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Abstract

The complete and accurate thermodynamic and kinetic description of any system is cru-
cial for understanding and predicting its properties. A particular interest is in systems
that are used for some practical applications and have to be constantly improved us-
ing modification of their composition and structure. This task can be quite accurately
solved at a fundamental level by density functional theory methods. These methods are
applied to two practically important systems Fe-Cr and TiC-ZrC.

The elastic properties of pure iron and substitutionally disordered Fe-Cr alloy are inves-
tigated as a function of temperature and concentration using first-principles electronic-
structure calculations by the exact muffin-tin orbitals method. The temperature effects
on the elastic properties are included via the electronic, magnetic, and lattice expan-
sion contributions. It is shown that the degree of magnetic order in both pure iron and
Fe90Cr10 alloy mainly determines the dramatic change of the elastic anisotropy of these
materials at elevated temperatures. A peculiarity in the concentration dependence of
the elastic constants in Fe-rich alloys is demonstrated and related to a change in the
Fermi surface topology.

A thermodynamic model for the magnetic alloys is developed from first principles and
applied to the calculation of bcc Fe-Cr phase diagram. Various contributions to the free
energy (magnetic, electronic, and phonon) are estimated and included in the model. In
particular, it is found that magnetic short range order effects are important just above
the Curie temperature. The model is applied for calculating phase equilibria in disor-
dered bcc Fe-Cr alloys. Model calculations reproduce a feature known as a Nishizawa
horn for the Fe-rich high-temperature part of the phase diagram.

The investigation of the TiC-ZrC system includes a detailed study of the defect forma-
tion energies and migration barriers of point defects and defect complexes involved
in the diffusion process. It is found, using ab initio atomistic simulations of vacancy-
mediated diffusion processes in TiC and ZrC, that a special self-diffusion mechanism is
operative for metal atom diffusion in sub-stoichiometric carbides. It involves a novel
type of a stable point defect, a metal vacancy ”dressed” in a shell of carbon vacancies.
It is shown that this vacancy cluster is strongly bound and can propagate through the
lattice without dissociating.

Keywords: ab initio, first principles, point defects, vacancy clusters, alloys, steels, iron,
carbides, diffusion, phase diagram, density functional theory, elastic constants, elastic
properties, thermodynamic modelling
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J.Ågren, submitted.

My contributions to the papers above

Paper I I did the DFT and auxiliary calculations; the manuscript was written jointly.
Paper II: I did the DFT and auxiliary calculations; the manuscript was written jointly.
Paper III: I did most of the DFT calculations and the modelling work; I implemented
the phonon model in the existing code and created a series of programs (scripts) for
processing large data sets; the manuscript was written jointly.
Paper IV: I did the DFT calculations and the modelling work; the manuscript was writ-
ten jointly.



v

Paper V: I did the DFT calculations and the modelling work; the manuscript was writ-
ten jointly.
Paper VI: I did the DFT calculations; the manuscript was written jointly.

Publications not included in the thesis:

I First-principle calculation of stacking-fault and anti-phase boundary energies
in Al3Sc
M. Rahaman, A.V. Ruban, V. I. Razumovskiy and B. Johansson, in manuscript.

II Spin-wave method for the total energy of paramagnetic state
A.V. Ruban and V.I. Razumovskiy, Physical Review B 85, 174407 (2012).

III The influence of alloying elements on grain boundary and bulk cohesion in alu-
minum alloys: ab initio study
V.I. Razumovskiy, I.M. Razumovskii, A.V. Ruban, V.N. Butrim, and Yu.Kh. Vek-
ilov, Advanced Materials Research 409, 417 (2012).

IV The effect of alloying elements on grain boundary and bulk cohesion in alu-
minum alloys: An ab initio study
V.I. Razumovskiy, A.V. Ruban, I.M. Razumovskii, A.Y. Lozovoi, V.N. Butrim, Yu.Kh.
Vekilov, Scripta Materialia 65, 926 (2011).

V Effect of alloying elements and impurities on interface properties in aluminum
alloys
V. I. Razumovskiy, Yu. Kh. Vekilov, I. M. Razumovskii, A. V. Ruban, V. N. Butrim,
and V. N. Mironenko, Physics of the Solid State 53, 2189 (2011).

VI Analysis of the alloying system in Ni-Base superalloys based on ab initio study
of impurity segregation to Ni grain boundary
V.I. Razumovskiy, A.Yu. Lozovoi, I.M. Razumovskii and A.V. Ruban, Advanced
Materials Research 278, 192 (2011).

VII Effect of the particle size of γ′ phase on the mechanical properties of Ni base
superalloys
I.M. Razumovskii, Yuriy G. Bykov, A.G. Beresnev, V.A. Poklad, V.I. Razumovskii,
Advanced Materials Research 278, 96 (2011).

VIII New Pt-based Superalloy System Designed from First Principles
V. I. Razumovskiy, E.I. Isaev, A.V. Ruban and P.A. Korzhavyi, Mater. Res. Soc.
Symp. Proc. 1128, 1128-U05-28 (2009).



vi

IX New generation of Ni-based superalloys designed on the basis of first-principles
calculations
I.M. Razumovskii, A.V. Ruban, V.I. Razumovskiy, A.V. Logunov, V.N. Larionov,
O.G. Ospennikova, V.A. Poklad, B. Johansson, Materials Science and Engineering: A
497, 18 (2008).

X Theoretical analysis of the alloying system and development of new Ni-based
superalloys
A.V. Logunov, I.M. Razumovskii, G.B. Stroganov, A.V. Ruban, V.I. Razumovskii
V.N. Larionov, O.G. Ospennikova, V.A. Poklad, Doklady Akademii Nauk 421, 438-
441 (2008).

XI Ab-initio calculations of elastic properties of Pt-Sc alloys
V.I. Razumovskiy, E.I. Isaev, A.V. Ruban and P.A. Korzhaviy, Intermetallics 16, 982
(2008).

XII Patent of Russian Federation # RU 2361011 C1 Processing method of casts made of
heat-resistant nickel alloys for single-crystal foundering 15.10.2007. Inventors: Eliseev
J.S., Poklad V.A., Ospennikova O.G., Larionov V. N., Logunov A.V., Razumovskij
I.M., Razumovskij V.I.. Proprietor: Moscow Machine-Building Production Enter-
prise ”Salyut”.

XIII Patent of Russian Federation # RU 2361012 C1 Treatment method of cast made of
heatresistant nickel alloys for single-crystal foundering 15.10.2007. Inventors: Eliseev
J.S., Poklad V.A., Ospennikova O.G., Larionov V. N., Logunov A.V., Razumovskij
I.M., Razumovskij V.I. Proprietor: Moscow Machine-Building Production Enter-
prise ”Salyut”.



Contents

Preface iv

Contents vii

1 Introduction 1

1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Iron-chromium alloys . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.3 Titanium and zirconium carbides . . . . . . . . . . . . . . . . . . . . . . . . 2

2 First-principles calculations 4

2.1 Many-body problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 Density functional theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.3 Periodic systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.4 PAW method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.5 Green’s function formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.6 EMTO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.6.1 EMTO-CPA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.6.2 Disordered Local Moment model . . . . . . . . . . . . . . . . . . . . 13

2.7 Nudged elastic band method . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Calculation of elastic properties 17

3.1 Elastic constants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Calculation of elastic properties . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.3 Derived elastic properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

vii



viii CONTENTS

3.4 Elastic anisotropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4 Phase equilibria in magnetic Fe-Cr alloys 28

4.1 Phase equilibria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1.1 Basic principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1.2 Free energy: concentration and temperature dependence . . . . . . 29

4.1.3 Binary phase diagram with unlimited solubility . . . . . . . . . . . 30

4.2 Ground state properties of Fe-Cr alloys . . . . . . . . . . . . . . . . . . . . 32

4.2.1 Finite temperature ferromagnetic state: PDLM model . . . . . . . . 32

4.2.2 Magnetic short-range-order correction . . . . . . . . . . . . . . . . . 34

4.2.3 Magnetic model for alloys . . . . . . . . . . . . . . . . . . . . . . . . 35

4.2.4 Free vibrational energy of Fe-Cr alloys in the virtual crystal ap-
proximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.3 Phase diagram calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.3.1 Free energy within the model . . . . . . . . . . . . . . . . . . . . . . 40

4.3.2 Fe-Cr bcc phase diagram . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.3.3 Nishizawa horn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5 Diffusion in TiC and ZrC 44

5.1 Diffusion parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5.2 First principles calculations of atomic diffusion in TiC and ZrC . . . . . . . 46

6 Summary of the included papers 50

Concluding remarks 53

Acknowledgements 54

Bibliography 56



Chapter 1

Introduction

1.1 Overview

This thesis covers two main topics: thermodynamic properties of iron-chromium alloys
and diffusion in titanium and zirconium carbides. Most of the results are obtained using
the density functional theory methods described in Chapter 2. The first topic is divided
into two parts: elastic properties of iron-chromium alloys (Chapter 3) and phase equi-
libria in iron-chromium alloys (Chapter 4). Chapter 5 is devoted to the investigation
of defects and related diffusion mechanisms in titanium and zirconium carbides. All
results of the thesis are included in the appended papers which are briefly summarized
in Chapter 6.

1.2 Iron-chromium alloys

Development of construction materials for new generations of power plants (both ther-
mal and nuclear) is one of the most urgent tasks in materials science. Attention has
recently been drawn to stainless steels [1, 2]. Steels have been studied experimentally
and theoretically for many decades, but tools for atomistic modelling of these inherently
complex materials are at the development stage. The main complication here is mag-
netism of iron and of some other steel ingredients. The change of magnetic order in iron
and steel with temperature is known to strongly affect their thermodynamic and kinetic
properties. However, these effects are extremely difficult to model starting from first
principles. Development of ab initio modeling techniques that can describe the prop-
erties of iron and steel at temperatures relevant for applications of these materials, not
just at 0 K, is therefore a challenging scientific task of high practical importance.

Thermodynamic properties (including elastic properties) are vital for many practical
applications, but are also important parameters of phenomenological models such as

1



2 CHAPTER 1. INTRODUCTION

phase-field and Calphad methods or continual dislocation theory [3]. Two chapters of
this thesis (Chapters 3 and 4) are devoted to the modelling of such thermodynamic
properties as elastic properties and phase equilibria in iron-chromium alloys.

Alloys of this system are the base for a wide range of materials including stainless
steels (Fe-rich) and superalloys (Cr-rich). The Fe-Cr system in general represents a very
complex and at the same time very interesting subject of study because of numerous
magnetic and polymorphic transitions which not always can be entirely described by
conventional methods. Alloys from the middle of the Fe-Cr binary system undergo a
decomposition onto the mixture of Cr-rich and Fe-rich alloy fractions at temperatures
below about 800 K [4]. Elastic properties of this system represent a non-trivial case as
well. It has been experimentally found that the elastic anisotropy of α-Fe increases by
almost an order of magnitude upon the temperature change from room temperature
to above the Curie point [5–7]. A peculiarity has been noted [8, 9] in the concentration
dependence of the bulk modulus of bcc Fe-Cr alloys at around 6 at % Cr, which is the
about the same composition of Fe-Cr alloys where the Fermi surface topology change
takes place [10].

Each step taken toward a solution of either of the problems described above demands
much time and effort to be spent. Therefore, the main subject of first principles study
here is limited to bcc random alloys. The modelling approach presented in Chapters 3
and 4 allows one to describe some of the properties discussed above and to explain the
origin of the complex system’s behaviour. The approach is based on electronic struc-
ture calculations that describe the temperature and concentration dependence of the
thermodynamic properties of iron and its alloys on a fundamental level.

1.3 Titanium and zirconium carbides

Titanium and zirconium carbides belong to a group of refractory materials character-
ized by extreme hardness, high wear resistance, and extraordinarily high melting point
[11, 12]. Phase separation of a mixed carbide (Ti,Zr)C into TiC-rich and ZrC-rich frac-
tions (via spinodal mechanism) can be used in order to achieve even greater mechanical
hardness of the material. Phase separation is a diffusion-controlled process and, there-
fore, detailed knowledge about the diffusion of metal atoms is important for tuning the
mechanical properties of carbide materials. Besides, the diffusion in these compounds
represents a quite specific case, not fully understood, because of their sub-stoichiometric
nature [13].

The range of non-stoichiometry in carbides of the group IV transition metals is quite
high: the concentration of carbon vacancies (VC) can reach 50 % [13, 14]. The effects of
these vacancies on many physical properties such as, for example, carbon diffusivity
[15–17] or lattice parameter [17, 18] are well known. The tendency towards ordering
of carbon vacancies has been observed experimentally [19–26] and studied theoretically
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[27–30]; at the same time, the effect of constitutional carbon vacancies on the metal atom
diffusion has not been studied, and a single-vacancy mechanism (by means of single
metal vacancies, VMe) is commonly assumed [31].

The detailed ab-initio investigation of this problem is the main topic of Chapter V. There
it is shown that the assumption of a simple diffusion mechanism for the sub stoichio-
metric carbines is not quite correct. A detailed fundamental analysis reveals that the
self-diffusion of metal atoms in these carbides involves formation of a cluster of metal
and carbon vacancies, and its subsequent kinetic transformations leading to effective
transfer of the metal atoms. This novel mechanism is expected to be relevant to other
transition-metal carbide systems as they all have similar kinetic and thermodynamic
properties [31].



Chapter 2

First-principles calculations

2.1 Many-body problem

Modern methods for electronic structure calculations have become a very useful tool
for materials science. Many physical properties of materials can be determined directly
from the solution of the fundamental equations for the electrons. Motion of the electrons
and nuclei in a material is described by the time-dependent Schrödinger equation of a
form:

i~
∂ψ(~ri, ~Ri, t)

∂t
= Ĥψ(~ri, ~RI , t), i = 1...N, (2.1)

where ψ(~ri, ~RI , t) is the many-body wave function for the system of N electrons and M

nuclei with coordinates ~ri and ~RI respectively, t is time and Ĥ is the energy operator or
Hamiltonian,

Ĥ = − ~
2

2m

∑

i

∇2
i −
∑

i,I

ZIe
2

|~ri − ~RI |
+
1

2

∑

i 6=j

e2

|~ri − ~rj|
− 1

2

∑

I

~
2

MI
∇2

I +
1

2

∑

I 6=J

ZIZJe
2

|~RI − ~RJ |
, (2.2)

where ~ is the reduced Planck’s constant, m and e are the mass and the charge of an

electron respectively, ~ri is the coordinate of an electron i, ~RI is the coordinate of nucleus
I , and ZI is the nucleus charge; summation is done over the total number of electrons
i=1...N and the total number of nuclei I=1...M .

The solution of the problem for a system consistent of both electrons and nuclei can
be simplified by the adiabatic Born-Oppenheimer (BO) approximation [36]. The ap-
proximation assumes that masses of nuclei are much larger than those of the electrons,

which allows one to neglect the forth term −1
2

∑

I
~
2

MI

∇2
I in the Hamiltonian (equation

4



2.2. DENSITY FUNCTIONAL THEORY 5

2.2) and consider the electrons separately from the nuclei treating the positions of nu-
clei as parameters [35]. This means that interactions between electrons and nuclei can
be considered as interaction of the electrons with a static (”external”) potential of the

nuclei V̂ext (the second term). The first and the third terms of equation 2.2 are kinetic

(T̂ ) and electron-electron interaction energy of electrons (V̂e−e), respectively, and the last
term is defined by classical nuclei-nuclei interactions (EII). Within the framework of
BO approximation, the ground state properties of a non-relativistic system are defined
by the time-independent form of the Schrödinger equation

Ĥψ(~ri) =
[

T̂ + V̂e−e + V̂ext + EII

]

ψ(~ri) = Eψ(~ri). (2.3)

2.2 Density functional theory

Exact solution of equation 2.3 for the system of N electrons is practically impossible for
N ≥ 3, though the problem can be solved using some auxiliary methods. One of the
most powerful tools to solve the many-electron problem is the density-functional theory
(DFT) that formally reduces the many-electron problem to a single electron problem and
uses the electron density instead of many-electron wavefunctions [32]. DFT originates
from the method of Thomas [33] and Fermi [34], who obtained the description of the
many-electron system in terms of the electronic density [32, 35]:

ETF =
3

10
(3π2)2/3

~
2

2m

∫

d3rn(~r)5/3 +

∫

d3rVextn(~r) +
e2

2

∫

d3rd3r′
n(~r)n(~r ′)

|~r − ~r ′| , (2.4)

where n(~r) is the electron density at some point in the space defined by the coordinate
~r, Vext(~r) is an external potential. The first term denotes the kinetic energy of electrons,
the second one describes the interaction of electrons with some external potential, and
the last term is the classical electrostatic electron-electron interaction energy.

It has been shown that the heuristically obtained density functional (equation 2.4) is
inaccurate for most applications, and that the largest source of errors is the free-electron
approximation for the kinetic energy (first term in equation 2.4), which can be replaced
by a a better functional provided by DFT theory [32]. Hohenberg, Kohn, and Sham
provided a fundamental justification for the use of the electron density to describe the
many-electron system and formulated density functional theory as an exact theory of a
many-body system [37, 38].

DFT is based on two key theorems [35, 37]:

Theorem I: For any system of interacting particles in an external potential Vext(~r), the
potential Vext(~r) is determined uniquely, except for a constant, by the ground state
particle density n0(~r).
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Theorem II: A universal functional for the energy E[n(~r)] in terms of the density n(~r)
can be defined, valid for any external potential Vext(~r). For any particular Vext(~r),
the exact ground state energy of the system is the global minimum value of this
functional, and the density n(~r) that minimizes the functional is the exact ground
state density n0(~r).

The Hohenberg-Kohn theorems provide a solid basis for the substitution of the complex
problem of finding the ground-state energy of a system described by a 3N-dimensional
wave function with a much simpler problem of finding a minimum energy of the sys-
tem with respect to the 3-dimensional density. However, the problem of finding the
3-dimensional density of N interacting particles remains too complex to solve, and an-
other simplification of the problem is required. The simplification was proposed by
Kohn and Sham [38], who assumed that the ground state density of the system of in-
teracting electrons is equal to some electron density of a fictitious auxiliary system of
non-interacting electrons. This allows one to transform the many-body problem into
a set of one-electron problems that can be exactly solved with all many-body terms
included into an exchange-correlation functional. The ground state energy functional
within the Kohn-Sham approach is written in a form similar to equation 2.4:

EKS =
1

2

∑

σ

occ
∑

i

∫

d3rφ⋆
j(~r)

(

− ~
2

2m
∇2

)

φi(~r) +

∫

d3rVextn(~r) +
e2

2

∫

d3rd3r′
n(~r)n(~r ′)

|~r − ~r ′| +

Exc[n(~r)] + EII . (2.5)

The first three terms are similar to the Thomas-Fermi approach (equation 2.4), namely
kinetic, external potential due to the nuclei, and the classical Coulomb interaction en-
ergy of the electron density. The last two terms describe interaction between nuclei (EII)
and the effects of exchange and correlation of electrons (Exc[n(~r)]).

The kinetic energy in terms of Kohn-Sham approach is described in terms of the den-
sity of non-interacting electrons which is constructed from the single-particle wave-
functions (orbitals) φi(~r) as:

n(~r) =
∑

σ

occ
∑

i

|φi(~r)|2, (2.6)

where the sum is taken over the lowest occupied eigenstates for each spin σ.

Exc[n(~r)] combines all many-body effects of exchange and correlation omitted in the
Kohn-Sham approximation of the non-interacting electron system. Unfortunately, the
exact form of the density functional Exc[n(~r)] cannot be determined exactly and must
be approximated. The exact exchange-correlation functional can be replaced with the
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local density approximation (LDA) functional ELDA
xc , which is rather simple and quite

accurate in many cases [32, 35]:

Exc[n(~r)]
LDA =

∫

d3rn(~r)ǫLDA
xc (n(~r)), (2.7)

where ǫLDA
xc is the exchange-correlation energy of a homogeneous electron gas at point

~r. This approximation works well for systems with small variations in electron density.
The exchange part of ǫLDA

xc can be calculated exactly for a homogeneous electron gas
with density n [32]:

ǫLDA
x (n) = −3

4
e2
(

3

π

)1/3

n1/3. (2.8)

The correlation part is more difficult to get though possible using quantum Monte-Carlo
calculations [39]. LDA in a more general form can be written via the homogeneous spin
densities n↑(~r) and n↓(~r) and the total density n(~r) = n↑(~r) + n↓(~r) as:

Exc[n
↑(~r), n↓(~r)]LSDA =

∫

d3rn(~r)ǫhomxc (n↑(~r), n↓(~r)). (2.9)

LDA in this form is called the local spin density approximation (LSDA) and is the most
general local approximation.

Systems with inhomogeneous electron density can be better described by the improved
version of exchange-correlation functional – the generalized gradient approximation
(GGA). It can be written in a form similar to equation 2.9:

Exc[n
↑(~r), n↓(~r)]GGA =

∫

d3rn(~r)ǫxc(n
↑(~r), n↓(~r), |~∇n↑(~r)|, |~∇n↓(~r)|), (2.10)

where ǫxc is the exchange correlation energy of inhomogeneous electron gas. The two
most common GGA functionals used in solid state physics are co-called Perdew-Wang
(PW91) [40] and Perdew-Burke-Ernzerhof (PBE) [41, 42]. The GGA functionals some-
times have several modifications to yield a better description of strongly inhomoge-
neous systems.

Finally, the ground state properties of a system can be obtained from the one-electron
Kohn-Sham equations:

[

− ~
2

2m
∇2 + V (~r)

]

φi(~r) = Eiφi(~r), (2.11)

where V (~r) is an effective potential:

V (~r) = Vext(~r) + 2
e2

2

∫

d3r′
n(~r ′)

|~r − ~r ′| +
δExc[n

↑(~r), n↓(~r)]

δn
. (2.12)
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The set of equations 2.11 is solved using the iterative self-consistent procedure:

1 some trial density n(~r) (or densities n↑(~r), n↓(~r) for the spin-polarized calculation)
are chosen to calculate the effective potential

2 V (~r) is calculated (euqation 2.12)

3 Kohn-Sham equations are solved using V (~r)

4 a new electron density is calculated (equation 2.6)

5 V (~r) and the new density are checked for consistency

6 if the procedure is consistent, ground state properties of the system are calculated
or the self-consistent procedure is repeated using the new density from the step 2
until it converges.

The new density in the self-consistent procedure described above is usually obtained by
mixing the density [35] that was at the beginning of the cycle and the one obtained as an
output in the end [43]. This allows one to speed up the convergence of the Kohn-Sham
scheme.

2.3 Periodic systems

Many systems in solid state have a crystalline structure characterized by a spacial pe-
riodicity. This means that in terms of the Schrödinger equation electrons interact with
a periodic external potential of nuclei. According to Bloch’s theorem [35, 44], the eigen-
function of the Hamiltonian (equation 2.3)) can be written as:

ψn(~k,~r) = exp(i~k ~r)un(~k,~r), (2.13)

where ~k is a vector in reciprocal space restricted to a corresponding primitive cell of the

crystal, exp(i~k ~T ) is the phase factor and un(~k,~r) is a periodic function of the crystal:

un(~k,~r + ~T ) = un(~k,~r), (2.14)

where ~T is a translational vector. In other words, Bloch’s theorem allows one to describe
electrons in a crystal using plane waves modulated in the lattice spacing (un).

Solutions of the Schrödinger equation obtained using Bloch’s theorem shall form an

energy spectrum En(~k having a discrete number of values for each ~k (n=1, 2, 3....). Each

of En(~k) is an analytic function of ~k inside the Brillouin Zone (BZ), which is defined by
the planes that are bisectors of the vectors from the origin to the reciprocal lattice points
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[35], and can be non-analytic at the boundaries of the BZ due to Bragg scattering [44,

45]. The whole set of eigenvalues En(~k) forms the band structure inherent to periodic
crystals.

2.4 PAW method

One of the ways to determine the electronic structure of a material is to Fourier trans-

form the periodic part of Bloch’s function un(~k,~r) in equation 2.13. Thus, the Bloch’s
function becomes a superposition of plane waves only, which is a very convenient
choice. Hovewer, oscillation of the wave function near nuclei (due to the strong Columb
interaction) demands a large number of plane waves to be included in the expansion to
describe the wave function properly in this region and is therefore impractical in many
cases. One of the solutions to this problem is to divide a valence wave function into
a smooth and rapidly oscillating parts as it is done in the Projector-Augmented Wave

(PAW) method [35,46,47]. The PAW method uses a smooth pseudo wave function |ψ̃〉 to
describe a valence Kohn-Sham wave function |ψ〉 which has a rapidly oscillating part.
Then, the valence wave function can be obtained from the pseudo wave function via a

linear transformation T̂ [46]:

|ψ〉 = T̂ |ψ̃〉. (2.15)

The transformation is applied only within a sphere centred on a nucleus, where the
wave function starts to oscillate. Outside the sphere, the valence wave function and the
pseudo wave function are identical. The smooth pseudo wave function in the sphere

can be expanded in spherical harmonics |φ̃i〉:

|ψ̃〉 =
∑

i

|φ̃i〉ci within the sphere. (2.16)

This type of expansion is very useful as |φ̃i〉 can be chosen to be solutions of the Khon-

Sham Schödinger equation for a free atom. Due to the linearity of the transformation T̂ ,
the coefficients ci are defined as

ci = 〈p̃i|ψ̃〉, (2.17)

where p̃i are projector functions [46] which satisfy the condition:

〈p̃i|φ̃j〉 = δij . (2.18)

|ψ〉 can be expanded within the sphere in the same way as |φ̃i〉 :
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|ψ〉 =
∑

i

|φi〉ci within the sphere, (2.19)

and the full wave function can be expressed as:

|ψ〉 = |ψ̃〉+
∑

i

|φi〉ci −
∑

i

|φ̃i〉ci. (2.20)

Here, the exact full wave function |ψ〉 is reconstructed from a pseudo wave function

|ψ̃〉 by substituting the pseudo wave function in the core region
∑

i |φ̃i〉ci with the exact
wave function

∑

i |φi〉ci. The PAW method with its plane wave expansion allows one
to solve the Kohn-Sham equations 2.11 using a plane wave basis in a rather convenient
and efficient way.

2.5 Green’s function formalism

In spite of the wide use of the methods based on the plane wave expansion of the wave
function (like PAW), the Green’s function formalism remains the basis for calculations
of disordered alloys [48]. The one-electron Green’s function is associated with equations
2.11 through the following equation [49]

[

− ~
2

2m
∇2 + V (~r) + E

]

G(E,~r, ~r ′) = −δ(~r − ~r ′), (2.21)

where G(E,~r, ~r ′) is the single particle Green’s function that describes the propagation
of an electron from point ~r to point ~r ′ at energy E. Then, the solution of equation 2.21
(G(E,~r, ~r ′)) can be written via the eigenfunctions and eigenvalues of the Kohn-Sham
equations 2.11 [49]:

G(E,~r, ~r ′) = lim
ǫ→+0

∑

j

ψj(~r)ψ
⋆
j (~r

′)

E −Ej + iǫ
. (2.22)

This Green’s function can be used to obtain the main parameter of the Kohn-Sham
scheme, the electron density, as [48]:

n(~r) = −1

π
Im

∫ EFermi

dEG(E,~r, ~r). (2.23)
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2.6 EMTO

The most common way for using Green’s functions for electronic structure calculations
is the Korringa-Kohn-Rostoker (KKR) method [50, 51]. The method is based on finding
stationary values of the inverse transition matrix rather than the Hamiltonian [35]. The
usual representation of the KKR method is based on the muffin-tin (MT) potential ap-
proximation [44], where the spherical potential of radius r0 (MT-sphere) is centred at

atoms (~R) and satisfies the condition:

VMT (~r) =

{

V (|~r − ~R|), if |~r − ~R| < r0,

VMTZ , if |~r − ~R| ≥ r0,
(2.24)

where V (~r) is a potential inside MT-sphere and VMTZ is the constant potential outside
the sphere, the so-called MT-zero.

The EMTO method used in this work is sometimes referred to as an improved screened
KKR method [55]. It uses large overlapping MT-spheres of radii a~R centred at nuclei (at

sites ~R) to approximate the effective potential from the Kohn-Sham equations 2.11 [53]:

V (~r) ≈ VMT (~r) = VMTZ +
∑

~R

[

VR(|~r − ~R|)− VMTZ)
]

. (2.25)

The solutions of the Kohn-Sham equations for this muffin-tin potential are expanded in
terms of exact muffin-tin orbitals ψ̄a

RL(ǫj , ~rR) as

Ψj(~r) =
∑

RL

ψ̄a
RL(ǫj , ~r~R)v

a
RL,j , (2.26)

where L denotes a set of orbital and magnetic quantum numbers l and m respectively,
and vaRL,j are the expansion coefficients determined from the condition that the expan-
sion above is the solution of equation 2.11 [53]. The sum is usually truncated at l= 3, i.e.
the s, p, d and f muffin-tin orbitals basis is enough for most cases [48, 53].

The exact muffin-tin orbitals are constructed out of three parts:

1 The screened spherical wavesψa
RL(κ

2, ~r~R) that are obtained from the solution of the
Schrödinger equation at constant potential VMTZ and can be expanded in spherical

harmonics YL ′(~̂r ~R ′) about any site ~R ′ [55] as:

ψa
~RL
(κ2, ~r~R) = fa

~RL
(κ2, ~r~R)YL(~̂r~R)δ~R~R ′δLL ′ (2.27)

+
∑

L′

ga~R ′l ′
(κ2, ~r~R ′)YL ′(~̂r ~R ′)S

a
~R ′L ′ ~RL

(κ2),
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where κ2 = ǫ − VMTZ , Sa
~R ′L ′ ~RL

(κ2) are the expansion coefficients called screened

structure constants, fa
RL(κ

2, ~r~R) and ga~R ′l ′
are [55]:

fa
~RL
(κ2, ~r~R) = jl(κ,~r)Wa{f, κn} − κnl(κ~r)Wa{f, j} (2.28)

ga~R ′l ′
(κ2, ~r ′

~R
) = jl(κ,~r

′)Wa{g, κn} − κnl(κ~r
′)Wa{g, j},

where nl and jl are spherical Bessel and Neumann functions and W is the Wron-
skian.

2 The partial waves φa
RL(ǫ, ~r~R) that are chosen as the basis functions inside the po-

tential spheres and are written as:

φa
~RL
(ǫ, ~r~R) = Na

RL(ǫ)φRL(ǫ, ~r~R)YL(~̂r~R), (2.29)

where Na
RL(ǫ) is the normalization function.

3 The screened spherical waves and partial waves are smoothly matched using the
auxiliary free electron solutions φ′a

~RL
(ǫ, ~r~R)

φ′a
~RL
(ǫ, ~r~R) = fa

~RL
(κ2, ~r~R) + ga~RL

(κ2, ~r~R)D
a
~RL
(ǫ), (2.30)

whereDa
~RL

is the logarithmic derivative calculated at the muffin-tin sphere radius.

The final expression for the exact muffin-tin orbitals looks like:

ψ̄a
RL(ǫj , ~rR) = ψa

RL(κ
2, ~r~R) + φa

~RL
(ǫ, ~r~R)− φ′a

~RL
(ǫ, ~r~R), (2.31)

The solutions of the Kohn-Sham equations in the EMTO method are found by solving
the so-called ”kink-cancellation equation” [53] using the expression for the exact muffin-
tin orbital as a trial solution:

∑

~R ′L

a~R ′

[

S~R ′L ′ ~RL(κ
2
j)− δ~R~R ′δLL ′Da

~R,l
(ǫ)(ǫj)

]

va~R ′L,j
= 0, (2.32)

where κ2j = ǫj − VMTZ , and ǫj is a Kohn-Sham one-electron energy. The solutions of
the kink-cancellation equation 2.32 are obtained from the poles of the path operator
ga~R ′ ′L ′ ′ ~RL

(z) defined by

∑

~R ′ ′L ′ ′

Ka
~R ′ ′L ′ ′ ~R ′L′

(z)ga~R ′ ′L ′ ′ ~RL
(z) = δ~R~R ′δLL ′ (2.33)

where z is a complex energy and Ka
~R ′ ′L ′ ′ ~R ′L′

(z) is the kink matrix defined as:

Ka
~R ′ ′L ′ ′ ~R ′L′

(ǫj) = a~R ′S~R ′L ′ ~RL(κ
2
j )− δ~R~R ′δLL ′a~R ′D

a
~R,l
(ǫj). (2.34)
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2.6.1 EMTO-CPA

The main advantage of the EMTO method described above it its applicability to dis-
ordered alloys where the Bloch’s theorem is strictly speaking not applicable [49]. The
possibility to calculate the electronic structure of a periodic system with disordered dis-
tribution of atoms comes from the self-averaging property of the Green’s function. Con-
figurational averaging of the Green’s function can be done using the coherent potential
approximation (CPA) for the electronic structure problem [56]. CPA allows one to take
advantage of the periodicity of the crystal lattice by substituting the potential on each
lattice site of a multi-component alloy by an averaged coherent potential obtained from
averaging the scattering properties of the different sorts of atoms embedded in an effec-
tive medium [35]. The effective medium is defined by a coherent potential function m̃,
structural constants S and the on-site coherent scattering path operator g̃ [48]:

g̃(ǫ) =
1

ΩBZ

∫

BZ

d~k
1

m̃(ǫ)
− S(~k, ǫ), (2.35)

where the integral is taken over the corresponding Brillouin zone with volume ΩBZ .

The coherent path operator g̃ is the average on-site path operator of the path operators
of the alloy components embedded in the effective medium, which reads for a binary
alloy of A and B components as:

g̃(ǫ) = cAg
A(ǫ) + cBg

B(ǫ), (2.36)

where cA and cB are concentrations of components A and B respectively, and gA and gB

are the on-site path operators of componentsA and B that are obtained self-consistently
from a single-site Dyson equation [48]:

gA(B) =
1

1 + g̃(ǫ) [mA(B)(ǫ)− m̃(ǫ)]
g̃(ǫ), (2.37)

where mA(B) are potential function matrices of the alloy components.

2.6.2 Disordered Local Moment model

The CPA can also be employed for modelling of the paramagnetic state within the dis-
ordered local moment (DLM) model [57–60]. In this model, each alloy component A is
presented by its spin-up (↑) and spin-down (↓) counterparts assumed to be distributed

randomly on the underlying lattice, i.e. A → A↓
0.5A

↑
0.5. This model gives a mean-field

representation of the energy of an ideal system, in which the values of the local mag-
netic moments are constants in the paramagnetic state corresponding to the T → ∞
limit.
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The ferromagnetic state with reduced magnetization m, which is reduced due to ther-
mal disorder of spin orientation, can be described in a similar manner by partially dis-
ordered local moment (PDLM) model adopted in Ref. [61], where a ferromagnetically
ordered component of an alloy (A) can be represented by a random binary alloy A↑

x

A↓
1−x, where

x =
m+ 1

2
. (2.38)

Such modification of the DLM approach allows one to model the intermediate magnetic
states of a system with magnetic ordering in the 0 < m < 1 range, where 0 corresponds
to a completely disordered magnetic state and 1 to a 100 % ordered magnetic state.

2.7 Nudged elastic band method

The Nudged Elastic Band method (NEB) [62,63] is designed to locate a minimum energy

path (MEP) between two stable states, ~R0 and ~R1 in figure 2.7. An interval between two
states is divided into several images that represent a system in different states on the

way from one stable configuration ( ~R0) to the other ( ~R1). The images are connected
by spring forces to ensure equal spacing along the path. In the NEB method, the force
acting on image i consists of two components [63]:

~Fi = ~F⊥
i + ~F

s‖
i , (2.39)

where:

– ~F⊥
i is the projection of the perpendicular to the NEB path component of the force

acting on image ~Ri due to the potential change ~∇
(

V
(

~Ri

))

:

~F⊥
i = −~∇

(

V
(

~Ri

))

+ ~∇
(

V
(

~Ri

))

τ̂‖τ̂‖, (2.40)

where τ̂‖ is the unit tangent to the path;

– and ~F
s‖
i is the spring force on image i parallel to the path.

~F
s‖
i = k

(

~Ri+1 − ~Ri

)

− k
(

~Ri − ~Ri−1

)

, (2.41)

where k is the spring constant. [62].
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→
R0

→
R1→

Ri

→s||Fi

→ T

Fi

→
Ri+1

→
Ri-1

MEP

NEB

Figure 2.1. The schematic representation of the ideas of the NEB method. The
dashed line represents the minimum energy path (MEP), and the black cir-

cles represent NEB images. ~F⊥
i and ~F

s‖
i are the perpendicular and parallel

components of the NEB force acting on image ~Ri, respectively.
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The spring force does not interfere with the relaxation of images perpendicular to the

path and the relaxed configuration of images (MEP) satisfies ~F⊥
i = 0, and the spring

constant can be chosen arbitrary as far as it affects only the distribution of the images
along the path.

One of the most important applications of the NEB method is location of saddle points
along the MEP. In practice, the saddle point, or the maximum energy point, usually
remains off the chosen set of system images and needs to be estimated by extrapolation
[63]. An efficient way to determine the saddle point exactly is the climbing-image NEB
(CI-NEB) [64]. This modification of the NEB method does not take the spring forces into
account for the highest energy image imax that moves to the saddle point via the forces
along the tangent. The force on this image is given by:

~Fimax
= −~∇

(

V (~Rimax

)

+ 2~∇
(

V (~Rimax

)

τ̂‖τ̂‖. (2.42)

Defined in this way the climbing image will always be in the maximum point after the
calculation is converged. Since the climbing image is not affected by the forces along
the tangent, the images along the NEB path shall not be equidistantly distributed but
compressed close to the maximum and spread out on the other side [64].



Chapter 3

Calculation of elastic properties

3.1 Elastic constants

A solid changes its shape under an applied stress. If the stress is below some limit,
called elastic limit, than the deformation of the solid is reversible and the deformation
itself is called elastic. An elastic deformation is described by Hooke’s law which states
that an elastic solid strain (ǫ) is directly proportional to a stress (σ):

σij = Cijklǫkl, (3.1)

where i, j, k and l are indices running from 1 to 3.

Equation 3.1 consists of nine equations with 81 coefficients Cijkl called elastic constants.
One can find that Cijkl = Cijlk = Cjikl = Cklij [65,66], which reduces the number of differ-
ent elastic constants to 21. Crystal symmetry reduces the number of independent elastic
constants even more, and there are only 3 independent elastic constants left for the cu-
bic crystal. Sometimes it is convenient to switch from the tensor to the matrix notation
by substituting symmetric i and j indices with α and symmetric k and l indices with β.
The new α and β indices run from 1 to 6, and Cijkl can be written as Cαβ. Then, the only
independent elastic constants in the cubic crystal are written in the matrix notations as
C11, C12 and C44 [65–67]. Alternatively, another set of independent elastic constants can
be used for a cubic crystal [67]:

C = C44, (3.2)

C ′ = (C11 − C12)/2 and (3.3)

B = (C11 + 2C12)/3. (3.4)

Here C and C ′ are shear moduli describing resistance to shear deformation across the
(100) and (110) planes correspondingly, and B is the bulk modulus.

17
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The work required to deform a cubic crystal can be written in matrix notation as:

dW = σαdǫα. (3.5)

If the deformation process for a crystal with volume V0 is isothermal and reversible,
then the work dW in equation 3.6 equals the Helmholtz free energy change dF :

dF = −SdT − pdV = −SdT + V0σαdǫα = V0σαdǫα = dW, (3.6)

which in turn can be written via Hook’s law 3.1 as:

dF = V0Cαβǫβdǫα. (3.7)

The strain energy (∆E) can be obtained by integration of equation 3.7

∆E = V0
1

2
Cαβǫαǫβ (3.8)

and should be positive, otherwise the crystal will be unstable. This imposes the follow-
ing stability criteria on the elastic constants [65–67, 72]:

C44 > 0,

C ′ > 0 and (3.9)

B > 0.

The isothermal elastic constants Cαβ in equation 3.7 are obtained by derivation of the
Helmholtz free energy with all strains ǫα 6= ǫβ (ǫ′) [66]:

(Cαβ)T =
1

V0

(

∂2F

∂ǫα∂ǫβ

)

ǫ′,T

. (3.10)

The other most common way to express elastic constants is to use the total (or internal)
energy dE = TdS + V0σαdǫα. In this case, the adiabatic elastic constants are obtained by
derivation of the total energy at constant entropy:

(Cαβ)S =
1

V0

(

∂2E

∂ǫα∂ǫβ

)

ǫ′,S

. (3.11)
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Figure 3.1. Bulk modulus B, calculated using EMTO-CPA method at experimental
and theoretical lattice parameters [69]. Experimental data are from Refs.
[5, 8] and [68].

3.2 Calculation of elastic properties

In PI and PII elastic constants were calculated using first principles methods. The usual
way to do this is, first, to obtain the bulk modulus B at the unstrained crystal structure
with a set of primitive vectors ai from the equation of state of a system. Bulk moduli
appear to be rather sensitive to the system’s volume. This sensitivity is illustrated in fig-
ure 3.1 where bulk modulus is calculated using the EMTO-CPA method at two sets of
lattice constants: i) equilibrium 0 K lattice constants (squares in the figure) and ii) lattice
constants corresponding to the conditions of experiment (triangles). One can see that
bulk moduli calculated at the 0K theoretical volume are 10-20 % off the experimental
values [5, 8, 68], while those obtained at the experimental volumes [69] almost coincide
with the experimental data. This overestimation is related to a large underestimation of
the equilibrium volume of iron and chromium for an unknown reason. Therefore, until
the problem of DFT description iron and chromium is solved, the use of experimental
volumes is a reasonable alternative to the underestimated equilibrium theoretical val-
ues.

Another important result that can be seen from the figure is a peculiarity in the concen-
tration dependence of the bulk modulus around 10 % Cr. It is related to the change of
Fermi surface topology reported in Ref. [10]. A sudden drop of the bulk modulus in
the calculations is very similar to what was observed in the experiment [8]. This effect
is found to be quite sizeable in all calculations independently on the choice of lattice
constant set (including calculations at constant volume).
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Figure 3.2. Bulk modulus B of TixZr1−xC random alloys with 0, 10, 20 and 50 %
of carbon vacancies calculated using EMTO-CPA method at 0K theoretical
lattice parameters The results are compared to those of Refs. [70, 71]

The bulk modulus appear to be rather sensitive to the amount of carbon vacancies in the
mixed carbide system TiC-ZrC (see figure 3.2). The high vacancy concentration on the
carbon sublattice can reduce the bulk modulus by 5-6 % for each 10 % of vacancies. In
Figure 3.2, the bulk modulus of TixZr1−xC1−y random alloys are compared to the results
of Refs. [70, 71]

The two remaining elastic constants C44 and C ′ can be calculated by finding the energy
difference between the unstrained (ai) and strained (a′i) lattices. The latter is obtained
by applying the corresponding strain tensor ǫα to the unstrained state:





a′1
a′2
a′3



 =



I +





ǫ1 ǫ6 ǫ5
ǫ6 ǫ2 ǫ4
ǫ5 ǫ4 ǫ3







 ·





a1
a2
a3



 , (3.12)

where I is the 3 × 3 identity matrix and ǫα is the strain tensor with α running from 1 to
6.

For cubic structures, Mehl, Klein, and Papaconstantopoulos [72] proposed to use the
volume conserving orthorhombic strain to calculate C ′
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ǫ1 = −ǫ2 = x,

ǫ3 =
x2

1− x2
and (3.13)

ǫ4 = ǫ5 = ǫ6 = 0

and the volume conserving monoclinic strain to calculate C44

ǫ6 =
x

2
,

ǫ3 =
x2

4− x2
and (3.14)

ǫ1 = ǫ2 = ǫ4 = ǫ5 = 0.

The strain energy for an adiabatic case has the same expression as in equation 3.8 and
expresses the total energy difference between undistorted (E0) and distorted (E ′) states:

∆E = E ′ − E0 = V0
1

2
Cαβǫαǫβ . (3.15)

For the orthorhombic strain, equation 3.15 transforms to

∆E = V0 (C11 − C12)x
2 = 2V0C

′x2; (3.16)

and for the monoclinic strain to

∆E =
1

2
V0C44x

2. (3.17)

Ideally the strain energy is rectified in ∆E versus x2 coordinates, and one can use simple
linearisation of the total energy curve plotted against the squared distortion. Usually
around five distortions x from zero to ±0.05 in fraction of the lattice spacing is enough
to get accurate results [72–75]. However, the total energy cuve in the DFT calculations
often deviates from linearity, especially at relatively big distortions. In this case, the
calculated total energies can be fitted by a parabola using x2 as the variable. Then, the
values of elastic constants can be obtained from the derivatives of ∆E with respect to
x2.
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Figure 3.3. Elastic constants C44 and C ′ of Fe-rich and Cr-rich alloys of Fe-Cr sys-
tem calculated using EMTO-CPA method at experimental volumes [69].
Experimental data are from Refs. [5] and [76].

An example of calculated elastic constants is shown in figure 3.3 [76]. There are no
experimental data available for the concentration dependence of elastic constants in Fe-
Cr binary alloys, though one can compare results for pure iron and chromium. Both
elements, in fact, represent very difficult subjects of study from both theoretical and
experimental points of view because of complex magnetism inherent to these metals.
Some discrepancies between theory and experiment shown in figure 3.3 are the result
of such complexity. However due to the absence of experimental data, the theoretical
values can be considered as a prediction of elastic constants in Fe-Cr random alloys and
taken as a guide for possible experiment and/or mechanical modelling that can use
these results as input parameters.

3.3 Derived elastic properties

Hook’s law holds for both poly- and single crystals. If a solid has spherically symmetric
elastic properties, there are only two linearly independent engineering elastic constants.
The bulk modulus B, shear modulus G, Young’s modulus E and Poisson’s ratio ν have
12 relations between each other [66]. The bulk modulus (see equation 3.4) and the shear
modulus (see below) can be expressed via three independent elastic constants C11, C12

and C44 for a cubic crystal, and Young’s modulus and Poisson’s ratio are expressed then
as:
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E =
9BG

3B +G
, (3.18)

ν =
3B −E

6B
. (3.19)

The polycrystal-averaged shear modulus G has no exact expression in terms of the Cαβ,
but one can evaluate approximate ”averages” of the lower and upper bounds given by
various theories.

The upper bound due to Voight [77] is calculated as:

GV =
C11 − C12 + 3C44

5
, (3.20)

and the lower bound due to Reuss [78] reads:

GR =
5(C11 − C12)C44

4C44 + 3(C11 − C12)
. (3.21)

According to Hill [79], the arithmetic average of the Voight and Reuss values can be
used as an estimate of the average shear modulus:

G =
GV +GR

2
. (3.22)

Hashin and Shtrikman [80] have found that tighter bounds for G exist in the case of
cubic crystals, namely,

G1 = G∗
1 + 3/

(

5

G∗
2 −G∗

1

− 4β1

)

(3.23)

and

G2 = G∗
2 + 2/

(

5

G∗
1 −G∗

2

− 6β2

)

. (3.24)

Here

β1 = − 3(B + 2G∗
1)

5G∗
1(3B + 4G∗

1)
, (3.25)

β2 = − 3(B + 2G∗
2)

5G∗
2(3B + 4G∗

2)
, (3.26)
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G∗
1 =

C11 − C12

2
, G∗

2 = C44, (3.27)

andB is given by equation 3.4. Terms ’Hashin modulus’ (GH ) and ’Shtrikman modulus’
(GS) are used to denote the largest and the smallest of G1 and G2 respectively.

The Hashin-Shtrikman average of the polycrystalline-averaged shear modulus is done
by analogy with equation 3.22 as:

G =
GS +GH

2
. (3.28)

Either estimate of G is the same for the isotropic crystal, and [66, 72]

G = C ′ = C44. (3.29)

In Paper I, it was found that the anisotropy of the shear modulus in Fe-Cr alloys is rel-
atively weak. As a result, the two estimates of polycrystalline-averaged shear modulus
given by equations 3.22 and 3.28 are almost equal to each other for the Cr-rich alloys.
For example, for pure Cr the former estimate (Hill average) is 127.9 GPa and the latter
one (Hashin-Strikman average) is 126.9 GPa. For Fe10Cr90 the estimates are 124.3 GPa
and 124.1 GPa, respectively. As soon as there is no significant difference between the
Hashin-Shtrikman and the Hill averages for the paramagnetic Cr-rich alloys, only the
values of G calculated according to the Hill average, Eq. (3.22), shall be used. A similar
conclusion may be drawn about the Fe-rich alloys in the ferromagnetic state; the Hill
average will be used to estimate polycrystalline-averaged elastic moduli of these alloys,
as well. Calculated Young’s and shear moduli using the relations above are shown in
figure 3.4.

3.4 Elastic anisotropy

The elastic Young’s and shear moduli shown in figure 3.4 are the average values of
these moduli in the crystal which are actually anisotropic quantities. There is no unique
measure of elastic anisotropy, however one can find several definitions in the literature
[66, 67, 81, 82]. An elastic anisotropy parameter A introduced by Zener [67] was used in
all papers included in the present thesis:

A =
C44

C ′
. (3.30)
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Figure 3.4. Average Young’s and shear modulus calculated using EMTO-CPA
method at experimental volumes [69]. Experimental data are from Refs. [8]
and [68].

For isotropic systems, A equals to 1. A good example of a system that exhibits a change
of its elastic anisotropy is pure iron. The elastic anisotropy of pure iron changes dramat-
ically from nearly isotropic value in the ferromagnetic state to highly anisotropic value
in the paramagnetic state. In Figure 3.5, one can see that the elastic anisotropy constant
of both iron and its random alloy with chromium Fe90Cr10 has a very pronounced cur-
vature reproduced by our PDLM calculations and observed in the experiments [5, 6].
Figure 3.5 also shows that at high temperatures, the alloy tends to be less elastically
anisotropic than pure iron, although the calculated anisotropy value is still quite high.

Practically it can be useful to plot a surface showing the elastic modulus like Young’s
modulus as a function of crystallographic direction. This plot allows one to visualise
and analyse the anisotropy of a solid. Young’s modulusE is defined as the ratio of stress

to strain on the loading plane along the arbitrary loading direction ~x′ , i.e. inversely
proportional to the compliance s′11(sαβ = ǫα/σβ) [65] :

E =
1

s′11
. (3.31)

Compliance s′11 along unit vector [hkl] can be expressed as [65]:

s′11 = s11 − 2

(

s11 − s12 −
1

2
s44

)

(

h2k2 + k2l2 + l2h2
)

. (3.32)
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Figure 3.5. Calculated and experimental [5, 6] elastic anisotropy constants (A) of
iron and Fe90Cr10 alloy as a function of temperature.

For a system with cubic symmetry, Young’s modulusE is anisotropic, and as one can see
from the two equations above, the absolute value ofE depends on the (h2k2 + k2l2 + l2h2)
term in Eq. 3.32, which is zero in 〈 100〉 directions and has a maximal value of 1/3 in
〈 111〉 directions. Consequently, the extremum values of E in a cubic system can be
expressed as:

E1(〈100〉) =
1

s11
and (3.33)

E2(〈111〉) = 1/(s11 −
2

3
(s11 − s12 −

1

2
s44)). (3.34)

For a system with
(

s11 − s12 − 1
2
s44
)

> 0, like iron, E1 and E2 are the minimum and the
maximum values of E respectively.

The compliances s11, s12 and s44 in the cubic crystal are related to the corresponding
elastic constants C11, C12 and C44 as [65]

s11 = (c11 + c12)/(c
2
11 + c11c12 − 2c212) (3.35)

s12 = c12/(−c211 − c11c12 + 2c212) (3.36)

s44 = 1/c44. (3.37)
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The calculated characteristic surfaces of Young’s modulus using the three cubic elastic
constants C11, C12 and C44 are illustrated in Fig. 3.6 for pure iron in the ferromagnetic
(100 % magnetization) and paramagnetic DLM (magnetization is zero) states . The dra-
matic change of the elastic anisotropy of pure iron with magnetization (temperature)
leads to a dramatic drop of E in the <100> direction while the value of E in the <111>
direction undergoes just a slight change. This leads to substantially different directional
dependent elastic properties in the high-temperature paramagnetic state than in the
low-temperature ferromagnetic state.
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Figure 3.6. Calculated characteristic surfaces showing Young’s modulus as a func-
tion of crystallographic direction in α-Fe in a) ferromagnetic and b) para-
magnetic states. The values on the color scale and on the axes are in GPa.



Chapter 4

Phase equilibria in magnetic Fe-Cr
alloys

4.1 Phase equilibria

4.1.1 Basic principles

The main use of thermodynamics is to predict the equilibrium state of a system, and
the most illustrative way to describe a system at equilibrium is a phase diagram. In a
phase diagram the coordinate axes all represent independent variables and the coordi-
nate space shows how many and which phases are in equilibrium at a selected coor-
dinate point [83]. A phase can be defined as a portion of the system whose properties
and composition are homogeneous and which is physically distinct from other parts of
the system. The components of a given system are the different elements or chemical
compounds which make up the system, and the composition of a phase or the system
can be described by giving the relative amounts of each component [84].

To describe phase equilibria, one has to define the main thermodynamic functions. Ac-
cording to classical thermodynamics, a system always tends to be in equilibrium, which
can be determined, say at constant temperature and pressure, using its Gibbs energy G:

G = H − TS, (4.1)

where H is enthalpy, T the absolute temperature, and S the entropy of the system. The
enthalpy is defined as:

H = E + PV, (4.2)

28
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where E is the total (or internal) energy of the system, P is the pressure, and V is the
volume. The system is considered to be in stable equilibrium if it has the lowest possible
value of the Gibbs energy. In mathematical terms, this means that the first derivative
of G is zero. The intermediate states for which it is not zero are unstable and could be
realized only momentarily. The states for which the first derivative of G is zero but the
Gibbs free energy has not the lowest possible value are called metastable equilibrium
states [84, 85].

4.1.2 Free energy: concentration and temperature dependence

One of the most common and useful representations of phase diagrams in materials
science is the one having concentration and temperature as the coordinate axis. It can be
both constructed from experimental observations and calculated from thermodynamic
functions. For the latter, one can choose the Gibbs energy as a function of concentration
and temperature.

For the simplest case of a binary solid solution (alloy) of A and B atoms having the same
crystal structure in their pure states, one can write the Gibbs energy of mixing at some
constant temperature as:

∆Gmix = Galloy −GAcA −GBcB, (4.3)

where GA and GB are the Gibbs energies of pure A and B in their crystalline states (Eq.
4.1) and cA and cB are the atomic fractions of A and B in the solid solution obeying the
condition ca+cB=1. Calculated in the same way enthalpy and entropy

∆Hmix = Halloy −HAcA −HBcB and (4.4)

∆Smix = Salloy − SAcA − SBcB (4.5)

are called enthalpy and entropy of mixing respectively.

The temperature dependence of the enthalpy for a specific composition is usually intro-
duced via the specific heat Cp, which can be easily measured for most substances:

Cp =

(

∂H

∂T

)

P

. (4.6)

Using equation 4.6 one can obtain the main constituents of the free energy (Eq. 4.1),
namely H and S in a temperature interval from T0 to T1:
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H =

∫ T1

T0

CPdT and (4.7)

S =

∫ T1

T0

CP

T
dT , (4.8)

where T0 is the temperature of the standard (or reference) state. The standard state is
usually taken at T0=298 K and pressure 1 bar (105 kPa) [85]. However, in the case of first
principles calculations it is more convenient to choose another reference state at T0=0 K
and zero pressure. Finally the free energy change within some temperature interval can
be written as:

∆G = −S∆T + V∆P. (4.9)

4.1.3 Binary phase diagram with unlimited solubility

The simplest case of a binary phase diagram is when both components A and B are com-
pletely miscible. In the frame work of the present thesis, this situation refers to the bcc
Fe-Cr alloys where both pure Fe and Cr have the same bcc crystal structure. At some
temperature T1 (1050 K in figure 4.1) there is complete solubility of both components
in each other and there is just one phase in the whole concentration range with com-
position varying from pure iron to pure chromium. At lower temperature T2 (970 K in
figure 4.1) the shape of ∆Gmix changes and has two minima (see 4.1 a) ). One can figure
out at which concentration phases α and β shall precipitate by constructing a common
tangent to the ∆Gmix curve (see 4.1 a) ). So, any alloy with concentration c0 located be-
tween the two points where the common tangent touches the Gibbs energy curve will
decompose into A-rich (or Fe-rich α phase with concentration c1) and B-rich (or Cr-rich
α′ phase with concentration c2) phases forming a miscibility gap on the phase diagram
in figure 4.1 b).

There is a specific area on the phase diagram , located inside the miscibility gap, where
the second derivative of the free energy turns negative:

d2G

dc2
< 0, (4.10)

where c is a concentration of either of two components. The end points of this area are
defined by the zero values of the second derivative of the free energy with respect to
the concentration and characterized by ”up-hill” diffusion (atoms diffuse toward areas
with higher concentration of the same type of atoms) and a specific mechanism of phase
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Figure 4.1. Bcc Fe-Cr system: a) Gibbs energy of mixing for 970 and 1050 K b) phase
diagram.

transformation called spinodal decomposition [85, 87, 88]. Outside the spinodal region
an alloy (for instance of concentration c0 in figure 4.1) decomposes into a mixture of A-
rich and B-rich phases by a process of nucleation and growth accompanied by normal
”down-hill” diffusion (atoms diffuse toward areas with lower concentration of the same
type atoms).

Unfortunately, the modelling work involved in the thesis does not allow one to deter-
mine second order derivatives with high enough numerical accuracy. In principle, it
would be possible to plot a spinodal in figure 4.1 by analytical fitting of the ab initio-
based discrete free energies with some analytic functions. Such fitting could impose
an artificial spinodal on the Fe-Cr phase diagram and therefore was taken beyond the
scope of the present work.
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4.2 Ground state properties of Fe-Cr alloys

4.2.1 Finite temperature ferromagnetic state: PDLM model

The correct description of the finite temperature equilibrium magnetic state is crucial
for phase diagram calculations. However, accurate first-principles calculations of the
reduced magnetization in the whole temperature and concentration range are extremely
complicated. Therefore, one can use the existing experimental data and calculate free
energies in a way similar to the work by Körmann et al. [89]. The temperature de-
pendence of magnetization for pure iron was experimentally obtained by Crangle and
Goodman [90] and fitted to a simple analytical expression by Kuzmin [91]:

m(T ) =
[

1− 0.35τ 3/2 − (1− 0.35)τ 4
]1/3

, (4.11)

where τ = T/TC is the reduced temperature and TC the Curie temperature.

The PDLM model described in chapter 2 was adopted in the first-principles calculations
of the FM state with a reduced magnetization m, where the magnetization determines
the relative concentration of spin-up and spin-down Fe atoms. Fig. 4.2 shows the PDLM
magnetic energy of bcc Fe (relative the energy of the fully ordered FM configuration),
as a function of the reduced temperature obtained in the EMTO PDLM calculations at
the experimental lattice constants for the corresponding temperatures. The magnetic
energy determined in this way consists of some other contributions, for instance, the
change of the energy due to thermal lattice expansion. Nevertheless, the term magnetic
energy will be kept for simplicity.

The magnetic energy follows closely the change of the magnetization. When the para-
magnetic (DLM) state is reached, the magnetic energy is almost constant (there is a little
temperature dependence due to the thermal lattice expansion). Thus the heat capacity
at constant pressure, P , determined as

CPDLM
P =

(

∂EPDLM
tot

∂T

)

P

, (4.12)

will have the temperature dependence, shown in the lower panel of Fig. 4.2. As one
can see, such a simple single-site mean-field model for the magnetic energy results in
the zero magnetic heat capacity above the Curie temperature. The reason is the fact that
magnetic short-range-order (SRO) effects are moved from above to below the Curie tem-
perature. At the same time, this energy is apparently too large and should be accurately
destibuted in the whole temperature range (not only below TC). The same concerns the
DLM magnetic energy, which is constant above the Curie temperature, while dramat-
ically changes in the Monte Carlo simulations especially close to the magnetic phase
transition (see PIII for details). It is clear that the PDLM-DLM model neglecting the
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Figure 4.2. The magnetic energy of bcc Fe as a function of the reduced tempera-
ture (top panel), calculated for particular magnetization m, which is de-
termined from temperature, T , using parametrization (4.11) from Ref. [91]
(bottom panel).
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magnetic SRO effects above the Curie temperature is too crude to be used in the quan-
titative description of the phase equilibria of Fe alloys.

4.2.2 Magnetic short-range-order correction

The only way to take the magnetic short-range-order effects into consideration in the
present DFT calculations is to add them ad hoc using, for instance, the results of the
classical Heisenberg Monte Carlo simulations above the Curie temperature [92,93]. The
starting point for modelling here can be the heat capacity, which can be divided into
two temperature intervals, below and above the Curie temperature:

Cmod
P (T ) =

{

CFM
P (T ) if T < TC ;

CPM
P (T ) if T > TC ,

(4.13)

where C
FM(PM)
P is the heat capacity of the FM (PM) state at constant pressure.

A simple and convenient choice for CFM
P is a parametrization used by Inden [94]:

CFM
P (T ) = K ln

1 + τ 3

1− τ 3
, (4.14)

whereK is the fitting constant. The magnetic heat capacity above the Curie temperature
in the paramagnetic state, CPM

P , has been chosen to be equal to that obtained in the clas-
sical Heisenberg Monte Carlo simulations. It is substantially larger than that adopted
by Xiong et al. [95, 96] in the latest Calphad assessment where it practically vanishes
above 2000 K.

To obtain Cmod
P consistent with the fist-principles results, one should impose the follow-

ing normalization condition:

∫ ∞

0

Cmod
P (T )dT = EDLM

tot − EFM
tot , (4.15)

where E
DLM(FM)
tot is the total energy of Fe in the DLM(FM) state.

In Fig. 4.3, the magnetic heat capacity modeled in the way described above in com-
parison with the CALPHAD data [96], Monte Carlo results (PIII), and heat capacity
from the EMTO total energy calculations. The shaded area is the difference between the
model and the PDLM heat capacity, obtained in the EMTO total energy calculations. It
determines the additional contribution to the total energy, which should be added to
the EMTO total energy to make a consistent description of thermodynamic properties.
So, the model magnetic energy Emod

mag (T ), which takes the magnetic SRO effects above
the Curie temperature into consideration is
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Emod
mag (T ) = Emag(T ) + (4.16)
∫ T

0

[

Cmod
P (T )− CPDLM

P (T )
]

dT,

where Emag(T ) is the magnetic energy determined in the PDLM calculations.

In Fig. 4.4, Emod
mag (T ) is compared with the PDLM results. One can clearly see a quite

strong reduction of the model magnetic energy in the paramagnetic state close to the
Curie temperature compared to that in the PDLM calculations. Such a strong reduction
of the magnetic energy due to magnetic SRO, in fact, reconciles to some extent the theory
and experiment. The correction also strongly affects the magnetic free energy in the
PDLM, as can be seen in the bottom panel of Fig. 4.4. The entropy contribution in this
case has been determined from the heat capacity as

∆S(T ) =

∫ T

0

CP

T
dT . (4.17)

4.2.3 Magnetic model for alloys

It is well known that the Cr-rich Fe-Cr alloys containing less than 20 at. % Fe and pure
Cr form various types of spin density wave magnetic structures below the Néel temper-
ature, which has a maximum value of 310 K for pure Cr [97]. Above this temperature,
these alloys are however in the paramagnetic state, and therefore the low-temperature
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Figure 4.5. The experimental Curie temperature of Fe-Cr alloys [98] and its poly-
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magnetic structures can be neglected in the phase diagram calculations at elevated tem-
peratures.

At the same time, the zero temperature consideration is needed as a starting point in
order to build a consistent model for the phase equilibria. Thus, it is assumed that the
zero-temperature magnetic state is ferromagnetic for the whole concentration range.
Since the magnetic energy is quite small in the case of Cr-rich alloys anyway [10], this
assumption cannot influence much the results in the paramagnetic state.

In order to build a model for the magnetic energy of the alloys, we also need to specify
the magnetic state for each alloy composition and temperature. Fortunately, there exist
experimental data for the Curie temperature, which determines the boundary between
paramagnetic and ferromagnetic states. In Fig. 4.5 we show the experimental data for
the Curie temperature in Fe-Cr alloys [98]. To simplify current theoretical consideration,
a polynomial fit shown in the figure is used. Since there is not enough experimental
data on the reduced magnetization m in Fe-Cr alloys, the same function as in the case of
pure Fe can be used to describe m(T ) (see equation (4.11). Thus, these two analytical fits
specify the magnetic state at all the points in the concentration-temperature coordinates.

As has been explained above, the magnetic SRO energy is quite large in the vicinity
of the Curie temperature, and therefore it should be taken into consideration in the
case of alloys too. This is achieved by using the same analytical expression for the



38 CHAPTER 4. PHASE EQUILIBRIA IN MAGNETIC FE-CR ALLOYS

magnetic heat capacity as in the case of pure Fe. This model is quite approximate for
alloys close to the equiatomic composition [94]. Nevertheless, as will be shown below,
this region does not actually play a key role in the phase diagram calculations below the
Curie temperature. At the same time, the model is reasonable for the Fe-rich part of the
diagram, which is of main interest.

Thus, one can assume here that the magnetic heat capacity in the case of Fe-Cr alloys has
a similar shape to that in the case of pure Fe, i.e. as it is given by Eqs. 4.13-4.14. How-
ever, it is rescaled by a factor, which takes into consideration the change of the whole
magnetic energy (per atom) of an alloy (see Figure 14 in Ref. [10]). Such a rescaling of
the magnetic heat capacity of alloys is similar to the ”parallel shift method” used by
Nishizawa et al. [99–101]. The difference between this method and the present model is
that instead of multiplying the magnetic heat capacity of iron by the iron (or chromium)
content, the magnetic heat capacity is normalized by the magnetic energy of the alloy
obtained in the first-principles calculations.

4.2.4 Free vibrational energy of Fe-Cr alloys in the virtual crystal ap-

proximation

First-principles calculations of the phonon spectrum in alloys is, in general, quite a non-
trivial problem [102–105]. It is an especially difficult task in magnetic systems at high
temperatures. Therefore in this work, a simplified approach is adopted in this work. It
serves one purpose: to provide a reasonable model for the vibrational contribution to
the free energy of alloys. Recently, Alam et al. [105] formulated and used the augmented
space formalism for the calculations of the phonon spectrum and phonon entropy in
Fe-Cr alloys, however, it is quite heavy in the implementation. Therefore we use here a
simplified, but still quite accurate averaged force constants model (AFCM).

Within the AFCM, the force constants of an AcB1−c alloy are given by the average
”medium” force constant matrix Φ̃αβ(R), which relates the force fα exerted on a ”medium”
atom in the α-direction due to the displacement uβ of the atom in position R relative to
the first one in the β-direction (α and β are the indices of the three Cartesian coordi-
nates), whose components are given by the average force constants of different species.
Assuming that the force constants do not depend on the local environment, which is the
case of the dilute limit, the average force constant matrix is

Φ̃αβ(R) = c2ΦCrCr
αβ (R) + 2c(1− c)ΦFeCr

αβ (R) +

(1− c)2ΦFeFe
αβ (R), (4.18)

where ΦXY
αβ (R) = fX

α /u
Y
β is the force constant matrix for two sites separated by R and

occupied by X and Y atoms, and c is the atomic fraction of Cr.
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Figure 4.6. Phonon entropy of Fe-Cr alloys at 300K. The results of the model shown
by squares, the experimental data by triangles [108] and circles [109], and
augmented spaced formalism results [105] by diamonds.

The force constants have been calculated by the PAW method for the dilute limits of
Cr in Fe and, vice versa, Fe in Cr. The Fe-Fe and Fe-Cr force constants have been de-
termined up to the 13th coordination shell, and Cr-Cr force constants have determined
only for the first two coordination shells. Non-diagonal Cr-Cr lattice constants have
been obtained using the proper average through all the possible displacement of the
central Cr atom. The calculations of the force constants in the dilute limit of Fe in Cr
have been done in a similar fashion.

The phonon spectrum is determined as for a solid with a single-atom unit cell using the
average atomic mass,

M̃ = cMCr + (1− c)MFe, (4.19)

where MCr and MFe are the atomic masses of Fe and Cr respectively. The calculations of
vibrational spectra, the phonon free energy and entropy in the harmonic approximation
have been done by the program PHON [106,107] in Fe-rich and Cr-rich alloys using the
corresponding force constant matrices.

Fig. 4.6 shows the phonon entropy at 300 K obtained within the model presented above.
It is compared to the experimental data by Lucas et al. [108] and Fultz et. al. [109] at
the same temperature as well as to the recent first-principles results obtained within the
augmented space formalism by Alam et. al. [105]. As one can see, the proposed model
yields quite accurate description of the phonon entropy. Therefore, in order to use the
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model in the whole concentration range, the low concentration data for the phonon
free energy on both Fe-rich and Cr-rich sides was extrapolated to the whole range of
concentrations by the third order polynomial. Such an extrapolation for the entropy is
shown in Fig. 4.6 by a solid line.

4.3 Phase diagram calculations

4.3.1 Free energy within the model

The phase diagram can be calculated using the Gibbs energy of mixing of random alloys
Fe-Cr alloys, which has been determined as a function of concentration c ≡ cCr and
temperature T . Here it consists of the following contributions:

∆G(c, T ) = ∆H(c, T ) + ∆Gph(c, T ) + ∆Gel(c, T )−
T∆Smag(c, T )− T∆Sconf(c) + (4.20)

∆Erel(c).

Mixing notations for the Gibbs energy, enthalpy and entropy, mix, shall be omitted from
now on to simplify the readability of the formulas. The terms of equation 4.3.1 denote
the following:

– ∆H(c, T ) is the electronic and magnetic part of the enthalpy of mixing of a ran-
dom alloy, which is determined from the total energies in the (P)DLM calculations
and the corresponding magnetic energy correction. The total energy calculations
have been done for the experimental lattice constants if they were known, other-
wise the extrapolated values have been used. Alternatively, the Debye-Grüneisen
model [110] could be used. However, it becomes too cumbersome due to the ne-
cessity to take into consideration the magnetic free-energy for every temperature
and concentration.

– ∆Erel is the lattice relaxation energy of mixing which is assumed to be temperature
independent:

∆Erel = −0.61c(1− c)(1 + 2.382c), (4.21)

where c is the atomic fraction of Cr. The relaxation energy here is in mRy/atom.
This equation represents a very good fit for the relaxation energy obtained by PAW
calculations of a set of supercells with random distribution of atoms for a number
of alloys.
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– ∆Gph(c, T ) is the phonon contribution:

∆Gph(c, T ) = Galloy
ph (c)− cGCr

ph − (1− c)GFe
ph, (4.22)

where the phonon free energy of mixing of an alloy, Galloy
ph (c), and pure Fe and

Cr, GFe
ph and GCr

ph has been obtained as described in section 4.2.4. The force con-
stants have been calculated at the room temperature experimental lattice constant
of Fe in the FM state for the Fe-rich part and at the experimental room tempera-
ture lattice constant of Cr in the NM state for the Cr-rich part. The temperature
dependence of the force constants has been ignored.

– ∆Gel(c, T ) is the contribution from the thermal one-electron excitations:

∆Gel(c, T ) = Galloy
el (c, T )− cGCr

el − (1− c)GFe
el , (4.23)

where Gel is the free energy correction to the total energy obtained in the direct
first-principles calculations, and it is given by [66]

Gel = −π
2

3
N(EF )k

2
BT

2. (4.24)

Here N(EF ) is the density of states at the Fermi level, EF , obtained for the tem-
perature and concentration-dependent lattice constants. The direct calculations of
the free energy correction confirmed the high accuracy of this formula for Fe-Cr
alloys.

– ∆Smag(c, T ) is the magnetic mixing entropy contribution that has been determined
by using Eq. 4.17 from the model heat capacity. As has been already mentioned, it
also includes contributions from other thermal excitations, for instance, from the
thermal lattice expansion. Finally, the configurational entropy of a random binary
alloy, Sconf(c), is:

Sconf(c) = −kB [c ln c+ (1− c) ln(1− c)] . (4.25)

4.3.2 Fe-Cr bcc phase diagram

The calculated bcc Fe-Cr phase diagram for random alloys is shown in Fig. 4.7 together
with the recent assessment of experimental data [95] and the corresponding results of
CALPHAD modeling [96]. The experimental data by Dubeil and Inden [111] that were
obtained after 4-11 years of annealing are included in the figure as well. Considering
the CALPHAD results as an accurate fit to the experimentally available data, one can
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Figure 4.7. Fe-Cr bcc phase diagram.

see that the present calculations strongly underestimate the solubility of Cr and Fe in
the temperature range of 700-800 K.

At the same time, present results for the solubility of Cr are in reasonable agreement
with the small-angle neutron scattering study of neutron-irradiated Fe-Cr alloys at 573
K [112], where it has been found that the solubility limit of Cr in bcc at 300 ◦C is 8.8
% [112], which is close the present theoretical result of 7 %.

4.3.3 Nishizawa horn

Another feature which is much less pronounced in the phase diagram recently evalu-
ated by the CALPHAD method is the abnormal decrease in the solubility for Fe-rich
alloys at high temperatures for Fe-rich alloys close to the magnetic phase transition.
This feature, called sometimes a Nishizawa horn, has been thoroughly discussed for
magnetic alloys by Nishizawa et al. [99–101]. In this particular case, it is related to the
relative stabilization of Cr alloying in the ferromagnetic state compared to that in the
paramagnetic state in Fe-rich alloys up to 20 at.% Cr.

The first work on the abnormal solubility in iron-based alloys was done by Harving et
al. [113], and then described in detail in the works of Nishizawa et al. [99–101], which
comprises the evidence of the abnormal solubility in such magnetic systems as: Fe-B,
Fe-P, Fe-Cu, Co-Al, Co-Ti, Co-Mo, Co-W [101].

The reason for the abnormal solubility is different solubility of a solute in the paramag-
netic and ferromagnetic states. In thermodynamic terms, it means that the free energy of
the ferromagnetic state is significantly lower than that of the paramagnetic state, which
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is indeed the case for Fe-Cr alloys. As a result, the free energy curve as a function of
concentration lowers with respect to the paramagnetic state, which stabilizes the ferro-
magnetic phase at the phase diagram (see figure 4.1).
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Diffusion in TiC and ZrC

5.1 Diffusion parameters

Diffusion in a solid is a process of movement and transport of atoms. The flux of atoms
of a component i in a solid is caused by the concentration gradient of this component
∆ci (Fick’s first law):

Ii = −DiA∆ci, (5.1)

where Di is the diffusion coefficient, A is the area passed by the flux Ii.

There are three main types of diffusion coefficients [86]:

– the self-diffusion coefficient, that describes, for instance, penetration of the 44Ti iso-
tope from the surface to the bulk of the stable natTi isotope sample (44Ti is intro-
duced to make it experimentally distinguishable from the rest of titanium atoms
natTi);

– the hetero-diffusion coefficient, that is related to the situation, when atoms A from a
thin layer on the surface of a solid that consists of atoms B penetrate into the bulk
of B;

– the interdiffusion coefficient, that describes interpenetration of different types of
atoms, say A and B if one gets two pure bulk samples of A and B atoms and holds
them tight to each other long enough so the simultaneous motion of A and B atoms
from the bulk of A to the bulk of B and the other way round is initiated.

This thesis work is mainly focused on the investigation of the self-diffusion, and the
term diffusion coefficient will be referred to the self-diffusion coefficient hereafter for short.

44
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The diffusion coefficient is a temperature dependent quantity, that has an analytical
form well known from experiments [84, 86, 114]:

D = D0 exp(−Q/kBT ), (5.2)

where Q is the activation energy of diffusion, kB is the Boltzmann constant, and D0 is
a pre-factor of the diffusion coefficient. Experimentally D0 and Q are usually obtained
from a lnD versus 1/T plot, while theoretically they can be obtained from atomistic
first principles calculations. For the latter, the atomic mechanism of diffusion should be
defined.

Atomic diffusion mechanisms depend on the type of a site occupied by diffusing atoms
in the lattice [84]. Substitutional atoms can diffuse by [86] 1) a vacancy mechanism: an
atom exchanges with an empty lattice site; 2) a simple atom exchange: a pair of atoms
switch places; 3) a cyclic exchange: several atoms sequentially switch places. Interstitial
atoms usually migrate without creating defects by an interstitial jump mechanism jump-
ing between neighbouring atoms [84, 86, 114].

One can relate parameters of the random walk problem [86, 114] to the diffusion coeffi-
cient corresponding to some particular mechanism of atomic diffusion. The diffusion
coefficient can be written in terms of the random walk problem as:

D = γ∆2Γ, (5.3)

where γ= 1/6 for a three dimensional problem, ∆ is a jump distance and Γ is the average
number of jumps per second. One can show that for the vacancy mediated diffusion in
fcc lattice ∆ = a0/

√
2, Γ = 12wnv [114] and

D = a20nvw, (5.4)

where a0 is a lattice parameter, nv is the fraction of vacancies, and w is the frequency
with which an atom jumps into a vacant site.

To calculate w, one can ignore the detailed atomic movements and use statistical me-
chanics to calculate the concentration of ”activated complexes”, or regions containing
an atom midway between two equilibrium sites [114]. The work to move an atom from
its equilibrium position to the saddle point at constant pressure and temperature equals
to the change in the Gibbs energy for the region Gm. The fraction of such atoms in the
system can be defined as:

nm = exp(−Gm/kBT ). (5.5)

Thus, the average jump frequency for any given atom is:

w = nmν = ν exp(−Gm/kBT ), (5.6)
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where ν is the frequency with which the atoms at the saddle point go to the equilib-
rium site. This effective frequency can be computed as the ratio of the product of the
3N-3 normal frequencies of the entire system at the equilibrium point to the 3N-4 nor-
mal frequencies of the system in the saddle point [115] composed of N atoms and one
vacancy:

ν =

(

3N
∏

i=1

νi

)

/

(

3N−1
∏

i=1

ν ′i

)

, (5.7)

where N is number of atoms in the system.

The fraction of equilibrium vacancies equals [86, 114]

nv = exp(−Gv/kBT ), (5.8)

where Gv is the free energy change, except the configurational entropy contribution,
due to addition of nv vacancies to an infinite crystal. According to thermodynamics, an
isolated system always tends to have maximum entropy, therefore vacancies added to
an ideal crystal will cause an increase in entropy and the corresponding stabilizing con-
tribution to the free energy (see equation 4.1) until the equilibrium fraction of vacancies
is reached.

Using equations 5.6 and 5.8, equation 5.4 can be rewritten as

D = a20 exp

(−Gv

kBT

)

ν exp

(−Gm

kBT

)

= a20ν exp

(

Sv + Sm

kB

)

exp

(

−Hv +Hm

kBT

)

, (5.9)

where the term a20ν exp ((Sv + Sm)/(kB)) is the pre-exponent D0 andHv+Hm is the acti-
vation energy Q (see equation 5.2) consisting of the vacancy formation enthalpy Hv and
the migration barrier Hm. This form of the diffusion coefficient is very convenient from
the first principles calculations point of view, because all terms of it can be calculated
using ab initio theory [116].

5.2 First principles calculations of atomic diffusion in TiC

and ZrC

The DFT methods were applied in this work for the calculation of diffusion coefficients
in TiC and ZrC carbides. The situation with self-diffusion of carbon (C) in these car-
bides is rather clear: the mechanism of diffusion and the activation energy seem to be
well-established in the literature [31,117,118], although some discrepancies between the
published data remain unresolved [14]. Less is known about self-diffusion of the metal
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Table 5.1. Experimental [15, 16] and calculated activation energies Q, migration
barriers Em and defect formation energies Ef for Me self-diffusion in Ti
and Zr carbides. The calculated values are given for the single Me-vacancy
mechanism (VMe) the di-vacancy (2VMeC) mechanism and for the VMe–
(VC)6 cluster mechanism. The experimental valuse come from Ref. [15] for
Ti in TiC0.97 and from Ref. [16] for Zr in Zr(C0.966O0.012N0.022)0.97

Method, mechanism TiC ZrC
Ef Em Q Ef Em Q

Theory, VMe 7.44 5.48 12.92 7.77 5.67 13.44
Theory, 2VMeC 5.99 3.79 9.87 6.49 4.05 10.53
Theory, cluster 3.01 3.82 6.83 2.92 4.54 7.46
Experiment 7.64 7.46

atoms (Me). There are just two experimental studies of Me self-diffusion in TiC [15] and
ZrC [16]. Both studies employed the radioactive tracer technique and were performed
on slightly off-stoichiometric specimens TiC0.97 [15] and Zr(C0.966O0.012N0.022)0.97 [16].

Mechanisms of self-diffusion in non-stoichiometric carbides have been discussed with
the main focus on carbon diffusion, for which a single-vacancy and a di-vacancy mech-
anisms have been considered by different authors [31, 119]. For Me self-diffusion, a
single-vacancy mechanism (by means of single Me vacancies, VMe) is commonly as-
sumed [31].

PIV is devoted to a detailed investigation of atomic diffusion using a single- and a di-
vacancy atomic mechanisms of Me-atom diffusion. The main outcome of this study is
that all calculated constituents of the diffusion coefficient are quite off the experimental
values. The difference can be illustrated by comparing the activation energies of Me-
atom diffusion in table 5.1, where one can see that the theoretical activation energies
are much higher than the experimental ones. However, the most important result is
that a di-vacancy mechanism gives a much lower activation energy with respect to the
single Me-vacancy mechanism. In other words, a carbon vacancy placed next to a metal
vacancy can reduce the activation energy by almost 3 eV. For ZrC and TiC carbides this
observation has a crucial importance as will be shown later. This is related to the sub-
stoichiometric nature of these carbides which may have up to 50 % carbon vacancies on
the carbon sublattice [13].

The further investigation described in PV has revealed that carbon vacancies form a
cluster with a Me-vacancy. Such clustering results in significant formation energy gain
shown in figure 5.1 b). It was found that the formation of up to six carbon vacancies at
the first coordination shell around a metal vacancy will stabilize the cluster.

Another important result of PV is that the vacancy cluster can migrate by a consequent-
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Figure 5.1. Migration of the VMe–(VC)6 vacancy cluster. (a) Schematic represen-
tation of the atomic jumps involved in the cluster migration. Number 0
denotes the VMe, whereas numbers 1 to 6 stand for VC. The lowest po-
tential energy profile along the migration path is realized for the 5-4-3-0-
1-2-6 sequence of vacancy jumps; (b) Formation energy of various VMe–
(VC)n clusters as a function of number of carbon vacancies in the cluster n;
(c) Potential energy profile (filled symbols connected with lines) along the
minimum energy path (MEP) for the VMe–(VC)6 cluster migration via the
7-jump mechanism. The energies for other possible sequences of vacancy
jumps are shown as empty symbols.
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jump mechanism schematically shown in figure 5.1 a) . The migration barrier of this
mechanism (figure 5.1 c)) have about the same maximum value as a di-cacancy mecha-
nism, but the formation energy is about 3 eV lower than in the latter one. This energy
gain is reflected in good agreement between the activation energies obtained using the
vacancy cluster mediated mechanism of metal atom diffusion and the experimental ob-
servations.



Chapter 6

Summary of the included papers

The main results of the thesis are published or prepared for publication in five manuscripts
PI-PV. A short summary of the papers is given below; the papers are attached to the
thesis.

PI PI reports a comprehensive first principles study of elastic properties of binary
random bcc Fe-Cr alloys. Two main results of the paper are i) the effect of the
electronic topological transition (ETT) on the elastic properties of Fe-rich random
alloys; and ii) the lattice expansion effect on the elastic properties at room temper-
ature.

In the paper by Korzhavyi et al. [10], it was shown that the Fermi surface in Fe-
Cr random alloys changes its topology between 5 and 10 at. % Cr. The results
obtained in PI show that the concentration dependence of elastic constants in Fe-
rich alloys exhibits a peculiarity associated with a decrease of these properties in
the vicinity of the ETT.

It was also shown, that existing approximations for the exchange and correlation
of electrons in DFT cannot accurately reproduce lattice constants of the Fe-Cr sys-
tem. An underestimation of the lattice constants leads to an overestimation of
some elastic properties, in particular, the bulk modulus of pure iron at the theoret-
ical lattice constant has a value that about 20 GPa larger than the experimental one.
The problem can be solved by using experimentally known lattice parameters of
the system at the corresponding temperatures. This allows one to have a proper
electronic structure of the system related to the conditions of the experiment. The
applicability of such an approach to Fe-Cr system is demonstrated in the paper
and discussed in detail.

PII The second paper expands the first principle investigation of iron and Fe-Cr alloys
reported in PI toward a better understanding of the lattice expansion and magne-
tization effects on elastic properties. PII shows that the non-trivial temperature
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dependence of the elastic moduli in iron is mainly related to the gradual change
of the magnetization. The main outcome of this effect is a dramatic change of the
elastic anisotropy with temperature in iron and iron-rich Fe-Cr alloys. The PLDM
approach along with the use of experimental lattice parameters (adopted in this
as well as in the previous paper) are shown to be quite efficient for describing this
phenomena.

PIII In addition to the calculation of elastic properties of Fe-Cr alloys reported in the
two previous papers, a first-principles-based model was developed and applied to
compute the phase equilibria in this system. Major issues with the thermodynamic
description of Fe-Cr alloys are related to the complex magnetic behaviour of this
system, which appears to be one of the main factors defining the thermodynamic
properties of the system.

The model includes various contributions to the free energy derived from DFT
calculations: electronic, phonon, magnetic. A key contribution to the energetics
of the system is the magnetic one. In the model, the magnetic contribution is in-
troduced through the change of magnetization with temperature which is treated
by means of the PDLM approach. A secondary effect on the energetics of the Fe-
Cr system is caused by the phonon contribution which is calculated using a force
constant model (sometimes called a virtual crystal approximation for phonons)
that was implemented into the small displacement method as implemented in the
program package PHON.

The calculated Fe-Cr phase diagram for bcc random alloys reproduces the de-
crease of solubility of Cr in Fe at high temperatures in the Fe-rich region. This
abnormal solubility is also known as a Nishizawa horn and is found to be a stable
feature of the presented first principles based approach related to the change of
the magnetic state with concentration and temperature.

PIV Papers PIV and PV deal with the other main subject of the thesis, diffusion in
carbides. PIV is devoted to the first principles study of carbon (C) and metal (Me)
atom self-diffusion in TiC and ZrC. The main results of the paper are calculated
point defects energies, vacancy jump barriers and diffusion pre-factors in TiC and
ZrC.

Investigation of the basic point defects in TiC and ZrC (single vacancies, Frenkel
pairs, and di-vacancies) shows that the di-vacancies consisting of a Me and a C
vacancies are the most stable one. This finding was the first step toward the un-
derstanding of the diffusion mechanism, developed further in PV.

It was found that first principles results on activation energies of Me-atom dif-
fusion overestimate those obtained in the experiments, and that a di-vacancy-
mediated mechanism has much lower activation energy rather than a traditional
single-vacancy mechanism. The overestimation of activation energies is discussed
in detail and finally related to the sub-stoichiometric nature of these carbides. It
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is suggested the a vast number of carbon vacancies on carbon sublattice of the
carbides may play a crucial role in the diffusion processes.

PV This paper is focused on the interaction of metal and carbon vacancies in TiC and
ZrC and their effect on the activation energy of metal atoms. The first principles re-
sults presented in this paper show that carbon vacancies have a very pronounced
tendency toward clustering around metal vacancies. Namely, a seven-vacancy
cluster consistent of a Me vacancy and 6 C vacancies is found to be very stable.
It is shown, that such vacancy clusters can be involved in Me atom diffusion pro-
cesses moving in the consecutive order and a vacancy cluster diffusion mechanism
for sub-stoichiometric carbides is suggested. The activation energies obtained us-
ing this vacancy cluster diffusion mechanism are supported by the experimental
observations.

PVI In the present work a multi-length scale model is developed to study the ather-
mal as well as stress-assisted martensitic transformations in a single crystal of 301
type stainless steel. The microstructure evolution is simulated using elasto-plastic
phase-field simulations in 3D. The input data for the simulations is acquired from
a combination of computational techniques as well as from experimental works.
The driving force for the transformation is calculated by using the CALPHAD
technique and the elastic constants of the BCC phase are calculated using ab ini-
tio technique. The other input data is acquired from experimental works. The
simulated microstructures resemble a lath-type martensitic microstructure, which
is in good agreement with the experimental results obtained on a stainless steel
of similar composition. The martensite habit plane predicted by the model is in
accordance with experimental results. Magee effect, i.e. formation of favorable
martensite variants depending on the loading conditions, is observed in the sim-
ulations. The results also indicate that anisotropic loading conditions give rise to
a significant anisotropy in the martensitic microstructure.



Concluding remarks

The research work included in this thesis is a part of the VINNEX center Hero-m, fi-
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Swedish industry, and the Royal Institute of Technology (KTH). The main goal of the
project is to enable design of materials from atomistic scales to finished products. The
presented thesis work is the fundamental level part of the project performed at the
atomic scale. The main results of this work are intended for use in the modelling meth-
ods that go beyond the atomic-level description of materials, like mechanical modelling,
Phase field and Calphad approaches.

Computer resources for this study have been provided by the Swedish National Infras-
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