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Abstract

Over the years numerous computational fluid dynamics models have been developed
in order to study the fluid flow in gas and induction stirred ladles. These models are used
to gain insight in the industrial processes used in ladle treatment of steel. A unified model
of an induction stirred Ladle in two and three dimensions is presented. Induction stirring
of molten steel is a coupled multi-physics phenomena involving electromagnetic and fluid
flow. Models presented in this thesis gives a more accurate description of the real stirring
conditions and flow pattern, by taking into account the multi-physics behavior of the
induction stirring process in an induction stirred ladle. This thesis presents a formulation
of coupled electromagnetic and fluid flow equations. The coupled electromagnetic and fluid
flow equations are solved using the finite element method in two and three-dimensions. The
simulation model is used to predict values of steel velocities and magnetic flux density.
The simulation model is also used to predict the effect of increased current density on
flow velocity. Magnetic flux density values obtained from the model are verified against
experimental values.

keywords: Induction Ladle, Electromagnetic, Lorentz Forces, Magnetic Stirrer, Mag-
netic diffusion, Navier-Stokes, FEM.
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Sammanfattning

Under årens lopp har många fluiddynamiska modeller utvecklats för att studera flöden
i gas-och induktionsomrörda skänkar. Dessa modeller används för att få insikt i industriella
processer för skänkbehandling av stål. Detta arbete syftar till att erhålla mer grundläg-
gande information gällande induktionsomrörda skänkar, inkluderande resultat från både
tvådimensionell och tredimensionell modellering. Modellerna som presenteras i denna av-
handling ger en mer rättvisande beskrivning av verkliga omrörningsvillkor och flödesmöns-
ter än vad som tidigare presenterats. Mer specifikt så behandlar avhandlingen en koppling
av elektromagnetiska ekvationer med flödesekvationer för att beskriva induktionsomrörda
stålsmältor. Dessa löses med hjälp av finita element-metoden både i två och tre dimen-
sioner. Simuleringsmodellen kan användas för att förutsäga värden på stålhastighet och
magnetfältet. Simuleringsmodellen används också för att förutsäga effekten av en ökad
strömtäthet på flödeshastigheten i stålbadet. Den magnetiska flödestätheten predikteras
med modellen och resultaten jämförs med experimentella data.
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Chapter 1

Introduction

1 Introduction

There were two revolutions in the application of electricity to industrial metallurgy.
The first, which occurred towards the end of the nineteenth century, was a direct
consequence of Faraday’s discoveries, i.e., the use of an electric furnace for melting
and alloying iron in the industry. The second took place around eight years later,
which revolutionized steel making, i.e, the use of an electromagnetic field for casting
and refining of steel. Two decades later, magnetic fields were routinely used to heat,
pump, stir and levitate liquid metal in the metallurgical industries.

Liquid metal freezes in much the same way as water. First, snowflakes like
crystal form, and as these multiply and grow a solid emerges. However, the solid
can be far from homogeneous. Solidification speeds can be of the order of few
mm/s. During solidification alloying elements tend to segregate out of the host
material, giving in-homogeneities in the final structure. This is referred to as macro-
segregation. All these effects can be alleviated, to some degree, by stirring the liquid
pool in a mould. This is readily achieved by using induction stirring of liquid metal.
The magnetic stirring provided a number of advantages, which lead to a widespread
use of this technology in the 1980s, particularly in the steel industry.

However, this is not the end of the story. While some manufacturers reported
significant benefits, others encountered problems. For example, in steel making
excessive stirring can lead to the entrainment of debris from the free surface and to
a thinning of the solid steel shell at the base of the mould. This latter phenomenon
is particularly dangerous as it can lead to rupturing of solid skin. By mid-1980s it
was clear that there was a need to rationalize the effects of magnetic stirring and
this, in turn, required that metallurgists and equipment manufacturers developed
a quantitative picture of the induced velocity field. The first, simple models began
to appear in the early 1980s, usually based on computer simulations. However,
these early models were formulated by researchers by simplifying the problem, and
an obvious starting point was to consider a two - dimensional idealization of the
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processes. Unfortunately, it turns out that key dynamical processes are all three -
dimensional and so two-dimensional idealization of the magnetic stirring are a bit
inadequate. In this thesis efforts are put together to create multi-physics model of
a two and three-dimensional induction stirred ladle equipped with a single straight
ladle.

1.1 Ladle refining processes

In ladle refining the main stages, such as heating, degassing (under vacuum), and
alloy addition, are enhanced by stirring of the melt. In general, stirring of a melt
is performed using a gravitational force and/or an electromagnetic force. Stirring
is achieved in the former technique by injecting gas into the melt and in the latter
by the interaction of the electromagnetic fields. Each of these techniques has its
merits. It is known that the gas stirred flow field is vigorous close to the plume
zone and reveals a relatively large stagnant region close to the ladle bottom corner,
whereas, the induction stirred flow field has a uniform velocity distribution, which
is important for creating high quality steel.

In the ASEA-SKF ladle refining operation, both these stirring techniques can
be used [1]. When vigorous stirring is required, e.g. in the degassing stage, it is
achieved by the combination of a large amount of argon blowing and induction
stirring. Induction stirring is preferable when the stirring causes the re-oxidation
of the melt owing to contact with atmosphere. There have been several studies of
the electromagnetically driven flow in metallurgical processes, such as the ASEA-
SKF ladle refining, induction heating, continuous casting and leviation. To predict
quantitatively the fluid flow phenomenon in these processes, numerical analysis
and experimental measurements are essential and, indeed, there have been many
developments in this regard. Measurements of the electromagnetic parameters, as
well as fluid velocity, have been made experimentally. These experimental data and
numerical predicted values can determine the validity of the mathematical modeling
and numerical analysis. All these numerical studies involve mathematical modeling
of the electromagnetic force field, i.e. the Maxwell equations should be solved.

1.2 Types of induction stirrers

There are different ways in which the molten steel can be stirred. It depends
on the type of the stirrer and the orientation of the stirrer. The stirrers used in
the induction stirring of the steel are of two types, straight and cylindrical, as
shown in Figure 1.1. Many studies have already been done on cylindrical magnetic
stirrers [2, 3, 4]. Whereas, not much work has been done on the working of straight
stirrers. Practical considerations indicate that straight stirrers are more suitable
than cylindrical ones. When, for example, a straight stirrer is fitted, the ladle
can be moved up to the stirrer from the side, while it must be lowered down into
a cylindrical stirrer. The latter, therefore requires a large lifting height. Should
molten metal break through the ladle wall, it will be easier to separate the ladle and
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Figure 1.1. Figure showing the side and top view of the ladle with cylindrical and
straight stirrer.

the stirrer if the stirrer is straight. The Figure 1.1 shows the physical configuration
of the two types of stirrers.

1.3 Early models of induction stirrers

In order to meet the increasing demand of high quality steel, much efforts are spent
on improving the control of secondary refining operations. Therefore, there is an
ever growing interest in creating mathematical models that can describe secondary
refining operations such as growth and separation of micro inclusions in induction
stirred ladles. Models of induction stirred ladles can be used to predict fundamental
fluid-flow parameters such as steel velocities and turbulent kinetic energy.

Over the years a number of mathematical models have been developed to gain
deeper knowledge of the industrial processes used in ladle treatment of steel. In 1975
Szekely and Nakanishi [5] presented a model of an inductively-stirred ASEA/SKF
ladle. This model solved Navier-Stokes equation and included turbulent equations
as well as simplified form of Maxwell’s equations. The authors reported a fairly
good agreement between predicted flow fields and experimental results from tracer
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measurements. El-Kaddah et.al. [6] presented a theoretical model to study flow
conditions and mass transfer in a four-ton inductively stirred ladle. They used
the rate of dissolution of carbon rods data to evaluate velocities of the steel melt
experimentally. The agreement between predicted and experimental results was
reported as quite good. In 1987 Ilegbusi and Szekely [7] improved the theoretical
model for induction stirring of a ladle by including a solution for the evolution of
temperature and velocity profiles in ladles holding molten steel. Saluja et.al. [8]
presented a mathematical model to represent the electromagnetic force field used
to impart a rotary motion to a cylindrically shaped molten metal pool. Their
formulation introduced two new facets: allowance for the nonlinear dependence of
the magnetic flux intensity on the radial distance, and the coupling between melt
velocity and the induced current.

Kim and Yoon [9] were first to present a 3-dimensional model for induction stir-
ring of an ASEA/SKF ladle equipped with a straight stirrer. The electromagnetic
forces were solved by solving the partial differential equations for the magnetic flux.
The authors showed results for both stirring, upward and downward. Later, Chung
et.al. [10] used the same model in their paper and compared flow conditions during
both induction and gas stirring. An improved fully 3-dimensional model for an
inductively stirred ladle is also presented by Alexis et.al. [11] using body fitted
coordinate to describe the ladle geometry and thereby giving a more accurate de-
scription of the real stirring conditions than more traditional models. Alexis et.al.
[12] improved their model of an induction stirred ladle by accounting for slag and
surface deformation. Their model was based on fundamental transport equations
and included the solution of both a steel and a slag-phase. They found that the
velocities predicted by the model were in very good agreement with the experimen-
tal data. Alexis et.al. [13] further improved their 3-dimensional model by coupling
heating and induction stirring for ASEA/SKF ladle. In their model the data of
heat transfer from the arcs to the steel bath were predicted in a separate model
and included as boundary conditions in the model of the induction stirred ladle.

The fully 3-dimensional induction stirring models presented by Alexis et.al in
[11, 12, 13] models electromagnetic forces used in induction stirring of ladle by
generalizing Lorentz forces from 2 to 3 dimensions by using some sort of trans-
formation. Induction stirring of ladle furnace is a multi-physics problem involving
coupling of electromagnetic and fluid flow equations in 2 and 3-dimensions. In this
thesis an attempt has been made to improve the induction stirring model previously
presented in [11, 12, 13, 14, 15, 16] by using a fully-coupled integrated approach
in 2 and 3-dimensions. Figure 1.2 summarizes the work done so far by other au-
thors with respect to development of a fully coupled model of the induction stirring
phenomenon.

In this thesis we have used the well known finite-element method [17] to model
coupled electromagnetic and fluid flow equations. This is done with the help of
the commercial multi-physics simulation software COMSOL [18]. An important
aspect of this thesis is the use of unstructured grids in two and three dimensions to
describe the ladle geometry in a realistic way. Application of unstructured grids to
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model induction stirring phenomenon for ladle application has not been presented
previously to the best of author’s knowledge. Earlier studies, presented in literature,
focusing on ladle stirring have mostly used body fitted or cartesian coordinates to
define ladle geometry [5, 6, 9, 10, 11, 12]. In this thesis non-uniform unstructured
grids are used that not only enable efficient meshing of the ladle domain in areas
of interest but also provide better numerical solutions. The numerical simulation
model for induction stirring presented in this thesis is then used to describe the effect
of increasing current intensities on the steel velocities. The calculated velocities and
magnetic flux density are also compared to experimental data.

Figure 1.2. Table summarizing the work done so far by other authors to model
induction stirring phenomenon.

1.4 The objective of the thesis work

The objective of this thesis work is to obtain an understanding and insight of the
ladle refining by solving the electromagnetic force field and to predict the flow
pattern produced by these force fields using a single straight stirrer. The flow
field produced by a straight induction stirrer is of complex nature due to three
dimensional electromagnetic force. In order to provide a better understanding
of the problem, both two-dimensional and three-dimensional models of induction
stirring are presented. This thesis work will be very helpful in understanding the
phenomenon of induction stirring with a future possibility of extending the model
to include other physical phenomenon like temperature, alloy addition and inclusion
behavior in stirred melts.
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1.5 How to read this thesis

This thesis is organized as follows: Chapter 2 presents theoretical models for calcu-
lation of Lorentz forces, flow fields and heat transfer in an induction stirred ladle.
Methodology for numerical solution of the coupled equations for Lorentz forces and
flow field are presented in Chapter 3. Numerical results and discussion are pre-
sented in Chapter 4. Conclusions follow in Chapter 5. Finally, some suggestions
for future work are presented in Chapter 6.
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Chapter 2

Theoretical Background

2 Theoretical Model of an Induction Stirred Ladle

The theoretical model of an induction stirred ladle consists of two main parts. First,
the calculation of electromagnetic Lorentz forces that are induced in the steel melt
when the stirrer is switched on. Second, the calculation of the resulting flow-field,
which is caused by induced Lorentz forces.

2.1 Computation of Lorentz Forces

(a) (b)

Figure 2.1. (a) 2D Axis-symmetric model of Ladle and Stirrer. (b) Single straight
stirrer in ladle refining system in 3D.

Figure 2.1(a) and 2.1(b) shows a schematic of the ladle refining system with a
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single straight stirrer in 2D (axis-symmetric) and 3D, respectively. In the 2D axis-
symmetric model induction stirrer is represented by a set of induction coils with a
traveling electric current perpendicular to the plain. The 2D axis-symmetric model
is enclosed in a 2D axis-symmetric box. The induction stirrer generates a traveling
magnetic field and the direction of the resulting electromagnetic force depends on
the direction of traveling magnetic field.

The equation governing the electromagnetic field in the steel melt are given as:

∇XH = j (2.1)

∇XE = −∂B

∂t
(2.2)

∇ · B = 0 (2.3)

B = μH (2.4)

J = σ[E + (UXB)] (2.5)

where H is the magnetic field, E is the electric field, B is the magnetic flux
density, J is the current density and U is the velocity in the steel melt.

The electromagnetic force, which is also known as the Lorentz force, created by
the interaction of the traveling magnetic field in the melt is given as:

F = JXB (2.6)

In order to solve the electromagnetic force given by equation 2.6, J and B have
to be solved in the conducting domain. This can be done by manipulating equations
2.1-2.5 and expressing the differential equation with B as the primary variable:

∂B

∂t
= 1

σμ
∇2B + ∇XUXB (2.7)

In the current modeling approach the influence of the induced current on the
magnetic field is not taken in to account. Therefore, the last term of equation 2.7
can be neglected and this results in an equation that is similar to the diffusion
equation. The above differential equation can then be solved with an appropriate
choice of boundary conditions.

Since the electromagnetic field is varying sinusoidally with time (frequency ω
= 50Hz), it is preferred to represent the electromagnetic force in equation 2.6 in a
time averaged form. The components of the time-averaged electromagnetic force
expressed in cylindrical coordinates are given by:

Fr = 1
2Re(JθB∗

z − JzB∗
θ ) (2.8)
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Fθ = 1
2Re(JzB∗

r − JrB∗
z ) (2.9)

Fz = 1
2Re(JrB∗

θ − JθB∗
r ) (2.10)

where Re represents the real part and the asterisk the complex conjugate part.

2.2 Computation of Flow Field in Inductively Stirred Ladle

In this section a brief overview of equations governing transport for the inductively
stirred steel melt are presented, a detailed overview can be found in [11, 1].

The equation for conservation of mass is given as:

∂ui

∂xi
= 0, (2.11)

where ui is the velocity component in i-direction and xi is the distance in the
corresponding direction. The three velocity component corresponds to u, v and w.

The equation for conservation of momentum is given as:

ρ
(∂ui

∂t
+ ∂ujui

∂xj

)
= ∂

∂xj

(
μeff

( ∂ui

∂xj
+ ∂uj

∂xi

)) − ∂P

∂xi
+ ρgi + Fi, (2.12)

where μeff is the effective dynamic viscosity, P is the static pressure, ρ is the
density, g is the gravity in i direction, and Fi is the Lorentz force in the i direction.
The effective dynamic viscosity is expressed as:

μeff = μl + μt, (2.13)

where μl is the molecular dynamic viscosity and μt is the turbulent dynamic
viscosity.

The equations for the turbulent kinetic energy, k, and the dissipation of the
turbulent kinetic energy, ε, from the well documented k − ε model has been used
to simulate turbulence. Details can be found in [11, 1, 14, 15, 16].

2 Heat Transfer

Heat transfer is an important component of all ladle metallurgy and injection sys-
tems. When molten steel is held in a ladle, heat losses will occur to surroundings
and in particular to the ladle walls. In addition to a modest rate of heat loss, this
will also result in stratification of the melt. When molten steel is being agitated in
a ladle by gas injection or induction stirring, the rate of heat loss will be increased,
particularly because of radiative heat transfer from the free surface. In many met-
allurgy operations, thermal energy is added to the melt by either induction or, more
frequently through the electric arcs [13].
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In a induction ladle high frequency magnetic field is used to agitate the melt and
a low frequency magnetic field is deployed for induction heat thus induction heating
and stirring are can be carried out at the same time in a induction stirred ladle.
Although in many practical situations all modes of heat transfer occur together, we
will consider conduction, radiation, and convection separately.

2.1 Equations governing the heat transfer

The law of heat conduction, also known as Fourier law, states that the time rate of
heat flow Q, through a slab is proportional to the gradient of temperature difference:

ΔQ
Δt

= −KAΔT
Δx

(2.14)

Here, K is known as the coefficient of thermal conductivity. The negative is
required to yield a positive number for the heat flow.

Thermal radiation, natural phenomena known as electromagnetic radiation, i.e.
the broadcasting of energy by subatomic transport processes, is the process of heat
transfer by which equilibrium is achieved between two bodies without a mutual
contact. This can be excited by the passage of an electric current-chemically, by
electron bombardment and thermally, as a simple consequence of the temperature
level of a body. For a black body the total rate of radiant emission per unit surface
is given by:

Wb = σT4 (2.15)

in which σ = 56.7e-12 kW/m2K4.
The transfer of heat through the motion induced by the natural volume or den-

sity changes associated with temperature differences in a fluid is known as natural
or free convection. The rate of heat transfer per unit area of the heated body, q,
is proportional to the difference in temperature between the hot body, T , and the
ambient flow, Ta. If the constant of proportionality is h, then we have:

Q = qA = hA(T − Ta) (2.16)

Where h is heat transfer coefficient.
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Chapter 3

Numerical Solution Methodology

3 Numerical Modeling

As can be seen from the mathematical formulation presented in the previous chap-
ter there is a coupling between the Maxwell’s equation for the magnetic flux and
the Navier stokes equation for a flow field. The volume forces calculated from the
solution of the magnetic diffusion equation are used as the source term for the
solution of Navier stokes equation to obtain velocity profiles of the stirring liquid
melt. Due to the coupled nature of this problem the simulation model of this
metallurgical process is developed using a Finite Element Method [17] with the
help of COMSOL [18]. This is a multiphysics software with functionality to couple
different physical processes. To incorporate induction stirring in the simulation
model, Electromagnetic and Fluid Mechanics modules of COMSOL are coupled.
The simulation domain consists of a conducting ladle domain and a straight mag-
netic stirrer, as shown in Figure 2.1. The height of the molten steel in the bath, L,
is 1.96m, the height of the bath, H, is 2.94m and the radius of the bath, R, is 1.5m.
Other geometrical and computational parameter used for modeling are based on
the data published in [9, 11, 14, 15]. The discretization of above equations with
finite element method (FEM), simulation methodology, assumptions and boundary
conditions used in modeling of the induction stirring process are described next.

3.1 Discretization of equations with finite element method

The finite element method (FEM) has had a remarkable history. It was first created
for the complicated equations of elasticity and structural mechanics and there it
has essentially superseded the finite difference methods. Now it is everywhere.
You cannot do engineering calculations, at least for partial differential equations,
without considering it.

In this section the basics of finite element method are presented. The finite
element formulations presented in this section are influenced by the formulations
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presented in [17, 19]. The basic principle for solving a partial differential equation
with the finite element method are:

• Find a variational formulation of the problem.

• Integrate by parts in order to decrease the number of differentiation involved.

• Retain only essential boundary conditions.

• Approximate the solution with a finite number of freedoms.

• Choose basis functions that vanish on the most of the domain.

Deriving the variational formulation - Magnetic diffusion equation

Our main example will be a classical Magnetic diffusion equation with zero bound-
ary conditions:

−K∇2 �B = �f on Ω (3.1)

−�B = 0 on Γ (3.2)
where K is the electrical conductivity and �B is magnetic field. For finding the

variational formulation it is necessary to find the weak form of equation 3.1. To
derive the weak form, equation 3.1 must be multiplied with υ (which is zero on ∂Ω)
and integrate it over the entire domain as follows:

−
∫

Ω
(K∇2 �B)υ∂Ω =

∫
Ω

�fυ∂Ω (3.3)

Since the above form of equation does not fit with the divergence theorem
following transformation is applied:

∇�Bυ = w (3.4)
and using the Gauss theorem :

∇ · w = ∇(∇�Bυ) = ��Bυ + ��B�υ (3.5)
giving

−
∫

Ω
(K∇2 �B)υ∂Ω = −

∫
Ω

w∂Ω +
∫

Ω
K∇�B∇υ∂Ω (3.6)

= −
∫

Γ
w · n∂Γ +

∫
Ω

K∇�B∇υ∂Ω (3.7)

=
∫

Γ
K∇�B∇υ∂Ω (3.8)

=
∫

Ω
K∇�Bυ∂Ω υ = 0 on Γ (3.9)
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where n represents the outward normal vector and using the equations 3.6 on-
wards the weak form of the differential equation 3.3 can be written as:∫

Ω
K∇�Bυ∂Ω =

∫
Ω

�fυ∂ω (3.10)

Now let

V = {υ : υ ∈ H1([a, b]) such that υ = 0 on Γ = ∂Ω} (3.11)

then to define a finite element method for equation 3.10, the finite dimensional
subspace Vh ⊂ V is needed and a representation of �B in this space will be written
as:

�B(x, y) = Σiϕi(x, y) �Bi (3.12)
where ϕi constitute a base for Vh meaning any υ ∈ Vh can be written as a linear

combination of ϕi. �Bi represents the value of �B at the set of discrete points, the
nodes in the finite element grid. The function ϕi are chosen such that they have
a small support, in practice ϕi = 1 at node i and zero elsewhere. This is also
known as the hat-function in FEM. The choice of ϕi as hat-functions is motivated
by the fact that it is nice to know that �Bi represents the value of �B at node i.
The polynomial variation of the function between nodes is a matter of choice and it
can increase the order of accuracy of the numerical solution. So the finite element
method for equation 3.10 is given as:

Find �B ∈ Vh ⊂ V such that∫
Ω

K∇�Bυ∂Ω =
∫

Ω
�fυ∂Ω (3.13)

for all υ ∈ Vh. This can be written in abstract form as:

a(�B, υ) = L(υ) (3.14)

where

a(�B, υ) =
∫

Ω
K∇�Bυ∂Ω, (3.15)

and
L(υ) =

∫
Ω

�fυ∂Ω (3.16)

Now, testing against all υ ∈ Vh reduces to testing against all of ϕi, since equation
3.14 is satisfied for each of the ϕi, then it must also be satisfied for all υ ∈ Vh, which
is arbitrary combinations of these ϕ; so with using equations 3.13, 3.14 is equivalent
to:

Σia(ϕj , φi)�B = L(ϕj), j = 1, 2, 3.... (3.17)
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or

S�B = �f (3.18)
where

Sij =
∫

Ω
K∇ϕi∇ϕj∂Ω and �fi =

∫
Ω

ϕi
�f∂Ω (3.19)

where individual component of the above equation can be defined in a discrete
form as:

ϕ = [ϕ1 ϕ2 . . .] (3.20)

B =
(

∂ϕ1
∂x

∂ϕ2
∂x . . .

∂ϕ1
∂y

∂ϕ2
∂y . . .

)
in 2D (3.21)

B =

⎛
⎜⎝

∂ϕ1
∂x

∂ϕ2
∂x . . .

∂ϕ1
∂y

∂ϕ2
∂y . . .

∂ϕ1
∂z

∂ϕ2
∂z . . .

⎞
⎟⎠ in 3D (3.22)

Then the matrix form of equation 3.13 can be written as:

S =
∫

Ω
KBTB∂Ω f =

∫
Ω

ϕT f∂Ω (3.23)

Deriving the variational formulation - Navier-Stokes equations

We now turn to the Navier-Stokes equation for the steady flow of an incompressible
fluid, and consider a situation with flow in a bounded domain Ω. We will look at
the steady state Navier-Stokes equation for simplicity. The mathematical problem
in differential form is given as:

uj
∂ui

∂xj
+ ∂p

∂xi
− 1

Re
∇2ui = fi in Ω, (3.24)

∂ui

∂xi
= 0 in Ω. (3.25)

ui = gi on Λ0. (3.26)

− 1
Re

∂ui

∂xj
nj + pni = 0 on Λ1. (3.27)

The boundary condition on Λ1 = ∂Ω Λ0 is of no obvious physical significance,
but is useful as in artificial outflow condition. The NavierStokes equations is a sys-
tem of nonlinear advection-diffusion equations together with the incompressibility
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condition, equation 3.25. To derive the variational form, we need new integration-
by-part formulas. The product rule of differentiation yields

∂

∂xj
(zi

∂u

∂xj
) = ∂zi

∂xj

∂ui

∂xj
+ zi∇2ui (3.28)

and
∂

∂xj
(zjp) = zi

∂p

∂xi
+ p

∂zj

∂xj
(3.29)

Integrating expressions from equation 3.28 and 3.29 and applying the divergence
theorem on left sides yields∫

Λ
njzj

∂ui

∂xj
dΛ =

∫
Ω

∂zj

∂xj

∂ui

∂xj
dΩ +

∫
Ω

∇2uidΩ (3.30)
∫

Λ
njzipdΛ =

∫
Ω

∂p

∂xi
dΩ +

∫
Ω

p
∂zi

∂xi
dΩ (3.31)

which are the integration-by-parts formulas needed to derive the variational form.
Now, let zi be a smooth vector-valued function on Ω̄ that vanishes on Λ0. Multiply
both sides of equation 3.24 with zi, integrating over Ω, and utilizing equation 3.30
and 3.31, we find that

∫
Ω

zifidΩ =
∫

Ω
ziuj

∂ui

∂xj
dΩ + 1

Re

∫
Ω

∂zi

∂xj

∂ui

∂xj
dΩ −

∫
Ω

p
∂zi

∂xi
dΩ (3.32)

Where, in this equality, the boundary integral vanish on Λ0 since zi = 0 on Λ0 and
on Λ1 due to boundary conditions, equation 3.27. Moreover, multiplying equation
3.25 with a smooth function q and integrating yields∫

Ω
q

∂ui

∂xi
dΩ = 0 (3.33)

Thus the variational problem defining weak solution to equation 3.24 is given as:
Find ui ∈ V and p ∈ H such that

∫
Ω

ziuj
∂ui

∂xj
dΩ + 1

Re

∫
Ω

∂zi

∂xj

∂ui

∂xj
dΩ −

∫
Ω

p
∂zi

∂xi
dΩ =

∫
Ω

zifidΩ ∀zi ∈ V (3.34)

and ∫
Ω

q
∂ui

∂xi
dΩ = 0 ∀q ∈ H (3.35)

These equation are the starting point for finite element programming. Here
COMSOL Multiphysics [18] is used as the tool for programming of the above equa-
tions using FEM. Similarly, FEM discretization approach is also used, with the help
of COMSOL Multiphysics, for incompressible Navier-Stokes equation to model fluid
flow of steel melt under the impact of induction stirring.
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3.2 Solution procedure

The procedure for solving the magnetic differential equation 3.1 with the finite
element method can hence be simplified into the following steps:

• Generating a finite element mesh.

• Setting the numerical approach for approximating the integrals.

• Generating the stiffness matrix and load vector.

• Implementing the boundary conditions and internal sources/sinks.

• Solving the governed linear system of equations with FEM to find the mag-
netic flux field.

• Computing the induced current density.

• Use the induced current density to compute the Lorenz force field.

• Use the Lorenz force field as source terms for sequentially coupled Navier-
Stokes equation to compute induced fluid velocities.

• The current modeling approach does not couple the induced current to the
magnetic field, which could have an effect on the flow field. Since the magnetic
Reynolds number is usually very low (Rem ≈ 0.01 or less) [9] in induction
stirring processes 1.

Sequentially coupled incompressible Navier-stokes equation is also solved using the
FEM with the help of COMSOL Multiphysics, for details please refer to [18].

3.3 Boundary Conditions for Computation of Lorentz Forces - 2D

Two dimensional model of induction stirring is assumed to be axis-symmetric as
shown in Figure 2.1(a). The electromagnetic equations described in section 2 are
solved numerically with the boundary conditions listed below and shown in figure
3.1(a). The domain is meshed with a non-uniformly refined 2-D unstructured tri-
angular mesh, mesh consists of 7676 mesh elements and 18715 degrees of freedom.
Moreover, a non-uniform mesh refinement is applied near the stirrer to get better
resolution of the forces and the velocity in the ladle, shown in Figure 3.1(b).

• Ladle domain is inactive.

• WLW - symmetry axis.

1 We anticipate a stirring action and suppose that a typical fluid velocity is U, then the
magnetic Reynolds number Rem = UL/μσ. In most circumstances of practical importance, this
number is very small, i.e. Rem « 1. Rem exceeds values of order unity only on the very large
scales arising in geophysical and astrophysical contexts, or in the large cooling circuits of fast
breeder nuclear reactors [20].

ISBN 978-91-7501-324-4



(a) (b)

Figure 3.1. (a) Boundary conditions for the 2D Axis-symmetric model of Ladle
and Stirrer assembly. (b) 2D mesh consisting of triangular elements enclosing the
2D Axis-symmetric model of Ladle and Stirrer.

3.4 Boundary Conditions for Computation of Flow Field - 2D

Once the Lorentz forces are computed from the solution of the electromagnetic
equations the flow field is then computed by solving Navier-Stokes equation in-
side the 2D axis-symmetric model of the Ladle. The boundary conditions used to
compute the flow field are listed below and are also shown in Figure 3.1.

• Ladle domain is active.

• LTW - no shear: velocity gradient is zero.

• LRW, LBW - velocity component is zero.

• WLW - symmetry axis;

3.5 Boundary Conditions for Computation of Lorentz Forces - 3D

For calculation of the electromagnetic forces the whole ladle and stirrer assembly
(Figure 2.1(b)) is assumed to be enclosed in a box. The size of which is significantly
larger compared to the size of the ladle and the stirrer together, see Figure 3.2(a).
The whole domain including the box and the ladle configuration are meshed with
tetrahedral elements as shown in Figure 3.2(b). The electromagnetic equations
(described in section 2) are solved numerically with the boundary conditions that
are set to magnetic insulation at the boundaries of the box enclosing the ladle and
the stirrer.
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(a) (b)

Figure 3.2. (a)Ladle and stirrer assembly enclosed in a magnetically insulated box.
(b) Unstructured mesh comprising of tetrahedral mesh elements for insulated box
(enclosing Ladle and stirrer assembly).

3.6 Boundary Conditions for Computation of Flow Field - 3D

Once the electromagnetic/Lorentz forces are calculated numerically by solving the
equations 2.8,2.9 and 2.10, the governing transport equations for the inductively
stirred steel bath needed to be solved numerically to calculate the flow field in the
steel bath. The typical boundary conditions used to solve the transport equations
are listed in table 3.1. For numerical solution of the transport equations the steel
bath is numerically meshed with unstructured tetrahedral elements. A 3-D mesh
consists of 24807 mesh elements and 34178 degrees of freedom. A non-uniform mesh
refinement is applied near the ladle to get a better resolution of the forces and the
velocity in the ladle, shown in Figure 3.3. The following assumptions are made in
this paper for solving the transport equations:

• Steady state is assumed for solving the transport equations.

• The free surface of the steel is assumed to be flat.

• The temperature of steel melt is assumed to be constant.

For the 3-D model of induction stirring the above described procedure in section
3 is repeated for a series of varying current intensity as listed in table 3.2.

3.7 Benefits of Using Unstructured Grids

In this thesis unstructured grids in two and three dimensions are use to describe
the ladle geometry in a realistic way. Previous studies presented on ladle refining
processed have not used unstructured grids to the best of author’s knowledge.
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Regions u v w k ε

Ladle Top Surface ∂u
∂z = 0 ∂v

∂z = 0 ∂w
∂z = 0 ∂k

∂z = 0 ∂ε
∂z = 0

Ladle Bottom Surface 0 0 0 0 0
Ladle Wall 0 0 0 0 0

Table 3.1. Boundary conditions used for computation of the flow field.

Figure 3.3. Unstructured mesh comprising of tetrahedral mesh elements in the
ladle.

Current Intensity (Amps) Value
I0 300
I1 500
I2 700
I3 1000

Table 3.2. Different current intensity values used for simulations of the ladle stirrer.

Previous studies presented in literature have mostly advocated the use of body
fitted, Cartesian or radial coordinates to define ladle geometry [5, 6, 9, 10, 11, 12].
In this thesis non-uniform unstructured grids are used that not only enable efficient
meshing of the ladle domain in areas of interest but also provide better numerical
solutions for the model using less number of elements compared to body fitted grids.
Thereby, improving efficiency and accuracy of numerical simulation, especially in
three dimensions.
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Chapter 4

Numerical Results and Discussion

4 Introduction

In this section, the main results from the three supplements regarding the induction
stirring of ladle refining process will be presented and discussed. First, the numer-
ical simulation results for the 2D axis-symmetric model of an induction stirrer are
presented. Furthermore, the numerical simulation results for the 3D model of in-
duction stirring for varying current intensities are presented. Finally, conclusions
are drawn based on these numerical results.

4.1 Supplement I - Two dimensional induction stirring model

In the numerical calculation for the two dimensional induction stirring model the
solution of the differential equation of the magnetic potential is calculated in the
conducting domain, which is the melt. The configuration of the induction stirrer
and the ladle/steel melt used for two dimensional simulation model are shown in
Figure 2.1(a). The details of the boundary conditions and unstructured mesh used
to simulate induction stirring process for the two dimensional model, shown in
Figure 3.1, are described in chapter 3, sections 3.3 and 3.4.

Two dimensional model is used to predict the magnetic flux density inside the
steel melt and the resulting Lorentz force and the resulting velocity profiles in the
melt due to induction stirring. Figure 4.1(a) shows the contour plot of the magnetic
flux distribution. It can be seen from the contour plot that the magnetic flux density
is very high near the ladle and it tends to generate a circulating magnetic field inside
the ladle. Figure 4.1(b) shows the distribution of the X component of Lorentz force
inside the 2D axis-symmetric model. Figure 4.1(c) shows the distribution of the
Y component of the Lorentz force inside the 2D axis-symmetric model. It can be
seen from the plot that the direction of Lorentz force at the top and at the bottom
of the ladle is different. This is due to the presence of a circulating magnetic field
inside the ladle. The change in direction of the Lorentz forces causes the molten
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steel melt to move in a circular fashion, as shown by the streamlines of the total
velocity in Figure 4.1(d).

4.2 Supplement II - Two dimensional induction stirring model with

Heat Transfer

The two dimensional model presented in supplement I is further improved by addi-
tion of a heat transfer component as described in chapter 2, section 2. In this model
only the temperature effects due to induction heating of the melt are considered.
This is achieved by coupling heat transfer module of COMSOL with electromagnetic
and fluid mechanics modules in a multi-physics fashion. The boundary conditions
for this model are similar to the ones used in previous section apart from introduc-
tion additional boundary conditions for induction heating, that includes specifying
a heat source at the inductor and insulating boundary conditions everywhere else.

Figure 4.2, shows the temperature distribution inside the ladle. It can be seen
from the figure that the temperature is much higher closer to the inductor due to
induction heating and almost zero at the enclosing boundary.

4.3 Supplement III - Three dimensional induction stirring model

The numerical calculation for the three dimensional induction stirring model is sim-
ilar to the one used for the two dimensional model. The differential equation of the
magnetic potential is calculated in the conducting three dimensional ladle domain.
The configuration of the induction stirrer and the ladle/steel melt used for three
dimensional simulation model are shown in Figure 2.1(b). The details of the bound-
ary conditions and unstructured mesh used to simulate induction stirring process
for the three dimensional model, shown in Figure 3.2, are described in chapter 3,
sections 3.5 and 3.6. For three dimensional model a completely unstructured grid
is used, this makes the model very flexible with respect to meshing ladle geometry.
In the 3D cases, similar to the 2D axis-symmetric model a 3D rotating magnetic
filed is generated inside the 3D model of the ladle due to induction stirrer. This 3D
magnetic field results in generation of the Lorentz forces inside the ladle, as shown
in Figure 4.3(a). Similar to the 2D axis-symmetric model Lorentz forces at the top
and bottom of the 3D model of the ladle are oriented in different direction. This
results in generation of a circulating velocity field as shown by the streamlines in
Figure 4.3(b).

As mentioned in the introduction, the focus of this thesis has been on predicting
the velocity of the steel melt in the ladle for varying current intensity. In order to do
so a series of simulation were performed with current density varying from 300-1000
Amps., as listed in table 3.2. These simulation results show that an increase in the
current density leads to an increased ladle velocity, as shown in Figure 4.4. Figure
4.5(a) shows a velocity plot with certain distance the along stirrer. The stirring
causes the steel to move in a loop around the outer surfaces of the steel bulk, while
in middle of stirrer small velocities exist. Stirring with different current causes
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different flow conditions in the ladle. An increase in current causes an increase
in the surface velocity. Figure 4.5(b) shows velocity variation for varying current
intensity at the center of the melt.

In order to confirm the results obtained from the simulation a comparison is
made between magnetic flux values computed experimentally with magnetic flux
values computed by simulations [14]. The results of the comparison are shown in
Figure 4.5(c). It can be seen from the figure that the simulation results are in good
agreement with the experimental measurements, with a relative percentage error
close to 8%. We also verified the assumption that for induction stirring of steel
the magnetic Reynolds number Rem is « 1 by computing the values of Rem for
different velocities (corresponding to different current intensities) of the steel melt
at the center of the ladle, Figure 4.5(d). For calculation of Rem we have used the
relationship for magnetic Reynolds number, i.e, Rem = UL/σμ. Here, U is the steel
velocity at the center of the melt, as shown in Figure 4.4(a), L is the height of the
molten metal in the ladle (1.96m), σ is electrical conductivity (7.14e105mho/m)
and μ is the viscosity of molten steel in ladle (6.4e10−3Kg/ms).
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(a) (b)

(c) (d)

Figure 4.1. (a) Figure showing magnetic flux streamlines inside the ladle and
stirrer assembly in the 2D axis-symmetric model.(b) Figure showing Lorentz Force
distribution (Fx) inside the ladle in the 2D axis-symmetric model. (c) Figure showing
Lorentz Force distribution (Fy) inside the ladle in the 2D axis-symmetric model. (d)
Streamlines showing the total velocity evolution inside the ladle in the 2D axis-
symmetric model.
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Figure 4.2. Surface plot of temperature distribution inside the ladle.

(a) (b)

Figure 4.3. (a) Figure showing Z component of Lorentz force distribution inside
the ladle in the 3D model. (b)Streamlines showing the total velocity evolution inside
the ladle furnace.
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(a) (b)

(c) (d)

Figure 4.4. (a) Figure showing z-component of ladle velocity (slice plot) and
total velocity (arrows) for current intensity I0 - 300 Amps. (b) Figure showing
z-component of ladle velocity (slice plot) and total velocity (arrows) for current
intensity I1 - 500 Amps. (c) Figure showing z-component of ladle velocity (slice
plot) and total velocity (arrows) for current intensity I2 - 700 Amps. (d) Figure
showing z-component of ladle velocity (slice plot) and total velocity (arrows) for
current intensity I3 - 1000 Amps.
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(a) (b)

(c) (d)

Figure 4.5. (a) Figure showing surface velocities for 300, 500, 700 and 1000 Amps.
of current intensity. (b) Figure showing velocity variation for varying current inten-
sity at the center of the melt. (c)Figure showing comparison between magnetic flux
values obtained from the simulation model and the experimental results for current
intensity I0[14]. (d) Figure showing values of magnetic Reynolds number Rem for
velocities of the steel melt at the center of the ladle. It can be seen from the plot
that the value of magnetic Reynolds number Rem is � 1 for induction stirred model
presented here.
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Chapter 5

Final Conclusions

In this thesis a Multiphysics modeling of an induction stirred ladle in two and three
dimensions is presented. The most important conclusions regarding modeling of
induction stirred ladle in two and three dimensions are summarized as follows:

• The model of induction stirrer presented here is fully three dimensional and
uses unstructured 3D grids to describe the ladle geometry. This makes the
model very flexible with respect to meshing the ladle geometry accurately.

• The Lorentz forces used as source term for flow field are computed implicitly
in 3D and are fully coupled with flow simulations. This makes this model
very easy to use for any current density to compute the Lorentz force and
thereby to simulate stirring of the steel melt.

• The predicted velocities of the steel melt and magnetic flux density has been
compared with experimental values and have been found to be in close agree-
ment, with a relative percentage error close to 8%.

• The assumption that the steel surface is flat might give a small error in cal-
culation of the steel velocity close to the surface of the ladle. This can be
avoided by including a slag phase in the model.

• The calculation of Lorentz force distribution is crucial for the simulation
model and velocity calculations. Therefore, it is very important to validate
magnetic field calculation used. This has been done in this thesis and good
agreement has been found between experimental and simulation results.

• The induction stirring model presented in this thesis enables us to study
velocities of the melt at any plane in the 3-D ladle domain. The model also
enables us to predict velocity of the steel melt in the ladle for varying current
intensity.
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Chapter 6

Future Work

While carrying out the present study some ideas for future work have been identi-
fied:

• Investigation into addition of a slag phase to the simulation model. This will
show how the flow field in the steel is influenced by presence of slag. Such a
model can help in understanding how much slag can be dispersed into steel.

• Investigation into addition of gas injection in the simulation model. Combined
gas and induction stirring is of great industrial interest and is used in many
companies. However, there is not an exact knowledge on what is the optimum
stirring combination.

• Treatment of inclusions so that it is possible to study how inclusions may be
separated from a steel bath due to stirring.

• Treatment of addition of alloys to study how induction stirring can be opti-
mized to speed up the dissolution of alloys.
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