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Abstract

Sedimenting suspensions exist in a varity of natural phenomena and indus-
trial applications. It is already observed in experiments that the dilute fibre
suspensions experience a hydrodynamics instability under gravity at low Rey-
nolds numbers. Initially well-mixed suspensions become inhomogeneous and
anisotropic due to this instability. The main goal of this work is to understand
the instability in a dilute fibre suspension by means of an Eulerian approach
which is based on the Navier-Stokes equations coupled to Fokker-Planck equa-
tion for the PDF of fibres.

Using a linear stability analysis, we show that inertia and hydrodynamic
translational diffusion damp perturbations at long wavelengths and short wave-
lengths, respectively, leading to a wavenumber selection. For small, but finite
Reynolds number of the fluid bulk motion, the most unstable wavenumber is
a finite value which increases with Reynolds number, and where the diffusion
narrows the range of unstable wavenumbers. With periodic boundary condi-
tions, numerical simulations of the full non-linear evolution in time of a normal
mode perturbation show that the induced flow may either die or saturate on a
finite amplitude. The character of this long time behaviour is dictated by the
wavenumber and the presence or absence of the translational and rotational
diffusivities.

In a simulation domain confined by vertical walls, a series of alternating
structures of risers and streamers emerge continuously from the walls until they
meet in the middle of the domain. For moderate times, this agrees qualitatively
with experimental and theoretical results. Moreover, our simulation in a ves-
sel of infinite height obtained an increasing wavelength evolution due to the
congregation of the streamers or risers. In the end, there is constantly only
one streamer left, and it drifts randomly to one side of the container until the
evolution reaches a steady state. It is also found that the perturbations added
to the initial conditions can induce more high density regions whose sizes and
velocities are strongly linked to the initial perturbations of the number density
or the flow field. In addition, the maximum number of streamers increases with
Reynolds number, volume fraction and channel width.

Descriptors: Fokker-Planck equation, particle/fluid flow, suspension, insta-
bility
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Part I

Overview





CHAPTER 1

Introduction

Suspensions refer to particles dispersed in fluids, including aerosols, biological
fluids, and some industrial fluids. In common usage, a suspension refers to
solid particles as the dispersed state in a liquid.

Sedimenting suspensions exist in a variety of natural phenomena, such as
the sedimentation of rain drops and dust in the atmosphere, or sediment trans-
port in rivers and oceans. In industry, sedimentation of solid particles can be
used to clarify wastewater, to recover particles, to separate particles of different
densities or sizes. Also they are involved in some material processing applica-
tions, such as manufacture of fibre composites and paper (Guazzelli & Morris
2012). The sedimentation of fibre suspensions has been studied extensively in
recent years. However, it remains an unsolved problem (Guazzelli & Hinch
2011).

1.1. Instability of sedimentation

It is already known that the dilute fibre suspensions experience an instability
under gravity at low Reynolds numbers (Re). Due to this instability, initially
well-mixed suspensions become inhomogeneous and anisotropic. The fibres
tend to align in the direction of gravity, with occasional flipping, and clump
together to form high density downwards streamers which are balanced by
low density backflow regions. In semidilute regimes, fibres could flocculate,
and in concentrated regime, the suspension forms networks. This phenomenon
has been widely observed in experiments (Herzhaft & Guazzelli 1999; Herzhaft
et al. 1996; Metzger et al. 2007, 2005) and simulations (Butler & Shaqfeh 2002;
Gustavsson & Tornberg 2009; Mackaplow & Shaqfeh 1998; Saintillan et al.
2005, 2006c; Tornberg & Gustavsson 2006). However, some of the features
remain unsolved and the exact mechanism is still poorly understood. The main
difficulty is that the hydrodynamic interactions between the particles depend
on the microstructure of the suspension(the orientation and relative position of
the particles), which in turn is determined by the hydrodynamics. Due to this
strong feedback interaction, it is difficult to solve the sedimentation problem
(Metzger et al. 2007).
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2 1. INTRODUCTION

1.2. Review

1.2.1. Theroies

Koch & Shaqfeh (1989) predicted that the instability would happen even in the
absence of inertia and diffusive effects. The mechanism identified by them relied
on the coupling between the orientation of the settling non-spherical particles
and the flow field induced by the density perturbation. Using a linear stability
analysis in an unbounded homogeneous suspension, they found that the nor-
mal mode density perturbation with the maximum growth rate were those of
infinite horizontal wavelength. In a bounded system, the container limits the
size of the largest wavelength. However, they didn’t believe that such long
wavelength fluctuations would in fact develop. Additionally, they suggested
that the clustering of fibres could result in enhancement of the sedimentation.
Recently, taking account of the inertia of the bulk motion, Dahlkild (2011)
used the mixture theory for two phase flow and found a finite wavelength that
had the largest growth rate, and this theoretical result agreed qualitatively well
with the experiments of Metzger et al. (2007).

1.2.2. Experiments

The instability has been widely reported in a series of experiments. In dilute
suspensions, Kumar & Ramarao (1991) observed the formation of large floc-
like structures, settling at larger velocities; at higher concentrations, interaction
between the flocs was observed to cause velocity hindrance. Using magnetic
resonance imaging, Turney et al. (1995) measured the mean sedimentation
velocity in concentrated suspensions of rodlike particles and velocity hindrance
was reported.

Herzhaft et al. (1996) and Herzhaft & Guazzelli (1999) studied the sedi-
mentation of fibres in the dilute and semi-dilute regimes systematically. They
adopted a particle-tracking technique which previously was used by Nicolai
et al. (1995) to determine the position, orientation and velocity of a few silver-
coated particles, while the rest particles matched their index of refraction with
the index of the solvent to become invisible. They observed that in both
regimes, the particles strongly oriented near the direction of gravity, and flipped
between the two vertical orientations occasionally. There was always a slightly
higher probability that a particle would align horizontally which was not ex-
plained however. They also found an increase in the mean velocity in the dilute
regime larger than the maximum velocity of an isolated vertical fibre, followed
by velocity hindrance in the semi-dilute regime. The measured velocity fluc-
tuations could be up to one order of magnitude larger than the mean velocity
in the semi-dilute regime. Based on the velocity and displacement fluctua-
tions, self-diffusion was estimated and was found to be strongly anisotropic.
Snapshots of the suspension showed that the particles gathered to form dense
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clusters or streamers surrounded by clarified fluid; the size of the clusters was
estimated to be of the order of a few particle lengths.

Metzger et al. (2005) and Metzger et al. (2007) also studied the sedimen-
tation of fibres and confirmed this density instability. Fluorescent fibres were
used in their experiments. They used particle image velocimetry (PIV) to mea-
sure the velocity field of the suspension in the illuminated plane. In their early
experiments (Metzger et al. 2005), only a single cross-section cell was studied
and they showed that the sedimentation process was characterized by the for-
mation of one large-scale streamer which spanned half of the container width at
the early stage. However, according to the subsequent systematic experiments
of Metzger et al. (2007), wavelengths equal to the container dimension were
not observed at early times. They captured the disrupture from large-scale
streamers to smaller streamers. Moreover, they observed that the elongated
streamer and back-flow structures evolved slowly with decreasing wavelengths.
The evolution of the flow structure was restricted in time due to the finite
height of the vessel and a steady state was not reached. Their results also
showed that there was no simple dependence of wavenumber selection on sus-
pension height, cell cross section, volume fraction, and properties of the fibres
and the fluid. In addition, the largest possible wavelengths were not the most
unstable. This was unlike the linear theoretical prediction of Koch & Shaqfeh
(1989) but coincide with the results from Dahlkild (2011). It also differed from
the simulations (Butler & Shaqfeh 2002; Gustavsson & Tornberg 2009; Mack-
aplow & Shaqfeh 1998; Saintillan et al. 2005, 2006c; Tornberg & Gustavsson
2006) where only a single large-scale streamer was observed at early times re-
gardless of the boundary conditions. Metzger et al. (2007) estimated that this
might be due to the limited size of the numerical cells. It was observed that
the sedimentation front always settled faster than Vs in a dilute suspension.
However, distribution in the fibre orientation from the horizontal to vertical
direction produced variations in the settling velocity ranging from ≈ 0.5Vs to
Vs at most. These values could not account for the large iso-concentration
velocities observed. They also found a small increase of the distribution near
horizontal direction as found by Herzhaft & Guazzelli (1999). This feature
has not been captured in any simulations of the dynamics at zero Reynolds
numbers yet.

Salmela et al. (2007) experimentally explored two different regimes of sedi-
mentation at Re of order one. For small volume fraction they found that fibres
settle with an orientation in the horizontal direction. With increasing volume
fraction, fibres adopt a vertical orientation. They believed that this behaviour
stemmed from increasing fibre-fibre collisions destabilizing the horizontal state.
These findings are strikingly different than that from the experiments with
Re → 0 (Herzhaft & Guazzelli 1999; Metzger et al. 2007) and qualitatively
support the numerical simulations reported by Kuusela et al. (2003).
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1.2.3. Simulations

The hydrodynamic instability is also observed in simulations by adopting dif-
ferent numerical approaches.

With periodic boundary conditions, Mackaplow & Shaqfeh (1998) used two
different types of numerical simulations, Monte Carlo and dynamic simulation
methods, to obtain detailed qualitative and quantitative information about the
sedimentation. In Monte Carlo simulations, the hydrodynamic interactions
were considered, and they showed that the hindrance of the mean sedimenta-
tion speed was linear in particle concentration up to at least nl3 = 7. n is the
particle number density and l the fibre length. In dynamic simulations, they
approximated the disturbance of a given particle on the fluid by a point force.
The suspension became inhomogeneous and anisotropic due to the hydrody-
namic interactions. The fibres were observed to converge towards one dense
streamer and to orient vertically. The orientation distributions were found to
reach a steady state. However, the mean velocity kept increasing without satu-
ration. Later, Butler & Shaqfeh (2002) developed a more sophisticated method.
The linear and rotational velocities of the particles were modeled by slender
body theory. To include the far field interactions among the particles, fibres
were represented by line distributions of point forces. In addition, short range
particle hydrodynamic interactions were included through lubrication forces.
The contact interactions were excluded using repulsive forces. Their simula-
tions were in qualitative agreement with the experimental data of Herzhaft &
Guazzelli (1999). The mean velocity reached a steady state by using infinite
suspensions. Saintillan et al. (2005) improved the simulation method of Butler
& Shaqfeh (2002). The calculation of the hydrodynamic interactions was ac-
celerated using a smooth particle-mesh Ewald algorithm. In particular, when
one of the horizontal dimensions had been increased drastically, they captured
multiple streamers. Additionally, they found that the formation of clusters
was directly linked to the initial disturbance flow in the fluid, which was typ-
ically dominated by low wavenumber fluctuations, therefore resulting in the
formation of a single streamer in most simulations.

Saintillan et al. (2006c) observed that the no-flux boundary condition im-
posed at the bottom of the container in their simulations had a strong influence
on the structure of the suspension and could lead to a wavenumber selection for
the concentration fluctuations. They captured a transition from a single initial
box-dependent streamer to smaller multiple structures at later times, in qualita-
tive agreement with the experimental observations (Metzger et al. 2007). This
was different from the previous simulations with periodic systems, in which the
container dimension wavelength always dominates. The wavelength of the in-
stability seemed to reach a steady value in the simulations. However, this value
was typically reached shortly before the approach of the sedimentation front,
so that it was not entirely clear whether a true steady state would be observed
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in larger suspensions. They speculated that horizontal container boundaries
provide a mechanism for the decay or breakup of these long wavelength fluc-
tuations down to the selected wavelength of the instability. On the sidewalls
in their simulation, some vortices was observed. They also performed a lin-
ear stability analysis to prove that a suspension of deformable particles were
unconditionally unstable to horizontal density fluctuations . Moreover, in the
absence of diffusion, all wavenumbers were equally unstable. However, whether
Brownian or hydrodynamic diffusion were predicted to damp large wavenumber
fluctuations, resulting in a maximum growth rate at zero wavenumber. The
instability for deformable particles also causes an increase in the mean sedi-
mentation velocity. Saintillan et al. (2006b), suggested that a vertical density
stratification can lead to a wavenumber selection by damping low wavenumber
perturbations, but this mechanism does not account for the wavelength reduc-
tion in the Metzger et al. (2007) experiments. In addition, Saintillan et al.
(2006a) showed that the application of an electric field in a suspension of po-
larizable rods could be used to control or suppress the concentration instability.

Herzhaft & Guazzelli (1999) and Metzger et al. (2007) both reported that
there was a slightly higher probability that a particle would align perpendic-
ular to gravity which had not been captured in any simulations at zero Re.
Considering effects of inertia, the simulations of Kuusela et al. (2001, 2003) at
Re of order one predicted this feature and they explained that it arises from a
competition between inertial forces acting on individual particles and hydrody-
namic interactions among particles. For extremely dilute systems, fluid inertia
rotates the particles to a horizontal position whereas in sufficiently concen-
trated systems the interactions tend to align the particles with gravity. This
was qualitatively supported by the experimental studied reported by Salmela
et al. (2007).

1.3. Outline of thesis

In this work, we extend the formulation of Dahlkild (2011) by including also
effects of diffusion of fibres. With periodic boundary conditions, the effects of
diffusion are studied theoretically and numerically. With vertical walls imposed
on the boundaries, we explore the effects of the walls and initial conditions on
the configuration evolution of the suspensions.

The basic knowledge on the work is given in Chapter 2 and some results
of the Papers are briefly illustrated in Chapter 3 and discussed in Chapter 4.
In addition, the furture work is also given in Chapter 4.



CHAPTER 2

Concepts and Methods

2.1. Concepts

2.1.1. Regimes of concentration

The behavior of fiber suspensions generally depends on many different param-
eters, such as concentration (volume or mass), the density ratio between the
fiber and fluid, the fiber aspect ratio, size, surface properties, flexibility, as well
as the viscosity of the fluid (or the Reynolds number). With regard to the
volume concentration α, the suspension can be classified into three regimes:
dilute, semi-dilute and concentrated. However, α can not determine the be-
havior of the suspension. Instead, the Crowding number Nc, a dimensionless
number, is used and defined as (Lundell et al. 2011)

Nc =
4
3
π

(
l

2

)3

n =
π

6
nl3 , (2.1)

where n is the particles number density. Nc can be viewed as the number
of particles inside the volume of a sphere with diameter l which is the fibre
length. For spheroid Nc = αr2, and for cylinder 2

3αr
2. In papermaking,

when Nc � 1, as the distance between a fiber and its nearest neighbor is
greater than l, then each fiber can rotate freely and rarely connects to another
fiber. Such a suspension is called dilute, and flocculation usually does not
occur. Note that for particles with high aspect ratios, the volume fraction
must be quite small for the suspension to be dilute. In the semidilute range,
1 < Nc < 60, fibers flocculate, and it is in this range that most papermaking
operations are performed. In the concentrated region, Nc > 60, suspensions
start to form networks and as a result fiber mobility is greatly hindered (Lundell
et al. 2011). Though no commercially important composites fall into the dilute
regime (Folgar & Tucker 1984), most of the theoretical and numerical studies
have been restricted to the dilute regime, whereas both dilute and semidilute
regimes have been examined experimentally (Guazzelli & Hinch 2011).

6
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2.1.2. Fokker-Planck equation

The Fokker-Planck equation describes the time evolution of the probability
density or probability density function(PDF)1 Ψ of a particle, and can be gen-
eralized to other variables as well.

The general Fokker-Planck equation for one variable x has the form (Risken
1996)

∂

∂t
Ψ(x, t) = − ∂

∂x
[D1(x, t)Ψ(x, t)] +

∂2

∂x2
[D2(x, t)Ψ(x, t)] . (2.2)

In equation (2.2), D1 is called the drift coefficient and D2 > 0 the diffusion
coefficient. They could depend on time t.

This equation also can be written in the form of the continuity equation
∂Ψ
∂t

+
∂Fi
∂xi

= 0 , (2.3)

where the probability current (or, probability flux) Fi is defined by

Fi = DiΨ− ∂DijΨ
∂xj

. (2.4)

The probability current is a concept describing the flow of probability density.
In particular, if one pictures the probability density as an inhomogeneous fluid,
then the probability current is the rate of flow of this fluid (the density times
the velocity).

Ψ may depend on a set of N macroscopic variables xi. The general form
of the Fokker-Planck equation is then

∂Ψ
∂t

= −
N∑
i=1

∂

∂xi

[
D1
i (x1, . . . , xN , t)Ψ

]
+

N∑
i=1

N∑
j=1

∂2

∂xi ∂xj

[
D2
ij(x1, . . . , xN , t)Ψ

]
.

(2.5)
The drift vectorD1

i and diffusion tensorD2
ij generally depend on theN macrovari-

ables xi as well. The latter results from the presence of the stochastic force.

2.1.3. Navier-Stokes equations

The motion of an incompressible flow (constant density) of a Newtonian fluid
(constant viscosity) is governed by the continuity equation for the flow velocity
u :

∇ · u = 0. (2.6)
which expresses conservation of mass, and the Navier-Stokes equation

ρ

(
∂u
∂t

+ u · ∇u
)

= −∇p+ µ∇2u + f , (2.7)

1it has also sometimes been denoted as the terms probability distribution function and proba-
bility function in the physical literature. However, this use is not standard among probabilists
and statisticians.
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Figure 2.1. Spherical Coordinate.

which expresses conservation of momentum. ρ is the fluid density, p the pres-
sure, µ the dynamic viscosity, and f represents body forces (per unit volume)
acting on the fluid, such as gravity or centrifugal force.

Stokes flow (also named creeping flow) is a type of fluid flow where Re <<
1, i.e, the inertial effects are negligible as compared to effects of viscosity. The
flow is governed by the Stokes equation

−∇p+ µ∇2u + f = 0 , (2.8)

which states that pressure, viscous, and body forces balance at any instant in
time even though the flow may be unsteady.

2.1.4. Rotational motion

The rotational motion of a single rigid ellipsoid (three unequal sides) immersed
in a viscous Newtonian liquid was analytically solved by Jeffery (1922) based
on the Stokes equation. He solved the flow field around a rotating ellipsoid.
A no-slip boundary condition was used at the surface of the particle and the
velocity field matched the bulk flow field far away from the particle. He gave
the analytical expressions for the torque on the particle and showing that total
torque is zero if the particle inertia is neglected. Thus the equation of motion of
a single ellipsoid in simple shear flow was obtained. In Stokes flow conditions,
we use p to define the orientation vector of a spheroid, see figure 2.1. Then
the rotational motion of the spheroid is given by the local strain and rotation
rates of the bulk flow as

ṗ = W · p + Γ
[
E · p−E : (ppT ) p

]
, Γ =

r2 − 1
r2 + 1

, (2.9)

where

E =
1
2
(∇uT +∇u

)
, W =

1
2
(∇uT −∇ u

)
. (2.10)
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E and W are local strain and rotation rate tensors, respectively, and r = l/d is
the aspect ratio of the fibre length l over fibre diameter d. p can be expressed
in terms of the azimuthal φ and polar θ angles of the spherical coordinates on
a unit sphere, p = (sin θ cosφ, sin θ sinφ, cos θ)T . As an example, consider a
pure shear flow u = γ̇yex. The azimuth angle is measured between the flow
direction and projection of p on the flow-gradient plane. The polar angle is
measured between the vorticity direction and p. Equation (2.9) can be reduced
to (Dahlkild 2011)

ṗ = sin θ φ̇ eφ + θ̇ eθ, (2.11)

φ̇ =
1
2

(Γ cos 2φ− 1) γ̇ , θ̇ =
Γ
4

sin 2θ sin 2φγ̇ , (2.12)

where eφ = (− sinφ, cosφ, 0)T and eθ = (cos θ cosφ, cos θ cosφ,− sin θ)T are
unit vectors of the spherical coordinate system. It can be seen that φ̇ has a
maximum when the particle is perpendicular to the flow direction, and min-
imum when it is aligned to the flow direction. It can also be seen that the
periodic motion around the vorticity axis is just one of the closed orbits (called
Jeffery orbits) which are similar to the kayak paddle motion.

Bretherton (1962) showed that Jeffery’s equations are valid for a large set of
axisymmetric particles, thus, an equivalent aspect ratio re was used. In terms
of cylindrical particles, Harris & Pittman (1975) developed a semi-empirical
relation for the equivalent aspect ratio

re = 1.14r0.844 , (2.13)

which was found to agree with experimental data for r in the range between 1
and 120.

Lundell & Carlsson (2010) studied the motion of an inertial ellipsoid in
creeping flow. They showed that there are drastic effects for heavy particles:
the particles go from kayaking or flipping to rotation around a fixed axis. Their
later work (Lundell 2011) shows that the particle inertia induced a drift toward
rotation around the shorest axis which aligns with the vorticity axis of the flow.

2.1.5. Settling motion

When an inclined fibre sediments in an unbounded viscous fluid, it will drift
horizontally without rotating. For a spheroidal particle, the sedimentation
velocity in the Stokesian limit is given by

vs(p) =
f

8πµl
[b1eg + b2 (eg · p) p] , (2.14)
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where

b1 =
r2

r2 − 1
+

2r3 − 3r
(r2 − 1)3/2

ln
[
r + (r2 − 1)1/2

]
,

b2 =
−3r2

r2 − 1
+

2r
(r2 − 1)3/2

ln
[
r + (r2 − 1)3/2

]
+

r − 2r3

(r2 − 1)3/2
ln
[
r − (r2 − 1)1/2

]
.

(2.15)

f is the force of gravity acting on each particle, and eg the gravitational unit
vector

Batchelor (1970) developed slender body theory to show the sedimentation
velocity for a fibre of any shape, in which theory

b1 =2 ln 2r + 2C1 +O(ln 2r)−1,

b2 =2 ln 2r − 2C2 +O(ln 2r)−1 ,
(2.16)

where C1 and C2 are functions of the body shape. For prolate spheroids,
C1 = 0.5 and C2 = 1.5 and for cylinders, C1 = 0.193 and C2 = 1.807.

Note that the sedimentation speed is a function of the particle orientation,
which is largest when the particle is aligned with the direction of gravity and
slowest when it is perpendicular to gravity. The difference between these two
speeds increases with particle aspect ratio. The ratio of the maximum and
minimum asymptotically approaches to 2 in the limit of infinite aspect ratio.

Russel et al. (1977) presented theoretical and experimental results for the
settling motion of a slender rod near a single vertical wall. Two types of motions
were reported. If a fibre approached the wall at small angles, it turned to a
vertical orientation and moved away from the wall as the fibre continued to
turn. This is referred to as a ‘glancing turn’. For larger approaching angles,
there was a close interaction of the leading fibre end with the wall which resulted
in the fibre pivoting and later moving away from the wall with the opposite
fibre end leading. The two types of motions were also observed experimentally
in qualitative agreement with their theory. Tiefenbruck & Leal (1980) studied
a similar rod falling motion but in non-Newtonian fluids. They found that
when the particle was less than one length from the wall, its motion could be a
simple superposition of the motion in an unbounded non-Newtonian fluids and
the motion in Newtonioan fluids near a vertical wall.

2.1.6. Diffusion

In general, diffusion is the fact that particles move or spread. In molecular
diffusion, the moving molecules are self propelled by thermal energy. However,
the origin of hydrodynamic diffusion lies in the hydrodynamic interactions be-
tween the particles (Davis 1996). Hydrodynamic diffusion refers to the fluctu-
ating motion of non-Brownian particles (or droplets or bubbles) in a dispersion,
which occurs due to multiparticle interactions. The problem of hydrodynamic



2.1. CONCEPTS 11

diffusion was the origin of research on the fluctuating motion of the particles
because of its importance in mixing (Guazzelli & Hinch 2011).

To understand this diffusion, some examples are given here: in the case
of sedimentation or fluidization particle suspensions, the particles generally do
not move relative to the fluid with a constant velocity, but instead experience
diffusion-like fluctuations in velocity. These fluctuations are due to the inter-
actions between the suspended particles and the neighbouring particles and
also due to the resulting variation in the microstructure or configuration of
the suspended particles, such as the particles orientation. In flowing granular
materials, the particles interact through direct collisions or contacts; these col-
lisions also cause the particles to undergo fluctuating motions characteristic of
diffusion processes (Davis 1996).

2.1.6a. Rotational diffusion. In non-Brownian fibre-like (anisotropic particles)
suspensions, each fibre produces a velocity disturbance flow field which causes
the surrounding fibres to undergo small rotations. Fibres also could hit each
other in concentrated suspensions. These hydrodynamic interactions can be
considered as rotational diffusion (or orientational diffusion) Dp (Rahnama
et al. 1995).

Rotational diffusion Dp was first introduced by Folgar & Tucker (1984)
in concentrated fibre suspension. They developed this model to predict the
orientation distribution function of rigid fibres in simple shear flow. It was
assumed that individual fibres rotate following the Jeffery equation for a short
time, quickly reorient to another angle, then resume following Jeffery equa-
tion. These sudden reorientations are caused by interactions with other fibres
and tend to randomize the fibre orientation. In this phenomenological model,
they used the Jeffery single-fiber equation to represent flow effects, and added
an isotropic rotational diffusion term, with a diffusivity proportional to the
scalar rate of deformation (or the magnitude of strain rate tensor), to repre-
sent interparticle interactions. The added rotational diffusion term gives steady
orientation states that are not perfectly aligned with streamlines, which was
consistent with their experimental results. Moreover, the scalar diffusivity Cp,
an interaction coefficient, is adjusted to fit experimental data.

Here is some review of this model. The orientation of a fibre can be ex-
pressed by the unit vector p. The space of all possible orientations (called
the orientation space) is the surface of a unit sphere. For fibres systems, e.g,
fibre suspensions, one can define a PDF Ψ which is defined on the orienta-
tion space. The probability of any fibre having an orientation between p and
p + dp is Ψ(p)dp. Ψ must satisfy a continuity equation (here, it is also the
Fokker-Planck equation) at any time given by

∂

∂t
Ψ(p, t) +∇p · Fp = 0, (2.17)
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where ∇p is the gradient operator in orientation space. Note that in situations
where Ψ is also a function of position, the partial derivative on the left-hand
is replaced by the material derivative, since Ψ is convected with the bulk flow
(Folgar & Tucker 1984). The probability flux Fp is defined by

Fp = ṗΨ−Dp · ∇pΨ. (2.18)

It is decomposed into a hydrodynamic term and a diffusive term. Folgar &
Tucker (1984) defined an isotropic rotational diffusion Dφφ = Cφφγ̇. Cφφ is
the fibre-fibre interaction coefficient which is a fitting parameter. γ̇ is the
magnitude of the strain rate. They assumed that the frequency of the fibre-fibre
collisions is proportional to γ̇ and the orientation perturbation per collision is
independent of γ̇. Some modification for the model were developed afterwards
(Fan et al. 1998; Phan-Thien et al. 2002; Phelps et al. 2009; Ranganathan &
Advani 1991). This so-called Folgar-Tucker model is proved to be useful to
model the orientation in short-fiber reinforced thermoplastics composites that
are processed by injection molding. However, for long-fiber thermoplastics the
Folgar-Tucker model is less accurate (Phelps et al. 2009).

Koch (1995) developed a mechanistic model for rotational diffusivity which
varies with the orientation state. He considered the influence of long-range
hydrodynamic interactions on orientation in semi-dilute fiber suspensions. In
simple shear flow, the diffusivity scales as γ̇nl3/(r ln2 r). Here, γ̇nl3 is the
frequency of pair interaction within the cube l3. The factor 1/r accounts for
the reduced fraction of fibres that gives the dominant rotational displacement.
The physical reason is that a larger fraction of fibres are aligned in the flow
direction for which the displacement of the interaction is of lower magnitude.
The factor 1/ ln2 r represents the squared weak magnitude of the rotational
displacement from an interaction. The rotational diffusion of a test fiber was
given by

Dp =
nl3

γ̇ln2r
(Cp1IE : 〈pppp〉 : E + Cp2E : 〈pppppp〉 : E) , (2.19)

where the angular brackets indicate an average over the orientation distribution
of the fibre suspension. Cp1 and Cp2 are constants.

The effect of fiber concentration on diffusion coefficients has been stud-
ied in a combined experimental and numerical study (Krochak et al. 2008).
Dispersion relation closures in the literature gave reasonable results up to the
concentration at which mechanical interaction between the fibers becomes sig-
nificant (Crowding numbers Nc below 15).

2.1.6b. Self-diffusion. During the sedimentation and fluidization of suspen-
sions, after a large number of hydrodynamic interactions, individual particles
lose memory of the details of these interactions and undergo a random walk,
which has a long time behavior characteristic of a diffusion process known as
hydrodynamic self-diffusion Dx (Nicolai et al. 1995). It refers to the tracer
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diffusion of a test particle in the interior of a suspension in which the particle
concentration is uniform (Davis 1996; Guazzelli & Hinch 2011).

To understand this phenomenon better (Leighton & Acrivos 1987), con-
sider a single marked spherical particle immersed in a viscous suspension of
otherwise identical particles and its sedimentation due to gravity. In the ab-
sence of any interparticle interactions, inertial forces, and Brownian-motion
effects, the particle will not experience a drift and will simply translate along
the gravity direction. When this particle interacts with the other particles in
the suspension, however, it will undergo a series of displacements normal to
the gravity direction which, when taken together, constitute a random walk.
Moreover, if the concentration distribution of particles in the suspension is at
equilibrium (i.e, uniform for an unbounded system), then the particle displace-
ment due to this random walk will have zero mean. Thus, since on average the
particle will remain on its initial streamline, the process will be considered as
self-diffusion.

Self-diffusion is found to be anisotropic (Herzhaft & Guazzelli 1999) and
can be defined as (Saintillan et al. 2006c)

Dx = Ds‖egeg +Ds⊥(I − egeg) , (2.20)

where Ds‖ and Ds⊥ denote the diffusivities in the directions parallel to and
perpendicular to gravity, respectively.

Self-diffusion is estimated by two different methods in the experimental
work of Herzhaft & Guazzelli (1999). The first approach to measure the self-
diffusivity is to calculate the saturation values of the integrals of the velocity
fluctuation autocorrelation functions. The second one is to compute the second-
order moments of the particle displacement fluctuations, ensemble averaged
over the same set of long trajectories and different starting times t0. The
moments grow linearly with time after a few correlation times. The diffusivity
is estimated as half the slope of this linear growth. The self-diffusion can get
close values via these two methods and a strong anisotropic behavior was noted,
Ds‖ ≈ 0.3(Vs l/2) and Ds⊥ ≈ 15(Vs l/2). Vs is the maximum settling velocity
of a single particle. Thus, the ratio Ds⊥/Ds‖ ≈ 50.

2.1.6c. Shear-induced self-diffusion. Shear-induced self-diffusion, generally, arises
from the random motion of the particles which occurs as they tumble over one
another in a shear flow (Eckstein et al. 1977). In the presence of three or
more interacting spheres (two for non-spherical particles), the interaction is
not symmetric and all of the spheres will experience some displacement from
their original streamlines, leading to the random walk and the so-called self-
diffusion (Leighton & Acrivos 1987). Note that shear-induced self-diffusion
considers the motion of individual particle in a homogeneous suspension. In
contrast, shear-induced migration considers collective particle migration along
concentration, shear rate, and viscosity gradients etc. However, shear-induced
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migration is called shear-induced gradient diffusion in some literatures (Davis
1996).

2.1.6d. Gradient diffusion. Another diffusion phenomenon caused by concen-
tration gradients acts on a macroscopic scale. This so-called gradient diffusion
refers to the drift of particles down a concentration gradient as a result of their
fluctuating motion. The broadening of the interface between the sedimenting
suspension and the clear fluid above has been attributed partly to this gradient
diffusion (Davis 1996; Guazzelli & Hinch 2011).

2.2. Methods

In general, there are two kinds of simulation methods of studying non-spherical
particles motion in flow (Lin & Liang 2010).

The most common method is the Lagrangian approach, where the suspen-
sion flow is modelled directly and the trajectory of individual particles can be
determined by, e.g integrating the equations of motion through a known fluid
velocity field. The applicability of the this approach is limited by computa-
tional power and it is only possible to apply to small systems with a limited
number of particles. The results from such simulations of particle systems may
be used to obtain the macroscopic, rheological averaged properties of the sus-
pension. The properties are critically dependent on the microstructure of the
suspension as e.g the orientation distribution of the fibres in a suspension.

The other method is the Eulerian continuum approach. Moreover, in the
two-phase flow theory, there are two continuum approaches, i.e the one fluid
model and the two fluid model. The former considers the suspension as a
single medium whose properties, such as viscosity, are modified to account for
the presence of suspended matter. A single set of conservation equations, which
applies to the bulk suspension, is used. The latter treats the suspension as two
interacting continua. Each component phase has its own properties, such as
velocity and concentration, and has its own set of continuum equations. The
two-fluid approach is more appropriate than the one-fluid approach in some
situations where there is a significant slip velocity between the two phases,
or when the properties of the particles such as velocity, concentration and
configuration are of interest. In terms of fibre suspensions, slip between the
carrier fluid and suspended particles may be caused by particle inertia, by a
mismatch between particle injection velocity and carrier fluid velocity, by the
internal stress in the particles, by density difference of the two phases, or by
interparticle interaction. For large systems, this approach is necessary.

Our current work is based on the two fluid model. The dynamics of suspen-
sions is modeled by Fokker-Planck equation for the solid phase volume fraction,
and a momentum transport equation and a continuity equation for the mixture.
Here, the method is only briefly discussed, see Paper 1 or Dahlkild (2011) for
more details.
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2.2.1. Motions of the spheroids

A dilute fibre suspension is described by the probability density function (PDF)
Ψ(p,x, t) denoting the probability density of a particle at position x with fibre
orientation vector p. The time evolution of the PDF Ψ(p,x, t) is governed by
the Fokker-Planck equation

∂

∂t
Ψ(p,x, t) +∇p · Fp +∇x · Fx = 0, (2.21)

where the probability flux densities Fx and Fp are defined by

Fp = ṗ(p,x, t)Ψ(p,x, t)−Dp · ∇pΨ(p,x, t), (2.22)

Fx = ẋ(p,x, t)Ψ(p,x, t)−Dx · ∇xΨ(p,x, t), (2.23)
and where ∇p is the gradient operator in orientation space, ṗ the rotational
velocity of a spheroid and ẋ the linear velocity. Two kinds of diffusivites
for a particle Dp and Dx correspond to rotational diffusion and translational
diffusion of fibres, respectively.

2.2.2. Motion of the mixture

The averaged macroscopic fluid disturbance velocity u(x, t) results from the
inhomogeneity of the fibre suspensions. Conservation of momentum and volume
require

ρ(α)
(
∂u

∂t
+ u · ∇u

)
= −∇P + (ρ(α)− ρ0)g +∇ · [µe(∇u +∇uT )

]
, (2.24)

∇ · u = 0, (2.25)
where ρ(α) is the local density of the dilute suspension, and α(x, t) is the local
volume fraction of the particles. The effective viscosity µe is simply taken as
constant µ = νρ0 due to the dilute limit.

2.2.3. Numerical implement

The current work requires the simultaneous solution of the coupled Fokker-
Planck (2.21) and Navier-Stokes equations (2.24, 2.25). ρ(α) is obtained from
the Fokker-Planck equation. The Navier-Stokes equations are used to calculate
the disturbance velocity. The produced shear rate sets the magnitude of the
fibres rotational velocities in the Fokker-Planck equation. The simulation is
carried out using a commercial code called Comsol Multiphysics.



CHAPTER 3

Results

3.1. Paper 1

The Fokker-Planck equation coupled to the Navier-Stokes equation has been
used to explore the growth of perturbations during sedimentation in dilute
spheroid suspensions. We used the simplifying assumption of planar fibre ori-
entation and performed linear stability as well as nonlinear simulations. There
are two parts in this Paper. In the theoretical part, we followed Dahlkild (2011)
but including translational diffusion, and obtained a dispersion relation based
on a linear stability analysis. It is shown that inertia and translational diffusion
damp perturbations at long wavelengths and short wavelengths, respectively,
leading to a wavenumber selection. For small, but finite Reynolds number of
the fluid bulk motion, the most unstable wavenumber is a finite value which
increases with Reynolds number, and where the diffusion narrows the range of
unstable wavenumbers, shown in figure 3.1.

In the numerical simulations part, we use the full non-linear equation in-
cluding also rotational diffusion. Initially, the evolution of Ψ and û are still
linear at t̂ = 0 and 4 , see figure 3.2. The coordinates y and φ are normalized
by wavelength and π, respectively. Arrows in the y-φ plane indicate the flux
vector components (Fy, Fφ). The corresponding velocity profiles are shown
right below each contour map of Ψ. We also show that the flow induced by the
normal mode perturbation may either die or saturate on a finite amplitude.
The character of this long time behaviour is dictated by the wavenumber and
the presence or absence of the translational and rotational diffusivities. For
further particulars, please refer to Paper 1.

3.2. Paper 2

This Paper is an extention work of Paper 1. The effects of the vertical walls and
the initial conditions on the evolution of the streamers are studied. Vertical
walls are imposed limiting the wave in the horizontal y direction. Two kinds of
initial conditions are studied. The first is a homogeneous, isotropic (Ψ(y, φ) =
1) and stagnant (u = 0) suspension. Secondly, due to the random nature of the
initial fibre distribution in a pre-mixed suspension, small random perturbations
of Ψ are imposed on the initial conditions. The simulations show that a series
of alternating structures of risers and streamers emerge continuously from the
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Figure 3.1. Dispersion relation of the non-dimensional
growth rates σ̂ vs. non-dimensional horizontal wavenumber
k̂ for normal mode particle number density perturbation with
translational diffusion D̂yy. The various curves correspond to
different Reynolds numbers ReL.

y

φ

 

 
(a)

−0.5 0 0.5
−0.5

0

0.5

0.97

0.98

0.99

1

1.01

1.02

1.03

−0.5 0 0.5

−0.1

0

0.1

y

û
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û

Figure 3.2. Contour plot of Ψ(y, φ) (above) and velocity pro-
file û(y) (below) at t̂ = 0 (left) and 4 (right). Arrows indicate
the direction of the probability flux density vector (Fx, Fp).
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Figure 3.3. Contour plot of Ψ(y, φ) (above) and velocity pro-
file u(y) (below) at t/ts = 20, 40, and 60 from (a) through (c).
Arrows indicate the direction of the probability flux density
vector (Fx, Fp).

walls until they meet in the middle of the domain. Moreover, our simulation in
a vessel of infinite height obtained an increasing wavelength evolution due to
the congregation of the streamers or risers. In the end, there is constantly only
one streamer left, and it drifts randomly to one side of the container until the
evolution reaches a steady state. It is also found that the perturbations added
to the initial conditions can induce more high density regions whose sizes and
velocities are strongly linked to the initial perturbations of the number density
or the flow field, see figure 3.3. Refer to Paper 2 for more details.



CHAPTER 4

Conclusions and Outlook

4.1. Conclusions

In Paper 1, the effects of bulk flow inertia, rotational diffusion, translational
diffusion and initial condition have been scrutinized. Here, we only give the
main conclusions:

• Without inertia or diffusion, the dispersion relation is qualitatively sim-
ilar to the 3D case studied by Koch & Shaqfeh (1989). Inertia of the
bulk flow, measured by ReL, decreases the growth at low wave numbers,
also here in agreement with the 3D case studied by Dahlkild (2011).

• Inclusion of translational diffusivity, D̂yy, decreases the disturbance
growth (or even stabilizes the system) at high wavenumbers

• The growth rate of the nonlinear system indeed followed the dispersion
relation of the linear amplitude at the early stage, independent of initial
condition.

• For long times, the nonlinear system saturates. The saturation be-
haviour depends on the translational and rotational diffusivities D̂yy and
D̂φφ but is independent of ReL. Both diffusivities must be nonzero in
order to reach a steady saturated state with high amplitude (a streamer).

• For normal mode initial conditions, a critical wave number k̂ was found
below which the ultimate solution was elevated. For higher k̂, the long
time solution approached zero.

In Paper 2, we found that the disturbance flow induced by the density
fluctuations causes the particles to orient in such a way that they migrate
towards the regions of higher particle density. This mechanism was proposed by
Koch & Shaqfeh (1989). At early stages, the appearence of multiple streamers
are in qualitative agreement with the experimental data of Metzger et al. (2007)
and the prediction by Dahlkild (2011). However, the disruption procedure of
the streamers, observed in the experiments Metzger et al. (2007), was not
captured in the current work. Instead, it is found that the streamers merge,
resulting in an increasing wavelength-evolution and end up in one streamer near
the wall at later stages. This disagreement might be due to the absence of the
horizontal wall at the bottom. In Paper 1, using periodic boundary conditions,
we found that a steady state was achieved for all wavelengths with the largest
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amplitude for the longest wavelength. This implies that in a system bounded
by vertical walls, at steady state, the container-size wavelength disturbance
would dominate the domain. This agrees with Paper 2. However, with these
high velocities and vortices (Saintillan et al. 2006c), it is uncertain whether the
steady state and the high disturbance velocities seen in our simulation would
be obtained in an experiment. We also found that the initial perturbations
can induce a larger number of high density regions which have various sizes
and velocities. The configuration of the suspensions is strongly linked to the
initial perturbations on the density or of the fluid velocity. This is similar to
the results of Saintillan et al. (2005). In principle, the sidewalls and initial
perturbations have strong effects on the development of the suspensions.

4.2. Future work

The future work has two parts.

4.2.1. Simulation

Simultaneous consideration of horizontal and vertical boundaries may be stud-
ied in Comsol Multiphysics if computer resources are made available.

Moreover, a DNS Lagrangian approach with two-way coupling will be used.
An in house code will be developed. The code shall be used to study the possible
break up of the streaming columns. This code should be developed in spring
2012 for periodic boundaries. The effect of vertical or horizontal boundaries
should be studied as an extension.

4.2.2. Experiment

Meantime, experimental work will also be carried out, and methods developed
at KTH Mechanics will be used to detect the fibre orientation and associated
flow field by processing images of the fibre suspension.
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