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Abstract: Instrumented indentation testing was used to determine viscoelastic properties of bitumen, i.e. 

shear relaxation modulus. Review of previous studied reveals that indentation testing technique has been 
drawing increasing attempts in investigations of binder material mechanical properties. Various properties 

of bitumen, e.g. elastic, viscoelastic, have been successfully determined by indentation testing at different 

scales and test conditions. The response of bitumen to indentation was studied extensively under a wide 

range of test parameters such as temperature, loading rate, indenter geometry, etc. This experimental tool 
was also applied to asphalt cements grading and microstructure study. However, there have been limited 

numbers of studies at macro levels with the use of spherical indenters to characterize bitumen properties. 

This motivated the present study. Spherical indentations have been performed with balls of different 
curvature radii at -5

o
C. Load – displacement curves have been measured and used to determine the 

relaxation moduli of the studied bitumen. Repeatability of the measurements has been evaluated. 

Obtained results were compared with the observations from DSR relaxation test. The influence of the 
measurement scale and load level on the results of instrumented indentation testing has been investigated. 

It has been found that instrumented indentation was able to characterize accurately the viscoelastic 

behavior of bitumen which can be described by Prony series and agrees well with the results from DSR 
tests. Nevertheless, the elastic solution failed to produce a proper description of bitumen response during 

loading phase.   

Keywords: Instrumented indentation, Viscoelasticity, Spherical indenter, Relaxation modulus.     
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1. INTRODUCTION 

Bitumen is primarily used in road construction as a binding material for mineral aggregates in an asphalt 

mixture. The mechanical properties of binder influence the characteristics and the performance of asphalt 

mixtures during construction and service phases. Therefore, understanding of bitumen properties, 
especially its complex time and temperature dependence, is very important for proper construction and 

maintenance of the pavement. Bitumen and other binders are conventionally assumed to be homogeneous 

linear viscoelastic materials. However, modern bitumen due to the presence of modified substances such 
as polymers, wax, or crumb rubber is not homogeneous (Isacsson and Lu 1995). Moreover, plain bitumen 

is heterogeneous since bitumen under service is aged unevenly. It is thus necessary to perform an 

investigation on bitumen properties across the length scales from macro- to nano-scale, giving insight into 
the scale effects, which allows the development of modified bitumen and the improvement in pavement 

performance regarding aging phenomena. One way to do this is with instrumented indentation. The 

research is thus needed to establish instrumented indentation technique as a tool for multiscale 

measurement of mechanical properties of bituminous binders. As a first step of this project, the study 
presented herein evaluates the feasibility of using instrumented indentation for macro mechanical 

characterization of bitumen. 

Mechanical properties of bitumen have been extensively studied using conventional testing techniques, 

e.g. uniaxial testing, Bending Beam Rheometer (BBR), or Dynamic Shear Rheometer (DSR), as reviewed 

by Isacsson and Lu (1995). However, instrumented indentation testing is drawing an increasing number of 
researchers. It has been proved to successfully determine the elastic, plastic, and viscoelastic properties of 

various materials, i.e. metals, polymer, (Oliver and Pharr 1992, Cheng et al. 2005, Larsson and Carlsson 

1998, Lopez 1993), or biological materials (Oyen and Cook 2009) at different scales. Using indentation 

testing requires a simple testing set-up and specimen preparation. It is also possible to conduct a number 
of indentation tests on one sample in a semi-destructive mode with the small affected specimen area. 

Despite the unique potential for material characterization of instrumented indentation testing, there has 
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So far, there have been a limited number of studies on applying instrumented indentation testing to 

bituminous materials’ property characterization. Combining using indentation tests and analytical 
solution, several investigator groups have proposed some reliable methods to determine bitumen 

characteristics, i.e. hardness and modulus, model parameters, creep compliance, or creep parameters. 

Concerning the indentation behavior of bitumen, the influences of testing conditions, modifiers, or 

indenter shapes have also been probed. Besides, the application of indentation testing technique to the 
study the microstructure of bitumen by using grid indentation or to the specification grading of asphalt 

cements with micro-indentation tests has been studied in some cases. It should be noted that most of these 

attempts have been made on micro- or nano-indentation testing while indentation test utilization for 
macro mechanical characterization of bitumen is an issue that has not been adequately addressed. The 

review of previous studies is presented in the literature review section of this study. 

Relaxation and creep are two important phenomenas of bitumen viscoelasticity. One of them can be 
determined if the other is known, (Gudmundson 2007). This study focuses on the relaxation behavior of 

bitumen binders. With the goal of viscoelastic characterization of bitumen, a series of relaxation 

indentation tests are performed on a modified bitumen binder using spherical indenters at the macro level 
of indentation depths. The analytical solution adopted here to define relaxation modulus was developed 

by Larsson and Carlsson (1998). A constitutive model, Prony series, is adopted to describe the shear 

relaxation modulus. The possibility to capture bitumen indentation behavior with an elastic solution from 
Hertz theory is also considered. In addition, to validate the applicability of the indentation testing method 

to macro-characterization of bitumen viscoelastic properties, indentation results are compared with the 

ones obtained from convention testing method, i.e. stress relaxation test using DSR.  
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2. LITERATURE REVIEW  

In recent years there have been an increasing number of attempts to use instrumented indentation testing 

technique to characterize mechanical properties of various materials. This experimental tool has been 

proving its ability to successfully measure different mechanical properties, i.e., elastic, plastic, or 
viscoelastic characteristic on different length scales such as macro-, micro-, or nano-scale (Oliver and 

Pharr 1992, Cheng et al. 2005, Larsson and Carlsson 1998, Lopez 1993, Oyen and Cook 2009). There 

have been however few investigations on viscoelastic properties of bitumen. For the sake of the present 
study objective, a literature review should be carried on regarding using indentation tests to study the 

mechanical characteristics of bituminous material. The review will be laid out based on the research 

targets consisting of characterizing several material mechanical properties, the evaluation of influences of 
test parameters on bitumen responses, and the application of indentation tests to bitumen microstructure 

investigation and grading asphalt cements.  

2.1. Material behavior characterization 

 

2.1.1. Hardness and elastic modulus of bitumen (Tarefder et al. 2010) 

Tarefder and co-workers adopted Oliver and Pharr (1992) analytical solutions based mainly on the 

unloading data in nanoindentation tests to determine micromechanical properties, i.e., hardness and 
Young’s modulus of several kinds of asphalt binders such as base binder and polymer modified 

performance grade (PG) binders using blunt spherical indenter tips. All of asphalt binders were indented 

at room temperatures (23.8
o
C) with maximum indentation depths kept below 8000 nm. The modulus 

calculated by this method was considered as the reduced modulus, Er, with the arguments that due to 
plasticity the contact impression does not recover after removing load. Er can be obtained by  

    
  

 

 

  
 (1)  

where S is the initial unloading stiffness which is the slope of the upper part of the unloading portion in 

the load-penetration curves; and A is the contact area projected on the plane containing contact perimeter 

and is determined by a experimentally established function which relates cross-sectional area of the 

indenter to the contact depth at the peak load (see Oliver and Pharr 1992 for more detail on A and S 
calculation). Besides, the second parameter of interest, hardness, is determined by 

   
    

 
 (2)  

where Pmax is the peak indenting load and A  is the projected contact area at such a peak load, as defined 
above. With the aid of instruments which are programmed according to this method (NanoTest Material 

Testing Platform software), hardness and Young’s modulus of binders were determined. The analyzed 

results show that base binder is too soft to lead to successful determination of its properties while 
hardness and elastic modulus of PG binders can be obtained. The results are shown in Figure 1 – 2. In 

Figure 1 base binder exhibits a straight unloading line. This fails to produce a meaningful stiffness and a 

possibility to calculate the hardness due to uncertain contact depth. In fact, based on eq. (1), the resulting 

elastic modulus, Er, was found very high compared to values of general construction and polymer 
material, e.g., elastic modulus 10-17 GPa for concrete, 10-20 for sandstone, or 2.2-4.0 for polymer, etc. 

However, in the case of two PG binders, the load-penetration curves show an unloading path which 

results in the determination of their hardness and stiffness. Thereby, PG 76-28 binder has higher grade 
than PG 70-22 binder and the hardness of binders increase as the stiffness increases (see Figure 2). 
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Figure 1. Load-depth curves of nanoindentation test on asphalt binder using spherical indenter with depth gain of 50% and 
loading rate of 0.0005 mN/s, Tarefder et al. 2010. 

 

Figure 2. Hardness and Young’s modulus of PG binder, Tarefder et al.2010. 

2.1.2. Model parameters (Jäger et al. 2007a) 

Viscoelasticity of bitumen can be modeled by assembling springs and dashpots in such a specific way that 
the model can best describe the material behavior. The characterization of mechanical properties of 

bitumen involves determining model parameters such as viscosity,  , Young’s modulus, E, and shear 

modulus,   . Jäger et al. (2007a) conducted an investigation to extract model parameters taking the real 

indenter tip geometry into account with the use of Berkovich tip indentation. In an indentation test, the 
real geometry of the indenter tip varies as a result of manufacturing process and wearing during testing. 

Therefore the real tip geometry should be taken into account when it is used to identify the mechanical 

properties of an indented material. The calibration of indentation testing instruments allows the real 
geometrical properties of the indenter tips to be obtained. According to Oliver and Pharr (1992) the 

projected contact area at the perimeter (or also the cross-sectional area of the indenter tip) can be 

determined as 
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         (3)  

where      [m
2
] is the cross-sectional area of the tip;   [m] and      [m] are as illustrated in Figure 3; 

and    [-] and    [m] are constants describing tip geometry and provided by the calibration of indentation 

testing instrument, where    = 24.5 for perfect Berkovich tip and    varying from zero due to blunting at 
the tip.  

The relation between      and    and    thus becomes 

 

      
 

   
    

      
       (4)  

From the elastic solution (Sneddon 1965), the penetration, h, and applied load, P, can be expressed as 

functions of   and a, and hence, when combined with eq. (4), h and P become functions of a, C0, and C1 

as follows 

     
 

  
      

      

  
 (5)  

and         (6)  

where with Young’s modulus E and Poisson’s ratio  , M denotes the indentation modulus as  

   
 

    
 (7)  

and         
   

   
    

 

 
   

 

 
  

      

  
   (8)  

with 2F1 as a hypergoemetric function. 

Using the method of functional equations in which the elastic operators P, M, and F(a) are replaced by 

their Laplace transforms and the inverse of Laplace transforms, the convolution function F(a(t)) can be 
achieved. Simulating the material as a 3 parameter model (see Figure 4) and assuming it as 

incompressible leads to the expression of F(a(t)) function as in eq. (9). 

 

  

       
 
 

    

   
  

 

  
 

 

  
   

 
 

  
      

  
 
          

  
 
      

(9)  
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Figure 3. Contact between a rigid axisymmetric tip of shape f(ρ) and an infinite half space (P is the applied load, h is the 

penetration, a is the contact radius, and Ac is the projected area of contact), Jäger et al. 2007a. 

 

Figure 4. Viscoelastic deviatoric creep models with model parameters denoted: (a) the single dash-pot, (b) the Maxwell model, 
and (c) the three-parameter (3P) model ), Jäger et al. 2007a. 

Based on eq. (9), the determination of model parameters   ,   , and   are performed as follows: 

- The function FH is experimentally and analytically determined. First, from penetration history of 

testing data contact radius a(t) can be calculated by eq. (5), then substitute a(t) into eq. (8) to 

obtain Fexp(a(t)). Second, the analytical result of FH can be obtained by eq. (9). Compare Fexp(a(t)) 
and FH-analytical  

- Next step is minimizing the error between those two obtained FH functions by adapting model 

parameters, see Figure 5b. The errors are defined as 

 

            
          

 
 (10)  

where                           
 
                  and         

     
 
   , n was set 

to 10 and minimizing the errors by using simplex iteration. 

- Finally, with the model parameters at hand, eq. (9) allows a new function FH(t) to be determined. 

Combine FH(t) and eq.(10) to compute a(t) and finally obtain h(t) by substitute a(t) into eq.(5), 
see Figure 5a. 

As a result, from minimizing the errors, model parameters were determined. Figure 6 describes frequency 
plots the model parameters determined by the scheme above and their errors for the indentation tests 

performed on B50/70 bitumen on 10x10 grid indents at -1
o
C (testing condition: Pmax= 20μN, υ=0.5,    

 40 μN/, and     5s). From this frequency plot the errors was found to be less than 4%, mean values of 

E0=3  =2.0 GPa,   =0.022 GPa, and  =0.15 GPa.s. 
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Figure 5. Illustration of errors between model response and nanoindentation test data at holding period. (a) penetration 
history h(t) and (b) function FH ), Jäger et al. 2007a. 

 

 

Figure 6. Model parameters of B50/70 bitumen described by frequency plots: (a)Young’s modulus of spring in series E0=3   , 

(b) shear modulus of spring in parallel   , (c) viscosity of dash pot η, and (d) error R ), Jäger et al. 2007a. 

2.1.3. Creep compliance (Zofka and Nener-Plante 2011) 

Creep compliance of aged but unmodified bitumen was determined by Zofka et al. (2011) using flat tip 
indentation experiments. Based on Sneddon’s solution (Seddon 1965) and the theory of functional 

equations, the analytical solution for flat tip indenter under an arbitrary loading regime was derived, 

reading 

      
   

  
       

     

  
  

 

 

 (11)  

Here, h(t) is the indentation depth history, J(t) is the shear creep compliance at time t, R is the indenter 

radius, and   is the Poisson’s ratio assumed to be independent of time. Under a step loading history 
P(t)=PcreepH(t), where Pcreep is the magnitude of the indentation load and H(t) is the Heaviside step 

function, the creep compliance in shear and in tension of a linear viscoelastic material is determined as 
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 (12)  

and       
      

            
 (13)  

respectively. 

The analytical method was verified by finite element analysis and the errors between two methods were 

5-6% which was argued to be consistent with other similar computations reported in the literature. 
Therefore eq. (12) – (13) could be used to determine creep compliance of bitumen, and in this case eq. 

(13) was employed.  

A number of tests were conducted by Dynamic Mechanical Analyzer (DMA) instrument using flat-tipped 
cylindrical indenter with radius of 0.45 mm on two PG 64-28 bitumen specimens at different test load and 

temperature levels (F = 2 N, 4 N, and 6 N and temperature of -6
o
C, -9

o
C, and -12

o
C). At each load-

temperature condition combination four replicates were performed so that a large number (24x3) of tests 
were done to be able to implement statistical analysis of the test results. 

From the record of DMA, the load-displacement curves were adopted to compute the creep compliance of 

bitumen according to eq. (13). The average creep compliance at 100 s is shown in Figure 7 for each 

combination of load and temperature. It is clear from the figure that the creep compliance of bitumen is 
much more influenced by the temperature than by the load. In addition, a discrepancy is found for the plot 

of results at -6
o
C, which is while the results at -9

o
C and -12

o
C remain in linearity, those at -6

o
C depart 

from linear range. The singularity can also be captured by the multiple pairwise comparisons with the 
95% confidence intervals of the mean differences between the measurements presented in Table 1. The 

comparisons here were conducted by using Tukey’s honestly significant difference test. Hereby, the two 

means are considered statistically different if the confidence interval is not around zero. Therefore in 

Table 1 only the load 6 N at -6
o
C is found to be significantly different from the other measurements at 

that temperature. Combination of Figure 7 and Table 1 leads to a conclusion that at high load and high 

temperature, the accumulated penetration is extremely large and causes the abnormally large creep 

compliance in the measurements. 

Another observation from Figure 7 is the largest degree of variability of the creep compliance values 

under the load 2 N across all temperatures. This was attributed to the fact that such a low indentation 

force caused shallow indentation depth which is close to the DMA measurement limits and the significant 
contact and friction force at the indenter-material interface. 
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Figure 7. Average creep compliance, D(t), at time 100 s for each load and temperature. The markers show the mean values 

and the bars show the standard deviation, Zofka and Nener-Plante 2011. 

Table 1.  Results from multiple pairwise comparison of creep compliance means D(t=100 s) at each load- temperature 

combination, Zofka and Nener-Plante 2011. 

 

 

Comparison between indentation and BBR testing 

It is usual for the mechanical property characterization of a material that its results obtained from the 
selected experimental tools should be verified by comparing with those obtained from another or a couple 

of conventional experimental technique(s). Herein the creep compliance of bitumen from indentation tests 

were compared with results of 3-point bending (3PB) tests using BBR testing. The results of creep 

compliance determined by both experimental tools are presented in Figure 8. The error between creep 

compliance at t=100 s from indentation testing,   
             , and that from 3PB testing,   

         , 

can be defined by the Error parameter as 

       
  

               
         

  
         

      (14)  
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A Monte Carlo simulation was used to recalculate Error according to eq. (14) at 10,000 repeated times, 

producing the mean and standard deviation of Error parameter as depicted in Figure 9. Combining 
Figure 8 and Figure 9 indicates that creep compliance curves of all three load levels appear to closest to 

the ones from BBR tests at -9
o
C with the errors of around 40%. The biggest error (around 100%) was 

found at the condition of high load and high temperature (6 N and -6
o
C). The possible presence of non-

linear or plastic deformation was blamed for the difference between indentation and 3PB compliance 
curves at such a critical condition. In fact, at -6

o
C, a basic solution used for stress estimation revealed that 

the stress under the indenter concentrates substantially much higher (approximately 9 MPa) than in 3PB 

testing (0.15 MPa). Such a high stress level could be beyond the linear range of asphalt binder and result 
in plastic deformation. 

Besides quantity of creep compliance, the comparison between indentation and BBR testing was also 

performed in terms of the shape of compliance curves which is characterized by the slope of the curves or 
m-values. The results presented in Figure 10 again confirm the best match of the creep compliance 

obtained by two experimental methods at -9
o
C. Moreover, their curves eventually converge at the large 

time. However there should also be the difference between m-values throughout all temperatures which is 

resulted from the quantitative errors between compliance curves. 

 

Figure 8. Average crepp compliance curves calculated from equation (13) and compared with results obtained from BBR 
testing, Zofka and Nener-Plante 2011. 
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Figure 9. Error of indentation creep compliance values at 100 s as compared to BBR, Zofka and Nener-Plante 2011. 

  

 

Figure 10. Derivative of D(t) curves for each load-temperature combination compared to those from BBR, Zofka and Nener-
Plante 2011. 

2.1.4. Parameters of creep behavior (Marchildon and Hesp 2011) 

In the investigation of Marchildon and Hesp, typical parameters of interest in a creep behavior such as 

creep stiffness – S(t),  viscous creep compliance - Jv(t), and slope of the creep stiffness master curve – m-

value were determined by performing creep indentation tests on a 200 micron thin recovered asphalt 
cement film at -14

o
C. A number of indents were performed at different load levels. With the imposed 

indentation depth histories, h(t), creep compliance, Jv(t), can be obtained. Creep stiffness, S(t) was the 

inverse of creep compliance and fitted to the eq. (15) for the data after 20 s.  Creep compliance and creep 

stiffness were determined with the reference length of 400 micron at 60s of loading since it was intended 
to simulate the BBR test for the sake of comparison. The slope of stiffness master curve, m-value, was 
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calculated according to eq. (16). The results of S(t), Jv(t), and stiffness master curves are presented in 

Figure 11.  

                           (15)  

   
            

         
 (16)  

In addition, elastic/total work of indentation – We/Wt and elastic recovery – ER were obtained by using 

unloading data after 120 s holding period. Table 2 shows the reproducibility of the indentation test is by 

presenting the stiffness, the slope of stiffness curve, and the elastic/total work ratio achieved at different 
test times. It can be seen from the table that the determination of creep properties of asphalt cement are 

not greatly influenced by the film thickness.  

Dynamic indentation is another tool to determine rheological properties such as dynamic storage, loss, 

and complex modulii – E’, E’’, and E*, and dynamic phase angle, δ. Dynamic tests were performed at a 
frequency of 0.5Hz with loading amplitude of 4mN. The experimental recorded data is the displacement 

in time domain, which is expressed as                  , where    is the amplitude of displacement 

and   is the phase angle which determines the delay of the material response compared with the applied 
loads. Rheological parameters of dynamic indentation tests, E’, E’’, E*, and δ were determined by the 

formula 

            
  
  

 
  

   
       

  
  

 
  

   
      (17)  

where A and fo are the contact area and loading amplitude respectively. More in-depth analysis of 

dynamic indentation can be found in White et al. (2005) and Herbert et al. (2008). Results of dynamic 
tests are presented in Figure 12 at which the complex modulus and the phase angle increase with the 

increasing indentation depth. Moreover, the difference of the results across three asphalt cements is more 

significant than for given asphalt cement. 

 

 

Figure 11. Creep indentation results obtained from a 200 micron thin asphalt cement film: (a) raw data of the recorded 

indentation depth histories at different load levels; (b) Corresponding creep compliance; (c) Creep striffness; and (d) Creep 
stiffness master curves, Marchildon and Hesp 2011.   
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Table 2.  Reproducibility of creep properties of 655-1 PAV residue determined at -24
o
C (Marchildon and Hesp 2011).   

 
 

 

  

 

Figure 12. Dynamic indentation data: (a) Raw force and displacement traces; (b) Complex moduli as a function of 

indentation depth; (c) Phase angles as a function of depth. Note that (a) is for a single test result obtained on a 400 micron 
film while (b) and (c) are for four replicates on each of three different recovered asphalt cements, Marchildon and Hesp 2011.  

 

2.2. The influence of test parameters on measured bitumen properties 

 

2.2.1. Loading rate and maximum load applied on the bituminous material (Jager et al. 2007a) 

Performing a nanoindentation test at different loading rates and maximum load on B50/70 bitumen at -
1

o
C (P’=20, 40, 80, 160 μN/s and Pmax=10, 20, 50, 120, 240 μN) provided the insight into their influence 

on bitumen properties. The bituminous material was described by a 3 parameter model, where a spring 

(represented by           was connected in series to a system of another spring (denoted by   ) in 

parallel with a dash pot (denoted by  ). Figure 13 shows changes of those model parameters with loading 
rates and maximum loads. It can be seen from the figure that loading rates do not have much influence on 

model parameters while maximum loads reveal a considerable impact on model parameters. In fact, the 

higher the maximum load the smaller the parameters. This effect was explained by the bitumen 
microstructure which was concluded to have high-viscous strings embedded into a low-viscous matrix 

(Jäger et al. 2007b). 
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Figure 13. Influence of loading rates and maximum applied loads on 3-parameter model parameters: (a)Young’s modulus, 

  , of the spring in series, (b) shear modulus,   , of the spring in parallel, and (c) viscosity, η, of dash pot, Jäger et al. 2007a. 

 

Figure 14. Indentation of viscoealstic halfspace for different tip shapes: (a) Penetration history of the holding period; (b) 

deviation of penetration depth from response obtained from perfect Berkovich indenter (C0=24.5; loading history: Pmax=10 
μN, τL=0.5 s, and τH=10 s), Jäger et al. 2007a. 

2.2.2. Indenter shape (Jager et al. 2007a) 

The real tip geometry has considerable influence on results of a nanoindentation test performed on a 

viscoelastic material. This influence was found in the reduction of the displacement response from the 

largest one when the indenter tip varied from the perfect Berkovich, (Jäger et al. 2007a). This geometrical 

variation, (see Figure 14), is represented by the change of two constants       and       in the equation 
describing the real cross sectional area of an indenter tip, eq. (18).    

The real cross sectional area of an indenter tip is represented as follow 

                   
          (18)  

where   and      are illustrated in Figure 3, and       and       are constants depending on the tip 
shape and given by the nanoindentation test calibration equipment. 
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2.2.3. Temperature dependence (Jäger et al. 2007a)  

In an indentation test, temperature has a great influence on the material response. This impact was 
considered partly in the study of Jäger and partners. Thereby, the material was simulated by 3-parameter 

model (Jäger et al. 2007a), and thermal effects was studied by performing nanoindentation tests on 

B50/70 bitumen at two different maximum loads and loading rates (Pmax=10, 20 μN and P’=20, 40μN/s) 

within a range of temperatures (- 4.5
o
C, -1

o
C, 2

o
C, and 9

o
C). Accordingly, there was only a slight increase 

when the temperature shifted from -1
o
C to 2

o
C in the whole decreasing trend of model parameter values 

from - 4.5
o
C to 9

o
C, see Figure 15a, b, and c. The authors explained this issue by the thermo-rheological 

processes observed during testing of bitumen by means of modulated differential scanning calorimetry. 

Figure 15d, e shows the dependency of relaxation time     and relaxation/creep time     on testing 

temperatures. The interesting feature here is the continuous fall of relaxation/creep time during the raise 

of temperature. This reflects the decreasing elastic behavior of bitumen with increasing temperature. 

In addition, the thermal dependence of viscosity can be depicted by an Arrhenius-type law for the 

temperature above 2
o
C, see Figure 16. This reads 

 
 

 
 

 

        
     

  

 
 
 

 
 
 

  
   (19)  

where   [K] is the reference temperature, R=8.31 J/Kmol/K is the gas constant, and   is the activation 

energy.   

    

  

 

Figure 15. Temperature dependence of model parameters, Jäger et al. 2007a. 
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Figure 16. Identification of Arrhenius-type law describing the temperature dependence of η [GPas] (        ), Jäger et al. 
2007a. 

   

 

Figure 17. Histograms and corresponding grid plots from grid nanoindentation tests at 9
o
C on B50/70 and PmB60/90 

bitumen for initial creep compliance Ja, Stangl et al.  2007. 

2.2.4. The effect of styrene-butadiene-styrene modification on the characteristic and performance of 

bitumen (Stangl et al. 2007) 

Grid nanoindentation technique was adopted to probe the influence styrene-butadiene-styrene (SBS) 

modification on bitumen response in terms of bitumen microstructure and micromechanical properties. 
Two studied types of bitumen were plain bitumen B50/70 and a polymer modified bitumen PmB60/90 

which uses B50/70 as a base material. 10x10 grid nanoindentation tests were performed on these two 

bitumens at 9
o
C (see Jäger et al. 2007b for the arrangement of the indents according to the dimension of 

the bitumen microstructure). Figure 17 shows the results of initial creep compliance Ja of a parabolic 

dash-pot on histograms and corresponding grid plots. Besides confirming the two material phase (string-

like structure and matrix) at micro-scale, these graphs exhibit the difference in the material parameters, Ja, 
of two types of bitumen. Hereby, due to the presence of SBS modifying substance the Ja values of 

PmB60/90 are higher than those of plain bitumen B50/70.  



16 
 

2.2.5. Bitumen responses to a specific indenter tip geometry of indentation - Bitumen response to 

spherical tip indentation (Ossa et al. 2005) 

According to the authors, the spherical indentation response of bitumen can be described as a power-law 

creeping solid behavior. This model was developed by Bower et al. (1993) and extended to the 

constitutive model by Ossa et al. (2004) which accounted for the recovery behavior of bitumen. Hereby, 

the concepts of effective stress      and effective strain     , which reads  

      
 

   
 (20)  

        
 

 
 (21)  

together with effective strain rate 

       
  

 
 

   

    
 (22)  

were introduced and under an indentation of bitumen with the indenter diameter of D, load F and contact 

radius a, where the constant c is the function of the material constant n, with n=1/(1-m) where m is the 

power-law parameter, and c may be thought as the ratio between the true and the nominal contact radius 

   . Based on the observation of Ossa et al. (2004), the total strain rate    is the sum of viscous strain rate 

    (during loading) and recovery strain rate     (after unloading) and is also the effective strain rate under 

indentation, reading 

                  
 

    
   

 

    
          (23)  

where the total indentation rate,   , is the sum of the viscous indentation rate,    , and recovery indentation 

rate,    . The two sub-indentation rates are computed as 

     
    

 
     

 

      
 
 

        (24)  

and     
    

 
    

    

 
                   

   (25)  

where, within the context of the transition from a linear viscous response at low stresses to non-linear 

viscous behavior at high stresses    is the reference stress;        and       
   are the loading and recovery 

functions of strain   and    , where     is in turn a function of the strain  ,  the irrecoverable fraction of the 

viscous strain rate    , and the recovery constant ψ,      
 

   
   

   

 
; and   is the function of the 

power-law exponent n. Equation (23) to (25) theoretically describe the ideas of constitutive model. By 

integrating these equations with respect to time the indentation depth histories can be obtained exhibiting 

the responses of bitumen under indentation tests. Indentation response of bitumen can be shown 
throughout behaviors. Such behaviors were investigated by conducting monotonic, continuous cyclic and 

cyclic pulse spherical indentation experiments.  
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Figure 18. (a) Applied indentation force versus indentation depth curves for two selected values of the applied indentation rate 

and (b) indentation depth histories for two selected values of a constant applied force at 0
o
C with the indenter diameter of 40 

mm. Experimental measurements and model predictions are included, Ossa et al. 2005. 

Monotonic indentation behavior 

Under constant indentation rate tests, the load, F, and indentation depth, h, are recorded. The measured 

load-depth curves in Figure 18a indicates a monotonic increase of the indentation load with depth and the 
higher slopes with the higher indentation rates applied. Whereas, in the constant load creep indentation 

tests with the indentation depth histories recorded (Figure 18b) two creep regimes can be seen: primary 

and steady-state creep, corresponding to the decreasing and approximately constant indentation rates. The 

curves also show that higher indentation load F results in higher indentation rates.  

In addition, performing the experiments at different temperatures (0
o
C and 5

o
C) and different spherical tip 

indenter diameters (15 mm and 40 mm) reveals that the dependencies of bitumen response on these test 

parameters in terms of the quantitative behavior but the qualitative one. In fact, at higher temperature the 
indentation force gets lower under a given indentation rate and the indentation creep rate is higher for a 

given indentation load while using smaller indenter results in higher indentation rates in the load 

controlled tests. 

For the sake of the predictable ability of the model, dotted lines on the graphs indicate a reasonably good 

prediction of the model though it somehow can be found stiffer than the real responses of the material 

which is attributed to the error of the approximation of the power-law relation. 

Creep recovery indentation behavior 

The experiment was performed by applying a set of loading-holding-unloading of an indentation force on 

the bitumen and the resulting indentation depth was measured over the testing time (Figure 19). The 

response of bitumen was investigated at different applied loads and indenter diameters. Figure 20a 

presents the changes of indentation depths over time, where for larger total indentation depth, h
T
, the 

recovered indentation depth, h
r
, is higher. Figure 20b relates the recovery strain,   , to the total strain, 

  , under indentation tests at various conditions. Generally, the relation can be roughly considered as 

linear with the factor ψ,       , with       and independent of indentation force, temperature, 
and indenter diameter. This finding is consistent with the ones obtained in the previous study of Ossa et 

al. (2004) using uniaxial tensile tests. This validated the ability of the constitutive model to describing the 

bitumen response under creep recovery indentation tests. 
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Figure 19. Schematic of the load and indentation depth versus time histories in a creep recovery indentation test, Ossa et al. 
2005. 

 

Figure 20.  (a) Indentation creep recovery experimental measurements and model predictions at two selected values of the 

total indentation depths h
T
 with F=65 N at 0

o
C. (b) Summary of the indentation creep recovery experimental measurements. 

The experimental data for different levels of indentation forces and indenter diameters, (F=65, 100, 170 N for D=40mm and 

F=30 N for D=15 mm), show a linear relationship between   and   at the two temperatures investigated, Ossa et al. 2005. 

 

Continuous cyclic indentation behavior 

The indentation load were applied in a chain of cycles from minimum to maximum value, Fmin – Fmax as in 

Figure 21, where 3 experimental parameters R, Fm (with Fm=( Fmin + Fmax)/2), and f  were defined as load 

ratio, mean load level, and load rate as the frequency of the triangular waveform, respectively. 

Under continuous cyclic indentation tests, the bitumen responses in a similar manner as in the case of 
monotonic indentation tests, see Figure 22. Conducting the experiments at various load ratio, R, and 

loading rate, f, reveals that continuous cyclic indentation response of bitumen is independent of R and f. 

This agrees well with findings in uniaxial tensile test, (Ossa et al 2004), where the response varies mainly 
with Fm and confirmed by the model anticipations presented in graphs. 
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Figure 21. Schematic of the applied continuous cyclic indentation load, Ossa et al. 2005. 

 

Figure 22. Continuous cyclic load controlled indentation tests results at 0
o
C with 40mm diameter indenter. Experimental 

measurements and model anticipations for (a) Fm = 100N, f=5.0 Hz at three selected load ratios R=0.3, 0.5, and 0.7 and (b) Fm 
= 150N and R=0.7 at three designated loading frequencies f=0.5, 50, and 10 Hz, Ossa et al. 2005. 

Pulse cyclic indentation behavior 

The protocol of applying load in pulse cyclic indentation tests are schematically described in Figure 23 

together with the corresponding response of the material. The time period of each pulse is ΔP/2, the time 

gap between pulses is Δg, and the loading and unloading rate is         
 , where FP is the constant 

maximum applied load. 

A series of tests were performed at two different temperatures 0
o
C and 5

o
C where at each test temperature 

the constant maximum load FP was fixed at 75 N in order to study the influence of the pulse gap Δg by 

changing it from 2.0 s to 10.0 s. The recorded indentation depth histories of the material in Figure 24 

exhibit a decrease in the accumulated permanent indentation depths when the pulse gap is increased. This 

is because of the larger fraction of the recovered creep strain during the duration Δg when the load is zero. 
It can also be said that the smaller the gap the smaller the recovered creep strain portion in the pulse 

cyclic indentation response of bitumen. Besides, the model predicted relatively correctly the manner of 

the strain response although at larger time it showed an under-prediction of the total accumulated strain.  

It can be concluded that the spherical indentation response of bitumen can approximately be described by 

a constitutive power-law model proposed by Ossa et al. (2005). Such a behavior is denoted throughout 

monotonic, creep recovery, continuous cyclic and pulse cyclic indentation ones.    
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Figure 23. Schematic of the load and indentation depth versus time in the pulse train experiment, Ossa et al. 2005. 

 

Figure 24. Cyclic load controlled pulse train indentation experimental measurements and model predictions for two selected 
pulse gaps Δg at (a) 0

o
C and (b) 5

o
C, Ossa et al. 2005. 

 

 

Figure 25. Environmental scanning electron microscopy ESEM images of B50/70 bitumen, Jäger et al. 2007b. 

2.3. Applications of instrumented indentation testing 

 

2.3.1. Bitumen microstructure investigation (Jäger et al. 2007b) 

In order to investigate the microstructure of bitumen, the results from grid nanoindentation technique 

were compared with images (Figure 25) of bitumen structure produced by the environmental scanning 

electron microscopy (ESEM). 
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Figure 26.  Determination of appropriate distance between adjacent grid points from (i) bitumen microstructure and (ii) the 
maximum penetration depth, Jäger et al. 2007b. 

 

Figure 27. Frequency plots and corresponding grid plots for parameters Ja and k of non-linear dash-pot model under grid 
nanoindentation test of B50/70 bitumen at -1

o 
C, Pmax=10 μN, τL=0.25 s, and τH=5 s), Jäger et al. 2007b. 

From the electron microscopy at bitumen-scale the material has two phases, string-like structure phase 
embedded in a matrix phase with characteristic dimension of 10 μm. The nanoindentation tests were 

established on 10x10 grids with the distance between two adjacent indents of 5 μm and maximum 

penetration depth of 400 nm in order to avoid the interaction between them (see Figure 26). The 
indentation test used Berkovich indenter and performed at -1

o
C.  

Nanoindentation test data was employed to determine parameters of nonlinear dash-pot model: initial 

creep compliance, Ja [GPa
-1

] and the parameter, k [-] characterizing the time dependent behavior. In 

Figure 27, the histograms show the frequency plots of Ja and k where the presence of two material phases 

are confirmed as aforementioned in ESEM study with lower parameters’ values of string-like structure 

phase and the higher ones of the matrix phase. The other plots in Figure 27 are the corresponding grid 

plots from grid nanoindentation tests which again reveal the microstructure of bitumen. 

2.3.2. Specification grading of asphalt cements (Marchildon and Hesp 2011) 

Static creep tests were conducted at -14
o
C and dynamic indentation creep tests were performed at -8

o
C 

and -14
o
C on seven recovered asphalt cement thin films taken from the Highway 655 pavement trial, 

Ontario. Results of creep stiffness – S(t), slope of the creep stiffness master curve – m-vlue, elastic/total 

work of indentation – We/Wt, elastic recovery – ER, viscous creep compliance, Jv of creep tests, and 

dynamic storage, loss, and complex modulii – E’, E’’, and E*, and dynamic phase angle, δ of dynamic 
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tests of seven samples were compared to consider their property rankings. Applying the calculating 

regime presented elsewhere in section 2.1.4 of this review, the results of these parameters were obtained 
and shown in Figure 28 and Figure 29 for creep tests and dynamic tests respectively. The use of 

indentation technique for specification grading of asphalt cements was validated by comparing the 

rankings obtained from this technique with those from conventional testing techniques, i.e., BBR and 

DSR test, and field performance of the pavement trial. Figure 30 shows the grading from BBR and DSR 
tests while Figure 31 describes the ranking from the evaluation of cracking distress of the pavement trial.  

According to Figure 31 the performance of sections 1 and 5 shows the best, somewhat worse 

performance is of sections 2 and 3, and the rest, sections 4, 6, and 7 indicate a worst cracking distress. 
This is also the ranking that is captured by the graphs in Figures 28, 29 and 30. This finding is 

demonstrated by the fact that section 1 and section 5, both in service and in indentation and conventional 

grading tests, have low stiffness, high m-value, low elasticity, and high phase angle while those 
parameters are definitely opposite in case of section 4, 6, and 7. This agreement validates the potential of 

indentation testing technique for grading asphalt cements. Comparing Figure 28b and 29 with Figure 31 

(focusing on sections 4, 6, and 7) indicates that creep stiffness, creep compliance and dynamic phase 

angle did better job than m-value at ranking the performance. This contributes to prove the more powerful 
ability of dynamic indentation tests in rheological property determination. 

 
 

 

  

Figure 28. Indentation creep and recovery data: (a) Creep stiffness; (b) Slope of the creep stiffness master curve (m-value); 

(c) Elastic versus total work of indentation; (d) Elastic recovery; and (e) Viscous compliance. Note: All test were done at -14
o
C 

and error bars represent  1 pooled standard deviation, Marchildon and Hesp 2011. 
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Figure 29. Dynamic rheological data for recovered binders at 0.5 Hz and -8
o
C (first column) and -14

o
C (second column): (a) 

Storage moduli; (b) Loss moduli; (c) Complex moduli; and (d) Phase angles. Note: error bars represent  1 pooled standard 

deviation, Marchildon and Hesp 2011. 

 

 

Figure 30. Conventional grading of asphalt cements recovered from 2009 core samples: (a) BBR and (b) DSR at -14
o
C. Note: 

Limiting stiffness temperature are provided in the first column and limiting m-value temperature in the second column. Error 

bars on phase angles provide  1 pooled standard deviation. Significant errors in DSR data show that at this temperature the 

machine is at the limit of its capabilities with 8mm parallel plates, Marchildon and Hesp 2011. 

 

 

Figure 31. Pavement distress indicators: (a) Pavement condition rating (PCR) and Ride comfort rating (RCR) indices for 

August 2008; (b) Approximate transverse crack counts for 2008 (first column) and 2010 (second column); and (c) 

Approximate transverse crack length for 2008 (first column) and 2010 (second column) , Marchildon and Hesp 2011. 
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3. EXPERIMENTAL PROCEDURE 
 

3.1. Material 

In the present study spherical indentation are performed on bitumen at -5
o
C. The bitumen is the 

commonly used T8-00 bitumen provided by Nynas AB. Basic data for T8-00 is presented in Table 3. In 

addition a previous study has determined complex modulus of this bitumen which is presented in Table 4, 

(Lu 2011). Results presented in Table 4 indicate a profound rate dependence of the material properties. 

Table 3.  Basic data for T8-00 bitumen, (Lu 2011). 

Parameters Values Parameters Values 

Penetration 86 dmm Fraass breaking point -16
o
C 

Softening point 46.4
o 
C BBR at -15

o
C stiffness=143 MPa, m= 0.37 

(loading time 60s) 

Viscosity at 135
o
C 

Dynamic viscosity 60C 

181mm
2
/s 

96 Pa.s 

BBR at -25
o
C stiffness = 524 MPa, m=0.26 

(loading time 60s) 
Paraffic content by DIN 1.7% Wax content by DSC 6.2% 

 

Table 4. Complex modulus of T8-00 bitumen, (Lu 2011). 

Frequency, Hz Complex modulus, G*,MPa Temperature, 
o
C  

0.05 49.35 26.47 

0.10 81.09 25.87 
0.159 116.24 25.67 

1.59 602.92 25.37 

 

3.2. Instrumented indentation test 

 

3.2.1. Sample preparation 

The extracted bitumen was heated to 120
o
C until it became a liquid state and no air bubbles remained in 

it. It was then poured into a preheated steel cylindrical holder 60 mm in diameter and 25 mm in height, 

see Figure 32. Heating and pouring bitumen into the holder provides the smoothness of the sample 
surface which is important in indentation. The bitumen specimen was finally allowed to cool down to 

room temperature. Prior to testing, the sample was conditioned for minimum 3 hours in the fridge to 

attain the test temperature.    

 

Figure 32. Bitumen specimen in cylindrical holder. 
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3.2.2. Testing equipment 

The indentation tests were performed using the MTS 1.4 instrument manufactured by MTS. The 

experimental setup is shown in Figure 33. The MTS system has 100 N capacity load cell of ±0.1 N. The 

sample was placed in an ice solvent bath in order to maintain the test temperature in it, see Figure 34. 
During the tests the temperature of the water bath was measured to be -5±1

o
C by a thermometer.  

 

Figure 33. MTS testing instrument. 

 

Figure 34. The sample is kept in the ice solvent bath and its ambient temperature is monitored by a thermometer.  
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3.2.3. Testing procedure 

Relaxation indentation tests were performed at -5
o
C. A constant prescribed depth was applied on the 

specimens. After reaching the prescribed depth, the penetration was held in 50 seconds and then removed 

to allow the material to relax the stress. A typical loading history, h(t), is shown in Figure 35. The 
spherical indenters of radii, R, 5 mm and 12.7 mm were used to indent the material at two penetration 

levels, h, of 0.1 mm and 0.254 mm with the indentation rate, h’ = 2 mm/s for 0.1 mm penetration and h’= 

5 mm/s for 0.254 mm penetration. For each R-h combination there were at least five tests done in order to 

check the repeatability of the result. One test corresponded to an indent position on the sample provided 
that two adjacent indents are located sufficiently apart (at least 3 times the contact radius) to avoid the 

influence of the residual stresses from adjacent impressions. It should be noted that each testing condition 

combination produced a strain of below 4%. During testing, displacement and load of the indentation will 
be recorded. Figure 36-37 illustrate typical measured indentation load history, P(t), and corresponding 

load-penetration curves, P(h). It is worth noting that the tensile forces present in the unloading portion of 

the P(h) curve can be used to calculate the adhesive properties of bitumen which is one of the goals of 

further studies in the line with present project.    

 

Figure 35. Typical indentation depth history from raw recorded data. 

 

Figure 36. Typical load history from raw recorded data.  
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Figure 37. Typical load – penetration curve from raw recorded data.  

3.3. Stress relaxation test with Dynamic Shear Rheometer (DSR) 

In order to validate the measurements obtained with instrumented indentation testing stress relaxation 
tests using DSR were performed on the same bitumen specimen. 

3.3.1. Sample preparation 

First, T8-00 bitumen was taken from the cylindrical sample by a self-heated rod that makes the extracted 

bitumen liquid and simplified the placement into the mold (Figure 38). The mold containing liquid 

bitumen was covered by a plate and cooled down in a fridge in 5 minutes (Figure 39a-b). At the same 
time, testing instrument should be pre-cooled in order for the sample adhere its temperature.     

The sample plate was then taken out of the mold and placed into the testing equipment (Figure 40). The 
sample should also be trimmed around its edge to attain the diameter of 2.15 mm. The instrument together 

with the specimen was again cooled down to the test temperature in 10 minutes. On the screen of the 

instrument, zero normal force indicated sample and instrument temperature has been the same as the 
selected temperature. The test could then be started. 

 

 

Figure 38. Sample preparation: Bitumen was taken and dropped into a mold.  
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(a)                                                         (b) 

Figure 39. Sample preparation: (a) a plate bitumen sample was formed in a mold placed on a plate and (b) sample was cooled 
down in a fridge.  

 

Figure 40. Sample was placed on the testing equipment.  

3.3.2. Testing equipment 

The stress relaxation experiments were performed using the Dynamic Shear Rheometer (DSR) supplied 
by Anton Paar (Figure 41). The test temperature of the system was controlled by viscotherm VT 2 

(Figure 42a). The screen of the system (Figure 42b) displayed testing conditions, i.e. normal force in the 

sample, testing temperature.  

Testing equipment 

Bitumen sample 
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Figure 41. Picture of Anton Paar Dynamic Shear Rheometer (DSR) instrument.  

 

 

(a)                                                      (b) 

Figure 42. (a) Viscotherm VT 2 controlling system temperature and (b) Test conditions presented on the screen of the system. 

3.3.3. Testing procedure 

Figure 43 shows the placement of the bitumen plate into the testing instrument.  The experiment was 

performed by applying a prescribed strain of 2%, which is in the order of the strain (less than 4%) resulted 

in the indentation tests. The prescribed strain was reached within 0.04 s and held constant for 1000 s. 

From the measured shear stress and strain histories, the shear relaxation modulus,   , could be obtained 

automatically by DSR software according to the following equation: 

            (26)  



30 
 

where      is the maximum measured shear stress, and      is the maximum imposed shear strain. A 

series of experiments were done varying with a range of test temperatures (-6
o
C, -5

o
C, -4

o
C, and 0

o
C). 

 

 

Figure 43. Conducting the experiment with the sample placed on the instrument plate. 
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4. COMPUTIONAL PROCEDURE  

 

4.1. Shear relaxation modulus determination from indentation tests  

The parameter of interest here is the relaxation shear modulus,      .This property of bitumen will be 

determined based on the procedure developed by Larsson and Carlsson (1998) for Brinell indentation test, 

see Figure 44. The method is summarized as follows. Two involving quantities, load and displacement, 
which are measured from the experiment, are expressed by eq. (27) and eq. (28) respectively. 

   
     

 

       
 (27)  

where P is the force; a is the contact radius between the indenter and the solid; D is the indenter diameter; 

and   is Poisson’s ratio, and 

       
         

          
 (28)  

where       is the circumferential component of strain outside the contact area and r is indicated in 

Figure 44.  

Moreover, according to Graham (1965), when the contact area is non-decreasing, the radius of contact, 

    , and the indentation depth, h(t), has the relation 

 
     

     
 

 

 
   (29)  

Under a relaxation test, a constant prescribed indentation depth, which is expressed by            , 
where      denotes the Heaviside step function, is applied, allowing the contact radius to be determined 

by             where    and    are constant depth and contact radius respectively. Combining 
equations (27) to (29) and applying the viscoelastic correspondence principle result in two integral 

relations 

           
 

 

 
  

    
                  

 

 

 (30)  

and                     
 

 

  
   

 

     
            

 

 

 (31)  

Here, in eq. (30) - (31), P(t) and         are experimentally measured and        and      are material 

properties required. However, in the linear range, viscoelastic Poisson’s ratio is assumed to be constant 

(      in the present case), leading to a simple formula for shear modulus determination as 

       
           

    
  (32)  
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Figure 44. Contact between a spherical indenter and a viscoelastic half-space.  

In order to compute shear modulus of relaxation behavior,       the contact radius history, a(t), should be 

determined first by substituting the recorded      into eq. (29), reading 

              (33)  

Here R. is the indenter radius. Then according to            ,    is determined. With    and 

measured      at hand,       can finally be calculated using eq. (32) or  

       
           

   
  (34)  

in terms of indenter radius, R. 

It should be noted that creep compliance,     , of the viscoleastic material can also be determined with the 

shear modulus known due to their conversation relation (Gudmundson 2007) as 

             
   

  
  

 

 

 (35)  

4.2. Prony series fitting 

Prony series is utilized in the present investigation to describe the relaxation behavior of bitumen 
subjected to the indentation tests. Prony series or the generalized Maxwell model is a series of several 

Maxwell models and one single spring connected in parallel, see Figure 45. The Maxwel chain i
th
 has the 

relaxation modulus    and viscosity     with the relaxation time    
  

  
 while the single spring which 

plays the role of elastic behavior of the material after unloading has the stiffness   . Eq. (36) shows the 

relation between the relaxation modulus of the model and that of each term in model.  

             
     

 

   

 (36)  

where N denotes the number of chains in the model. The more chains the more accurately the model 

describes the material. Fitting the experimental behavior of bitumen by Prony series means to minimize 

the error between the predicted and the experimental values by adjusting the number N and 

coefficients   ,   , and   . Alternatively, Prony series can also be defined by 
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 (37)  

with          
 
    and    

  

  
.  

Equation (36) or (37) is employed to model the relaxation indentation response of bitumen under two 

conditions, fixed stiffness    and fixed relaxation time   .   

 

Figure 45. Prony series model. 

4.3. Elastic solution based on the theory of Hertz 

According to Hertz theory of elastic contact problem (Johnson 1985), the relation between the indentation 

depth,      and the load      is 

       
       

 

      
     (38)  

where E
*
 is calculated as    

   

   
    , with      . Therefore, the load,     , varies with 

indentation depth,     , as 

      
  

 
        

      (39)  

Applying to this study with the small indenter, R=5 mm, eq. (38) becomes 

                   
      (40)  

and with the big indenter, R=12.7 mm, eq. (38) becomes 

                   
      (41)  

Fitting the experimental P-h curve, using eq. (40) or (41) allows the comparison between the 

experimental responses with analytically elastic behavior of the material under indentation tests. 
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5. RESULTS AND DISCUSSION 

 
5.1. Instrumented indentation testing 

 

5.1.1. Average results from indentation tests 

For each level of indentation depth (0.1 mm and 0.254 mm) at least five tests were performed at various 
locations on the specimen. From the measurement the penetration history, h(t), the loading history, P(t), 

and corresponding load-penetration curve, P(h) are respectively presented. The P(t) is then calibrated by 

setting the time at the peak of the load as zero and starting the curve at that peak. The calibrated loading 

history curve Pcali(t) is used to calculate relaxation modulus, G1(t). According to the computational 
procedure above, eq. (33) and (34) are adopted to determine contact radius, a(t), and the shear relaxation 

modulus, G1(t). It should be noted that each curve presented in this section are obtained as the average of 

the series of tests conducted for each depth level and each indenter radius.  

Indentation tests with small indenter, R = 5 mm 

With the small indenter, five tests were conducted for each penetration level. The average h(t), P(t), and 

P(h) curves are shown in Figure 46-48 while the mean curves of Pcali(t), a(t), and G1(t) are found in 

Figure 49-51. 

 

Figure 46. Two prescribed penetrations applied on the material, h=0.1mm and h=0.254mm, with indenter radius of R=5mm. 

 

Figure 47. The changes of the loads with time when h=0.1mm and h=0.254mm with indenter radius of R=5mm. 



35 
 

 

Figure 48. Load-penetration curves when bitumen is subjected to by two displacement levels, h=0.1mm and h=0.254mm, with 
the 5 mm radius indenter. 

 

Figure 49. Modified load-time curves with 5mm radius indenter, h=0.1mm and 0.254mm. Compared with Figure 2, they start 

at the maximum value of the load and the time point at this peak is set to be zero. 

 

Figure 50. Contact radii on the material indented by two displacements, h=0.1mm and h=0.254mm, by the 5 mm radius 
indenter. 
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Figure 51. Shear relaxation modulus of the material at two different indentation depths, h=0.1mm and h=0.254mm with the 
small ball, R=5mm. 

 

Figure 52. Two prescribed penetrations applied on the material, h=0.1mm and h=0.254mm, with indenter radius of 
R=12.7mm. 

Indentation tests with big indenter, R = 12.7 mm 

Using big indenter, six tests were conducted for penetration level h=0.1 mm and eight tests were done for 
h=0.254 mm. The average h(t), P(t), P(h) curves are shown in Figure 52-54 while those for Pcali(h),  a(t), 

and G1(t) can be found in Figure 55-57. 
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Figure 53. The changes of the loads with time when h=0.1mm and h=0.254mm with indenter radius of 

R=12.7mm. 

 

Figure 54. Load-penetration curves when bitumen is subjected to by two displacement levels, h=0.1mm and h=0.254mm, with 
the 12.7 mm radius indenter. 

 

Figure 55. Modified load-time curves with 12.7mm radius indenter, h=0.1mm and 0.254mm. 
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Figure 56. Contact radii on the material indented by two displacements, h=0.1mm and h=0.254mm, by the 12.7 mm radius 
indenter. 

 

Figure 57. Shear relaxation modulus of the material at two different indentation depths, h=0.1mm and h=0.254mm with the 
bigger ball, R=12.7mm. 

It can be seen from Figure 51 and 57 that shear modulus curves in both cases (small and big balls) show 

apparent relaxing paths with time. Nevertheless, while G1(t) curves for small indenter converge well 
during the measuring time those for big indenter reveal a difference at large between them which should 

be convergent theoretically. It is possible that the bitumen requires more time to relax the stress under the 

bigger indenter and higher applied penetration. This means the convergence can be seen at the time larger 

than 50 s.  

5.1.2. Evaluation of the repeatability  

Results of shear modulus determined from each test were plotted together with their mean values. 

Therefore, the scatter of data can be evaluated. Figure 58-59 show the scatter of data of small ball 

indentation tests while those for tests using big ball are illustrated in Figure 60-61. Figure 59 and 61 
show that the data between tests themselves and between each test and their average converges is much 

better when the indenter-specimen contact becomes larger due to greater penetration depth, h = 0.254 
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mm. Moreover, shear modulus results from each test under indenter R=12.7 mm and penetration 

h=0.1mm considerably scattered. This might be attributed to temperature variations 

 

Figure 58. Scatter of 5 tests data with the indenter, R=5mm and the indentation depth h=0.1mm compared with their mean 

value. 

 

 

Figure 59. Scatter of 5 tests data with the indenter, R=5mm and the indentation depth h=0.254mm compared with their mean 
value 
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Figure 60. Scatter of 6 tests data with the indenter, R=12.7mm and the indentation depth h=0.1mm. 

 

Figure 61. Scatter of 8 tests data with the indenter, R=12.7mm and the indentation depth h=0.254mm. 

A simple comparison between tests can be found in Table 5, where parameters of interest of bitumen 

indentation response are presented, i.e. constant contact radius, a0, relaxation modulus at the initial time, 
G1(t=0), and the end monitoring time, G1(t=50 s). Accordingly, the contact area increases with the 

increase of the indenter size and the indentation depth. The variability of shear modulus values at t=0 

indicates their dependency on the indenter radius and penetration depth. It is natural that at t=50 s, the 
modulus values become very small because the material relaxes the stress more and more with time. The 

shear relaxation modulus obtained from indentation tests qualitatively shows proper viscoelastic behavior. 
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Table 5.  Summary of shear relaxation modulii and contact radius of indentation tests using two indenters at two indentation 
depth levels.  

Indenter 

radius, 

R (mm) 

Prescribed 

indentation 

depth, 

h (mm) 

Testing 

times 

Test 

temperature, 
o
C 

Contact 

radius, 

a0 

(mm) 

Relaxation 

modulus, 

at t=0 G1 

(MPa) 

Relaxation 

modulus, 

at t=50 G1 

(MPa) 

5 

0.1 

1 -5.2 

0.710 

48.781 2.344 

2 -5.2 52.538 3.319 

3 -5.1 48.506 4.135 

4 -5 54.515 4.994 

5 -5 54.834 3.742 

average 51.824 3.699 

0.254 

1 -4.9 

1.129 

42.994 4.128 

2 -4.9 42.559 3.985 

3 -4.9 40.687 3.616 

4 -4.2 42.207 3.355 

5 -4.2 43.773 4.115 

average 42.446 3.841 

12.7 

0.1 

1 -5.9 

1.132 

33.232 4.618 

2 -5.9 49.451 8.909 

3 -5.7 45.433 4.756 

4 -5.7 33.236 5.233 

5 -5.8 27.169 3.675 

6 -5.8 48.151 8.477 

average 39.445 5.946 

0.254 

1 -5.6 

1.797 

34.208 7.556 

2 -5.7 35.786 7.802 

3 -5.7 35.999 7.705 

4 -5.9 36.364 7.793 

5 -5.9 33.894 7.622 

6 -5.8 31.944 6.789 

7 -5.9 35.030 8.485 

8 -5.8 35.918 8.354 

average 34.893 7.763 

 

5.2. Prony series fitting and comparisons between indentation responses and elastic responses of 

bitumen during loading phase  

 

5.2.1. Prony series  

Applying the procedure of Prony series curve fitting presented in section 4.2 (using eq. (36) and (37)) 

produces the results for each case of indenters. Two fitting conditions are fixed stiffness Ge and fixed 

relaxation times τi. In the first condition, Ge values were selected and the other coefficients in the general 
model were adjusted whereas fixed relaxation times τi is to select values of τi increasing from 0.01 with a 

factor of 10, meaning the relaxation time increases 10 times through chains.  



42 
 

Small ball - R=5 mm 

Figure 62-63 show fitting curves for two fitting conditions at the penetration depth h=0.1 mm and Figure 

64-65 show those for h=0.254 mm. The results of fitting constants Gi and τi together with the general 

Prony series model of each case are summarized in Table 6. 

 

Figure 62.  Fixed Ge fitting of shear relaxation modulus versus time curve (R=5.0 mm, h=0.1 mm). 

 

Figure 63.  Fixed τi fitting of shear relaxation modulus versus time curve (R=5.0 mm, h=0.1 mm). 
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Figure 64. Fixed Ge fitting of shear relaxation modulus versus time curve (R=5.0 mm, h=0.254 mm). 

 

Figure 65.  Fixed τi fitting of shear relaxation modulus versus time curve (R=5.0 mm, h=0.254 mm). 
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Table 6.  Summary of fitting constants and generalized model of Prony series in the case of small indenter, R=5mm. 

Indenter 

R=5 mm 
(Fixed  

stiffness Ge) 

Coefficients 

of shear 

relaxation 

modulus 

h=0.1mm 

(SSE: 
466.04, 

AdjSquare: 

0.9949) 

h=0.254mm 

(SSE: 44.98, 

AdjSquare: 
0.9994) 

Normalized 

coefficients 
h=0.1mm h=0.254mm 

Ge(MPa) 2.843 2.843 Go(MPa) 51.146 41.320 

G1(MPa) 15.668 7.763 g1 0.306 0.188 

G2(MPa) 7.944 10.329 g2 0.155 0.250 

G3(MPa) 10.729 11.402 g3 0.210 0.276 

G4(MPa) 13.962 8.983 g4 0.273 0.217 

check: sum of gi<1: ok 0.944 0.931 

Coefficients 

of time 
h=0.1mm h=0.254mm 

Relaxation 

 time τ 
h=0.1mm h=0.254mm 

t1 2.110 0.045 τ1 (s) 0.474 22.436 

t2 0.047 12.858 τ2 (s) 21.358 0.078 

t3 0.318 1.615 τ3 (s) 3.148 0.619 

t4 23.818 0.281 τ4 (s) 0.042 3.563 

General 

model 
h=0.1 mm 

2.843+15.668*exp(-t/0.474)+7.944*exp(-t/21.358)+10.729*exp(-t/3.148)+13.962*exp(-
t/0.042) 

General 

model 
h=0.254mm 

2.843+7.763*exp(-t/22.436)+10.329*exp(-t/0.078)+11.402*exp(-t/0.619)+8.983*exp(-

t/3.563) 

Indenter 

R=5 mm 
(Fixed 

relaxation 

time τi) 

Coefficients 

of shear 

relaxation 

modulus 

h=0.1mm 

(SSE: 

713.38, 

AdjSquare: 
0.9923) 

h=0.254mm 

(SSE: 331.96, 
AdjSquare: 

0.9958) 

Normalized 

coefficients 
h=0.1mm h=0.254mm 

Ge(MPa) 4.020 4.117 Go(MPa) 52.085 42.436 

G1(MPa) 5.175 1.829 g1 0.099 0.043 

G2(MPa) 15.280 11.810 g2 0.293 0.278 

G3(MPa) 15.610 12.840 g3 0.300 0.303 

G4(MPa) 12.000 11.840 g4 0.230 0.279 

check: sum of gi<1: ok 0.923 0.903 

Coefficients 

of time 
h=0.1mm h=0.254mm 

Relaxation 

 time τ 
h=0.1mm h=0.254mm 

t1 100 100 τ1 (s) 0.01 0.01 

t2 10 10 τ2 (s) 0.1 0.1 

t3 1 1 τ3 (s) 1 1 

t4 0.1 0.100 τ4 (s) 10 10 

General 

model 
h=0.1 mm 

4.02+5.175*exp(-t/0.01)+15.28*exp(-t/0.1)+15.61*exp(-t)+12*exp(-t/10) 

General 

model 
h=0.254mm 

4.117+1.829*exp(-t/0.01)+11.81*exp(-t/0.1)+12.84*exp(-t)+11.84*exp(-t/10) 
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Big indenter - R=12.7 mm 

Similarly, for the case of big ball, the graphical fitting results are respectively shown in Figure 66 - 67 

(for h=0.1 mm) and Figure 68 – 69 (for h=0.254 mm) while quantitative outcomes are summarized in 

Table 7.    

 

Figure 66. Fixed Ge fitting of shear relaxation modulus versus time curve (R=12.7 mm, h=0.1 mm). 

 

Figure 67. Fixed τi fitting of shear relaxation modulus versus time curve (R=12.7 mm, h=0.1 mm). 
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Figure 68.  Fixed Ge fitting of shear relaxation modulus versus time curve (R=12.7 mm, h=0.254 mm). 

 

Figure 69.  Fixed τi fitting of shear relaxation modulus versus time curve (R=12.7 mm, h=0.254 mm). 
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Table 7. Summary of fitting constants and generalized model of Prony series in the case of big indenter, R=12.7mm. 

Indenter 

R=12.7 

mm 
(Fixed  

stiffness Ge) 

Coefficients 

of shear 

relaxation 

modulus 

h=0.1mm 

(SSE: 
11.173, 

AdjSquare: 

0.9998) 

h=0.254mm 

(SSE: 7.29, 

AdjSquare: 
0.9999) 

Normalized 

shear 

relaxation 

modulus 

h=0.1mm h=0.254mm 

Ge(MPa) 5.1 5.68 Go(MPa) 36.950 33.288 

G1(MPa) 9.338 5.991 g1 0.253 0.180 

G2(MPa) 8.356 5.952 g2 0.226 0.179 

G3(MPa) 6.390 6.402 g3 0.173 0.192 

G4(MPa) 7.765 9.263 g4 0.210 0.278 

check: sum of gi<1: ok 0.862 0.829 

Coefficients  

of time 
h=0.1mm h=0.254mm 

Relaxation 

 time τ 
h=0.1mm h=0.254mm 

t1 0.047 5.056 τ1 (s) 21.103 0.198 

t2 1.921 0.808 τ2 (s) 0.521 1.238 

t3 16.341 0.177 τ3 (s) 0.061 5.643 

t4 0.325 0.030 τ4 (s) 3.078 33.622 

General 

model 
h=0.1 mm 

5.1+9.338*exp(-t/21.0103)+8.356*exp(-t/0.521)+6.39*exp(-t/0.061)+7.765*exp(-t/3.078) 

General 

model 
h=0.254mm 

5.68+5.991*exp(-t/0.198)+5.952*exp(-t/1.238)+6.402*exp(-t/5.643)+9.263*exp(-t/33.622) 

Indenter 

R=12.7 

mm 
(Fixed 

relaxation 

time τi) 

Coefficients 

of shear 

relaxation 

modulus 

h=0.1mm 

(SSE:620.51, 

AdjSquare: 

0.9913) 

h=0.254mm 

(SSE: 935.45, 

AdjSquare: 

0.9868) 

Normalized 

coefficients 
h=0.1mm h=0.254mm 

Ge(MPa) 6.549 8.6 Go(MPa) 37.277 34.792 

G1(MPa) 0.616 1.417E-05 g1 0.017 4.07E-07 

G2(MPa) 8.970 6.950 g2 0.241 0.200 

G3(MPa) 8.532 5.862 g3 0.229 0.168 

G4(MPa) 12.610 13.380 g4 0.338 0.385 

check: sum of gi<1: ok 0.824 0.753 

Coefficients 

of time 
h=0.1mm h=0.254mm 

Relaxation 

 time τ 
h=0.1mm h=0.254mm 

t1 100 100 τ1 (s) 0.01 0.01 

t2 10 10 τ2 (s) 0.1 0.1 

t3 1 1 τ3 (s) 1 1 

t4 0.1 0.1 τ4 (s) 10 10 

General 

model 
h=0.1 mm 

6.549+0.616*exp(-t/0.01)+8.97*exp(-t/0.1)+8.532*exp(-t)+12.61*exp(-t/10) 

General 

model 
h=0.254mm 

8.6+1.417e-5*exp(-t/0.01+6.95*exp(-t/0.1)+5.862*exp(-t)+13.38*exp(-t/10) 
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It is obvious from the graphs that shear modulus of bitumen determined by indentation tests are fitted 

with the prediction of Prony series model. High fitting goodness was found, i.e. adjusted squares have 

   of at least 0.9868, see Table 6 -7. Values of shear modulus Gi, especially Ge which represents the 

elastic behavior after stresses have been relaxed, in Table 6 -7 agree relatively well with those of G1 at 

the end of measured time t = 50 s in Table 5. In addition, comparing the results of two fitting conditions 

exhibits that corresponding Gi values are almost in the similar order. These findings leads to a conclusion 
that bitumen shear relaxation modulus can be modeled by Prony series. This contributes to validate the 

major target of the project which is the feasibility of instrumented indentation testing technique for 

viscoelastic characterization of bitumen.   

5.2.2. Bitumen indentation behavior prediction of elastic solution during loading phase  

In order to compare indentation responses and elastic prediction, loading portions were extracted from 

load-penetration curves of all tests (from Figure 48 and 54) and presented in Figure 70 and 73. The 

relations of elastic solution in eq. (40) – (41) were adopted to fit the indentation responses under each 

indenter by adjusting constant G1. Fitting results are visualized by graphs and summarized in Table 8. 
Hereby, in terms of quantity, the elastic response produced values relatively agreeing with the ones of 

indentation behavior, which is indicated by the small value differences between curves and G1 constants 

in elastic general model consistent with initial shear modulus values in indentation tests, G1(t=0), in 
Table 5. Nevertheless, the tendency of elastic solution curves appears to go upwards at the point where 

indentation force starts to fall. The accuracy of fitting was not high either with low goodness indicators 

shown in the fitting result table (Table 8). The discrepancy between the elastic solutions and the 
measured curves indicate the presence of viscoelastic effects during loading. 

Small indenter - R=5 mm 

Under the small ball, the loading data in Figure 70 was utilized to consider the prediction of elastic 

solution. Results of fitting are presented in Figure 71-72 respectively for two indentation displacements h 

= 0.1 mm and h = 0.254 mm.  

 

Figure 70. Loading portions extracted from load-penetration curves under small indenter, R=5 mm. 
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Figure 71. Elastically fitting the loading part of P-h curve under small indenter at penetration h=0.1 mm. 

 

Figure 72. Elastically fitting the loading part of P-h curve under small indenter at penetration h=0.254 mm. 

Big indenter, R=12.7 mm 

The results of elastic solution fitting of bitumen indentation responses at two penetration depths h = 0.1 

mm and h = 0.254 mm with indenter R = 12.7 mm are described in Figure 74-75 respectively, using 

extracted loading data in Figure 73. 
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Figure 73. Loading portions extracted from load-penetration curves under big indenter, R=12.7 mm. 

 

Figure 74. Elastically fitting the loading part of P-h curve under big indenter at penetration h=0.1 mm. 

 

Figure 75. Elastically fitting the loading part of P-h curve under big indenter at penetration h=0.254 mm. 
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Table 8. Numerical elastic fitting results of indentation responses of bitumen with two indenters (R=5 mm and 12.7 mm) at 
two penetration depths (h=0.1 mm and 0.254 mm). 

Indenter 

radius 

R (mm) 

Indentatation  

depth (mm) 
General model 

Coefficient G1 

(with 95% 

confidence 

bounds) 

Goodness 

(SSE) 

Goodness 

(AdjSquare) 

5 
0.1 

11.9257*G1*h^(3/2) 
55.88 13.0757 0.9664 

0.254 45.63 141.4531 0.9651 

12.7 
0.1 

19.0064*G1*h^(3/2) 
41.2 31.4674 0.9385 

0.254 36.99 220.8546 0.9673 

  

 

5.3. Stress relaxation testing using DSR  

In Dynamic Shear Rheometer (DSR) tests, a small plate of the considered bitumen was applied a 
prescribed strain of 2% which is less than 4% as the maximum used in indentation tests. The bitumen 

responses to such a strain, shear stress, were recorded. A series of tests were performed at a range of 

temperature (-6
o
C, -5

o
C, -4

o
C, 0

o
C) which is the same test temperature range of indentation tests. The 

parameter of interest, shear relaxation modulus is directly extracted from the instrument calculation 

according to eq. (26) and compared with the ones obtained by indentation tests at the time t=50 s. Figure 

76 and 79 show the comparisons relaxation modulus obtain from DSR, G1-DSR, at each temperature with 

the average of those determined by indentation testing, G1-Ind, for small and big ball indenters 
respectively. As expected G1-DSR at -5

o
C converges better with two mean values of G1-Ind at two 

penetration depth levels than that at other temperatures for the case of R=5mm. However, the similar 

convergence is found at the temperature -6
o
C of DSR tests for R=12.7mm. To allow for the testing 

condition correlation of the comparison between two testing methods, shear modulus from DSR tests, G1-

DSR, at -5
o
C was used to compare with G1-Ind obtained from each indentation test. Results from this 

comparison were plotted in Figure 77 and 78 for small indenter and Figure 80 and 81 for the big one. A 

good agreement of G1-DSR and G1-Ind was again found under small ball. The longer the time the more 
consistent the results are. This is however not the case for big ball which there are differences between G1-

Ind and G1-DSR in which at shallow penetration, shear modulus from several of six indentation tests 

converge with  G1-DSR from DSR test while at the deeper penetration, the difference increases 
considerably. The possible error here may be the variation of the applied strain in two testing setup where 

due to lower strain bitumen under DSR relaxes stress faster than it does under indentation, see Figure 81.   

As a whole, despite the presence of the differences, the consistency of results from DSR and indentation 

tests is dominant, particularly at the large time. Values of shear modulus from DSR tests at the considered 

time t=50 s presented in Table 9 also indicate a similarity as those from indentation testing. These 

observations contribute to validate the measurements of instrumented indentation tests in characterizing 
the viscoelastic properties of bitumen at macro level. 

Table 9. Shear relaxation modulus of DSR tests at time t=50 s for different test temperatures.  

Interval 

Time (s) 

Relaxation modulus from DSR, 

G1, at various temperatures , (Mpa) 

50.3 
-6 °C -5 °C -4 °C 0 °C 

5.330 3.748 2.806 1.196 
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Figure 76. G1 from stress relaxation tests compared with mean of G1 at h=0.1mm and 0.254 mm from indentation tests with 

R=5mm.  

 

Figure 77. G1 from stress relaxation test at -5
o
C compared with average G1obtained from indentation tests with h= 0.1mm 

and R=5mm.  
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Figure 78. G1 from stress relaxation test at -5
o
C compared with average G1obtained from indentation tests with h= 0.254mm 

and R=5mm. 

 

 

Figure 79. G1 from stress relaxation tests compared with the mean of G1 at h=0.1mm and 0.254 mm from indentation tests 
with R=12.7mm. 

 



54 
 

 

Figure 80. G1 from stress relaxation test at -5
o
C compared with average G1obtained from indentation tests with h= 0.1mm 

and R=12.7mm. 

 

Figure 81.  G1 from stress relaxation test at -5
o
C compared with average G1obtained from indentation tests with h= 

0.254mm and R=12.7mm.  
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6. CONCLUSIONS  

At the state of the art review, instrumented indentation has proved its potential for the investigation of 

bitumen mechanical properties. In the wide range of test conditions, i.e., from low to high test 

temperatures (-14
o
C to 23

o
C), at different load or penetration levels (nano-, micro-, or macro-scale), and 

with various indenter tip geometries (spherical, flat-ended, or Berkovich tip), indentation testing 

technique has been used to characterize elastic, viscoelastic properties of bitumen. In terms of response of 

bitumen to indentation, the impacts of indenter geometries, test temperature, maximum load, loading rate, 
bitumen modifiers on bituminous materials behavior have also been studied. In addition, the use of 

instrumented indentation testing for bitumen binders study is addressed. Microstructure investigation and 

specification grading of asphalt binder are two application of indentation testing that has been found. It 
can been stated from the review that the ultilization of instrumented indentation testing into bitumen 

binder characterization has been increasing, yet the attempts at macro level and the usage of spherical 

indenters is not adequate. 

In the present study, instrumented indentation tests were employed to characterize the viscoelastic 

property, which is shear relaxation modulus, of bitumen. The indentation relaxation tests were performed 

at the indentation depths h = 0.1 mm and 0.254 mm with the temperature of -5
o
C using spherical indenters 

of radius of R = 5 mm and 12.7 mm. The measurement of the bitumen responses to indentation was 

verified by the comparison with Prony series fitting, elastic solution and a conventional testing method, 

stress relaxation testing using DSR. From the study, the following conclusions can be drawn 

- The results of shear relaxation modulus obtained from the indentation tests show the viscoelastic 

behavior. Shear modulus values of two indentation depths achieved from small indenter show a 

better consistency than those from big indenter. With at least five tests were conducted for each 
depth-indenter radius combination, the repeatability of the data can be studied. Hereby, at the 

greater indentation depths the data show better convergence. Whereas data for big indenter and 

depth scatter more than the others. This difference can result from the temperature variation 
between tests.   

- Prony series fitting was performed with two fitting conditions, the fixed stiffness Ge of the single 

spring in generalized model and the fixed relaxation time τi. The fitting results indicated that it is 
possible to describe the shear relaxation modulus obtained from indentation testing by Prony 

series model. A discrepancy was also found when compare elastic solutions with measurements 

of indentation tests and this took into account for the viscoelastic behavior of bitumen during 

loading.  
- Stress relaxation tests using DSR were performed at different test temperatures (-6

o
C, -5

o
C, -4

o
C, 

0
o
C) with the applied strain of 2% in order to verify the measurements of indentation tests. The 

shear modulus resulted from DSR delivered a good consistency with those from indentation.  

In summary, validations established above contribute to justify the feasibility of instrumented 

indentation testing technique for characterization of a viscoelastic property, shear relaxation modulus, 

of bitumen on macro-scale. The extension of mechanical properties of interest, i.e. adhesive 
properties, of bitumen and the validating methods such as using BBR tests are suggestions for further 

study on the project in order to establish a full verification of the applicability of instrumented 

indentation testing to determination of mechanical properties of bitumen.     
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Appendix - Matlab codes 

Small ball 

  
% Calutation of shear modulus for ball R=5mm  

%% Indentation depth h=0.1mm 

  %%% Raw data of test 1 

      time1=(IN13(:,1))/1000;%time 

      load1=-IN13(:,4);%load  

      displ1=-IN13(:,2);%indentation depth 

  %%%% Used data of test 1 

      t1=time1(2:5007)-time1(2);%time 

      P1=load1(2:5007)-load1(2);%load 

      h1=displ1(2:5007)-displ1(2);%indentation depth 

  %%% Raw data of test 2 

      time2=(IN14(:,1))/1000;%time 

      load2=-IN14(:,4);%load       

      displ2=-IN14(:,2);%indentation depth 

  %%%% Used data of test 2 

      t2=time2(2:5007)-time2(2);%time 

      P2=load2(2:5007)-load2(2);%load 

      h2=displ2(2:5007)-displ2(2);%indentation depth 

  %%% Raw data of test 3 

      time3=(IN15(:,1))/1000;%time 

      load3=-IN15(:,4);%load       

      displ3=-IN15(:,2);%indentation depth 

  %%%% Used data of test 3    

      t3=time3(2:5007)-time3(2);%time 

      P3=load3(2:5007)-load3(2);%load 

      h3=displ3(2:5007)-displ3(2);%indentation depth 

  %%% Raw data of test 4 

      time4=(IN16(:,1))/1000;%time 

      load4=-IN16(:,4);%load       

      displ4=-IN16(:,2);%indentation depth 

  %%%% Used data of test 4 

      t4=time4(2:5007)-time4(2);%time 

      P4=load4(2:5007)-load4(2);%load 

      h4=displ4(2:5007)-displ4(2);%indentation depth 

  %%% Raw data of test 5 

      time5=(IN17(:,1))/1000;%time 

      load5=-IN17(:,4);%load       

      displ5=-IN17(:,2);%indentation depth 

  %%%% Used data of test 5 

      t5=time5(2:5007)-time5(2);%time 

      P5=load5(2:5007)-load5(2);%load 

      h5=displ5(2:5007)-displ5(2);%indentation depth 

  

%% Indentation depth h=0.254mm 

  %%% Raw data of test 6 

      time6=(IN18(:,1))/1000;%time 

      load6=-IN18(:,4);%load      

      displ6=-IN18(:,2);%indentation depth 

  %%%% Used data of test 6 

      t6=time6(2:5007)-time6(2);%time 

      P6=load6(2:5007)-load6(2);%load 

      h6=displ6(2:5007)-displ6(2);%indentation depth 

  %%% Raw data of test 7 

      time7=(IN19(:,1))/1000;%time 

      load7=-IN19(:,4);%load       

      displ7=-IN19(:,2); %indentation depth 

  %%%% Used data of test 7 

      t7=time7(2:5007)-time7(2);%time 

      P7=load7(2:5007)-load7(2);%load 

      h7=displ7(2:5007)-displ7(2);%indentation depth 

  %%% Raw data of test 8 

      time8=(IN20(:,1))/1000;%time 

      load8=-IN20(:,4);%load       



59 
 

      displ8=-IN20(:,2);%indentation depth 

  %%%% Used data of test 8 

      t8=time8(2:5007)-time8(2);%time 

      P8=load8(2:5007)-load8(2);%load 

      h8=displ8(2:5007)-displ8(2);%indentation depth 

  %%% Raw data of test 9 

      time9=(IN21(:,1))/1000;%time 

      load9=-IN21(:,4);%load       

      displ9=-IN21(:,2);%indentation depth 

  %%%% Used data of test 9 

      t9=time9(2:5007)-time9(2);%time 

      P9=load9(2:5007)-load9(2);%load 

      h9=displ9(2:5007)-displ9(2);%indentation depth 

  %%% Raw data of test 10 

      time10=(IN22(:,1))/1000;%time 

      load10=-IN22(:,4);%load       

      displ10=-IN22(:,2);%indentation depth 

  %%%% Used data of test 10 

      t10=time10(2:5007)-time10(2);%time 

      P10=load10(2:5007)-load10(2);%load 

      h10=displ10(2:5007)-displ10(2);%indentation depth 

       

%% Matrix construction of time, depth and load 

n=5; %number of tests for each indentation depth level 

%%% test1 - test 5 

t_01=[t1 t2 t3 t4 t5];% time matrix 

h_01=[h1 h2 h3 h4 h5];% indentation displacement matrix 

P_01=[P1 P2 P3 P4 P5];% load matrix 

%%% test 6 - test 10 

t_0254=[t6 t7 t8 t9 t10];% time matrix 

h_0254=[h6 h7 h8 h9 h10];% indentation displacement matrix  

P_0254=[P6 P7 P8 P9 P10];% load matrix 

  

%% Calculate the average load and displacement of n tests 

%%% test1 - test 5 

sum_h_01=sum(h_01'); 

average_h_01=sum_h_01'/5;% average indentation depth 

sum_P_01=sum(P_01'); 

average_P_01=sum_P_01'/5;% average indentation load 

%%% test 6 - test 10 

sum_h_0254=sum(h_0254'); 

average_h_0254=sum_h_0254'/5;% average indentation depth 

sum_P_0254=sum(P_0254'); 

average_P_0254=sum_P_0254'/5;% average indentation load 

  

%% Plot h(t), P(t), P(h) 

figure (1) 

plot(t1,average_h_01,t1,average_h_0254) 

axis([0,50,0,0.3]) 

xlabel('Time, t (sec)'), ylabel('Displacement, h (mm)') 

legend('h=0.1','h=0.254') 

  

figure (2) 

plot(t1,average_P_01,t1,average_P_0254) 

axis([0,50,0,90]) 

xlabel('Time, t (sec)'), ylabel('Load, P (N)') 

legend('h=0.1','h=0.254') 

  

figure (3) 

plot(average_h_01,average_P_01,average_h_0254,average_P_0254) 

axis([0,0.3,0,90]) 

xlabel('Displacement, h (mm)'), ylabel('Load, P (N)') 

legend('h=0.1','h=0.254') 

  

%% Calculation of contact radius, a(t), with a(t)^2=R*h(t) 

  

R=5; %indenter radius, R (mm) 
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[r n]=size(t_01); 

  

a_01=zeros(r,n);% a(t) for h=0.1 mm 

a_0254=zeros(r,n);% a(t) for h=0.254 mm 

for i1=1:n 

    a_01(:,i1)=sqrt(R*h_01(:,i1)); 

    a_0254(:,i1)=sqrt(R*h_0254(:,i1)); 

end 

  

%% Calculate the average contact radius a of n tests 

sum_a_01=sum(a_01'); 

average_a_01=sum_a_01'/5;% average a(t) of first five tests for h=0.1mm 

sum_a_0254=sum(a_0254'); 

average_a_0254=sum_a_0254'/5;% average a(t) of second five tests for h=0.254mm 

  

%%% Plot a(t) 

figure (4) 

plot(t1,average_a_01,t2,average_a_0254) 

axis([0,50,0,2]) 

xlabel('Time, t (sec)'), ylabel('Contact Radius, a (mm)') 

legend('h=0.1','h=0.254') 

  

%%% Calculation of constant contact radius a_0 and the average of a_0 

a_0_01=zeros(1,n);% a_0 for h=0.1 mm 

a_0_0254=zeros(1,n);% a_0 for h=0.254 mm 

  

for i2=1:n 

    a_0_01(:,i2)=sum(a_01(12:12+150,i2))/151; 

    a_0_0254(:,i2)=sum(a_0254(12:12+150,i2))/151; 

end 

average_a_0_01=sum(a_0_01')/n;% the average of a_0 for h=0.1 mm 

average_a_0_0254=sum(a_0_0254')/n;% the average of a_0 for h=0.254 mm 

  

%% Calibrate the Load-time curve in order to calculate shear modulus G1 

  %%% With h=0.1mm 

      t_01_cali=zeros(r,n); 

      P_01_cali=zeros(r,n); 

  

      for i3=1:n 

          i4=1; 

          while P_01(i4,i3)<max(P_01(:,i3)) 

                i4=i4+1; 

          end 

          t_01_cali(i4:r,i3)=t_01(i4:r,i3)-t_01(i4,i3); 

          P_01_cali(i4:r,i3)=P_01(i4:r,i3); 

      end 

  

      t_01_cali=t_01_cali(i4:r,1:n);%calibrated time for h=0.1 mm 

      P_01_cali=P_01_cali(i4:r,1:n);%calibrated load for h=0.1 mm 

  

  %%% With h=0.254mm 

      t_0254_cali=zeros(r,n); 

      P_0254_cali=zeros(r,n); 

  

      for i5=1:n 

          i6=1; 

          while P_0254(i6,i5)<max(P_0254(:,i5)) 

                i6=i6+1; 

          end 

          t_0254_cali(i6:r,i5)=t_0254(i6:r,i5)-t_0254(i6,i5); 

          P_0254_cali(i6:r,i5)=P_0254(i6:r,i5); 

      end 

  

      t_0254_cali=t_0254_cali(i6:r,1:n);%calibrated time for h=0.254 mm 

      P_0254_cali=P_0254_cali(i6:r,1:n);%calibrated load for h=0.254 mm 

    

      [r_cali c_cali]=size(P_0254_cali);    
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  %%% Calculate the average calibrated load P_cali of n tests 

      sum_P_01_cali=sum(P_01_cali'); 

      average_P_01_cali=sum_P_01_cali'/n; 

      sum_P_0254_cali=sum(P_0254_cali'); 

      average_P_0254_cali=sum_P_0254_cali'/n;     

   

  %%% Plot calibrated load-time curve, P_cali(t_cali) 

      figure(5) 

      plot(t_01_cali,average_P_01_cali,t_0254_cali,average_P_0254_cali) 

      axis([0,50,0,90]) 

      xlabel('Time, t (sec)'), ylabel('Load after calibrated, P (N)') 

      legend('h=0.1','h=0.254') 

  

%% Calculation of average shear relaxation modulus G1(t) 

  

v=0.5;% constant viscoelastic Poisson's ratio 

  

%%% With h=0.1mm 

    G1_01_i=zeros(r_cali,n); 

    for i7=1:n 

        G1_01_i(:,i7)=(P_01_cali(:,i7).*3*R*(1-v))./(8*a_0_01(i7)^3); 

    end 

  

%%% With h=0.254mm  

    G1_0254_i=zeros(r_cali,n); 

    for i8=1:n 

        G1_0254_i(:,i8)=(P_0254_cali(:,i8).*3*R*(1-v))./(8*a_0_0254(i8)^3); 

    end 

  

%%% Average shear modulus G1 for h=0.1 mm 

    sum_G1_01=sum(G1_01_i'); 

    average_G1_01=sum_G1_01'/n; 

%%% Average shear modulus G1 for h=0.254 mm 

    sum_G1_0254=sum(G1_0254_i'); 

    average_G1_0254=sum_G1_0254'/n; 

  

%%% plot G1(t) 

figure (6) 

plot(t_01_cali,average_G1_01,t_0254_cali,average_G1_0254) 

axis([0,50,0,60]) 

xlabel('Time, t (sec)'), ylabel('Shear relaxation modulus, G1 (MPa)') 

legend('h=0.1','h=0.254') 

  

%%% Plot to see the repeatability of results 

t01cali=t_01_cali(:,1); 

t0254cali=t_0254_cali(:,1); 

  

%%%% With h=0.1 mm 

figure(7) 

scatter(t01cali,G1_01_i(:,1),0.5,'*','r') 

hold on, scatter(t01cali,G1_01_i(:,2),0.5,'*','c') 

hold on,scatter(t01cali,G1_01_i(:,3),0.5,'*','y') 

hold on, scatter(t01cali,G1_01_i(:,4),0.5,'*','b') 

hold on, scatter(t01cali,G1_01_i(:,5),0.5,'*','m') 

hold on, plot(t01cali,average_G1_01,'-*k') 

axis([0,50,0,60]) 

xlabel('Time, t (sec)'), ylabel('Shear relaxation modulus, G1 (MPa)') 

legend('test1','test2','test3','test4','test5','mean value') 

title('R=5mm, h=0.1mm.') 

  

%%%% With h=0.254 mm 

figure(8) 

scatter(t0254cali,G1_0254_i(:,1),0.5,'*','r') 

hold on, scatter(t0254cali,G1_0254_i(:,2),0.5,'*','c') 

hold on,scatter(t0254cali,G1_0254_i(:,3),0.5,'*','y') 

hold on, scatter(t0254cali,G1_0254_i(:,4),0.5,'*','b') 
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hold on, scatter(t0254cali,G1_0254_i(:,5),0.5,'*','m') 

hold on, plot(t0254cali,average_G1_0254,'-*k') 

axis([0,50,0,60]) 

xlabel('Time, t (sec)'), ylabel('Shear relaxation modulus, G1 (MPa)') 

legend('test1','test2','test3','test4','test5','mean value') 

title('R=5mm, h=0.254mm.') 

  

   

%% Consider loading part of the P-h curve 

  

%%% With h=0.1mm 

h_01_loading=average_h_01(1:i4); 

P_01_loading=average_P_01(1:i4); 

  

%%% With h=0.254mm 

h_0254_loading=average_h_0254(1:i6); 

P_0254_loading=average_P_0254(1:i6); 

  

%%% Plot P- curves for loading part 

figure (9) 

plot(h_01_loading,P_01_loading,h_0254_loading,P_0254_loading) 

axis([0,0.3,0,90]) 

xlabel('Displacement, h (mm)'), ylabel('Load, P (N)') 

legend('h=0.1','h=0.254') 

 

Big ball 

 
% Calculation os shear modulus for ball R=12.7 mm 

%% Indentation depth h=0.1mm 

  %%% Raw data of test 1 

      time1=(IN23(:,1))/1000;%time 

      load1=-IN23(:,4);%load      

      displ1=-IN23(:,2);%indentation depth 

  %%%% Used data of test 1 

      t1=time1(2:5007)-time1(2);%time 

      P1=load1(2:5007)-load1(2);%load 

      h1=displ1(2:5007)-displ1(2);%indentation depth 

  %%% Raw data of test 2 

      time2=(IN24(:,1))/1000;%time 

      load2=-IN24(:,4);%load       

      displ2=-IN24(:,2);%indentation depth 

  %%%% Used data of test 2 

      t2=time2(2:5007)-time2(2);%time 

      P2=load2(2:5007)-load2(2);%load 

      h2=displ2(2:5007)-displ2(2);%indentation depth 

  %%% Raw data of test 3 

      time3=(IN25(:,1))/1000;%time 

      load3=-IN25(:,4);%load       

      displ3=-IN25(:,2);%indentation depth 

  %%%% Used data of test 3 

      t3=time3(1:5006)-time3(1);%time 

      P3=load3(1:5006)-load3(1);%load 

      h3=displ3(1:5006)-displ3(1);%indentation depth 

  %%% Raw data of test 4 

      time4=(IN26(:,1))/1000;%time 

      load4=-IN26(:,4);%load       

      displ4=-IN26(:,2);%indentation depth 

  %%%% Used data of test 4 

      t4=time4(2:5007)-time4(2);%time 

      P4=load4(2:5007)-load4(2);%load 

      h4=displ4(2:5007)-displ4(2);%indentation depth 

  %%% Raw data of test 5 

      time5=(IN27(:,1))/1000;%time 

      load5=-IN27(:,4);%load       

      displ5=-IN27(:,2);%indentation depth 

%%%% Used data of test 5 

      t5=time5(2:5007)-time5(2);%time 
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      P5=load5(2:5007)-load5(2);%load 

      h5=displ5(2:5007)-displ5(2);%indentation depth 

%%% Raw data of test 6 

      time6=(IN28(:,1))/1000;%time 

      load6=-IN28(:,4);%load       

      displ6=-IN28(:,2);%indentation depth 

%%%% Used data of test 6 

      t6=time6(2:5007)-time6(2);%time 

      P6=load6(2:5007)-load6(2);%load 

      h6=displ6(2:5007)-displ6(2);%indentation depth 

  

%% Indentation depth h=0.254mm 

  %%% Raw data of test 7 

      time7=(IN29(:,1))/1000;%time 

      load7=-IN29(:,4);%load       

      displ7=-IN29(:,2);%indentation depth 

  %%%% Used data of test 7 

      t7=time7(3:5008)-time7(3);%time 

      P7=load7(3:5008)-load7(3);%load 

      h7=displ7(3:5008)-displ7(3);%indentation depth 

  %%% Raw data of test 8 

      time8=(IN30(:,1))/1000;%time 

      load8=-IN30(:,4);%load       

      displ8=-IN30(:,2);%indentation depth      

  %%%% Used data of test 8 

      t8=time8(2:5007)-time8(2);%time 

      P8=load8(2:5007)-load8(2);%load 

      h8=displ8(2:5007)-displ8(2);%indentation depth 

  %%% Raw data of test 9     

      time9=(IN31(:,1))/1000;%time 

      load9=-IN31(:,4);%load       

      displ9=-IN31(:,2);%indentation depth 

  %%%% Used data of test 9 

      t9=time9(2:5007)-time9(2);%time 

      P9=load9(2:5007)-load9(2);%load 

      h9=displ9(2:5007)-displ9(2);%indentation depth 

  %%% Raw data of test 10 

      time10=(IN32(:,1))/1000;%time 

      load10=-IN32(:,4);%load       

      displ10=-IN32(:,2);%indentation depth 

  %%%% Used data of test 10 

      t10=time10(2:5007)-time10(2);%time 

      P10=load10(2:5007)-load10(2);%load 

      h10=displ10(2:5007)-displ10(2);%indentation depth 

  %%% Raw data of test 11 

      time11=(IN33(:,1))/1000;%time 

      load11=-IN33(:,4);%load       

      displ11=-IN33(:,2);%indentation depth 

  %%%% Used data of test 11 

      t11=time11(2:5007)-time11(2);%time 

      P11=load11(2:5007)-load11(2);%load 

      h11=displ11(2:5007)-displ11(2);%indentation depth 

  %%% Raw data of test 12 

      time12=(IN34(:,1))/1000;%time 

      load12=-IN34(:,4);%load       

      displ12=-IN34(:,2);%indentation depth 

  %%%% Used data of test 12 

      t12=time12(2:5007)-time12(2);%time 

      P12=load12(2:5007)-load12(2);%load 

      h12=displ12(2:5007)-displ12(2);%indentation depth 

  %%% Raw data of test 13 

      time13=(IN35(:,1))/1000;%time 

      load13=-IN35(:,4);%load       

      displ13=-IN35(:,2);%indentation depth 

  %%%% Used data of test 13 

      t13=time13(2:5007)-time13(2);%time 

      P13=load13(2:5007)-load13(2);%load 
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      h13=displ13(2:5007)-displ13(2); 

  %%% Raw data of test 14 

      time14=(IN36(:,1))/1000;%time 

      load14=-IN36(:,4);%load       

      displ14=-IN36(:,2);%indentation depth 

  %%%% Used data of test 14 

      t14=time14(2:5007)-time14(2);%time 

      P14=load14(2:5007)-load14(2);%load 

      h14=displ14(2:5007)-displ14(2);%indentation depth 

       

%% Matrix construction of time, depth and load 

n1=6; %number of tests for indentation depth h=0.1 mm 

t_01=[t1 t2 t3 t4 t5 t6];% time matrix 

h_01=[h1 h2 h3 h4 h5 h6];% indentation displacement matrix  

P_01=[P1 P2 P3 P4 P5 P6];% load matrix 

  

n2=8; %number of tests for indentation depth h=0.254 mm 

t_0254=[t7 t8 t9 t10 t11 t12 t13 t14];% time matrix 

h_0254=[h7 h8 h9 h10 h11 h12 h13 h14];% indentation displacement matrix  

P_0254=[P7 P8 P9 P10 P11 P12 P13 P14];% load matrix 

  

%% Calculate the average load and displacement of n tests 

%%% Test 1 - test 6 

    sum_h_01=sum(h_01'); 

    average_h_01=sum_h_01'/n1;% average indentation depth 

    sum_P_01=sum(P_01'); 

    average_P_01=sum_P_01'/n1;% average indentation load 

%%% Test 7 - test 14 

    sum_h_0254=sum(h_0254'); 

    average_h_0254=sum_h_0254'/n2; 

    sum_P_0254=sum(P_0254'); 

    average_P_0254=sum_P_0254'/n2; 

  

%% Plot h(t), P(t), P(h) 

figure (1) 

plot(t1,average_h_01,t1,average_h_0254)  

axis([0,50,0,0.3]) 

xlabel('Time, t (sec)'), ylabel('Displacement, h (mm)') 

legend('h=0.1','h=0.254') 

  

figure (2) 

plot(t1,average_P_01,t1,average_P_0254) 

axis([0,50,0,90]) 

xlabel('Time, t (sec)'), ylabel('Load, P (N)') 

legend('h=0.1','h=0.254') 

  

figure (3) 

plot(average_h_01,average_P_01,average_h_0254,average_P_0254) 

axis([0,0.3,0,90]) 

xlabel('Displacement, h (mm)'), ylabel('Load, P (N)') 

legend('h=0.1','h=0.254') 

  

%% Calculation of contact radius, a(t), with a(t)^2=R*h(t) 

  

R=12.7;%indenter radius, R (mm) 

[r1 n1]=size(t_01); 

[r2 n2]=size(t_0254); 

  

a_01=zeros(r1,n1);% a(t) for h=0.1 mm 

for i1=1:n1 

    a_01(:,i1)=sqrt(R*h_01(:,i1)); 

end 

a_0254=zeros(r2,n2);% a(t) for h=0.254 mm 

for i2=1:n2 

    a_0254(:,i2)=sqrt(R*h_0254(:,i2)); 

end 
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%% Calculate the average contact radius a of n tests 

sum_a_01=sum(a_01'); 

average_a_01=sum_a_01'/n1;% average a(t) of first five tests for h=0.1mm 

sum_a_0254=sum(a_0254'); 

average_a_0254=sum_a_0254'/n2;% average a(t) of second five tests for h=0.254mm 

  

%%% Plot a(t) 

figure (4) 

plot(t1,average_a_01,t2,average_a_0254) 

axis([0,50,0,2]) 

xlabel('Time, t (sec)'), ylabel('Contact Radius, a (mm)') 

legend('h=0.1','h=0.254') 

  

%%% Calculation of constant contact radius a_0 and the average of a_0 

a_0_01=zeros(1,n1);% a_0 for h=0.1 mm 

for i3=1:n1 

    a_0_01(:,i3)=sum(a_01(12:12+150,i3))/151; 

end 

average_a_0_01=sum(a_0_01')/n1;% the average of a_0 for h=0.1 mm 

  

a_0_0254=zeros(1,n2);% a_0 for h=0.254 mm 

for i4=1:n2 

    a_0_0254(:,i4)=sum(a_0254(12:12+150,i4))/151; 

end 

average_a_0_0254=sum(a_0_0254')/n2;% the average of a_0 for h=0.254 mm 

  

%% Calibrate the Load-time curve in order to calculate shear modulus G1 

  %%% With h=0.1mm 

      t_01_cali=zeros(r1,n1); 

      P_01_cali=zeros(r1,n1); 

  

      for i5=1:n1 

          i6=1; 

          while P_01(i6,i5)<max(P_01(:,i5)) 

                i6=i6+1; 

          end 

          t_01_cali(i6:r1,i5)=t_01(i6:r1,i5)-t_01(i6,i5); 

          P_01_cali(i6:r1,i5)=P_01(i6:r1,i5); 

      end 

  

      t_01_cali=t_01_cali(i6:r1,1:n1);%calibrated time for h=0.1 mm 

      P_01_cali=P_01_cali(i6:r1,1:n1);%calibrated load for h=0.1 mm 

  

   %%% With h=0.254mm 

      t_0254_cali=zeros(r2,n2); 

      P_0254_cali=zeros(r2,n2); 

  

      for i7=1:n2 

          i8=1; 

          while P_0254(i8,i7)<max(P_0254(:,i7)) 

                i8=i8+1; 

          end 

          t_0254_cali(i8:r2,i7)=t_0254(i8:r2,i7)-t_0254(i8,i7); 

          P_0254_cali(i8:r2,i7)=P_0254(i8:r2,i7); 

      end 

  

      t_0254_cali=t_0254_cali(i8:r2,1:n2);%calibrated time for h=0.254 mm 

      P_0254_cali=P_0254_cali(i8:r2,1:n2);%calibrated load for h=0.254 mm 

  

      [r_cali c_cali]=size(P_0254_cali); 

       

  %%% Calculate the average calibrated load P_cali of n tests 

      sum_P_01_cali=sum(P_01_cali'); 

      average_P_01_cali=sum_P_01_cali'/n1; 

      sum_P_0254_cali=sum(P_0254_cali'); 

      average_P_0254_cali=sum_P_0254_cali'/n2; 
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  %%% Plot calibrated load-time curve, P_cali(t_cali) 

      figure(5) 

      plot(t_01_cali,average_P_01_cali,t_0254_cali,average_P_0254_cali) 

      axis([0,50,0,90]) 

      xlabel('Time, t (sec)'), ylabel('Load after calibrated, P (N)') 

      legend('h=0.1','h=0.254') 

  

%% Calculation of average shear relaxation modulus G1(t) 

  

v=0.5;% constant viscoelastic Poisson's ratio 

  

%%% With h=0.1mm 

    G1_01_i=zeros(r_cali,n1); 

    for i9=1:n1 

        G1_01_i(:,i9)=(P_01_cali(:,i9).*3*R*(1-v))./(8*a_0_01(i9)^3); 

    end 

  

%%% With h=0.254mm  

    G1_0254_i=zeros(r_cali,n2); 

    for i10=1:n2 

        G1_0254_i(:,i10)=(P_0254_cali(:,i10).*3*R*(1-v))./(8*a_0_0254(i10)^3); 

    end 

  

%%% Average shear modulus G1 for h=0.1 mm 

    sum_G1_01=sum(G1_01_i'); 

    average_G1_01=sum_G1_01'/n1; 

%%% Average shear modulus G1 for h=0.254 mm 

    sum_G1_0254=sum(G1_0254_i'); 

    average_G1_0254=sum_G1_0254'/n2; 

  

%%% plot average G1(t) 

figure (6) 

plot(t_01_cali(:,1),average_G1_01,t_0254_cali(:,1),average_G1_0254) 

axis([0,50,0,60]) 

xlabel('Time, t (sec)'), ylabel('Shear relaxation modulus, G1 (MPa)') 

legend('h=0.1','h=0.254') 

  

%%% Plot to see the repeatability of results 

t01cali=t_01_cali(:,1);%time of each test is the same 

t0254cali=t_0254_cali(:,1);%time of each test is the same 

  

%%%% With h=0.1 mm 

figure(7) 

scatter(t01cali,G1_01_i(:,1),1,'*') 

hold on, scatter(t01cali,G1_01_i(:,2),1,'*') 

hold on,scatter(t01cali,G1_01_i(:,3),1,'*') 

hold on, scatter(t01cali,G1_01_i(:,4),1,'*') 

hold on, scatter(t01cali,G1_01_i(:,5),1,'*') 

hold on, scatter(t01cali,G1_01_i(:,6),1,'*') 

hold on, plot(t01cali,average_G1_01,'-*k') 

axis([0,50,0,60]) 

xlabel('Time, t (sec)'), ylabel('Shear relaxation modulus, G1(MPa)') 

legend('test1','test2','test3','test4','test5','test6','mean value') 

title('R=12.7mm, h=0.1mm.') 

  

%%%% With h=0.254 mm 

figure(8) 

scatter(t0254cali,G1_0254_i(:,1),1,'*') 

hold on, scatter(t0254cali,G1_0254_i(:,2),1,'*') 

hold on,scatter(t0254cali,G1_0254_i(:,3),1,'*') 

hold on, scatter(t0254cali,G1_0254_i(:,4),1,'*') 

hold on, scatter(t0254cali,G1_0254_i(:,5),1,'*') 

hold on, scatter(t0254cali,G1_0254_i(:,6),1,'*') 

hold on, scatter(t0254cali,G1_0254_i(:,7),1,'*','g') 

hold on, scatter(t0254cali,G1_0254_i(:,8),1,'*','m') 

hold on, plot(t0254cali,average_G1_0254,'-*k') 

axis([0,50,0,60]) 
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xlabel('Time, t (sec)'), ylabel('Shear relaxation modulus, G1 (MPa)') 

legend('test1','test2','test3','test4','test5','test6','test7','test8','mean value') 

title('R=12.7mm, h=0.254mm.') 

  

%% Consider loading part of the P-h curve 

  

%%% With h=0.1mm 

h_01_loading=average_h_01(1:i6); 

P_01_loading=average_P_01(1:i6); 

  

%%% with h=0.254mm 

h_0254_loading=average_h_0254(1:i8); 

P_0254_loading=average_P_0254(1:i8); 

  

%%% Plot P-h curves for loading part 

figure (9) 

plot(h_01_loading,P_01_loading,h_0254_loading,P_0254_loading) 

axis([0,0.3,0,90]) 

xlabel('Displacement, h (mm)'), ylabel('Load, P (N)') 

legend('h=0.1','h=0.254') 

 

 


