lth order modulator, does not
result in stable systems for single-bit modulators of order greater than two [39].
Put it in another way, for a linear model with a pure-differential NTF, the ENOB
would increase proportionally to NL, for an Lth order architecture. However this
increment will be deteriorated, in single-bit high-order IΣ∆ ADCs by the use of a
less aggressive NTF and the coefficients’ scaling so as to assure stability.

The theoretical SQNR derived from (5.20) and system level simulated SQNR,
are shown in Figure 5.3 when the number of cycles N is swept. It is worth to notice
a slight difference between both traces, which stems from the fact that (5.19) takes
into account a worst-case scenario while the quantization noise might be less than
such value. Based on these results, a number of cycles per conversion, N , equal to
80 were selected so as to provide considerable margin for performance degradation
due to thermal noise and circuit non-idealities. In order to cover the required
2 kHz bandwidth, the proposed IΣ∆ ADC is run at 320 kHz featuring an SQNR of
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Figure 5.3. Simulated SQNR of IΣ∆ ADC (#), and theoretical SQNR derived
from (5.20) (4) versus number of cycles per conversion (N). Input signal power:
PSig = −6 dBFS.

around 83 dB at −6 dBFS which translates into a quantization level of −89 dBFS.
Prior to the final circuit implementation, extensive simulations were performed at
system level in Matlab/Simulink environment, as shown below, and at block level in
Cadence using co-simulations with behavioral Verilog-A/Verilog-AMS models and
transistor level blocks.

5.2.2 Sensitivity to Non-Idealities

Critical non-idealities, specific to CT implementations, were considered to evaluate
the proposed IΣ∆ ADC and identify, at an early stage, challenges and opportunities.
This was performed by applying a −6 dBFS sinusoidal input signal and computing
the SNDR. For comparison purposes, the performance of the proposed ADC when
operating in traditional mode has been also computed.

Bandwidth limitations in the Gm cells have been considered assuming single-
pole models, as shown in Section 3.1.2. A GBW aproximately equal to fS is required
for the IΣ∆ ADC to avoid a degradation in performance, as shown in Figure 5.4.
As it is possible to appreciate, similar requirements are imposed for the traditional
CT Σ∆ ADC. As expected, the traditional mode of operation obtains a higher
SNDR when the GBW value is between 1 and 20 fS, however, under low GBW
values, the traditional mode of operation suffers a significant degradation in per-
formance, going into instability. For the incremental mode of operation, however,
this trend in degradation is less pronounced. This might be due to the fact that,
as the state variables in an incremental converter are reset at the beginning of each
conversion cycle, stability issues on an incremental Σ∆ ADC are less critical than
for a traditional counterpart.

The impact of process variations on the ADC’s performance was evaluated by
introducing a variation in the integrators’ coeffcients. Simulation results shown in
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Figure 5.4. Simulated SNDR of the proposed 3rd order CT Σ∆ ADC with finite
GBW Gm cells, in (4) traditional mode of operation and (A) incremental mode of
operation. Input signal: −6 dBFS @ 531 Hz.
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Figure 5.5. Simulated SNDR of the proposed 3rd order CT Σ∆ ADC with vari-
ations in the integrators’ coefficients, in (4) traditional mode of operation and (A)
incremental mode of operation. Input signal: −6 dBFS @ 531 Hz.

Figure 5.5 confirm that the dynamic performance is similar to a traditional Σ∆
ADC. For example, a coefficient variation of approximately ±10% would restrict
the SNDR degradation to 3 dB, imposing relaxed requirements on the calibration
circuitry.

The impact of jitter on the ADC performance was evaluated when using a NRZ
or RZ coding scheme and results showed a significant degradation. This effect was
counteracted by using SCR coding scheme with an appropriate mean lifetime value
τ = 0.1 TS, determined through extensive simulations. As shown in Figure 5.6, a
clock jitter standard deviation, σj, of less than 0.1% of TS (31.25 ns) is required in
order not to cause a significant degradation. Due to the use of an SCR-DAC, a
relaxed requirement of up to 30% of TS (937 ns) was shown sufficient for the ELD
to avoid loss in performance, as depicted in Figure 5.7. It is worth to mention that,
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Figure 5.6. Simulated SNDR of the proposed 3rd order CT Σ∆ ADC under the
influence of clock jitter timing uncertainty, in (4) traditional mode of operation and
(A) incremental mode of operation. Input signal: −6 dBFS @ 531 Hz.
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Figure 5.7. Simulated SNDR of the proposed 3rd order CT Σ∆ ADC under the
influence of excess loop delay, in (4) traditional mode of operation and (A) incre-
mental mode of operation. Input signal: −6 dBFS @ 531 Hz.

as the SCR scheme is active from the 2nd half of the period, as long as the quantizer
is faster than 0.5 TS, the ELD will be generated only by the DAC delay.

5.3 IΣ∆ Modulator Design and Implementation

Figure 5.8 shows the block diagram of the implemented IΣ∆ modulator. The mod-
ulator was fabricated in a 0.15 µm CMOS process, operating from a 1.6 V supply
voltage, whereas the digital filtering is performed off-chip. In order to estimate
the area and power consumption, the filter has been synthesized and physically
implemented.
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Figure 5.8. Block diagram of proposed 3rd order single-bit CT IΣ∆ modulator.

5.3.1 Loop Filter

As mentioned in Section 2.3.2, one of the most critical blocks in the modulator is
the first integrator, as any non-ideality in this block will appear without suppres-
sion at the modulator’s output [28]. Although active RC-integrators are generally
preferred due to their high-linearity, the use of GmC integrators has also been ex-
plored [138–140] in order to reduce the modulator’s power consumption. As shown
in [139], GmC integrators could potentially benefit from relaxed unity-gain band-
width requirements in the Gm cell with respect to the OpAmp in a RC-integrator
implementation, specially if driven by pulses from the SCR DAC. Moreover, the
high input impedance of the Gm cell would also make this integrator easier to drive
compared to RC-integrator counterparts. Taking this into consideration, a gain-
boosted GmC integrator was selected for the first stage in this implementation,
showing sufficient performance to meet the target requirements.

Integrators Implementation

With respect to the first integrator, telescopic cascode structure sharing a PMOS
cascode load was selected, as shown in Figure 5.9, for both Gmfb and Gm1, due
to its lower noise and power consumption compared to folded counterparts. Each
cell’s transconductance is set by means of resistive source degeneration applied to
their respective input differential pairs, thus, being approximately equal to 1/R11

and 1/R12 for the feed-forward and feedback cells, respectively. In order to enhance
the circuit linearity, large transconductance transistors were used in the differential
pair together with gain-boosting opamps. These transistors, as well as the differen-
tial pair in the gain-boosting opamps, are operated in weak inversion having a large
width-to-length ratio, (W/L). In order to minimize the noise contribution, single
tail current sink is used, as its noise will appear at the outputs as common-mode
noise and all PMOS loads’ transconductance is reduced. The MOS devices flicker
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Figure 5.9. Simplified schematic of the first integrator.

noise contribution is also minimized by using large length transistors. The telescopic
structure has reduced signal swing which, in this implementation, get worsened by
the use of single tail current. However, thanks to the CIFF modulator’s configura-
tion, this is not an issue in this design, as the integrator’s output signal swing is
small enough to satisfy the linearity requirements. The DC gain of Gmfb and Gm1

is 95 dB and 75 dB respectively, while having a total power consumption, including
biasing, of 27.4 µA.

The requirements for the second and third integrators are relaxed with respect
to the first integrator, due to the noise-shaping characteristics of the loop filter.
Accordingly, linearity and noise performance can be traded by lower power con-
sumption. As shown in Figure 5.10, these stages are implemented as folded cascode
structures to accommodate a marginal signal swing increment of approximately
8% and 15% between the first integrator’s output, x1(t), and the second and third
integrators’ outputs, x2(t) and x3(t), respectively. Moreover, resistive source de-
generation is used, similarly to the first integrator, to set the transconductance
to approximately 1/R2 and 1/R3 for the second and third integrator, respectively.
Both integrators achieve a DC gain of approximately 70 dB, while consuming 5.8 µA
and 4.6 µA respectively, including their biasing circuits.

The integrators’ common-mode feedback (CMFB) circuit is shown in Figure 5.11.
The common-mode input voltage in a Gm cell [141] can be obtained from the node
C between the two source degeneration resistors and, in turn, be used to set the
common-mode output voltage of the preceding stage. In this implementation, the
common-mode voltages are sensed at the inputs of Gmf1, Gmf2 and Gmf3. As gain
boosting is not utilized in these stages, the voltage in node C will be approximately
equal to (VOP + VON )/2 − VGS , inducing VGS volts difference between the input
voltage of the CMFB opamp, and the resulting common-mode voltage output. In
order to counteract this effect, a level shifter has been introduced between the
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Figure 5.11. Simplified schematic of the CMFB circuit used in all integrators.

common-voltage set node, VCM_REF, and the input of the CMFB opamp, IN. The
dominant pole provided by the integrating capacitors is sufficient to ensure enough
phase margin in the CMFB loop of the second and third integrators. In the first
integrator, however, the phase margin is degraded by the input capacitance of the
PMOS sources and a “crossover network” [142], formed by Rc and Cc, had to be
added to effectively detach the amplifier from the feedback loop at high frequencies
and maintain the loop stability.
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Integrator’s Constant Tuning

The passives used in the loop filter are metal-insulator-metal (MiM) capacitors and
high-resistivity polysilicon resistors. Characterization data from these components
shows that the integrators’ coefficients can suffer a maximum spread of approxi-
mately ±40%. In order to counteract such deviation, each integrating capacitor
is realized by a fix capacitor, CFIX, plus a capacitor array [99], controlled by an
externally supplied 4-bit binary word, Ctrl [0 : 3], as depicted in Figure 5.12. The
fix capacitor is composed by 16 CLSB capacitors with the nominal value of the inte-
grating capacitor set at the middle value of the array, CFIX + 7CLSB. This results
in a tuning range and step [78] of ±46.8% and 4.3%, respectively, which is enough
for a successful first-pass manufacturing. To minimize component mismatch, both
Cvar capacitors connected to the positive and negative output terminals are splitted
in unit size elements which are randomly distributed in a matrix, surrounded by
dummy elements. The capacitance value of the unit size elements for the second
and third integrators is equal to CLSB (869.5 fF), giving a total of 31 unit size
elements per capacitor Cvar and 62 capacitors in the array, which are arranged,
together with two dummy elements, in a 8×8 matrix. As the capacitance value for
the first integrator is two times the one used in the second and third integrators,
two of the previous mentioned matrices are connected in parallel.

5.3.2 Feedback DAC

Figure 5.13 depicts the implementation of the single-bit SCR feedback DAC [139],
together with the feedback transconductance of the first integrator, Gmfb. The
operation of this DAC can be divided into two phases, the reset phase, which
occurs on the clock’s rising edge, Φ1, and the exponential discharge phase, which
occurs on the clock’s falling edge, Φ2.

1. In the reset phase, the right and leftmost plates of the bottom capacitor CB

are respectively connected to the common-mode input voltage VCM and to

gmVi Vo
2CLSB

4CLSB

8CLSB

CLSB

CFIX

Ctrl[0:3]

Cvar

(a) (b)

Cvar

Cvar

Figure 5.12. Illustration of integrators’ constant tuning. (a) GmC integrator; (b)
tunable capacitor array.
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Figure 5.13. SCR-DAC implementation and Gmfb block diagram of the first inte-
grator.

VDAC + VCM, effectively sampling the voltage VDAC. The top capacitor CT

is, in turn, discharged by connecting its plates to VCM. Moreover, the DAC
differential output driving the integrator’s transconductance is set to zero by
short-circuiting their terminals to VCM.

2. At the beginning of the exponential discharge phase, the leftmost plate of
CT is connected to VDAC + VCM, hence, raising the voltage of node A to
VDAC + VCM. The leftmost plate of CB is, on the other hand, connected to
VCM, lowering the voltage of node B to VDAC − VCM. Both capacitors are
then discharged to VCM via the top and bottom resistors. The polarity of
such discharge, hence the polarity of the DAC output signal, zp(t) − zn(t),
will depend on the quantizer’s output, v, which controls the four discharge
switches.

The single-ended value of the discharge pulse, zSE(t), will be influenced by both
the on resistance, Ron, of the discharge switches and the parasitic capacitances of
Gmfb, Cp, and it can be approximated as:

zSE(t) ≈ VDAC
C

C + Cp
e
− t

(C+Cp)(R+Ron) (5.21)

While the on resistance of the discharge switches is small compared to the discharge
resistor, R, and can be disregarded, special attention has to be paid to the parasitic
capacitance Cp. As the input transistors of Gmfb have been sized so as minimize
flicker noise, their parasitic capacitance will load the DAC’s output and, therefore,
should be considered when calculating its pulse shape.

5.3.3 Current Summation and Quantizer

Figure 5.14 shows the current summation block, together with the quantizer. V/I
converters, by means of resistor degenerated Gm cells, have been used to implement
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Figure 5.14. Simplified schematic of current summation and quantizer.

the input signal feed-forward path plus the feed-forward coefficients, d1 to d3. The
output scaled currents of these cells are added at the nodes A and B of the summa-
tion block. In this block, the cascode transistors M2a and M2b keep the voltage of
node A and B constant, helping to increase the linearity of the Gm cells [79]. The
added current is then folded and converted into voltage, through the active loads
M3a and M3b, to drive the quantizer.

The quantizer is implemented with a dynamic latched comparator [143]. The
decision circuit offers the advantage of low power dissipation, since there is no
static current consumption, and low offset, as the dominant offset contribution is
due to the input differential pair instead of the cross-coupled devices. Moreover, an
SR-latch is used to keep the output stable over the full clock cycle. Time domain
simulations show that its conversion time is significantly lower than the required
time of 0.5 TS.

5.4 Digital Filter Design

As shown in Section 5.2.1, one of the differences between traditional and incre-
mental Σ∆ ADCs is the digital filter transfer function. Although the digital filter
developed in (5.10) provides a good system level approximation, it does not take
into consideration non-idealities that appear in circuit level implementation which
results in a suboptimal solution. The design of an optimal filter for noise lim-
ited IΣ∆ ADCs was mathematically derived in [144], and implemented in [33], for
DT IΣ∆ ADCs. In this work, optimization tools are employed as an alternative
approach for the digital filter design, when considering the non idealities of the
modulator’s implementation. The digital filter matching the ideal analog transfer
function given in (5.10) is a sum of cascade of integrators which process N samples
coming from the Σ∆ modulator. This filter, when operating in transient mode,
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can instead be treated as a N-length finite-impulse-response (FIR) filter with the
appropriate coefficients [145]. Recalling that the digital filter is active until a new
reset occurs, at instant n = N , its output can be described by the difference equa-
tion w(n) = k0v(n)+k1v(n−1)+ . . .+kN−1v(n−N +1). Such difference equation
is equivalent to the transfer function of an FIR filter of length N, input v(n), output
w(n) and coefficients k0 · · · kN−1. These coefficients can be obtained by computing
the N-length impulse response of the transfer function in (5.10). So as to maximize
the IΣ∆ ADC’s performance, the proposed method uses the MATLAB optimiza-
tion algorithm fmincon [146] to find the optimum N coefficients of the FIR filter.
Such algorithm attempts to find a constrained minimum of a scalar function (called
the objective function) of several variables starting at an initial estimate. The coef-
ficients obtained from (5.10) are then set as the initial estimate, while the variables
to be optimized are the FIR coefficients. This approach uses as objective the inverse
of the average improvement, in SNR, of the new filter with respect to the original
one. The average SNR improvement is obtained from several measurements before
the modulator is overloading. The optimized filter’s impulse response agrees qual-
itatively with the results presented in [33], obtaining a performance improvement
of 0.5 dB in the SNR and 1.3 dB in the SNDR.

5.4.1 FIR Filter Implementation

Having obtained a set of N FIR coefficients, the corresponding filter was designed,
synthesized and implemented. Due to the finite precision employed in the filter’s
building blocks, certain error, due to digital requantization, will be introduced when
the filtering operation occurs, compared to an ideal full-precision FIR implemen-
tation. In this work, the maximum allowable error introduced by the filter was
constrained to be, at most, half the targeted quantization error of the IΣ∆ ADC.
Put it in another way, the FIR filter resolution should be at least 1 bit more than
the IΣ∆ ADC’s target resolution. For a 12-bit target resolution, and a normalized
to 1 bipolar implementation, this translates into an LSB error of:

VLSB,FIR =
2

2ENOBtarget+1
=

2
213

. (5.22)

FIR Filter System Design

A generic implementation of a pipelined FIR filter is shown in Figure 5.15a. This
filter provides one output sample per input sample and realizes the transfer function
given by [147]:

w(n) =
N−1∑
i=0

ci v(n− i) , (5.23)

where N are the number of coefficients and ci represents the ith coefficient. In order
to provide one output sample per input sample, N previous samples are stored in
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Figure 5.15. Block diagram of FIR filter datapaths. (a) Generic pipelined FIR
filter datapath; (b) implemented FIR filter datapath.

a first-in first-out (FIFO) buffer and the filter is run at least N times faster than
the sample clock.

Considering the operation of IΣ∆ ADCs, two major modifications were per-
formed in the generic pipelined FIR filter structure, as shown on Figure 5.15b.
First, as the IΣ∆ ADC computes N samples, to be resetted afterwards, and pro-
vides one valid output every N cycle, it is neither necessary to oversample the filter
nor to store the previous samples, as all necessary previous operations are stored
in the accumulator. Moreover, as the modulator ouputs a single-bit value, then it
is possible to replace the multiplier with a block that, based on such output, either
negates or not the coefficient value. These modifications translate into savings in
terms of area and power consumption as the frequency of the filter is reduced and
certain key building blocks are simplified or eliminated.

The proposed filter is implemented using complement two fixed-point number
representation. Furthermore, in order to prevent overflowing in the accumulator,
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time-domain scaling was applied, bounding the filter output to:

|ws,max| =
M−1∑
i=1

2−i , (5.24)

where M is the wordlength of the digital filter output. The maximum output of
the original unscaled digital filter can be expressed as:

|wu,max| =
N−1∑
i=0

|ci| . (5.25)

The scaling coefficient k can be then obtained from:

k =
|ws,max|
|wu,max|

(5.26)

As the result is known to be upper bounded, the most significant bit that results
from the accumulation is always redundant, and can be dropped without loss of
accuracy.

In order to obtain the required 13-bit precision, a 14-bit wordlength was chosen
for the digital filter output. While a long coefficient wordlength may improve the
filter’s performance, it also increases the hardware cost, hence, the power dissipa-
tion. In order to obtain an appropiate coefficient wordlength, a simulation based
approach was used in this work. Different wordlengths were chosen while comput-
ing the error introduced by the filter, until finding the minimum necessary value
that satisfies the design requirements. This was achieved by extensive simulations,
using the MATLAB fixed-point toolbox [148] in order to evaluate the impact of
finite output precision and finite coefficients’ wordlength. The error introduced by
the FIR filter, eFIR, can be quantified as:

eFIR =
wS,FP − wS,x−y

VLSB,FIR
[LSB] , (5.27)

where wS,FP is the scaled output of the FIR filter, when using floating-point preci-
sion for the coefficients and ouput, and wS,x−y is the scaled output of the FIR filter,
when using x-bits in the output wordlength and y-bits in the scaling coefficients.
As shown in Figure 5.16, an 18-bit coefficient’s wordlength was found sufficient to
satisfy the quantization error requirements. Although an 18× 7 bit memory would
satisfy the requirements, further optimization was done by examining the value of
the scaled coefficients. In this case, it was found that, due to the selected value
for the coefficients, the first five bits of the RAM were always zero. Therefore,
a 13-bit wordlength RAM could be used, while padding its output with five ze-
ros. Although the filter performance is not degraded, it is worth to notice that
its flexibility is compromised as larger coefficients would not fit. In order to test
the improvement in power reduction when appliying this optimization, three fil-
ters with diferent wordlengths were synthesized. The first filter uses the full 18-bit



90 CHAPTER 5. A 3RD ORDER CONTINUOUS-TIME INCREMENTAL Σ∆ ADC

0 100 200 300 400 500 600 700 800
-0.5

0

0.5

Sample
(a)

e F
IR

 [
L

S
B

]

0 100 200 300 400 500 600 700 800
-0.5

0

0.5

Sample
(b)

e F
IR

 [
L

S
B

]

Figure 5.16. Similation of resulting FIR errors, when using 14-bit wordlength
output, for two different coefficients wordlengths. (a) Full precision coefficients; (b)
18-bit wordlength coefficients.

coefficient wordlength while a second filter uses only 13-bit. A third filter, using 14-
bit coefficients’ wordlength, is also included to estimate what is the power penalty
introduced per bit.

5.4.2 RTL Synthesis

The synthesis of a design into a gate level netlist involves several optimization
processes where low power techniques can be applied to reduce both leakage and
dynamic power consumption. As dynamic power consumption was the major con-
tributor in this design, its reduction was the main focus of the power optimization
strategy. Accordingly, three different techniques were applied during the synthesis,
as explained below. By default, the compiler optimizes the design for timing and
area. However, when introducing dynamic power dissipation as a constraint, the
compiler will perform timing and dynamic power optimizations simultaneusly at
all optimization stages. The power aware techniques applied during this process
involve resizing gates, removing buffers, restructuring the logic and selecting the
datapath components to reduce power consumption. Besides a power aware opti-
mization, clock gating and operand isolation were also introduced in the synthesis
procedure to further reduce the power consumption.

All three previously mentioned designs were synthetized to estimate their power
consumption. In order to evaluate the performance of power optimization tech-
niques, two different synthesis were applied for each design: one where the compiler
optimizes for timing and area, and another one, where power dissipation is into-
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Table 5.2. Performance summary of several FIR filters synthesis

RAM bits 18 18 14 14 13 13

Optimization Base LP Base LP Base LP

Gates 4167 4340 3258 3305 3052 3095

Pdynamic (µW ) 6.757 5.044 4.330 3.513 3.817 3.124

Pleakage (µW ) 0.493 0.476 0.380 0.356 0.353 0.333

Ptotal (µW ) 7.250 5.520 4.710 3.869 4.170 3.458

0 100 200 300 400 500 600 700 800
-0.5

0

0.5

Sample
(a)

e F
IR

 [
L

S
B

]

0 100 200 300 400 500 600 700 800
-0.5

0

0.5

Sample
(b)

e F
IR

 [
L

S
B

]

Figure 5.17. Similation of resulting FIR errors when using 14-bit wordlength
output and 13-bit RAM for coefficients’ storage. (a) System level simulation; (b)
post synthesis simulation.

duced as a constraint. A summary of the synthesis results is presented Table 5.2,
where the “LP” and “base” optimizations indicate the synthesis with (low-power)
and without (default) power optimization, respectively. As all synthezised designs
largely complied with the timing constraints, these results are not included in Ta-
ble 5.2. With respect to the performance of the synthesis optimization techniques,
it can be appreciated that a power reduction between 15% and 20% has been ob-
tained. Apart from such savings, it can be appreciated that the selection of a
13-bit RAM, instead of an 18-bit RAM, allowed a further power reduction of 40%,
highlighting the importance of systems level decisions in this matter. Taking into
account the previous results, the design with a 13-bit RAM implementation was
selected for the physical implementation, trading power effeciency at a cost of lower
flexibility. As shown in Figure 5.17, there is no noticeable difference when com-
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paring the output of the filter implemented at system level against the gate-level
netlist simulation.

5.4.3 Physical Implementation

Figure 5.18 shows a picture of the FIR physical implementation before metal fill-
ing. Low power techniques were also included at this stage, by means of a power
driven placement, dynamic power optimization and low-power clock tree synthesis.
A summary of the post layout results is presented Table 5.3. The final power es-
timation of the design is 3.8 µW which represents 4% of the power consumed by
the IΣ∆ ADC. By combining power aware design methodologies from system level
down to physical implementation, it was possible to obtain an FIR based digital
filter with a marginal power contribution to the IΣ∆ ADC.

Figure 5.18. Layout capture of FIR filter before metal filling insertion.

Table 5.3. Performance summary of proposed FIR filters synthesis

Area (µm2 ) 550× 300

Gates 3071

Pdynamic (µW ) 3.525

Pleakage (µW ) 0.316

Ptotal (µW ) 3.842
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5.5 IΣ∆ ADC Test and Characterization

5.5.1 Measurement Setup

Figure 5.19 shows the measurement setup used to characterize the ADC. This setup
can be used to test the Σ∆ ADC in both the traditional mode of operation as well as
in the incremental mode. For the incremental mode of operation, necessary blocks,
such as a synchronization circuit and appropriate signal conditioning were built
on-board, as described in the following subsection. An audio signal source (Agilent
U8903A) with a SNDR better than 90 dB drives the test PCB. The required 320 kHz
clock signal is generated by an arbitrary function generator. The output digital
stream of the modulator is captured by a logic analyzer (Tektronix TLA614) with
65 kB memory depth. This stream is then imported into Matlab where it is filtered
by the FIR filter of Section 5.4. A fast-Fourier-transform (FFT) is performed using
a Blackman window [149] to compute the performance metrics according to [40]. A
custom Labview software setup has been created to control both the external audio
source and the logic analyzer and perform the necessary amplitude and frequency
sweeps for characterization.

Figure 5.19 shows a simplified block diagram of the PCB used to test the chip.
Apart from the IΣ∆ modulator DUT, the PCB has three main blocks: a signal
source, a signal conditioning circuit and a synchronization circuit. The details of
each block are given below.

Test Signal Source: A sinusoidal signal source was implemented on the PCB in or-
der to perform initial tests and to provide an alternative option to an external
signal source. Such source is based on a modified version of a Wien-bridge
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Figure 5.19. Simplified block diagram of measurement setup.
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oscillator which outputs a 3 VRMS signal and features total-harmonic distor-
tion (THD) better than 90 dB. The oscillation frequency is manually set by
switching a capacitor bank.

Signal Conditioning: The purpose of this block is to sample-and-hold (S/H) the
input test signal (S/H sub-block) and perform single-ended to differential
conversion (SE-DIFF sub-block) while maintaining an adequate amplitude
through the sub-blocks G1 and G2. Moreover, all components have been
carefully selected so as to satisfy the characterization noise and distortion
requirements. Each of these sub-blocks can also be bypassed, allowing the
modulator not only to be tested in the proposed incremental mode of opera-
tion with and without S/H, but also in traditional mode.

Synchronization Circuit: As it can be appreciated from Figure 5.1, in an IΣ∆ ADC,
the sample-and-hold, reset and clock signals need to be synchronized. Ac-
cordingly, a synchronization block, implemented with discrete logic, has been
created for this purpose. A dip-switch selectable 8-bit binary down counter
IC is driven by the ADC’s clock and outputs a pulse every time the selected
count has reached zero. As shown in Figure 5.20, this pulse will, on the falling
edge, asynchronously assert the reset signal and set the S/H into sample mode
for one period. On the rising edge, the S/H enters into hold mode, but the
modulator’s reset signal is kept asserted, by means of a delay circuit, to give
the held signal enough time to settle. Afterwards, the reset is deasserted syn-
chronously through the reset synchronization block. During the reset period,
the modulator’s clock signal is inhibited which reduces the power consumption

0 0.5 1 1.5 2 2.5 3

x 10
-5

Clk

Reset

Ctr_d

S/H set

Ctr

Clk in

Time [Sec]

Figure 5.20. Measurement of signals’ timing in synchronization block (counter
dip-switch has been set to seven for clarity).
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and aids to keep the resetted internal states undisturbed.

5.5.2 Measurement Results

An experimental prototype of the core 3rd order CT IΣ∆ modulator has been
fabricated in 0.15 µm CMOS using six metallization layers. The chip die photo of
the IΣ∆ modulator along with the test board is shown in Figure 5.21. Excluding
pads, the modulator occupies an area of 1.2 mm × 0.85 mm.

The measured output spectrum of a single-tone-test for a −7.2 dBFS input
signal at 497 Hz, where 0 dBFS refers to 0.7 Vpp, is shown Figure 5.22. Up to
approximately this amplitude, the thermal noise dominates over the harmonics

1.2mm x 0.85mm

Integrator 1 Integrator 2 Integrator 3

DAC

Feed-forward Gms, current summation & comparator

DUT

Synchronization

Signal

Conditioning

Test

Signal

Figure 5.21. Chip die photo and test board.
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Figure 5.22. Power spectral density plot for a −7.2 dBFS input signal @ 497 Hz.
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Figure 5.23. Measured SNR and SNDR versus the input signal amplitude @
497 Hz.

level. For larger input amplitudes, distortion begins to becomes the limiting factor.
The plot in Figure 5.23 presents the measured SNR and SNDR versus the input
signal amplitude at 497 Hz showing a peak SNR of 65.3 dB and a peak SNDR of
64 dB @ −3.3 dBFS. Moreover, the measured dynamic range (DR) is 68.2 dB. As
shown in Figure 5.24, similar SNR/SNDR characterizations have been performed
for different frequencies over the bandwidth of operation while computing the peak
SNR and SNDR, as well as the dynamic range. As it can be appreciated, the
performance metrics suffer no significant degradation over the measured frequencies.

The measured performance summary is presented in Table 5.4. The measured
power consumption of the modulator, excluding output drivers, is 83 µW from the
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Figure 5.24. Measured peak SNR and SNDR and DR over the bandwidth.

Table 5.4. Summary of measured performance

Signal Bandwidth 2 kHz

Sampling Frequency 320 kHz

Dynamic Range 68.2 dB

peak SNR 65.3 dB

peak SNDR 64 dB

Power (Modulator) 96 µW

Supply Voltage 1.6 V

Technology 0.15 µm 1.8 V CMOS

Active Area (Modulator) 1.02 mm2

analog blocks, and 13 µW from the mixed-signal blocks and the clock distribution,
which results in a total power dissipation of 96 µW from a 1.6 V power supply.
According to post-layout simulations, 26.1 µA is consumed in the first integrator,
5.1 µA and 3.9 µA in the second and third integrators respectively, 12.7 µA in all
four feed-forwards transconductances plus the summation circuit and 5.6 µA in the
biasing circuits. The digital filter has an estimated power dissipation of 3.8 µW.

The measurement results show that there is an 20 dB performance drop be-
tween the ideal performance of the IΣ∆ ADC (SQNR ≈ 85 dB @ −3.3 dBFS),
that is only limited by quantization noise, and the measured 65 dB SNR. Part of
such degradation was anticipated before tape-out, obtaining 82 dB and 70 dB SNR
from Cadence transient simulations with and without transient noise activated,
respectively. This translates into a 3 dB degradation when comparing the ideal
performance against the performance when circuit level non-idealities, excluding
devices’ noise, are present. Moreover, a further 12 dB drop is caused by devices’
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Table 5.5. SNDR versus ADC’s bandwidth

Signal Bandwidth [Hz] Cycles SNDR [dB]

2K 80 64

4K 40 60.3

8K 20 48.9

noise, which was expected as the Σ∆ modulator was designed to operate in a power
constrained environment, trading a higher device’s noise for a lower current con-
sumption. When comparing the achieved resolution with the post-layout, noise lim-
ited, simulation performance (SNR ≈ 70 dB), an unexpected 5 dB drop was found,
mainly due to increment in the ADC’s noise floor. Further inspection after tape-out
revealed that devices’ mismatches in the gain-boosting OpAmp’s differential pairs
of the feedback transconductance, Gmfb, were most likely the main cause for such
degradation. Under mismatch conditions, the DC gain of the first integrator was
significantly degraded, leading to an increment of the ADC’s input referred noise
both due to the devices’ noise contribution as well as from noise induced through
the power supply and biasing pins. As the process only allowed a maximum device
length of 10 µm, each transistor (W/L = 160/32) in the aforementioned differential
pair consisted of a stack of four transistors with W/L = 160/8, increasing, as a
consequence, their layout and matching complexity.

One of the features of IΣ∆ ADCs is their scalability in terms of bandwidth,
resolution and power consumption [130, 132]. For the implemented IΣ∆ ADC,
scalability is presented by increasing the ADC’s bandwidth at a cost of a reduction
in performance. From Figure 5.1, it can be seen that the sample rate of the ADC is
given by the period of the reset signal, N/fS, while the resolution depends on the
number of cycles, N . As a consequence, one can trade bandwidth by resolution just
by increasing or decreasing N . Table 5.5 shows the measured peak SNDR versus the
ADC’s bandwidth, from 2 kHz up to 8 kHz. The significant drop in performance
when extending the bandwidth from 4 kHz to 8 kHz can be explained with the
aid of Figure 5.25, which shows a power spectral density (PSD) of the modulator
operating in traditional mode, along with the different measured bandwidths. Here,
it is possible to appreciate that, when extending the bandwidth from 4 kHz to 8 kHz,
not only circuit noise but also quantization noise will degrade the ADC performance.

Table 5.6 presents the performance comparison of recently published IΣ∆ ADCs.
The figure-of-merit used for comparison is given by:

FOMSNDR =
Power

2× BW × 2
SNDR−1.76

6.02

, (5.28)

where BW is the ADC’s bandwidth. In order to obtain a fair comparison, only the
modulator’s power consumption has been taken into account in all cases, otherwise
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Figure 5.25. Power spectral density of modulator’s output operating in traditional
mode for a −3.5 dBFS input signal @ 498 Hz. [Bandwidth references: (−−): 2 kHz,
(−·−): 4 kHz, (—): 8 kHz].

noted. The FOM of the proposed ADC, when covering a bandwidth of 4 kHz, has
also been added to the comparison. As it can be seen, this modulator obtains the
best FOM with respect to recent CT IΣ∆ ADCs and a competitive FOM with
respect to recently published DT IΣ∆ ADCs, except for one mode of operation of
the scalable IΣ∆ ADC presented in [130]. It is worth to mention that only IΣ∆
ADCs have been included in this comparison, thereby, excluding both traditional
Σ∆ modulators and possible extensions or “enhancements” applied to IΣ∆ ADCs
[31,32,150].

5.6 Summary

In this chapter, a novel 3rd order single-loop CT IΣ∆ ADC has been analyzed,
designed, implemented and measured. The proposed 3rd order CT IΣ∆ modula-
tor has been fabricated in a 0.15 µm CMOS technology, targeting an acquisition
system for neuropotential sensor applications. A 3rd order CT loop filter has been
employed to take advantage of low number of cycles per conversion and relaxed
bandwidth requirements of the active blocks, thus, making it suitable for low-power
multi-channel applications. The proposed CT IΣ∆ ADC achieves an SNR/SNDR
of 65.3/64 dB and a dynamic range of 68.2 dB. The fabricated IΣ∆ modulator
consumes 96 µW from a 1.6 V power supply while the digital filter consumes an
estimated 3.8 µW. Comparison with state-of-the-art reveals that the ADC obtains
the best FOM with respect to recent CT alternatives while being competitive when
compared to DT counterparts.

The architecture demonstrates the feasibility and competitive performance of
high-order CT IΣ∆ ADCs for low-power multi-channel applications. However, sev-
eral improvements could be introduced in order to further enhance the proposed
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ADC performance in future implementations. From a system-level point of view,
extended counting [31] or extended range [32] approach could be introduced to ex-
tend the ADC resolution and, as a consequence, to reduce the required number of
cycles per conversion, N , as it will be shown in the following chapter. Improve-
ments at the block-level may include the use of a different DAC coding scheme,
such as switched capacitor switched resistor (SCSR) [70], which can obtain similar
jitter immunity performance and may reduce the power consumption of the first
integrator. Finally, from a circuit level perspective, state-of-art power conscious
solutions, similar to [20, 21] or other innovative techniques, can be employed to
further reduce the power consumption.





Chapter 6

High-Order CT IΣ∆ ADCs with
Extended-Range

As seen in Chapter 5, high-order single loop IΣ∆ ADCs [33,130,131] are particularly
attractive as they reduce the required number of cycles per conversion, N . This al-
lows to either increase the ADC’s bandwidth or to reduce the modulator’s sampling
frequency, which, in turn, could reduce ADC’s power dissipation. The number of
required cycles per conversion has been further reduced by employing the extended
range approach, which combines the advantages of IΣ∆ ADCs with a low-power
Nyquist ADC [32]. Up to now, the design of high-order single loop extended range
IΣ∆ ADCs has only been focused on DT implementations. In this chapter, the use
of CT implementation in high-order SL ER-IΣ∆ ADCs [151, 152] is investigated
as an alternative approach for low power multi-channel applications. Although a
sampling occurs at the output of the multiplexor which precedes a multi-channel
ADC, the advantage in a CT implementation stems from the absence of switches
in the loop filter which relaxes the settling and bandwidth requirements of the ac-
tive blocks, thus leading to a reduction in the power consumption. Moreover, the
impact of CT circuit non-idealities and the resulting analogue-digital transfer func-
tion mismatches, is analyzed, highlighting key aspects so as to fully benefit from
the advantages of the extended range approach in a CT IΣ∆ ADC.

6.1 CT IΣ∆ ADCs with Extended Range

By using a specific type of digital filter, Section 5.1 showed that the quantization
error of IΣ∆ ADCs can be made available at the output of the last integrator.
A second ADC can then capture this output to further reduce the quantization
error and “extend the range” of the IΣ∆ ADC. This combination of an IΣ∆ ADC
plus a second ADC for quantization error refinement forms an ER-IΣ∆ ADC [30].
Figure 6.1 shows a general ER-IΣ∆ ADC block diagram with the channel MUX
and the necessary S/H circuits. Similarly as for IΣ∆ ADCs, the MUX together

103
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Figure 6.1. Block diagram of multi-channel single loop ER-IΣ∆ ADC.

with the input S/H sample each of the input channels and hold the signal U(z) for
a period equal to N/fS. This signal is then processed by the CT Σ∆ modulator
and the noise cancellation filter HNC(z), which form the incremental portion of the
ADC, ADCI, running at a frequency fS. After N cycles have passed, a valid result
from ADCI is combined with the output of the extended range ADC, ADCER,
and sampled by the output of the S/H. The Σ∆ modulator, as well as the noise
cancellation filter, are then reset and ready to accept the next sample. The block
diagram includes also the gain G relating the held analog input, U , with the valid
digital output of the ADCERI, w(N), at the instants N TS.

Taking such functionality into consideration, the output of the modulator as well
as the output of the last integrator are needed to compute HNC(z) and evaluate
the output of the ER-IΣ∆ ADC. Accordingly, a similar approach as in Section 5.2.1
can be used to derive HNC(z). Here, however, a general approach, applicable to
any loop filter, quantizer’s levels and DAC coding scheme will be considered. In
order to ease the understanting of the design methodology, some equations from
previous chapters will be repeated here.

The block diagram for a general low pass SL CT Σ∆ modulator is shown in
Figure 6.2a. Its output V (z), as shown in Section 5.2.1, can be expressed as:

V (z) = U(z) STF(z) + EQ(z) NTF(z)
= VU (z) + VE(z) ,

(6.1)

where VU (z) and VE(z) are given by:

VU (z) = V (z)|EQ=0 = U(z) STF(z) , (6.2)

VE(z) = V (z)|U=0 = EQ(z) NTF(z) . (6.3)

As shown on Figure 6.2b, the same methodology can be employed to obtain the
CT-DT equivalent output of the last integrator, XL(z), which, at sampling times
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Figure 6.2. (a) Linearized block diagram of a single loop CT Σ∆ modulator used in
the ER-IΣ∆ ADC; (b) linearized block diagram to derive CT-DT equivalent output
of the last integrator.

equal to 1/fS, is given by:

XL(z) = U(z) FFXL
(z)− V (z) FBXL

(z)
= XLU (z) + XLE(z) ,

(6.4)

where FFXL
(z) is the feed-forward CT-DT transfer function, from the input S/H

to the last integrator output, given by:

FFXL
(z) =

k∑
i=1

FFXLi
(z) , (6.5)

where k is the number of feed-forward branches and FFXLi
(z) is the CT-DT equiv-

alent transfer function of each individual feed-forward branch. Similarly, FBXL
(z)

is the feedback CT-DT transfer function, from the feedback DACs to the last inte-
grator output, given by:

FBXL
(z) =

k∑
i=1

FBXLi
(z) , (6.6)

where k is the number of feedback branches and FBXLi
(z) is the CT-DT equivalent

transfer function of each individual feedback branch. XL(z) can also be expressed
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Figure 6.3. Linearized block diagram of the ER-IΣ∆ ADC.

as the sum of the terms XLU (z) and XLE(z) which depend on U(z) and EQ(z),
respectively. These terms can be obtained by replacing (6.1), (6.2) and (6.3) into
(6.4) and are given by:

XLU (z) = XL(z)|EQ=0

= U(z)
(
FFXL

(z)− STF(z) FBXL
(z)
)

,
(6.7)

XLE(z) = XL(z)|U=0

= − EQ(z) NTF(z) FBXL
(z) .

(6.8)

Based on the CT-DT equivalents of the modulator’s and last integrator’s outputs,
given in (6.1) and (6.4) respectively, it is possible to obtain the noise cancellation
filter transfer function, HNC(z), as shown in the following section.

6.1.1 Noise Cancellation Filter

Taking such operation into account, the purpose of the noise cancellation filter
HNC(z) is to cancel the noise contribution of the modulator’s quantizer, EQ(z).
HNC(z) can be designed, as in Chapter 5, by assuming a sampling rate of XL(z)
equal to the output rate of HNC(z). Figure 6.3 shows a linearized model of the
ER-IΣ∆ ADC together with a scaling coefficient, G, that relates the ADC’s output
value, W (z), to the input U(z). The output of the ADCERI, W (z), at sampling
times equal to 1/fS, is given by:

W (z) = WI(z) + WER(z)
= V (z) HNC(z) + XL(z) kER + EER(z) ,

(6.9)

where WI(z) and WER(z) are the outputs of ADCI and ADCER respectively,
EER(z) is the quantization noise of ADCER and kER is the ADCER gain .

By replacing (6.1) and (6.4) into (6.9), it can be observed that the cancellation
of EQ(z) can be obtained by solving:

0 = VE(z) HNC(z) + XLE(z) kER , (6.10)
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from where the value of HNC(z) is found equal to:

HNC(z) = − XLE(z) kER

VE(z)
= FBXL

(z) kER . (6.11)

The output of the ADCERI, W (z), when using the noise cancellation filter, HNC(z),
given by (6.11), will then be:

W (z) = U(z) FFXL
(z) kER + EER(z) . (6.12)

The main advantage of (6.11) and (6.12) is that they are valid for any type of
loop filter, allowing a rapid identification of the noise cancellation filter, HNC(z).
Moreover, these equations provide the groundwork from where the ADC output can
be calculated and, as it will be addressed in subsequent sections, the influence of the
loop filter topology and the sensitivity to key CT non-idealities can be analyzed.

6.1.2 ADC Output Estimation

The calculation of HNC(z) was performed, in Section 6.1.1, assuming that every
block in the ADC operates at the modulator’s sampling rate. However, from Fig-
ure 6.1 it can be seen that the ADC produces a valid output only every N cycles.
Accordingly, the valid ADC’s output, as well as the scaling coefficient G, can be
obtained by evaluating (6.12) at sampling times n = N , as follows.

Considering that FFXL
(z) is a causal linear-time-invariant system and that U(z)

is a causal sequence (u(n) = 0 for n < 0), the ADCERI output given in (6.12), at
sampling times equal to 1/fS, can be expressed in the time domain as [147]:

w(n) =
n∑

k=0

u(k) h(n− k) + eER(n) , (6.13)

where h(n) is the impulse response of FFXL
(z) multiplied by the ADCER gain given

by:

h(n) = Z−1 {FFXL
(z)} kER . (6.14)

Furthermore, by recalling that the ADCERI output is only valid after N cycles
and that the input U(z) is held, thus constant, over N cycles, the output of the
ADCERI, at sampling times equal to N/fS, can be expressed as:

w(N) = U

(
n∑

k=0

h(n− k)

)∣∣∣∣∣
n=N

+ eER(N) , (6.15)

where U is the value of the held input. The scaled output of the ADCERI, can then
be directly obtained from (6.15) as:

d(N) = w(N) G = U + eER(N) G , (6.16)
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where G is the scaling coefficient given by:

G =
1

(
∑n

k=0 h(n− k))|n=N

. (6.17)

The second term of (6.16) represents the ADCERI quantization error and can be
used to estimate the achievable SQNR. Assuming a sinusoidal input signal with a
full-scale input value equal to UFS, the general SQNR expression for the ADCERI
is:

SQNRERI = 20 log

(
UFS

2
√

2

eER,rms G

)
, (6.18)

where eER,rms is the RMS value of eER(N). Note that a general expression is given
here, with respect to the ADCERI SQNR, in order to preserve a general approach
that could be applied for any type of loop filter.

Looking from the perspective of two separate systems, ADCER and ADCI,
HNC(z) is forcing the quantization error of the unscaled ADCI output, WI(z), to
be equal in magnitude to XL(z), so it can be refined by ADCER. As seen in Section
5.1, this type of filter (HNC(z) = FBXL

(z)) has not only been used for extended
range [32], but also for several incremental implementations [30, 124,131,153,154],
where HNC(z) has been obtained by setting an upper limit of the ADCI quantiza-
tion error based on the bounded output of the last integrator [155].

The performance improvement of extended range implementations with respect
to such IΣ∆ ADCs can be verified by calculating the SQNR of the ADCI and
relating it to (6.18). The unscaled output of ADCI, WI(z), can be obtained from
Figure 6.3 and is given by:

WI(z) = V (z) HNC(z) = V (z) FBXL
(z) kER . (6.19)

Moreover, by substituting (6.19) into (6.4), the output of the last integrator at
sampling times equal to 1/fS, can be expressed as:

XL(z) = U(z) FFXL
(z)− WI(z)

kER
. (6.20)

By evaluating (6.20) at sampling times equal to N/fS, it is possible to derive the
unscaled value of the incremental quantization error as:

xL(N) =
U

G kER
− wI(N)

kER
, (6.21)

from where the scaled quantization error can be expressed as:

eI(N) = dI(N)− U = −xL(N) G kER , (6.22)
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where dI(N) is the scaled ADCI output given by:

dI(N) = wI(N) G . (6.23)

Assuming a sinusoidal input signal with a full-scale input value equal to UFS, the
SQNR of the ADCI is thus:

SQNRI = 20 log

(
UFS

2
√

2

xL,rms G kER

)
, (6.24)

where xL,rms is the RMS value of xL(N). Considering (6.24), the SQNRERI in
(6.18) can be expressed as:

SQNRERI = 20 log

(
UFS

2
√

2

xL,rms G kER
·

xL,rms G kER

eER,rms G

)
,

= SQNRI + SQNRER ,

(6.25)

where SQNRER is the SQNR of the ADCER given by:

SQNRER =
xL,rms kER

eER,rms
. (6.26)

Similar with (6.18), no further assumptions are made on the statistical proper-
ties of the ADCI and ADCER quantization error. According to (6.25), the SQNR
performance of the incremental section ADC is directly, and linearly, improved by
the SQNR of the ADCER. The selection of an appropriate loop filter topology, as
demonstrated below, will be critical in order to fully benefit from such improvement.

6.2 Impact of Loop Filter Topology

The SQNR performance of the ADCERI can be divided, from (6.25), into the re-
spective performances of its subsystems, ADCER and ADCI. As a first level approx-
imation, and assuming a dynamic range of the ADCER equal to its input, xL(N),
the magnitude of eER,rms can be assumed inversely proportional with respect to
the number of ADCER levels. Although no further observations can be made about
xL,rms and G until a loop filter is selected, it is already apparent that, in order to
maximize the SQNRERI performance, xL,rms has to be minimized. The magnitude
of xL,rms, and its dependence with respect to the loop filter topology, can be quali-
tatively analyzed from XL(z) in (6.4). Furthermore, this analysis can also be used
to establish key differences between incremental, discrete and continuous time, and
extended range implementations.

This work concentrates on the previous structures used in incremental and ex-
tended range implementations, since it would be impractical to cover all possi-
ble loop filter topologies. Several topologies have been used in such implementa-
tions, with FBXL

(z) as digital filters, including CIFB [153], CIFF [154] and cascade



110 CHAPTER 6. HIGH-ORDER CT IΣ∆ ADCS WITH EXTENDED-RANGE

I1(s)c1

eQ(n)

DAC1

a1

b1

u(n)

v(n)
Q

-

d1

cL IL(s)

dL

x1(t) xL(t)

b2

DAC2

a2

-

bL+1

DACL+1

aL+1

-

bL

DACL

aL

-

Figure 6.4. Block diagram of a general low pass single loop CT Σ∆ modulator,
with all zeros at DC, used in the ER-IΣ∆ ADC.

of integrators in feed-forward configuration with input feed-forward (CIFF+IFF)
[30, 32, 124, 131]. These topologies can be studied with the aid of a block diagram
for a general low pass SL Σ∆ modulator, as shown in Figure 6.4. With respect
to DT incremental ADCs [145], the use of CIFF+IFF (b2 . . . bL = 0, bL+1 = 1,
d1 . . . dL 6= 0) topology presents two key advantages compared to its counterparts:
1) superior immunity to coefficients’ spread, and 2) input signal independence of
XL(z). Moreover, the input signal independence reduces the magnitude of XL(z),
which represents an advantage not only for incremental but also for extended range
implementations.

With respect to CT incremental Σ∆ ADCs, the sensitivity to coefficient devia-
tions can be appreciated by analyzing HNC(z) from (6.11) and its dependence on
FBXL

(z). Taking (6.6) into account, FBXL
(z) can also be expressed as:

FBXL
(z) =

L∑
i=1

IIT

RDACi(s)
L∏

j=i

Ij(s)

 L∏
j=i

cj ai

 , (6.27)

where cj and ai are scaling coefficients of the modulator, RDACi
(s) is the DAC

impulse response of the ith feedback branch and Ij(s) is the transfer function of the
jth integrator. From (6.27) it can be seen that, as there are different sets of scaling
coefficients per branch, the number of feedback branches will have a strong impact
on how the integrator’s mismatches will affect WI(z). It can be also seen that when
there is only one feedback branch, as in CIFF and CIFF+IFF configurations, the
integrators’ coefficients will only act as scaling factors and their spread will not
degrade the resolution of the ADCI output, WI(z). This behavior is similar to DT
incremental ADCs and is consistent with the simulations shown in [124] for a 3rd

order CT IΣ∆ ADC with CIFF+IFF topology.
While only feedback paths were considered when designing HNC(z), both paths

have to be taken into account to obtain XL(z), thus, the noise characteristics of
WI(z). The input signal dependency of XL(z) can be analyzed with (6.7) from
where relevant observations can be made. Naturally, as in traditional Σ∆ mod-
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ulators, the use of CIFB topologies prevents the input signal independence. Fur-
thermore, assuming a single feedback path, the dependency of XL(z) on the input
signal will be determined by both the number of feed-forward branches and the
DAC coding-scheme. In CT implementations with NRZ-DAC, the independence is
obtained by using CIFF+IFF which leads to a unity STF and FFXL

(z) = FBXL
(z).

However, this is not sufficient when using other DAC coding-schemes in high-order
modulators. The dependency of XL(z) on U(z) is caused by the difference in the
transfer functions FBXL

(z) and FFXL
(z) and the deviation of the STF from unity

due to the use of a non-NRZ coding scheme in the feedback DAC. In order to coun-
teract this issue, the signal independence of XL(z) can be guaranteed if a CIFF
with full input feed-forward (CIFF+FIFF) topology (b1 . . . bL+1 6= 0, d1 . . . dL 6= 0)
is used, in combination with a multi-bit implementation (kq = 1). It is also worth
to mention that the input signal independence of XL(z) (XLU (z) = 0) is not suf-
ficient to assure the uncorrelation of the ADC quantization error with respect to
the input signal, as the quantization noise EQ(z) could also be signal dependent,
especially for DC input signals [156].

In the ER-IΣ∆ case, it can be observed that minimizing the magnitude of
XL(z) is still critical, favouring the use of feed-forward topologies. On the other
hand, the effect of the XL(z) input signal correlation will, most likely, not appear
in the ADCERI quantization error, due to the re-quantization that occurs in the
ADCER. It will, however, impact the SQNR of the ADCER as it will determine
the statistical properties of its input. Although the effect of non-idealities will
be analyzed in Section 6.3, it is already visible that, as the quantization error
cancellation depends on the matching of two branches, WI(z) and WER(z), any
mismatch between these two branches, will degrade the improvement gained by the
use of extended range.

6.3 Non-Ideal Behaviour of ER-IΣ∆ ADCs

In order to reduce the power dissipation, the extended range approach reduces the
required number of cycles of an IΣ∆ ADC by refining its quantization error using
a low power Nyquist-rate ADC [32]. Accordingly, a low power SAR ADC, with a
high number of bits could be used as ADCER. Such strategy is based on the as-
sumption that the quantization error of the incremental portion is always available
at the output of the last integrator and, thus can be refined. The assumption of the
ADCERI quantization error availability at the output of the last integrator is, how-
ever, no longer valid when non-idealities are present and limits, as a consequence,
the use of error refinement. This effect will be first analyzed qualitatively while a
case study will later on quantify its impact.

By considering that the CT-DT transformation of the analog blocks will now
depend on certain non-ideal variable m, the source of this limitation can be appre-
ciated as follows. For simplicity, the ADCER gain, shown in Figure 6.3, is assumed
one, as in a multi-bit case (kER = 1). Expressing (6.9) in terms of (6.1) and (6.4),
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the output of ADCER, WER(z,m), is given by:

WER(z,m) = U(z) FFXL
(z,m)− V (z,m) FBXL

(z,m) + EER(z) . (6.28)

Similarly, the output of ADCI, WI(z,m), is given by:

WI(z,m) = V (z,m) FBXL
(z) . (6.29)

Taking these equations into account, the output W (z,m) of the ADCERI, at sam-
pling times equal to 1/fS, when subjected to mismatches between the analog and
digital transfer functions, is given by:

W (z,m) = WI(z,m) + WER(z,m)
= U(z) FFXL

(z,m) + EER(z)

+V (z,m)
(
FBXL

(z)− FBXL
(z,m)

)
,

(6.30)

Under ideal conditions, FBXL
(z) is equal to FBXL

(z,m) and (6.30) reduces to (6.9).
Under mismatches, however, there will be a “leak” of V (z,m) into the ADCERI
quantization error which will be given by:

EERI(z) = EER(z) + EM (z,m) , (6.31)

where EERI(z) is the ADCERI quantization error and EM (z,m) represent the por-
tion of such quantization error that is due to mismatches between the analog and
digital transfer function, given by:

EM (z,m) = V (z,m)
(
FBXL

(z)− FBXL
(z,m)

)
= V (z,m) ∆M (z,m) ,

(6.32)

where ∆M (z,m) represents the mismatch between analog and digital transfer func-
tions. The importance of obtaining a close matching between the digital and the
non-ideal analog transfer function can be appreciated from (6.32). As with cascaded
modulators, the noise leakage can be minimized by modifying the noise cancellation
filter, HNC(z), so it resembles the non-ideal analog transfer function FBXL

(z,m).
From (6.30), it can be also seen that, under mismatches, there will be a gain error
when calculating the scaled output of the ADC, d(N). This error will stem from
the mismatches between FFXL

(z,m) and FFXL
(z).

Equations (6.30) - (6.32) can be used to estimate the “leak” of V (z,m) into the
ADCERI and are useful to understand the origin of the mismatches. However, time
domain simulations are necessary to fully quantify their effect. Under mismatches,
it is not sufficient to compute ∆M (z,m) for quantifying the mismatch effect, as
EM (z,m) also depends on V (z,m), which will be also affected by the deviation of
FBXL

(z,m). Time domain simulations can therefore help selecting a suitable set
of parameters to obtain a required resolution under mismatches.
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6.4 Case Study: 3rd Order CT IΣ∆ ADC with Extended
Range

The theoretical analysis, presented in the previous sections, can be illustrated with
the help of a test case. Shown in Figure 6.5, the designed IΣ∆ ADC proposed in
Chapter 5 is used as test case here. The ER-IΣ∆ ADC’s performance, as well as
its sensitivity to non-idealities and the possibility of applying digital compensation
for the analog-digital mismatches, has been evaluated through MATLAB/Simulink
transient simulations.
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Figure 6.5. Block diagram of the 3rd order single-bit CT IΣ∆ modulator employed
in the case study.

Stability considerations are similar as for IΣ∆ ADCs, as presented in Section
5.2. The same set of coefficients listed in Table 5.1 are used here. The noise
cancellation filter HNC(z) has been obtained from (6.11) and is given by:

HNC(z) =
(

α

(z − 1)
+

β

(z − 1)2
+

γ

(z − 1)3

)
k , (6.33)

where,

α =
1
8

(
8 τ2

(
1− e−

1
2 τ

)
− 4 τ + 1

)
, (6.34)

β = − 1
2

(
2 τ
(
1− e−

1
2 τ

)
− 2 + e−

1
2 τ

)
, (6.35)

γ = 1− e−
1

2 τ , (6.36)

k = kER τ a1

3∏
j=1

cj . (6.37)

Similarly, the value of the gain, G, scaling the ADCERI output to the input U , is
obtained from (6.17) and is given by:

G =
6

kER N3 b1

∏3
j=1 cj

. (6.38)
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Equations (6.33) to (6.38) provide the starting point for estimating the ADC’s
performance, evaluating its sensitivity to non-idealities and counteracting analog-
digital mismatches.

6.4.1 Theoretical Performance

From (6.25), the ADC theoretical performance can be roughly approximated as
follows. Assuming that the output of the last integrator, xL(N), where L = 3, has
a uniform distribution with a full-scale value equal to the full-scale value of the
input signal UFS, the dynamic range of the ADCI, DRI, resulted from (6.24), can
be expressed as:

DRI = 20 log

(
UFS

2
√

2
UFS√

12
G kER

)

= 20 log

(√
3
2

1
G kER

)
.

(6.39)

Therefore, by replacing (6.38) into (6.39), it is possible to obtain the dynamic range
of the test case as:

DRI = 20 log

(√
3
2

N3 b1

∏3
j=1 cj

6

)
. (6.40)

Similarly, the dynamic range of the extended range ADC, DRER, can be approxi-
mated by assuming that its full-scale input is identical with the output of the last
integrator, x3(N), and that its quantization error has a uniform distribution with a
full-scale value also equal to the full-scale value of x3(N). As x3(N) is also assumed
to have a uniform distribution, the dynamic range of the ADCER, DRER, resulted
from (6.26), will be given by:

DRER = 20 log

( x3,FS√
12

x3,FS

2BER
√

12

)
= 6.02 BER , (6.41)

where x3,FS is the full-scale value of x3(N) and BER is the number of bits in the
extended range ADC, ADCER. It is worth to notice that (6.41) has been derived
assuming a multi-bit case (kER = 1), which is in agreement with the statistical
properties assumed for the ADCER quantization error.

From (6.40) and (6.41), the impact of system level parameters on the ADC’s
performance can be appreciated as follows. With respect to the ADCI dynamic
range, it can be seen that DRI is proportional to N3. Generalizing, the dynamic
range for a modulator of order L will be proportional to NL, when CIFF+IFF
topology is used. Furthermore, the use of multi-bit quantization will decrease the
full-scale value of x3(N), due to a reduction in the modulator’s quantization error,
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and will allow a more aggressive NTF, which, in turn, will increase the value of the
loop filter coefficients. With respect to the ADCER, the effect of the ADCER bits,
BER, can be easily seen in (6.41), obtaining a 6.02 dB increment in dynamic range
for each bit added.

System level transient simulations have been performed on the test case ER-
IΣ∆ ADC so as to validate (6.40) and (6.41). The ADC is composed by the IΣ∆
modulator of Figure 6.5 with a noise cancellation filter, HNC(z), as described in
(6.33). Shown in Figure 6.6, the SQNR for an input signal with an −6 dBFS
amplitude has been computed for several number of cycles, N , while sweeping
the number of ADCER bits, BER, from zero (for incremental case) to ten. The
number of required cycles has been calculated using (6.40) in order to achieve,
in the incremental case, a SQNR from 42 dB to 66 dB in steps of 6 dB, so as to
better appreciate its influence on the ADC’s performance. As in traditional Σ∆
modulators [28] and pipelined ADCs, the effective gain of the ADCER, kER in
Figure 6.3, has been assumed equal to two for the single-bit case and equal to
one for the multi-bit case. Moreover, the full-scale input of the ADCER is assumed
identical to x3(N). When compared to the performance of an IΣ∆ ADC (BER = 0),
Figure 6.6 shows that a similar SQNR could be achieved by using a 5-bit ADCER
while decreasing the number of cycles run by 41%. Assuming a low-power ADCER,
this option could provide a lower power alternative.

While the approximations made in (6.40) and (6.41) agree qualitatively with the
system level simulations presented in Figure 6.6, there are some discrepancies worth
mentioning. With respect to the ADCI case (BER = 0), (6.40) correctly predicts
the influence of N on the ADCI performance, increasing, as calculated, approxi-
mately 6 dB per case. However, the predicted values have an offset of approximately
8 dB with respect to the simulation results. For example, (6.40) predicts a SQNR
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Figure 6.6. SQNR versus number of cycles per conversion, N , and bits of extended
range converter, BER, for a 3rd order, single-bit CIFF+IFF IΣ∆ ADC. [References:
2:N = 61, #:N = 48, +:N = 39, 4:N = 31, A:N = 25].
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of 42 dB, for a −6 dBFS input signal and N = 25, instead of the 50 dB observed
in the simulations, thus, underestimating the ADCI performance by 8 dB. Similar
discrepancies are also found for other values of N . With respect to the ADCER
performance, two different trends can be observed. When using an ADCER with 3
to 10 bits resolution, its SQNR performance has a slope corresponding to approxi-
mately 6 dB per bit. On the other hand, the slope is degraded to around 3 dB per
bit when using one or two bits. When compared to (6.41), this will translate into
an overestimation of the ADCER performance. These discrepancies can be under-
stood by observing the probability density estimate (PDE) of the unscaled ADCI
quantization error, x3(N), which will influence the performance of both the ADCI
and ADCER. Figure 6.7 shows the PDE of x3(N) for the number of cycles selected
previously, where two fundamental differences can be appreciated with respect to
the assumptions made for such output: 1) its full-scale value is not equal to the
full-scale input value, and 2) the distribution is not uniform but rather concen-
trated between ±0.5 UFS. The reduction in the full-scale value of x3(N) and its
distribution will decrease its RMS power, thus, increasing the ADCI performance
with respect to the value predicted in (6.40). On the other hand, the distribution
shown in Figure 6.7 will negatively affect the SQNR performance of the ADCER
for low number of bits. For the single bit case, this could be partially counteracted
by empirically modifying the effective ADCER gain; however, this is not possible
for the multi-bit case.

Although the first order approximation made in (6.40) and (6.41) can help to
establish the system level parameters, this section highlights the importance of
system level simulations in order to capture the behavior of ER-IΣ∆ ADCs, where
the assumptions that are regularly made in traditional Σ∆ modulators are no longer
valid.
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Figure 6.7. Probability density estimate (PDE) of x3(N). [References: 2:N = 61,
#:N = 48, +:N = 39, 4:N = 31, A:N = 25].
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6.4.2 Signal Dependence of ADC’s Quantization Error

In Section 6.2, it was mentioned that, even though the ADCI quantization error
could be signal dependent, this characteristic would be minimized when extended
range is applied. This behaviour has been evaluated by analyzing the correlation
coefficient [157] between the input and the ADCERI quantization noise as a function
of the number of ADCER bits, BER, as shown in Figure 6.8. As it is possible to
appreciate, the ADCI quantization error (BER = 0) has a strong correlation with
the input signal. However, this effect is substantially counteracted when applying
extended range with at least 1-bit.
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Figure 6.8. Linear correlation between input signal and quantization error versus
ADCER bits.

6.4.3 Sensitivity to Circuit Non-Idealities

Section 6.3 showed, qualitatively, that the ADCI quantization error refinement
depends on the matching between the analog and digital transfer function. As
a consequence, any mismatch between these functions, created by non-idealities,
would cause a degradation of the improvement gained by using the extended range
approach. The sensitivity to key circuit level non-idealities has been evaluated in
MATLAB/Simulink environment with respect to the ADC’s performance degra-
dation. This has been performed by applying a −6 dBFS sinusoidal input signal
and computing the SNDR. Figure 6.9 to Figure 6.11 presents the sensitivity to the
considered non-idealities, when sweeping the ADCER bits, BER, from three to ten.
To avoid cluttering, only the case of 25 cycles run is presented here.

With respect to the sensitivity to process variations, it is assumed that the RC
products, affecting the gain, 1

RC , of each integrator, will suffer the same spread [107],
∆RC . As shown in Figure 6.5, the integrators’ gain is given by the products of (b1 c1)
and (a1 c1) for the 1st integrator and by c2 and c3 for the 2nd and 3rd integrators,
respectively. As the spread will be the same for all RC products, it can be mapped
as a coefficient error (1+∆RC) which can be added before each Ii(s). Furthermore
as the coefficients d1 to d3 can be implemented by ratios of R or C, their effect has
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Figure 6.9. ADCERI SNDR performance versus integrators’ coefficients deviation.
[References: ADCER bits = A:3, 4:4, +:5, #:6, 2:7, ×:8, �:9 and �:10].

been considered negligible. From Figure 6.9, it can be seen the high sensitivity of
the test-case ADC to process variations which highlights the need of tuning circuitry
to fully benefit from the extended range approach. As shown on Section 6.2, this
behaviour is in contrast with respect to incremental counterparts with similar loop
filter topology, where coefficient variations will mainly affect the ADC’s gain.

Non-idealities in the integrators’ OpAmps have been modeled assuming an
OpAmp-RC implementation [53], as shown in Section 3.1.2. Figure 6.10a and Fig-
ure 6.10b show the effects of finite amplifier DC gain and finite amplifier’s GBW.
Contrary to what occurs in traditional SL Σ∆ ADCs and in-line with cascaded
modulators, the use of either low DC gain or low GBW will limit the use of ex-
tended range approach. This represents a severe drawback as it would affect the
power consumption of CT ER-IΣ∆ ADCs.

The effect of non-idealities in the DAC waveform has been included with respect
to the sensitivity to ELD and clock jitter, as shown in Figure 6.11a and Figure 6.11b
respectively. Such effects have been modeled either by simply delaying the DAC
feedback waveform a constant time, τELD, in the case of ELD, or by randomly
varying the DAC’s clock edges, with a statistical standard deviation, σj , in the case
of jitter. Although the use of SCR coding scheme has attenuated the sensitivity
to jitter, it can be seen, as in the previous cases, that the sensitivity increases
when increasing the number of bits in the ADCER, imposing tight requirements
for high number of bits in ADCER. On the other hand, while sensitivity to ELD
also exhibits a similar trend, it can be seen that such requirements would not be
as restrictive as for the jitter case. This is due to the use of a SCR-DAC, which
will not only decrease the sensitivity to jitter but will also increase the tolerance to
ELD.

It is also possible to appreciate, from these figures, certain similarities between
each case from where some general observations can be drawn. When looking at the
influence of BER, all previous simulations contain a region, or “envelope”, where
there is no performance gain by the addition of extra bits in ADCER. With respect
to Figure 6.11b, the jitter induced timing uncertainty generates, as shown in Section
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Figure 6.10. ADCERI SNDR performance versus (a) integrators’ finite DC gain
and (b) integrators’ finite GBW. [References: ADCER bits = A:3, 4:4, +:5, #:6,
2:7, ×:8, �:9 and �:10].

3.4, an increment of the in-band noise, which limits the maximum performance of
the ER-IΣ∆ ADC. On the other hand, with respect to Figures 6.9, 6.10 and 6.11a,
the degradations are consistent with the qualitative analysis made in Section 6.3
from where it is possible to realize that for a given non-ideality value, a mismatch
between the digital and analog transfer function will occur and certain noise will
be injected, therefore, increasing the number of ADCER bits will no longer be
effective. This effect highlights the need of careful noise cancellation filter design
so as to counteract such negative effect.

6.4.4 Design Centering of Noise Cancellation Filter

One of the main differences between traditional SL IΣ∆ ADCs and ER-IΣ∆ coun-
terparts is the existence, as shown in Section 6.3, of a noise cancellation filter that
should match certain analog transfer function in order to prevent noise leakage, as
in cascaded Σ∆ ADCs. Similarly as in Section 5.4, the filter developed in (6.33)
provides a good system level approximation, and can be used to establish the the-
oretical performance of the ADC. However, it does not take into consideration
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Figure 6.11. ADCERI SNDR performance versus (a) DAC ELD and (b) jitter
standard deviation. [References: ADCER bits = A:3, 4:4, +:5, #:6, 2:7, ×:8, �:9
and �:10].

non-idealities that appear in circuit implementation which results, as exemplified
in Section 6.4.3, in a suboptimal solution. In principle, it would be possible to
mathematically derive a noise cancellation filter to account for all introduced non-
idealities. This approach, however, becomes too cumbersome when going from
system level to more refined abstraction levels such as block level or circuit level
implementation. In this work, optimization tools are employed so as to account for
analog non-idealities in the noise cancellation filter design and, thus, reduce noise
leakage. This approach has the advantage that can be directly applied, in all design
steps, by simply re-running the optimization algorithm.

The same strategy as in 5.4 is applied here. Accordingly, the N FIR filter
coefficients are obtained by computing the N-length impulse response of the transfer
function in (6.33). Afterwards, the goal of the optimization algorithm is set to
maximize the ADCERI SNDR performance, assuming that a maximum SNDR will
correspond to a minimum noise leakage. When computing such performance metric,
the influence of the quantization error EER(z) is minimized by removing ADCER
in Figure 6.3, thus, letting x3(N) to directly cancel the ADCI quantization error.
Furthermore, this performance metric is computed at an input signal amplitude
where harmonics are not present.
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One issue with respect to the use of optimization algorithms is the risk of not
finding a global solution, thus, leading to a suboptimal set of FIR coefficients. Al-
though all solvers included in the MATLAB Optimization Toolbox [158] generally
find a local optimum, the so called “global optimization algorithms”, present in
the MATLAB Global Optimization Toolbox [159], counteract this issue by search-
ing for solutions to problems that contain multiple maxima. The latter type of
solvers, however, have the disadvantage of being significantly slower than former
type. Although an exhaustive study of the optimum solver is out of the scope in
this work, several algorithms have been tested in order to evaluate their efficiency in
terms of the final solution and the speed to obtain such solution. In this work, the
functions fminsearch, fminunc and multistart were tested. The first two optimizers
fall in the category of “minimizers” and attempt to find a local minimum of the
objective function near an initial estimate. On the other hand, the last function
starts a local solver from multiple start points in order to attempt to find a global
optimum. In this work, fminunc has been used as such local solver. Defaults values
were used in all evaluated functions with the exception of the maximum number
of allowed iterations and the maximum number of allowed function evaluations.
These values were increased, thus, allowing the algorithm to be stopped when the
ADCERI SNDR could not be improved by more than certain tolerance. Moreover,
the coefficients obtained from (6.33) were set as the initial estimate. Table 6.1
shows a comparison between the tested algorithms when using a test-case with
practical values for the non-idealities analyzed in Section 6.4.3. The performance
of each algorithm is measured with respect to the ADCERI SNDR when using a
10-bit ADCER while the speed is measured in the number of functions evaluated
in order to reach that solution. It can be seen that fminunc is more efficient than
fminsearch, both in terms of the ADCERI obtained and the number of functions
needed to obtain such result. Moreover, even though it reaches a similar result as
multistart, it does it with significantly less number of functions evaluated. Based
on these results, fminunc is selected to optimize the noise cancellation filter.

To validate the ADCERI performance when using the proposed filter, similar
simulations as in Section 6.4.3 are shown in Figures 6.12 to 6.14, with the exception
of the sensitivity to clock jitter. As shown in Figure 6.12, the proposed filter can
successfully counteract the degradation induced from process variations, obtaining,
in comparison with Figure 6.9, 59 dB of SNDR improvement in the case of ∆RC =
−30% and BER = 10. Although one can expect large deviations after physical

Table 6.1. Comparison of tested optimization algorithms

Function ADCERI SNDR # Functions

fminsearch 60.75 dB 43885

fminunc 84.33 dB 2439

multistart 84.47 dB 34814
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Figure 6.12. ADCERI SNDR performance versus integrators’ coefficients deviation.
[References: ADCER bits = A:3, 4:4, +:5, #:6, 2:7, ×:8, �:9 and �:10].
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Figure 6.13. ADCERI SNDR performance versus (a) integrators’ finite DC gain
and (b) integrators’ finite GBW. [References: ADCER bits = A:3, 4:4, +:5, #:6,
2:7, ×:8, �:9 and �:10].

implementation, the previous simulation highlights the possibility to compensate
and even cancel the influence of such variations in the digital domain. It is also
worth to mention the importance of proper NTF design so as to withstand the
expected spread.

The effects of the proposed noise cancellation filter when considering OpAmps’
non-idealities are presented in Figure 6.13a and Figure 6.13b, for finite amplifier DC
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Figure 6.14. ADCERI SNDR performance versus DAC ELD. [References: ADCER
bits = A:3, 4:4, +:5, #:6, 2:7, ×:8, �:9 and �:10].

gain and finite amplifier GBW, respectively. Contrary to the respective simulations
shown in Section 6.4.3, now it is possible to use an OpAmp with a GBW product
close to 2 fS and a DC gain close to 40 dB. While this represents a key feature
for this architecture when compared to DT counterparts, it is worth remembering
that only such effects have been taken into account. Other non-idealities, such
as thermal noise and non-linear effects, will increase the lower boundary of the
required DC gain.

With respect to DAC non-idealities, while the proposed filter could effectively
enhance, as shown in Figure 6.14, the ADC’s sensitivity to ELD, depreciable im-
provement was found with respect to jitter degradation. Taking this into consider-
ation, the choice of the SCR-DAC mean lifetime value, τ , represents a key design
parameter to fully benefit from the extended range approach, as it will determine
the sensitivity to clock jitter. As in traditional CT Σ∆ ADCs, jitter induced degra-
dations could also be counteracted by using a multi-bit feed-back DAC. This ap-
proach, however, would increase the complexity of the digital filter and may require
an extra calibration circuitry to reduce the DAC mismatches.

Similar considerations apply with respect to the input referred circuit noise, as
well as for the offset errors, in the case of converting DC inputs. As in such cases an
optimized filter obtains no improvement, the degradations induced by these non-
idealities should be kept within the intended margin so as not to degrade the ADC’s
resolution.

6.5 Summary

This chapter has presented the theoretical analysis and the impact of circuit non-
idealities in extended range incremental ADCs when using CT high order single
loop Σ∆ modulators. A general approach, applicable to any loop filter topology,
quantizer’s number of bits and DAC’s coding scheme, has been proposed so as to
obtain key features of the building blocks and qualitatively analyze the loop filter
influence as well as mismatches between analogue and digital transfer functions. It
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was demonstrated that, as in DT implementations, feed-forward loop filter topolo-
gies are preferable as they reduce the quantization error of the incremental section
of the ADC, increasing, in turn, the ADC’s overall performance. It was also found
that, although CIFF+IFF topology does not provide independency between the in-
put signal and the quantization error when using coding schemes other than NRZ,
their correlation is minimized if extended range is used. A 3rd single-bit ER-IΣ∆
ADC has been used to illustrate the theoretical analysis and quantify the impact
of critical circuit non-idealities. It was found that ER-IΣ∆ ADCs are highly sen-
sitive to non-idealities altering the analogue loop filter transfer function, especially
if large number of bits are used in the extended range ADC. However, as most of
this degradation stems from noise leakage due to analogue-digital transfer func-
tion mismatches, it can be counteracted in the digital domain, as in cascaded Σ∆
modulators, by optimizing the noise cancellation filter so as to match the non-ideal
analogue transfer function. When such matching is restored, the ADC can effec-
tively benefit from relaxed amplifier’s finite GBW and finite DC gain, allowing,
as a consequence, a power aware implementation. Furthermore, the test case re-
sults show the importance of non-idealities that could not be counteracted, such as
thermal noise and jitter, and may influence both system and circuit level decisions.
The theoretical analysis and test case both highlight the potential of CT ER-IΣ∆
ADCs for low power multi-channel applications and hint the designer about possible
pitfalls in order to reach a successful implementation.



Chapter 7

Conclusions

In this thesis, two different aspects regarding digital enhancement in CT Σ∆ ADCs
have been addressed.

In order to counteract analogue limitations affecting the performance of CT Σ∆
modulators, two highly digital techniques have been proposed and analyzed. First,
a novel on-line technique for calibrating coefficients’ deviations in single-loop CT
Σ∆ modulators has been proposed. The coefficients’ deviations are detected by
correlation using an out-of-band test signal together with digital cancellation. To
validate the proposed approach, behavioural models were combined with transistor
level implementation of the integrators’ coefficients. Corner simulations demon-
strated a successful calibration of the coefficients’ spread. Second, a multi-bit
CT Σ∆ modulator with reduced number of levels in the 1st feedback DAC has
been proposed. This is accomplished by employing digital truncation error shaping
and cancellation techniques with the objective of minimizing the use of multi-bit
DAC calibration. The behavioral simulation results showed negligible degradation
when comparing the proposed technique against an equivalent calibrated traditional
multi-bit architecture.

In order to meet the requirements of low-power multi-channel digital record-
ing systems of neuropotential signals, the use of high-order CT Σ∆ modulators
in incremental and extended range architectures has been investigated. First, an
incremental Σ∆ ADC, using a 3rd-order CT Σ∆ modulator, has been proposed,
analyzed, designed and fabricated in a 0.15 µm CMOS technology. The high-order
modulator in a CT implementation has been used so as to reduced the required
number of cycles per conversion while benefiting from a relaxed GBW require-
ments of the active blocks. The measured results, compared with state-of-the-art,
reveals that it obtains the best FOM with respect to recent CT IΣ∆ ADCs while
being competitive when compared to DT incremental counterparts. Thereafter,
extended-range IΣ∆ ADCs, using high-order single-loop Σ∆ modulators have been
analyzed, by means of a general approach, applicable to any loop-filter topology,
quantizer’s number of bits and DAC’s coding scheme. The impact of the loop-filter
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topology, along with the effect of mismatches between analogue and digital transfer
functions has been qualitatively investigated. Afterwards, a 3rd order single-bit
ER-IΣ∆ ADC has been used to illustrate the theoretical analysis and quantify the
impact of critical circuit non-idealities. It was found that ER-IΣ∆ ADCs are highly
sensitive to non-idealities, especially if large number of bits are used in the extended
range ADC. However, as most of the degradation stems from noise leakage due to
analogue-digital transfer function mismatches, this can be counteracted in the dig-
ital domain, as in cascaded Σ∆ modulators, by optimizing the noise cancellation
filter so as to match the non-ideal analogue transfer function. When such matching
is restored, the ADC can effectively benefit from relaxed amplifier’s finite GBW and
finite DC gain, allowing, as a consequence, a power aware implementation. Further-
more, the test case results show the importance of fundamental non-idealities that
could not be corrected, such as thermal noise and jitter, and may influence both sys-
tem and circuit level decisions. The theoretical analysis and test case highlight the
potential of CT ER-IΣ∆ ADCs for low power multi-channel applications and hint
the designer about possible pitfalls in order to reach a successful implementation.

With respect to the first aspect of this thesis, future work may focus on further
investigation of additional non-ideal phenomena. Examples of such investigations
would include the impact that finite DC gain and GBW would have on the digital
truncation error shaping and cancellation techniques, as well as the effect of jitter
and mismatches in the DACs employed in the proposed calibration technique of
coefficients’ deviations. Furthermore, to evaluate the burden that the calibration
circuitry would impose, the synthesis and physical implementation of both proposed
techniques should be performed so as to quantify their impact on area and power
consumption.

With respect to the second aspect of this thesis, while the foundation of IΣ∆
and ER-IΣ∆ ADCs has been presented, several improvements could enhance the
performance of these types of ADCs. Future research may consider the investigation
of power aware solutions, both at circuit and at block level, for example, the use of
energy-efficient coding-schemes, such as SCSR. Particularly important for ER-IΣ∆
ADCs, power-conscious digital-calibration techniques could be developed to fully
benefit from the extended-range approach.
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