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Abstract

The first main part of this thesis presents a novel distributed event-based control strategy
for the synchronization of a network consisting of N identical dynamical linear systems. The
problem statement can be interpreted as a generalization of a classical event-based consensus
problem. Each system updates its control signals according to some triggering conditions
based on local information only. Starting with the event-based synchronization with state
feedback two different approaches are derived. The trigger functions of the first approach
depend on the transfered system states, while the trigger conditions of the second approach
depend on the control inputs. The advantages (or otherwise) of both approaches and imple-
mentations are discussed. Furthermore, we extend the problem setup to the synchronization
with a dynamic output feedback coupling and transfer the both event-based methods to this
problem. The novel proposed approaches yields to the general results for the event-based
synchronization for linear systems. In the second smaller part we present a new method
for the distributed event-based synchronization of Kuramoto oscillators. We assume a uni-
form Kuramoto model of N all-to-all connected oscillators with different natural frequencies.
Throughout the report, simulation results validate and illustrate the proposed theoretical
results.
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1 Introduction

The main goal of this work is the interconnection between synchronization and event-based
control. In this thesis project we consider two different kinds of synchronization: Synchroniza-
tion of linear identical systems and synchronization of Kuramoto oscillators. This chapter
gives a brief introduction to cooperative control of multi-agent systems and the consensus
problem, followed by event-based control and the two fields of synchronization. We conclude
the chapter with our contributions and the outline of this report.

1.1 Multi-agent Systems and Consensus Problem

The recent years have witnessed a thriving research of the control community in cooperative
control and motion coordination. There is a growing interest in the use of autonomous
vehicles to execute cooperative tasks, as for instance unmanned air vehicles and autonomous
underwater vehicles. By cooperating and sharing information with each other, a team of
vehicles (referred as agents) can perform complex and dangerous tasks, which cannot be
accomplished by a single agent. Beyond that, many applications of multi-agent cooperative
control have been investigated, such as multi-agent robotics, distributed estimation, formation
control, flocking and many more [1, 2, 3, 4, 5, 6, 7, 8].
The challenges in the control design are the communication and connectivity constraints
(local information and limited sensing capabilities). In general, a multi-agent system consists
of a group of agents and is associated with a network structure (graph), which encodes how
information is shared between the agents. In distributed control strategies, agents in such
networks cooperate with each other in order to achieve a desired global objective, but without
access to global information of the overall system. Therefore, the activity of each agent is
based on its own and the neighbors’ information, while accomplishing the collective behavior
of the group. One of the main tasks in a multi-agent system is the consensus problem. In a
network of agents, consensus is the collective objective of reaching agreement of the agents
states to a common value by regarding some variables of interest. The consensus protocol
specifies the rule of information exchange between the neighboring agents. Reviews and survey
articles can be found in [9, 10, 11].
Consensus and agreement problems have been recently researched for distributed control
of multi-agents systems [12, 13, 14, 15, 16]. There are several applications such as flocking,
swarming, robotic coordination, distributed computation, just to name a few. In the literature
of consensus, the main focus is on the communication constraints and less on the individual
dynamics. In most papers with consensus problems the agents are modeled as single integrator
dynamics and the communication topology is modeled by graphs. The exchange information
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1 Introduction

of the agents obeyed a communication graph, which is not necessarily complete, symmetric
or time-invariant. Normally, the agreement variables have no dynamics.

1.2 Synchronization

In the recent years, several coordination and synchronization problems have been popular
issues in the control community. In comparison to the consensus literature the emphasis
is on the individual dynamics. In the synchronization literature the assumption is often a
complete (all-to-all) communication graph but the variables of the system can be oscillatory
or even chaotic. Similar to the consensus problem, the objective of the interconnection is to
reach synchronization to a common solution of the individual dynamics [17, 18, 19, 20, 21].
Many applications in physics, biology, and engineering world yield coordination problems,
which can be rewritten to consensus or synchronization problems. In the recent literature
[17, 22, 23, 24, 25, 26], the main task has been to design control laws in order to synchronize
relevant system variables by taking account of individual dynamics and communication con-
straints. In [17], the synchronization of a group of identical linear systems described by the
state-space model (A,B,C) with general interconnection topologies has been investigated.
The proposed dynamic output controller ensures under some assumptions that the solutions
exponentially synchronize to a solution of the decoupled open loop system. The approaches
can be interpreted as a generalization of the conventional consensus problem. The first main
part of this report is based on the proposed methods in [17].
Another field of our interest is the synchronization of coupled oscillators, namely the Ku-
ramoto model introduced by Kuramoto [27]. There are many examples for the application of
Kuramoto oscillators in biology [28, 29], in physics [30, 31, 32, 33] and in dynamical systems
communities [34, 35, 36]. We refer the reader to the excellent reviews [37, 38]. The nonlinear
synchronization of Kuramoto oscillators is closely related to the problem of consensus among
multi-agent systems [12, 39, 40, 41]. In [42, 43, 30] the connection between power network
synchronization, Kuramoto oscillators, and consensus problems has been recognized. [44]
showed that the transient stability analysis of a power network model can be reduced to the
synchronization analysis of non-uniform Kuramoto model. Moreover, the available results for
Kuramoto oscillators have been used to analyze synchronization in power networks [45]. As
one can see, the three fields synchronization, consensus protocol and Kuramoto oscillators are
closely related.

1.3 Event-based Control

In many applications, the implementation of the controller is realized on a digital platform.
Specifically, each subsystem is equipped with a small embedded digital micro-processor, which
coordinates the communication with neighboring agents and controller updates in a discrete-
time manner. In a conventional time-scheduled implementation the control task is executed
periodically, i.e. the signals are sampled equidistant. Between the updates the signal are held
constant via zero order hold. The feature of this time-scheduled control is the simple design
and analysis.
However, synchronization problems arise often in multi-agent systems. The traditional sampled-
data control is often not suitable for distributed systems because of resource constraints. Due
to reducing the energy consumption and traffic it is favorable to decrease the controller actu-
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1.4 Contributions

ations and the communication between the agents. Event-based control is an alternative for
time-scheduled control. In the event-based control strategy the signals are updated only when
significant events occurs, for example, when a measured signal exceeds a certain threshold or
limit. In data acquisition the idea is referred as send-on-delta concept [46]. There are many
conceptual advantages in event-based control [47, 48], such as a more scalable and efficient
trade-off between control performance and communication cost. In [49, 50] stochastic event-
driven strategies have been studying. The deterministic event-triggered strategy for control
applications is introduced in [51]. Based on this event-triggered method, an event-based im-
plementation of the consensus protocol for multi-agent systems is developed in [52, 53, 54],
which render the control signals piecewise constant while a continuous communication between
agents is required. In [55] a new event-based control strategy is developed which scheduled
also the measurement broadcasts in an event-based fashion.
Remark, the closed-loop system of a continuous-time plant and an event-based controller is
a hybrid system. For hybrid systems we have not only to ensure stability but also we need
to show that Zeno-behavior is excluded [56, 57, 58, 59]. Zeno behavior means that there are
infinitely many events in finite time, i.e. there is an accumulation point of events. Compared
to time-scheduled control the analysis of event-based control is more challenging, but provides
the possibility to reduce the transmissions over the network.

1.4 Contributions

There are two contributions in the present work. The first main contribution of this thesis
is the development of novel approaches for the decentralized event-based control for synchro-
nization of linear systems. Our approaches extend the usually used single-integrator system
in multi-agent systems to general linear dynamical systems. The starting point is the latest
work for synchronization of linear identical systems [17] and the above discussed event-based
cooperative control of multi-agent systems [55]. We start with the event-based synchroniza-
tion with linear feedback and extend this to the event-based synchronization with an output
feedback controller. Two different event-based approaches/implementations are presented
throughout the event-based synchronization of linear identical systems.
As a second contribution, we present a new event-based method for the synchronization of uni-
form Kuramoto oscillators. Based on the work of [40] we derive a distributed event-triggered
control which synchronize the all-to-all connected oscillators. This approach shall serve as a
first basic step for the event-based synchronization of power networks.

1.5 Outline

The remainder of this report is organized as follows. Chapter 2 introduces the preliminaries
and basics about the algebraic graph theory and consensus problem, which are needed for the
comprehension of this thesis. Furthermore, the problem statement of this work is presented.
In Chapter 3 we investigate new approaches for the event-based synchronization of linear
system where state coupling among systems is allowed. Two different kinds of setups are
presented and discussed. In Chapter 4 we extend the event-based approaches first to syn-
chronization with dynamic feedback controller and finally to synchronization with dynamic
output controller. Chapter 5 presents a new method for the synchronization of coupled os-
cillators which are described by the uniform Kuramoto model. The report concludes with
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conclusions and future work in Chapter 6. Throughout the work, the theoretical results are
confirmed and validated by numerical simulations.
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2 Basics and Problem Statement

This chapter provides the problem formulation and the basics which are relevant for the com-
prehension of this thesis. In the first section the notation and preliminaries are introduced.
For the analysis of our problems we use the algebraic theory of communication graphs. There-
fore, a brief review of graph theory is summarized in Section 2.2 with particular emphasis on
the matrix objects, such as the adjacency and Laplacian matrices. Synchronization problems
are closely related to consensus problems on graphs. Section 2.3 introduces the consensus pro-
tocol. In the last section the problem statements for event-based synchronization of identical
dynamical systems and Kuramoto oscillators are presented.

2.1 Notation and Preliminaries

Throughout this work we use the following notation. For N given vectors x1, x2, . . . , xN
we denote with x the stack vector x = [xT1 , x

T
2 , . . . , x

T
N ]T . We indicate with IN the N × N

diagonal identity matrix and with 1 the column vector [1, . . . , 1]T ∈ R
N . The Euclidean norm

for vectors or the induced norm for matrices is denoted as ‖ · ‖. We symbolize the Kronecker
product of two given matrices A ∈ R

m×n and B ∈ R
p×q with A⊗B ∈ R

mp×nq, which satisfies
the properties

(A⊗B)T = AT ⊗BT , (2.1a)

(A⊗ Ip)(C ⊗ Ip) = (AC)⊗ Ip. (2.1b)

For notational convenience, we write ÃN = IN ⊗A and ĀN = A⊗ IN .

2.2 Graph Theory

This section reviews the for us important facts from algebraic graph theory [60, 61]. A
network can be modelled as a graph, where vertices correspond to individual agents, and edges
correspond to the existence of an inter-agent communication link. The graph theory provides
us with useful tools for analyzing, designing and controlling such multi-agent systems. A graph
G = (V , E) with N vertices andm edges consists of a set of vertices (or nodes) V = {v1, . . . vN}
and a set of edges E = {(i, j) ⊆ V × V}. When an edge exists between vertices vi and vj ,
then we call them adjacent. In this case, edge (i, j) is called incident with vertices vi and
vj . The neighborhood Ni ⊆ V of the vertex vi is defined as the set {vj ∈ V|(vi, vj) ∈ E}, i.e.
the set of all vertices that are adjacent to vi. A path, which starts with vertice vi and ends
with vertice vj , is given by a sequence of distinct vertices such that consecutive vertices are
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2 Basics and Problem Statement

adjacent. For the case that the vertices of the path are distinct expect for its end vertices, we
call the path a cycle. Vertices vi and vj are called connected if there exists a path from vi to
vj . Moreover, we call the graph G connected, if there is a path between any two vertices in V .
For undirected graphs the degree of a vertex di is given by the cardinality of the neighborhood
set Ni, which is equal to the total number of vertices that are adjacent to vertex vi.
We can also representate a graph in terms of matrices. For an undirected graph G with N

nodes the degree matrix D is the diagonal, positive semi-definite N ×N -matrix of di’s. The
adjacency matrix is the N ×N matrix A = A(G) whose entries aij are given by

aij =

{

1, if (vi, vj) ∈ E
0, otherwise.

By definition A(G) is a real symmetric matrix and the trace of A(G) is zero. The N × m

incidence matrix B(G) is bij = 1 if the edge j is incoming to vertex i, bij = −1 if edge j is
outcoming from the vertex i, and 0 otherwise. The Laplacian matrix L associated with an
undirected graph G is a squared matrix defined as

L = D −A. (2.2)

The entries lkj of the Laplacian matrix can be also calculated with

lkj =

{

∑N
i=1 aki j = k

−akj j 6= k.
(2.3)

By construction, the row-sum of each row of L is equal to zero, that is L1 = 0. Alternatively,
for the case for an arbitrary orientated graph with the associated edge set E, the Laplacian
matrix can also be calculated through

L = BBT , (2.4)

where B is the corresponding incidence matrix. Considering this definition, it is obvious that
the Laplacian matrix L is symmetric and positive semi-definite. Remark, the two definitions
in (2.4) and (2.2) are equivalent, since the graph is undirected. The matrix

LW = BWBT (2.5)

is a weighted Laplacian with the m×m weighting matrix W = diag(wi).
The Laplacian matrix L is known to be symmetric and positive semidefinite, thus the ordered
and real eigenvalues are given by

λ1(G) < λ2(G) < . . . < λN (G),

with λ1(G) = 0. For a better understanding of this graph theory we consider the following
example.

Example 1. Figure 2.1 shows an example with N = 4 agents for an undirected graph.
Specifically, the graph G = (V , E) in that figure is described with

V = {1, 2, 3, 4} and E = {(1, 2), (2, 1), (1, 3), (3, 1), (2, 3), (3, 2), (3, 4), (4, 3)}.
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2.3 Consensus Protocol

1

2

3 4

Figure 2.1: Example for an undirected graph G over N = 4 vertices.

The corresponding adjacency matrix and the degree matrix are given by

A =









0 1 1 0
1 0 1 0
1 1 0 1
0 0 1 0









, D =









2 0 0 0
0 2 0 0
0 0 3 0
0 0 0 1









.

The Laplacian can be calculated with

L = D −A =









2 −1 −1 0
−1 2 −1 0
−1 −1 3 −1
0 0 −1 1









. (2.6)

As one can see, the Laplacian matrix is symmetric and the sum of the rows is equal to zero.
This communication topology will be used in further examples.

2.3 Consensus Protocol

Agreement is one of the fundamental problems in multi-agent systems. In many multi-agents
systems, groups of agents need to agree on a joint state value. Example for multi-agents
agreement problems are flocking, attitude alignment, swarming and distributed computation.
A classical agreement or consensus protocol which solves the average consensus problem for
N agents exchanging information about their state vector xi, i = 1, . . . , N is

ẋi =
N
∑

j=1

aij(xj − xi), i = 1, . . . , N. (2.7)

With the Laplacian matrix equation (2.7) can be equivalently written in stack vector notation

ẋ = −L̄nx. (2.8)

The solutions of (2.8) asymptotically converge to the average of all agents states.

Theorem 2.1. [17] Let xi, k = 1, . . . , N , belong to a finite-dimensional Euclidean space W .
Let G be a uniformly connected digraph and L the corresponding Laplacian matrix bounded
and piecewise continuous in time. Then the equilibrium sets of consensus states of (2.8) are
uniformly exponentially stable. Furthermore the solutions of (2.8) asymptotically converge to
a consensus value 1N ⊗ β for some β ∈ W .

7



2 Basics and Problem Statement

A general proof can be found in [12] and [13]. The synchronization problems of identical
dynamical systems and Kuramoto oscillators are closely related to consensus problems on
graphs.

2.4 Problem Statement

The goal of this thesis is to derive approaches for an event-based control for synchronization.
In a conventional time-scheduled implementation the control task is executed periodically with
a constant sampling period. An event-driven control seems more favorable, since embedded
micro-processor are resource-limited. In this implementation the control task is executed
according to some ruling (after the occurrence of an event). The problem is now to find de-
centralized event-triggered strategies and to design an event-triggering mechanism. Based on
local informations we need a rule which decides when to update the control law of each agent
i. In order to derive an event-based synchronization strategy we define trigger functions fi(·),
which depend only on local information of agent i. An event is triggered whenever fi(·) > 0
holds. For each agent i we get a separate sequence of events ti0, t

i
1, . . .. The broadcasting times

tik are determined recursively by the event trigger function as

tik+1 = inf{t : t > tik, fi(t) > 0}.

The event-triggered approach leads to piecewise constant controller updates.

2.4.1 Identical Dynamical Systems

In the first main part of this work we want to apply an event-based strategy to synchronization
problems of dynamic systems. We consider N identical systems described by the model

ẋi = f(t, xi, ui) (2.9a)

yi = h(xi) (2.9b)

for i = 1, 2, . . . , N , where xi ∈ R
n is the state of the system, ui ∈ R

m is the control and yi ∈ R
p

is the output. We refer a control law dynamic if it depends on an internal (controller) state,
otherwise we call it static. The communication topology of the systems 2.9 is described by the
communication graph G. We assume there is only a coupling between the output differences
yi − yj and the controller state differences ηi − ηj . Synchronization of systems is reached
whenever the control action of each system vanishes asymptotically and the solutions of the
closed-loop systems converge asymptotically to a common solution of the individual systems.
We consider the following event-based synchronization problem of identical systems:
Given N identical systems described by the model (2.9) and a communication graph G.
Derive piecewise constant control inputs and event times ti0, t

i
1, . . . , for each agent i such

that the solutions of (2.9) asymptotically synchronize to a solution of the open-loop system
ẋ0 = f(t, x0, 0).

8



2.4 Problem Statement

2.4.2 Kuramoto Oscillators

In the second part of this thesis we consider the event-based synchronization of Kuramoto
oscillators. The Kuramoto model consists of N oscillators which are described by

θ̇i = ωi +
K

N

N
∑

j=1

sin(θj − θi), i = 1, 2, . . . , N (2.10)

where θi is the phase of oscillator i, ωi is its natural frequency and K > 0 is the coupling
gain. In this section we consider a finite (N) number of Kuramoto oscillator with an all - to
- all topology, i.e. that all nodes are connected to all other nodes. Furthermore, we let the
natural frequencies ωi be from the set of reals and we do not claim any particular probability
distribution on them. The oscillators are said to be synchronized if

θ̇i − θ̇j → 0 as t → ∞ ∀i, j = 1, . . . , N

holds, i.e. the phase difference θi − θj ∀i, j = 1, . . . , N become asymptotically constant.
Once again, we need to derive a decentralized event-based strategy for the synchronization
of Kuramoto oscillators. We require that each oscillator has only access to local information,
i.e. θi, θ̇i of agent i. Between two consecutive events the value of the frequency θ̇i is held
constant, i.e.

ˆ̇
θi(t) = θ̇i(t

i
k), t ∈ [tik, t

i
k+1[. (2.11)

Now we can state the problem formulation:
Given N oscillators described by the model (5.1) and a graph G. Derive frequencies of
the form (2.11) and event times ti0, t

i
1, . . . , for each agent i such that the phase difference

θi − θj ∀i, j = 1, . . . , N become asymptotically constant.

9





3 Event-Based Synchronization of Linear Systems

with State Feedback

This chapter provides new approaches for the event-based synchronization of linear system
where state coupling among systems is allowed. The presented approaches are the base for the
extension to an event-based synchronization with dynamic controller in Chapter 4. In [17] the
synchronization of a multi-agent system of identical linear state-space models is investigated.
On this basis, we use the main results and propose new event-based strategies. This chapter
is divided in two different decentralized strategies for event-based synchronization. The first
event-based control strategy in Section 3.1 requires a change of variables in order to monitor
the transformed system states. The trigger mechanism of the second method in Section 3.2
utilize control signals. In the last section we discuss the proposed methods.

Before we can start, we review the main results from [17] for synchronization of linear systems
with state feedback. We assume N identical linear systems which are described by the linear
model

ẋi = Axi +Bui, i = 1, . . . , N (3.1)

with system matrix A ∈ R
n×n, input matrix B ∈ R

n×m, state vector xi ∈ R
n and control

vector ui ∈ R
m. The systems (3.1) can be stacked to

ẋ = ÃNx+ B̃Nu.

Assume that B is a n× n nonsingular matrix. With the control law

ui = B−1
N
∑

j=1

aij(xj − xi), i = 1, . . . , N (3.2)

and systems (3.1) we get the closed-loop system

ẋi = Axi +
N
∑

j=1

aij(xj − xi), i = 1, . . . , N, (3.3)

which is equivalent to

ẋ = ÃNx− L̄nx = (ÃN − L̄n)x. (3.4)

The following theorem can be interpreted as a generalization of Theorem 2.1 (with A = 0 and
B = I).

11



3 Event-Based Synchronization of Linear Systems with State Feedback

Theorem 3.1. [17] Consider the closed loop system (3.4). Assume that all the eigenvalues of A
belong to the imaginary axis, the communication graph G is connected and the corresponding
Laplacian matrix L piecewise continuous and bounded. Then all solutions of (3.4) synchronize
to a solution of the system ẋ0 = Ax0.

Proof. With the change of variable zi = e−Atxi, i = 1, . . . , N we can rewrite the closed-loop
system (3.4) to

żi = −Ae−Atxi + e−AtAxi + e−At
N
∑

j=1

aij(xj − xi) =

N
∑

j=1

aij(zj − zi)

or in compact form

ż = −L̄nz.

We know from Theorem 2.1 that the solutions exponentially converge to a common value. In
the original coordinates means that all solutions exponentially synchronize to a solution of
the open loop system. The complete proof can be found in [17].

Remark 3.1. The results of Theorem 3.1 remain unchanged if A possesses also eigenvalues
which belong to the left-half complex plane. Modes of eigenvalues with negative real part
synchronize exponentially to zero, even without coupling. For the case that A has eigenvalues
with positive real part Theorem 3.1 is only true if the graph connectivity is sufficiently strong
to dominate the unstable modes of the system.

3.1 Trigger Functions Depending on System States

In this section we present a new approach for event-based control for synchronization of
linear systems with state feedback. We consider N identical linear systems (3.1) where B is
a n × n nonsingular matrix and assume that A possesses no eigenvalues with positive real
part. Furthermore, we consider only fixed undirected connected communication graph G and
assume there are no communication time-delays.
In [55] a new event-based control strategy for the average consensus problem for multi-agent
systems is presented. The system states converge to average consensus asymptotically and
the trigger functions are depending on the system states. We try to transfer the derived
event trigger approaches and synthesis of [55] to our problem. In our case the system states
can be of an oscillating motion and do not asymptotically converge to a common value. But
in the proof of Theorem 3.1 it has been shown that synchronization is reached when the
transfered system states z(t) with the change of variables zi = e−Atxi exponentially converge
to a common value.
In order to derive an event-based synchronization strategy we define trigger functions fi(·),
which depend only on local information of agent i. We propose the following decentralized
trigger mechanism. Agent i has only access on zi(t) and the latest triggered value ẑi(t). An
event is triggered whenever the trigger condition

fi (zi(t), ẑi(t)) > 0 (3.5)

12
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x̂j , j ∈ Ni ûi
Plant

xi

TT−1
ziẑix̂i

event-triggered
mechanism

Controller

transformation

Figure 3.1: Event-triggered control schematic for trigger functions (3.5)

holds. We denote the event times for each agent i by ti0, t
i
1, . . .. The transfered system state

of agent i

ẑi(t) = zi(t
i
k), t ∈ [tik, t

i
k+1[

is held constant between t ∈ [tik, t
i
k+1[ and thus the system states

x̂i(t) = xi(t
i
k), t ∈ [tik, t

i
k+1[

remain also constant. Considering (3.2), the control inputs become piecewise constant.
The event-triggered implementation with trigger function (3.5) for one agent is shown in Fig-
ure 3.1. In order to use the trigger mechanism the system states xi need to be transformed
in z-variables. If the trigger function is fulfilled, the actual measurement value is transformed
back in x-variables and broadcasted over the network. The controller is updated only when
agent i sends a new measurement update or its neighbors j ∈ N transmit a new measurement
value. According to (3.2), the control output ûi is updated piecewise constant. We call in
Figure 3.1 the implementation Setup A.
The problem is now to find suitable trigger functions such that all solutions of (3.1) syn-
chronize to a solution of the open loop system ẋ0 = Ax0 with as few events as possible and
similar performance compared to the time-scheduled implementation. Moreover, we have to
ensure that the system does not reach an undesired accumulation point, i.e. we have to prove
that Zeno behavior is excluded.
In order to construct a suitable trigger function fi(·) we define for each agent i the measure-
ment error

ǫi(t) = ẑi(t)− zi(t). (3.6)

and denote the stack vector ǫ = [ǫ1, ǫ2, . . . ǫN ]T . The transfered nominal closed loop system
in z-coordinates is given by

ż(t) = −L̄nz(t). (3.7)

13



3 Event-Based Synchronization of Linear Systems with State Feedback

In presence of an event trigger mechanism the system (3.7) changes to

ż(t) = −L̄nẑ(t) = −L̄n(z(t) + ǫ(t)). (3.8)

This notation is inspired by [51] and plays a big part in the analysis of the event-triggered
strategy. The average value can be defined as

a(t) =
1

N

N
∑

i=1

zi(t). (3.9)

For the time derivative of the average value (3.9) we get

ȧ(t) =
1

N

N
∑

i=1

żi(t) =
1

N
1T żi(t) = − 1

N
1T L̄n(z(t) + ǫ(t)) = 0,

since 1T L̄n = 0. It is obvious that the average value a(t) = a(0) = a is a constant value and
can be calculated according to

a = a(0) =
1

N

N
∑

i=1

zi(0) =
1

N

N
∑

i=1

e−A0xi(0) =
1

N

N
∑

i=1

xi(0).

Following [16], we introduce the disagreement vector δ(t) and split the transfered variables to

z(t) = 1a+ δ(t). (3.10)

By construction, we know that the disagreement vector has zero average, i.e. 1T δ(t) = 0.
The time derivative of the disagreement vector yields with (3.8) and (3.10) to

δ̇(t) = ż(t) = −L̄n(z(t) + ǫ(t)) = −L̄n((1a+ δ(t)) + ǫ(t))

and therefore

δ̇(t) = −L̄n(δ(t)) + ǫ(t)) = −L̄nδ(t)− L̄nǫ(t). (3.11)

Moreover, the condition L̄nz(t) = L̄nδ(t) holds. Before the results of our approaches are
presented, we consider the following Lemma.

Lemma 3.2. [55] Suppose L is the Laplacian of an undirected connected graph G. Then, for
all t ≥ 0 and all vectors v ∈ R

N with zero average, i.e. 1
T v = 0, it holds

‖e−Ltv‖ ≤ e−λ2(G)t‖v‖.

The proof can be found in [55]. Lemma 3.2 help us to proof the main convergence results
of this work.
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3.1.1 Static Trigger Functions

Motivated by [55], we propose in our first approach static trigger functions of the form

fi(ǫi(t)) = ‖ǫi(t)‖ − c0. (3.12)

The origin idea of this condition is to trigger when the states cross a certain threshold [48, 46].
In our case, an event is triggered whenever the norm of the measurement error (3.6) becomes
larger than c0, i.e. as soon as the difference between the latest broadcasted control value and
the current control value crosses a certain threshold c0.

Theorem 3.3. Consider N linear system (3.1) with feedback control (3.2) and trigger functions
of the form (3.12). Assume for A that all eigenvalues Re[λk(A)] ≤ 0, k = 1, . . . , n, and B is a
n× n nonsingular matrix. Let the communication graph G be undirected and connected, then
for all initial conditions x(0) ∈ R

n and t > 0, it holds

‖δ(t)‖ ≤ ‖L̄n‖
λ2(G)

√
Nc0 + e−λ2(G)t

(

‖δ(0)‖ − ‖L̄n‖
λ2(G)

√
Nc0

)

.

Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. We rewrite the closed loop system (3.4) in z-coordinates and obtain (3.7). This can
be treated now as a usual consensus problem and the argumentation is the same as in [55].
In order to get a clue of the proof technique we resume the main parts.
In presence of the error (3.6) the disagreement dynamics are given by

δ̇(t) = −L̄n(δ(t) + ǫ(t)) = −L̄nδ(t)− L̄nǫ(t)

The analytical solution of the disagreement dynamics (3.11) can be calculated with

δ(t) = e−L̄ntδ(0)−
∫ t

0
e−L̄n(t−τ)L̄nǫ(τ)dτ. (3.13)

We bound the disagreement vector (3.13) as

‖δ(t)‖ ≤ ‖e−L̄ntδ(0)‖+ ‖
∫ t

0
e−L̄n(t−τ)L̄nǫ(τ)dτ‖

≤ ‖e−L̄ntδ(0)‖+
∫ t

0
‖e−L̄n(t−τ)L̄nǫ(τ)‖dτ.

Remark that L̄n1 = 0 and therefore the vector L̄nǫ(τ) has zero average. We can exploit this
circumstance and apply Lemma 3.2

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+
∫ t

0
e−λ2(G)(t−τ)‖L̄n‖‖ǫ(τ)‖dτ. (3.14)

The trigger condition (3.12) enforces ‖ǫi(τ)‖ ≤ c0, so that ‖ǫ(τ)‖ ≤
√
Nc0 and

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+
∫ t

0
e−λ2(G)(t−τ)‖L̄n‖

√
Nc0dτ (3.15)
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holds. The integration of (3.15) leads to

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+ ‖L̄n‖
λ2(G)

√
Nc0

(

1− e−λ2(G)t
)

=
‖L̄n‖
λ2(G)

√
Nc0 + e−λ2(G)t

(

‖δ(0)‖ − ‖L̄n‖
λ2(G)

√
Nc0

)

. (3.16)

It remains to show that Zeno behavior is excluded. We assume that the latest event trigger of
agent i occurs at t = t∗ > 0. Then it holds ‖ǫ(t∗)‖ = 0 and fi(0) = −c0 < 0. Hence, agent i
can not trigger again at the same time instance. Between two consecutive trigger events it
holds that ǫ̇i(t) = −żi(t). With (3.8) and condition ‖L̄nz(t)‖ = ‖L̄nδ(t)‖ we get

‖ǫ̇i(t)‖ ≤ ‖ǫ̇(t)‖ ≤ ‖L̄nz(t) + L̄nǫ(t)‖
≤ ‖L̄nz(t)‖+ ‖L̄n‖‖ǫ(t)‖
≤ ‖L̄nz(t)‖+ ‖L̄n‖

√
Nc0

= ‖L̄nδ(t)‖+ ‖L̄n‖
√
Nc0

≤ ‖L̄n‖‖δ(t)‖+ ‖L̄n‖
√
Nc0.

An upper bound for (3.16) is

‖δ(t)‖ ≤ ‖δ(0)‖+ ‖L̄n‖
λ2(G)

√
Nc0 ∀t ≥ t∗.

Then for any t between t∗ and the next event time for agent i

‖ǫi(t)‖ ≤ ‖ǫ(t)‖ ≤
∫ t

t∗
‖ǫ̇(τ)‖dτ

≤
∫ t

t∗
‖L̄n‖

(

‖δ(t)‖+
√
Nc0

)

dτ

≤
∫ t

t∗
‖L̄n‖

(

‖δ(0)‖+ ‖L̄n‖
λ2(G)

√
Nc0 +

√
Nc0

)

dτ

= ‖L̄n‖
(

‖δ(0)‖+ ‖L̄n‖
λ2(G)

√
Nc0 +

√
Nc0

)

(t− t∗).

The next event is triggered as soon as ǫ(t) reaches the value of c0, i.e.

‖L̄n‖
(

‖δ(0)‖+ ‖L̄n‖
λ2(G)

√
Nc0 +

√
Nc0

)

(t− t∗) = c0.

Thus, a lower positive bound on the inter-event times is given by

τ =
c0

‖L̄n‖
(

‖δ(0)‖+ ‖L̄n‖
λ2(G)

√
Nc0 +

√
Nc0

) . (3.17)

�

Theorem 3.3 proves that all zi’s with trigger functions (3.12) exponentially converges to a
region around the average point a if the errors are bounded by ‖ǫi(t)‖ ≤ c0. Moreover, it
states an explicit bound of this region depending on c0. Since the transformed variables z(t)
converge to a common value, we conclude the system is synchronized.
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3.1 Trigger Functions Depending on System States

Example 2. We demonstrate in this example the event-based synchronization with some
simulation results. We consider a group of N harmonic oscillators

ẋ1i = x2i + u1i

ẋ2i = −x1i + u2i
(3.18)

which corresponds to system (3.1) with

A =

[

0 1
−1 0

]

, B =

[

1 0
0 1

]

. (3.19)

We use the same communication topology as shown in Figure 2.1 and the same Laplacian (2.6)

of Example 1. The initial conditions are chosen to x(0) =
[

2 2 3 3 −1 −1 −2 −2
]T

.
For the simulations we use trigger functions (3.12) with c0 = 0.03. Figure 3.2 shows the
synchronization of each system to a solution of the open loop system. Like expected the
transformed system states z(t) converge to a region around the average value a (see Figure
3.3). Figure 3.4 shows the norm of measurement errors and the events for each agent. The
density of the events is very high for small t. We need to check that the inter-event times
have a lower positive bound τ . According to (3.17) the lower positive bound for this example
is τ = 6.269 · 10−4s. In Figure 3.5 one can see that all inter-event times are above the lower
positive bound τ (red line) and therefore there is no Zeno-behavior.

The numerical simulations show also the smaller c0 the more dense of the events for small
times t. However, for larger c0 we get a bigger bound region around the common value a,
which could yield to unsynchronized states. The choice of c0 is a compromise between the
high density of events at the beginning and a big region of convergence. The static trigger
functions (3.12) seems to be unsuitable for the event-based synchronization. In the next
subsection, we alleviate this problem by another choice of trigger functions.
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Figure 3.2: Synchronization with trigger function (3.12): System states xi(t)
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Figure 3.3: Synchronization with trigger function (3.12): Transformed system states ẑi(t)
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Figure 3.4: Synchronization with trigger function (3.12): Measurement errors ‖ǫi(t)‖
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3.1.2 Dynamic Trigger Functions

Analog to [55] we propose exponentially decreasing threshold trigger functions with a constant
offset. The time-dependent trigger functions are described by

fi(ǫi(t)) = ‖ǫi(t)‖ − (c1 + c2e
−αt), (3.20)

where c1 ≥ 0, c2 > 0 and α > 0. The advantage of trigger condition (3.20) is that we have
now three parameters to tune.

Theorem 3.4. Consider N linear system (3.1) with feedback control (3.2) and trigger functions
of the form (3.20). Assume for A that all eigenvalues Re[λk(A)] ≤ 0, k = 1, . . . , n, and B is a
n× n nonsingular matrix. Let the communication graph G be undirected and connected, then
for all initial conditions x(0) ∈ R

n and t > 0, it holds

‖δ(t)‖ ≤‖L̄n‖
√
N

c1

λ2(G)
+ e−αt‖L̄n‖

√
N

c2

λ2(G)− α

+ e−λ2(G)t

(

‖δ(0)‖ − ‖L̄n‖
√
N

(

c1

λ2(G)
+

c2

λ2(G)− α

))

.

Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. Again the proof is almost the same as in [55]. For the comprehension we outline the
main steps of the proof. Same proceeding as before, we start with (3.14)

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+
∫ t

0
e−λ2(G)(t−τ)‖L̄n‖‖ǫ(τ)‖dτ

The trigger function (3.20) enforces

‖ǫ(τ)‖ ≤
√
N(c1 + c2e

−ατ ).

This yields to

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+
∫ t

0
e−λ2(G)(t−τ)‖L̄n‖

√
N(c1 + c2e

−ατ )dτ

after integration and reordering we get

‖δ(t)‖ ≤‖L̄n‖
√
N

c1

λ2(G)
+ e−αt‖L̄n‖

√
N

c2

λ2(G)− α

+ e−λ2(G)t

(

‖δ(0)‖ − ‖L̄n‖
√
N

(

c1

λ2(G)
+

c2

λ2(G)− α

))

.

(3.21)

We have also to show that there exists a positive lower bound for the inter-event times. An
upper bound for (3.21) is

‖δ(t)‖ ≤‖L̄n‖
√
N

c1

λ2(G)
+ e−αt‖L̄n‖

√
N

c2

λ2(G)− α
+ e−λ2(G)t‖δ(0)‖ (3.22)

Proceeding as before, it holds that

‖ǫ̇i(t)‖ ≤ ‖L̄n‖‖δ(t)‖+ ‖L̄n‖‖ǫ(t)‖ = ‖L̄n‖‖δ(t)‖+ ‖L̄n‖(c1 + c2e
−αt). (3.23)
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For convenience, we denote

k1 = ‖L̄n‖‖δ(0)‖

k2 = ‖L̄n‖
√
Nc2

(

1 +
L̄n‖

λ2(G)− α

)

k3 = ‖L̄n‖
√
Nc1

(

1 +
L̄n‖
λ2(G)

)

and inserting (3.22) in (3.23) we derive

‖ǫ̇i(t)‖ ≤ k1e
−λ2(G)t + k2e

−αt + k3. (3.24)

It is easy to see that ‖ǫ̇i(t)‖ ≤ k1 + k2 + k3 for all t ≥ 0. The error of agent i can be bounded
by

‖ǫi(t)‖ ≤ ‖ǫ(t)‖ ≤
∫ t

t∗
‖ǫ̇(τ)‖dτ ≤

∫ t

t∗
(k1 + k2 + k3)dτ = (k1 + k2 + k3)(t− t∗).

A new trigger event will not be executed before ‖ǫi(t)‖ = c1 ≤ c1+ c2e
−αt is fullfilled. Hence,

a lower bound τ on the inter-execution time is given by

τ =
c1

k1 + k2 + k3
.

Now we consider the case c1 = 0 and thus k3 = 0. In that situation the disagreement vector
is bounded by

‖δ(t)‖ ≤e−λ2(G)t‖δ(0)‖+ ‖L̄n‖
√
N

c2

λ2(G)− α

(

e−αt − e−λ2(G)t
)

.

The overall system converges asymptotically to the average consensus. In order to exclude
Zeno behavior we bound (3.24) with k3 = 0 as

‖ǫi(t)‖ ≤ ‖ǫ(t)‖ ≤ k1e
−λ2(G)t + k2e

−αt ≤ k1e
−λ2(G)t∗ + k2e

−αt∗

for t∗ ≤ t and hence

‖ǫi(t)‖ ≤
∫ t

t∗
k1e

−λ2(G)t∗ + k2e
−αt∗dτ =

(

k1e
−λ2(G)t∗ + k2e

−αt∗
)

(t− t∗)

With c1 = 0 and according to (3.20) an event is not triggered before

‖ǫi(t)‖ = c2e
−αt.

Consequently, a lower bound on the inter-event intervals is given by

(

k1e
−λ2(G)t∗ + k2e

−αt∗
)

τ = c2e
−αt,

which is the same as
(

k1

c2
e(α−λ2(G))t∗ +

k2

c2

)

τ = e−ατ . (3.25)
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The left and right hand side of (3.25) are always positive. For α < λ2(G) the term in the
brackets is upper bounded by k1+k2

c2
and lower bounded by k1

c2
. Thus, we conclude that the

lower bound on inter-event intervals τ is positive for all t∗ ≥ 0. �

For the case c1 = 0, it is sufficient that α < λ2(G) in order to exclude Zeno-behavior.
In applications a constant offset is favorable due to measurement noise. Small amplitudes of
noise can cause trigger action since for large time the trigger condition exponentially decrease
to zero. Theorem 3.3 can be interpreted as a special case of Theorem 3.4 (with c1 = 0 and
α = 0). With the parameter c0 one can tune the size of the region around the common value
a. Since the parameter c1 is dominating c0 for small times, we can adjust with c1 the density
of events at the beginning. Thus, a larger c1 leads to a smaller density of events for small
times t. With the parameter α we can specify the speed of convergence of the exponential
function of (3.20). With trigger function (3.20) we get more flexibility to design the desired
event-based synchronization.

Example 3. We use exactly the same example system as in Example 1 but now with trigger
function 3.20). The settings for the constants are c1 = 0.015, c2 = 0.9 and α = 0.4. Figure 3.6
and 3.7 show that the systems are synchronized. The density of the events at the beginning is
distinctly less compared to the case with the static trigger function (3.12), see Figure 3.8. This
results of the circumstance that the threshold is much bigger for small t. Unlike as expected
the events are more dense for larger times. This can be coherent with the permanent change
of variables and the dynamics of the system. Nevertheless, much less events are generated
compared to the previous subsection.
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Figure 3.6: Synchronization with trigger function (3.20): System states xi(t)
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Figure 3.7: Synchronization with trigger function (3.20): Transformed system states ẑi(t)
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Figure 3.8: Synchronization with trigger function (3.20): Control measurement errors ‖ǫi(t)‖
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3.2 Trigger Functions Depending on Control Input

In the previous section we have considered trigger functions which are depending on the
transformed system variables zi = e−Atxi. This section shows that linear identical system
can be synchronized in an event-based fashion by trigger functions depending on the controller
signals. The idea is the following. Synchronization of systems is reached whenever the control
action of each system vanishes asymptotically and the solutions of the closed-loop systems
converge asymptotically to a common solution of the individual systems. For our purpose we
use the fact that the control outputs ui(t) converge asymptotically to zero.
Figure 3.9 illustrates the event-triggered implementation with trigger function (3.9). The
trigger mechanism is placed after the controller. If the trigger condition is fulfilled, the
actual control measurement value is is held constant till the next trigger event. The plant
receives only piecewise constant control inputs ûi(t). In comparison to the configuration of
the previous section we require continuous communication between the agents. We call this
implementation Setup B.

xj , j ∈ Ni ûi
Plant

xi

event-triggered
mechanism

Controller
ui

Figure 3.9: Event-triggered control schematic for trigger functions depending on control in-
put

3.2.1 Time Depended Trigger Function

Especially the change of variables is unfavorable since this leads to more computation on the
resource-limited micro-processor. Furthermore, we need an exact model of the system (system
matrix A) in order to get the desired trigger mechanism. Small differences between the real
system and the model can result in a not correctly working event-based trigger mechanism.
Therefore, we present in this section a new approach which avoids the change of variables.
Analog to the previous section the control law of agent i (3.2) is updated whenever the trigger
function

fi (ui(t), ûi(t)) > 0. (3.26)

Agent i has only access on ui(t) and latest triggered value ûi(t). Again, the broadcasting
times tik are determined recursively by the event trigger function as

tik+1 = inf{t : t > tik, fi(t) > 0}.
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The control input of agent i

ûi(t) = ui(t
i
k), t ∈ [tik, t

i
k+1[ (3.27)

is a piecewise constant function. In order to find suitable trigger function fi(·) we define for
each agent i the control measurement error

ei(t) = ûi(t)− ui(t). (3.28)

and the denote the stack vector e = [e1, e2, . . . eN ]T . Besides, we consider only exponentially
decreasing trigger functions of the form

fi(ei(t)) = ‖ei(t)‖ − ce−αt, (3.29)

which are similar to (3.20) but without an additional constant offset.

Theorem 3.5. Consider N linear system (3.1) with feedback control (3.2) and trigger functions
of the form (3.29). Assume A is diagonalizable, all eigenvalues of A belong to the imaginary
axis and B is a n× n nonsingular matrix. Let the communication graph G be undirected and
connected, then for all initial conditions x(0) ∈ R

n and t > 0, it holds

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+ kV
√
Nc

‖B̃N‖
α

(

1− e−αt
)

,

with a positive constant kV = ‖V ‖‖V −1‖, where V is the matrix of the eigenvectors of ÃN .
Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. For the closed-loop system with event-triggering we get

ẋi = Axi +Bûi

= Axi +B(ui + ei)

= Axi +

N
∑

j=1

aij(xj − xi) +Bei.

Analog to the proofs of Theorem 3.3/3.4 we transform the coordinates zi = e−Atxi. The time
derivative of zi yields to

żi = −e−AtAxi + e−Atẋi

= −e−AtAxi + e−At(Axi +
N
∑

j=1

aij(xj − xi) +Bei)

= e−At
N
∑

j=1

aij(xj − xi) + e−AtBei

=
N
∑

j=1

aij(zj − zi) + e−AtBei

or in compact form

ż(t) = −L̄nz(t) + e−ÃN tB̃Ne(t), (3.30)

25



3 Event-Based Synchronization of Linear Systems with State Feedback

where e−ÃN t = IN ⊗ e−At. We rewrite (3.30) in form of the disagreement vector to

δ̇(t) = −L̄nδ(t) + e−ÃN tB̃Ne(t). (3.31)

The analytical solution of (3.31) is

δ(t) = e−L̄ntδ(0) +

∫ t

0
e−L̄n(t−τ)e−ÃN τ B̃Ne(τ)dτ.

Since δ(t) has zero average, we bound the analytical solution with Lemma 3.2 as

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+
∫ t

0
‖e−L̄n(t−τ)‖‖e−ÃN τ‖‖B̃N‖‖e(τ)‖dτ. (3.32)

Since the communication graph G is undirected connected, it holds L = LT � 0 and L is
diagonalizable. Hence, the Laplacian matrix L̄n can be decomposed according to

L̄n = WDLW
−1 → e−L̄nt = W e−DLtW−1,

where DL = diag (0, λ2, . . . , λN ) is the diagonal matrix of the eigenvalues of Ln and W is the
matrix with the corresponding eigenvectors as its columns. The eigenvalues of L are denoted
by 0 = λ1 < λ2 < . . . < λn. Since L is symmetric, we can always compute the eigenvectors
as a orthonormal basis and it holds ‖W‖ = ‖W−1‖ = 1. For the exponential diagonal matrix
we have e−DLt = diag

(

1, e−λ2t, . . . , e−λN t
)

and λmax(e
−DLt) = 1 for all t ≥ 0. Hence we get

for its Euclidean norm

‖e−DLt‖ =
√

λmax ((e−DLt)T e−DLt) = 1

and it follows

e−L̄nt ≤ ‖e−L̄nt‖
≤ ‖W e−DLtW−1‖
≤ ‖W‖‖e−DLt‖‖W−1‖ = 1.

By assumption, the system matrix A is diagonalizable, i.e. all eigenvalues of A are distinct.
Thus, we can always compute a set of eigenvectors which is linearly independent and can be
used as a basis. Similar to the case of the Laplacian we write

ÃN = V ΛV −1 → e−ÃN t = V e−ΛtV −1,

where Λ is a diagonal matrix with the eigenvalues occurring on the main diagonal and the
columns of V are the eigenvectors of ÃN . The system matrix has by assumption only eigen-
values which belong to the imaginary axis. Hence, the eigenvalues are of the form λi = jβi,
where j is the imaginary unit. We have

e−Λt = IN ⊗ diag(e−λ1t, . . . e−λnt) = IN ⊗ diag(e−jβ1t, . . . e−jβnt).

With the identity e−jβit = cos(−βit)+ j sin(−βit) it is easy to see that the values are moving
on the unit circle of the complex plane. Thus, ‖e−Λt‖ ≤ 1 and it holds

e−ÃN t = ‖e−ÃN t‖
≤ ‖V ‖‖e−Λt‖‖V −1‖
≤ ‖V ‖‖‖V −1‖‖e−Λt‖ = ‖V ‖‖‖V −1‖.
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Remark 3.2. If A has repeated eigenvalues (eigenvalues with multiplicity 2 or higher) it may
not have a diagonal form representation. This bound holds only for a diagonalizable stable
matrix and do not include the case of a general diagonal Jordan form representation [62, 63].

We proceed with (3.32) and the trigger function (3.29) enforces ‖e(τ)‖ ≤
√
Nce−ατ . With

the above stated bounds and defining kV = ‖V ‖‖‖V −1‖ we have

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+
∫ t

0
‖e−L̄n(t−τ)‖‖e−ÃN τ‖‖B̃N‖

√
Nce−ατdτ

≤ e−λ2(G)t‖δ(0)‖+
∫ t

0
‖V ‖‖‖V −1‖‖B̃N‖

√
Nce−ατdτ

= e−λ2(G)t‖δ(0)‖+ kV ‖B̃N‖
√
Nc

∫ t

0
e−ατdτ.

The integration yields finally to

‖δ(t)‖ ≤ e−λ2(G)t‖δ(0)‖+ kV
√
Nc

‖B̃N‖
α

(

1− e−αt
)

.

We have here also to ensure that there exists a positive lower bound on the inter-event times.
The time derivative of control law (3.2) is given by

u̇i = B−1
N
∑

j=1

aij(ẋj − ẋi)

= B−1
N
∑

j=1

aij(A(xj − xi) +B(ûj − ûi))

= B−1A

N
∑

j=1

aij(xj − xi) +
N
∑

j=1

aij(ûj − ûi). (3.33)

We know that

Bui =
N
∑

j=1

aij(xj − xi) (3.34)

holds and with (3.33) and (3.34) we derive

u̇i = B−1ABui +

N
∑

j=1

aij(ûj − ûi)

= A∗ui +
N
∑

j=1

aij(ûj − ûi), (3.35)

where A∗ = B−1AB. Equation (3.35) can with the control measurement error (3.28) be
rewritten to

u̇i = A∗ui +

N
∑

j=1

aij(ej − ei + uj − ui)
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or in compact form

u̇(t) = Ã∗
Nu(t)− L̄nu(t)− L̄ne(t)

= (Ã∗
N − L̄n)u(t)− L̄ne(t).

(3.36)

Remark 3.3. The transformation of the form A∗ = B−1AB is a similarity transformation.
The similarity transformation is a linear change of coordinates. A and A∗ are similar matrices,
i.e. they represent the same linear transformation after a change of basis. For our proof it is
important that the eigenvalues of A∗ are the same as for A.

The analytical solution of (3.36) is

u(t) = e(Ã
∗

N
−L̄n)tu(0)−

∫ t

0
e(Ã

∗

N
−L̄n)(t−τ)L̄ne(τ)dτ.

We decompose eÃ
∗

N
t = V ∗eΛtV ∗−1 and it holds

eÃ
∗

N
t ≤ ‖V ∗‖‖eΛt‖‖V ∗−1‖ ≤ ‖V ∗‖‖V ∗−1‖ = kV ∗ . (3.37)

Thereby, the columns of V ∗ are the eigenvectors of A∗
N . Since ‖e−L̄nt‖ ≤ 1, ‖eÃ∗

N
t‖ ≤ kV ∗

and ‖e(τ)‖ ≤
√
Nce−ατ , we bound the analytical solution as follows

‖u(t)‖ ≤ ‖e(Ã∗

N
−L̄n)tu(0)‖+ ‖

∫ t

0
e(Ã

∗

N
−L̄n)(t−τ)L̄ne(τ)dτ‖

≤ ‖e(Ã∗

N
−L̄n)t‖‖u(0)‖+

∫ t

0
‖e(Ã∗

N
−L̄n)(t−τ))‖‖L̄n‖‖e(τ)‖dτ

≤ kV ∗‖u(0)‖+
∫ t

0
kV ∗‖L̄n‖‖e(τ)‖dτ

≤ kV ∗‖u(0)‖+
∫ t

0
kV ∗‖L̄n‖

√
Nce−ατdτ

= kV ∗

(

‖u(0)‖+ ‖L̄n‖
α

√
Nc(1− e−αt)

)

. (3.38)

We assume that the latest event trigger of agent i occurs at t = t∗ > 0. Then it holds
‖e(t∗)‖ = 0 and agent i can not trigger again at the same time instance. Between two
consecutive trigger events it holds that ėi(t) = −u̇i(t). With (3.36) we get

‖ėi(t)‖ ≤ ‖ė(t)‖ ≤ ‖Ã∗
N − L̄n‖‖u(t)‖+ ‖L̄n‖‖e(t)‖

≤ ‖Ã∗
N − L̄n‖‖u(t)‖+ ‖L̄n‖

√
Nce−αt.

(3.39)

An upper bound for (3.38) is

‖u(t)‖ ≤ kV ∗

(

‖u(0)‖+
√
Nc

‖L̄n‖
α

)

(3.40)

and with

k1 = kV ∗‖Ã∗
N − L̄n‖

(

‖u(0)‖+
√
Nc

‖L̄n‖
α

)

k2 = ‖L̄n‖
√
Nc
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eαt
∗

k1+k2
c

τ̄

k1+k2
c

τ̄

e−ατ̄

τ̄

Figure 3.10: Graphical solution of (3.41)

we derive

‖ėi(t)‖ ≤ k1 + k2e
−αt ≤ k1 + k2e

−αt∗

for all t > t∗. Therefore, an upper bound on the control measurement error is

‖ei(t)‖ ≤
(

k1 + k2e
−αt∗

)

(t− t∗).

The next event is triggered as soon as

‖ei(t)‖ = ce−αt.

Thus, a lower positive bound on the inter-event times τ = t− t∗ is given by

(

eαt
∗ k1

c
+

k2

c

)

τ = e−ατ (3.41)

The right hand side and left hand side of (3.41) are strictly positive since α > 0. The left
hand side is upper bounded by eαt

∗ k1+k2
c

and lower bounded by k1+k2
c

. From Figure 3.10 it
is clear that there exists a positive value of τ for all t∗ ≥ 0. �

Unfortunately, we have to make stronger restrictions on the system matrix A. Consider-
ing (3.32), there remains the term e−ÃN τ caused by the change of variables. If we allow that

Re[λk(A)] ≤ 0, then we cannot bound (3.32) since ‖e−ÃN τ‖ τ→∞→ ∞. For those reasons we
have to assume that A is diagonalizable and all eigenvalues belong to the imaginary axis.

Example 3.1. As in the previous examples we use the same example system but now with
trigger function (3.29) and Setup B of the event-trigger mechanism like in Figure 3.9. The
parameters are set to c = 1.5 and α = 0.4. Figure 3.11 depicts the event-based synchroniza-
tion of our four identical linear systems. As expected, in Figure 3.12 one can see that the
transformed variables z(t) converge to a common value. Figure 3.14 shows that the control
action of each system converge piecewise constantly to zero. Furthermore, we have distinctly
less events compared to the previous Examples 2 and 3, see Figure 3.13.
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Figure 3.11: Synchronization with trigger function (3.29): System states xi(t)
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Figure 3.12: Synchronization with trigger function (3.29): Transformed system states zi(t)
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Figure 3.13: Synchronization with trigger function (3.29): Control inputs ûi(t)
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Figure 3.14: Synchronization with trigger function (3.29): Control measurement errors
‖ei(t)‖
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3.2.2 Customized Time Depended Trigger Functions

The simulations of Example 3.1 show us that the event-based synchronization with Theorem
3.5 works very well. But compared to the theorems in Section 3.1 we have in Theorem 3.5
more assumptions on system matrix A. In this subsection we avoid the strict assumptions on
A by taking a change of variables into account.
First, we define customized control measurement error

εi(t) = e−AtB (ûi(t)− ui(t)) (3.42)

and propose the time depended trigger functions

fi(εi(t)) = ||εi(t)|| − ce−αt. (3.43)

Now we can state the following theorem.

Theorem 3.6. Consider N linear system (3.1) with feedback control (3.2) and trigger functions
of the form (3.43). Assume A is diagonalizable, all eigenvalues Re[λk(A)] ≤ 0, k = 1, . . . , n
and B is a n × n nonsingular matrix. Let the communication graph G be undirected and
connected, then for all initial conditions x(0) ∈ R

n and t > 0, it holds

‖δ(t)‖ ≤ e−λ2t‖δ(0)‖+
√
Nc

α

(

1− e−αt
)

.

Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. We get for the latest triggered control input

ûi(t) = B−1eAtεi(t) + ui(t). (3.44)

For the closed-loop system with event-trigger we obtain with (3.44) and the control law (3.2)

ẋi = Axi +Bûi

= Axi +B(B−1eAtεi + ui)

= Axi +
N
∑

j=1

aij(xj − xi) + eAtεi.

We change the variables zi = e−Atxi, and get

żi = −e−AtAxi + e−Atẋi

= −e−AtAxi + e−At(Axi +
N
∑

j=1

aij(xj − xi) + eAtεi)

= e−At
N
∑

j=1

aij(xj − xi) + εi

=
N
∑

j=1

aij(zj − zi) + εi
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and in compact form

ż = −L̄nz + ε. (3.45)

The disagreement dynamics are given by

δ̇(t) = −L̄nδ(t) + ε(t). (3.46)

The analytical solution of (3.46) is

δ(t) = e−L̄ntδ(0) +

∫ t

0
e−L̄n(t−τ)ε(τ)dτ

and can be bounded as

‖δ(t)‖ ≤ e−λ2t‖δ(0)‖+
∫ t

0
‖e−L̄n(t−τ)‖‖ε(τ)‖dτ.

It holds again that ‖e−L̄nt‖ ≤ 1 and ‖ε(τ)‖ ≤
√
Nce−ατ , hence

‖δ(t)‖ ≤ e−λ2t‖δ(0)‖+
∫ t

0

√
Nce−ατdτ

= e−λ2t‖δ(0)‖+
√
Nc

α

(

1− e−αt
)

.

Next we have to exclude Zeno-behavior. Same procedure as before, we start with (3.35) and
get with ûi = B−1eAtεi + ui

u̇i = A∗ui +
N
∑

j=1

aij(ûj − ûi)

= A∗ui +
N
∑

j=1

aij(uj − ui) +B−1eAt
N
∑

j=1

aij(εj − εi)

or in compact form

u̇(t) = (Ã∗
N − L̄n)u(t)− B̃−1

N eÃN tL̄nε(t). (3.47)

The analytical solution of (3.47) is given by

u̇(t) = e(Ã
∗

N
−L̄n)tu(0)−

∫ t

0
e(Ã

∗

N
−L̄n)(t−τ)B̃−1

N eÃN tL̄nε(τ)dτ.

The matrix Ã∗
N is diagonalizable by assumptions. Thus, we can decompose according to

Ã∗
N = V ∗DAV

∗−1 ⇒ eÃ
∗

N
t = V ∗eΛtV ∗−1. (3.48)

For the eigenvalue of A with the maximum real part we write λmax(A) = max
k

{Re[λk(A)]}
and therefore

‖eÃ∗

N
t‖ ≤ ‖V ∗eΛtV ∗−1‖

≤ ‖V ∗‖‖V ∗−1‖eλmax(A)t = kV ∗eλmax(A)t,
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where kV ∗ = ‖V ∗‖‖V ∗−1. Like in Remark 3.2, this bound does not include a general diagonal
Jordan form representation and is only true for a diagonalizable matrix A. The same holds
for

‖eÃN t‖ ≤ ‖V ‖‖V −1‖eλmax(A)t = kV e
λmax(A)t.

The trigger functions (3.43) enforces ||ε(t)|| ≤
√
Nce−ατ and hence an upper bound for the

analytical solution with ‖e−L̄nt‖ ≤ 1 is

‖u̇(t)‖ ≤ ‖e(Ã∗

N
−L̄n)t‖‖u(0)‖+

∫ t

0
‖e(Ã∗

N
−L̄n)(t−τ)‖‖B̃−1

N ‖‖eÃN τ‖‖L̄n‖ε(τ)‖dτ

≤ kV ∗eλmax(A)t‖u(0)‖+
∫ t

0
kV ∗eλmax(A)(t−τ)‖B̃−1

N ‖kV eλmax(A)τ‖L̄n‖
√
Nce−ατdτ

= kV ∗eλmax(A)t‖u(0)‖+ kV ∗kV ‖L̄n‖‖B̃−1
N ‖

√
Nceλmax(A)t

∫ t

0
e−ατdτ

= kV ∗eλmax(A)t‖u(0)‖+ kV ∗kV

α
‖L̄n‖‖B̃−1

N ‖
√
Nceλmax(A)t

(

1− e−αt
)

≤ kV ∗‖u(0)‖+ kV ∗kV

α
‖L̄n‖‖B̃−1

N ‖
√
Nc.

The derivative of the error between two consecutive is

ε̇(t) = e−AtBu̇i(t)

≤ e−ÃN tB̃N (Ã∗
N − L̄n)u(t)− L̄nε(t)

≤ ‖e−ÃN t‖‖B̃N‖‖Ã∗
N − L̄n‖‖u(t)‖+ ‖L̄n‖‖ε(t)‖

≤ kV ‖B̃N‖‖Ã∗
N − L̄n‖‖u(t)‖+ ‖L̄n‖

√
Nce−αt.

Defining

d1 = kV ‖B̃N‖‖Ã∗
N − L̄n‖

(

kV ∗‖u(0)‖+ kV ∗kV

α
‖L̄n‖‖B̃−1

N ‖
√
Nc

)

d2 = ‖L̄n‖
√
Nc

we get

‖ε̇i(t)‖ ≤ d1 + d2e
−αt ≤ d1 + d2e

−αt∗ .

Now we can argue like in the previous Section 3.2.1. Therefore, a lower positive bound is
given by

(

eαt
∗ d1

c
+

d2

c

)

τ = e−ατ .

�

Example 3.2. Same example system as in the previous Example 3.1 but now with trigger
function (3.43). The event-based synchronization of the oscillating systems is illustrated in
Figure 3.15/3.16. The control inputs of each agent are piecewise constant functions and
converge to zero (see Figure 3.17). In Figure 3.18 one can see that the quantity of trigger
events are almost the same as in Example 3.1.

34



3.2 Trigger Functions Depending on Control Input

x
1
i(
t)

x
2
i(
t)

time (s)

0 5 10 15

-2

0

2

-2

0

2

Figure 3.15: Synchronization with trigger function (3.43): System states xi(t)
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Figure 3.16: Synchronization with trigger function (3.43): Transformed system states zi(t)
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Figure 3.17: Synchronization with trigger function (3.43): Control inputs ui(t)
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Figure 3.18: Synchronization with trigger function (3.43): Control measurement errors
‖εi(t)‖
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3.3 Discussion

In this chapter two different event-based strategies for the synchronization of identical sys-
tems (3.1) are presented. Both solve the problem statement in Section 2.4.1 but the setups
of the event-trigger mechanism differ from each other (see Figure 3.1 and 3.9). The trigger
functions of Setup A depend on the transfered system states fi (zi(t), ẑi(t)) and the trigger
functions fi (ui(t), ûi(t)) of Setup B on the control inputs.

Setup A in Section 3.1 synchronizes the agents in an event-based fashion, rendering both
the control inputs and the system states piecewise constant. The neighboring agents do not
require to exchange information continuously. The measurement broadcasts over the network
are transmitted in an event-based manner, which reduces the traffic between each agents.
Furthermore, we can use trigger functions of the form (3.20), which enable us more flexibility
to adjust event-based synchronization. However, each agent i need to monitor the trans-
formed system states zi(t). A permanent change of variables is necessary and thus we have to
take more calculation into account. Moreover, we need a very exact model of the real system
for a correctly working event-trigger mechanism.

Setup B renders only the control signals of agent i piecewise constant. Each agent receives
the own states and the states of its neighbors continuously in order to update the control
law. Therefore, the strategy requires a continuous communication between the neighboring
systems, which is a serious limitation. The approach is also liable to measurement noise since
small noise amplitudes could lead to trigger events for large times t.
Each agent monitors only its control inputs. In particular, agent i updates its own piecewise
constant control signal at event times it decides based on its own local information (actual
control input ui(t) and the latest trigger control input ûi(t)). This is a big advantage if we
have a big number of states or if we cannot measure all states. Furthermore, the simulation
results show also that we need much less events to achieve synchronization compared to the
first method. Setup B exhibits a much better event-triggering behavior in comparison to
Setup A. Due to the proof in Theorem 3.5 we have to restrict the assumptions on system ma-
trix A. With Theorem 3.6 we avoid this restrictions but require again a change of variables.
Several numerical simulations have shown that event-based synchronization with trigger func-
tion (3.29) is still working for the case with Re[λk(A)] ≤ 0. Moreover, we could use without
any problems trigger functions with an constant offset of the form

fi(εi(t)) = ||ei(t)|| − (c1 + c2e
−αt).

However, a proof for this circumstances is outstanding. Therefore, for the upcoming ap-
proaches we focus only on the approaches of Theorem 3.5.

As summarized both approaches have their advantages and disadvantages. Depending on
the given requirements one can chose between one of them. In the next chapter we transfer
both event-based methods to the synchronization of linear identical systems with a dynamic
controller.
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4 Event-Based Synchronization of Linear Systems

with Dynamic Controller

In the last chapter we presented new event-based approaches for the synchronization of linear
identical systems with a static controller. The strict assumption of a square nonsingular
matrix B can be avoided by introducing of a dynamic feedback controller. The two different
setups of the previous chapter can be adapted for the event-based synchronization with the
dynamic controller which is presented in Section 4.1. In Section 4.2 the dynamic feedback
controller is extended to a dynamic output controller, which yields to the general event-based
synchronization results for linear systems. In the last section we summarize and discuss the
results.

4.1 Dynamic Feedback Controller

In the previous chapter we have the strict assumption of a square B-matrix. We can weaken
the assumption of B to a stabilizability assumption on the pair (A,B) and introduce the
dynamic feedback controller for synchronization presented in [17]. The goal of this section
is to derive an event-based approach for the synchronization with the dynamic feedback
controller.
Consider the dynamic feedback controller

η̇i = (A+BK)ηi +
N
∑

j=1

aij(ηj − ηi + xi − xj)

ui = Kηi,

(4.1)

which leads with (3.1) to the closed-loop system

ẋ = ÃNx+ B̃NK̃Nη (4.2a)

η̇ = (ÃN + B̃NK̃N )η + L̄n(x− η) (4.2b)

where K is an arbitrary stabilizing feedback matrix.

Theorem 4.1. [17] Consider the system (3.1). Assume all eigenvalues of A belong to the closed
left-half complex plane, the communication graph G is connected, the corresponding Laplacian
matrix L is piecewise continuous and bounded, and that the pair (A,B) is stabilizable. Let K
be a stabilizing matrix such that A+BK is Hurwitz. Then the solutions of (4.2) exponentially
synchronize to a solution of the open loop system ẋ0 = Ax0.
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Proof. For the insight we summarize the proof of [17]. The change of coordinates si = xi−ηi
leads (4.2) to

ẋ = (ÃN + B̃NK̃N )x+ B̃NK̃Ns (4.3a)

ṡ = ÃNs− L̄ns. (4.3b)

The two subsystem now are decoupled. For sub-system (4.3b) the assumptions of Theorem 3.1
are satisfied, thus its solutions exponentially synchronize to a solution of ṡ0 = As0. Therefore,
the subsystem (4.2b) is an exponentially stable system driven by an input L̄ns(t) that expo-
nentially converges to zero. Consequently its solution η(t) exponentially converges to zero,
which implies that the solutions of (4.2a) exponentially synchronize to a solution of ẋ0 = Ax0.

For the new following event-based approaches, there is a need to introduce some new variables.
We know that (4.3b) exponentially synchronizes to a solution of ṡ0 = As0. By defining

ξi = e−Atsi = e−At(xi − ηi) (4.4)

we get for its time derivative

ξ̇i = e−Atsi = −e−AtA+ e−Atṡi = −e−AtA+ e−At

(

A−
N
∑

i=1

aij(sj − si)

)

= −e−At
N
∑

i=1

aij(sj − si)

= −
N
∑

i=1

aij(ξj − ξi)

and in compact form

ξ̇(t) = −L̄nξ(t). (4.5)

From Theorem 2.1 we know that the solutions ξi(t) converge to an average value. Analog to
the previous chapter we define the average value for ξ(t) to

b(t) =
1

N

N
∑

i=1

ξi(t),

which is a constant value and can be calculated with

b = b(0) =
1

N

N
∑

i=1

ξi(0) =
1

N

N
∑

i=1

e−A0(xi(0)− ηi(0)) =
1

N

N
∑

i=1

(xi(0)− ηi(0)).

Hence, we decompose

ξ(t) = 1b+ δξ(t), (4.6)

where δξ(t) is the disagreement vector with the condition 1T δξ(t) = 0. The time derivative
of the disagreement vector leads with (4.5) and (4.6) to

δ̇ξ(t) = ξ̇(t) = −L̄nξ(t) = −L̄n(1b+ δξ(t)) = −L̄nδξ(t) (4.7)

since 1T L̄n = 0.
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4.1.1 Trigger Functions Depending on System States

In the following we propose a new event-based approach for the synchronization of N identical
linear systems with a dynamic feedback controller. If we can show that the ξi(t) converge to a
region around the average value b, then the sub-system (4.3b) exponentially synchronize which
implies that the solutions of (4.2a) exponentially synchronize to a solution of ẋ0 = Ax0. The
idea is similar to that in Section 3.1, where we have the case that the variable z(t) converge to
a common value. For agent i only the local variables ξi(t) and the latest broadcasted values
ξ̂i(t) are available. Therefore, we propose the time-depended trigger functions

f(eξi(t)) = ‖eξi(t)‖ −
(

c1 + c2e
−αt
)

, (4.8)

with the measurement error

eξi(t) = ξ̂i(t)− ξi(t). (4.9)

The transfered system state of agent i

ξ̂i(t) = ξi(t
i
i), t ∈ [tik, t

i
k+1[

are piecewise constant, and thus also the system states x̂i(t) = xi(t
i
i) and the controller states

η̂i(t) = ηi(t
i
i) for t ∈ [tik, t

i
k+1[.

The implementation is similar to that of Setup A. The trigger mechanism of agent i re-
ceives the actual system states xi and controller states ηi in order to perform the change
of variable according to (4.4). If trigger condition (4.8) holds, agent i broadcasts its actual
measurements (x̂i and η̂i) over the network. The dynamical controller of agent i is updated
if there is a new measurement update from agent i or its neighbors j ∈ N . The proposed
trigger mechanism renders x̂i, η̂i and thus according to (4.2b) also ˆ̇ηi piecewise constant.
Analog to Setup A, this implementation does not require continuous communication between
the neighboring systems.
The following theorem can be seen as an extension of Theorem 3.4 to a dynamic feedback
controller.

Theorem 4.2. Consider N linear system (3.1) with the dynamic feedback control (4.1) and
trigger functions of the form (4.8). Assume for A that all eigenvalues Re[λk(A)] ≤ 0,
k = 1, . . . , n, the pair (A,B) is stabilizable and A + BK is Hurwitz. Let the communica-
tion graph G be undirected and connected, then for all initial conditions x(0) ∈ R

n and t > 0,
it holds

‖δξ(t)‖ ≤‖L̄n‖
√
N

c1

λ2(G)
+ e−αt‖L̄n‖

√
N

c2

λ2(G)− α

+ e−λ2(G)t

(

‖δξ(0)‖ − ‖L̄n‖
√
N

(

c1

λ2(G)
+

c2

λ2(G)− α

))

Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. In presence of event-triggering the transformed closed-loop system (4.5) changes to

ξ̇(t) = −L̄nξ̂(t) = −L̄nξ(t)− L̄neξ(t). (4.10)
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With (4.7) the disagreement dynamics with event-triggering can be derived to

δ̇ξ(t) = −L̄nξ̂(t)

= −L̄n(ξ(t) + eξi(t))

= −L̄n(1b+ δξ(t) + eξi(t))

= −L̄nδξ(t)− L̄neξi(t)

The outgoing proof is exactly the same as the proof of Theorem 3.4 but in place for δ(t) we
have here δξ(t). �

Example 4. We extend the example system with the dynamic controller (4.1) and trigger

function (4.8). We set the input matrix to B =
[

0 1
]T

such that the pair (A,B) is stabi-
lizable. For the stabilizing feedback matrix we choose K =

[

0 −1
]

such that A + BK is

Hurwitz. The initial condition of the controller states are set to η(0) =
[

0, . . . , 0
]T

. Figure 4.1
shows the event-based synchronization of the system states xi(t) with the dynamic feedback
controller. The transfered states ξi(t) converge in a piecewise constant manner to a common
value (see Figure 4.2). Figure 4.3 illustrates the events generated by trigger function (see
Figure 4.8). Compared to Example 3 the events are more dense for at the beginning. Again
the density of the events increase a little bit for larger times t.
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Figure 4.1: Synchronization with trigger function (4.8): System states xi(t)
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Figure 4.2: Synchronization with trigger function (4.8): Transfered states ξi(t)
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Figure 4.3: Synchronization with trigger function (4.8): Measurement errors ‖eξi(t)‖
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4.1.2 Trigger Functions Depending on Controller States

In Section 3.2.1 we presented trigger functions which are only based on the control signals. In
this section we adapt this trigger mechanism to the synchronization with dynamic feedback
controller. The idea is again to show that ξ(t) exponentially converge to a region around the
average value but now with trigger functions depending on the controller states. Each agent
requires knowledge only of the actual controller states ηi(t) and the latest triggered controller
states η̂i(t) in order to verify the trigger condition. Therefore, we define

ǫηi(t) = η̂i(t)− ηi(t) (4.11)

and propose time-dependent trigger functions described by

fi(ǫηi(t)) = ‖ǫηi(t)‖ − ce−αt. (4.12)

The controller states are held constant

η̂i(t) = ηi(t
i
i), t ∈ [tik, t

i
k+1[.

between two consecutive events. Remark that the trigger functions (4.12) have the same form
as the trigger functions (3.29). The implementation is analogical to Setup B. The trigger
mechanism is placed after the incoming controller states ηi(t). Trigger condition (4.12) renders
the controller states η̂i and therefore according to (4.1) also the control inputs ûi(t) piecewise
constant. This setup requires a continuous communication between the neighboring agents.

Theorem 4.3. Consider N linear system (3.1) with the dynamic feedback control (4.1) and
trigger functions of the form (4.12). Assume A is diagonalizable, all eigenvalues of A belong to
the imaginary axis, the pair (A,B) is stabilizable and A+BK is Hurwitz and diagonalizable.
Let the communication graph G be undirected and connected, then for all initial conditions
x(0) ∈ R

n and t > 0, it holds

‖δξ(t)‖ ≤ e−λ2t‖δξ(0)‖+ kV
‖L̄n − ÃN‖

α

√
Nc
(

1− e−αt
)

,

with a positive constant kV = ‖V ‖‖V −1‖, where V is the matrix of the eigenvectors of ÃN .
Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. The event-triggered dynacmics of agent i are given by

ẋi = Axi +BKη̂i (4.13a)

η̇i = (A+BK)η̂i +
N
∑

i=1

aij(η̂j − η̂i + xi − xj). (4.13b)
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Thus, the derivative of si yields to

ṡi = ẋi − η̇i,

= Axi +BKη̂i −
(

(A+BK)η̂i +
N
∑

i=1

aij(η̂j − η̂i + xi − xj)

)

= Axi −Aη̂i −
N
∑

i=1

aij(η̂j − η̂i + xi − xj)

= Axi −A(ηi + ǫηi)−
N
∑

i=1

aij(ǫηj + ηj − ǫηi − ηi + xi − xj)

= Asi −Aǫηi −
N
∑

i=1

aij(ǫηj − ǫηi + si − sj).

With the change of variables ξi = e−Atsi we get for its derivative

ξ̇i = −e−AtAsi + e−At(Asi −Aǫηi −
N
∑

i=1

aij(ǫηj − ǫηi + si − sj))

= e−At
N
∑

i=1

aij(ǫηi − ǫηj + sj − si)− e−AtAǫηi

=
N
∑

i=1

aij(ξj − ξi) + e−At
N
∑

i=1

aij(ǫηi − ǫηj)− e−AtAǫηi

and in compact form

ξ̇(t) = −L̄nξ(t) + e−ÃN tL̄nǫη(t)− e−ÃN tÃN ǫη(t)

= −L̄nξ(t) + e−ÃN t(L̄n − ÃN )ǫη(t).

The disagreement dynamics can be derived to

δ̇ξ(t) = −L̄nδξ(t) + e−ÃN t(L̄n − ÃN )ǫη(t) (4.14)

We obtain for the analytical solution of (4.14)

δξ(t) = e−L̄ntδξ(0) +

∫ t

0
e−L̄n(t−τ)e−ÃN τ (L̄n − Ã)ǫη(τ)dτ (4.15)

By assumptions the system matrix A is stable and diagonalizable, thus ‖e−ÃN τ‖ ≤ kV and
with ‖L̄n‖ ≤ 1 we bound as follows

‖δξ(t)‖ ≤ ‖e−L̄ntδξ(0)‖+ ‖
∫ t

0
e−L̄n(t−τ)e−ÃN τ (L̄n − Ã)ǫη(τ)dτ‖

≤ ‖e−L̄ntδξ(0)‖+
∫ t

0
‖e−L̄n(t−τ)‖‖e−ÃN τ‖‖(L̄n − Ã)‖‖ǫη(τ)‖dτ

≤ e−λ2t‖δξ(0)‖+
∫ t

0
kV ‖L̄n − ÃN‖‖ǫη(τ)‖dτ.
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The condition of trigger function (4.12) yields to

‖δξ(t)‖ ≤ e−λ2t‖δξ(0)‖+ kV ‖L̄n − ÃN‖
∫ t

0

√
Nce−ατdτ

and the integration finally to

‖δξ(t)‖ ≤ e−λ2t‖δξ(0)‖+ kV
‖L̄n − ÃN‖

α

√
Nc
(

1− e−αt
)

. (4.16)

Next we have to show that there exists a positive lower bound on the inter-event times. We
start with (4.13b)

η̇i = (A+BK)η̂i +
N
∑

i=1

aij(η̂j − η̂i + xi − xj)

= (A+BK)(ǫηi + ηi) +
N
∑

j=1

aij(ǫηj + ηj − ǫηi − ηi + xi − xj),

which can be with P = A+BK stacked to

η̇(t) = (P̃N − L̄n)η(t) + (P̃N − L̄n)ǫη(t) + L̄nx(t). (4.17)

The analytical solution of (4.17) is

η(t) = e(P̃N−L̃n)tη(0) +

∫ t

0
e(P̃N−L̄n)(t−τ)(P̃N − L̄n)ǫη(τ)dτ +

∫ t

0
e(P̃N−L̄n)(t−τ)L̄nx(τ)dτ.

(4.18)

We know that P is Hurwitz and diagonalizable by assumption. For the eigenvalue of P with
the maximum real part we write λmax(P ) = max

k
{Re[λk(P )]} and it follows

eP̃N t = UeDP tU−1,

≤ ‖U‖‖eDP t‖‖U−1‖
≤ ‖U‖‖U−1‖eλmax(P )t, (4.19)

where DP is the diagonal matrix with the eigenvalues and U contains the eigenvectors of P̃N .
We know from the proof of Theorem 4.1 that the systems synchronize to a solution of the
open loop system ẋ0 = Ax0. Since A is stable, x(τ) can be bounded with

xmax = sup
0≤τ≤t

‖x(τ)‖ ∀ τ ≥ 0. (4.20)

Defining kU = ‖U‖‖U−1‖ and with the bounds e−L̄nt ≤ 1, (4.19) and (4.20) we bound (4.18)
as

‖η(t)‖ ≤kUe
λmax(P )t‖η(0)‖+

∫ t

0
kUe

λmax(P )(t−τ)‖P̃N − L̄n‖‖ǫη(τ)‖dτ

+

∫ t

0
kUe

λmax(P )(t−τ)‖L̄n‖xmaxdτ.
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The eigenvalues of P are all negative, thus λmax(P ) = −|λmax(P )| and the trigger function
(4.12) enforces ‖ǫη(τ)‖ ≤

√
Nce−ατ . It follows

‖η(t)‖ ≤kU

(

e−|λmax(P )|t‖η(0)‖+ ‖P̃N − L̄n‖
∫ t

0

√
Nce−|λmax(P )|(t−τ)−ατdτ

+‖L̄n‖xmax

∫ t

0
e−|λmax(P )|(t−τ)dτ

)

and the integration yields to

‖η(t)‖ ≤kU

(

e−|λmax(P )|t‖η(0)‖+ ‖P̃N − L̄n‖
|λmax(P )| − α

√
Nc
(

e−αt − e−|λmax(P )|t
)

+
‖L̄n‖

|λmax(P )|xmax

(

1− e−|λmax(P )|t
)

)

.

(4.21)

We obtain an upper bound for (4.21) for t ≥ 0 with

‖η(t)‖ ≤ kU

(

‖η(0)‖+ ‖L̄n‖
|λmax(P )|xmax +

‖P̃N − L̄n‖
|λmax(P )| − α

√
Nce−αt

)

. (4.22)

Between two consecutive trigger events we have

ǫηi(t) = −ηi(t)

and we obtain with (4.17) the following bounds

‖ǫ̇ηi(t)‖ ≤ ‖ǫ̇η(t)‖ ≤ ‖η̇(t)‖
≤ ‖P̃N − L̄n‖‖η(t)‖+ ‖P̃N − L̄n‖‖eξ(t)‖+ ‖L̄n‖x(t)‖
≤ ‖P̃N − L̄n‖‖η(t)‖+ ‖P̃N − L̄n‖

√
Nce−αt + ‖L̄n‖xmax.

Defining

f1 = kU‖P̃N − L̄n‖
(

‖η(0)‖+ ‖L̄n‖
|λmax(P )|xmax

)

+ ‖L̄n‖xmax

f2 = ‖P̃N − L̄n‖
√
Nc

(

1− 1

|λmax(P )| − α

)

we arrive at

‖ǫηi(t)‖ ≤ f1 + f2e
−αt ≤ f1 + f2e

−αt∗

for all t ≥ t∗. We have derived the same expression as in the proof in Section 3.2.1 but with
other coefficients. Therefore, a lower positive bound on the inter-event times τ is given by

(

eαt
∗ f1

c
+

f2

c

)

τ = e−ατ .

�

Example 5. We take the same system as in Example 4 but now with trigger functions
(4.12). An synchronization of the system states is reached (Figure 4.4 and 4.5). The piecewise
constant controller states are depicted in Figure 4.6. As expected the controller states converge
to zero. The norm of measurement errors and the events of each agents are illustrated in
Figure 4.7. As one can see, there are distinctly less events compared to Example 4.
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Figure 4.4: Synchronization with trigger function (4.12): System states xi(t)
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Figure 4.5: Synchronization with trigger function (4.12): Transfered states ξi(t)
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Figure 4.6: Synchronization with trigger function (4.12): Controller states η̂i(t)
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Figure 4.7: Synchronization with trigger function (4.12): Control measurement errors
‖ǫηi(t)‖
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4.2 Dynamic Output Feedback Controller

By assuming that the pair (A,C) is detectable the dynamic feedback controller of Theorem 4.1
can be easily extended to an output feedback controller. We consider now N identical linear
systems described by the model

ẋi = Axi +Bui, (4.23a)

yi = Cxi (4.23b)

for i = 1, . . . , N , with state vector xi ∈ R
n, control vector ui ∈ R

m and output vector yi ∈ R
p.

LetH be an observer matrix such that A+HC is Hurwitz and we consider the output feedback
controller

η̇i = (A+BK)ηi +
N
∑

j=1

aij(ηj − ηi + x̃i − x̃j) (4.24a)

˙̃xi = Ax̃i +Bui +H(ỹi − yi) (4.24b)

ui = Kηi (4.24c)

ỹi = Cx̃i. (4.24d)

With the following theorem we arrive at a general synchronization result for linear systems.

Theorem 4.4. [17] Consider the system (4.23). Assume all eigenvalues of A belong to the
closed left-half complex plane, the communication graph G is connected, the corresponding
Laplacian matrix L is piecewise continuous and bounded, the pair (A,B) is stabilizable and
the pair (A,C) is detectable. Let K and H be any gain matrices such that A + BK and
A+HC are Hurwitz. Then the solutions of (4.23) with dynamic controller (4.24) exponentially
synchronize to a solution of the open loop system ẋ0 = Ax0.

Proof. The proof is similar to the proof of Theorem 4.1 and is mainly based that the
estimation error is decoupled from the consensus dynamics. With change of variables si =
x̃i − ηi and hi = xi − x̃i we can rewrite the closed loop system as

ẋ = (ÃN + B̃NK̃N )x+ B̃NK̃N (h+ s), (4.25a)

ṡ = ÃNs− L̄ns, (4.25b)

ḣ = (ÃN + H̃N C̃N )h. (4.25c)

This system is the cascade of the closed-loop system analyzed in the proof of Theorem 4.1
with an exponentially stable estimation error dynamics, which proves the result.

The following approaches and proofs are similar to the case of event-based synchronization
with the dynamic feedback controller in Section 4.1. We rewrite (4.25b) with the transforma-
tion

ξ′i = e−Atsi = e−At(x̃i − ηi) (4.26)

to

ξ̇′(t) = −L̄nξ
′(t). (4.27)
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Now, we only need to exploit the fact that the solutions of (4.27) according to Theorem 2.1
converge to an average value. Analog to the previous section we decompose

ξ′(t) = 1b′ + δξ′(t) (4.28)

with the disagreement vector δξ′(t) and the average value b′. Therefore, we transfer the
derived event-based approaches in Section 4.1 to the case for an output feedback controller.

4.2.1 Trigger Functions Depending on System States

We adapt Theorem 4.2 for an output feedback controller. Since we have exponentially stable
estimation error dynamics, we can use trigger functions which are depending on the observer
states x̃i instead of the real states xi. The transfered states of agent i

ξ̂′i(t) = ξ′i(t
i
i), t ∈ [tik, t

i
k+1[

are piecewise constant. Again, we propose time-depended trigger functions

f(eξ′i(t)) = ‖eξ′i(t)‖ − (c1 + c2e
−αt), (4.29)

with the measurement error

eξ′i(t) = ξ̂′i(t)− ξ′i(t). (4.30)

Theorem 4.5. Consider N linear system (4.23) with the dynamic feedback control (4.24)
and trigger functions of the form (4.29). Assume for A that all eigenvalues λk(A) ≤ 0,
k = 1, . . . , n, the pair (A,B) is stabilizable, the pair (A,C) is detectable, A+BK and A+HC

are Hurwitz. Let the communication graph G be undirected and connected, then for all initial
conditions x(0) ∈ R

n and t > 0, it holds

‖δξ′‖ ≤‖L̄n‖
√
N

c1

λ2(G)
+ e−αt‖L̄n‖

√
N

c2

λ2(G)− α

+ e−λ2(G)t

(

‖δξ′(0)‖ − ‖L̄n‖
√
N

(

c1

λ2(G)
+

c2

λ2(G)− α

))

Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. Similar to the proof of Theorem the we rewrite (4.27) with (4.30) to

ξ̇′(t) = −L̄nξ̂
′(t) = −L̄nξ

′(t)− L̄neξ′i(t). (4.31)

Hence, the disagreement dynamics with event trigger are given by

δ̇ξ′(t) = −L̄nδξ′(t)− L̄neξi(t). (4.32)

For the remaining steps we use the same proof techniques as in Theorem 4.2 and derive the
statement of Theorem 4.5. �
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Example 6. We extend our system of Example 5 to an output (4.23b). Hence, we chose
the output matrix C =

[

1 0
]

such that the pair (A,C) is detectable. The observer gain

matrix is set to H =
[

−5 −15
]T

such that A +HC is Hurwitz and the observer dynamics
are distinctly faster as the system dynamics. First, we consider the system without trigger
mechanism. We need to check that the observer is correctly working. Therefore, we assume
that the initial conditions x(0) of the system are unknown for the observer. The initial

conditions of the observer are arbitrarily chosen to x̃(0) =
[

0, . . . , 0
]T

. For the case that the
matrix H is correctly chosen, the observer states x̃i(t) have to converge to the system states
x̃i(t). In Figure 4.8 one can see that the trajectories of the observed states x̃i(t) (dashed
lines) converge to the true states xi(t) (solid lines). Next we add the trigger control described
in Theorem 4.5. Figure 4.9 shows the event-based synchronization of the outputs yi(t) with
trigger function (4.29). The transformed states converge to a common value in a piecewise
constant manner, see Figure 4.10. The actual and observed system states are illustrated in
Figure 4.10. Like with the system without trigger mechanism the observed states converge
x̃i(t) (dashed) to the actual states xi(t) (solid). Compared to Example 4, the simulations
shows that we have at the beginning much more trigger events (Figure 4.12).
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Figure 4.8: System states xi(t) (solid) and observed states x̃i(t) (dashed) of nominal system.
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Figure 4.9: Synchronization with trigger function (4.29): Output yi(t)

ξ̂
‘ 1
i(
t)

ξ̂
‘ 2
i(
t)

time (s)

0 2 4 6 8 10 12 14 16 18 20
-5

0

5

-4

-2

0

2

4

Figure 4.10: Synchronization with trigger function (4.29): Transformed system states ξ̂′i(t)
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Figure 4.11: Synchronization with trigger function (4.29): System states xi(t) (solid) and
observed states x̃i(t) (dashed)
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4.2 Dynamic Output Feedback Controller

4.2.2 Trigger Functions Depending on Controller States

In this subsection we customize Theorem 4.3 to the case with an output dynamic controller.
For that reason we define the measurement error

eηi(t) = η̂i(t)− ηi(t) (4.33)

and time-depended trigger functions

fi(eηi(t))) = ‖eηi(t)‖ − ce−αt. (4.34)

Like in Section 4.1.2, the controller states are held constant

η̂i(t) = ηi(t
i
i), t ∈ [tik, t

i
k+1[.

between to consecutive events of agent i.

Theorem 4.6. Consider N linear system (4.23) with the dynamic feedback control (4.24) and
trigger functions of the form (4.29). Assume A is diagonalizable, all eigenvalues of A belong
to the imaginary axis, the pair (A,B) is stabilizable, the pair (A,C) is detectable, A + BK

and A+HC are Hurwitz, and A+BK is diagonalizable. Let the communication graph G be
undirected and connected, then for all initial conditions x(0) ∈ R

n and t > 0, it holds

‖δξ′(t)‖ ≤ e−λ2t‖δξ′(0)‖+ kV
‖L̄n − Ã‖

α

√
Nc
(

1− e−αt
)

,

with a positive constant kV = ‖V ‖‖V −1‖, where V is the matrix of the eigenvectors of ÃN .
Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. We can use the same proof technique as in Section 4.1.2, since (4.3b) and (4.25b)
have the same form. We rewrite equation (4.25b) with event-triggering to

ṡ(t) = = A(s(t)− eη(t))− L̄n(s(t)− eη(t)). (4.35)

With the transformation (4.26) we obtain

ξ̇′(t) = −L̄nξ
′(t) + e−ÃN t(L̄n − Ã)eη(t),

and therefore

δ̇ξ′(t) = −L̄nδξ′(t) + e−ÃN t(L̄n − Ã)eη(t)

Now we can proceed like in Section 4.1.2 from Equation (4.14) on, which proofs the results. �

Example 7. We consider the same example system as in Example 6 but now with trigger
function (4.34). As one can see in Figure 4.13/4.14 the systems are synchronized. Each agent
renders the transfered system states piecewise constant, which are converging to zero (see
Figure 4.15). In Figure 4.16 the synchronized system states are depicted. Furthermore, one
can see that the trajectories of the observed states x̃i(t) (dashed) converge to to them of the
current states xi(t) (solid)(see Figure 4.16). Again, at the beginning the events are more
dense (see Figure 4.17) compared to Example 5, but distinctly less compared to the previous
Example 6.
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Figure 4.13: Synchronization with trigger function (4.34): Output yi(t)
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Figure 4.14: Synchronization with trigger function (4.34): Transformed system states ξ̂′i(t)
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Figure 4.15: Synchronization with trigger function (4.34): Controller states ηi(t)
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Figure 4.16: Synchronization with trigger function (4.34): System states xi(t) (solid) and
observed states x̃i(t) (dashed)
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Figure 4.17: Synchronization with trigger function (4.34): Control measurement error
‖eη(t)‖

4.3 Discussion

In this chapter we avoid the strict assumption on B by introducing a dynamic controller. For
the event-based synchronization of linear system with dynamic feedback controller we present
two new approaches which are based on the two different setups in Chapter 3.
The first approach requires again a mostly exact model of the real system. Moreover, we
have to track the system states xi(t) and the controller states ηi(t) in order to perform the
transformation. However, the communication between the agents happens in a piecewise
constant manner. We have here the same advantages and disadvantages like for Setup A.
The second approach monitors only controller states ηi(t) and thus renders the control signals
piecewise constant. The event-based behavior is better compared to the first approach. The
approach is similar to that of Setup B and has also the same advantages (or otherwise).
Again, several simulations show that the trigger mechanism leads to a synchronization for the
case with Re[λk(A)] ≤ 0 and also with trigger functions with an additional constant offset.
In the last section we extended the two approaches to the event-based synchronization with
the dynamic output controller. The proposed methods are the general results for the event-
based synchronization of linear identical system. For the two approaches of the dynamic
output controller the events are more dense for small t compared to the dynamic feedback
controller. This is due to the fact that at the beginning the observed states x̃i(t) differ from
the actual states xi(t). A bad configured observer leads to more events than we normally need.
Therefore, we require a good working observer for our two proposed event-based strategies.
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5 Event-based Synchronization of Kuramoto Oscillators

In this chapter we depart from the event-based synchronization of linear systems. Another
active field of research is the synchronization of Kuramoto oscillators. We present a new
method for the event-based synchronization of Kuramoto oscillators. The algebraic graph
theory is used to encode the communication between the oscillators, which is a big advantage
for the later considered analysis.

5.1 Synchronization of Kuramoto Oscillators

In this section we summarize the main results of [40]. This is the basis for our event-based
approach in the next Section 5.2. The uniform Kuramoto model consists of N oscillators
which are described by

θ̇i = ωi +
K

N

N
∑

j=1

sin(θj − θi), i = 1, 2, . . . , N (5.1)

where θi is the phase of oscillator i, ωi is its natural frequency and K > 0 is the coupling
gain. In this section we consider a finite (N) number of Kuramoto oscillator with an all
- to - all topology, i.e. that all nodes are connected to all other nodes. Furthermore, we
let the natural frequencies ωi be from the set of reals and we do not claim any particular
probability distribution on them. The problem is finding a coupling gain K so that the
oscillators synchronize. The oscillators are said to be synchronized if

θ̇i − θ̇j → 0 as t → ∞ ∀i, j = 1, . . . , N

holds. The phase difference θi − θj ∀i, j = 1, . . . , N become asymptotically constant.
Following [41], we use a graph theoretical formulation of Kuramato’s model. The incidence
matrix is Bij = 1 if the edge j is incoming to vertex i, Bij = −1 if edge j is outcoming
from the vertex i, and 0 otherwise. The Laplacian of G is given by L = BBT . The matrix
LW = BWBT is a weighted Laplacian with the weighting matrix W = diag(Wi). The
oscillator dynamics (5.1) can be equivalently rewritten in compact form as

θ̇ = ω − K

N
B sin(BT θ). (5.2)

Moreover, we define the phase differences φ := BT θ.
We assume all initial phase differences are contained in the compact set

D = {θi, θj ||θi − θj | ≤
π

2
− 2ǫ ∀i, j = 1, . . . , N}, (5.3)
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5 Event-based Synchronization of Kuramoto Oscillators

where 0 < ǫ < π
4 . It is derived that if

K = Kinv >
N |ωmax − ωmin|

2 cos(2ǫ)
(5.4)

all phase differences θi−θj ∀i = 1, . . . , N are positively invariant with respect to the compact
set D, i.e. (θi − θj) ∈ D ∀t > 0.

Theorem 5.1. [40] Consider the system dynamics as described by (5.1). Let all initial phase
differences be contained in the compact set D. Then there exists a coupling gain Kinv > 0
such that (θi − θj) ∈ D ∀t > 0. If the coupling gain is chosen such that K = Kinv, then all
the oscillators synchronize i.e. θ̇i − θ̇j → 0 as t → ∞ ∀i, j = 1, . . . , N .

The proof is based on Lyapunov analysis and uses also Lasalles’ Invariance Principle
[40]. The oscillators asymptotically converge to the mean natural frequency of all oscilla-

tors Ω =
∑

N

i=1
ωi

N
. Furthermore, the time derivative of (5.2) can be written as

θ̈(t) = −K

N
Bdiag(cos(φ))BT θ̇(t) (5.5)

= −K

N
LK θ̇(t), (5.6)

where LK = Bdiag(cos(φ))BT . The weighted Laplacian is described as

lK,ii =
∑

k=1,k 6=i

cos(θk − θi) ∀i = 1, . . . , N (5.7)

lK,ij = − cos(θi − θj) ∀i = 1, . . . , N i 6= j (5.8)

Since φ ∈ D, the weighted Laplacian LK is positive-semidefinite.

5.2 Event-based Approach

In this section we present a new method for the event-based synchronization of Kuramoto
oscillators. The approach and proof technique is similar to them of the last chapters.
Agent i has only access on local information, i.e. the actual frequency θ̇i(t) and the latest

triggered frequency
ˆ̇
θi(t). The frequency is held constant

ˆ̇
θi(t) = θ̇i(t

i
k), t ∈ [tik, t

i
k+1[

between two consecutive events. In order to derive a decentralized event-based strategy, we
define for each agent i the measurement error for frequencies

eθi(t) =
ˆ̇
θi(t)− θ̇i(t). (5.9)

We propose dynamic trigger functions of the form

f(εθi(t)) = ‖eθi(t)‖ − (c1 + c2e
−αt). (5.10)

Since θ̇(t) converge to the average frequency, we can decompose θ̇(t) according to

θ̇(t) = 1Ω+ δK(t), (5.11)
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θj , j ∈ Ni ˆ̇
θi ∫ θi

event-triggered
mechanism

K
N

∑N
j=1 sin(θj − θi)

θ̇i

ωi

+

Figure 5.1: Event-triggered control schematic for trigger functions (5.10)

with the group disagreement vector δK(t), which satisfies 1T δK(t) = 0 and LK θ̇(t) = LKδK(t).
For convenience we define a = K

N
.

In Figure 5.1 the implementation of the event-triggered control is illustrated. The trigger
mechanism is placed after the frequency θi and thus renders θ̂i constant piecewise. For this
event-triggered synchronization of Kuramoto oscillators we require a continuous communica-
tion between the agents.

Theorem 5.2. Consider the system dynamics as described by (5.1) and trigger functions of
the form (5.10). Let all initial phase differences be contained in the compact set D and assume
the coupling gain is chosen such that K = Kinv, then for t > 0 it holds

‖δK(t)‖ ≤ a‖LK‖
√
N

c1

aλ2
+ e−αta‖LK‖

√
N

c2

aλ2 − α

+ e−aλ2t

(

‖δK(0)‖ − a‖LK‖
√
N

(

c1

aλ2
+

c2

aλ2 − α

))

.

Furthermore, the closed-loop system does not exhibit Zeno behavior.

Proof. The time derivative of the disagreement vector δk(t) is given by

δ̇K(t) = θ̈(t) = −aLK θ̇(t) (5.12)

In presence of event-triggering we rewrite (5.12) to

δ̇K(t) = −aLK
ˆ̇
θ(t) = −aLK(θ̇(t) + eθ(t)) = −aLK(1Ω(t) + δK(t) + eθ),

and therefore

δ̇K(t) = −aLKδK(t)− aLKeθ(t). (5.13)

Now we can proceed like in the previous sections and bound the disagreement vector. The
analytical solution of (5.13) is given by

δK(t) = e−aLKt‖δK(0)‖ − a

∫ t

0
e−aLK(t−τ)LKeθ(τ)dτ (5.14)
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5 Event-based Synchronization of Kuramoto Oscillators

Remark 5.1. With the positive factor a one can still apply Lemma 3.2. We have

LK = TDLK
T T = Tdiag(0, λ2, . . . , λN )T T ,

where T is an orthogonal matrix with the eigenvectors of LK as columns. With the factor a
we get

aLK = aTDLK
T T = T aDLK

T T = Tdiag(0, aλ2, . . . , aλN )T T .

For the exponential Laplacian we obtain

e−aLKt = Tdiag(1, e−aλ2t, . . . , e−aλN t)T T

= Tdiag(1, 0, . . . , 0)T T + Tadiag(0, e−aλ2t, . . . , e−aλN t)T T

=
1

N
11T + Tdiag(0, e−aλ2t, . . . , e−aλN t)T T

Next, with the zero average vector v ∈ R
N and condition ‖T‖ = ‖T T ‖ ≤ 1 we get

‖e−aLKtv‖ ≤ ‖ 1

N
11T v‖+ ‖Tdiag(0, e−aλ2t, . . . , e−aλN t)T T v‖

= ‖Tdiag(0, e−aλ2t, . . . , e−aλN t)T T v‖
≤ ‖T‖‖diag(0, e−aλ2t, . . . , e−aλN t)‖‖T T ‖‖v‖
≤ ‖diag(0, e−aλ2t, . . . , e−aλN t)‖‖v‖

and finally

‖e−aLK tv‖ ≤ e−aλ2t‖v‖.

Since the vector LKeθ(τ) has zero average, we can bound (5.14) as

‖δK(t)‖ ≤ ‖e−aLKtδK(0)‖+ a

∫ t

0
‖e−aLK(t−τ)LKeθ(τ)‖dτ

≤ e−aλ2t‖δK(0)‖+ a

∫ t

0
e−aλ2(t−τ)‖LK‖‖eθ(τ)‖dτ.

The trigger function (5.10) enforces ‖εθi(t)‖ ≤ ‖εθ(t)‖ ≤
√
N(c1 + c2e

−αt) and we derive

‖δK(t)‖ ≤ e−aλ2t‖δK(0)‖+ a

∫ t

0
e−aλ2(t−τ)‖LK‖

√
N(c1 + c2e

−ατ )dτ.

After integrating and reordering we get

‖δK(t)‖ ≤ a‖LK‖
√
N

c1

aλ2
+ e−αta‖LK‖

√
N

c2

aλ2 − α

+ e−aλ2t

(

‖δK(0)‖ − a‖LK‖
√
N

(

c1

aλ2
+

c2

aλ2 − α

))

.
(5.15)

The proof for a lower upper bound on the inter-event time is similar as for Section 3.1.2. By
assuming the latest event trigger occurs at t = t∗ > 0 it holds ‖εθi(t∗)‖ = 0. Between two
consecutive trigger events it holds that ε̇θi(t) = −θ̈i(t). We have

‖ε̇θi(t)‖ ≤ ‖ε̇θ(t)‖ ≤ ‖θ̈(t)‖
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and with θ̈(t) = δ̇K(t), (5.13) we obtain

‖ε̇θi(t)‖ ≤ ‖δ̇K(t)‖
≤ a‖LK‖‖δK(t)‖+ a‖LK‖‖eθ(t)‖
≤ a‖LK‖‖δK(t)‖+ a‖LK‖

√
N(c1 + c2e

−αt).

We bound (5.15) with

‖δK(t)‖ ≤ ‖LK‖
√
N

c1

λ2
+ e−αta‖LK‖

√
N

c2

aλ2 − α
+ e−aλ2t‖δK(0)‖

By defining

k4 = a‖LK‖‖δK(0)‖e−αλ2t

k5 = a‖LK‖
√
Nc2

(

1− a‖LK‖
aλ2 − α

)

k6 = a‖LK‖
√
Nc1

(

1− ‖LK‖
λ2

)

we get

‖ε̇θi(t)‖ ≤ k4e
−aλ2t + k5e

−αt + k6.

Thus, a lower positive bound τ on the inter-execution time is given by

τ =
c1

k4 + k5 + k6
.

�

Example 8. We consider N = 3 oscillators which are all-to-all connected. We set the natural
frequencies to ω1 = 10, ω2 = 30, and ω2 = 70 (unit [rad/s]). The mean frequency of this
group is Ω = 36.67. We choose ǫ = 0.5 and the desired compact set is

D = {θi, θj ||θi − θj | ≤ 0.5708 ∀i, j = 1, . . . , N}.

The coupling gain is set to K = Kinv = 167 such that condition (5.4) is satisfied. For
visualizing the event-based synchronization we calculate the oscillating motion

yi(t) = sin(θ̇it+ ωi)

and without the natural frequencies

ȳi(t) = sin(θ̇it).

In Figure 5.2 the piecewise constant frequencies and the phase differences are depicted. The
phase differences are invariant with respect to the compact set D and become asymptotically
constant, i.e. the oscillators are synchronized. Figure 5.3 shows the measurement errors and
the events. For visualizing of the synchronization the oscillating motions yi(t) and ȳi(t) are
illustrated in Figure 5.4.
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Figure 5.3: Synchronization with trigger function (5.10): Events
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Figure 5.4: Synchronization with trigger function (5.10): Oscillating motion yi(t) and ȳi(t)
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6 Conclusions and Future Work

This chapter presents some concluding remarks and makes some suggestions for the future
work.

6.1 Conclusions

The contributions of this work were twofold. First, in the main part of this report we combine
the fields decentralized event-based control and synchronization of linear identical systems.
The starting point was the work of [55] and [17]. In Chapter 3 we derive first approaches
for the event-based synchronization of linear systems with state feedback. We required that
each agent had knowledge only of its own local information. The proof idea of the following
theorems was to show that the transfered variables z(t) converge to an adjustable region
around the average value a, which implies according to Theorem 3.1 that the states x(t) are
synchronized. Theorem 3.3 exposed not to be suitable, since the density of events was very
high for small times t. We avoid this problem with Theorem 3.4 by introducing dynamic
trigger functions 3.4. The two theorems uses trigger function which are depended on the
transfered system states zi(t). For the change of variables we require a mostly exact model
A of the real system in order to perform a correctly working event-based mechanism. The
implementation of this sets of trigger function yields to an event-based scheduling of the mea-
surement broadcasts and the control inputs. We referred this implementation as Setup A.
The trigger functions of Theorem 3.5 and 3.6 are based on the control inputs ui(t). Theorem
3.5 outperformed the above-mentioned approaches, but we had to make stricter assumptions
on the system matrix A. Theorem 3.6 avoided the stricter assumptions but we needed again
a change of variables. Several numerical simulations had shown that event-based synchro-
nization is still working for the case with usual assumptions on the system matrix A. The
main limitations were here that we required a continuous connection between the neighboring
agents, which was referred as Setup B. Both setups have their advantages and disadvantages.
In Chapter 4, the strict assumption of a square input matrix B can be weaken by introducing
of a dynamic feedback controller. The two different event-based setups were transfered to
this problem. Theorem 4.2 extends Theorem 3.4 to the case for a feedback controller. For the
evaluation of the trigger conditions 4.8 we required to monitor the system states xi(t) and
the controller states ηi(t) in order to perform the change of variables. The implementation
can be compared to that of Setup A, which renders the broadcasted measurement values x̂i
and η̂i piecewise constant.
Furthermore, we adjusted Theorem 3.5 to Theorem 4.3 for the event-based synchronization
with dynamic feedback controller. Analog to Setup B, we needed only to monitor the con-
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troller states ηi(t) for the trigger mechanism. Theorem 4.3 has a much better event-trigger
performance compared to Theorem 4.2. Both approaches have the same advantages (or oth-
erwise) like the previous corresponding setups.
After that, we extended the two approaches/setups to the event-based synchronization with
dynamic output controller. The main difference is that we used instead of the actual state
xi(t) the observed states x̃i(t). The simulation results showed that we require a good working
observer for a correctly working event-based mechanism. We derived general results for an
decentralized event-based control for synchronization of linear systems, which can be seen as
a extension to general linear dynamical systems of the event-based control for the consensus
problem of multi-agent systems with single integrators.
The second smaller contribution considered another field of synchronization, namely the event-
based synchronization of Kuramoto oscillators. Kuramoto oscillators, synchronization and
the consensus problem are closely related. Chapter 5 showed that is possible to derive an
event-triggered approach for the synchronization of all-to-all coupled oscillators modeled by a
uniform Kuramoto model. The proof technique is based on the ones of the previous chapters.

6.2 Future Work

The approaches corresponding to Setup A requires a change of variable. A question is how
does the differences between the real system and the modeled effect the event-trigger mech-
anism and how to eliminate negative effects. Furthermore, the simulation results showed
that for large time we have still trigger action. Further investigations of the exact reasons
would be useful. The simulations of the approaches of Setup B showed that the event-based
triggering is also working for the system matrix A with usual assumptions. A proof for this
circumstances is outstanding. Besides, we require a continuous communication between the
agents. It is desirable to derive an approach which renders also the broadcasted measurement
piecewise constant.
The report aimed to derive novel event-based approaches for the synchronization of linear
systems. It is interesting to compare the effectiveness of the event-based in comparison to
time-scheduled implementation. In this thesis we considered only fixed communication topolo-
gies and required undirected connected graph. An extension to time switching communication
topologies or directed graphs is desirable. Moreover, for real applications it is important to
investigate the effects of time delays in networks. A further extend to the class of periodic
linear systems [17] is possible.
The event-based synchronization of uniform Kuramoto oscillators shall serve as a first step
for further investigations. An extension to the event-based synchronization of coupled oscil-
lators described by a non-uniform Kuramoto model. As mentioned, the fields power network
analysis, consensus protocol and non-uniform Kuramoto model are closely related. The main
challenging goal and application is the event-based synchronization of power networks.
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