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Abstract

This thesis deals with the characterization, modeling and calibration of pipeline
analog-digital converters (ADC)s. The integral nonlinearity (INL) is character-
ized, modeled and the model is used to design a post-correction block in order
to compensate the imperfections of the ADC.

The INL model is divided into: a dynamic term designed by the low code
frequency (LCF) component depending on the output code k and the frequency
under test m, and a static term known as high code frequency (HCF) component
depending solely on the output code k. The HCF is related to the pipeline ADC
circuitry. A set of adjacent piecewise linear segments is used to model the HCF.
The LCF is the dynamic term depending on the input signal characteristics, and
is modeled using a polynomial with frequency dependent coefficients.

Two dynamic calibration methodologies are developed to compensate the
imperfections of the pipeline ADC. In the first approach, the INL model at hand
is transformed into a post-correction scheme. Regarding the HCF model, a set
of gains and offsets is used to reconstruct the HCF segments structure. The
LCF polynomial frequency dependent coefficients are used to design a bank of
FIR filters which reconstructs the LCF model. A calibration block made by the
combination of static gains/offsets and a bank of FIR filters is built to create the
correction term to calibrate the ADC.

In the second approach, the calibration (and modeling) process is extended
to the upper Nyquist bands of the ADC. The HCF is used directly in calibra-
tion as a look-up-table (LUT). The LCF part is still represented by a frequency
dependent polynomial of which the coefficients are used to develop a filter bank,
implemented in the frequency domain with an overlap-and-add structure. In brief
the calibration process is done by the combination of a static LUT and a bank
of frequency domain filters.

The maximum likelihood (ML) method is used to estimate the K-factor of
a wireless Ricean channel. The K-factor is one of the main characteristics of
a telecommunication channel. However, a closed-form ML estimator of the K-
factor is unfeasible due to the complexity of the Ricean pdf. In order to overcome
this limitation, an approximation (for high K-factor values) is induced to the
Ricean pdf. A closed-form approximate ML (AML) for the Ricean K-factor is
computed. A bias study is performed on the AML and the bias derived value is
used to improve the AML estimation, leading to a closed-form bias compensated
estimator (BCE). The BCE performance (in terms of variance, bias and mean
square error (MSE)) is simulated and compared to the best known closed-form
moment-based estimator found in the literature. The BCE turns to have a supe-
rior performance for low number of samples and/or high K-factor values. Finally,
the BCE is applied on real site wireless channel measurements in an urban macro
cell area, using a 4-antenna transmit/receive MIMO system.
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Sammanfattning

Avhandlingen behandlar karakterisering, modellering och kalibrering av analog-
digital (AD)-omvandlare. Det så kallade integral nonlinearity (INL) felet karak-
teriseras och modelleras varefter modellen används till att beräkna en postkor-
rigeringsterm som kompenserar defekterna hos AD-omvandlaren.

INL-modellen består av en dynamisk term, som benämns low code frequency
(LCF)-komponenten, som beror på AD-koden k och aktuell frekvens under test
m, och en statisk term, som benämns high code frequency (HCF)-komponenten,
som enbart beror på koden k. HCF-termen kan hänföras till pipeline-strukturen
hos AD-omvandlaren. En uppsättning av intilliggande styckvis linjära segment
används för att modellera HCF-komponenten. LCF-komponenten är den dy-
namiska termen som beror på insignalskarakteristiken och modelleras med ett
polynom som har frekvensberoende koefficienter.

Två dynamiska kalibreringsmetoder utvecklas för att kompensera defekterna
hos en AD-omvandlare med pipeline-arkitektur. I den första metoden, trans-
formeras INL-modellen till ett post-korrigeringsschema. HCF-modellen resulterar
i en uppsättning av förstärkningar och en konstant. LCF-polynomens frekvens-
beroende koefficienter används för att konstruera en filterbank av FIR-filter. Ett
kalibreringsblock skapas genom att kombinera de statiska förstärkningarna och
FIR-filterbanken för att få korrigeringstermen för att kalibrera AD-omvandlaren.

I den andra metoden utökas kalibreringen och modelleringen till högre
Nyquist-band hos AD-omvandlaren. HCF används direkt i kalibreringen som
en tabellslagning ((look-up-table (LUT)). LCF-delen är fortfarande representerad
med ett frekvensberoende polynom där koefficienterna används till att designa en
filterbank, som implementeras i frekvensdomänen med en överlapp-och-addera-
struktur (overlap-and-add). Kort sagt, kalibreringsprocessen består av en kom-
bination av en statisk tabellslagning (LUT) och en bank av frekvensdomän filter.

I den sista delen av avhandlingen används Maximum Likelihood (ML) meto-
den till att estimera K-faktorn för en trådlös Ricean-kanal. K-faktorn är en
av de viktigaste egenskaperna hos en -telekommunikationskanal. Att hitta
en ML-estimator på sluten form av K-faktorn är omöjligt på grund av kom-
plexiteten hos Ricean-täthetsfunktionen. För att övervinna den begränsnin-
gen används en approximation (giltig för höga K-faktorvärden) till Ricean-
täthetsfunktionen. En approximativ ML-estimator (AML) på sluten form härleds
sedan. Medelvärdesfelet hos AML-estimatorn analyseras och resultatet används
till att medelvärdeskompensera AML vilket leder till en medelvärdeskompenserad
AML estimator på sluten form (bias compensated estimator (BCE)). Prestan-
dan hos BCE (i termer av varians, medelvärdesfel och medelkvadratfelet (MSE))
simuleras och jämförs med bästa kända moment-baserade estimatorn på sluten
form som hittas i litteraturen. BCE visar sig ha bättre prestanda för fall med få
sampel och/eller höga K-faktorvärden. Slutligen appliceras BCE på mätningar
av trådlösa kanaler i ett urbant makrocellområde vid användning av en 4-antenn
sändar/ mottagar MIMO-system.
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kS Kilo Samples
LCF Low Code Frequency
LNA Low Noise Amplifier
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LOS Line of Sight
LS Least Squares
LSB Least Significant bit
LTE 3GPP Long Term Evolution
LUT Look-Up-Table
MIMO Multiple-Input Multiple-Output
ML Maximum Likelihood
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Mathematical Notation

XT The transpose of X.
X∗ The conjugate of a each element of X.
XH The conjugate transpose of X.
X−1 The inverse of a square matrix X.
|x| Absolute value of a scalar x.
‖x‖ The 2-norm of a vector x (i.e., ‖x‖ = (

∑
i |xi|2)1/2).

exp(x) The exponential of x.
log(x) The natural logarithm.
∂ The partial derivative.
E[X] The mathematical expectation of a stochastic X.
Var[X] The mathematical variance of a stochastic X.
Cov[X, Y ] The mathematical corvariance of a stochastic X and Y .



Chapter 1

Introduction

This chapter presents a contextual description of the problems dealt with
in the thesis: analog-digital converters (ADC)s error characterization and
modeling, pipeline ADC calibration, and wireless channel estimation and
modeling. The problem statements and formulations are presented in the
next chapter.

1.1 Analog to Digital Conversion

The increased data rates made possible by the introduction of digital tech-
nology represent a substantial milestone in the development of communi-
cation systems. Analog communication has many disadvantages such as
the fact that transmissions have to be performed in continuous time, a
frequency band needs to be reserved for a given communication, and the
system is vulnerable to noise. Channel capacity and data rates are quite
constrained in analog communication. These limitations are overcome by
the digital technology, in which the signal is quantized, compressed to in-
crease the efficiency of the transmission, and modulated and coded for
robustness against noise and other sources of errors prior to being sent
over the wireless channel. Coding can also be performed in the frequency
domain to combat signal loss or fading in a short period of time due to
shadowing, for example.

Comparing analog and digital signal processing (DSP), the latter is eas-
ier and cheaper with regard to implementation. Moreover, DSP is more
flexible. A potential algorithm modification only requires reprogramming
(of the Field-Programmable Gate Array (FPGA), for example), while ana-
log signal processing will require a hardware modification. Digital circuitry
is, in addition, generally more immune to noise.

The sampling and quantization process is performed by the ADC, as
shown in Fig. 1.1. The ADC input is first sampled and then quantized into

1
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Analog input Digital output
ADC

fs

Sampled
signal

Digital
signalQuantizer

Figure 1.1: A very basic ADC schematic is shown. The analog signal
conversion into a digital sequence by the ADC at a sampling frequency fs.

finite-resolution digital values. One can see at a glance that digitizing a sig-
nal leads to some information loss. However, the digital signal will reliably
represent its analog counterpart if the ADC resolution is high enough. The
resolution of the ADC output is directly related to its number of bits N .
An ADC with a higher number of bits has a higher digital resolution. Such
ADCs are needed when accuracy is important for the application at hand.
However, increasing the resolution of a quantizer does not come without
some drawbacks. In case of top notch quantizers, the resolution is inversely
proportional to the sampling frequency. This fact hinders high-accuracy
quantization of radio-frequency (RF) signals. Hence, the RF signal is first
down-converted to the intermediate frequency (IF) band by a mixer prior
to being quantized with the desired resolution. This operation relaxes the
requirements on high sampling rate in combination with high resolution.
A simplified diagram of a telecommunication system receiver is shown in
Fig. 1.2. Modern communication system receivers consist mainly of an an-
tenna at the RF front-end, followed by a preselection RF filter, a low-noise
amplifier (LNA) plus a frequency down-converting stage prior to the in-
phase (I) and quadrature-phase (Q) branches. Each branch has an ADC
at its periphery, which feeds data to the digital signal processing (DSP)
blocks.

Because contemporary telecommunications systems enjoy a substantial
increase in data rates relative to the data rates of earlier systems, digital
signal processing is now performed at a higher rate and covers a wider band-
width. The ADC performance is crucial due to its position at the input
of the DSP block. Thus, a potential error or distortion generated by the
ADC will propagate through the processing scheme, adding to the channel,
DSP processing and RF block errors. Thus, ADC error characterization is
a vital task, and ADC calibration is believed to improve the performance
of digital communication systems. A common quantizer for telecommuni-
cation system base stations is the pipeline ADC typically working in the IF
range. Characterizing and calibrating this ADC is the main topic of this
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RF receiver

RF filter

LNA

Mixer

Mixer

LO
IF

IF

ADC

ADC

DSP
I

Q

Figure 1.2: A telecommunication receiver diagram. The ADC is present in
both I/Q branches after the mixer and IF filter, and before the DSP block.
A low-noise amplifier (LNA) is used to amplify the filtered RF signal. A
local oscillator (LO) is used to drive the mixers.

thesis.

It is worth mentioning that due to the significant advantages of DSP
over analog signal processing, (such as the digital circuitry robustness to
noise and flexible reprogramming), the ADC is gradually moved into the
RF front end, i.e., the sampling/quantization process tends to be performed
in the RF range. Hence, a high sampling rate is needed, where it would
be difficult to achieve the needed resolution for processing. Thus, more
complex ADC architectures are used for the task, such as time-interleaved
(TI) ADCs which are built by several identical ADCs quantizing the input
analog signal in parallel. The parallel ADCs generally have a high resolu-
tion. Each ADC samples the input signal with a small delay. Each ADC
works at its nominal (low) conversion rate, while the sampling rate of the
TI quantizer is equal to the rate of each of the converters multiplied by
the total number of converters. Hence, TI ADCs offer a high sampling
rate and a high resolution (equal to the resolution of each of the ADCs in
parallel), but it comes at the expense of high complexity in the hardware
space, a high power consumption and a high cost. Synchronization prob-
lems between the parallel ADCs also arise. Another approach for direct RF
sampling is to operate ADCs as down converters, i.e., undersampling the
analog RF signal. ADCs working in their upper Nyquist bands are suscep-
tible to more errors, and their calibration is an active area of research. The
pipeline ADC architecture allows quantization of RF signals (subsampling
or direct sampling in the lower RF bands), which make this architecture
an interesting candidate for converters in communication systems.
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N2-bit

DAC

g2Σ

N-bit output code k

Analog Input

V1

s

VSV1

N2-bit flash

ADC

N1-bit code

N2

N2N2 N3

Stage 1 Stage 2 Stage S
N3-bit Flash

ADC

k

output xDigital

Mapper

Figure 1.3: Static description of a pipeline ADC where the input s produces
the digital output x through the output code k.

1.2 Pipeline ADCs

The pipeline ADC is a typical converter in a telecommunication system
base station. This ADC structure presents a compromise between high
conversion speed and resolution. The pipeline denomination comes from
the fact that the signal progress in consecutive stages, where it is gradually
quantized to obtain the final high-resolution digital value. A conventional
pipeline ADC structure is shown in Fig. 1.3. The analog input s is fed to
the subranging ADC in which the signal goes through the subsequent S
pipelined stages and the final flash ADC. Each pipeline ADC stage consists
mainly of a sample and hold entity, a flash ADC, a digital-analog converter
(DAC) and a stage amplifier. In the first stage, the analog voltage is
quantized by an N1-bit flash ADC, and the obtained code is directed to the
output code register. The same obtained code is used to address an N1-bit
DAC. The output of the DAC is subtracted from the sampled analog input
voltage and the residual is amplified by gain g1 (as shown for the second
stage, g2 in Fig. 1.3) prior to being fed to the next stage. Normally, the first
pipeline stage resolves a number of bits N1 larger than the second stage
(N1 > N2). The remaining stages typically have the same resolution as
stage 2. Thus, the first stage has typically a higher gain than the remaining
stages (g1 > g2, g2 = g3, . . . , gS). The process continues through the
remaining S −1 stages, where each stage provides N2 additional bits to the
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output code register. The gained residual of stage S is fed into an N3-bit
flash ADC that resolves the remaining output code of the ADC. The N -bit
output code k is constructed with the individual (N1 + (S − 1) × N2 + N3)
sub-codes provided by the S stages and the flash ADC. Regarding timing,
each stage resolves the subsequent signal sample after each clock cycle,
which explains the high throughput of the pipeline structure.

In a pipeline ADC the sources of hardware errors are well known and
can be easily detected in the resulting error sequence. The flash ADC com-
parators, the DAC offsets and the stage gains are the main sources of errors
in every pipeline stage. It can be shown also that these faults in a given
stage will translate almost deterministically in the pipeline ADC error se-
quence. Additionally, in the case of the pipeline ADC, the errors resulting
from hardware/circuitry faults (denoted static errors) can be well distin-
guished and separated from errors related to the input signal characteristics
(denoted dynamic errors). Accordingly, these types of errors can be cal-
ibrated separately, which is one of the main advantages of compensation
under the pipeline structure.

1.3 Wireless Channels Characterization

The wireless channel is the inevitable medium of data transfer in contempo-
rary communication systems. Telecommunication systems often dispose of
wired media for data transfer, such as fiber optic cables, which are largely
immune to noise and sources of error, but the connection between a mo-
bile terminal and a base station or a Wi-Fi hotspot cannot be wired. To
optimize the data transfer over a medium, the characteristics of the lat-
ter should be well known. Hence, wireless channel estimation becomes a
vital task. A wireless channel is generally characterized by its radio fre-
quency propagation model, which describes the path loss of a signal along a
transmission. Many propagation or channel models have been developed to
characterize a typical urban (TU) channel. Under TU scenarios, the mobile
unit and the base antenna are very rarely in a line-of-sight (LOS) condition.
Moreover, the signal is very likely to endure reflections, diffractions, refrac-
tions, and fading prior to reaching the receiver. Fading is mainly due to
multipath propagation (due to reflections, etc) and shadowing when a large
obstacle is obstructing the wave propagation. This means that the receiver
will receive a multi-tapped faded version of the one-tapped transmitted sig-
nal. Fig. 1.4 illustrates a simplified wireless communication channel with a
direct signal and some reflected signals impinging on the mobile terminal.

The Ricean fading is a stochastic model used to describe the radio prop-
agation of wireless signals. The received signal is assumed to be composed
of a direct and a scattered component. The direct component can be a
reception under an LOS condition or a strong reflection, which is much



6 CH. 1. INTRODUCTION

Direct

Scatter

K = Direct
Scattered

Figure 1.4: Typical urban wireless channel when the received signal at
the mobile terminal is a combination of a LOS component and a scattered
component.

more common than the former. An LOS occurs very rarely in urban condi-
tion. The Ricean fading is mainly characterized by the power of the direct
component over the scattered component, which is the K-factor. Rayleigh
fading is a special case of Ricean fading, in which the K-factor equals zero,
i.e., no direct component, just scatter. The K-factor is an important fea-
ture of wireless channel. The estimation of this parameter is important to
adapt the coding and modulation schemes during a connection, especially
in wideband systems. In the later stage of this thesis, a maximum likeli-
hood (ML) estimator is presented to compute the K-factor of a wireless
channel out of power measurements (no phase information). A bias study
is also incorporated and used to improve the estimation. The estimator is
validated on real-site urban wireless measurements.

1.4 Thesis Contribution

The main goal of this thesis is to develop a methodology to characterize
pipeline ADCs and to develop a model-based error calibration scheme to
compensate such ADCs in real time. ADC calibration is currently an active
area of research; converter technology is pushed to the limit to enable high-
conversion rates with enough resolution. A post-corrector relaxes the ADC
design constraints while enhancing the ADC performance to the desired
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level. The thesis contribution is summarized below:

• ADC error characterization in terms of integral nonlinearity (INL)
estimation. The ADC is operated at full scale and the output is
collected for various pure sinusoidal inputs. Thus, a set of INL data
sequences is obtained, in which each sequence represents a frequency
under test. The characterization is first limited to the first Nyquist
band prior to being extended to the upper Nyquist bands at a later
stage of the thesis. A dynamic INL model is presented, its structure
is optimized, and its parameters are estimated by the least-squares
(LS) method to represent the INL. The INL model comprised two
components: a static component depending solely on the output code
k of the ADC, and a dynamic component having a further dependency
on the frequency under test m. Two INL models are developed in this
thesis. The two models have similar dynamic modeling components
but different static component. Two commercial pipeline ADCs of
the same type are used to validate the efficiency of both modeling
approaches.

• Two methodologies for ADC calibration using the developed INL
models are investigated. First, the concept of correcting an ADC in
terms of INL is explained. ADC compensation is performed by trans-
forming the developed INL models into a post-correction scheme.
Using the first INL model, the static compensation is implemented
using a set of gains and offsets. The dynamic INL part is used to
design finite impulse (FIR) filters that reconstruct in the time do-
main the frequency-dependent INL model. Using the second INL
model, the static part is implemented as a compensation look-up-
table (LUT). Regarding the dynamic calibration in the second ap-
proach, it is performed by frequency-domain filtering rather than FIR
filters. The INL characterization/modeling is extended to the upper
Nyquist bands, and thus, the post-correction scheme as well.

• In the same process of estimation, the ML method is used to esti-
mate the K-factor of the wireless channel. The Ricean power density
function (pdf) is approximated to overcome the complexity that the
Bessel function imposes on the ML estimation process. A bias and
variance study for the ML estimator is also included, and the result
is used to improve the estimation. The bias-compensated estimator
(BCE) is used to estimate the K-factor of real-site wireless measure-
ments conducted in urban areas.





Chapter 2

Background and Thesis
Contribution

This chapter provides a basic introduction to the problems addressed in this
thesis: ADC measurements and characterization, INL modeling, pipeline
ADC calibration and K-factor estimation. The state-of-the-art of these
topics is also presented. The thesis contribution is presented combined
with references to the publications on the topics at hand. Sec. 2.1 is a brief
presentation about ADC measurements and testing, including INL char-
acterization, which is quite vital for the INL modeling work in Sec. 2.3.
Sec. 2.2 presents the most common ADC figures of merit. Sec. 2.4 is ded-
icated to the pipeline ADC calibration methodologies developed in this
thesis, which is the main topic of the thesis. The K-factor estimation is
treated in Sec. 2.5.

2.1 ADC Measurements and Characterization

A quantizer is quite difficult to characterize and test. In a typical con-
verter test set-up, the input to the ADC is not known completely, but it is
estimated from the output. Generally, this output is distorted, and these
distortions are computed by comparing the ADC output to the estimated
input (estimated from the output itself), an input which is supposed to
be ideal. However, it is not always fully guaranteed that the ADC input
is ideal or distortion free. Thus, the distortions in the input can be mis-
takenly asserted to be generated by the ADC, which will cause a faulty
characterization of the ADC at hand. Thus, for a reliable characterization,
the distortion in the calibration sequence should be at a minimal level.

In this section, we will outline the most important ADC figures of merit
and the proper way of characterizing them.

9
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2.1.1 Integral Nonlinearity

One of the most important ADC characteristics is the integral nonlinearity
(INL). The INL is defined as the deviation of a practical quantizer from an
ideal staircase quantizer [1, 2]. Such mismatches between transition levels
are illustrated in Fig. 2.1. Let Tk [Volt] denote the ideal code transition
levels of an ideal ADC (solid line transition level in Fig. 2.1) and T [k] the
actual transition level (dotted line transition level in Fig. 2.1). Tk can be
related to the output code k of the ADC by [3]

Tk = Q · (k − 1) + T1 [Volt], (2.1)

where Q [Volt] is the ideal width of a code bin, which is the full-scale range
of the ADC divided by the total number of codes (Vmax − Vmin)/2N , and
N is the ADC number of bits. T1 is the first ideal transition level and its
value equals Vmin + Q for the ‘mid-riser’ convention or Vmin + Q/2 for the
‘mid-tread’, respectively [3]. The output of a real-life ADC normally suffers
certain gain and offset errors compared with the ideal staircase function.
The INL is defined as the difference between Tk given in (2.1) and T [k],
after correcting for the gain and offset of the transfer curve of the ADC [3].
First, the residual is given by ε[k] = Tk − G · T [k] − Vos [Volt], where G and
Vos are the gain factor and offset term, respectively. The gain and offset can
be found using the least-squares method, or, alternatively, by enforcing a
null residual at the terminal codes. The INL is normally expressed in least
significant bits (LSBs), where a LSB is synonymous with one ideal code
bin width Q [Volt]; that is

i[k] = ε[k]
Q

= Tk − G · T [k] − Vos

Q
[LSB] (2.2)

One can argue that the best way to estimate the distorted levels T [k] of
an ADC is to train the latter by a linear ramp (see Fig. 2.1), spanning the
ADC input range from Vmin to Vmax. Using a slowly increasing ramp makes
every ADC digital output code k occur several consecutive times. Thus, an
output code k that occurs more or less than the average means a wider or
narrower quantization step. Alternatively, a sharper ramp can be applied
several times (rising or falling). The same concept applies: any deviation
from the average indicates a distorted transition level. A histogram test is
needed to estimate the values of the transition levels T [k], cf. [2] for details
of the procedure. One should know that the generation of a ramp that is
highly linear is quite difficult in practice. Hence, an alternative training
signal is needed for reliable INL estimation.

A pure sinusoidal wave is the most commonly used training sequence
because it can easily be generated with very low distortions (i.e., very small
harmonics). A pure sine wave is fed to the input of the ADC. In this case,
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Figure 2.1: Ideal (solid line) and practical (dashed line) 3-bit mid-riser
ADC transfer curve. The practical ADC is compensated for gain and off-
set errors. The ideal transition levels Tk coincide with the solid vertical
lines, whereas, the practical transition levels T [k] (not shown for ease of
presentation) coincide with the dashed lines. i[5] is the INL data (i[k]) at
code k = 5.

the output code k occurrences will not be equal, even for an ideal ADC
because of the properties of a sine signals. The peak area of the sine wave is
sampled the most because it is flatter, which means the lowest and highest
output codes will occur the most. The practical transition levels T [k] are
also estimated by the method of the histogram test. Here, the code k
occurrences histogram is compared with the pdf of the input sine. More
details can be found in [3].

INL measurements and testing in this thesis are performed using a
state-of-art test-bed described in [4]. Moreover, during the measurements
conducted to obtain the results of this thesis, it was found that the vector
signal generator (VSG) generated some relatively high distortions, which
translated into the INL and rendered its characterization unreliable. Hence,
the VSG had to be used on very low power levels, and a specially designed
extra low noise wideband amplifier was used to compensate the low-power
signals generated by the VSG. The test-bed for the ADC measurements is
shown in Fig. 3.5 and it is explained in detail in Chapter 3.4.
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Figure 2.2: The plot shows the average INL for 15 sequences corresponding
to test frequencies in the interval 30-90 MHz for a 12-bit pipelined ADC
(AD9430).

2.1.2 INL Characterization under Pipeline ADCs

The pipeline structure shown in Fig 1.3 has a direct effect on the INL
sequence of such a converter. Fig. 2.2 shows a 12-bit pipeline ADC INL
data sequence as a function of the output code k. The abrupt variations in
consecutive output codes observed in Fig. 2.2 are due to the gain errors in
the pipelined-stages that cause the INL to vary almost linearly in adjacent
code k intervals. The sharp saw-tooth INL behavior is often denoted as the
high code frequency component (HCF) in the literature [5–7]. The pipeline
structure effect on the INL data is presented in more detail in Chapter 3.1,
in which the HCF part of the INL is characterized and modeled using some
insights from this structure.

Another type of error common to radio frequency devices is harmonic
distortion generated by the nonlinear components. This harmonic distor-
tion is reflected in the INL by a polynomial-shaped variation in the output
code domain [8]. The polynomial behavior of the INL can be detected
in the sample data in Fig. 2.2. This INL behavior is known as the low
code frequency component (LCF) [9]. Because the harmonic distortion is a
phenomenon dependent on the signal dynamics, the INL characterization is
extended to include its dependency on the input signal characteristics, such
as the frequency or slope. Thus, the INL is considered to have a dynamic
behavior because it is the outcome of certain input parameters or exists for
specified input conditions. In other words, the output code k could be dif-
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ferent for two input signals that have identical instantaneous amplitudes,
but different frequencies or slopes. The INL model is often considered to
have two degrees of freedom; one directly coupled to the output code and
one that reflects the dynamic behavior, such as frequency or slope.

Hence, in the case of pipeline ADCs, the INL data is normally divided
into two defined entities. The first is dependent on the pipeline structure
and the second is dependent on the input signal dynamics.

2.1.3 Differential Nonlinearity

The differential nonlinearity (DNL) is the difference between a specified
code bin width and the ideal code bin width, divided by the ideal code bin
width (i.e., Q) [3]. The ADC should already have been compensated for
the static gain and offset. The DNL at a given code k is given by [3]

DNL[k] = G(T [k + 1] − T [k]) − Q

Q
[LSB] (2.3)

DNL can also be regarded as the difference or rate of change between the
INL values at two consecutive codes. The DNL can be obtained from the
above equation once the practical transition levels are estimated by the
sine wave histogram test.

2.2 ADC Figures of Merit

This section gives a brief outline of the ADC performance metrics.

2.2.1 Spurious Free Dynamic Range

For a pure sine wave input, the spurious free dynamic range (SFDR) is
defined as the ratio of the fundamental tone over the strongest harmonic
or spurious signal [3]. Normally, it is computed from the discrete Fourier
transform (DFT) of the output signal and is expressed in decibels (dB) as

SFDR = 20 log10
|X(f0)|
|X(fsp)| (2.4)

where X(f0) is the DFT bin of the fundamental signal and X(fsp) is the
DFT bin of the strongest harmonic or spurious signal. The SFDR is one of
the most important figures of merit of a converter. ADC performance im-
provement is most commonly expressed in terms of SFDR enhancements;
this is something we will address thoroughly in the ADC calibration chap-
ters.
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2.2.2 Intermodulation Distortion
The intermodulation distortion (IMD) is defined for a signal with multiple
tones. Generally, it is considered for a two-tone ADC input, in which inter-
modulations occur as the sum or difference of all possible combinations of
integer multiples of the two fundamental frequencies. The intermodulation
occurs at

fIMD = ±n1 f1 ± n2 f2 (2.5)
where f1 and f2 are the fundamental two tones and n1 and n2 are integer
numbers. Then, the IMD is defined as the ratio of one of the two tones
(which are of equal power) over the strongest intermodulation product in
(2.5), in a fashion similar to the SFDR computation (2.4).

2.2.3 Signal-to-Noise and Distortion Ratio
The signal-to-noise and distortion ratio (SINAD) is given as the ratio of
the root mean square (RMS) value of the signal to the RMS of the noise
and distortion [2]

SINAD = 20 log10
A√

2PNAD
, (2.6)

where A is the amplitude of the signal and PNAD is the RMS error

PNAD =
(

1
Ns

Ns−1∑
n=0

(x(n) − s̃(n))2

) 1
2

. (2.7)

Here, x(n) is the measured signal sequence, s̃(n) is the sine wave fitted to
x(n), and Ns denotes the number of samples.

2.2.4 Noise
The noise power of an ADC output signal can be computed by removing
the fundamental, harmonics and spurious signals [3] from the ADC output
data spectrum.

2.2.5 Total Harmonic Distortion
The total harmonic distortion (THD) is the square root of the sum of
squares of a specified set of harmonic distortion components including their
aliases [3], or

THD = 1
W

√∑
h

(Xavm(fh))2 (2.8)

where Xavm(fh) is the averaged magnitude of the component at the hth
harmonic of the DFT of the ADC output data record, and W is the data
record length.
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2.2.6 Effective Number of Bits

The ADC effective number of bits (ENOB) is defined for a sine wave input
with a specific frequency and amplitude, when the ADC is corrected for
gain and offset [3]

ENOB = N − log2

(
RMS noise

ideal RMS quantization error

)
(2.9)

The ENOB is used to compare the amount of RMS noise produced by
the ADC under test to the RMS quantization noise level of an ideal ADC
having the same resolution in bits [3].

2.2.7 Figures of Merit Investigated in the thesis

In this thesis, the INL data sequence is characterized and is used to calibrate
the pipeline ADC at hand. Performance improvements are shown in terms
of the SFDR for single-tone inputs and in terms of IMD for a two-tone
input. Theoretical investigations of an ADC with an N = 12-bit resolution
have shown that no significant improvements in terms of SINAD and noise
can be achieved [10]; hence, calibration improvements in these two figures
of merit are only briefly investigated in this thesis.

2.3 INL Modeling

INL modeling is a rather recent research topic. The reasons or aims behind
INL modeling can be divided into two parts:

• The first part is aimed at the converter structure characterization
and efficient representation of the INL data. INL modeling is per-
formed to represent a large set of INL data with a reduced number of
parameters. Normally, this is the case when wideband INL measure-
ments are performed. Additionally, the INL model can be related to
the ADC design or circuitry errors, where a model structure can be
suggested and developed accordingly (such as the pipeline structure,
for example).

• INL modeling can also be used to develop calibration schemes used to
compensate the ADC at hand instead of an LUT containing the INL
data entries. The LUT becomes quite large in the case of a dynamic
INL characterization. Additionally, according to the dynamic vari-
able of the INL, an LUT implementation could be infeasible. Hence,
a model-based correction (on INL) is to be used in this case.
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2.3.1 State-of-the Art for INL Modeling
In this section, we will present previous work on INL modeling.

A dynamic INL model consisting of one term was developed in [11]. The
model was represented by a single two-dimensional polynomial, where the
slope of the signal was added to the code dimension to represent the INL; a
phase-plane representation. The main rationale behind this approach was
to take into account the hysteresis behavior inherent to the quantizer.

The INL model presented in [9] consisted of two static terms: the LCF
was modeled by a low-order polynomial, while the HCF was related to the
multi-periodic occurrence of the DNL. Basically, the HCF was computed
as the cumulative sum with respect to k of the DNLs. For a model similar
to the one employed in [9], a triangular signal at the ADC input was used
to identify the INL model parameters in [5]. The histogram test with
a sinusoidal stimulus was used to estimate the HCF in [7]. In [12, 13], a
triangular stimulus was used for the narrow-band histogram test (i.e., using
a triangular signal with a very smooth or reduced slope that translates into
a narrow-band signal in the frequency domain) of the HCF. Multiharmonic
sine fitting in the time domain was performed to estimate the LCF.

A dynamic INL model composed of two terms was proposed in [14].
The HCF-term was modeled by static piecewise-linear segments, while the
LCF was defined as a dynamic polynomial that depends on the frequency of
the input stimuli. The model was investigated and parameterized in [15].
The parameters were estimated using the LS method. The method was
applied to simulated data and the proposed model structure was effective
in describing the INL data structure.

2.3.2 Contributions to INL Modeling
In this thesis, dynamic modeling of the INL for pipeline ADCs is considered.
Two methodologies are considered.

• A fully parametric INL modeling approach is presented where the
scheme is influenced by the pipeline ADC structure. The INL model
is divided into two counterparts: static and dynamic. The static
part designed by an HCF component is modeled by a set of adjacent
linear segments centered around zero. The HCF denomination de-
scribes the rapid rate of change in the INL data (HCF data). Such
a model of the HCF (adjacent linear segments) is motivated by the
pipeline structure of the ADC at hand. The dynamic part designed
by the LCF component is modeled by a polynomial with frequency
dependent coefficients. The LCF denomination describes the slow or
smooth rate of change in the INL data that is to be illustrated by
the LCF model. Furthermore, it is observed that the LCF polynomi-
als have some common features that can be considered as static over
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the characterized band. Therefore, the LCF model is refined into a
dynamic and a static component where the latter is the average poly-
nomial over the band. An optimization process was implemented to
acquire the LCF polynomial order, the number of HCF segments
and their respective widths and borders. The INL model compo-
nents are put into a set of linear equations with INL data, and the
model parameters are estimated by the method of LS. The capability
of each model component (static LCF, HCF, and dynamic LCF) to
capture the INL data information is computed. The INL model is
plotted against the ADC code k and frequency m. Measured data
from two pipeline ADCs of the same type (Analog Devices AD9430)
and simulated data provided by the manufacturer are used in the
modeling/estimation process described.

• An INL model consisting of a dynamic LCF model and a static non
parametric HCF sequence is also investigated. The LCF model is
still modeled by a polynomial with frequency-dependent coefficients,
while the HCF model is a non parametric sequence. The LCF model
is estimated by fitting a polynomial to each measured INL sequence
of a given frequency, in which the polynomial coefficients are obtained
by the LS method. The HCF data model is obtained by subtracting
a fitted polynomial out of the average INL data. The INL model
components are plotted against the ADC code k and frequency m.
The modeling process is applied to measured data in three Nyquist
bands from two pipeline ADCs of the same type (Analog Devices
AD9430).

When comparing the two modeling methods, we note that: the first
modeling method has significantly fewer parameters, while the second ap-
proach has a simpler structure that is straightforward to obtain and better
represents the static part of the INL data. The dynamic part of both
models are virtually identical.

These contributions are presented in Chapter 3 and Chapter 5 and are
based on the following:

[16] S. Medawar, N. Björsell, P. Händel and M. Jansson, “Dynamic
characterization of analog-digital-converters non-linearities,”
Mosharaka International Conference on Wireless Communi-
cations and Mobile Computing, Amman, Jordan 6-8 Septem-
ber 2007.
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[17] S. Medawar, N. Björsell, P. Händel and M. Jansson, “ADC
Characterization by Dynamic Integral non-linearity,” 13th
Workshop on ADC Modeling and Testing, Florence, Italy, 22-
24 September 2008.

[18] S. Medawar, P. Händel, N. Björsell and M. Jansson, “In-
put dependent integral nonlinearity modeling for pipelined
analog-digital converters,” IEEE Trans. Instrum. Meas., vol.
59, pp 2609-2620, Oct. 2010.

[19] S. Medawar, N. Björsell, P. Händel and M. Jansson, “Model
order determination and segmentation of analog-digital con-
verters integral non linearity,” Instrumentation and Measure-
ment Technology Conference (I2MTC), Austin, TX, pp. 36-
41, 2010.

[20] S. Medawar, P. Händel, B. Murmann, N. Björsell and M.
Jansson, “Dynamic Calibration of Undersampled Pipelined
ADCs by Frequency Domain Filtering,” submitted to IEEE
Trans. Instrum. Meas., May. 2012.

2.4 Pipeline ADC Calibration

ADC calibration is a quite important and challenging task, especially with
state-of-the-art ADCs. ADCs working at the highest possible sampling fre-
quency or bandwidth for a given resolution are susceptible to errors; thus,
their calibration is quite critical to boost the performance of a communica-
tion system. Fig. 2.3 shows the signal-to-noise and distortion ratio (SNDR)
of several ADCs plotted versus their respective analog bandwidths. The
ADC SNDR is seen to decrease as the bandwidth increases. The analog
bandwidth is typically the same order of magnitude as the Nyquist fre-
quency. Thus, one can sketch a state-of-the-art curve (see Fig. 2.3) that
shows the best achievable combinations of bandwidth and SNDR. The con-
verters lying in the vicinity of this curve are the most interesting to cal-
ibrate. The calibration process should lead to improvements in terms of
SNDR for an ADC with a given bandwidth or sampling frequency. It is
worth making some additional comments about Fig. 2.3: the flash ADCs,
having the highest bandwidth (or equivalently highest sampling frequency),
endure a reduced SNDR, while the successive approximation-register (SAR)
and sigma delta ADCs generally have a higher SNDR for a reduced band-
width. The pipeline ADC is a good combination of a reliable resolution
and a high sampling rate (or large bandwidth). The noise reduction in
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Figure 2.3: The SNDR plotted versus the bandwidth for different ADC
architectures taken from [21] of the ISSC symposium 2007-2011.

ADCs with a relatively high number of bits N (N = 12 in our case) is
quite limited [10]. Hence, the SFDR is the figure of merit that defines a
converter’s performance, and ADC calibration is defined in most cases in
terms of SFDR improvement.

ADC calibration is believed to have a tangible effect on link- and system-
level performance; however, this research topic is not well investigated re-
search topic. A limited number of studies dealing with the influence of
ADC imperfections on the link level performance are found in the litera-
ture [22,23].

Two main approaches exist for ADC calibration:

• In-chip calibration, which requires ADC internal hardware change or
tuning.

• Off-chip calibration, in which the ADC circuitry remains intact, and
the compensation is performed by DSP. This procedure is commonly
denoted as post-correction.

The work in this thesis is restricted to post-correction methodologies,
because DSP tasks are easier to implement than a circuit modification. In
general, post-correction is more flexible. Potential changes or optimizations
require only reprogramming of the DSP. Post-correction is performed by
adding a block at the ADC output through a feed-forward loop, as illus-
trated in Figs. 2.4 and 2.5. These two figures epitomize the post-correction
concepts that are divided into two distinct methodologies: static (Fig. 2.4)
and dynamic (Fig. 2.5). Static compensation is performed by adding a
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ADC
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input st

xn[k]
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Corrected output

sn[k] = x[k] + εk

Figure 2.4: Static ADC post-correction employing a look-up-table ap-
proach. n represents the running time index.

ADC
Analog

input st

xn[k]

Map
k

m

εm,k

Corrected output

sn[m, k] = xn[k] + εm,k

Figure 2.5: Dynamic ADC post-correction, where m is an additional pa-
rameter addressing the look-up-table. The index m can designate the fre-
quency, slope or previous sample(s) of the ADC output.

correction term εk for every ADC output code k, (Fig. 2.4). Early ADCs
typically had a narrow frequency band [24], in which the ADC behavior
merely changed, making a static calibration an effective procedure in this
case. However, the current trend is for wideband systems operating at
high carrier frequencies. Contemporary ADCs have a large Nyquist band,
where the ADC behavior can change substantially. Thus, a static calibra-
tion will not induce a coherent improvement over the band. Actually, it
can occasionally deteriorate the performance [25]. Moreover, ADCs are
currently operated in the higher Nyquist bands (as down converters) up to
their analog bandwidth, at which they experience more distortions. Thus,
a dynamic post-correction is needed to obtain positive performance im-
provements over the band in use. Hence, a multidimensional table for the
dynamic error correction term is to be developed, in which, in addition to
the code k, the input to such a table may include frequency, slope or pre-
vious sample(s). These additional features of the ADC output are denoted
by m in Fig. 2.5.

2.4.1 State-of-the Art for ADC Calibration
We will begin by presenting the literature on ADC post-correction method-
ologies to which the work in the thesis is most closely related.
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In [26], a phase-plane LUT approach to correct a subranging and a flash
ADC was adopted. The two-dimensional correction table was addressed by
the code k and the slope (indicated by m in Fig. 2.5). ADC performance
improvements occurred especially at frequencies near the calibration fre-
quency. In [26], the SFDR improvement ranged from 4 to 14 dB. Smaller
improvements were encountered at frequencies distant from the frequency
employed for calibration. The compensation scheme in [26] was replaced
in [27] by the state-space method, in which, referring to the scheme of Fig.
2.5, the correction table is addressed by the current code kn and the previ-
ous one m = k(n − 1), where n denotes the running time index. Improved
results were obtained when three calibration frequencies (instead of one)
were used to calculate the LUT entries.

An attempt to avoid real-time estimation of the slope information as in
[26], was made through the use of adjacent channel sampling [28]. The delay
applied to the adjacent channel was optimized to achieve the best possible
least mean square estimate of the input slope. A second similar ADC was
used to quantize the adjacent channel signal. The experimental results
showed the need for two calibration frequencies to achieve a positive SFDR
compensation over the entire Nyquist bandwidth. In [29], the concept of a
slope-dependent error is further utilized to estimate the coefficients of the
calibration filter in each of the Nyquist bands. The ADC digital output is
interpolated to acquire an adequate estimate of the slope. The output is
upsampled by a factor of 100 during the calibration [29], avoiding the use of
an adjacent ADC, as in [28]. Three calibration frequencies in each Nyquist
band were necessary to have a reliable estimate of the filter coefficients [29],
which are computed and saved for calibration. In the calibration process,
the ADC output x[k] plus some previous and post samples are filtered out
to obtain the corrected output for a given code k [29]. The correction
output at a given time depends on several previous and post samples. All
these methods [26–29] have shown that positive improvements (in terms
of the SFDR, for example) cannot be obtained over the whole band under
test, unless the ADC is calibrated for frequencies (pure sines) spanning the
frequency band. The slope information is assumed to contain the frequency
information, but to acquire the complete spectrum of slopes, stepping of
the calibration sequence over the band is necessary.

Static post-correction using an LUT was performed on a pipeline ADC
in [25]. The best SFDR improvements occurred near the calibration fre-
quencies. In [30], a state-space post-correction was implemented to take
into account the slope and frequency dependence of the error. The results
showed that using a dynamic post-correction with a limited number of
resolution bits achieves an improved compensation over that of the static
correction previously performed in [25], given a fixed size of the LUT. The
current sample is used with K delayed samples in combination with a bit-
reduction scheme to derive the correcting term in a multi-dimensional LUT.
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In [31], a mathematical analysis tool was investigated to optimize the cor-
rection term bit-resolution and the number of delayed K samples for two
different criteria: THD and SINAD.

LUT-based ADC post-correction enables effective (in the sense that
it allows a complete representation of the estimated error information)
ADC compensation. However, LUTs are memory-expensive, so multi-
dimensional tables for high-resolution ADCs are not feasible to implement.
As an alternative to dynamic LUT approaches for ADC correction, meth-
ods based on linear filtering of the ADC output have been proposed in
the literature. A model composed of a set of parallel Hammerstein filters,
in combination with linear regressors, was used for post-correction in [8],
based on the INL model in [15], which was divided into two parts: a dy-
namic LCF and a static high code frequency component HCF. The dynamic
LCF component was constructed by a set of parallel Hammerstein time do-
main filters, and the static HCF segments were computed by linear gain
regressors [8]. Theoretical THD, SINAD and SFDR improvements were
also computed in [8].

Another method used in ADC post-correction is model inversion. The
two used models are Volterra and Wiener. The basic method is composed
of: a) computation of the model or filter coefficients (Volterra filter kernels
in the case of the former approach); b) derivation of the inverse model to be
used for compensation; and c) application of the correction scheme at the
ADC output to obtain the compensated output. A theoretical investigation
of the Volterra and Wiener models was performed in [32] from the starting
point of analyzing the jitter and distortion caused by an empirical sample-
and-hold circuit. Fifth-order Volterra and Wiener correction models were
derived. The sampler distortion was removed using the post-correction
scheme composed of the 5th-order inverse of the 5th-order Volterra model.
Additionally, it has been shown that the Volterra model can be derived
from the Wiener model [32]. Volterra kernels were measured using a three-
tone input signal on a pipeline ADC in [33]. A frequency dependence was
observed in the Volterra kernels, and a parallel Hammerstein scheme was
proposed for post-correction. In [34], the inverse Volterra filter coefficients
were derived by the LS method applied to an ‘ideal’ 12-bit pipeline ADC
where a controlled INL is added to the ADC output. The INL was gen-
erated by an amplifier used in the feedback loop of the ADC. Significant
improvement in terms of the SNR was achieved [34].

2.4.2 Contribution to ADC Calibration

In this thesis two methodologies are proposed and implemented to calibrate
a commercial pipeline ADC (Analog Devices AD9430). The two available
ADC-samples (ADC1 and ADC2) are calibrated. The correction is based
on the two INL modeling techniques outlined in Sec. 2.3.2, where each INL
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model consists of a static and a dynamic counterpart. The two investigated
calibration techniques will also be a combination of a static and a dynamic
correction. The thesis contribution to pipeline ADC calibration is presented
in two chapters

1. Chapter 4

The correction scheme in this chapter is based on the INL parametric
model investigated in Chapter 3. An ambiguity arises when an INL
term is to be used for post-correcting an ADC. The INL is defined as
the deviation of a practical quantizer from an ideal staircase quan-
tizer, see Fig. 2.1. Hence, it is not clear how this quantity is translated
to tune the digital output code x[k] (Fig. 2.4). Recalling that a direct
mapping exists between a quantizer practical transition level and the
ADC digital output x[k], and that the INL (i[k]) and the transition
(practical and ideal) levels are related by (2.2), a correction term εk

can be written in terms of INL as

εk = −Q i[k] (2.10)

for a static LUT compensation. This calibration procedure is further-
more extended to a dynamic model correction i.e., using the dynamic
INL model im,k (developed in Chapter 3) instead of i[k].

The INL model is transformed into a post-correction scheme that
consists of two main parts.

• A static correction block that is basically a direct remapping of
the HCF segments model with the digital output x[k]. The HCF
model is constructed from a set of gains and offsets.

• A dynamic correction block that transforms the LCF polyno-
mial model into a calibration scheme. Consisting of frequency-
dependent coefficients, the LCF polynomials are truncated into
frequency-response vectors containing the coefficients. Hence,
these vectors are used to design FIR filters that reconstruct the
LCF model in the time domain.

The pipeline ADCs at hand are calibrated in the first Nyquist band,
and the performance improvements are illustrated mainly in terms
of SFDR enhancements over the frequency range and IMD products
reduction. SINAD improvement and noise reduction are also inves-
tigated. The concept of a dynamic calibration only dependent on
the signal dynamics (frequency) is also tested by making a cross-
compensation with both ADCs, i.e., using the LCF FIR filters of
one ADC to calibrate the other. Improvements are also encountered
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when the ADC is operated below nominal power levels (with no per-
formance degradations encountered), despite the fact that the com-
pensation method is calibrated at full scale.

2. Chapter 5 (ADC Calibration by Frequency Domain Filtering)
This chapter first introduces a simplified INL model that will be used
in post-correction. INL characterization/modeling is performed in
the first three Nyquist bands and so is the calibration. The calibration
scheme is divided into two main branches:

• A static correction block that is a single entry (the ADC code
k) LUT containing the estimated (non-parametric) HCF data
model. This LUT is the same for the three Nyquist bands.
Compared with the static correction in Chapter 4, the static
compensation here is better but it requires the saving of more
parameters.

• A dynamic correction block that is the translation of the LCF
polynomials into a post-correction scheme. The same frequency
analysis concept is applied here to obtain the frequency response
vectors. However, the LCF part of the INL is reconstructed in
this methodology by frequency-domain filtering with overlap-
and-add Hanning windows. A bank of frequency filters is devel-
oped for each Nyquist band.

In a similar vein to Chapter 4, the SFDR improvements are computed
over the whole measured bandwidth. Additionally, IMD products
reduction is presented for some randomly chosen frequencies. The
importance of this model-based compensation approach is mostly re-
vealed when compensating ADC inputs with reduced power levels.
In this case, the model-based is found to outperform the reference
dynamic LUT, which in many cases leads to performance deteriora-
tion. The LUT that uses the full-scale dynamic INL does not adjust
when the ADC is not operated at nominal power levels, while the
model-based method treats the ADC input power as a parameter,
which always leads to performance improvements.

These contributions are based on

[20] S. Medawar, P. Händel, B. Murmann, N. Björsell and M.
Jansson, “Dynamic Calibration of Undersampled Pipelined
ADCs by Frequency Domain Filtering,” submitted to IEEE
Trans. Instrum. Meas., May. 2012.
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[35] S. Medawar, P. Händel, N. Björsell and M. Jansson, “Postcor-
rection of pipelined analog-digital converters based on input
dependent integral nonlinearity modeling,” IEEE Trans. In-
strum. Meas., vol. 60, pp 3342 - 3350, Oct. 2011.

[36] S. Medawar, N. Björsell, P. Händel and M. Jansson,
“Pipelined Analog-Digital Converters Integral Nonlinearity
Modeling for Post-Correction, ” 15th Workshop on ADC Mod-
eling and Testing, Kosice, Slovakia, 8-10 September 2010.

2.5 K-factor Estimation

Wireless channel characterization is crucial in present-day wideband
telecommunications systems because the channel characteristics are im-
portant parameters in optimizing the transmission. The K-factor is one
of the main characteristics of a wireless channel and it is important for
link budget calculations [37] and for optimizing the modulation and cod-
ing schemes of a given channel [38, 39]. The Ricean K-factor is given by
the ratio of the signal power in the LOS component over the scattered
power. Let zn and cn denote a measurement of the scattering parameters
S21 and its magnitude |S21|, respectively, at a given time instant n, where
n = 1, . . . , N . The K-factor is defined as the power ratio

K = ν2

2σ2 (2.11)

where ν is the direct component magnitude and 2σ2 is the scattered compo-
nent power. If the phase information is available then K-factor estimation
is considered from {zn}. In many applications, the phase information is
lacking, leading to an estimation problem in which the K-factor is sought,
based on the magnitude measurements {cn}.

2.5.1 State-of-the-art for K-factor Estimation

The K-factor estimation is divided into two parts, depending on the avail-
ability of the phase information.

• Phase information is available.
The K-factor of a reverberation chamber was evaluated in [40,41], by
using the collected complex-valued scattering parameter data {zn}.
Particularly, in [41], the method of maximum likelihood (ML) based
on {zn} was derived and analyzed in finite samples, yielding closed
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form expressions for ML-estimated K-factor bias, variance, and dis-
tribution of the estimates. For a wireless communication channel, a
K-factor ML estimator was derived and its statistical behavior was
investigated in [42]. The estimate of the direct component Doppler
frequency shift is incorporated to achieve improved bias and efficiency
properties for short data records. In [43], two ML estimators were
studied based on a joint fading envelope-phase Ricean probability
density function (pdf) and a fading phase pdf.

• Phase information is not available.
The K-factor ML estimation is sought based on the magnitude mea-
surements {cn}, using the Ricean pdf. However, a closed-form ex-
pression for the ML estimator appears to be infeasible [38,44,45] due
to the Bessel function that arises in the pdf. The first and second
moments of the envelope appear in terms of the K-factor in [44, 46];
however, a closed-form moment-based estimator was not available
until [39, 47], in which several closed-form moment-based estimators
are presented. Moreover, the work in [47] concluded that the ML
estimator of the K-factor is feasible only numerically; a task of which
the solution is not trivial. Hence, they proposed a moment-based es-
timator, which they showed has a performance close to the CRLB. A
physical method is introduced in [48] to estimate the K-factor out of
the Doppler delay spectrum using the Global Position System (GPS).
The statistics of the instantaneous frequency of a received signal are
used to estimate the K-factor in [49]. An approximate ML method
was presented in [50].

2.5.2 Contributions to K-factor Estimation
We consider the problem of estimating the K-factor of a Ricean fading
wireless channel based on observations of the envelope only i.e., without
phase information. The hindering factor to deriving a closed-form ML
estimator is the Bessel function that arises in the Ricean pdf, which is
written as

f0(c; ν, σ) = c

σ2 exp
(

−c2 + ν2

2σ2

)
I0

(c ν

σ2

)
(2.12)

where I0(·) is the zero-order Bessel function [51], and c is the envelope of
the signal. To overcome the limitation that the Bessel function imposes on
the ML derivation, the function is approximated under the assumption of
a high K-factor condition, similar to [50]. A closed-form ML estimator is
derived based on this approximate Ricean pdf, which is called an approx-
imate ML (AML). A variance and bias study is performed on the AML,
leading to derivation a bias-compensated estimator (BCE). This estimator
features less bias and variance than the first one. The performance of the
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BCE is compared with closed form estimators previously proposed in the
literature and is found to have superior performance, especially for a low
number of samples and/or large K-values. The estimator is applied to real
wireless macro-cell urban-area measurements. The results show generally
low K-factors (below 3dB) with occasional higher values under particular
circumstances, which are investigated.

These novel results are presented in Chapter 6 and are based on

[52] S. Medawar, P. Händel, and P. Zetterberg, “Approximate
Maximum Likelihood Estimation of Ricean K-factor and In-
vestigation of Urban Wireless Measurements,” IEEE Trans.
on Wireless Commun., submitted for publications, Sept.
2011.





Chapter 3

Integral Nonlinearity Dynamic
Modeling

INL for pipelined ADCs operating at radio frequency is measured and char-
acterized. A parametric model for the INL of pipelined ADCs is proposed
and the corresponding LS problem is formulated and solved. The INL is
modeled both with respect to converter output code and the frequency
stimuli, which is termed dynamic modeling. The INL modeling methodol-
ogy is applied to simulated and experimental data from a 12-bit commercial
ADC running at 210 mega samples per second (MSPS). Sec. 3.1 presents
the parametric modeling of the INL, where the estimation problem is for-
mulated. The problem is then solved in Sec. 3.2, subject to a given model
structure. The problem of model order determination and data segmen-
tation is addressed in Sec. 3.3. Sec. 3.4 presents the experimental study,
employing both simulated and measured data.

3.1 INL parametric modeling

This section presents the parametric modeling of the INL data, which is
represented in terms of the ADC output code k and input frequency m.

3.1.1 Representation of Measured INL

In order to characterize the INL, a plurality of sine waves test is used. The
frequencies {fm}M

m=1 [Hz] of the input sinewave span the band of interest.
Thus, the sine wave test stimuli generates an INL sequence for each test
frequency. Frequency stepping is performed over the bandwidth of interest,
so a finite number M of INL sequences is obtained. The resulting INL is
denoted by i[m, k], where k denotes the code and m is an integer that
represents the frequency. Thus, for a given input stimulus, of frequency

29
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fm, the recorded INL is collected in a column vector given by

i[m] =

⎛⎜⎜⎝
i[m, 1]

...
i[m, 2N − 1]

⎞⎟⎟⎠ m = 1, . . . , M. (3.1)

Thus, i[m] represents the measurement data corresponding to the stimulus
frequency fm [Hz]. To employ a compact notation, the M measured INL
sequences are stacked in the augmented vector i given by

i =

⎛⎜⎜⎝
i[1]
...

i[M ]

⎞⎟⎟⎠ . (3.2)

In (3.2), i is a column vector with (2N − 1) M entries. In the following, a
parametric model for the measured INL is introduced. The aim is to derive
a model that reflects the behavior of the INL with respect to both the code
k and the input frequency fm.

Let im,k denote the INL model output corresponding to the measure-
ment i[m, k] for a given m and k. Then the INL model in terms of
static HCF and dynamic LCF can be expressed, for m = 1, . . . , M and
k = 1, . . . , 2N − 1, as

im,k = hk + �m,k, (3.3)
where hk is the static HCF component and �m,k the LCF component. A
piecewise-linear model is employed for the static HCF given by hk. The
LCF is modeled by a polynomial in k with frequency-dependent coefficients.
In [16], the LCF polynomials were shown to have common features over
the considered frequency band. Hence, taking the arithmetic mean of the
�m,k polynomials with respect to the frequency gives an average LCF poly-
nomial, which can be considered static in the measured frequency range.
The average LCF polynomial is given by

sk
�= 1

M

M∑
m=1

�m,k, (3.4)

and will be denoted by static LCF in the sequel. By construction, the
dynamic LCF dm,k becomes

dm,k
�= �m,k − sk. (3.5)

The representation (3.3) of the INL model is now refined as

im,k = hk + sk︸ ︷︷ ︸
static part

+ dm,k︸︷︷︸
dynamic part

. (3.6)
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k0 k1 − 1

K1

Segment 1 kp−1 − 1 kp−1

Kp

kpk1

Segment p

KP

Segment P

kP −1 kP − 1

Figure 3.1: The centered P segments scheme, where k0 = 1 and kP −1 = 2N −1.
Note that the first and the P :th segments are forced to zero at the corresponding
start and end points, respectively.

In summary, the model im,k of the measured INL i[m, k] consists of two
input-independent terms (the HCF hk and the static part sk of the LCF
�m,k, respectively), and the dynamic part of the LCF that is denoted by
dm,k. The latter is a term that depends on both the code k and the fre-
quency fm. Furthermore, sk is a continuous function of k with no abrupt
changes, as is hk, which is composed by isolated linear segments.

3.1.2 HCF Modeling

The HCF part of the INL originates from the ADC circuitry imperfections
in the pipelined stages. These are static errors independent of the signal
dynamics and their origins are well known, mainly: the stage gain errors,
the flash comparator offsets, and the DAC level offsets, refer to Fig. 1.3.
These components can be considered as Gaussian random variables, with
mean the ideal design desired value and a given variance. The flash com-
parators’ offsets’ standard deviation can be around 6%, while the stage
gains’ and DAC level offsets’ deviations are significantly below this value.
Thus, it is practically impossible to have an ADC with no HCF error.
However, this HCF can be quite small in magnitude if it happens that the
first stage gain is close to its desired value. The first stage encompasses
the major part of the HCF error and defines the scheme of the HCF data.
Due to the deviation in the first stage gain g1, the INL will experience a
linear trend (ascendent or descendent) in every 2N /2N1 interval [53]. The
slope of this trend depends on the gain error. A negative slope indicates a
gain error below the desired values and vice versa. The second stage gain
error leads to another linear trend in every 2N /2N1+N2 interval. The same
process continues in the later stages but the imperfections there have a tiny
effect on the general scheme of the data. Hence, the structure of the HCF
data (and consequently the HCF model) is defined mainly by the first stage
error and partially by the second. Thus, the proposed piecewise segments
model for the HCF is to represent this linear trend in the INL or HCF
data. The number of these segments is not well defined since the second
stage can occasionally have a gain error high enough that the linear trend
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resulting from, is comparable to the first stage contribution. However, the
borders and widths of these adjacent linear trends in the HCF data are
set by the flash comparators offsets. The flash offsets in each stage lead to
sliding (back and forth depending on the polarity of the offsets) the linear
trend resulting from this stage. The DAC level offsets are translated into
raising or lowering the INL in the given interval that this level compares to,
i.e., adding a constant offset (positive or negative depending on the offset)
in adjacent consecutive intervals of the INL. Still, the effect on the HCF
structure and data decreases rapidly as the signal proceeds in the pipeline
stages.

In brief, the major trend in the INL data is a descendent or ascen-
dent linear trend due to the first two stages’ gains, while the other stages’
contributions are similar to noise shaped variations. The number of these
segments and their respective borders and widths depend on the many vari-
ables just stated, of which the values are unknown (being random) and are
quite hard to characterize or identify. The modeling of the HCF in this
section is done for a given segment scheme, while the optimization of this
scheme is done according to a minimization criterion that will be presented
in the Sec. 3.3.

The high code INL data hk are modeled by P piecewise linear segments
centered around zero, as illustrated in Fig. 3.1. The HCF in a specific
interval Kp is modeled by:

hk
�= hk,p =

(
k − kp−1 + kp − 1

2

)
ηp, (3.7)

where ηp is the regressor coefficient at the p-ordered code interval ranging
from 1 to P . That is,

Kp : {k|kp−1 ≤ k < kp}. (3.8)

The output code has k0 = 1 and kP = 2N as a lower and upper end point,
respectively. The set of regressor coefficients ηp is gathered in a vector η
of size P , that is,

η = (η1, . . . , ηP )T
, (3.9)

where T denotes transpose. Each component in η represents the slope of
the individual segments.

Employing vector notation, the HCF is written as h η, where h is a
(2N − 1) × P block diagonal matrix defined by a set of column vectors
h1, . . . , hP (defined in (3.11) below), that is,

h =

⎛⎜⎜⎝
h1 0

0
. . . 0
0 hP

⎞⎟⎟⎠ . (3.10)



3.1. INL PARAMETRIC MODELING 33

In (3.10), an arbitrary column p is formed by the column vector hp with
a size equal to the length of the p:th segment (say p̄p) and an additional
2N − 1 − p̄p zeros. A given segmentation of the INL data determines the
actual form of the introduced vectors, hp in (3.10), which depend on the
number and size of the segments (3.8). For 1 < p < P it holds that the
vectors hp in (3.10) are given by

hp =

⎛⎜⎜⎜⎜⎝
−kp − kp−1 − 1

2
...

kp − kp−1 − 1
2

⎞⎟⎟⎟⎟⎠ . (3.11)

The first point of the segment p = 1 and the last point of the segment
p = P are set to zero. Accordingly, h1 and hP are given by

h1 =

⎛⎜⎜⎜⎜⎝
0
1
...

k1 − 2

⎞⎟⎟⎟⎟⎠ hP =

⎛⎜⎜⎜⎜⎝
kP −1 − (kP − 1)

...
1
0

⎞⎟⎟⎟⎟⎠ . (3.12)

3.1.3 LCF Modeling
The LCF represents a smooth and continuous change of the INL over the
whole code range. The dynamic and static components constituting the
LCF (that is, �m,k in (3.3)) are modeled by a polynomial of order L. For
large values of N , polynomial modeling is sensitive to rounding errors.
Recall that the HCF modeling is performed with the origin centered within
each segment p, as given by (3.7). Similarly, the LCF modeling employs
a normalized (over the whole code range 2N − 1) code k̄ that spans the
interval −1 to 1. Accordingly, for the LCF modeling

k̄ = k − 2N−1

2N−1 − 1 . (3.13)

Therefore, the polynomial part �m,k in (3.3) can be written as an L:th-order
polynomial in k̄, that is,

�m,k = θ0,m + θ1,m k̄ + · · · + θL,m k̄L, (3.14)

where the dependency of the polynomial on the ADC stimuli frequency fm

is indicated by the subscript m. In short, using (3.14)

�m,k = �T
k θm, (3.15)
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where θm is a frequency-dependent parameter vector of length L + 1; that
is,

θm = (θ0,m, . . . , θL,m)T
, (3.16)

and �k is the regressor with the normalized code k̄ values

�k =

⎛⎜⎜⎜⎜⎜⎜⎝

1
k−2N−1

2N−1−1
...(

k−2N−1

2N−1−1

)L

⎞⎟⎟⎟⎟⎟⎟⎠ . (3.17)

Once again, employing vector notation, the LCF sequence for a given fre-
quency can be modeled by the vector

�m = � θm (3.18)

where the matrix � is formed from the regressors �1, . . . , �2N −1. The Van-
dermonde (2N − 1) × (L + 1)-matrix � is given by

� =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 · · · (−1)L

...
...

...

1 k−2N−1

2N−1−1 · · ·
(

k−2N−1

2N−1−1

)L

...
...

...
1 1 · · · 1L

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.19)

The polynomial order L is a design variable, and its selection is discussed in
Sec. 3.3. Roughly, it should be large enough to characterize the polynomial
attributes inherent in the INL data.

3.2 Least-Squares Estimation of INL Parameters

From the previous section, we may now gather the parametric models to
characterize the measured INL. Recall that an INL characterization cor-
responding to a test stimulus at fm [Hz] results in i[m], as introduced in
(3.1), for m = 1, . . . , M . The least-squares problem is formulated below,
subject to a given LCF polynomial order L, and a given HCF segmentation
defined in (3.8).

3.2.1 INL vector model
Let m represent a test frequency fm [Hz] for which the INL data is gathered
in vector i[m] as given by (3.1). Similarly, the parametric INL data model
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for a certain frequency fm can be gathered in a vector im given by

im =

⎛⎜⎜⎝
im,1

...
im,2N −1

⎞⎟⎟⎠ m = 1, . . . , M. (3.20)

The measured INL at fm can be described as

i[m] = im + em, (3.21)

where em = (em,1, . . . , em,2N −1)T is introduced as a zero mean noise term
that gathers model imperfections, and measurement noise. Furthermore,
the INL model comprises the HCF and LCF terms, as

im = hη + �θm, (3.22)

where the known regressor h was defined in (3.10), the HCF parameter vec-
tor η in (3.9), the known Vandermonde matrix in (3.19) and the frequency-
dependent LCF parameter vector θm in (3.16).

3.2.2 Parameter Estimation by Least-Squares
Since the input frequency has M steps over the whole bandwidth of interest,
the multiple experiment data model yields⎛⎜⎜⎝

i[1]
...

i[M ]

⎞⎟⎟⎠
︸ ︷︷ ︸

i

=

⎛⎜⎜⎝
h �

...
. . .

h �

⎞⎟⎟⎠
︸ ︷︷ ︸

[H L]

⎛⎜⎜⎜⎜⎝
η

θ1

...
θM

⎞⎟⎟⎟⎟⎠
︸ ︷︷ ︸[

η

Θ

]
+

⎛⎜⎜⎝
e1

...
eM

⎞⎟⎟⎠
︸ ︷︷ ︸

e

(3.23)

The matrices H, L, Θ and e are implicitly defined by (3.23). To summarize,
the INL data set for each test frequency m is represented by static piecewise
linear segment components h η (the term is the same for all experiments
that provide INL data, that is independent of ADC frequency stimulus)
and a polynomial-term � θm, with frequency-dependent parameters in the
vectors {θm}M

m=1.
The solution to (3.23) can be derived by exploiting the inherent struc-

ture. Thus, starting with the compact notation for (3.23), that is

i = [H L]
[

η

Θ

]
+ e. (3.24)
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The least-squares solution is[
η̂

Θ̂

]
= [H L]†I i =

( [
HT

LT

]
[H L]

)−1 [
HT

LT

]
i, (3.25)

where the ̂ is intended to represent estimated quantities or parameters.
The notation X†

Q for the Q-weighted pseudoinverse of a matrix X is intro-
duced as

X†
Q = (XT QX)−1XT Q. (3.26)

In (3.25), an unweighted pseudoinverse is used, such that Q = I, where I
denotes the identity matrix with the proper dimensions. Let Π⊥ be the
projection matrix

Π⊥ = I − L(LT L)−1LT . (3.27)
Then, one can show that the least-squares solution (3.25) can be separated
into one solution for η and one coupled solution for Θ [15]; that is,

η̂ = H†
Π⊥ i (3.28)

and
Θ̂ = L†

I (i − H η̂) . (3.29)
Exploiting the structures inherent in L, the quantity LT L is found to be
block diagonal with a block diagonal inverse. Accordingly, the square ma-
trix Π⊥ in (3.27) is block diagonal

Π⊥ = blockdiag (π⊥, . . . , π⊥) , (3.30)

where π⊥ is square of size 2N − 1, given by

π⊥ = I − �(�T �)−1�T . (3.31)

It is worth noting that the inverse of the (L + 1) square matrix (�T �) is
needed. Making use of the block structure of the matrix H = [hT , . . . , hT ]T
the following equality is obtained

HT Π⊥H = MhT π⊥h, (3.32)

where the fact that Π⊥ is block-diagonal is used. Similarly,

HT Π⊥i =
M∑

m=1
hT π⊥i[m]. (3.33)

Below, the above decoupled solutions are further refined. Employing the
finding in (3.33) in combination with the inverse of (3.32), the least-squares
solution (3.28) is simplified to

η̂ = 1
M

(hT π⊥h)−1hT π⊥
M∑

m=1
i[m] = h†

π⊥ ī, (3.34)
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where h†
π⊥ is a P × (2N − 1) weighted pseudo-inverse of h, and ī is the

arithmetic average of the M measured INL sets:

ī = 1
M

M∑
m=1

i[m]. (3.35)

In order to simplify (3.29), we note that L†
I is block-diagonal with elements

(�T �)−1�T . Accordingly, the solution of the M separate vectors θm of Θ
can be derived as

θ̂m = (�T �)−1�T (i[m] − hη̂) = �†
I(i[m] − hη̂) (3.36)

for m = 1, . . . , M , with � given in (3.19). The static polynomial coefficients
of sk in (3.4) are deduced as

θ̄ = 1
M

M∑
m=1

θ̂m. (3.37)

Alternatively, one can show that

θ̄ = �†
I (̄i − hη̂). (3.38)

With a set of measured INL sequences corresponding to the frequencies
f1, . . . , fM [Hz], the solution for the static HCF centered segments, dynamic
LCF polynomial and static polynomial LCF are given by (3.34), (3.36) and
(3.38), respectively. For a frequency fm, the estimated INL sequence is now
given by

îm = hη̂ + �θ̂m = hη̂ + �θ̄︸ ︷︷ ︸
static part

+ �θ̃m︸︷︷︸
dynamic part

, (3.39)

where θ̃m is the parameter vector that represents the polynomial model of
the LCF at a single frequency fm

θ̃m = θ̂m − θ̄. (3.40)

The methodology used to determine the number and sizes of the piecewise
linear segments and the LCF order L is presented in the next section.

3.3 HCF Segmentation and LCF Model Order
Determination

The polynomial order L of the LCF-model, the set of P segments in the
HCF-model and their borders can be determined methodically. Previous
work on the topic used an ad hoc method to determine the number of



38 CH. 3. INTEGRAL NONLINEARITY DYNAMIC MODELING

segments and their respective borders [15, 16]. Furthermore, substantial
manual intervention was used to acquire the final set of segments. Here,
a methodical way of estimating the LCF polynomial order L and the set
of segments (number of and their borders), is investigated. The method
computes the polynomial order L and the set of segments (number and
borders) that minimizes the RMS distance between the INL data and its
model.

3.3.1 A Cost Function for Segmentation
The HCF is a static quantity, that is modeled by a set of centered seg-
ments. The number of segments P as well as their borders denoted by the
k1, . . . , kP −1 are to be determined. A cost function F (h) to minimize is
the norm of the error vector between the average INL-data in (3.35) and
the static model hη̂ + �θ̄ in (3.39), viz.

F (h) = ||̄i − �θ̄(h) − hη̂(h)||. (3.41)

From the calculated mean INL data ī, two terms are subtracted: the static
part of the LCF model and the HCF component. It is worth noting that
the quantities θ̄(h) and η̂(h) are the same as the ones given in (3.37) and
(3.34) respectively, but the h dependency is made explicit here because
it is the optimization variable. The term h is the block-diagonal matrix
(3.10), where the sub-vectors hp in (3.11) are formulated in terms of the
p-th segment, which should all be optimized in width and number.

Inserting θ̄ given by (3.38) into (3.41) yields

F (h) = ||̄i − ��†
I ī + ��†

Ihη̂(h) − hη̂(h)||. (3.42)

Using π⊥ given in (3.31), equation (3.42) can be rewritten as

F (h) = ||π⊥(̄i − hη̂(h))||. (3.43)

Because the HCF model data are a structure of segments, the employed
polynomial order L (rank of �) is far too small to characterize the HCF
model data (except for a DC level); therefore, π⊥hη̂(h) ≈ hη̂(h). On
the other hand, the average INL data ī contain a significant polynomial
LCF-component. By introducing ĩ,

ĩ = π⊥ ī = ī − ��†
I ī. (3.44)

The projected set of data (3.44) resembles an LCF-free INL, that is HCF.
It is worth mentioning that ĩ is a zero-centered data sequence. Using (3.44)
and (3.34) into (3.43) results in

F (h) = ||̃i − h(hT π⊥h)−1hT π⊥ ī||, (3.45)
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Figure 3.2: Polynomial fit to average INL data versus polynomial order L.
The shape of the polynomial tends to settle after the fifth order.

where h(hT π⊥h)−1hT π⊥ ī is the data resulting from a weighted least
squares solution; the task of π⊥ is to phase out the effect the polyno-
mial attribute in the mean INL prior to the HCF segments fit. Thus, for
simplicity, the π⊥ entity in (3.45) can be replaced by the identity matrix
and the mean INL data ī by the centered HCF data ĩ. As a result, the esti-
mated HCF parameters can be approximated by the least squares solution
of the centered INL-data ĩ,

η̂(h) ≈ (hT h)−1hT ĩ = h†
I ĩ. (3.46)

A simplified cost function F ′(h) to minimize is

F ′(h) = ||̃i − h(hT h)−1hT ĩ||. (3.47)

The cost function (3.47) is used in the following to tune the segment borders
k1, . . . , kP −1.

3.3.2 LCF Polynomial Order L

The segmentation criterion is formulated in terms of the HCF component
h and the zero-centered HCF data ĩ produced by the projection ĩ = π⊥ ī,
which cancels any polynomial shape of the averaged INL data up to a
specified polynomial order L. The LCF polynomial order L must be large
enough to be able to capture the polynomial attributes of the INL data,
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Figure 3.3: RMS error of polynomial fit versus LCF polynomial order L.
Because the INL data is adjusted for gain and offset, there is no difference
in the results for L = 0 and L = 1. The difference in absolute values is
because of the different noise levels in the experimental and simulated data.

which generates a residual sequence (3.44) that mimics the HCF structure.
However, if the LCF order L is further increased, the LCF polynomial
tends to represent the HCF structure as well. Accordingly, the order L
must be selected in a trade-off so that the estimated polynomial depicts
the smooth behavior of the INL data, but keeps the HCF modeling to
the segmented model. If the LCF data can be assumed to be perfectly
described by a polynomial of order L0, then applying the projection matrix
π⊥ to the data will result in the zero vector if L that determines π⊥ fulfils
L ≥ L0. Fig. 3.2 shows the resulting polynomial fitted to the sample INL
data versus polynomial order L. Obviously, by increasing the model order
L, the polynomial is able to better mimic INL data, but after the fifth
order, the polynomial is more or less unaffected by the choice of L. A
measure of the fit is the RMS error

σL =

√
||̃i||2

2N − 1 . (3.48)

The RMS error σL is plotted in Fig. 3.3 as a function of the order L.
Simulated data originating from the simulation model provided by the
ADC manufacturer, as well as experimental data from two ADC evalu-
ation boards of the same model are used. It is obvious from the diagram in
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Fig. 3.3 that the magnitude of the residual HCF sequence begins to stabi-
lize after the fifth order for the measured data. Thus, we can deduce from
Figs. 3.2–3.3 that L ≥ 5-order polynomial is needed to trade between LCF
and HCF modeling. A low complexity model implies a polynomial of lowest
order (i.e. L = 5), but to maintain a safety margin, L is chosen to be L = 7
through the work. Polynomial order selection criteria, trading polynomial
fit and order, that are variants of the Akaike information criteria [54], are
possible; however, they are beyond the scope of this work. Analysis of such
criteria is not straightforward, because of the actual undermodeling when
determining the polynomial order L.

3.3.3 Determining the Number of HCF Segments P

In order to determine the number of HCF segments P , recall the piecewise-
linear shape of the HCF, as illustrated in Fig. 3.1. Furthermore, recall
that the HCF is a static behavior of the ADC. Thus, the segmentation
relies on the average INL data ī from which the polynomial LCF variations
have been removed by the π⊥-projection, which is the resulting ĩ for a
suitable model order L. The resulting data describing the HCF are still
quite noisy, which is evident from, e.g., Fig. 2.2. In order to de-noise the
data and find the segment borders, several approaches are possible. One
alternative is to use local projection with a first order projection matrix and
look for the transients that occur at the segment borders. Another similar
approach, is to use a filter to smooth the data. A low pass filter is applied
to the HCF data of (3.44). Best practice indicates that convolving ĩ with a
triangular window that is approximately half of the average segment length
is appropriate. Here, the triangular window is of dimension 127. A longer
window masks multiple segments, and a shorter one traces the small scale
structures and noise. An example of the resulting smoothed HCF data
that forms the basis for the segmentation is shown in Fig. 3.4. By filtering
the data in the forward and reverse directions, the phase information is
preserved.

The filtered sequence ĩF is used to determine the number of segments
P and a reasonable initial guess about their borders, which are the kp’s.
The algorithm to calculate P from ĩF is summarized in Tab. 3.1, where it
is assumed that a negative slope is common for all the centered segments
in case of the measured data. (A similar algorithm can be derived as-
suming positive slopes.) The obtained P and the corresponding associated
segments borders k1, . . . , kP −1 are then fed into a numerical optimizer to
perform fine tuning by minimizing (3.47).
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Figure 3.4: Filtered version ĩF of calculated HCF data ĩ, obtained from the
measured average INL ī, as a function of the output digital code k.

Table 3.1: Algorithm for selecting the HCF number of segments P and
initial guess about their borders {kp}. Negative slopes.

1) Set the first segment border at k0 = 1.
2) Select the code bin k′ representing the ĩF minimum between

the first bin k = 1 and first zero-crossing which yields
k1 = k′ + 1.

3) Select the code bin representing the ĩF minimal value
between the second and third zero-crossing as the
border of the third segment.

4) Continue by choosing the segments borders as the minimum
ĩF value between each two consecutive disjoint zero crossings
until the last code bin k = 2N − 1 is reached.

5) The number of segments P is obtained by adding 1 to the
number of zero crossings.

3.3.4 HCF Segments Fine Tuning
Having roughly segmented the data, the remaining task is to optimize their
respective widths, that is, to fine tune the kp’s. Thus, for a given number
P of segments, we consider

(k̂1, . . . , k̂P −1) = arg min F ′(h), (3.49)



3.4. EXPERIMENTAL INVESTIGATION 43

Table 3.2: INL characterization.

1) Collect the vector INL data i[1], . . . , i[M ] corresponding to test
frequencies f1, . . . , fM [Hz] and compute the average INL ī as
in (3.35).

2) Determine LCF model order L from σL in (3.48) based on the
projected INL-average ĩ as in (3.44).

3) Determine the number of segments P and initial guesses of the
segment borders from the filtered data ĩF by using the algorithm
given in Tab. 3.1.

4) Construct the matrix h in (3.10) as the initial guess and perform the
optimization in (3.49) to obtain the optimized segment set.

5) Use the new set of segments to reconstruct the h matrix.
6) Calculate the HCF η̂ and LCF static θ̄ and dynamic θ̂m parameters

according to (3.34)–(3.37).
7) Calculate the static model as hη̂ + �θ̄, where � is defined

in (3.19).
8) For m = 1 to M :

Calculate the dynamic LCF as �(θ̂m − θ̄).

where F ′(h) was defined in (3.47). The optimization process can be done
using numerical software like Matlab, with the initial kp values obtained
as indicated in the previous subsection. The Matlab function ’fmincon’,
which finds a constrained minimum of a function of several variables, is
used. The constraints, variables and initial guesses are used as input into
the ’optimset’ function. A minimum step of one code bin is allowed to the
function, and the optimized solution (or, equivalently, the segment borders)
is rounded after each iteration. Thus, a different integer number is obtained
at each iteration.

Once the proper L, P , and optimized set of kp’s are found, the LCF
and HCF components of the INL-data are obtained by solving the least-
squares problem studied in Sec. 3.2. The methodology for segmentation
and least-squares estimation is summarized in Tab. 3.2.

3.4 Experimental Investigation

3.4.1 ADC Under Test

The ADC under test is a commercial 12-bit pipeline Analog Devices
AD9430 intended for direct intermediate frequency sampling, which op-
erates up to a 210-MSPS conversion rate and has a spurious free dynamic
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Figure 3.5: A schematic of the test-bed used to characterize the ADC at
hand [4].

range (SFDR) ranging from 70 to 88 dBc at 0.5 dBFS for frequencies within
the bandwidth, according to the data sheet. Two different samples of the
ADC under test were employed (referred to as ADC1 and ADC2, respec-
tively), as well as simulated AD9430 data generated by the simulation tools
provided by the manufacturer. The ADC performs best in terms of SFDR
between 65 to 75 MHz. A typical SFDR value is 80 dBc at 70 MHz. The
SNR is typically 65 dB, and the ENOB is 10.6 bits at 70 MHz.

3.4.2 Experimental Set-up

The test-bed used for ADC measurements is shown in Fig. 3.5. The
clock and input signals are generated by a high quality Rohde&Schwartz
SMU200A vector signal generator (VSG). More information about the test
bed can be found in [4]. A noncommercial wideband (30-300 MHz) low dis-
tortion amplifier with a gain of 14.4 dB is used at the output of the latter to
avoid overdriving the VSG. Mini-Circuits SLP filters are used at the input
of the ADC under test to attenuate any potential harmonics or spurious
signals. It was verified that all the measured harmonics lie in the stopband
(at least 40 dB attenuation) of the filters. Table 3.3 summarizes the set of
measured frequencies, the filters in use, and their passbands. The measured
frequencies are guaranteed to be a non-integer sub multiple of the sampling
frequency. For the 75 and 80 MHz frequencies, the SLP100+ filter in use
was unable to sufficiently attenuate (up to -80 dBFS) the harmonics gen-
erated, because they occurred in a stopband of 20 dB attenuation. A SAW
passband (50-90 MHz) TRIQUINT (SAWTEK854680) filter encapsulated
and matched by Billius Mätteknik was also used to further attenuate the
harmonics. Because the latter filter has an insertion loss of 21.7 dB, an
additional amplifier (identical to the first one) was used to compensate for



3.4. EXPERIMENTAL INVESTIGATION 45

Table 3.3: ADC measurement set-up.

m Frequency [Hz] SLP- Filter Passband [MHz]
1 30 004 597 30+ 32
2 35 003 227 30+ 32
3 40 001 857 50+ 48
4 45 000 487 50+ 48
5 50 076 019 50+ 48
6 55 074 649 50+ 48
7 60 124 547 70+ 60
8 65 071 909 70+ 60
9 70 121 807 70+ 60
10 75 069 169 100+ 98
11 80 067 799 100+ 98
12 85 066 429 100+ 98
13 90 065 059 100+ 98

the power loss. The amplifiers and filters are specially matched by Billius
Mätteknik to a 50Ω load, as for the VSG in use. All the measured signals
are verified (by the signal analyzer) to be at least -80 dBFS.

The power of each test signal is tuned to a signal overload of 5 LSBs,
which is the recommended input power to calculate the INL [55]. Three
ADC output sequences of length 218 samples (that is, > 2N · π [3]), are
measured for each frequency. The measured data is saved and its INL is
calculated by the histogram test [3]; see also [1, 2]. Basically, the INL for
each frequency is the average of three INL sequences, where each is the
outcome of the histogram test at the given frequency. Averaging reduces
the effect of noise on the obtained INL.

3.4.3 Static INL

The developed methodology was applied on both simulated and measured
data. All parametric models comprised P = 16 segments and made use of
an L = 7:th-order polynomial. Thus, the total number of parameters for
the static model is equal to 24. The complete static part of the resulting
INL models is presented in Fig. 3.6, with the original INL data shown as a
reference.

Comparing the models that represent the simulated and measured data
from the two ADCs, a similar behavior is observed. The three static poly-
nomials have similar magnitudes, although the models that represent the
measured data show a more pronounced decay at high code levels, which
could be due to early stages’ flash comparators’ offsets. Another notable
difference between the simulated data and the measured ADCs, is the pat-
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Figure 3.6: Static components of the ADC INL in LSBs as a function of
the output digital code k. In each diagram, the resulting parametric model
is shown with a blue line, while the averaged measured INL is plotted with
a red line.

tern of the respective static LCF polynomials, which are seen to have oppo-
site convexities. This could be related to the random DAC offsets in early
stages of the pipeline.

Compared to the simulated data model, the ADC2 model is more struc-
tured than the ADC1 model. The HCF segments in the ADC2 model are
more similar in size and structure to the simulated model when compared
with those from ADC1. However, ADC1 HCF data is smaller in magni-
tude than the one from ADC2, which suggest that ADC1 has the smallest
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gain (g1) error in the first pipeline stage. Due to its more pronounced
HCF data, the ADC2 segments model was not able to capture the HCF
data information as much as ADC1 and simulation model segments (see
also Fig. 3.8). The first HCF segment length varies for the three models
(simulation, ADC1, ADC2), which is due to the random flash comparator
offsets in the first two stages (especially the first).

3.4.4 Dynamic Part of the LCF
The measured data was composed of M = 13 stimuli frequencies, where
the dynamic part of the LCF was modeled by a L = 7:th-order polynomial.
Thus, the dynamic model comprises 104 (i.e. 13 × 8) parameters.

The dynamic part of the LCF component is plotted in Fig. 3.7. From
the displayed results, one may note that the simulation model provided by
the manufacturer indeed captures the input frequency dependency of the
AD9430 performance. These results are in accordance with the data sheet,
where the performance varies with the frequency.

In general, the three models are quite similar, especially for the mea-
sured ADCs, which validates the assumption of a frequency-dependent INL,
i.e. the dynamic nature of the LCF.

3.4.5 The Influence of the Model Structure on the INL
Modeling

The extent to which the different captured INL terms describe the measured
INL is an interesting question. For a given test frequency fm, the RMS-
error per test frequency is given by

σSLCF[m] =

√√√√ 1
2N − 1

2N −1∑
k=1

(i[m, k] − ŝk)2, (3.50)

where i[m, k] is the measured INL and ŝk denotes the estimated static
part of the LCF. In other words, the amount of the INL behavior that
is captured by the (here, L = 7:th-order) polynomial model. As a first
refinement, adding the P -parameter HCF model (here, P = 16), we study

σStatic model[m] =

√√√√ 1
2N − 1

2N −1∑
k=1

(i[m, k] − ŝk − ĥk)2. (3.51)

Finally, adding the estimated L × M -parameters dynamic LCF model, the
figure of merit is

σFull model[m] =

√√√√ 1
2N − 1

2N −1∑
k=1

(i[m, k] − ŝk − ĥk − d̂m,k)2. (3.52)
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Figure 3.7: The dynamic component of the LCF measured in LSBs as a
function of the sine wave test frequency f in MHz and output digital code
k.
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The resulting figures of merit are displayed in Fig. 3.8 for the considered
ADC data. As a reference, the RMS value of the measured INL is also
considered; that is,

σINL[m] =

√√√√ 1
2N − 1

2N −1∑
k=1

i[m, k]2. (3.53)

From the results displayed in Fig. 3.8, one may note that:

• For the simulated data, we can deduce that the static components (ŝk

and ĥk) equally reduce the RMS error because the (static) polynomial
is of the same order of magnitude as the segments (cf. Fig. 3.6). The
role of the dynamic component is not relevant until the higher test
frequencies, at which the dynamic polynomial is more pronounced
(Fig. 3.7).

• The above observation also holds true for the measured data; the
static components capture most of the INL behavior, but the pro-
portions between the two static terms are not equal in this case. For
the first ADC, the polynomial LCF ŝk has the most significant role
in reducing the RMS error.

• The effects of the dynamic term are more pronounced for the real
ADCs compared with the simulation model. However, the effect is
most significant at high frequencies but an increased effect of the
dynamic model is also noted at low frequencies.

3.5 Conclusion

In this chapter, a methodology to model the input frequency-dependent
characteristics of the INL has been proposed and thoroughly investigated.
Based on the inherent structure of nowadays pipelined ADCs for radio
frequency applications, a parametric model is proposed that is linear in
its parameters. The least-squares problem is studied in detail, including
the model order selection criteria. In short, the INL is decomposed into
three terms: one that describes the input-independent or static behavior
of the ADC, one that describes the input frequency-dependent part, and
a third static term that is the average of dynamic one. The methodology
is applied to a nowadays 12-bit ADC running at 210 MSPS. Using only
eight parameters, a large portion of the INL behavior is captured by the
model, and with 24 parameters the majority of the behavior is captured. By
adding an input-dependent term with an additional 96 parameters, further
improvement is gained. Depending on the application, suitable parts of
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the model are considered. For data-sheet presentation, the full model is
a versatile tool to illustrate the frequency-dependent characteristics of the
ADC. This INL model forms the basis of which the calibration methodology
in Chapter 4 is derived.



Chapter 4

ADC Calibration Using FIR
Filters

In this chapter, a model-based approach for ADC post-correction is devel-
oped based on the dynamic INL model estimated in Chapter 3. The main
advantage of this approach over an LUT is that it requires significantly less
parameter storage than a traditional LUT does. The dynamic error com-
pensation is implemented in terms of linear time-invariant filters and static
nonlinearities. The post-correction procedure is implemented in software
and is used to process ADC data. Performance improvements in terms of
SFDR, SINAD, IMD and noise are obtained. This chapter is organized as
follows: Sec. 4.1 describes the adopted dynamic INL model considered in
this chapter. Sec. 4.2 presents the concept of ADC INL parameter correc-
tion; furthermore, it details the post-correction schemes based on the INL
model. The experimental results employing two pipeline ADCs (AD9430)
are discussed in Sec. 4.3. Sec. 4.4 concludes the chapter.

4.1 Dynamic INL Modeling

In order to implement a calibration scheme with a minimal number of
variables, we reprise the version of the INL model given in equation (3.3),
i.e. the two-dimensional dynamic INL model:

im,k = hk + �m,k, (4.1)

where, hk is the HCF component, and �m,k is the dynamic LCF component.
The HCF component hk that is modeled by a set of P disjoint segments
centered around zero, can be written as:

hk
�= hk,p = ηp k + βp (4.2)

51
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Figure 4.1: Estimated static HCF model for the 12-bit 210 MSPS AD9430.

for an output code k belonging to the segment p, where p = 1, . . . , P . ηp

is the slope of the segment p and βp is an offset. In Fig. 4.1, an example
extracted HCF model is shown. The LCF component �m,k is given in
Chapter 3 equation (3.15) as an L:th-order polynomial or

�m,k = θ0,m + k̄ θ1,m + . . . + k̄l θl,m + . . . + k̄L θL,m (4.3)

for a given input frequency fm, where m = 1, . . . , M . An example LCF
model over the characterized frequency range is shown in Fig 4.2.

The estimated INL model parameters ĥk and θ̂l,m given respectively
by (3.34) and (3.36) in Chapter 3, will be used to develop the calibration
scheme.

4.2 INL-based Post-Correction

The compensation method is derived from the dynamic INL model pre-
sented in the previous section. The post-correction scheme is composed of
two components: a static remapping of the ADC output and a filter struc-
ture composed of linear time-invariant filters and static nonlinearities. The
setup is shown in Fig. 4.4.



4.2. INL-BASED POST-CORRECTION 53

Figure 4.2: Estimated LCF model for frequencies between 30 and 90 MHz
of the 12-bit 210 MSPS AD9430.

4.2.1 INL-Based Post-Correction

The endpoint representation for the ADC output is used in this section.
A static INL is used for illustrating the post-correction concept prior to
generalizing the compensation procedure to dynamic correction. The tran-
sition levels of an ideal and a practical ADC (compensated for gain and
offset) are illustrated in Fig. 4.3. Despite having transition levels that de-
viate from the ideal ones, the digital output of a practical ADC cannot
be distinguished from the corresponding output of an ideal ADC. Let the
ADC digital output be represented by the transition levels Tk, that is,

x[k] = Tk . (4.4)

Then, from (2.2)
x[k] = G T [k] + Vos + Q i[k] . (4.5)

With an endpoint representation, a practical ADC outputs Tk correspond-
ing to the transition level T [k]. Then, the ADC output x[k] is remapped
to the corrected output s[k] = x[k] + εk according to Fig. 2.4, where εk is
to be determined from

s[k] = T [k] . (4.6)
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Figure 4.3: Ideal (solid line) and practical (dashed line) 3-bit mid-riser
ADC transfer curves. The practical ADC is compensated for gain and
offset errors. The ideal transition levels Tk coincide with the solid vertical
lines, whereas, the practical transition levels T [k] (not shown for ease of
presentation) coincide with the dashed lines.

Inserting (4.6) into (4.5), a rearrangement of terms yields

s[k] = 1
G

(x[k] − Vos − Q i[k]) . (4.7)

The gain G and offset Vos do not influence the dynamic properties of the
output. Accordingly, the correction term is given by

εk = −Q i[k] . (4.8)

The correction in (4.8) is valid for a specific frequency corresponding to the
frequency of the ADC stimuli during the INL characterization. Formally,
we may distinguish the outcome of different stimuli by adding the integer m
corresponding to frequency fm. In such a case, the static i[k] in the LUT in
(4.8) is in turn replaced by the 2-dimensional i[m, k], where m = 1, . . . , M
and k = 1, . . . , N . The applied model-based approach implies that the
LUT i[m, k] is replaced by a parametric model îm,k, where "̂" is used to
denote the least-squares estimate of the model im,k in (3.3) or (4.1), that
is,

εk,m = −Q ĥk − Q �̂m,k . (4.9)
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and δ2 are defined as δ1 = 1/(2N−1 − 1) and δ2 = −2N−1/(2N−1 − 1). The
ADC output code k is indexed by n to indicate its time dependence. în is
a short notation of îm,k at time instant n.

The first term in (4.9) is a static post-correction, whereas the second term
depends on the frequency characteristics of the analog input.

4.2.2 HCF Post-Correction

The P centered HCF segments mimic the INL behavior that endures dis-
joint abrupt changes and are used for a direct remapping of the ADC out-
put. The post-correction is illustrated in Fig. 4.4. The static compensation
term derived from the HCF model is given by ĥk in (4.2), that is,

ĥk = η̂p k + βp kp−1 ≤ k < kp (4.10)
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Figure 4.5: Frequency response of the designed filter for post-correction,
where the response for the negative frequencies is mirrored.

where βp is a known offset, βp = −η̂p(kp + kp−1 − 1)/2, and kp are the
segments borders, p = 1, . . . , P optimized in Chapter 3.

4.2.3 LCF Post-Correction

The LCF model is composed of a set of polynomials, each of which rep-
resents measured LCF data for a certain frequency fm in the bandwidth
under test. Thus, for a sine wave input with frequency fm, the LCF model
is presented as in (4.3). Examining (4.3), one can note that an instan-
taneous (normalized) ADC code k̄ and its powers k̄l are weighted by a
frequency-dependent factor θl,m. In other words, the output code k̄l con-
tributes with a factor of θl,m, where the factor depends on the ADC input.
Thus, for a given ADC output code k̄, the entity θl,m can be considered as
sampled points of a filter frequency response Gl(ν). The frequency function
Gl(ν) can be written as

Gl(νm) = θl,m where νm = 2πfm

fs
, (4.11)

where θl,m are real valued quantities and fs is the sampling frequency. See
Fig. 4.5 for an illustration.
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The ADC post-correction is performed in the time domain by linear
filtering of the ADC normalized output k̄. The output of the filter is multi-
plied by k̄l−1. Thus, we need to derive the time response of the filters Gl(ν)
from their respective frequency responses given by (4.11). The considered
frequency response θ0,m for m = 1, . . . , M , is a set of offsets, each corre-
sponding to a given frequency fm. For a practical implementation, the set
of LCF polynomials is accordingly transformed into a set having a common
offset θ0; see Fig. 4.4. The new polynomial coefficients are derived from
the old ones by the method of least-squares. For simplicity of notation, the
adjusted polynomial coefficients are still designated as θ0 and θl,m.

The time domain pulse response of Gl(ν) can be computed by the
inverse Fourier transform based on the samples in (4.11). An adequate
method to compute the filter coefficients from the sampled frequency re-
sponse is to use the inverse fast Fourier transform (IFFT) [56–58]. We will
not go into details on the design of the LCF filters. Simply, the concept
entails designing a filter based on a specification in the frequency domain.
Different approaches can be found in textbooks on this topic [56–58]. To
continue, denoting the resulting pulse response by gl[n] for l = 1, . . . , L,
the dynamic post-correction term −Q l̂m,k in (4.9) is given by

−Q θ0 − Q
L∑

l=1

(
gl[n] ∗ k̄n

)
k̄l−1

n , (4.12)

where ∗ denotes convolution.
One may note that in the case where the LCF data is modeled by a

static polynomial, the set of equations (4.3) reduces to

lk = θ0 + k̄ θ1 + . . . + k̄l θl + . . . + k̄L θL . (4.13)

In this case, the compensation in terms of linear filters is replaced by a
multiplication.

4.3 Experimental validation

4.3.1 Test set-up and device under test
The INL has been characterized over a 60 MHz wide frequency band rang-
ing from 30 to 90 MHz for the two samples (ADC1 and ADC2) from the
Analog Devices AD9430. The ADC output sequences are collected for spe-
cific input frequencies spanning the bandwidth with a frequency step of
5 MHz. The employed ADC test setup is described in Chapter 3. The
data used for post-correction is measured at -0.5 dBFS. Information about
the test bed in general can be found in [4]. The estimated HCF and LCF
models for ADC2 were shown in Figs. 4.1-4.2. The complete INL model
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Figure 4.6: Estimated INL model for frequencies between 30 and 90 MHz
of the 12-bit 210 MSPS AD9430.

is shown in Fig. 4.6. The 104-parameter LCF model is shown in Fig. 4.2;
that is, L = 7 and M = 13. The P = 16 segments HCF model is sketched
in Fig. 4.1. Fig. 4.6 combines the static HCF and dynamic LCF in the rep-
resentation of the complete INL. The parameters used for post-correction
are calculated once for each ADC, out of its INL model as indicated in
Sec. 4.2. The obtained correction models corresponding to ADC1 and
ADC2 are used throughout the work. A question of importance is ADC
aging. We have not encountered any aging effects. One may note that
ADC1 is a several years older sample than ADC2. Aging and temperature
sensitivity in general are not investigated in this paper. More details on
the temperature dependence of post-correction can be found in [59].

Different figures of merit are used to characterize the behavior of an
ADC and its post-corrected counterpart. Among them are INL, SFDR,
SINAD, noise, IMD, THD or ENOB. In wideband systems, the SFDR,
SINAD, noise and IMD of an ADC are the crucial parameters [3]. These
parameters are considered here.

4.3.2 SFDR Improvement

The post-correction scheme was evaluated for single-tone input signals
spanning the bandwidth of use. As an illustration, the SFDR improve-
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Figure 4.7: SFDR improvement of a 65-MHz signal sequence.

ment for a 65 MHz signal sequence is shown in Fig. 4.7. A 13 dB SFDR
improvement is achieved whereas all harmonics are cancelled and the spu-
rious signals peaks are diminished to the noise level.

Fig. 4.8 summarizes the improvements in terms of SFDR for ADC1 and
ADC2. Three methods are used to compensate the ADCs: the developed
INL model according to Fig. 4.4; a static compensation based on averaged
INL data over the 30-90 MHz band (consisting of a LUT of 2N − 1 =
4095 i[k] entries); and the INL sequence for every input frequency (self-
calibration or a LUT of 13 × (2N − 1) = 53235 i[m, k] entries). Both ADCs
undergo significant improvements in SFDR over the band of use. However,
the dissimilarity between the model compensation and the LUT differs for
the two ADCs.

Considering ADC1, the INL model can perform an almost identical cor-
rection to the dynamic LUT. The model outperforms the self-calibration
for some singular frequencies by an order of 0.5 to 1 dB. Self-calibration
is superior by 1 dB at the 90 MHz frequency. One can explain this by
the fact that the INL at high frequencies is quite noisy; thus, the model
cannot grasp some of the INL information, as shown in Chapter 3, Fig. 3.8.
Model compensation is constantly superior to the static LUT compensa-
tion (except at 65 and 70 MHz), although it consists of significantly fewer
parameters (120 and 4095 parameters for the model and static LUT, re-



60 CH. 4. ADC CALIBRATION USING FIR FILTERS

30 40 50 60 70 80 90
0

2

4

6

8

10

12

14

 

 

Model compensation
Dynamic LUT compensation
Average LUT compensation

30 40 50 60 70 80 90
0

2

4

6

8

10

12

14

 

 

Model compensation
Dynamic LUT compensation
Average LUT compensation

ADC1 ADC2

SF
D

R
im

pr
ov

em
en

ts
in

[d
B

]

SF
D

R
im

pr
ov

em
en

ts
in

[d
B

]

Frequency [MHz]Frequency [MHz]

Figure 4.8: SFDR improvement for ADC1 and ADC2 over the band of use.

spectively).
Referring to the similarity in performance between the model correction

and the dynamic LUT, we can claim that the post-correction block based
on the INL model is reconstructing the INL prior to the compensation.
Another observation from Fig. 4.8 is that the INL model compensation
capabilities strongly depend on frequency (especially for ADC1). Referring
to Fig. 4.7 and Fig. 4.9, one may note that the INL model allows a reduction
of harmonics and spurious signals amplitudes (to some extent) for some
frequencies (65 MHz for example) whereas it represents them modestly
for other frequencies (30 MHz, for example). In other words, the INL
compensation has a dissimilar impact on the harmonics and the spurious
signals peaks at different frequencies.

ADC2 did not encounter the higher improvements of ADC1; however,
it shows more consistent improvements over the entire bandwidth. One
can deduce when comparing the results of the two ADCs that ADC2 is
subject to a more uniform improvement (above 4 dB) because its static
HCF is more pronounced, as shown in Chapter 3. However, the difference
in performance between the LUT and the model-based approach is larger
when compared to ADC1. Referring to Chapter 3, Fig. 3.8, the model
was not able to mimic the INL as well as for ADC1, which is due to the
noisier INL of ADC2. Moreover, the static part of ADC2’s INL is more
pronounced than that of ADC1, but the model is mostly comprised of
dynamic parameters.
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Figure 4.9: SFDR improvement for the 30-MHz output sequence of ADC1
using model and LUT methods.

4.3.3 SINAD and Noise Improvements
SINAD is given as the RMS value of the signal to the RMS of the noise
and distortion [2]

SINAD = 20 log10
A√

2PNAD
, (4.14)

where A is the amplitude of the signal and PNAD is the rms error

PNAD =
(

1
Ns

Ns−1∑
n=0

(x(n) − s̃(n))2

) 1
2

. (4.15)

Here, x(n) is the measured signal sequence, s̃(n) is the sine wave fitted to
x(n), and Ns denotes the number of samples.

A theoretical analysis of possible SINAD improvements of the AD9430
was presented in [10] based on a mean square error (MSE) correction; i.e.,
correction values were computed by minimizing the MSE between the ADC
output and an ideal sine wave. In [10], it was found that the maximum
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improvement that can be achieved is 0.7 dB for a post-correction scheme
using an LUT with infinite precision.

Using the proposed model-based correction, ADC1 presented improve-
ments between 0.1 and 0.2 dB in the band of interest. Improvements for
ADC2 spanned from 0.3 to 0.5 dB over the bandwidth. The dynamic LUT
approach achieved 0.2 to 0.3 dB improvements for ADC1, and 0.4 to 0.7
dB for ADC2.

The noise power for all ADC output data was calculated by remov-
ing the harmonics [3] from the ADCs output data spectrum. It is hinted
from the SINAD improvements (both theoretically and experimentally ob-
tained) that the noise level cannot be decreased by more than 0.5 dB. ADC2
had improvements of 0.2-0.3 dB with the INL-model-based compensation
scheme and up to 0.4 dB with the LUT method, whereas ADC1 had more
modest improvements in the order of 10−2 dB for both methods.

4.3.4 IMD Improvements

The IMD for both ADCs was measured for a two-tone input with f1 = 28.3
and f2 = 29.3 MHz at -7.0 dBFS. The INL data was not characterized for
frequencies below 30 MHz; thus, the filter frequency response [refer to
(4.11)] was not available at this frequency range. Hence, the frequency
response in disposition (between 30 to 90 MHz) was extrapolated to those
frequencies and down to the DC level, prior to the IFFT process. An
additional two tone signal with input frequencies f1 = 60 and f2 = 65 MHz
at -7.0 dBFS was also used. The improvements for the IMD are summarized
in Table 4.1, where they are listed for the different IMD product orders.
According to the AD9430 datasheet, the IMD ratio is defined for the highest
third IMD product (i.e. 2 f1 − f2 and 2 f2 − f1 ). The dominant IMD
product is indicated by a star in the table. For the first two-tone signal,
the largest third intermodulation peak happens to be at 2 f1 − f2. For
the two-tone test with 60 and 65 MHz, the third-order intermodulation
products were below the noise level for ADC1. Therefore, the star points
at the dominant second-order IMD product. ADC2 had all its second- and
third-order intermodulation products below noise level for the 60 and 65
MHz input, and are thus not listed in the table.

The third IMD products are the most important ones because they lie
near the two-tone input; thus, the method works to reduce the IMD. How-
ever, the second IMD f1 + f2 was most attenuated by the post-correction
method (up to 8.2 dB).

4.3.5 In-Between and Out-of-Band Performance

ADC1 and ADC2 have been post-corrected for in-band frequencies (be-
tween 30 to 90 MHz) not coinciding with the frequencies used for INL
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Table 4.1: ADC IMD improvements in dB. The table entries ’-’ designate
when the IMD products are below the noise level. The dominant IMD
product after post-correction is indicated by a star.

ADC f1&f2 [MHz] f1 + f2 f2 − f1 2 f1 − f2 2 f2 − f1
ADC1 28.3 & 29.3 8.2 6.7 0.1* -1.4
ADC1 60.0 & 65.0 7.0 5.5* - -
ADC2 28.3 & 29.3 5.4 -0.1 0.6 1.1*
ADC2 60.0 & 65.0 - - - -

Table 4.2: In-between and out-of-band SFDR improvements.

ADC1 ADC2
f [MHz] Improvement dB f [MHz] Improvement dB

20 5.5 20 8.2
25 3.2 25 6.0
52 9.1 64 7.1
95 -0.5 95 5.7

characterization and for out-of-band frequencies. The improvement results
are reported in Table 4.2.

The in-between improvements for ADC1 and ADC2 lie between the
improvements at characterized frequencies (i.e., the 5 MHz separated fre-
quencies used for INL characterization). ADC2 had positive improvements
for the out-of-band frequencies compensated (see Table 4.2).

ADC1 had positive out-of-band improvement results except for the the
95 MHz input frequency (-0.5 dB); however, negative results are encoun-
tered if the 95 MHz sequence is compensated by the ADC1 mean INL data
(average LUT method) and ADC1 90 MHz INL sequence (the negative im-
provements are -2.3 and -0.1 dB). This result is not surprising because the
model is extrapolated at these frequencies; the compensations (model and
the LUTs) are poor at the end frequencies where the improvement curve
has a downward trend. Obviously the INL data (30 to 90 MHz), and conse-
quently its model, has no similar features with the 95 MHz INL sequence.
Measured frequencies below 30 MHz were not available for ADC1; instead,
we post-corrected ADC2 at 20 and 25 MHz by the filters’ block of ADC1
(cross-compensation).

One can deduce from the results that the method is useful for post-
correction and also for ADC inputs not belonging to the training set. This
is further shown below.
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Figure 4.10: ADC1 and ADC2 cross-compensation.

4.3.6 Performance Improvements at Various Input Levels

Here, SFDR improvements are investigated with respect to the input power
level for the 45 and 47 MHz frequencies using ADC2. The performance at
45 MHz was measured at -4, -5 and -10 dBFS and the obtained improve-
ments in terms of SFDR were 2.3, 4.0 and 4.9 dB, respectively. In addition,
the performance for the between-band 47 MHz signal was measured for in-
put levels of -5, -10, and -15 dBFS, where the improvements were 0.2, 4.2
and 2.7 dB, respectively. The ADC still encounters improvements for am-
plitudes significantly below the nominal operation level despite the fact that
the correction method is derived based on full scale inputs. Improvement
figures also hold for the in-band frequencies (47 MHz).

4.3.7 Post-Correction with Cross-Validation of the
Results

One observation is that the LCF part of the INL is quite similar (in struc-
ture and magnitude) in the two ADCs. To illustrate that the correction
scheme is valid for several ADCs of the same type, a cross-ADC com-
pensation was performed; that is, ADC1 was corrected using the ADC2
correction block and vice versa. Fig. 4.10 shows the results of such a
cross-correction compared to the self-compensation, as well as an addi-
tional curve where each of the ADCs is compensated by only the LCF
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model or filters’ block of the second ADC. The cross-compensation achieves
improvements over the entire band, although they are inferior to those of
the self-correction. However, the performance of the filter based cross-
compensation is quite similar to self-compensation except for some given
frequencies.

Cross-correction by the LCF block is uniformly better than the full
cross-correction because the HCF segments are tailored for every ADC. It
can occasionally outperform the self-correction. Thus, the frequency de-
pendence of the LCF can be used for cross-ADC correction or for developing
a general post-correction scheme.

4.4 Conclusions

The concept of ADC model-based calibration based on the INL modeling
introduced in Chapter 3 proved to be a reliable method while presenting
low complexity. The developed INL-model-based post-correction method
showed similar performance to a dynamic LUT approach.

INL modeling with respect to the frequency of the ADC stimuli (in ad-
dition to the ADC output code k) proved to be a versatile tool because the
implicit frequency information can be used for developing a post-correction
based on linear filtering of the ADC output. The filters demonstrated their
capability to reconstruct the INL information. Such a filter approach is
preferable to an LUT in the sense that it requires the storage of significantly
fewer parameters and needs no additional interpolations or approximations
to compensate for input signals that differ from calibration frequencies.

However, it is observed that the static correction and the calibration
methodology in general can be made better. This makes the topic of Chap-
ter 5.





Chapter 5

ADC Calibration Using
Frequency Domain Filtering

This chapter presents a new model-based ADC calibration methodology
developed from an INL model also introduced in this chapter. Regarding
INL modeling, the LCF part is virtually identical to Chapters 3 and 4,
however, the requirements on a model based HCF are loosened. Regarding
the post-correction, frequency domain filtering is used to reconstruct the
LCF model instead of FIR filters as in Chapter 4. The non parametric static
HCF model is used as LUT for compensation. The INL modeling and ADC
calibration is extended to first three Nyquist bands. ADC performance
improvements are investigated in terms of SFDR and IMD enhancements.

This chapter is organized as follows: INL modeling is presented in
Sec. 5.1. The dynamic calibration is detailed in Sec. 5.2. The INL modeling
results are shown in Sec. 5.3. Sec. 5.4 shows the calibration results, and
Sec. 5.5 concludes the work.

5.1 The Dynamic INL Model

In this chapter, the LCF part of the INL is modeled by an L-order poly-
nomial with frequency dependent coefficients in a similar vein to Chapters
3 and 4, while the HCF model is not parameterized to allow a better rep-
resentation of the static error. The INL model with respect to the data
writes as

i[m, k] = �T
k θm + hk + residual (5.1)

where θm are the polynomial coefficients for a given frequency m or

θm = (θ0,m, . . . , θL,m)T (5.2)

67
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Figure 5.1: ADC measurements in each Nyquist band, where t and n is
the continuous and discrete time indices, respectively. fN is the Nyquist
frequency, which is half of the sampling frequency fs.

�k is the regressor containing the normalized code k̄ values

�k =

⎛⎜⎜⎜⎜⎝
1
k̄

...
k̄L

⎞⎟⎟⎟⎟⎠ . (5.3)

and the ‘residual’ captures noise, model imperfections, etc. The work in
Chapters 3 and 4 used a k̄ in [−1, 1], but as [0, 2] leads to improvement in
performance, it is used in this modeling.

The LCF model relates to the INL data for a given frequency m as

i[m] = � θm (5.4)

and � is the Vandermonde matrix that stacks the normalized �k regressors
as such

� =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0
...

...
...

1 2 k
2N −1 · · ·

(
2 k

2N −1

)L

...
...

...
1 2 · · · 2L

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(5.5)
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Thus, for every measured frequency m, the LCF polynomial coefficients
can be computed by a linear LS estimation

θ̂m = (�T �)−1�T i[m] (5.6)

The static estimated HCF data model sequence becomes

hmodel = ī − �θ̂ (5.7)

where ī is the average measured INL data over the frequency and θ̂ is the
average estimated polynomial coefficients. Thus, for a measured INL data
sequence at a frequency m, the estimated INL model sequence will be

îm = �θ̂m + hmodel (5.8)

The estimated INL model with frequency stimuli m at a given code k are
given by

îm,k = �T
k θ̂m + ĥk (5.9)

where ĥk is the k-th entries of the vector hmodel in (5.7).
These estimated quantities are implemented for the post-correction that

is done in a similar vein as Chapter 4, or

s[m, k] = x[k] − Q îm,k = x[k] − Q �T
k θ̂m − Q ĥk (5.10)

The last term in (5.10) is the static HCF compensation that is imple-
mented using a LUT, as shown in Fig. 5.2. The dynamic compensation i.e.
−Q �T

k θ̂m will be done with an overlap-and-add frequency domain filter-
ing [60]. Something that will be detailed in the next section.

5.2 Dynamic Calibration

5.2.1 A filter implementation

The main idea of the model based approach is to reformulate the dynamic
LCF model so it can be used for post-correction of the ADC digital output
xn[k] (n denotes the running time index). Recall that the post-correction
of the ADC digital output xn[k] subject to an input stimuli at fm is a
function of

�T
k θm =

L∑
l=0

k̄l θl,m (5.11)

Accordingly, the correction is a linear combination of a constant term and
powers of the ADC output k̄ up to the power L. In the time domain,
(5.11) can be interpreted as L parallel filters, where an input k̄n (n is the
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time index) with a frequency content m (fm) produces the output in filter
branch l:

(θl,m k̄n) · k̄l−1
n , l = 1, . . . , L (5.12)

The interpretation of the post-correction (5.11)-(5.12) is thus a filter bank
with L filters in parallel, where each filter is a zero-phase (or, a π-phase
filter if the coefficient is negative) filter and where the filter output is multi-
plied by a power of the filter input. Accordingly, the implementation of the
post-correction can be described as L filter design problems, where the goal
is to design zero-phase filters with the gain specified in M grid-points cor-
responding to {f1, . . . , fM }. In our work, the implementation is performed
in the frequency domain by an overlap-and-add structure.

The correction structure is sketched in Fig. 4.4, where the parallel blocks
Fl(ν) corresponds to the filters.

Regarding the zero order coefficients (θ0,m for m = 1, . . . , M) of the
LCF, these contribute as a static term. Thus, they can be omitted from
the calibration process.

It should be also noted that despite of working in the upper Nyquist
bands, the undersampled signals are downconverted by the ADC to the
first Nyquist band. The digital output of the ADC is always completely
contained in the first Nyquist band. Thus, the frequency filtering is always
made in the first Nyquist band, where the sampled frequencies in odd
Nyquist bands are shifted to the first Nyquist band and the frequencies
in the even bands are mirrored around the Nyquist frequency. A bank
of filters is constructed for correction in each Nyquist band out of the
respective LCF model polynomials.

5.2.2 Frequency domain overlap-and-add filtering

Let k̄n denote the ADC digital output code. To employ frequency domain
filtering, the ADC output code is first temporarily segmented into seg-
ments of proper length, typically a power of two. For a given sequence, the
frequency transform is performed by the Fast Fourier Transform (FFT),
yielding a complex-valued output of the same length as the input block.
For the l:th filter in the bank, the real-valued frequency function is formed
from {θl,1, . . . θl,M } by interpolation to the same length as the transformed
data. After multiplication, the time-domain data is obtained by applying
the Inverse FFT (IFFT). In practice, to avoid transients or glitches be-
tween the segments, Hanning widowed data is used in combination with 50
% overlap between segments [60].
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Figure 5.2: ADC post-correction block with ADC code kn, as input. δ1
is a scaling term defined as δ1 = 2/(2N − 1). The ADC output code k is
indexed by n to indicate its time dependence. în is a short notation of îm,k

at time instant n.

5.3 Test-Bed and Modeling Results

5.3.1 The test-bed and data collection

The test-bed is the same as the work in the previous chapters, where only,
some additional filters were used in the higher Nyquist bands. The specially
designed low distortion 14.4 dB gain amplifier used to amplify the output
of the VSG in order to avoid distortions generated by the latter at high
output powers, has its low distortions guaranteed up 300 MHz. That was
the main reason to stop the ADC characterization at the third Nyquist
band (315 MHz). The spectral purity of the ADC input signals (harmonics
and spurious signals are attenuated to -80 dBc) are achieved by using SLP
mini-circuits filters. The complete set of SLP filters used for the different
ADC bands is shown in Table 5.1

The INL has been characterized over three Nyquist bands from the 30
MHz frequency up to the 315 MHz for ADC1 and ADC2. The INL charac-
terization is based on single frequency inputs with 5 MHz spacing over the
band under test (30-315 MHz), giving a number M = 58 of measured INL
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Table 5.1: ADC measurement set-up.

Frequency band [MHz] SLP- Filter Filter passband [MHz]
[30 − 55] 50+ 48
[60 − 70] 70+ 60
[75 − 115] 100+ 98
[120 − 165] 150+ 140
[170 − 210] 200+ 190
[215 − 300] 300+ 270
[305 − 315] 415+ 400

sequences each of length 2N −1 = 4095. Actually, every INL data sequence
representing a frequency under test m is the average of three INL sequences
measured at this given frequency m. Coherent sampling is achieved with a
slight saturation for the INL measurements according to [3].

Additional data (for testing the calibration) are collected at the same
frequencies at an input power level of -0.5 dBFS which is the proper ADC
usage according to its data sheet. Also, three sequences are measured at
every frequency under test m. Some additional frequencies within the 5
MHz spacing are also collected for calibration purposes also.

5.3.2 Modeling Results
The estimated LCF and HCF for ADC1 and ADC2 are shown in Figs. 5.3
and 5.4, respectively. An LCF polynomial order L = 5 is used for both
ADCs.

The LCF of the two ADCs are similar in shape but ADC2 has a more
pronounced LCF counterpart and INL in general, as is obvious from the
HCF data shown for the respective ADCs.

Fig. 5.5 shows the capability of the LCF and HCF to represent the INL
data over the three Nyquist bands for both ADCs. The RMS of the INL
data is compared with when the LCF is subtracted, then also the HCF is
removed. The LCF is able to grasp most of the INL features especially at
the higher frequencies. ADC2 has an INL data magnitude larger by around
0.6 [LSB] (in RMS sense, refer to Fig. 5.5) than ADC1 mainly in the second
and third Nyquist bands.

5.4 ADC Calibration Results

The frequency domain filtering should be performed on a segmented se-
quence with a length such as no aliasing or spectral leakage occur. Accord-
ing to [3], for an N -bit ADC, a minimal sequence length of π 2N is needed to
avoid such phenomenons. Thus, a Hanning window is applied to 2N+2 = 16
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Figure 5.3: ADC1 LCF polynomials plotted in combination with the static
HCF.

Figure 5.4: ADC2 LCF polynomials plotted in combination with the static
HCF.
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Figure 5.5: The RMS of the INL data versus the input frequency in solid
line. The dotted line shows the RMS of the INL data minus the the LCF,
the dashed represents the RMS when also the HCF is removed.

kilo samples (kS) prior to the FFT/IFFT process. The filters Fl(ν) fre-
quency response should be of the same size as the windowed sequence, i.e.
16 kS. The filters Fl(ν) response is a linearly interpolated version of the
sampled frequency response given by the coefficients (θl,m|MN

m=mN
), where

the mN and MN represents the edge frequencies in a given Nyquist band.
The calibration process in every Nyquist band is done with L = 5 frequency
filters.

Besides the proposed calibration structure, a non-implementable refer-
ence method is used. The latter is a two-dimensional (k and m) dynamic
LUT (DLUT) that the model-based calibration is compared to.

In a wideband characterization the most important ADC parameters
are: SFDR, noise, SINAD, and IMD [3]. Theoretical investigation in [10]
and implementation in Chapter 4, have shown that noise and SINAD im-
provements are compelled by a 0.7 dB upper bound for an N = 12-bit ADC.
Thus, these two parameters will not be dealt with in this chapter. SFDR
improvements are measured over the first three Nyquist bands. Calibration
results for frequencies coinciding with the calibration frequencies are firstly
presented (in Fig. 5.6 and Fig. 5.7, in case of ADC1 and ADC2, respec-
tively). Calibration results for frequencies lying in between the calibration
frequencies are presented in Table 5.2, where the performance improve-
ments for ADC inputs below the nominal power level are also included.
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Figure 5.6: ADC1 SFDR improvements.

The IMD products calibration is treated in the last subsection.

5.4.1 SFDR Improvements for single tone inputs at the
nominal ADC input power level

In this section, we show the calibration results when the ADC is operated
at its nominal input power level at -0.5 dBFS. It is worth noting that three
sequences are measured for each input frequency and the average SFDR
improvement is reported.

Fig. 5.6 and Fig. 5.7 show ADC1 and ADC2 SFDR improvements over
the whole band of use. Regarding ADC1, the SFDR improvements obtained
by using the model-based compensation in Fig. 5.2, are almost identical to
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Figure 5.7: ADC2 SFDR improvements.

those obtained using the DLUT, except at the frequency range between
105 to 115 MHz, where the DLUT outperforms the model compensation
by 2-4 dB. The modest results (comparing to the DLUT) in this range can
be explained by the following: examining Fig. 5.5, one can see that the
model in this range is not able to represent the INL data as efficiently as
well as in the surrounding frequencies, i.e. it is missing some key features
of ADC distortions. The model representation and the subsequent cali-
bration process in this specific frequency range become better (identical to
DLUT) if the LCF polynomial order L is increased up to 7. This means
two additional filters in the calibration block in Fig. 5.2. However, this ex-
tra complexity leave no additional improvements over the remaining range
of frequencies, since the expected calibration results are almost saturated
(model virtually identical to the DLUT). Thus, the extra improvements in
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this frequency range (105 to 115 MHz) are sacrificed for a reduced model
order of L = 5 LCF frequency filters.

Regarding ADC2, the model based improvements outperform the
DLUT table on several calibrated frequencies while being identical to the
latter most of the cases. The average SFDR improvement over the whole
range for ADC1 is 5 dB using the model-based calibration and 5.2 dB using
the DLUT. The numbers are 9.1 dB and 8.9 dB for ADC2, i.e. the model
outperforms here the DLUT. The maximum SFDR improvement for ADC1
was 13.2 dB and the minimum was 0 dB. ADC2 had better results where
the improvements ranged between 2.8 to 16.9 dB. No SFDR degradations
are encountered during the whole calibration process.

5.4.2 Comparison of performance between the two ADCs

The difference between the two ADCs needs to be more commented. ADC1
has a better uncompensated SFDR than ADC2: an average of 71.4 dB
versus 69.9 dB over the three Nyquist bands, making a 1.5 dB difference
on average. This also translates into a larger INL data magnitude in case of
ADC2, refer to Fig. 5.5. Thus, one can expect more room for improvements
in case of ADC2 especially as the (static) HCF part of the INL is larger
in case of ADC2, also refer to Fig. 5.5. A larger static error will translate
inevitably into a steadier and larger (relatively) compensation, given the
latter is modeled and estimated adequately. ADC2 is better with average
improvements by 4 dB. One can realize that difference by looking at Fig.
5.6 and Fig. 5.7, where ADC2 calibrated SFDR is clearly seen to have a
larger shift over the uncalibrated SFDR, than in the case of ADC1. ADC2
has an average compensated SFDR of 80 dB while ADC1 has an average of
76.4 dB SFDR. In general, ADC2 compensated SFDR is almost uniformly
better than ADC1. ADC2 improvements are steadier over the band of use.
It is worth mentioning that ADC1 static correction is quite modest, ranging
between 0 to 1 dB, because of the reduced HCF counterpart magnitude.
Thus, in case of pipeline ADCs with similar HCF magnitude, the static
correction can be omitted, hence the calibration scheme parameters are
significantly reduced by 2N − 1 = 4095.

5.4.3 The reference DLUT

Examining Figs. 5.6 and 5.7, one can see that substantial SFDR improve-
ments are obtained for some frequencies while modest improvements are
obtained at others, for both ADCs. Fig. 5.8 shows the calibrated fm = 235
MHz frequency in case of ADC2 (ADC1 had no similar large improvements
in that specific frequency), where the harmonics and spurious signals are
totally suppressed or attenuated to noise level vicinity, using the model
compensation or the ideal DLUT. It is worth mentioning that in this case
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the model approach is better in attenuating the larger harmonics and in
totally suppressing the smaller spurious signals. However, in case of the
calibrated fm = 155 MHz frequency, the respective harmonics and spu-
rious signals are not attenuated as desired (for both ADCs in this case).
Fig. 5.9 shows the SFDR improvements of ADC1 for the measured 155
MHz frequency. In this case, one can easily see that two harmonics are
totally suppressed and one is merely reduced. Such phenomena are almost
identical for both the DLUT and the model-based calibration approaches.
Also here, the DLUT method gives rise to a small spurious signal inferior
to the large remaining harmonic. Such facts questions the reliability of
the reference ideal INL DLUT used for INL modeling prior to calibration.
The INL is defined in [3] as a static measure (sole code k dependency) at
low frequencies where its testing has been well standardized and optimized.
However, it has been used thoroughly in the literature as a dynamic error
sequence to correct the ADC. It is worth mentioning also that at the low-
est operable range of the ADC (around 30 MHz), the INL did not achieve
complete compensation. Hence, the results at hand show that the INL,
despite of being a good measure to calibrate the ADC, is not the optimal
or complete quantity for calibration.

Still, the small additional SFDR improvements that the model-based
method has over the DLUT, have to be tackled, but this investigation is
left to next section.

5.4.4 SFDR Improvements for single tone inputs with
reduced power levels and in-between frequencies

It is quite clear at this stage that the model correction works well on pure
sine inputs coinciding with the calibration frequencies. Regarding the de-
signed Fl(ν) filters, the response of the in-between frequencies is a linear
interpolation of the calibrated frequencies response values. The interpola-
tion is based on the assumption that the in-between frequencies behavior
(INL data and model) can not be drastically different from the surrounding
calibrated frequencies. However, the calibration process still needs to be
tested in this range. Another interesting area for calibration is the ADC
inputs with reduced power levels; in spite of being different from the ADC
nominal behavior, such signals are interesting to calibrate since they have
a less pronounced slope than the full range (or -0.5 dBFS) inputs. This
fact could be problematic if one considers that the slope is the determin-
ing factor in dynamic calibration. However, for a pipeline ADC with fully
differential bottom plate sampling [61, 62], it can be shown that the fre-
quency and the slope information are similar given the input signal power
level is known, this should translate in undiminished calibration results for
pipeline ADC operating at reduced input power levels.
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Table 5.2: Calibration results on selected frequencies and input powers

ADC Freq Power Model DLUT SFDR
[MHz] dBFS dB dB dB

ADC1 52 -0.5 8.1 8.8 77.4
ADC1 152 -0.5 5.6 5.6 72.5
ADC1 152 -5 10.8 8.1 76.8
ADC1 152 -10 2.9 1.8 78.4
ADC1 200 -3 9.5 9.5 73.4
ADC1 200 -5 0.4 0 81.2
ADC1 215 -5 0.1 -0.3 74.8
ADC1 215 -10 -1.9 -2 78.5
ADC1 255 -10 0.6 0.3 76.5
ADC1 257 -0.5 4.2 4.2 63.4
ADC1 257 -5 3.6 3.5 70.7
ADC1 257 -10 0 0.2 77.2
ADC2 45 -4 9 8.8 77.2
ADC2 45 -5 8.1 3.5 77.2
ADC2 45 -10 7.9 6.5 69.5
ADC2 47 -5 7 3.2 77
ADC2 47 -10 7.2 4.6 71.7
ADC2 47 -15 3.5 3 67.5
ADC2 64 -0.5 7.4 7.3 79
ADC2 150 -5 3.2 -0.2 76.5
ADC2 150 -10 13.1 5.5 68.3
ADC2 167 -0.5 9.2 9.4 69.6
ADC2 167 -5 5.6 -1.9 76.6
ADC2 167 -10 8.3 -2.4 69.5
ADC2 170 -5 4.8 1.5 77.7
ADC2 170 -10 9.6 5 69.2
ADC2 240 -5 10.7 10.6 64.8
ADC2 240 -10 10.7 10.6 64.8
ADC2 262 -0.5 7.8 7.6 62.9
ADC2 262 -5 4 -2 69.9
ADC2 262 -10 6.7 -4 70.3
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Figure 5.8: ADC2 235 MHz input frequency post-correction using the
model-based approach in Fig. 5.2 and the reference DLUT. The plot shows
the tones downconverted to the first Nyquist band.

In Table 5.2, the model based correction is compared to the DLUT for
different power levels (given in negative dBFS) and the SFDR improvement
results are in dB. The uncompensated SFDR is also appended to the table.
One can see that there are no performance degradation for the model based
method except for ADC1 215 MHz frequency at the -10 dBFS power level.
ADC1 has no improvements at this frequency when operating at -0.5 dBFS
(refer to Fig. 5.6) and a negative result is not surprising at this stage. Re-
garding the in-between frequencies’ inputs, the model improvements at -0.5
dBFS power level are quite identical to the DLUT, which is an important
result that shows the validity of such a model based method over the whole
range of frequencies. Regarding the inputs with reduced power levels (-3,-5
and -10 dB), it is first observed that the uncompensated sequence SFDR
does not always increase as the input power level is decreased. Actually,
decreasing the input power has led to SFDR attenuation (before the com-
pensation) in several cases. However, the compensated sequence SFDR is
pretty much the same (for one frequency with different input power levels)
when using the model based correction unless the noise level is reached; no
room for further correction in case of reduced power levels. The DLUT cor-
rection is not as good as the model based approach. This is not a surprising
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Figure 5.9: ADC1 155 MHz input frequency post-correction using the
model-based approach in Fig. 5.2 and the reference DLUT. The plot shows
the tones downconverted to the first Nyquist band.

result because the DLUT is derived for a full scale input power level while
it is used at quite reduced power levels. Thus, the DLUT has its worst
performance (negative or reduced improvements compared to the model
approach) at -10 dBFS. According to [63], the quantization error of a sine
wave is concentrated around zero, where the slope of the sine has its largest
values. Hence, using an error sequence optimized at full scale, at a severely
reduced input power level could lead into a performance deterioration.

For the model-based approach, we have a constant improvement in a
sense that the compensated SFDR is almost independent of the input power
level and the value of the uncompensated SFDR at this level. Using the
DLUT, one has, regardless of the magnitude of the sine, the same i[m, k]
appended to a given output code k and frequency m. This is not the case in
the model approach, due to the frequency filtering process. Performing an
FFT gives not only the frequency of the input but also its power. Thus, a
given input code k̄n is multiplied, according to its frequency content m, by
θl,m to reconstruct the LCF model. At a given time instant n, kn will not be
the same for different input power levels, even if we have the same frequency
and phase. Thus, the error term is scaled according to the amplitude of the
input sine wave in the model-based calibration. The effect of a different
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Table 5.3: Calibration results on two tones input signals

ADC Freq [MHz] f2 − f1 2f1 − f2 2f2 − f1 f1 + f2 2f1 2f2
ADC1 28.3 & 29.3 3.5 0.7 - 10.5 0.7 1.6
ADC1 60 & 65 6.2 - - 8 11.3 10
ADC2 28.3 & 29.3 0 2.2 0 1.7 0 0

amplitude/slope for the same input frequency is taken into account in this
process. Compared to this process, the DLUT works blindly since it has
no information about the input signal power (the output code kn is not
enough in reduced input power level). Thus, the frequency information,
in the DLUT approach, is quite distorted compared to the model-based
method, and it is not anymore equivalent to the slope information.

These results also explain the slight edge in performance that the model-
based method has over the DLUT since the latter is optimized at full scale
and the calibration is done at -0.5 dBFS. It is worth mentioning that for
the case of ADC1 152 MHz measured frequency at -5 and -10 dBFS power,
the calibration suppressed the harmonics and spurious signals down to the
noise level, so there was no more room for improvements in case of the -10
dBFS power level.

5.4.5 IMD improvements

According the AD9430 data sheet, the IMD is measured at an input power
level of -7 dBFS for each input. Two sets of frequencies are used for both
ADCs. f1 = 28.3 MHz and f1 = 29.3 MHz is the first measured set since
it is referred to in the data sheet. It worth noting that the model is not
calibrated at these frequencies and thus is extrapolated in this range. How-
ever, improvements are still encountered here. Two additional frequencies
f1 = 60 MHz and f1 = 65 MHz are also measured. According to the
data sheet, in a two tone measurement the most important distortions are
the third IMD products (2f1 − f2 and 2f2 − f1) because they lie in the
vicinity of the original two tones, making them quite difficult to be filtered
out. However, the attenuations of all the IMD products, including the
harmonics of every tone are presented in Table 5.3. One clearly see that
improvements are achieved. Due to the reduced input power levels, some
IMD products were below the noise level prior to the compensation and
a slash is put to designate that. ADC2 has all of its IMD products and
most of its harmonics below the noise floor in case of the f1 = 60 MHz and
f1 = 65 MHz tones, hence it is not included in the table. One can say that
this method is well suited for multitone calibration.
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5.5 Conclusion

This chapter has two main contributions when compared to Chapter 4: a
simpler and more representative INL modeling that led to a more effective
static ADC correction, and a dynamic calibration by frequency domain
filtering which is simpler and more accurate than FIR filters. In addition
to that, the calibration is extended to the upper Nyquist bands. Most
importantly, this chapter illustrates the importance of a model-based com-
pensation over a reference LUT (generally the latter is non implementable),
which does not scale with varying ADC input power levels.





Chapter 6

K-factor Estimation

In this chapter, a closed form ML estimation of the K-factor is proposed
based on an approximate Ricean pdf; and hence, will be denoted as an ap-
proximate ML (AML). The AML is studied in terms of bias and variance.
The bias is, however, shown to be independent of the unknown quantities,
and can be compensated for – leading to a bias-compensated estimator
(BCE). Given the approximate pdf, also approximate closed-form formulas
for the CRLB are derived; that are shown to accurately predict the ex-
act CRLB. The estimator is applied to real wireless macro-cell urban-area
measurements. The results show generally low K-factors (between 1 to
3 dB) due to the extremely rare occurrence of a LOS between a mobile
terminal and the base station, and the infrequent happening of a strong
reflected component. The chapter is organized as follows: the estimator is
derived in Sec. 6.1, its performance is analyzed in Sec. 6.2, the validity of
the approximation and the comparison with the state-of-the art are done
in Sec. 6.3, the estimator is applied on wireless measurements in Sec. 6.4
and the work is concluded in Sec. 6.5.

6.1 Main results

Consider the complex-valued scattering parameter S21, and its real SR
21 and

imaginary SI
21 components. Then, it is well known that if the stochastic

variables SR
21 and SI

21 are independent identically distributed (iid) having
a Gaussian distribution with mean values μR = ν cos θ and μI = ν sin θ
(for some real-valued phase parameter θ), and common variance σ2, the
magnitude of S21:

|S21| =
√

(SR
21)2 + (SI

21)2 (6.1)

obeys a Rician distribution, defined by the direct component magnitude ν
(ν > 0) and scattered component standard deviation

√
2σ. The K-factor

85
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is defined as the power ratio

K = ν2

2σ2 (6.2)

Let {cn} for n = 1, . . . , N represent N independent envelop measure-
ments of the S21-scattering parameter. Under the given assumptions, a
given envelop sample c = cn has a Rician distribution given by its pdf:

f0(c; ν, σ) = c

σ2 exp
(

−c2 + ν2

2σ2

)
I0

(c ν

σ2

)
(6.3)

In (6.3), the (strictly) positive quantities ν and σ are the distance and the
scale parameter of the pdf, respectively, and I0(·) is the zero-order Bessel
function [51].

6.1.1 Approximate maximum likelihood
Consider the asymptotic expansion of the zero-order Bessel function I0(x)
in (6.3), that is [51]

I0(x) = ex

√
2πx

(
1 + 1

8x
+ 9

128x2 + 225
3072x3 + · · ·

)
. (6.4)

Then, when the LOS component (ν) is significantly stronger than the scat-
tered component (2σ2) the pdf in (6.3) can be written as

f0(c; ν, σ) = f(c; ν, σ) + higher order terms (6.5)

where
f(c; ν, σ) = 1

σ

√
c

ν 2π
exp
(

− (c − ν)2

2σ2

)
. (6.6)

The joint pdf fN (c1, . . . , cN ; ν, σ) of N independent samples with pdf
f(c; ν, σ) is given by:

fN (c1, . . . , cN ; ν, σ) =

1
σN

N∏
n=1

√
cn

ν 2π
exp
(

−
∑N

n=1(cn − ν)2

2σ2

)
. (6.7)

The joint pdf in (6.7) is to be maximized with respect to ν and σ2; yielding
the ML estimates (ν̂, σ̂2). Once the ML estimates ν̂ and σ̂2 are obtained,
the invariance principle [64] is used to compute the ML estimate of the
K-factor according to (6.2). To continue, a practise is to maximize the
logarithm of (6.7) given by

L(ν, σ2) = −N ln σ + 1
2

N∑
n=1

ln
( cn

ν 2π

)
− 1

2σ2

N∑
n=1

(cn − ν)2. (6.8)
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Here, the dependence of L(·) on the data {cn} is not explicitly shown.
Differentiating (6.8) with respect to ν gives:

∂L(ν, σ2)
∂ν

= −1
2

N∑
n=1

1
ν

+ 1
σ2

N∑
n=1

(cn − ν)

= − N

2ν
+ SN

σ2 − Nν

σ2 (6.9)

where the sum-of-data SN was introduced in (6.9) as

SN �
N∑

n=1
cn. (6.10)

In a similar vein, differentiating (6.8) with respect to σ2 gives:

∂L(ν, σ2)
∂σ2 = − N

2 σ2 +
∑N

n=1(cn − ν)2

2 σ4 . (6.11)

Equating (6.11) to zero and solving for σ2 yields the ML estimator of σ2

given ν, that is

σ̂2 = 1
N

N∑
n=1

(cn − ν)2. (6.12)

Equating (6.9) to zero and inserting (6.12) in place of σ2 gives a second-
order equation in ν, that is

−3 N ν2 + 4ν SN − CN = 0. (6.13)

where CN is the sum of squares

CN �
N∑

n=1
c2

n. (6.14)

Two roots exist for the second degree polynomial (6.13). The larger one
is adopted since it is close to the mean value of the cn samples. The ML
estimate of the direct component in terms of the measured amplitudes
samples {cn} now reads

ν̂ =
2SN +

√
4 S2

N − 3 N CN

3N
(6.15)

where data enters through the sums in (6.10) and (6.14), respectively. It
is worth noting that the quantity under the square root in (6.15) is not
guaranteed by construction to be positive. Accordingly, it is proposed



88 CH. 6. K-FACTOR ESTIMATION

Table 6.1: Approximate ML method for K-factor estimation.

Collect data {c1, . . . , cN }, then calculate
a) the sum-of-data SN according to (6.10)
b) the sum-of-squared-data CN according to (6.14)
c) the distance parameter ν̂ in (6.15)
d) the scale parameter σ̂2 in (6.16)
e) the K-factor using (6.2)

that the argument under the square root is half-wave rectified. Once ν̂ is
calculated, the estimate of σ2 follows from (6.12), that is

σ̂2 = CN − 2ν̂ SN + Nν̂2

N
(6.16)

Using the invariance principle, the estimated K-factor follows as

K̂ = ν̂2

2σ̂2 (6.17)

where ν̂2 is given by (6.15) and σ̂2 by (6.16), respectively. The method is
denoted AML and is summarized in Tab. 6.1. Prior to investigating the
performance of AML, a comparison between the CRLBs derived from the
Rician pdf and the approximate pdf is performed below.

6.1.2 Approximation of the CRLB
In [47], a numerical method is used to calculate the CRLB of the Ricean
pdf (6.3). Below, the CRLB corresponding to the pdf in (6.6) is derived.
Considering the approximate pdf in (6.6) with ν and σ as unknown, the
CRLB reads [64]

CRLB(K) = ∂K(θ)
∂θ

I(θ)−1 ∂K(θ)
∂θ

T

(6.18)

where θ = (σ2, ν) and I(θ) is the Fisher information matrix having the
entries

[I(θ)]i,j = −E
[

∂2L

∂θj∂θi

]
(6.19)

where E[·] denotes statistical expectation. L(θ) is given in (6.8), and its
first-order derivatives with respect to ν and σ2 are given in (6.9) and (6.11),
respectively. The second-order derivatives are computed as

∂L2(ν, σ2)
∂ν2 = N

2ν2 − N

σ2 (6.20)
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∂L2(ν, σ2)
∂σ4 = N

2σ4 − CN − 2νSN + ν2

σ6 (6.21)

and
∂L2(ν, σ2)

∂σ2∂ν
= − SN

2σ4 + N ν

σ4 (6.22)

of which the expectations are computed respectively

E
[

∂L2(ν, σ2)
∂ν2

]
= N(σ2 − 2ν2)

2ν2 σ2 (6.23)

E
[

∂L2(ν, σ2)
∂σ4

]
= N(4ν m1 − 3σ2 − 4ν2)

2σ6 (6.24)

and

E
[

∂L2(ν, σ2)
∂σ2∂ν

]
= N(ν − m1)

σ4 (6.25)

For notational simplicity, we introduced m1 as m1 � E[c]. Thus, the Fisher
information matrix becomes

I(θ) = N

σ2

⎡⎢⎣ 2ν2 − σ2

2ν2
m1 − ν

σ2
m1 − ν

σ2
4ν2 + 3σ2 − 4vm1

2σ4

⎤⎥⎦ (6.26)

The CRLB of each of the individual estimated variables (ν2 and σ2) are
given by the diagonal entries of the inverse Fisher matrix or

I(θ)−1 = 4ν2σ6

ND

⎡⎢⎣ 4ν2 + 3σ2 − 4vm1

2σ4
ν − m1

σ2
ν − m1

σ2
2ν2 − σ2

2ν2

⎤⎥⎦ (6.27)

where D = 4ν4 − 4ν2 m2
1 + 4ν σ2 m1 + 2ν2σ2 − 3σ4. Finally using (6.18)

with
∂K(θ)

∂θ
=
[

ν

σ2
−ν2

2σ4

]
(6.28)

the CRLB of the K-factor becomes

CRLB(K) = ν2

2N σ2
10ν4 + 11ν2 σ2 − 8m1ν3

4ν4 − 4ν2 m2
1 + 4ν σ2 m1 + 2ν2σ2 − 3σ4 (6.29)

The bound in (6.29) depends on the mean m1 of the stochastic variable c
with pdf (6.6).
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6.1.3 CRLB rules-of-thumbs
In order to obtain simplified expressions, one may employ the fact that
(6.6) is a high-K approximation of (6.3), where for the latter pdf, exact
and approximate expressions for m1 are given in the Appendix. Using the
results provided in the Appendix, some straightforward calculations lead
to

CRLB(K) ≈ 2K2

3N
(6.30)

The derived results will be compared with the bound provided in [47], later
on in this chapter. As a byproduct, one obtains

CRLB(ν) ≈ σ2

N
(6.31)

and
CRLB(σ2) ≈ 4σ2

3N
(6.32)

The results for ν and σ2 may have an interest in their own right.

6.2 Performance Analysis

In this section, behavior analysis of the AML estimator is performed; more
specifically a bias investigation. Supposing the square of the direct compo-
nent in (6.15) has a bias Δν2 and the scattered component in (6.16) has a
bias Δσ2, the expected value of the AML estimator in terms in terms ν̂2

and σ̂2 can be further developed into

E[K̂] = E
[

ν̂2

2σ̂2

]
	 ν2 + Δν2

2(σ2 + Δσ2) = K
(1 + Δν2/ν2)
(1 + Δσ2/σ2) (6.33)

Assuming a small bias in K̂, a Taylor series expansion gives

E[K̂] 	 K(1 + Δν2/ν2 − Δσ2/σ2) (6.34)

where the term −Δν2/ν2 Δσ2/σ2 is neglected. It worth mentioning that
the expected value of direct component power ν̂2 is linked to the expected
value of ν̂ by

E[ν̂2] = E[ν̂]2 + Var[ν̂] (6.35)

Thus, a potential bias Δν of ν̂ will contribute (in addition to the direct es-
timated component variance) to the bias of ν̂2. In the sequel, the following
are calculated

• the mean value and bias of ν̂

• the variance of ν̂
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• the mean value and bias of ν̂2

• the mean value and bias of σ̂2

• the mean value and bias of K̂

6.2.1 The mean and bias of ν̂

Starting with ν̂ in (6.15) and taking expectation yields

E[ν̂] = 2
3N

E[SN ] +
E[
√

4 S2
N − 3 N CN ]
3N

. (6.36)

By Jensen’s inequality, we have E[
√

x] ≤ √E[x] since the square root is a
concave function, then

E[ν̂] ≤ 2
3

E[SN ]
N

+ 1
3

√
4E[S2

N ]
N2 − 3E[CN ]

N
. (6.37)

In order to continue, we refer to the derived expressions for the means in
(6.37) provided in the Appendix. A straightforward calculation gives

E[ν̂] ≤ 2
3m1 + 1

3

√
m2

1

(
4 − 4

N

)
− m2

(
3 − 4

N

)
. (6.38)

A rearrangement of terms in the right-hand-side (RHS) of (6.38) gives

RHS = 2
3m1 + m1

3

√
1 − Var[c]

m2
1

(
3 − 4

N

)
. (6.39)

Since Var[c]/m2
1 is inversely proportional to K, the Taylor series expansion√

1 − x 	 1 − x/2 is reasonable, yielding

RHS 	 2
3m1 + m1

3

(
1 − Var[c]

2m2
1

(
3 − 4

N

))
(6.40)

= m1 − Var[c]
6m1

(
3 − 4

N

)
. (6.41)

Using the large-K results in the Appendix, one gets

RHS 	 ν

(
1 + 1

3NK
+ 11

32K2

)
. (6.42)

Let bias[ν̂] = E[ν̂] − ν 	 RHS − ν, then

bias[ν̂] 	 ν

(
1

3NK
+ 11

32K2

)
(6.43)
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where we used that the Jensen inequality becomes tighter as the K-factor
increases. One may note that the estimator is asymptotically (as N →
∞) biased with a bias inversely proportional to K2, but also that the
(squared) bias is negligible compared with the CRLB for large K such that
K � N1/3.

6.2.2 Variance of ν̂

The asymptotic variance of ν̂ can be found through a Taylor series expan-
sion of ν̂ around the mean values of the random variables SN and CN .
Let

S = E[SN ] (6.44)

and
C = E[CN ] (6.45)

Then we get the following expression for the variance of ν̂ [67]

Var[ν̂] 	
(

∂ν̂

∂SN

)2
∣∣∣∣∣
SN =S,CN =C

Var[SN ] (6.46)

+
(

∂ν̂

∂CN

)2
∣∣∣∣∣
SN =S,CN =C

Var[CN ] (6.47)

+ 2 Cov[SN , CN ] ∂ν̂

∂SN

∂ν̂

∂CN

∣∣∣∣
SN =S,CN =C

(6.48)

where (see Appendix for details)

Var[SN ] = N(m2 − m2
1) 	 N ν2

(
1

2K
− 5

16K2

)
(6.49)

Var[CN ] = N(m4 − m2
2) = N ν4

(
2
K

− 1
K2

)
(6.50)

Cov[SN , CN ] = N(m3 − m1 m2) 	 N ν3
(

1
K

− 1
8K3

)
(6.51)

In the above we have the expected power m2 = E[c2], m3 = E[c3] the third
moment, and m4 = E[c4] the fourth moment. In order to continue

∂ν̂

∂SN
= 1

3N

(
2 + 4SN√

4 S2
N − 3 N CN

)
(6.52)

and
∂ν̂

∂CN
= − 1

2
√

4 S2
N − 3 N CN

(6.53)
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Evaluating gives

Var[ν̂] 	 σ2

N
− 20σ2

NK
(6.54)

One may note that (6.54) is of the same order as the CRLB.

6.2.3 Estimated value of scattered components σ̂2

Using (6.16), the mean value of estimated indirect component σ̂2 writes

E[σ̂2] = E[c2] − 2
N

E[SN v̂] + E[v̂2] (6.55)

where the first term equates m2 and the third writes in (6.61). In order to
compute the second term of (6.55), the expression of v̂ in (6.15) is to be
inserted in the latter, hence

E[SN v̂] = 2
3N

E[S2
N ] +

E[Sn

√
4S2

N − 3NCN ]
3N

(6.56)

where in the second term, the Jensen’s inequality is used twice. The com-
puted quantity in (6.56) becomes

E[SN v̂] 	 2
3N

E[S2
N ] +

E[Sn]
√

4E[S2
N ] − 3NE[CN ]

3N
(6.57)

where the Jensen’s inequality converges to equality in the K-factor range
of interest. E[SN ] = Nm1, where m1 is given in (6.72) appendix. The
other terms in (6.57) are further detailed into√

4E[S2
N ] − 3NE[CN ]

3N
= ν

3 − ν

6K
+ ν

3NK
(6.58)

and
2

3N
E[S2

N ] = 2
3
(
(N + 1)σ2 + Nν2) (6.59)

Thus, making the use of (6.61), (6.57), (6.58), (6.59), (6.72) and (6.73) in
(6.55), the expected value of the estimated scattered component becomes
for high K-values

E[σ̂2] = σ2 − σ2

3N
− 20σ2

NK
(6.60)

6.2.4 AML expected value and bias
The mean value of the estimated direct component is obtained by plugging
(6.42) and (6.54) in (6.35)

E[ν̂2] 	 v2 + 7σ2

3N
− 20σ2

NK
(6.61)
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Figure 6.1: The AML and BCE estimator are compared for a number of
samples N = 100. The BCE estimator outperforms the AML in terms of
MSE, variance and bias

where the second order terms in ν̂2 are neglected. Thus, the relative bias
of the estimated direct component ν̂2 becomes

Δν2

ν2 = 7
6NK

− 10
NK2 (6.62)

The estimated scattered component relative bias can be deduced directly
from (6.60)

Δσ2

σ2 = − 1
3N

− 20
NK

(6.63)

Finally, the mean value of the estimated K-factor for large K becomes
using (6.34), (6.62) and (6.63)

E[K̂] 	 K

(
1 + 1

3N
+ 127

6NK

)
(6.64)

where the terms in (6.62) and (6.63) inversely proportional to K2 are ne-
glected. Thus, one can deduce that even for high K-factors this estimator
still has a slight bias inversely proportional to N .

6.2.5 Bias-Compensated AML
A simple modification to the AML estimator can be implemented to obtain
a reduced bias especially for a low number of independent samples N .
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Figure 6.2: Rician (dashed red) and approximate Rician (solid blue) pdf
plotted for different K-factors values of 1,2,5,8,11,14 from left to right. The
pdfs converge for large K.

Having obtained the estimated K̂ value in using (6.15) and (6.16), the
adopted value will be, (using the bias information in (6.64))

K̂B = K̂ − 127/6N

1 + 1/3N
(6.65)

This defines a bias-compensated estimator (BCE) that has a bias and a
variance smaller than the AML estimator. This is also confirmed by Monte-
Carlo simulation in Fig. 6.1. In the sequel, the BCE estimator will be used.

6.3 Discussion

6.3.1 Validity of the approximation
Fig. 6.2 shows the Ricean pdf (6.3) and approximate Ricean pdf (6.6) de-
picted with respect to the envelope c, for different K-factor values. The
approximate pdf converges to the ideal one as the K-factor increases.

Regarding the CRLB, it is shown in Figs. 6.3 and 6.4, that the approxi-
mate pdf CRLB fits well the exact pdf CRLB for any number of samples N
or K-factor value. In Fig. 6.4, it is noted that the exact pdf CRLB is not
given for K > 24 because the numerical integration breaks at these values.
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Figure 6.3: The variance of the BCE estimator and its CRLB (exact and
approximated pdf) are plotted versus the number of samples for a K-factor
of 4. The exact and approximated pdfs shows an identical CRLB, thus,
the red (approximate pdf) curve is covered totaly by the black (exact pdf)
one.

6.3.2 Simulation example
Fig. 6.3 shows that the variance of the BCE estimator derived at hand fits
quite well the CRLB using the exact or approximate pdf. This also applies
for any K-factor value (see Fig. 6.4).

6.3.3 Advantages over state-of-the art
The BCE estimator at hand is compared to the closed form moment-based
estimator of [47, 65], which uses the second and fourth moment of the
envelop. The behavior of this moment base estimator was shown to be
close to the CRLB [47, 65]. Referring to Fig. 6.4, the BCE estimator has
a lower MSE error for any K-factor value above 5, while the number of
samples is N = 468. Reducing the number of samples gives better BCE
performance for even lower K-factor value. For a number N = 100, the
BCE estimator is already better for K ≥ 2. This is also confirmed by Fig.
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Figure 6.4: The exact and approximated pdfs CRLB are compared with re-
spect to the K-factor, and are found to be identical. Also the BCE estima-
tor and the moment-based estimator MSE and squared bias are compared.
A number of samples N = 468 is used in the simulations.

6.5, where the BCE is seen to outperform the moment-based estimator
especially for a low number of samples N . It is worth mentioning that the
most important figure of merit according to [47] and [65] is the asymptotic
standard deviation, and that the BCE estimator has always a lower variance
than the moment-based disrespect of the number of samples N , or K-factor
value, which can be deduced from Fig. 6.4 and Fig. 6.5. Thus one can claim
that, despite of being derived from an approximate pdf, the BCE estimator
has superior performance than the moment-based estimator for low number
of samples N and for moderate and high K-factor values.

6.4 RF Measurements

In order to illustrate the usefulness of the ML estimator at hand, we here
apply it on the real wireless channel measurements presented in [66]. These
measurements lacked a reliable phase information due to frequency offset
between the transmitter and receiver antennas. The measurements were
conducted in a urban metropolitan area (see Fig. 6.6), which was divided
into several tracks. Three linear antenna arrays were mounted at two base
stations sites: Kårhuset (one array) and Vanadis (two arrays). The broad-
side pointing directions of the arrays are shown in the map Fig. 6.6. The
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Figure 6.5: The BCE and moment-based estimators are compared in terms
of MSE and squared bias, versus the number of samples N for a K-factor
of 8. The CRLB (exact and approximate pdf) are also appended to the
plot.

K-factor was estimated for the different tracks in the urban area in the
map. The MIMO system consisted of four antennas at both the mobile
transmitter and at each receiver base-station array, thus making 16 paral-
lel channels for every transmit/receive case. Hence, our derivations above
are based on a single-channel measurements. The algorithm is therefore
applied for each transmitter (mobile-station) antenna separately. However
on the receiver side (base-station) the four antennas on each array have the
same antenna pattern and are pointing in the same direction (from elevated
positions). We therefore find it reasonable to combine the samples from
the four receiver antennas into a single (four times) larger data sequence
and perform K-factor estimation on this augmented data sequence. Con-
sidering transmitter (mobile-station) antenna 1, for example, data from the
channels (1:1,1:2,1:3,1:4)1 are used to obtain the estimated value.

1where the notation x : y indicates the channel between mobile-station antenna x
and base-station antenna y.
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Figure 6.6: The measurements site and tracks, in addition to the re-
ceive/transmit antennas.

6.4.1 Prerequisites: Samples correlation, Jakes channel
model, power spectral density

A given K-factor must be estimated for a set of samples with a fixed dis-
tribution. In [66], the so-called large-scale parameters, angle-spread and
shadow-fading were estimated on the measurements, and are being used
herein. The results in [66] showed that these large scale parameters had
a 90% correlation coefficient (or higher) at distance separations less than
10-meters. This indicates that the channel statistics can be considered
approximately constant for distances smaller than 10-meters. Thus, one
K-factor for each 10-meter section is estimated for each combination of
transmitter (mobile) antenna and receiver array. For a distance of more
than 10m, the channel has a different statistics and an another K-factor is
estimated.
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Figure 6.7: Samples autocorrelation for the different directive antennas at
the mobile station versus the physical distance traveled by the mobile in
wavelength λ

In [47], it was shown that the correlation of the measured or simulated
samples induces a slight overestimation of the K-factor. The measured
data samples of a channel can not be considered as i.i.d. unless the physical
distance between any two samples is large enough.

The minimal physical distance that for which a given two samples can
be considered uncorrelated differs for the four transmit antennas at the
mobile station. Referring to Fig. 6.6, antenna 4 is pointing in the direction
of the mobile movement, antenna 2 in the opposite direction, while antennas
1 and 3 are orthogonal to the mobile movement. These mobile antennas
have approximately 90 degrees beamwidth, where antenna 1 has pattern is
between π/4 and 3π/4, antenna 2 between 3π/4 and 5π/4 and so on. The
channel realization with multiple rays can be written as

h(t) =
∑

k

gk exp
(

j2πv

λ
cos(αk) t

)
(6.66)

where gk is the complex gain of the different rays, v is the speed of the mo-
bile, λ is the wavelength of the signal, αk is the angle of arrival of the given
k ray at the mobile station, and t is time. Normally, αk is uniformly dis-
tributed between [0, 2π], however, having 4 directional antennas will limit
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Figure 6.8: Receive antenna array at Kårhuset. The estimated K-factor is
plotted in dB.

the range of αk for every antenna to its respective directional beamwidth.
This fact will have direct effect on the correlation between the respective
measured samples. The autocorrelation of the respective samples for every
antenna with respect to the physical distance traveled by the mobile can
be computed for a given mobile speed, frequency of transmission (wave-
length λ), and respective rays gains (assumed equal). Fig. 6.7 shows the
samples autocorrelation (obtained from simulations) for the different mo-
bile antennas versus the physical distance expressed in λ. One can deduce
that, regarding antenna 1 and 3, the autocorrelation between the channel
samples decreases to 0.3 when the considered two samples are separated by
a half wavelength (λ/2) distance, while this distance should be more than
6 λ in the case of antennas 2 and 4.

Thus, having a measured frequency of 1766 MHz (i.e. a wavelength λ =
0.17m), the minimal physical distance where two samples can be considered
independent is λ/2 = 0.085m, in case of antennas 1 and 3, while the latter
is 6λ = 1.02m in case of antennas 2 and 4. With the measurement tracks
being segmented into 10-meter sections an approximate number of 117
independent samples is obtained in case of mobile antenna 1 and 3. This
number reduces into 10 independent samples in case of antenna 2 and 4.
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Figure 6.9: Receiver antenna array at Vanadis. The array broadside is
directed towards south-west. The K-factor is plotted in dB

Combining the samples from the four transmit receive antennas at the
base station, the total number N of independent samples in each segments
is around 468 in the case of antenna 1 and 3 while being around 40 for
antenna 2 and 4. Thus, the K-factor will only be estimated for antennas
1 and 3 since the number of samples for antenna 2 and 4 is considered too
small.

In the end, the highest estimated K-factor value out of mobile antenna
1 and 3 is adopted as the K-factor of the given segment and receive (base-
station) antenna array. We do this since we are interested in examining
the highest K-factor that can be experienced in an urban macro-cellular
environment.

6.4.2 Results

The K-factor was estimated over the tracks shown in Fig. 6.6. The K-
factor estimation results using the antenna at Kårhuset are shown in Fig.
6.8, where the K values are in dB. Fig. 6.9 and Fig. 6.10 show the estimation
results of the antenna at Vanadis measurements for the sectors B and C
respectively.
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Figure 6.10: Receiver antenna array at Vanadis. The array broadside is
directed towards south-east. The K-factor is plotted in dB.

Referring to Fig. 6.8, 6.9 and 6.10, estimated K-factor value ranged
between K = −5 dB (blue tracks) to K = 10 dB (red tracks). However,
most estimated K-factor values are between 1 to 3 dB, which is a natural
result in a urban area. Our K-factor results are in agreement with the
results in [68], which reports K-factors of 3-14 dB in LOS conditions and
less than 3dB in non LOS conditions. Considering Fig. 6.8, a high K-
factor value is estimated (orange K ∼ 6dB) at tracks with approximate
coordinates (650, 350). A LOS does not exists between this area and the
Kårhuset antenna. The reason for the high K-factor could be a strong
reflection from a big wall of a heating plant located at (950,-100). Also,
a high K-factor is experienced along the orange plotted tracks spanning
between coordinates (0, −500) and (300, −300). The estimated K-factor
value here is from mobile antenna 3, however antenna 4 showed also a
similar high K-factor, while antennas 1 and 2 had quite low K-factor values.
Antenna 3 and 4 had the strongest signal reception as shown in Fig. 6.11,
however, the power of the received signal from Kårhuset is quite weak in
this area compared to other tracks. There is no LOS during this segment
but the reason for the high K-factor could be the tower which is shown in
Fig. 6.12. This tower is located at (400,-300) and is at the end of the street
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Figure 6.11: Mobile antennas 1,2,3 and 4 average (over the measured sam-
ples in each tracks) powers in dB for tracks with high K-factors lying
between (0,-500) and (300,200).

and in almost LOS from Kårhuset. The mobile was moving towards this
tower and thus mobile antenna 4 was pointing towards the tower.

The results from the Vanadis base-station antenna array which is point-
ing in the south-west direction are shown in Fig. 6.9. The highest K-factor
values are (plotted in orange, K ∼ 6dB) experienced in the track lying
between approximate coordinates (200, −300) to (250, −500). This area is
almost in LOS of the base-station. Fig. 6.13 shows a photograph from the
street-level where the roof-top used for the base-station is visible. The an-
tenna was mounted a few meters to the left of the rooftop feature marked
with a circle.

6.5 Conclusion

The K-factor of a wireless channel was estimated out of an approximated
Ricean pdf using signal samples with only magnitude information. The
AML estimator is studied in terms of RMSE: variance and bias. Monte-
Carlo simulations are performed to illustrate the performance of the esti-
mator. A closed form expression of the AML bias is derived in order to
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Figure 6.12: Picture of the street with coordinated (0,-500) and (300,200).
The high pole that is supposed to be the reason of the high K-factor value
is encircled.
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Figure 6.13: The sight of the Vanadis building roof top where the antenna
was mounted as seen from the tracks with coordinates (200,-300) to (250,-
500) having a K-factor of 6 dB.

compensate the estimator performance. Thus, a BCE that is compensated
by an offset and a scaling term, is proposed. The BCE has a reduced
bias and variance comparing to the AML, also it outperforms the best
moment-based estimators in literature for low number of samples and/or
high K-factor values. The BCE estimator is also applied on real site wire-
less channel measurements in an urban macro cell area, using a 4-antenna
transmit/receive MIMO system. Most of the segmented tracks in the ur-
ban area had estimated K-factor values below 3dB. The tracks, where a
relatively high K-factor (K > 6) is experienced, are inspected and the phys-
ical reasons behind are explained or pointed out, such as LOS or strong
dominant reflector.
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6.A Appendix

In the Appendix, we consider properties of the stochastic variable c obeying
the Rician pdf (6.3).

6.A.1 Series expansion of mean of c

The mean m1 = E[c] reads [69]

m1 = σ

√
π

2 L1/2

(
− ν2

2σ2

)
(6.67)

where L1/2(·) is a fractional Laguerre polynomial given by

L1/2(x) = ex/2
[
(1 − x) I0

(
−x

2

)
− x I1

(
−x

2

)]
(6.68)

Equations (6.67)-(6.68) need to be further developed to provide insight, so
we rely on series expansions below. Employing the expansion (6.4) of I0(·),
and

I1(x) = ex

√
2πx

(
1 − 3

8x
− 15

128x2 − 315
3072x3 + · · ·

)
(6.69)

Then, the Laguerre polynomial (6.68) for large x becomes

L1/2(x) 	 ex/2
[
(1 − x) e−x/2

√−πx

(
1 − 1

4x

)
−x

e−x/2
√−πx

(
1 + 3

4x

)]
(6.70)

here 	 denotes that only the dominant terms have been retained. Some
simplifications of (6.70) yields

L1/2(x) 	
(

−2x + 1
2 − 1

4x

)
1√−πx

(6.71)

Replacing x by x = −K in (6.71) and inserting it into (6.67), we end up
with:

m1 	 ν

(
1 + 1

4K
+ 1

8K2

)
(6.72)

6.A.2 Power and variance of c

The expected power m2 = E[c2] follows directly [69]

m2 = 2σ2 + ν2 = ν2
(

1 + 1
K

)
(6.73)
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Further, the variance of the envelop c is given by Var[c] = m2 − m2
1, and

thus

Var[c] 	 σ2
(

1 − 5
8K

− 1
8K2

)
(6.74)

6.A.3 Third order moment of c

The moment m3 = E[c3] reads [69]

m3 = 3σ3
√

π

2 L3/2

(
− ν2

2σ2

)
(6.75)

A quite lengthy expansion similar to the one leading to (6.72) gives

m3 	 ν3
(

1 + 9
4K

+ 3
8K2 + 3

16K3

)
(6.76)

6.A.4 Fourth order moment of c

The expected power m4 = E[c4] follows directly [69]

m4 = 8σ4 + 8σ2 ν2 + ν4 = ν4
(

1 + 4
K

+ 2
K2

)
(6.77)

6.A.5 A useful result

Consider
Var[c]
6m1

	 σ2 (1 − 5
8K − 1

8K2

)
6ν
(
1 + 1

4K + 1
8K2

) (6.78)

Making use of the Taylor series expansion (1+x)−1 	 1−x, and a straight-
forward calculation results in

Var[c]
6m1

	 ν

12

(
1
K

− 7
8K2 − 3

32K3

)
(6.79)

6.A.6 Means of SN and CN

From (6.10) and (6.14) it directly follows

E[SN ] = N m1 (6.80)

and
E[CN ] = N m2 (6.81)
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6.A.7 Power and variance of SN and CN

Since the samples {cn} are iid, it follows from (6.10) that

E[S2
N ] = E[CN ] + (N − 1)NE[c]2 = Nm2 + (N − 1)Nm2

1 (6.82)

and
Var[SN ] = NVar[c] = N(m2 − m2

1) (6.83)

Accordingly,

Var[CN ] = N(m4 − m2
2) = 4Nσ4(1 + 2K) (6.84)

6.A.8 The covariance Cov[SN , CN ]
We have to calculate Cov[SN , CN ]. One has

Cov[SN , CN ] = E[SN CN ] − E[SN ] E[CN ] (6.85)

The second term in (6.85) follows from (6.80)–(6.81). A straightforward
calculation gives

Cov[SN , CN ] = N m3 + (N − 1)N m1 m2 − N2 m1 m2

= N(m3 − m1 m2)

= Nv3
(

1
K

− 1
8K3

)
(6.86)





Chapter 7

Conclusions and Future Work

7.1 Summary

In this thesis, a 12-bit pipeline ADC, is characterized, modeled and cali-
brated. Two dynamic INL models are proposed and their parameters are
estimated by the LS method. The developed models are used to construct
a post-correction scheme to calibrate the ADC. The first INL model (Chap-
ter 3) is a fully parameterized scheme with a limited number of parameters:
namely, a polynomial with frequency-dependent coefficients for LCF mod-
eling and a set of disjoint segments for HCF modeling. This first model
comprises fewer parameters than the second model (Chapter 5), in which
the HCF is not modeled but saved as an LUT. The LCF modeling is quite
similar for both models.

From a strict modeling concept point of view, the first model is more
efficient in the sense that it has significantly fewer static parameters while
still providing a comparable (though inferior) static representation (of the
HCF data) to the second model. However, this rather small deficiency in
representing the static HCF data has a non-negligible effect on the static
correction: ADC2 has a modest static model-based compensation when
compared with a LUT reference. Another drawback of the INL model in
Chapter 3 is the rather complex procedure needed to derive the structure
of this model. These two drawbacks have led to the development of he INL
model in Chapter 5, for which the structure is straightforward to obtain
and which has a better static representation at the expense of having a
larger number of parameters. The latter model is deemed better from an
ADC calibration perspective because this enhanced (despite being mod-
erate) static representation of the HCF perceivably improves the (static)
calibration.

The concept of ADC correction by means of the INL entity (data and
consequently model) is explained in this thesis. The two INL models at
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hand form the basis of two different post-correction schemes that each re-
constructs the INL data in its own way. Both compensation schemes have
a static and a dynamic part because they are the translation of an INL
model with such a form. When subtracted from the ADC digital output,
the INL model renders a compensation equal and occasionally superior to
the INL data. Additionally, the calibration scheme based on the second
INL model is considered better than the first scheme because its dynamic
compensation avoids the process of FIR filter designs and implements the
filtering in the frequency domain, which is a rather unconcealed approach.
Adding to this, the second methodology offers better static compensation
than the first. For these reasons, only the second calibration methodology
is applied to the undersampled data in the second and third Nyquist band,
while there are no restraining reasons for also applying the first methodol-
ogy too. In general, the two model-based dynamic compensation schemes
achieve deterministically positive improvements, even at low ADC input
power levels. The dynamic LUT randomly causes performance deteriora-
tion at these ranges. Despite the ADC error (INL) being characterized
at full scale, the calibration model (based on the full scale error sequence)
achieves a compensation slightly higher than the dynamic LUT reference at
the ADC nominal working range (-0.5 dBFS). The model-based calibration
scheme can interpolate down to significantly reduced input power levels,
i.e., providing strictly positive improvements, while the dynamic LUT fails
at these levels.

Regarding the wireless channel characterization part, the Ricean pdf
is approximated to enable an ML estimation of the K-factor, denoted as
AML. The latter is studied in terms of bias and variance. Hence, an expres-
sion of the AML bias is obtained and used to compute an estimator that
has reduced bias and variance compared with the AML denoted as BCE.
The BCE has also shown a more accurate estimation of the K-factor than
closed-form moment-based estimators in the literature for high K-factor
values and/or a low number of samples. The BCE is applied to real-site
urban wireless measurements using a MIMO mobile antenna system. The
Jakes Doppler autocorrelation spectrum of the MIMO channel is studied
so that only uncorrelated channel realization samples are used for the K-
factor estimation. The K-factor estimation shows generally low K-factor
values for the segmented tracks, while the isolated high estimated K values
are explained by the physical conditions of the transmission and reception.

7.2 Future Work

We anticipate several extensions to and closely related research on the
topics addressed in the thesis, which can be categorized as follows:

• The INL modeling part may have interest of its own, where an INL
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model optimized in terms of few parameters and a reliable data rep-
resentation is sought. For the case in which, INL modeling as such
is to be addressed as a stand-alone problem, we foresee additional
investigation in this topic. The most puzzling issue in the INL mod-
eling process is the HCF component. The HCF data constitute a
quite small portion of the INL data for many ADCs (ADC1 is an
example), especially in the upper Nyquist band; however, the HCF
data make a non-negligible contribution to the INL data in the first
Nyquist band for some ADCs (ADC2, for example). The non para-
metric HCF model in Chapter 5 is the most genuine representation of
the HCF entity because it is actually the assumed (or measured) HCF
data. However, in terms of modeling, this HCF model is composed of
a large number of parameters (2N − 1 entries). Thus, an HCF model
with a reduced number of parameters is needed, that provides a bet-
ter representation of the HCF data than the first model (Chapter
3) and its structure is simpler to characterize prior to the parame-
ter estimation. Other types of basis functions (rather than adjacent
centered linear segments) that are smoother in shape and flexible in
terms of choosing their edges are good contenders for HCF modeling.

• It is quite clear at this stage that the INL entity as such is not the op-
timal measure to characterize the ADC dynamic errors because using
the INL data to correct the ADC does not lead to a full suppression
of the input signal harmonic and spurious signals. The INL is defined
by the IEEE standards as a low-frequency measurement. However,
characterizing this sequence in the lowest operable frequency range
(approximately 30 MHz for the Analog Devices AD9430) did not in-
duce a total error correction in the post-correction process, while at
some other higher frequencies, it led to the harmonics and spuri-
ous signals being attenuated to the noise level. Hence, a new INL
dynamic characterization method needs to be developed or a new
methodology for an ADC error sequence estimation should be de-
rived. We believe that the second approach should be investigated,
in which an error sequence is optimized at the ADC nominal working
power level, i.e., -0.5 dBFS for the AD9430. The INL model-based
correction developed in this thesis adapts (by doing an inherent inter-
polation) to the fact that the ADC is compensated at a power level
below the INL sequence calibration input level (which is full scale).
However, we find it better to acquire the best reference (or dynamic
LUT data) for an error sequence at the ADC nominal working range,
i.e. -0.5 dBFS. Still, an interpolation would take a place if the ADC
is driven at different power levels. The sought error sequence should
be optimized such that the output sequence of the ADC is as close as
possible in a minimum mean square sense to an ideal sine wave. The
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optimization process is to be performed in frequency domain because
we need the harmonics and spurious signals in the output sequence
to be attenuated by the optimized error sequence down to the noise
level.

• The polynomial modeling proved to be efficient for representing the
LCF part of the INL. It is difficult to identify reasons that this polyno-
mial modeling might be invalid for representing any other optimized
error sequence (like the one explained above). However, the trans-
lation of this polynomial into a calibration block is to be rendered
more efficient. One can argue that the number L of filters (that re-
construct the LCF model) can be reduced by using a more innovative
transformation of the LCF model into a calibration scheme.

• The implementation of the calibration scheme developed in the thesis
at the link/system level is deemed quite important, to estimate the
latter performance improvements due to ADC calibration.

• At this stage, a DSP implementation such as FPGA of the calibration
schemes should be considered (prior to optimizing the compensation
process) because one should be aware of the applicability of a given
post-correction scheme before investigating its development.

Regarding the K-factor estimation aspect, we foresee additional devel-
opment on the topic

• The AML bias was derived analytically to compute a bias-
compensated estimator or BCE. However, this bias derivation, despite
being straightforward, turned out to be lengthy and did not accom-
plish a complete bias characterization. We propose the development
of a simulation or a numerical-based bias characterization to produce
a more accurate estimation of the K-factor bias. Monte-Carlo simu-
lations can be run for different K values and numbers of samples N .
Thus, the K-factor bias values can be stacked in a two-dimensional
table. Thus, a model for the bias can be estimated in the LS sense
in terms of K and N or for a given N in terms of K. Having an ML-
based estimation, the variance of the estimation is always less than
any other closed-form estimation approach (such as moment-based),
combined with an almost totally compensated bias, will character-
ize a nearly optimal estimator. This method will demonstrate the
largest improvement over the current analytical approach at low K-
factor values, for which the estimator is most biased while having a
variance that is considerably smaller (converging to zero as the ap-
proximate pdf CRLB does) than the CRLB of the exact Ricean pdf.
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• Most estimation procedures are defined for i.i.d. samples. In this
work, the channel characteristics (Jakes model) in combination with
the measurements conditions and information were used to obtain
a set of supposedly independent samples for a reliable estimation.
We consider that a direct continuation of the work is to develop an
ML K-factor estimation out of correlated samples because in some
measurement campaigns, additional information about the available
data could be unavailable or untrustworthy.
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