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Abstract

This thesis covers an implementation of the Boundary Element Method (BEM) to
simulate an artificial swimmer at zero Reynolds number. The swimmer has a spheroidal
head, and a singular, helically shaped tail, called a flagella. By imposing a rotating
magnetic field, the swimmer also rotates. This rotary motion causes the swimmer to
propel forward. The implementation is inspired by a real nano robot currently being
researched by a Swiss research group1. We explain the physical concept behind the
swimmer, the governing equations and simplifications, and the theoretical concepts
behind the solution method used.

1Institute of Robotics and Intelligent Systems, ETH Zurich, CH-8092, Zurich Switzerland. E-mail:
bnelson@ethz.ch
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Chapter 1

Introduction

This thesis covers an implementation of the Boundary Element Method (BEM) to simulate
an artificial swimmer at zero Reynolds number. The swimmer has a spheroidal head, and
a singular, helically shaped tail, called a flagella. By imposing a rotating magnetic field,
the swimmer also rotates. This rotary motion causes the swimmer to propel forward. The
implementation is inspired by a real nano robot currently being researched by a Swiss
research group1. We will explain the physical concept behind the swimmer, the governing
equations and simplifications, and the theoretical concepts behind the solution method used.

We will also compare the artificial swimmer with a model for a real life swimmer, where
head and tail rotates in opposite directions in order to achieve a zero torque on the swimmer.
This is a model of a real-life bacteria, which propels itself by having a rotating flagella
attached to a counter-rotating head, and thus achieving forward motion. We will compare
some results obtained for both the real and the artificial swimmer, and try to quantify the
relevant parameters that governs their motions. Both unbounded and near-wall motion will
be discussed.

1.1 Motivation

We want to perform simulations of an artificial swimmer in order to optimize the shape
of the swimmer, and study the swimming trajectories close to a wall. The research group
at ETH Zürich have successfully made an ABF inspired by the natural design of bacterial
flagella. This ABF is controlled by weak applied magnetic fields. The controlled locomotion
of such ABFs have many interesting biomedical applications. For instance cell manipulation,
tissue removal and targeted drug delivery. But in order to achieve this, we must broaden
our understanding of the hydrodynamical effects on such an ABF as it moves through a
liquid.

The world of swimming bacteria is the world of small scales. A typical single flagellated
bacteria, like Escherichia coli (E. coli), is approximately 1− 10 µm in length, swimming at
speeds of about 10 µm/s. Observed from these scales, the world looks quite different than
from our view. As stated by Purcell [11]:

“It helps to imagine under what conditions a man would be swimming at, say,
the same Reynolds number as his own sperm. Well you put him in a swimming
pool that is full of molasses, and then you forbid him to move any part of his

1Institute of Robotics and Intelligent Systems, ETH Zürich, CH-8092, Zurich Switzerland. E-mail:
bnelson@ethz.ch
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6 CHAPTER 1. INTRODUCTION

body faster than 1 cm/min. Now imagine yourself in that condition; you’re
under the swimming pool in molasses, and you can only move like the hands
of a clock. If under those ground rules you are able to move a few meters in a
couple of weeks, you may qualify as a low Reynolds number swimmer.”

The concept of Reynolds number (Re) will be explained later, but in short it is a dimension-
less number that quantifies the inertial and viscous forces and their effects on a given flow.
The Reynolds number for a swimming bacteria is Re ∼ 10−4, while the Reynolds number
for a human swimming in water is Re ∼ 106. The difference in Re by O(1010) has as we
shall see, significant consequences on which method of propulsion is efficient. So, by the
virtue of evolution, nature has developed different strategies for the different conditions.

1.2 History

Mathematical modeling of low Reynolds number swimming was first attempted by G. I.
Taylor, who investigated the propulsion of an infinite waving sheet in a viscous fluid [7].
The great simplification lies in the fact that the flow is two-dimensional. However, the ma-
jor contribution was that he showed that viscous forces could give a resulting propulsion.
There were, however limitations to this model, that made it unsuitable for modelling flag-
ellar propulsion. The waving sheet-theory assumed small deformations, while real flagella
undergo large-amplitude deformations. Thus, the next development was to exploit the fact
that real flagella are long and thin, and model the flow induced by a deforming flagella
by replacing the flagellum with a line of singular solutions to Stokes flow of appropriate
strength. These solutions are called stokeslets, and will be discussed in more detail later.
At the heart of flagella locomotion-models lies the concept of drag anisotropy. When we can
assume a slender appendage, like a flagella or a cilia, this anisotropy result in a drag-based
thrust, coming from the fact that the drag coefficient is larger normal to the slender body
than parallel to it. See figure 1.1. The first model to utilize these principles was the local

Figure 1.1: Physics of the drag-based thrust. The drag anisotropy for slender filaments
gives a resulting force forward. Figure from [7].

drag theory. It is quite successful in describing the swimming motion of slender filaments,
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but it is quantitatively correct only for exponential thin filaments, that is 1/ log(λ/a)� 1,
where λ is the wavelength and a the thickness of the filament. This is not the case for
real biological filaments, which can have aspect ratios of the order λ/a ∼ 102. This was
rendered with the development of the slender-body theory (SBT), pioneered by Hancock.
His approach was to model the filament using a distribution of flow singularities along the
centre line of the filament. The SBT is a natural extension of the local-drag theory, and
all the terms in the expression for the singularity distribution can be analytically derived.
On the downside, a large number of terms are necessary in order to provide an accurate
model for the flow. A further improvement was introduced by Lighthill, who derived a set
of integral equations that should be solved in order to compute the force distributions along
the filament. Although this process is more involved, it gives an increased accuracy, and
the resulting integral equation is fairly simple to implement numerically.

With the introduction of computers, the physicists could rely on computers to do the
complicated calculations. By using numerical methods, one was able to discretize and
solve the equations directly. That is, one did not have to rely on models and pen-and-
paper-calculations in order to solve the equations for a swimmer. The biggest difference
between the simulations we have performed, and the pioneering contributions made by
Taylor, Hancock, Lighthill and many others, is that they needed to simplify the equations
by using different assumptions and limitations. Models have to be justified, and are always
an approximation of the reality, no matter how sophisticated. What computers, and more
specifically the Boundary Element Method (BEM) allows us to do, is to solve the Stokes
equations directly, without any models. Of course, with BEMs there are also simplifications,
especially on the geometry of the bacteria. But the actual solution of the equations for the
swimmer is very accurate. So if we can assume that the Stokes equations describe low
Reynolds number flows, and we can assume that the BEM can accurately enough solve the
Stokes equations for the swimmer, we will have an accurate, physical description of the
swimmer as it travels through the fluid, and we can be able to make predictions about its
performance as it swims, and what kinds of hydrodynamical effects will influence it. That
being said, the theoretical framework that has been done by the pioneers in this field is still
very valuable for gaining physical insight into the phenomena we study, as well as providing
analytical solutions to compare with when validating a code.





Chapter 2

Governing equations

Here we present the physical framework for our study. We begin with a short description
of the theories that applies to low Re swimming, and how they are utilized in simplifying
the equations. The geometry of the ABF is presented and defined.

2.1 Theoretical background

As stated in the introduction, the normal strategies for swimming turns out as being futile
at sufficiently low Re. Other swimming methods have evolved in this regime. By swimming
we mean that you are in some liquid, and are allowed to deform your body in some manner.
It turns out, see for instance [11], that reciprocal motion does not generate propulsion at
low Re. This also means that animals with only one degree of freedom cannot move at
low Re. One example is the scallop, which moves by opening its shell slowly and closing
it fast, squirting out water. This is a reciprocal motion, and does not work at low Re.
This fact is referred to as The scallop theorem1, and is due to Purcell. So what are the
nonreciprocal swimming strategies? There are several, but the one which E. coli uses, and
which we simulate in this project, is the continuous rotation of a helically shaped tail. Since
the helical shape lack symmetry, rotation of it is not a reciprocal motion.

2.2 Governing equations

The governing equations for all fluid flows are the Navier-Stokes equations (N-S equations),
which expresses Newtons second law for a small fluid element, and the continuity equation,
which expresses conservation of mass. For an incompressible flow, where the density ρ is
constant, they can be presented in the following form:

∇ · u = 0

∂u

∂t
+ u · ∇u = −1

ρ
∇p+

µ

ρ
∇2u + b

(2.1)

u is the velocity vector, p the pressure, b a body force, ρ the density, and µ the dynamic
viscosity. We solve for the velocity field of the flow. But solving these equations has turned
out to be very challenging indeed. In fact, analytical solutions to this set of equations only
exists for a few simple cases. And the question of uniqueness of solutions is still unanswered2.

1Note that the scallop do swim using this strategy, but this is due to the fact that Re� 1 for a scallop.
2for more information, see http://www.claymath.org/millennium/Navier-Stokes_Equations/
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But simplifications can be made to the N-S equations, to make it more tractable for our
case. The way we simplify the equations is by introducing a proper scaling of the equations.
We know that for our case, the case of very small length scales, the flow is dominated
by viscous forces. The Reynolds number is a non-dimensional number, that describes a
fundamental property of a flow. It has numerous interpretations, but the most common one
is that it describes the ratio of inertial and viscous forces.

Re ≡ Inertial force

Viscous force
∝ ρu∂u/∂x

µ∂2u/∂x2
∝ ρU2/l

µU/l2
=
Ul

ν

U is a typical velocity, and l a typical length scale associated with the flow. ν is the
kinematic viscosity, which is the dynamic viscosity normalized with the density of the fluid:
ν = µ/ρ. [µ] = kgm/s = Pa · s. What is meant with typical length and velocity scale for
the flow? It depends on the particular flow situation. For a swimming bacteria, U is the
velocity of the bacteria, and l is the body length of the bacteria. But for the channel flow,
U would be the velocity of the flow, while l would be the channel width. The concept of the
Reynolds number was introduced by Gabriel Stokes in 1851, but it is named after Osborne
Reynolds, who made use of this number when studying the stability of flow in a pipe. See
figure 2.1 below. For our case, the Reynolds number is quite small indeed. We examine
the fluid dynamics of bacterial propulsion, and for typical scales in this regime, we have
Re ∼ 10−5. This justifies scaling the N-S equations so that the viscous forces are of order
unity. The way this is done, is by first non-dimensionalizing eq. (2.1), and set the viscous
term to order of unity. We introduce the non-dimensional variables as:

• u′ = u/U ⇒ u = Uu′

• x′ = x/L⇒ x = Lx′

• ∇′ = L∇ ⇒ ∇ = ∇′/L

• p′ = pL/µU ⇒ p = p′µU/L

• b′ = b/|b| ⇒ b = |b|b′

By substituting these variables into equation (2.1), omitting the primes, and simplifying so
that the viscous term is of order one, we get

ULρ

µ

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇2u +

|b|L2ρ

µU
b

⇓

Re

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇2u +

Re

Fr

b

|b|
Fr is another non-dimensional number, called the Froude number. It is defined as

Fr ≡
[

Inertia force

Gravity force

]1/2
∝
[
ρU2/l

ρg

1/2
]

=
U√
gl

The Froude number can be seen as the ratio between the velocity of the flow to the velocity
of the infinitesimal gravity waves. Examples of flows where gravity is important are the
motion of a ship, or the flow in an open channel. Where you have free surfaces in general.
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If we assume that Re� 1, both the acceleration term and the convective term on the LHS
of the above equation becomes negligible.

���
���

���:
0

Re

(
∂u

∂t
+ u · ∇u

)
= −∇p+∇2u +

Re

Fr

b

|b|

And by reverting to dimensional quantities, we end up with the Stokes equation

−∇p+
1

µ
∇2u + ρb = 0. (2.2)

We observe some important differences between the N-S equations (2.1) and the Stokes
equation: Most importantly, the Stokes equation is linear. When a set of equations are linear
we have a set of powerful mathematical tools available for solving them. More specifically
the theory of Green’s functions will be utilized in solving the Stokes equation. The Stokes
equation is completely reversible, and the instantaneous structure of the flow depends solely
on the present configuration, not the history of the motion. Note that we obtain a steady
system.

More on Reynolds number

Recalling the quote from Purcell in the introduction, where he compares the swimming
of sperm to a human swimming in a pool of molasses, you might wonder how he can
make such a comparison. The reason for this, is a property of the two flow cases called
dynamic similarity. We say that the two cases, a sperm swimming in the ovary, and a
human swimming in molasses, are dynamically similar. The criteria for dynamic similarity
arises when observing the non-dimensionalized equations for the flow. When neglecting
gravitational effects, which only becomes important if surface waves are generated, or in
stratified fluids, where the density varies, we say that two flows which have the same value
of the non-dimensional group UL/ν, are dynamically similar. This we now know is the
Reynolds number. That is the reason why Purcell could compare the swimming conditions
of a sperm and a human. Several interpretations of the Reynolds number exists. Some are
listed below.

• In 1883 Osborne Reynolds performed the often cited experiment, that illustrated the
difference between laminar and turbulent flow. He injected a thin stream of dye into
the flow of water in a tube. At low flow rates, the dye remained a thin streak. There
was no mixing motion across the layers. This flow state is called laminar, because
the flow moves in parallel layers, or laminae. But at a certain critical flow rate, the
dye broke up into an irregular motion, and spread throughout the cross section of
the tube. The flow had become turbulent. Reynolds found that this transition from
laminar to turbulent flow always occurred at a fixed value of the ratio Re ≈ 3000. See
figure 2.1.

• The typical time scale for a local velocity perturbation to be transported convectively
by the flow along a body is tadv ∼ L/U . But the typical time scale for this perturbation
to diffuse away due to viscosity, is tdiff ∼ ρL2/µ. So we see that Re = tdiff/tadv .
That is, a low Reynolds number flow, is a flow for which fluid transport is dominated
by viscous diffusion.

• As mentioned above, we can also interpret Re as a ratio of forces on the body. A
typical stress on a bluff body is given by σviscous ∼ µU/L, which gives a force on
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(a) (b)

Figure 2.1: Original drawings from Reynolds paper where he performed the dye experiment.
His own illustration of the results are shown in (b).

the body of fviscous ∼ µUL . The inertial stress is given by the dynamic pressure,
which we can express using Bernoulli’s equation: σinertial ∼ ρU2. Which leads to
an inertial force finertial ∼ ρU2L2. So we see that the Reynolds number is given by
Re = finertial/fviscous, and in a low Re flow, the viscous forces dominate.

2.3 Solution of Stokes equation

As stated above, the Stokes equations are a result of simplifying the N-S equations. In
normal life situations, that is flow with high Re, the viscosity is not very important, for
instance in the flow over an airplane wing. The bulk part of the flow can be thought of
as just slipping past the wing. The viscosity is just relevant very close to the wing, the
thin layer called the boundary layer. This is due to the fact that in real life, the flow must
satisfy the so-called no-slip condition at a surface. That is, the velocity of the flow at the
surface must be equal to the velocity of the surface. For low Re, however, the entire flow
is dominated by viscosity. We want to develop a boundary-integral formulation of Stokes
flow, and for this we will follow the method of Pozrikidis [10]. The way it is done is by (a)
formulating the Lorentz reciprocal theorem, (b) introducing the Green’s functions, and (c)
derive the integral representations.

Lorentz reciprocal relation

The Lorentz reciprocal relation for Stokes flow is the counterpart of Green’s second identity
for the Laplace equation. We consider two solutions for the Stokes equation with velocity
fields u and u′, pressure fields p and p′, and stress tensors σ and σ′. We calculate the
scalar projection u′ · (∇ · σ). In the following, we use index notation for clarity. The scalar
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projection becomes

u′ · (∇ · σ) ≡ u′j
∂σij
∂xi

=
∂(u′jσij)

∂xi
− σij

∂u′j
∂xi

=
∂(u′jσij)

∂xi
−
(
−pδij + µ(

∂ui
∂xj

+
∂uj
∂xi

)

)
∂u′j
∂xi

=
∂(u′jσij)

∂xi
+
�
�
��

0

p
∂u′i
∂xi
− µ(

∂ui
∂xj

+
∂uj
∂xi

)
∂u′j
∂xi

.

We used continuity to cancel the pressure term. So we finally get:

u′j
∂σij
∂xi

=
∂(u′jσij)

∂xi
− µ(

∂ui
∂xj

+
∂uj
∂xi

)
∂u′j
∂xi

(2.3)

Now, by switching the order of the two solutions, and subtracting the resulting expression
from equation (2.3), we end up with the Lorentz reciprocal identity

u′j
∂σ′ij
∂xi

− uj
∂σij
∂xi

=
∂

xi
(u′jσij − ujσ′ij). (2.4)

Green’s functions

Green’s functions are a family of functions used to solve (linear) inhomogeneous differential
equations. For Stokes flow, the Green’s functions provide us with velocity and pressure
fields, solved for the singularly forced Stokes equation

−∇p+ µ∇2u + δ3(x− x0)b = ∇ · σ + δ3(x− x0)b = 0, (2.5)

b is a constant vector, δ3 is the three dimensional Dirac delta function. The Green’s
function gives the resulting flow due to a point force applied at x0 . The solutions for
velocity, pressure and stress may be expressed as

ui(x) =
1

8πµ
Gij(x,x0)bj , p(x) =

1

8π
pj(x,x0)bj ,

σij(x) =
1

8π
Tijk(x,x0)bj ,

where Gij , pj and Tijk are the Green’s function for velocity, pressure and stress respectively.
Now, the continuity condition must of course be fulfilled. Which implies that

∂Gij
∂xi

(x,x0) = 0

And substituting for velocity, pressure and stress in the Stokes equation (2.5), we find a
relation for the stress Green’s function

Tijk = −δikpj +
∂Gij
∂xk

+
∂Gkj
∂xi
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The explicit Green’s function are given as

Gij(x− x0) =
δij
r

+
x̂ix̂j
r3

, (2.6)

pj(x− x0) = 2
x̂i
r3

(2.7)

Tijk(x− x0) = −6
x̂ix̂jx̂k
r5

, (2.8)

where x̂ = x− x0 and r = |x− x0|. The Green’s function for the velocity is known as the
“Stokeslet”.

Boundary-integral equations

Now remains to formulate the boundary-integral equations for the velocity, the pressure
and the stress fields. This is achieved by using the Lorentz reciprocal relation derived
above, replacing the primed velocity and stress with their appropriate Green’s functions,
and integrating the resulting equation over an arbitrary volume. By virtue of the divergence
theorem, we reduce the volume integral to a surface integral. The result of these operations
give

uj(x0) = − 1

4πµ

∫
D

Gji(x0,x)fi(x)dS(x) +
1

4π

∫
D

ui(x)Tijk(x,x0)nk(x)dS(x), (2.9)

where the point x0 lies inside the control volume bounded by the surface D, and the unit
normal vector n points inward. Please note also that we also used the symmetry property
of the Green’s functions for the velocity:

Gij(x,x0) = Gji(x0,x),

which allows us to switch the location of the evaluation point and the singular point, pro-
vided that we switch the order of the indices. Depending on the present domain, the
appropriate Green’s function will be used. That is, free space or bounded. Similar integral
representations can be found for the pressure and the stress, but are omitted here. Before
discretizing and solving the above equation, we can simplify it. When applied to rigid
bodies, equation (2.9) can be written

uj(x0) = − 1

8πµ

∫
D

Gji(x0,x)fi(x)dS(x). (2.10)

As can be observed, the second term of equation (2.9) has vanished. Please note that the
forces fi(x) in equation (2.10) are not the same as the forces in equation (2.9). It is equation
(2.10) that is discretized and solved in the BEM.

2.4 Construction

As previously stated, the ABF draws its inspiration from the real world of microswimmers,
more specifically the bacteria E. coli. This bacterium propels itself by rotating one or
more passive flagella to generate a corkscrew-like motion. It was Berg and Anderson that
discovered that E. coli swim by rotating their flagellar filaments and that the motion was
generated by a flagellar rotary motor embedded in the cell membrane [1]. The passive
rotation of the rigid flagella is important, because this feature is much easier to mimic
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rather then the complicated beating of the cilia that propels for instance human sperm
cells. The ABF is of the same order of magnitude in size as the E. coli, which has a total
length ∼ 10µm. Conveniently, at these length scales, we can neglect the effects of Brownian
motion. See the paper by Dusenbery [2].

Model geometry

We follow the ideas of Shum et al. [12], which models the bacterium as two rigid bodies.
A spheroid representing the cell body, and a thin cylinder, curved into a helical shape
representing the tail. The body and the tail are connected on the pole of the cell body,
and to ensure that the point of attachment is on the axis of the helix, we use an amplitude
envelope due to Higdon [3]. The points (x, y, z) on a helical wave with constant amplitude
a and wavenumber k are defined by

(x, y, z) = (x, a cos(kx− ωt), a sin(kx− ωt)).

But this formulation, makes the cell body be placed off the helical axis. To place the tail
on the helical axis, Higdon modified the helical wave with a function E(x):

E(x) = [1− exp[−(kEx)2]]

E(x) has the properties E(0) = 0, E′(0) = 0, and that E(x) grows very rapidly to its
asymptotic value, E(∞) = 1. This function alters the amplitude of the wave so that the
cell body is placed on the helical axis. The coefficient kE is the amplitude envelope factor.
The amplitude grows from zero to its full value over a region of roughly 2/kE . Shum et al.
calls this the flagellum start region [12]. The modified helical wave becomes

(x, y, z) = (x,E(x)a cos(kx− ωt), E(x)a sin(kx− ωt))

As mentioned above, this model follows the paper by Shum et al., who performed simulations
on swimming bacteria, trying to find optimal geometrical parameters. Fortunately, this
model is also very suitable for our case of investigating the ABF. Indeed, the group at ETH
Zürich drew inspiration from the shape of E. coli when designing the ABF. In some aspects
it is even more suited to model the ABF, since the flagella of real E. coli are not completely
rigid, and often there are multiple flagella per bacteria, which wrap together in a bundle
when rotated [7]. In the body-fixed system defined in the figure 2.2, the coordinates of the
helical tail as function of the flagellar length along the helical axis are given as

X1(ξ) = ξ

X2(ξ) = a
[
1− exp(−k2Eξ2)

]
cos(kξ)

X3(ξ) = a
[
1− exp(−k2Eξ2)

]
sin(kξ),

(2.11)

where ξ ∈ [0, L̄], L̄ is the extent of the flagellum along the tail axis.
In order to remove dependence of units, we always use non-dimensional quantities in

our simulations. We fix the volume of the head of the ABF: ā = 1, and express other length
scales relative to this. Using the frequency of the magnetic field as a reference time-scale,
we can non-dimensionalize the velocity.

2.5 Constraints

The boundary integral formulation, eq (2.10) must be complemented with a set of equations
that describes various constraints that governs the movement of the ABF. First we note
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Figure 2.2: Illustration of model bacterium in the body reference frame. Figure from Shum
et al. [12].

symbol interpretation
xJ junction point, origin of the body-fixed system
a amplitude of helical tail
aH1 polar radius of cell body
aH2 , a

H
3 equatorial radius of cell body

ā radius of sphere with volume of cell body
aT radius of cylindrical filament of tail
kE tail amplitude envelope growth rate
L curvilinear length of flagellum
λ wavelength of helical tail
Nλ number of turns on tail
φT phase of flagellum relative to cell body
ω frequency of magnetic field
k wavenumber of helical tail, k = 2π/λ

Table 2.1: Parameters related to geometry of the ABF.

that the ABF moves as a rigid body. This we formulate as follows:

u(x) = U + ω × x̃, x ∈ ABF (2.12)

where x̃ is the vector from the junction point to the evaluation point. As mentioned earlier,
since we ignore inertia, the sum of the forces and torques acting on the ABF must be zero:∫

ABF

fdS = 0,

∫
ABF

x̃× fdS = 0 (2.13)

The magnetic torque on the head is calculated as follows:

eH ·
∫
H

x̃× fdS = τM , (2.14)

where the magnitude of τM can be found from the relation

τM (x) = m×B, x ∈ H. (2.15)

Please note that x only belongs to the coordinates of the head of the ABF, since it is only
the head that is magnetic.



Chapter 3

Method

As mentioned in the introduction, we use the Boundary Element Method (BEM) to perform
our simulations of the ABF. When it comes to solving the Stokes equation, BEMs are well
established for numerical investigations. Our implementation of the BEM is largely based
on the works of Shum et al., described in the paper Modelling bacterial behavior close
to a no-slip plane boundary: the influence of bacterial geometry [12]. The major difference
between the work of Shum et al. and our investigations, is that their simulations are of a real
swimming bacteria, in which head and tail counter-rotates in order to achieve zero torque
on the swimmer. Our ABF rotates as a rigid body, its rotation a result of the magnetic
torque due to the rotating magnetic field. This simply means that there is a different set of
conditions that must be fulfilled for the two swimmers. For the counter rotating swimmer,
one gets a torque balance equation, while we calculate an imposed torque on the ABF based
on the magnetic field. However, this difference do have major effects on the behavior of
the of the different swimmers, especially close to a wall. As we shall see, the ABF do not
experience the circular trajectories close to a wall, as the counter rotating swimmers, e.g.
E. coli, do. However, the main implementation of the BEM still applies, and we also use
the results of Shum et al. as validation of our code, running simulations of a real swimmer.
But since little theoretical work has been done on the ABF, we are limited to comparing
our results with experimental measurements available.

The code used for the simulations in this paper has been developed here at KTH me-
chanics by doctoral student Lailai Zhu1. The BEM implementation uses routines from the
BEMLIB library, developed by Pozrikidis and described in his book “A practical guide to
boundary element methods with the software library BEMLIB” [10]. The code is written
in C++, using the PETSc libraries, which is a collection of numerical software libraries for
the parallel solution of linear systems arising from the discretization of partial differential
equations. This allows for running the simulations on computer clusters such as PDC, the
center for high performance computing here at KTH2. As simulations grow more complex,
the aid of super computers are a necessity for getting results within a reasonable amount
of time.

We solve for the velocity of the swimmer in each time-step, giving its trajectory as
time progresses. For each time-step the code records the position, velocity and orientation
of xJ, the junction point between the head and the tail. See table 2.1 for definition. It
also records the orientation of the body-fixed coordinate frame in the global frame, thus
by knowing the coordinates of the ABF in the body-fixed frame, it is a simple matter

1 Linné FLOW Centre, KTH Mechanics, Stockholm, Sweden
2PDC, KTH, Teknikringen 14, SE-100 44 Stockholm, Sweden
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of coordinate transformation to get the orientation of the swimmer in the global frame.
Post-processing was done in Matlab.

3.1 Boundary Element Method

In BEM we solve only for the boundary distribution of the unknown function. Once the
unknown boundary distribution is found, the solution at any point in the domain may be
found by direct evaluation. Thus, we are able to reduce the dimension of the solution space
with respect to the physical space by one. By only discretizing the boundary, we allow
for more complex geometry and more complex flow cases than would be possible by using
conventional volume discretization. Another advantage of the method is the automatic
treatment of flow conditions at infinity.

Boundary-integral formulation

Our first step in implementing the BEM is to rewrite the Stokes equation as an integral
equation, which is then discretized and solved using a numerical method. The boundary-
integral formulation for Stokes flow is well documented elsewhere, see for instance Pozrikidis
[9]. We will give a brief review of the method. We first restate the conservation equations
for Stokes flow.

∇ · u = 0, ∇p = η∇2u, x ∈ Ω, (3.1)

where u is the velocity vector, p is the hydrostatic pressure which arises owing to the
incompressibility constraint, η the constant viscosity of the fluid, and Ω the flow domain.
The flow domain is external to the swimmer, which has a surface B. On B the no-slip
condition applies, and we have

u(x) = u′(x), x ∈ B, (3.2)

where u′(x) is the prescribed velocity at point x. The reduction of (3.1) and (3.2) to an
integral equation was outlined in the previous chapter, and we will include the resulting
equation here:

uj(x0) = − 1

8πµ

∫
B

Gji(x0,x)fi(x)dS(x), (3.3)

which gives the flow in a force-free fluid domain, V , due to a rigidly moving object with
boundary B. G is the previously mentioned Green’s function for Stokes flow, and f is the
traction distribution over the object’s boundary. It is this equation which is discretized and
solved in BEM. The result of this discretization is 3NN linear equations, where NN is the
number of nodes on the surface mesh of the ABF, containing 3NN unknown force compo-
nents. This is coupled with the constraint equations (2.13) - (2.15) described previously.
All in all, we end up with 3NN + 7 unknowns. These equations are collected and solved
using linear algebra libraries. When the solution is obtained, all information about the flow
field: pressure, streamlines etc may be found by inspection.

As mentioned in chapter 2, the stokeslet is the Green’s function for the Stokes equation,
and we want to assemble a set of stokeslets in a way that fulfills the no-slip condition on
the ABF. The linearity of the Stokes equation allows us to do this. The strengths of the
stokeslets are determined by the no-slip condition. Figure 3.1 show the flow field from
stokeslets placed perpendicular to and parallel with the flagella.
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Figure 3.1: Model for a rod subject to external forces along the rod (a) and perpendicular
to the rod (b). The arrows represent stokeslets. The flow fields shown are from the central
stokeslet. Each stokeslet induce a similar flow field. This pushes the rod along. Picture
from [7].

3.2 Mesh

We follow the method of Shum et al. which creates the body mesh by repeatedly subdividing
the triangular faces of a regular octahedron or icosahedron, projecting the generated nodes
onto an enclosing spherical surface. To achieve a prolate or oblate head shape, the mesh
was stretched by applying scale factors in each direction.

The tail was meshed by using the coordinates for the centerline as defined in equation
(2.11). The points are numbered as Xi = X(ξi), i = 1, 2, . . . , Nc. At each point Xi nodes
are placed around the circumference of a circle of radius aT . The circle is centered at Xi in
the plane normal to the centerline. Nodes are then connected to define triangles over the
curved cylindrical surface. See figure 3.2.
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Figure 3.2: Construction and surface discretization of the flagellum. n and b defines the
normal and binormal directions respectively, used to determine the cross-section where the
nodes xj1, x

j
2, . . . ,x

j
m are placed. m is the number of nodes on the circle.



Chapter 4

Results

We will present the results obtained from a series of simulations performed on the ABF both
in the unbounded case and close to a wall. We will also include some results we obtained
for the real swimmer, as a validation of the code that has been developed here at KTH
Mechanics by doctoral student Lailai Zhu1. Our goal is to find the optimal parameters for
the ABF with regards to velocity and steady trajectory, and to compare our results with
the experiments performed by the research group at ETH Zürich.

4.1 Validation

For validating the code we reproduced results previously obtained by Shum et al. [12]. These
results are given in figure 4.1. For the ABF, little theoretical work has been done, so direct
validation, or comparison of analytical calculations is not possible. The changes made to
the code, in order to simulate the ABF are not that comprehensive. Instead of calculating
the resulting torque on the head of a natural swimmer, which comes from the constraint
of zero torque on the swimmer as a whole, we calculate the torque on the ABF due to the
applied magnetic field. It is only the head which is magnetic in our simulations, as in the
implementations of Zhang et al. [14]. The head has a defined north and south pole, and the
resulting torque is calculated using the equation

τM = m×B,

where τM is the resulting torque on the head with magnetic moment m by the applied
field B. The resulting torque then causes the ABF to rotate as a rigid body, ultimately
propelling it through the fluid. The meshing and other numerical aspects do not change
for a natural swimmer and the ABF, so we can say with quite a degree of certainty that
our code is numerically correct. This is further strengthened by the fact that we are able
to capture some key aspects of the real ABF in our simulations. Examples of this is the
occurrence of the so called step-out frequency, which is visible when we plot the velocity
as a function of frequency. Another aspect we capture, is the increased precession angle of
the ABF occurring at low frequencies. This phenomenon is defined and explained below.
For the wall-bounded case, we capture the phenomenon of a steady drift angle. This means
that the ABF no longer swims in the direction it starts from, but its trajectory makes a
steady angle with its initial position, making it swim diagonally in the horizontal plane.
This is due to hydrodynamic interaction between the wall and the ABF, giving a resulting

1 Linné FLOW Centre, KTH Mechanics, Stockholm, Sweden
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Figure 4.1: Comparison of results for the natural swimmer for two tail lengths. The pro-
gressive speed U is normalized by the linear wave speed of the flagellum, V . Our results (a),
and results from Shum et al [12] (b). The solid lines are predictions from Higdon’s slender
body analysis. The diamonds and the open squares are Shum’s results, while the triangles
and open circles are the results from Phan-Thien et al. [13] (b).

torque on the swimmer. This is similar to the rotational trajectory of the E. coli when it
is swimming close to a surface, reported in numerous papers.

4.2 Results for unbounded domain

We performed several simulations for many different parameters of the ABF, varying only
one parameter at a time, in order to determine the optimal value for each parameter.
By doing so, we were able to identify the optimal tail length, L, the optimal number of
curves on the tail, Nλ, the optimal thickness of the tail, aT and so on. See table 4.1
for complete reference of the different parameters that were changed, and their resulting
optimum. Our criteria for optimality is swimming speed. Shum et al. [12] also looks
at how power consumption and velocity changes with torque when stating optimal set
of parameters. But neither power consumption nor torque is relevant in our analysis of
optimality. This is because the ABF rotates passively due to the applied magnetic field, and
so there is no power consumption, other than the electric power consumed by the magnets.
So we do not determine the most power efficient swimmer, but the most efficient swimmer
when it comes to velocity as a function of frequency of the applied field. And later, when we
look at close to wall-swimming, we must also take into account hydrodynamic interaction
with the boundary, and how this affects the ABF.

Many of the plots presented will show a linear region followed by a decaying region.
Separating these two regions there is a peak. This was also observed by Zhang et al. [15],
which called the frequency for which this happens the step-out frequency. We will adopt
this nomenclature. This phenomenon is due to the ABF’s viscous resistance to rotation.
There is a limit, based on geometry, to how fast the ABF can rotate in a given fluid. The
resulting torque is not large enough to rotate the ABF at the same rate as the magnetic
field. What happens, is that the magnetic field overtakes the ABF, and at some point,
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Figure 4.2: Trajectory of ABF beyond step-out frequency. Frequency in this specific case
was ω = 2.0. We show only a small portion of the trajectory for clarity. The back-track
effects can be seen where the the trajectory seem to overlap itself.

the opposite torque is larger than the “forward” torque, so the ABF starts to rotate in the
opposite direction, making it move backwards. Then, the magnetic field again overtakes it,
and it swims forward again. This “two steps forward, one step back” kind of behavior is
seen in the trajectory of the swimmer. See figure 4.2.

Swimming velocity

The trajectory of a helical swimmer is itself helical with a small radius. This fact was
overlooked for a long time due to simplifications in the model used for calculating the
trajectories. It was Keller and Rubinow who first found this result in their paper from
1976 [5]. By small radius, we mean small compared to the amplitude of the helical tail.
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Figure 4.3: A typical trajectory in the step-out region, showing the secondary oscillations.
Please note that the scales of the axes, which are normalized with ā, differ in each direction,
exaggerating the oscillatory behavior.

By inspecting the plot in figure 4.3, we see that compared to ā the radius of the helical
trajectory is indeed quite small. Figure 4.4 shows the axial swimming velocity plotted
agains the frequency of the rotating magnetic field for two different geometrical parameters
of the ABF. Plot 4.4a shows velocity varying with head shape, where AS < 1 indicates a
prolate head shape, while AS > 1 indicates an oblate head shape. AS is the ratio aH1 /a

H
2 ,

where aH1 , aH2 are defined in figure 2.2. We see that an elongated head shape is preferred
as this delays the step-out frequency, and thus allows for greater swimming velocity. A
more streamlined head reduces the form drag of the swimmer as it propels forward. In the
step-out region, the ABF starts to oscillate in the z-direction. These oscillations are fairly
small, in the order of magnitude of the radius of the trajectory itself. When calculating the
velocity in this region, we took an average over one period of this oscillatory motion. As we
increase the frequency beyond the step-out limit, the velocity drops quickly, and it would
seem that the velocity flattens out. A possible explanation is that the swimmer reaches a
steady state between rotating in the positive and negative sense. The oscillatory behavior
increases with frequency, making the ABF more difficult to control, thus the step-out region
is an undesirable swimming condition, and should be avoided.

The next plot, figure 4.4d, show the effect of increasing the amplitude of the tail. Since
we fix the pitch angle at 45o, which was found to be optimal by Shum et al [12], and fix the
curvilinear tail length L = 10, changing the normalized wavelength of the tail effectively
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changes the amplitude a of the tail. So the smaller λ/ā, the smaller a. Illustrations of
the different tail shapes are included with the plots. We see that larger amplitude reaches
step-out earlier than smaller amplitude, but also that the slope of the linear region is larger
for the tail with the larger amplitude. The result is that we achieve greatest velocity for
the tail with largest amplitude. Setting λ/ā = 0 would effectively mean to have a straight
tail, which would not give propulsion at all. As a compromise we fixed the value at λ/ā = 3
when we changed the other parameters. This is an intermediate value, yielding quite good
swimming speeds, and a quite high step-out frequency.

The influence of radial thickness of the tail was also investigated. The ABF-prototype
manufactured at ETH Zürich2 has a ribbon-shaped tail. See figure 4.6a. The width of the
tail is 1.8 µm, while the thickness is only 42 nm. Remembering that 1 nm = 10−3 µm, we
see that the tail has a ratio width/thickness ∼ 5000. Our simulations were performed using
a cylindrical tail. One could argue that these geometrical differences may have significance
when making predictions about the ABF as it is currently manufactured. As it turns out,
the performance of the ABF is not very sensitive to the cross-sectional shape of the tail.
Zhang et al. did simulations comparing a circular and elliptical cross-section, and found
very little difference in drag. For an elliptic cross section, with a ratio between the major
and minor axis of ∼ 100, they found a difference in drag of about 8%, and the plot leveled
out asymptotically to this value. Already at a ratio of ∼ 10, the difference in drag was
6.5% [16]. Purcell also comments on the difference between using a round wire as a tail,
or using a different shape. He suggests that maybe a slinky-shaped tail may work better,
but his measurements show that this was not better at all. This fact surprised him, and
he notes that the fluid dynamics of the two situations are complex [11]. The point to be
made here, is that although our tail model differs from the one used by Zhang et al., the
qualitatively conclusions of our results should hold also for their prototype ABF.

With these discussions in mind, we can observe the two plots given in figure 4.5. Figure
4.5a clearly shows that a more slender tail is preferred, as this delays the step-out frequency.
This is quite natural, since a more slender tail will have less viscous resistance to rotation,
and so will be allowed to rotate at a higher frequency. We chose to fix the radius at
aT = 0.2, although to resemble the prototype ABF this number could be even larger. The
other plot, 4.5d, shows the influence of the tail length L on swimming speed. In order for the
comparison between the different tail lengths to be meaningful, we fixed the ratio between
the number of wavelengths on the tail and the curvilinear length of the tail: Nλ/L = 0.1.
This way we force the amplitude of the tail to be fixed, and so the tails are identical in
all aspects apart from the length. First of all, we see the relatively poor velocity achieved
with the shortest tail, L = 5. We know from the theory (see figure 1.1) that it is the parts
of the tail that are not parallel to the helical axis that add to the propulsion force. More
turns on the tail, gives more propulsion force. But at the same time, a longer tail means
more viscous resistance to rotation giving a lower step-out frequency. Both these effects can
be seen in the plot. We decided to fix the tail length at L = 10, as this seem to be good
compromise between achieved swimming speed and total length of the ABF. It is also in
the order of magnitude of the proportions used by Zhang et al. on their prototype.

Precession angle

As mentioned previously, one of the aspects observed by the research group at ETH Zürich
that we successfully reproduced, was the occurrence of increased precession angle at low
frequency rotation. Like a spinning top that begins to wobble when the rotation rate gets

2Institute or Robotics and Intelligent Systems, ETH Zürich, Switzerland. E-mail: bnelson@ethz.ch
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Figure 4.4: Two plots showing velocity varying with frequency for two different geometrical
parameters of the ABF. The dotted lines after the peaks indicate the step-out region. Apart
from the parameters varied, the following were used: λ/ā = 3, L = 10, aT = 0.2. UF is the
normalized velocity and ω the normalized frequency of the magnetic field. The different
tail- and head configurations are shown.
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Figure 4.5: Apart from the parameters varied, ABF parameters used: aH2 = 1.0, L = 10,
λ/ā = 3.0 (a) and aH2 = 2.0, aT = 0.05, Nλ/L = 0.1 (b).
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(a) SEM micrograph of the ABF manufactured at ETH Zurich.
Figure from Zhang et al. [15].

θH

(b) Showing the definition of the head-tilt angle θH .

Figure 4.6: Comparison of ABF prototype and model.

low enough, the ABF also showed this wobbling behavior at sufficiently low frequencies.
It is speculated as to the origin of this behavior in the paper by Peyer et al., and it is
mentioned that the off-axis placement of the magnetic head could very well aggravate this
wobbling [8]. See figure 4.6a, where the off-axis head-placement is clearly seen. Figure
4.7 show the results we obtained performing simulations with the head tilted more or less
off-axis. We see that, as stated by Peyer et al., the wobbling effect is clearly at its greatest
for very low frequencies, gradually leveling off as the frequency increases. We also see that
having the head more off-axis, gives a greater steady precession angle. The increase in the
rightmost part of figure 4.7a is due to step-out effects. We observe that having the head on
the tail-axis, delays the step-out frequency compared to having a tilted head, but we also
see that in the linear region, no difference is observed in achieved velocity, figure 4.7c. So a
tilted head has little or no effect on the drag. But we can conclude that placing the head as
close to the tail-axis as possible is preferred, as this minimizes the precession angle in the
linear regime, and so increases the control of the ABF. To avoid the wobbling effect, it is
advised to avoid the low frequencies, to achieve good control of the ABF. This is indeed the
control regime suggested by Zhang et al. They state that there is essentially two different
approaches to control of the ABF:

• swim-stop-turn-swim: Let the ABF swim in straight lines, then to stop, steering it by
using the magnetic field to rotate it, and let it swim in a different direction.

• swim and turn: Steer the ABF while it propels forward, changing the magnetic field
to turn the ABF while it swims.

Zhang et al. notes that the latter method decreases the available torque for forward propul-
sion when it is turning, which would result in decreased speed. This would mean that
controlling the ABF in this way, you would have a more fluctuating forward motion, and as
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a result, less fine tuned control over it. Also, the time used by the ABF to align with the
new direction of the magnetic field increases with the swimming speed of the ABF [16]. We
should also bear in mind that at these Reynolds numbers, the coasting distance of the ABF
is virtually zero. Stopping the magnetic field, the ABF will halt immediately. Videos made
of the ABF-prototype, show how Zhang et al. are able to steer the ABF towards a target
by adjusting the rotating speed and direction of the magnetic field3. This video shows the
first strategy of control.

It should be mentioned that the recorded precession angles at low frequencies recorded by
Zhum et al. are greater for their prototype ABF than our results. For very low frequencies
(ω < 1 Hz) it was measured at above 60°, dropping almost vertically to below 20° for 1
Hz4. This can be partly explained by the fact that our model ABF is neutrally buoyant.
In reality, an object in a fluid with different density will have a resulting force acting on
it. The prototype ABF is a metallic device, and so will feel a gravitational pull, minus
the buoyancy effect. When the ABF rotates slowly this gravitational pull might increase
the ABF’s tendency to wobble and therefore increase the precession angle. But our results
indicate that there is also a purely hydrodynamical effect on the ABF giving this behavior.

4.3 Near-wall results

Results in free-space is interesting for determining optimal body parameters of the ABF, and
for getting an overview of its behavior when it propels forward. But in real-life applications,
there will always be boundaries which will influence the ABF. It might be a narrow vein
it must swim through in order to reach its designated location for submitting a drug, or it
may be the walls of a petri dish, where the ABF is supposed to enter a cell or an organism
to perform some task. Whatever the task, its world is filled with boundaries. We will in
this thesis investigate the most simple case, namely the influence of a flat wall. This will
hopefully give us valuable insight into the hydrodynamics of the ABF, and help us in further
investigations, where swimming in more complex geometries and background flows should
be investigated.

Swimming close to a wall

Although the idea of swimming near a wall might sound quite trivial and simple a case
to investigate, the truth is far more complex and interesting. From previous investigations
of the E. coli, we know that this bacterium has the tendency of swimming in circles when
swimming close to a surface. See for instance Lauga et al. “Swimming in circles: Motion
of Bacteria near Solid Boundaries” [6]. It could seem that this is a deliberate behavior by
the bacteria, in order to obtain more nutrients, which has a tendency of accumulating near
surfaces, but this is a purely hydrodynamic phenomenon. The bacteria has no control of
this effect, but it is nonetheless an advantage in its chemotaxis. The reason for this circular
trajectory lies in the counter-rotation of the E. coli’s head and tail. Near a boundary this
counter-rotation induces a torque on the bacteria, which causes it to swim in circles. See
figure 4.8. But for a rigidly rotating body, what would be the effects of a surface? Our
investigations show that the ABF will instead of a circular trajectory, achieve a steady
drift-angle, dependent on frequency and geometry of the head and tail. The hydrodynamic

3 http://www.youtube.com/watch?v=HcWFheIX8Ns&feature=player_embedded
4Please note that Zhang et al. do not give non-dimensional results in their paper, so these frequencies

are dimensional and cannot be directly compared to the frequencies we use in our simulations.
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Figure 4.7: In these plots, the head-tilt angle was varied. See figure 4.6b for definition.
Other ABF parameters are λ/ā = 3, L = 10, aT = 0.2.
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Figure 4.8: Physical explanation for the out-of-plane rotation of E. coli. (a) The positive
y-rotation of the head leads to a positive viscous force in the x-direction: F1

x > 0. (b) The
negative y-rotation of the tail leads to a negative viscous force in the x-direction: F2

x < 0.
Because of the distance between the two forces we get a negative z-torque on the bacterium,
and when seen from above the bacterium is turning to its right. Figure from Lauga et al. [6].

interactions with the boundary gives a resulting force on the tail and head, which must be
balanced by the drag, and so the swimmer swims in a steady angle with its unbounded
trajectory.

Stable height

The first phenomenon we investigated for the near-wall swimming, was the tendency of
the ABF to be caught in a stable height close to a wall. This effect is regardless of initial
conditions, and only dependent on geometrical properties of the ABF. If the ABF is swim-
ming close enough to the wall to feel its presence, it will be attracted towards the wall, and
after some time continue in a trajectory which is parallel to the wall. This trajectory is
oscillatory so the stable height reported is an average value of one period of this oscillation.
Also, results beyond the step-out frequency were omitted, as the trajectory in this region
becomes highly oscillatory and colliding into the wall, causing the simulations to crash. The
result of the steady height investigation is given in figure 4.11. We see that the stable height
hS increases with frequency and that the rate of increase is greater for a tail with greater
amplitude.

There is an important, theoretical point to be mentioned in the near-wall case. We model
the ABF’s behavior using the steady Stokes equation. Since time-dependency only enters
the equation implicitly, for instance for keeping track of orientations, moving boundaries etc,
the Stokes equation is reversible. This has interesting consequences. Imagine for instance
a sphere moving under the action of a shear flow parallel to a solid wall. One could assume
that hydrodynamical interaction with the wall, would make it drift away from the wall. But
if we reverse the situation, this means that the sphere would have to drift towards the wall.
But such an anisotropy is in breach with the symmetry of the domain. So we can conclude
that a sphere moving parallel to a wall, stay parallel.
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(a)

(b)

Figure 4.9: Illustration of resulting streamlines and forces on rotating helix in unbounded
case (a) and near a solid boundary (b).

For a rotating helix the situation is different. Figure 4.9a show an illustration of the
resulting streamlines from the helix rotation. It pulls fluid towards it, and pushes it both
forward and backward from the ABF. In free space, the symmetry is perfect. But when
we introduce a solid boundary, the symmetry is broken. See figure 4.9b. There is less
fluid available to be pulled towards the ABF due to the solid boundary. In order to fulfill
continuity, the fluid near the wall must move at a greater velocity, causing a lower pressure,
and a resulting downwards force. Thus we come to the insight that a headless rotating
helix will always crash. The question then becomes: “Why did we find a stable height for
the ABF with head?” An explanation for this is sketched in figure 4.10. The head makes
the ABF rotate, and thus swim away from the wall, balancing the downwards force, and a
stable height is achieved.

Drift

Figure 4.12a show the drift angle the ABF suffers when swimming close to a boundary. We
define the drift angle φD as the angle between the direction of the axis of the helical tail and
the direction of motion. See figure 4.12c. In the unbounded case, we have φD = 0, but near
a wall, hydrodynamical effects give a net force fW normal to the axis of the rotating field,
in a plane parallel to the wall. Figure 4.8 show the reason for the circular trajectory for
counter-rotating swimmers. In our rigidly rotating case we can imagine that the resulting
forces will both be pointing in the same direction. This resulting force causes the ABF to
drift, achieving a steady drift velocity so that the drag forces balance out this near-wall
interaction force: fD = fW. All the cases shown in figure 4.12a show a steady decay in ψD
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hS

Figure 4.10: Forces on ABF at steady height hS .
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Figure 4.11: Plot showing the influence of frequency and tail amplitude on the stable
height, hS . Apart from parameters varied, a set of standard values were used for the ABF
parameters: L = 10, aT = 0.2, AS = 2.
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as ω increase. This may be explained by remembering that the steady height, hS increases
with ω, and fW decreases with hS . The fact that drift angle decreases with frequency, is a
good argument for letting the ABF operate at the higher end of the linear frequency regime.
Less near-wall influence, and more predictable trajectory being the result.

We also investigated the influence of near-wall effects on the swimming velocity, UW
and compared this velocity to the obtained drift velocity, denoted UDW for different tail
configurations. These results are reported in figure 4.12b. Zhang et al. also measured the
drift velocity for their ABF, and found that it remained fairly constant with frequency. A
slight increase could be seen, but not in the vicinity of the linear increase of the forward
velocity. However for very low frequencies (ω < 2Hz), the drift velocity was actually greater
than the forward velocity, yielding a drift angle φD > 45 ◦. It is stated that this high drift
angle at low frequencies can be attributed to the ABF’s tendency to wobble, since both
these characteristics decreases significantly when the frequency is increased [8]. See figure
4.13, which is their actual measurements.

Figure 4.12b also show the influence of frequency on the drift velocity, UDW . We observe
this influence to be quite small, indeed, the relative difference between UW and UWD in-
creases with frequency, which is another argument for the swim-stop-turn-swim controlling
strategy explained above. This way, we minimize the relative drift velocity, and increase
the predictability of the ABF’s trajectory. Coupled with the above mentioned result of
decreased drift angle with increased frequency, it would seem clear that the preferred con-
trolling strategy is swim-stop-turn-swim.

4.4 Optimal ABF

As mentioned in the beginning of this chapter, the idea of the parameter study performed,
is to be able to choose a set of geometrical parameters for the ABF that are optimal based
on the results we have obtained. Of course, optimality can be a relative concept, depending
on the criteria used. Do we want to make a car that is as fast as possible on straight
roads, or do we want a car that can go fast on a curvy road? The truth is often some
place in between. A compromise between different criteria. For the ABF the compromise
is between swimming speed, handling and what is possible to manufacture. We will not
dwell so much with the last criterion, as we do not have enough insight into the actual
manufacturing process. That being said, it is stated in the papers by Zhang et al. that
they can manipulate the head size, tail width, handedness and helicity angles of the ABF,
while it is the film stiffness and the internal stress that dictates the diameter of the helical
tail [8]. We have looked into the influence of some of these parameters, and can conclude
that these parameters affect the ABF in a varying degree. Specifically the pitch angle have
been fixed to 45°, as this have been showed to be optimal by Shum et al. [12].

The tail length was fixed at L = 10. This is not necessarily optimal with respect to
speed, as can be shown in figure 4.5d, which shows that the linear region has a greater slope
for longer tails. But the difference is not that big, and certainly not as big as the difference
between L = 5 and L = 10. So L = 10 is chosen, although a longer tail could be used. For
handling in narrow geometries one would assume that a shorter tail would be preferable. A
drawback for the shorter tail is the increased radius of the helical trajectory. If the tail is too
short, it lacks axial symmetry, and so the resulting force on the ABF becomes more off axis.
See figure 4.14 which shows trajectories for multiple tail lengths at a fixed frequency. This
is probably due to the resulting asymmetries of the tail using a specific set of parameters.

In conclusion, to decide on a specific set of optimal parameters seem somewhat difficult.
The goal must be to avoid certain effects from occurring, i.e. step-out effects, wobbling,
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(a) Drift angle φD close to the wall for different λ/ā.
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W (λ/ā = 3)

UD
W (λ/ā = 4)
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Figure 4.12: Results of near-wall simulations. Apart from the parameters varied, a set of
standard values were used for the ABF parameters: L = 10, aT = 0.2, AS = 2.
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Figure 4.13: Velocity of the prototype ABF. Showing the linear region for the middle-ranged
frequencies. At high frequencies we see the step-out region. The arrow indicate when the
drift angle ϕ drops below 45°, or π/4 radians. Figure from Zhang et al. [8].

parameter tested values optimal value

L 5− 40 ≥ 10
AS 0.75− 1.75 1.75
λ/ā 2− 5 2
θH 0◦ − 20◦ 0◦

aT 0.1− 0.25 0.1
ak 1 1

Table 4.1: Tested and optimal parameter values.

huge drift angle. This can be achieved for a large interval of parameters, and maybe it is
desirable to have a selection of ABFs available, where the specific usage decides which ABF
to choose. We include a table showing the test-intervals for each parameter and an optimal
interval for each parameter, which can be used as a guideline for choosing ABF geometry.
Since the ABF will preferably be operating in the frequency region where its behavior is
linear, it is a small task to create a program that can calculate appropriate frequencies for
a specific ABF geometry.
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Figure 4.14: Multiple trajectories for different tail lengths L for same frequency ω = 0.4.





Chapter 5

Conclusions and future work

5.1 Conclusions

We have performed simulations of a nanoscale robot swimming in a zero Reynolds number
environment. The robot propels by passive rotation of a rigid, helically shaped artificial
flagellum. It is called an artificial bacterial flagella (ABF). We investigated both unbounded
and near-wall swimming, and performed parameter study for several geometrical param-
eters of the robot. As a result, a collection of optimal geometrical parameters could be
found. Several hydrodynamical phenomena observed for a real prototype were recreated
and quantified:

• The step-out frequency, separating the linear velocity region from the backtracking
regime were successfully recreated and identified for several geometrical parameters.

• The effect of head tilting were investigated, and its effect on velocity and step-out
frequency were quantified.

• The phenomenon of stable height swimming near a boundary were identified, and the
influence of tail shape and rotational frequency on the stable height were investigated.

• The influence of head shape on swimming velocity and near-wall behavior were inves-
tigated.

• The drift tendency near the wall were quantified for different tail-shapes.

• The wobbling effect at low frequencies were investigated, and similar behavior with
lab experiments were found.

Explanations for many of these effects were offered, but further investigations are de-
manded to fully understand these complex flow cases. At the present stage of investigations
there is nothing to indicate that the ABF is unsuitable for performing tasks in vitro or in
vivo, but further investigations have to be made to fully establish its behavior in its oper-
ating environment. If it is to swim in the blood stream, we need to investigate for instance
how it will react to background flow and the presence of other swimmers and cells.

39
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The BEM has shown to be a very efficient way of simulating this rather complex flow
case. The complexity of the geometry would have made conventional methods such as finite
element method (FEM) much more time consuming, and thus would not have allowed us
to run the same number of simulations.

It is an important principle in engineering to achieve the desired accuracy in ones cal-
culations, which implies both that one should not simplify too much, but also that it is
unnecessary to have too detailed models. What is the key structures to the problem at
hand? What can be neglected? What can be simplified? The zero Re approximation,
and its resulting governing equations were shown to be valid, based on the number of phe-
nomena reported for the prototype ABF that we were able to recreate. But a priori it
was difficult to know how the different geometrical parameters would affect the ABF, and
which parameters to vary in a systematic way. Luckily we were able to build on previously
obtained results within the field, and hopefully have generated results which can be built
on further in the future.

5.2 Future work

As we now have a working code for near-wall investigations, the next logical step is more
complex geometries. Since one of the goals for the ABF is targeted drug delivery, which
requires swimming in blood streams through pipe-shaped geometries, it would be natural
to investigate a similar scenario. We know of the near-wall effects, but it is difficult to
extrapolate this knowledge to the more complex case of a narrow pipe. Also, swimming in
the blood stream means swimming in an environment with background flow. This could be
a pulsating flow, and the ABF could be forced to swim both against and with this current.
An implementation of a shear flow as a background flow have been initiated, and this will
give further insight into the influence of background flow on the ABF. A recent published
paper on upstream motility in E. coli [4] could give ideas and insight into which phenomena
to expect. In this paper, Kaya and Koser perform experiments on the E. coli bacteria when
it is subjected to a shear flow over a flat surface. They find that below a critical shear rate,
the bacteria has a tendency to swim against the current, and also state that this behavior
is not unique to the E. coli :

...the hydrodynamics of positive rheotaxis simply requires a microorganism freely
swimming over a surface in moderate flow and is not unique to the propulsion
mechanism of E. coli. As such, we predict that it may be quite ubiquitous in
the world of microscopic free swimmers.

Another important area that has not been investigated, is the influence of multiple
swimmers. One can imagine that since each ABF is quite small, a swarm of ABFs could be
needed to perform some task. Be it drug delivery, or manipulation of tissue, or performing
measurements within an organism. Also, the blood-stream is filled with other particles
measurable in size to the ABF. Human red blood cells have a diameter of about 6− 8µm,
comparable to the ABF made by Zhang et al., with a length of about 30µm. It is also
the cell type with the highest concentration in the blood, yielding a concentration of about
5 million cells per microliter (cubic millimeter). So the ABF is bound to feel these cells
presence while swimming in a blood stream. Investigations of collisions and other effects
will be vital in the implementation of the ABF as a tool for biomedical applications.
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One advantage with using a commercial FEM-code is in the post-processing. Visualizing
the flow field is done with ease in programs such as ANSYS1 or COMSOL2. With our
current code we only get the resulting orientation, velocity and trajectory. Of course, all
the information of the entire flow field may be found using our code, but at the current
time it has not been prioritized. An enhancement of the code to include visualization of
the flow field would be desirable.

1http://www.ansys.com/
2http://www.comsol.se/products/4.2a/
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