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ABSTRACT 

Safety of dams can be evaluated based on the risk analysis methodologies that accounts for 
estimation of the risks associated to the dam-reservoir system. For this purpose it is important to 
estimate the probability of load events and probability of failure for several failure modes. The 
following thesis emphasises on estimation of the probability of one specific failure mode, i.e. 
“sliding failure” for a concrete gravity dam. The main idea behind this thesis was to analyse the 
estimation of the probability of sliding failure of an existing dam by obtaining the relationships 
among the different load events, factors of safety associated to those events and the probability 
of failure estimated using numerical simulation techniques together with different reliability 
methods. The analysed dam is taken from theme C of the eleventh ICOLD Benchmark workshop 
on numerical analysis of dams. The thesis covers the methodology for estimating the probability 
of failure of a given concrete gravity dam with five water levels, considering the sliding failure 
mode along the dam-foundation interface along with the estimation of factors of safety for each 
water level and with two different drainage conditions. First order second moment Taylor’s 
Series Approximation is being used as Level 2 reliability method and Monte Carlo simulation as 
Level 3 reliability method to estimate the probability of failure against sliding of the dam. 
Conclusions are drawn in the end by comparing the results obtained from factor of safety 
estimation and probability of failure for each water level and drainage condition, followed by 
suggestions for further research in the context of sliding stability of concrete dams. 

 

Keywords: Concrete Gravity dams, Stability Analyses, Factor of safety, probability of failure 
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SUMMARY 

Upgrading and re-evaluation of the existing dams has become important in order to meet the 
security requirements in today’s world. This has led to various research studies in the field of 
risk analysis and also has motivated this particular study. Risk analysis is an important part of a 
structure’s performance, durability and serviceability. The aim of the thesis focuses on the 
reliability techniques used in the risk analysis of the dams. The main objective is to obtain the 
relationships between factors of safety and the probability of failure against sliding for a given 
dam-reservoir system. 

In order to estimate and compare the probability of failure and factor of safety of the dam a 2D 
model of the dam is considered to be analyzed for several water levels and two drainage 
conditions i.e. effective and ineffective drains. Crack based analysis is done to estimate the 
length of the cracks caused due to tensile stresses and increased uplift pressure which has a great 
influence on the factor of safety of the dam. Factors of safety are calculated against each water 
level with different drains and varying uplift pressures estimated based on the crack based 
analysis. 

First order second moment Level 2 and Level 3 reliability methods are being used to estimate the 
probability of failure. Taylor’s Series Approximation and Hasofer-Lind Reliability Index are 
being used as Level 2 reliability methods and Monte Carlo simulation is being used as Level 3 
method. 

Results of factor of safety and probability of failure from all the methods mentioned above are 
compared with each other. One of the main findings was that the probabilities of failure obtained 
from level 2 methods were overestimated when compared to Level 3 methods. The difference 
was found even greater when observed at higher water levels with high probability of failure of 
sliding. Also the results obtained from Hasofer-Lind approach were found more accurate than 
Taylor’s series approximation as they were found to be quite close to Monte Carlo simulation 
which is considered to be the most accurate way of estimating probability of failure. It was also 
concluded that Monte Carlo simulation should be recommended with sufficient number of 
experiments if a high accuracy is required. 

Finally the suggestion for future research regarding different uncertainties that were not taken 
into account in the thesis is given in the end. 
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SYMBOLS AND NOTATIONS 

Commonly used symbols and notations are presented below 

Roman letters 

A area [m2] 

c cohesion [MPa] 

b width of dam [m] 

g acceleration of gravity [ms-2] 

h water level [m] 

H load [N] 

I moment of inertia [mm4] 

L crack length [m] 

M moment [N-m] 

l height of dam [m] 

P pressure [Pa] 

R resistance capacity [N] 

U uplift force [N] 

V resultant vertical force [N] 

W weight [N] 

Greek letters 

 unit weight [Nm-3] 

 density [kgm-3] 

σ tensile stress [MPa] 

σh stress at heel of dam [MPa] 

σt stress at toe of dam [MPa] 

σf standard deviation (friction) 

σc standard deviation (cohesion) 

µf mean (friction) 

µf mean (cohesion) 

β reliability index 

τ shear stress [Pa] 

φ friction angle [°] 
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1. INTRODUCTION 

1.1. Background 
The increasing demand of the society to ensure a high level of safety has resulted in upgrading 
existing dams and re-evaluation of their safety. For both new and existing dams the question 
arises, how safe is it and how long will it be able to maintain its function. Risk analysis of that 
structure plays an important role in the performance of its serviceability. Risk related to dam 
safety can be defined as “Measure of the probability and severity of an adverse effect to life, 
health property, or environment.” (ICOLD, 2005). Risk quantification is needed to have a 
detailed risk analysis of a structure. In order to quantify the risk, it requires the probability of 
failure and the consequences if failure occurs. 

There are many different factors that influence the safety of a dam. The most common among all 
are the horizontal water pressure combined with the uplift forces. These two factors are 
considered critical in case of a sliding failure of a dam. Sliding usually occurs along the plane of 
low shear resistance which further involves two mechanical parameters, cohesion and friction 
angle. The failure can occur either in the interface between dam and foundation or in the 
foundation itself. In order to study this question, the analysis of probability of failure of a gravity 
dam for the sliding failure mode has been performed in this thesis according to the theme C in 
the eleventh ICOLD benchmark workshop on numerical analysis of dams (3IWRDD ICOLD, 
2011) 

1.2. Objective 
The objective of this thesis is to obtain and compare the relationships between factors of safety 
and probabilities of failure for a given dam according to theme C in the eleventh ICOLD 
Benchmark workshop on numerical analysis of dams. 

1.3. Disposition of the thesis 
The contents of each chapter are stated in a short description in order to have an overview of the 
thesis. 

The thesis starts with a literature study in the second chapter about stability analysis of dams. 
This chapter includes the study of fundamental principles of stability analysis and its applications 
to dams that are being widely used throughout this particular theme. Also, the reliability analysis 
and different techniques used to calculate probability of failure are discussed later in the chapter. 
In the end, the acceptance requirements and guidelines regarding sliding stability of concrete 
dams in different countries are reviewed and hence the summary of the chapter is presented. 

The third chapter deals with the methodology used in order to solve the problem. It includes 
input data consisting of geometry of the dam, material properties, loading criteria, drainage 
conditions, values of friction angle and cohesion. The chapter also includes the study of 
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methodology used to find the factor of safety and probability of failure using different reliability 
techniques. Chapter four consists of the results obtained from the calculations. In chapter five, 
analysis and discussion about the results are performed. Finally, conclusions and suggestions for 
future research are presented in chapter six and seven respectively. 

1.4. Limitations 
In this thesis, only static forces are considered. No attentions have been given to seismic loads. 
Furthermore, no consideration has been given to ice loads.  

In addition to this, when tensile stresses are present under the dam, no reduction in cohesion has 
been performed for the sliding failure mode, even though a full uplift pressure has been assumed 
where the tensile stresses are present.  
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2. LITERATURE STUDY 

2.1. Stability analyses 

2.1.1. Introduction  

Stability analysis plays an important role in order to analyze the safety of a structure. Failure of a 
dam can be categorized into three different failure modes; sliding, overturning, and crushing 
failure of the foundation or concrete. In this thesis, sliding failure is studied.  

Sliding along the base of the dam is probably considered the most prevailing mode of failure for 
gravity dams (Ghanaat, 2004). For this failure mode, the interface between the rock foundation 
and the base of the concrete retaining structures is considered as a weakened surface along which 
sliding takes place (Fishman, 2009).  

In this chapter, some basic principles of stability analysis are first studied. After that, the concept 
of a total factor of safety is given together with different methods used for its calculation and its 
advantages and disadvantages are presented. Limit state analysis with partial factors and 
probability of failure with different reliability methods are then discussed. Finally, acceptance 
requirements for stability analysis are presented in the end. 

2.1.2. Forces acting on a dam 

	

Figure 2.1: Forces acting on a gravity dam. 
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Figure 2.1 shows the loads that normally are considered for the analysis of the stability of a dam. 
The loads that the dam must withstand are (Westberg 2010, USACE 1995). 

 Head water 
 Uplift pressure 
 Ice pressure 
 Earth pressures 
 Temperature loads 
 Earthquake ground motions 
 Sediment loads 

Head water and uplift pressure are the most common and significant loads in a dam safety 
analysis and are being discussed in this chapter. Uplift is defined as force acting upwards on the 
dam resulting from the percolation of water into the foundation cracks or the dam itself hence 
decreasing the ability of the structure to resist horizontal hydrostatic pressure (Jackson, 2003). 
Also, the resistance parameters defined by Westberg (2010) for the gravity dams are: 

 Self weight 
 Shear strength  
 Compressive and tensile strength of concrete and rock 

2.1.3. Basic Principles 

Before the analysis starts, it is important to have an idea about the basic principles that it is based 
upon. All stability analyses are based on the assumption that the resistance or capacity, R of the 
structural component under consideration should be equal to or greater than the applied load, H 
(Johansson, 2005). The criterion is given by equation 2.1. 

R≥H             (2.1) 

Stability requirements are well defined by for example the Dam Design Manual by USACE 
(1995). The manual states that for all conditions of loading, the stability requirements are: 

 The structure should be safe against overturning  
 The structure should be safe against sliding 
 The structure should be such as the allowable unit stresses within the structure 

should not be exceeded 

According to USACE (1981), for the stability analysis of a structure the assessment should be 
carried out while taking into account of some important aspects of the structure that includes the 
behavior of the structure, the mechanism of transferring loads to the foundation, the reaction of 
the foundation to those loads, and effects of foundation behavior on the structure. Two 
components are generally used in stability analysis in order to find a balance between the loads, 
their response and the uncertainties (Johansson, 2009). The first is an expression for the 
calculated safety, which can be expressed in several different ways such as: 

 Total factor of safety 
 Limit state analysis 
 Probability of failure 
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The second component is the acceptance requirement. It is used to determine the magnitude of 
the calculated safety in order to have an acceptable or tolerable risk. It is discussed in detail later 
in this chapter. 

2.2. Total factor of safety 

2.2.1. Introduction 

Calculation of a safety factor is the most common way of expressing safety. The safety factor is 
used to provide a design margin over the theoretical design capacity to allow for uncertainty in 
the design process. We never know in detail how large the uncertainties can become. Safety 
factor reflects the degree of uncertainty linked to the analysis (FERC 2002). The design margin 
obtained from the safety factor over the theoretical capacity helps to take care of the 
uncertainties.  

The forces acting on a dam can be categorized as resistive forces ‘R’ and loads ‘H’. The factor of 
safety is obtained by dividing the resistive forces with the loads according to equation 2.2. 

FS = R/H           (2.2) 

The values of R and H are taken as deterministic values. 

Factor of safety for sliding is generally assessed by any of the following three methods; sliding 
resistance method, shear friction method and limit equilibrium method.  

2.2.2. Sliding resistance method  
This method calculates a coefficient of friction, ‘µ’, by dividing the sum of forces parallel to the 
sliding plane by the sum of effected vertical forces normal to the sliding plane. The coefficient 
calculated in this way should be smaller than an allowable coefficient of friction ‘µall’ (USACE, 
1981). As described in the US corps of engineering “Experience of the early dam designers had 
shown that shearing resistance of very competent foundation material need not to be investigated 
if the ratio of horizontal forces to vertical forces (∑H/∑V) is such that a reasonable safety factor 
against sliding results”. The maximum ratio of (∑H/∑V) is set at 0.65 for static loading 
conditions and 0.85 for seismic conditions.” The method can be described in terms of an 
equation as follows: 

allV

H
 




           (2.3) 

2.2.3. Shear friction method 

In terms of the shear friction method, the factor of safety can be defined as the ratio of the shear 
strength (τF) and the applied shear stress (τ) (USACE, 1981). According to USACE, this method 
was introduced by Henna in 1933. 

The basic criteria for the assessment of sliding safety is by having a ratio of loads and the 
resistance forces along the sliding surface (G. Ruggeri, 2004). This criterion is used in almost all 
the examined Regulatory Rules and Guidelines. The sliding failure occurs when the applied 
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shearing forces (τ) exceeds the resisting shearing forces (τf). The mechanism is well defined by 
the Mohr-Coulomb failure criterion. The failure envelope is shown in figure 2.2. 

	

Figure 2.2: Mohr Coulomb failure envelope 

In several codes; RIDAS (2008), FERC (2002), Bureau of reclamation(1987), U.S Army Corps 
of Engineering (2003), Canadian Dam Association (1999), China electricity council (2000), 
FRCOLD (2006) and the ones by Ruggeri (2004), it has been seen that the sliding stability 
calculations are based on Mohr-Coulomb model (Westberg, 2007). The maximum allowed 
tangential stress ‘τ’ is described as 

τ ≤ 	σ tanφ c           (2.4) 

Where c is cohesion, 	  is the normal stress and  is the friction angle. In Sweden and Italy, a 
simpler criteria is applied according to Swedish guidelines where the stability assessment is done 
on the basis of a simple ratio between the resultant of forces parallel and perpendicular to the 
sliding plane (Ruggeri, 2004) as previously described in chapter 2.2.1.  

According to Mohr, by considering the failure envelope which refers to the basic concept of 
shear friction and knowing the forces acting on the dam with the given parameters, the factor of 
safety can be expressed as:  


tan

..



NAc

SOF          (2.5) 

2.2.4. Limit equilibrium method 

This is one of the most popular methods used to evaluate the factor of safety when a dam-
foundation system is analyzed as a rigid body, allowed to slide along its base (Ruggeri G, 2004). 
According to Ruggeri sliding safety is evaluated by assessing the balance offered by the resisting 
forces against the loads along the sliding surface. This means that sliding safety can be defined 
as the ratio between available resisting shear strength and the shear strength or horizontal load 
required to maintain equilibrium as shown in equation 2.6 (Johansson, 2005). 


 fFS             (2.6) 
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This way of defining the factor of safety is referred to as limit equilibrium method.  

The equilibrium method of factor of safety has a different definition as compared to that of shear 
friction method. Hence, the factor of safety values can be different for both methods. According 
to U.S. Army Corps of Engineers, the minimum acceptable value of safety is 2 for limit 
equilibrium and 4 for shear friction method. According to Nicholson (1983) this difference in 
magnitude of factor of safety is dependent on geometry of the problem, loading conditions and 
resisting shear strength perimeters. 

2.2.5. Advantages and disadvantages of the safety factor 

One of the advantages of the safety factor is that its application is simple. It has been widely used 
in the early age of stability analyses and still it is considered as an easy method to calculate 
safety and is used widely all over the world. However, there still exists some lack in the 
knowledge when it comes to estimating the exact value of the factor of safety and it is never 
possible to compute it with perfect accuracy. Through experience and case histories of failure 
data, relations have been developed with regard to what value of the factor of safety that is 
suitable for various situations.   

One of the disadvantages with the factor of safety is that it does not account for uncertainties. For 
example, the terms involved computing factor of safety for sliding in equation 1.7, all involves a 
certain degree of uncertainty and hence the computed value of factor of safety cannot be free of 
uncertainties. However, the load and resistance depend on a number of parameters. If load and 
resistance values are predefined and if the factor of safety is considered constant, different 
probabilities of failure can exist as shown in Figure 2.3 (Johansson, 2005 from Green,1989). 

	

Figure 2.3: Distribution of total load Q and resistance R when two different cases have the same value of factor of 
safety: (a) high load and resistance uncertainty (b) low load and resistance uncertainty (Johansson, 2005 from 

Becker 1996 after Green1989) 
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2.3. Limit state analyses 
If a structure or a part of that structure fails to fulfill the function it is designed for then the 
function corresponds to the structure is said to beyond the limit state (Beser, 2005). Figure 2.4 
shows the representation of the limit state function. 

	

Figure 2.4: Representation of limit state function (Beser, 2005) 

If the random variables are X1, X2,….Xn, then the boundary between the safe and unsafe region 
is described as g(x) = g(x1, x2,….xn) = 0 as shown in Figure 2.4 and this function is called the 
limit state surface or failure surface that separates the safe and failure region (Dolinski, 1982). 
According to Dolinski the performance function can be defined by the following relation: 


















failure

safe

xxxM n lim

0

0

0

),...,,( 21  

If we are dealing with partial factors of safety in a limit state analysis it means we are usually 
referred to level 1 method of reliability (Melchers 1999). The methods of reliability will be 
discussed later in this thesis. Fitting of partial safety factors in codes is used when a new code 
format is likely to get introduced and the parameters in the code are determined such that the 
same level of safety is obtained as in the old code. The level of safety can be measured by the 
reliability index β. The reason why level 1 method is considered when it comes to partial safety 
factors is described by Thoft-Christensen and Baker (1982). For the determination of partial 
factors, higher order of reliability methods like first order second moment (FOSM) can be used. 

Structural failure modes (limit states) are generally divided in two categories; ultimate limit state 
and serviceability limit state. 

The limit state of load carrying capacity is also called ultimate limit state. Ultimate limit state is 
basically related to the failure or collapse of the structure as described in Eurocode; “the states 
prior to structural collapse or the collapse itself are treated as ultimate limit states” (EN 1990). 
It basically corresponds to the maximum load carrying capacity which can be related to e.g. 
formation of a mechanism in the structure, excessive plasticity, rupture due to fatigue and 
instability. According to Eurocode (EN 1990) the following ultimate limit states should be 
verified for the structure where they are found relevant 

 Loss of equilibrium of the structure or any part of it, considered as a rigid body 
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 Failure by excessive deformation, rupture, transformation of structure into a 
mechanism, stability loss, including supports and foundations 

 Failure caused by fatigue and other time dependent effects. 

In general, a structure should be made such as to have adequate safety against all the failure 
modes i.e. overturning, sliding and uplift. ULS is normally considered for the stability analysis. 

The serviceability limit states are related to normal use of the structure, e.g. excessive deflection, 
local damage and excessive vibrations. A structure must be designed to satisfy the load carrying 
capacity requirements and the serviceability limit state should be checked. According to 
Eurocode (EN 1990) the verification of serviceability limit state should be based on 
deformations that effect the appearance and functioning of the structure, vibrations that tries to 
limit the functionality or effectiveness of the structure and damage that is expected to effect the 
appearance and durability of the structure. 

The method of partial factors implies that the calculated design value for the resistance, R*, 
should not be smaller than the calculated design value for the load, S* according to equation 2.7. 

Sk
R

k S
R

R 


*
          (2.7) 

Where Rk and Sk are characteristic values for the resistance and the load respectively and γS and 

γR are the corresponding partial coefficients. 

If we refer to level 1 method of reliability analysis, partial factors can be determined with higher 
order of reliability methods such as first order second moment reliability method (FORM) 
described by Thoft-Christensen and Baker (1982). This method uses the mean value and the 
variance of the variables to determine the probability of failure. With this method, under the 

assumption that the variables are normally distributed and independent, the partial factor γi can 
be determined according to eq. 2.8. 

iii

ik
i

x





 ,           (2.8) 

where ,  is the characteristic value of variable i, μ  is the mean of variable i, α 	is the sensitivity 
factor of variable i, and σi is the standard deviation of variable i. β is the safety index where each 
β value corresponds to a certain probability of failure. The most important advantage of partial 
factors is that it leads to factors which reflect the uncertainty they embody (ICOLD 1993). 
However if limit state analyses with partial factors account for different sources of uncertainty, 
the use of these does not necessarily mean that the design is acceptable. 

2.4. Probability of failure 

2.4.1. Introduction 

In every structure there exists a probability of its failure. The probability of failure can be 
expressed as (Melchers 1999): 
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Pf = p[R – S ≤ 0]          (2.9) 

Where R and S are the basic variables, which may be random or deterministic. All essential 
sources of uncertainties must be integrated into the basic variables. These are physical and 
mechanical uncertainty, statistical uncertainty due to small number of samples and model 
uncertainty. 

R and S are described by a known probability density function. A limit state function G (xi… xn) 
is defined where xi… xn are basic variables. The limit state is defined to occur when 

G (xi… xn) = 0           (2.10) 

It can either be a serviceability limit state (e.g. concerning the deformations or crack widths of a 
beam) or an ultimate limit state (e.g. concerning material failure or structural failure) depending 
upon the problem under consideration. 

If G (xi… xn) > 0 the limit state is not reached, i.e. failure will not occur. If G (xi… xn) ≤ 0 the limit 
state is violated i.e. failure will occur. The probability of the limit state violation can be 
expressed as 

Pf = p [G(R, S) ≤ 0]           (2.11) 

Where G is the ‘limit state function’. It defines the limit state between the safe and the unsafe 
region. The probability of limit state violation is equal to the probability of failure. In general, 
there are not just R and S, the basic variables that are responsible for the whole problem. It is 
more complicated than that, and a number of basic variables would be needed in order to obtain 
some acceptable solutions. For this purpose, we suppose a vector X that represents all the 
variables required in the problem. Then, the limit state function can be expressed as G(X). The 
probability of failure can now be expressed according to eq. 2.12 (Bjerager, 1989).  

Pf = p [G(X) ≤ 0] = ∫… ∫G(X) ≤0 fx(x) dx       (2.12) 

The equation can be solved with three different methods (Melchers 1999) 

 Direct integration which is possible only in some special cases. 
 Numerical integration, such as the Monte Carlo technique.  
 Obviating the integrand through a transformation into a multi-normal joint  

function and instead solve it analytically. 

The method with a probability of failure has its own advantages and disadvantages. According to 
some advantages described by Becker (1996), the method has potential advantages of being more 
realistic, rational, consistent and widely applicable. A major disadvantage according to him was 
that without having proper information and data, these advantages cannot be realized in practical 
designs situations. Another disadvantage pointed out by ICOLD (1993) is that failure probability 
is too theoretical to give any practical solution to the problems faced by engineers. For example, 
it’s difficult to estimate uncertainty in numerical terms.  

2.4.2. Probability of failure in terms of the reliability index  

Probability of failure can be expressed in terms of a reliability index, β. The reliability index is 
defined as the number of standard deviations between the expected value of function 
M(x1,x2,…xn) and the limit state function. 
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The target values vary according to the importance of the structures and their consequences if 
failure occurs. If the distributions of the load and resistance are normally distributed, then there 
exists a direct relationship between the probability of failure and the reliability index (Kim D and 
Salgado R, 2009). If the margin of safety ‘G’ as defined by (Melchers 1987) is 

G = R – S.           (2.13) 

Then the µg of G is 

µg = µR - µS           (2.14) 

where µR and µS are means of R and S respectively. 

If R and S are uncorrelated, the standard deviation σG of G is 

22
SRG  

.
          (2.15) 

Where σR and σS are standard deviation of R and S respectively 

Figure 2.5 shows the distribution of the safety margin, G. If the basic variables are normally 
distributed and the safety margin is linear, then G becomes normally distributed (Dalsgaard 
2004). The probability of failure can be shown by the shaded area in the figure. The horizontal 
distance between µg and the y-axis can be represented as β of the standard deviation σG where β 
is known as the reliability index. 

	

Figure 2.5: Normal distribution of safety margin G, µG is the mean, σG is the standard deviation and β is the 
reliability index. 

The normal distribution of the margin of safety G can now be converted into standard normal 
distribution that has zero mean and unit standard deviation. A random variable that represents the 
standard normal distribution is called standard normal variable and is denoted by Z as follows. 
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            (2.16) 

The probability of failure Pf can now be expressed in terms of a cumulative distribution function 
φ(Z) for a standard normal random variable Z which denotes the area under a probability density 
function from -∞ to Z. The probability of failure in Figure 2.5 can now be calculated as: 
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Where φ(-β) is the standard normal cumulative distribution function and β the reliability index 
which can be expressed as (Cornell, 1969): 
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Originally, Cornel (1969) used the simple two variable approaches. According to him, by 
assuming Z being normally distributed, the reliability index is defined as a ratio of the expected 
value of Z over its standard deviation as shown in equation 2.18. The Cornel reliability index β is 
an absolute value of the ordinate of the point corresponding to Z=0 on the standardized normal 
probability plot.   

Equations for reliability index shown above in this particular section provides basis for the 
determination of probability of failure with different methods. The conversion of target 
probability of failure into equivalent target reliability index can be done by using a chart for 
standard normal distribution curve shown in Table 2.1. 

Table 2.1:The equivalent values of the target probability of failure for a corresponding target 
reliability index 

Reliability index βT Probability of failure Pf 
1 0.16 

1.5 0.067 
2 0.023 

2.5 0.0062 
3 0.0013 

3.5 0.00023 
4 0.000032 

4.5 0.0000034 
5 0.00000029 

The whole table is provided in Appendix F and can be seen in most books of statistics. A few 
values are shown here in order to illustrate how the reliability index is related to the probability 
of failure.  

2.4.3. LEVEL 2 Reliability Methods, FOSM 

Introduction 

First Order Second Moment (FOSM) methods are considered as a category of level 2 reliability 
methods. Reliability methods, which employ two values of each uncertain parameter i.e. mean 
and variance supplemented with the measure of the correlation between parameters, are 
classified as level 2 methods. These methods are also known as mean value first order second 
moment reliability method and are based on the Taylor series approximation of the performance 
function M linearized at the mean values of the random variables. As the name indicates it only 
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uses the second moment statistics i.e. mean and variance of the random variables. Their use was 
originally approached by Cornell (1969). The typical output of this method is the reliability 
index β. Another well known first order reliability method is the Hasofer-Lind reliability index. 
Below, these two methods are briefly described. 

Taylor Series Approximation 

By knowing the mean value and variance of the basic variables, the probability of failure can be 
calculated. Although there are several methods to estimate the probability of failure, one 
commonly used method is the Taylor Series Approximation of the FOSM method (USACE, 
1999). This method is exact for linear performance functions as it uses the first two linear terms 
on the Taylor series expansion of the performance function to determine the probability of 
failure.  

The basic steps involved in this method are the ones described by for example the U.S Army 
Corps of Engineers, 1997, 1998 (Duncan, 1999). 

 Determine the values of the parameters involved and compute the factor of safety 
or the performance function M for the particular case. 

 Estimate the standard deviation of the parameters that contains uncertainty. 
 Compute the performance function M with each parameter increased by one 

standard deviation and then decreased by one standard deviation from its most 
likely values. It will generate different values of M lets say M1, M2, M3, and M4 

where M1 and M2 belongs to first parameter and M3, and M4 belongs to second. 
Calculate the variance of the performance function M using equation (2.19) and 
the reliability index using equation (2.20). 
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 Take the value of M from step 1 as mean and value of the variance from step 3 as 
standard deviation and calculate the Pf by referring to statistical table E1 given in 
Appendix F. 

The Hasofer-Lind reliability index 

Hasofer proposed the linearization about a point which lies on the failure surface (Hasofer-Lind, 
1974). The point is known as the design point or most probable failure point. The Hasofer-Lind 
reliability index βHL computation is based on the transformation of the limit state surface into the 
space of standardized normal variates (Kisse, 2011) by defining the set of reduced variables Z1, 
Z2,….Zn using 

X’i = (Xi - µXi) / σXi          (2.21) 

Where µXi and σXi are the mean and standard deviation of variable Xi. The limit state equation 
g(X) = R(X) – S(X) is also transformed to standard space as shown in Figure 2.6. 
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Figure 2.6: Illustration of reliability index β in the plane (Burcharth, 1997 from Kisse 2011). 

The reliability index is the distance from the origin of reduced variables to the nearest point D on 
the failure surface as shown in Figure 2.6. The point D is called the design point. Hasofer-Lind 
suggested linearizing the limit state function in this ‘design point’ in standard normal space 
(Hasofer-Lind, 1974). In standard normal space each variable has zero mean and unit standard 
deviation, thus the Hasofer-Lind safety index is defined as: 
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subjected to g(Z) = 0 

where Zi represents the coordinates of any point on the limit state surface. The point on the 
failure surface at which Z has minimum magnitude is the design point. Equation 2.22 can further 
be elaborated as 
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Where X is a vector representing the set of random variables Xi, µi are the mean values, R is the 
correlation matrix, σi is the standard deviation and F is the failure domain. According to 
Melchers (1999), the relationship between the design point D and β can be established as 
follows. From geometry of surfaces the outward normal vector to a hyperplane given by g(Z) = 0 
has components given by 

Z

g
ic




            (2.24) 

the total length of the outward normal is  
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direction cosines αi of the unit outward normal are  

l

ci
i             (2.26) 

where αi is also known as sensitivity factor or a relative measure of the sensitivity of the safety 
index β. Sensitivity factor indicates the importance on Hasofer-Lind reliability index of the value 
of parameters used to define the random vector X. In reliability analysis, a very small value of αi 
might end up with an assumption of considering its corresponding variable as a deterministic 
variable rather than a random variable, thus simplifying the probabilistic analysis (Melchers, 
1999). A higher value of αi implies more sensitivity of β to the standard normal variate. If αi is 
known, then the coordinates of the design point can be given in terms of the reliability index as 

D = Zi = - αiβ           (2.27) 

The Hasofer-Lind index is commonly used in reliability analysis but somewhat advance 
computer software is needed for its computation. The greater the value of β the lower is the risk 
of failure but this will also increase the cost of the structure (Rychlik I, 2006). 

2.4.4. LEVEL 3 Reliability Method (Monte Carlo simulation) 

Introduction 

Monte Carlo simulation is one of the techniques of the Level III methods to estimate the 
probability of failure. Level III methods are considered more accurate than level I and level II 
methods as they compute the exact probability of failure of the whole structural system 
(Bjerager, 1989). Numerical integration and Monte Carlo simulation are two examples of these 
methods.  

Basis of simulation 

The sampling selects the values of uncertain variables randomly according to their probability 
distribution functions (Hwang and Lee, 2008). What this simulation actually does is it allows a 
random number generator to select any value in a given range. If it’s a normal distribution the 
values near the mean will be more frequently generated as compared to the values at the extreme 
as can be seen in Figure 2.7 (Hwang and Lee, 2008). For a simple approach in structural 
reliability analysis, the sampling includes each random variable randomly say Xi to a given 
sample value  and the limit state function M( ) = 0 is then checked (Melchers, 1999). As 
described by Melchers if M( )  0, then the structure is considered as failed. 
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Figure 2.7: Monte Carlo sampling (Lee and Hwang, 2008) 

The basis of the simulation techniques can be well defined by rewriting the equation of 
probability of failure by means of an indicator function as shown in equation 2.28. 

  dxxfxMIdxxfP xXM xf )(0)()(
0)( 

        (2.28) 

Where 0  is an indicator function. Its value is equal to 1 if 0 other wise it is 0 
(Ang and Tang WH 2006, Melchers 1999). It is also known that if the value of M(x) is less than 
zero, it indicates failure. The experiment is repeated several times with randomly chosen vector  
or . Now if there are N realizations of vector X, i.e. i, i=1,2…,N then the probability of failure 
as an unbiased estimator can be expressed as (Melchers 1999, Alfredo and Tang WH 2006) 

    dxxfxMIP xf )(0)(         (2.29) 
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Monte Carlo simulation technique mostly revolves around the application of the above equation. 
Now let nf be the number of cycles for which M(x) is less than 0 and N being the total number of 
simulation cycles then the probability of failure is estimated through (Melchers, 1999): 

N

n
P f

f             (2.31) 

The value estimated from the above equation may be considered as a sample of the expected 
value of the probability of failure. The equation actually takes part in the simulation, based on a 
concept that a large number of realizations of basic random variables X, i.e. i, i=1,2…,N are 
generated or simulated and for each generated value j it makes sure whether the limit state 
function taken in j is positive or not. If it is not positive, the simulations are considered under nf 
and after N simulations the probability of failure is estimated as shown in eq. (2.31).  
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It is clear from the above explanation, and is also mentioned by Melchers, that the method used 
in Monte Carlo simulation actually creates a game of chance from the known probabilistic 
properties so that to solve the problem several times over and over again to give the required 
results. If N approaches infinity, then the failure probability becomes exact. For that case, the 
simulations are usually costly and of course the uncertainties that might take place, cannot be 
neglected. So a large number of simulations are required to achieve a better estimate. 

2.5. Acceptance requirements 

2.5.1. Introduction 

When the safety of a structure is calculated, the calculated value of the safety should be 
compared to an acceptable value in order to have a satisfactory design. According to ANCOLD 
(1994), risks for existing dams can be up to 10 times higher than the newly constructed dam 
because of the higher risk reduction costs for existing dams (Beser, 2005). In order to relate the 
calculated figures with an acceptable value, a criteria of acceptance requirements is used. 

2.5.2. Acceptance requirements for factor or safety 

The acceptance criteria for three loading cases described in USACE (1995) are shown in Table 
2.2. In addition to this, for usual loading, it is required that the resultant of forces acting on the 
dam should fall within the middle third of the dam foundation contact area to maintain the 
compressive stresses in the concrete. For unusual loading conditions, the resultant must remain 
within the middle half and for extreme loading resultant must fall within the base (USACE, 
1995).  

Table 2.2:Table for stability criteria taken from USACE dam design manual, 1995 

Load Condition Resultant location at base 
Minimum sliding safety 

factor 
Usual Middle 1/3 2.0 

Unusual Middle 1/2 1.7 
Extreme Within base 1.3 

Although the sliding factors provide a measure of safety margin, they shouldn’t be considered as 
an absolute benchmark for the safety (Ruggeri, 2004). 

According to the Swedish guidelines RIDAS (2002), the risk for sliding is assessed for the dam 
foundation interface (Ruggeri, 2004). RIDAS recommends the use of the sliding resistance 
method, see chapter 2.2.1. According to RIDAS, for dams founded on good quality rock it is 
recommended that the sliding factor has to be at least: 

 0.75 for normal load cases 
 0.90 for exceptional load cases 
 0.95 for accidental load cases 

FERC (2002) recommends that the sliding stability is evaluated with the shear friction method 
and a total factor of safety. FERC associates the minimum recommended factor of safety values 
to the dams with high risk and low risk as shown in Table 2.3 
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Table 2.3 Minimum recommended factor or safety against sliding (FERC 2002) 

Load case Factor of safety (Dams with 
high risk) 

Factor of safety (Dams with 
low risk) 

Usual 3.0 2.0 
Unusual 2.0 1.25 

Post Earthquake 1.3 >1.0 

2.5.3. Acceptance requirements for probability of failure 

In level 2 methods, reliability index β can be used as an alternative approach to define the 
probability of failure pf. The relation between probability of failure and safety index is given by  

pf = φ(-β)           (2.32) 

where φ is the cumulative distribution function of the standard normal distribution (refer to 
chapter 2.4) and the relation between probability of failure and reliability index is given in table 
2.4 (EN 1990, 2002). 

Table 2.4 Relation between reliability index β and probability of failure pf (EN 1990, 2002) 

pf 10-1 10-2 10-3 10-4 10-5 10-6 10-7 
β 1.28 2.32 3.09 3.72 4.27 4.75 5.20 

The calculated probability of failure is compared against a target reliability index in order to 
decide if the structure is safe or not. The target reliability index β from Eurocode (1990) for 
Reliability class 1, 2 and 3 and for reference periods of 1 and 50 years are given in Table 2.5. 
However, no target reliability index exists for dams. 

Table 2.5 Target reliability index β from Eurocode (EN 1990, 2004) 

Reliability Class 
Minimum Value of β 

1 year reference period 50 years reference period 
RC3 5.2 4.3 
RC2 4.7 3.8 
RC1 4.2 3.3 

2.5.4. Risk acceptance 

Melchers (1999) described two risk-based methods for the acceptance requirements. One of the 
methods is to compare the calculated probability of failure with other risks in society and then 
differentiate acceptable risks for structures from these risks. From the past experience an 
example of failure rates related to their costs can be seen in Figure 2.8 (Kulhawy, 1996).  
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Figure 2.8: Empirical rates of failure for civil engineering facilities (Baecher 1987 from Kulhawy, 1996) 

Acceptable risk should always be considered different from tolerable risk. They should not be 
interchanged according to the following definitions below. 

Acceptable risk is defined (HSE, 1995) as “A risk which for the purposes of life or work, 
everyone who might be impacted is prepared to accept assuming no changes in risk control 
mechanisms.” 

Tolerable risk is defined by ICOLD (2005) and adapted from HSE as “a risk within a range that 
society can live with so as to secure a certain net benefits. It is a range of risk we do not regard 
as negligible or as something we might ignore, but rather as something we need to keep under 
review and reduce it further if and as we can.” 

In order to achieve the benefits, risks must be taken in today’s world. But if the intensity and 
potential of those risks becomes too high to cause great harm and loss of life then the outcomes 
are never said to be acceptable. Although we make ourselves prepared to live with the potential 
to face the consequences that may occur in order to have the benefits but only if the risks meet 
the definition of tolerable risk and the criteria shown in Figure 2.9. 
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Figure 2.9: (a) Individual risk for existing dams (USACE, 2010), (b) Societal (F-N) Risk guideline for existing dams 
(USACE, 2010). 

The exact safety is not possible to determine in stability analyses so far. However it can be 
estimated to its best. If a high safety is required, the probability of failure must be small. The 
report, “Whither Civil Engineering”, from the U.K institute of Civil Engineers (1996) states that 
“Risk cannot be eliminated, therefore it must be managed” (Beser, 2005).  
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3. METHODOLOGY 

3.1. Data 

3.1.1. Introduction 

The dam to be analyzed in this thesis is taken from the theme C of the eleventh ICOLD 
benchmark workshop on numerical analysis of dams (3IWRDD ICOLD, 2011). In this theme, 
the factor of safety and the probability of failure for a hypothetical dam are calculated. The 
methodology used for these calculations are presented below.  

3.1.2. Geometry of the dam 

The problem in the benchmark workshop aims at analyzing the dam with a 2D model as shown 
in Figure 3.1. Total height of the dam is 80 m with drain axis 10 m from the upstream end. The 
other dimensions are given in Figure 3.1. 

	

Figure 3.1: Dam geometry (3IWRD ICOLD, 2011) 

3.1.3. Random Variables 

The variables are classified as deterministic or random. In the present thesis, the random 
variables considered are friction angle ‘φ’ and cohesion ‘c’ along the dam-foundation interface 
for which the available data in the form of fifteen pairs of values are given in Table 3.1. 
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Probability density functions are determined for friction and cohesion and the probability 
distribution is assumed normal from the goodness-of-fit tests carried out for both variables as can 
be seen in Appendix B. By plotting their data points against their respective cumulative 
frequencies it is observed that the data points for both the variables yield a linear trend under 
both normal and lognormal probability distribution but from the visual inspection it can be said 
that the trend followed by the normal distribution is more appropriate than the lognormal as the 
trend line passes through most of the data points. Hence it is assumed that the population was 
normally distributed. The friction angle is defined by a normal probability function with a mean 
value µf and standard deviation σf. Similarly, cohesion is normally distributed with a mean µc 
and standard deviation σc as shown in table 3.2. 

The distribution is further verified through K-S test and is assumed as normally distributed. For 
probability distributions, the mean and standard deviation values used for cohesion and friction 
in Level 2 and Level 3 reliability methods are shown in table 3.2. In order to avoid the negativity 
at the tails related to normal distributed cohesion, calculations regarding cohesion are carried out 
for both normal and lognormal distribution while performing Monte Carlo simulation in Level 3 
reliability method. This is done since Monte Carlo simulation is considered to be the most 
accurate way of estimating the probability of failure. Lognormal distribution thus helps in 
keeping the probability density function in the positive region. 

Table 3.1: Data for friction and cohesion at the interface (3IWRDD ICOLD, 2011) 

Sample 
Friction angle 

’φ’ (º)
Cohesion 
’c’ (MPa) 

1 45 0.5 
2 37 0.3 
3 46 0.3 
4 45 0.7 
5 49 0.8 
6 53 0.2 
7 54 0.6 
8 45 0.0 
9 49 0.1 
10 60 0.2 
11 63 0.2 
12 62 0.4 
13 60 0.7 
14 56 0.1 
15 62 0.4 
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Table 3.2: Mean and standard deviation values used for friction and cohesion 

Probability distribution 
Friction angle 

’φ’ (º)
Cohesion 
’c’ (MPa) 

Mean 

Normal 
distribution’µ’ 

52.4 0.3667 

Lognormal 
distribution ’λ’ 

 -1.19 

Standard 
deviation 

Normal 
distribution ’σ’ 

7.989 0.2468 

Lognormal 
distribution ’ξ’ 

 0.6116 

3.1.4. Deterministic variables 

The considered deterministic variables are 

 Concrete density (kN/m3) 
 Water density (kN/m3) 
 Water Pressure ‘P’ (kN/m2) 
 Self-weight of the dam ‘W’ (kN/m) 
 Horizontal load due to water pressure acting on the upstream face of the dam ‘H’ 

(kN/m) 
 Uplift load acting on the base of the dam ‘U’ (kN/m) 
 Tensile stress ‘σ’ (kN/m2) 
 Moment of inertia ‘I’ (m4) 

All the load variables are considered as deterministic. Some of the variables are considered 
constant throughout the calculations while some have their values determined according to the 
varying load conditions. 

3.1.5. Load cases 

Two cases of drain effectiveness are considered as shown in Figure 3.2, with discrete 
probabilities associated: 

Case A: Drains effective  
Case B: Drains not effective  
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Figure 3.2 Case A. Drains effective and Case B. Drains ineffective 

3.1.6. Limit states 

The equation used for calculating factor of safety is expressed as 

H

cAUW
SF




)tan()( 
         (3.1) 

The limit state function used to estimate the probability of failure while using Level 2 reliability 
method (Taylor’s series approximation) is expressed as 

01
)tan()(




H

cAUW 
        (3.2) 

3.2. Calculation methods 
In the benchmark problem, five water levels are given in meters over the dam-foundation contact 
plane for which the sliding stability will be calculated. Water levels are 75, 78, 80, 82 and 85 
meters. All the calculations are performed for a 1m length of the dam. 

A model of the behavior is generated for the dam and the following techniques are used to 
calculate the stability 

 Calculation of factor of safety against sliding. 
 Estimation of probability of failure using Level 2 reliability method (First Order 

Second Moment (FOSM) Taylor’s series approximation). 
 Estimation of probability of failure using Level 2 FORM (First Order Reliability 

Method) and the Hasofer-Lind safety index. 
 Estimation of probability of failure using the Level 3 reliability method i.e. Monte 

Carlo simulation. 
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3.2.1. Factor of safety F.O.S  

The methodology used for calculating the factor of safety is almost the same for both effective 
and ineffective drains. The methodology among the two cases only varies during the calculation 
of uplift pressure because of different drainage conditions as discussed in Appendix A. From the 
given geometry and material properties of the dam, the weight of the dam can be calculated. As 
can be seen in Figure 3.3, for the ease of calculation, the weight of the structure is divided into 
two parts W1 and W2. These weights are then multiplied by their respective densities to get the 
total weight. 

	
  Drain Effective    Drain Ineffective   

Figure 3.3: Forces acting on the dam 

W1 = l·5·γc           (3.3) 

W2 = 0.5(l – 5)·b·γc          (3.4) 

Where γc is the density of concrete 

Weight of dam ‘W’ = W1+W2        (3.5) 

The water pressure on the upstream end will cause a horizontal load ‘H’ on the wall of the dam. 
The pressure applied on the face of the wall can be given as 

P = ϼ·g·h           (3.6) 

Where ϼ is the density of water and g is the acceleration due to gravity. From the pressure 
diagram the horizontal disturbing force ‘H’ can be calculated as 

H = 0.5·P·h            (3.7) 
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Assuming that the drains are effective, an uplift pressure is built with the same value ‘P’ at the 
upstream end but it decreases to ‘0.2P’ as it reaches the drain axis which is located 10 meters 
from the upstream face as shown in figure 3.3. At the downstream side the pressure decreases. 
The total uplift force can be calculated as follows: 

U = (0.2·P·d) + (0.5·0.8·P·d)+(0.5·0.2·P·(b-d))       (3.8) 

For the ineffective drain it is assumed that the uplift pressure varies according to a triangular 
profile from heel to toe without any reduction. The equation for this uplift pressure is shown in 
eq. 3.9. 

U = 0.5·P·b           (3.9) 

The stabilizing force due to friction and cohesion is expressed in eq. 3.10 

R = (W - U)·Tan(φ) + A·c         (3.10) 

Where A is the dam foundation contact area and is taken for 1m width of the dam and foundation 
as mentioned before. Having been calculated the resisting and loading forces acting on the dam, 
according to the definition of the factor of safety, the ratio of resisting forces to the loading 
forces can now be calculated as shown in eq. 3.11. 

F.O.S = R/H            (3.11) 

The factor of safety for each water level is being calculated in the same manner. The detailed 
calculations can be seen in Appendix A and the results for the respective calculations are later 
discussed in section 4.1. With the increase in height of water level h, the water pressure at the 
upstream end increases. Simultaneously, the increase in water pressure has a direct influence on 
the rest of the parameters. It results in the increase in the values of H and U and a decrease in the 
value of R. Ultimately, with increasing H and decreasing R, the ratio R/H results in obtaining a 
lower value of the factor of safety. Factors of safety for all the water levels calculated are 
presented in Appendix A. 

3.2.2. Taylor’s Series method of reliability analysis 

Performance function M for a particular water level is defined as: 

1
H

R
M            (3.12) 

Where R is the sum of stabilizing forces and H is the sum of horizontal forces. The methodology 
used for calculating the probability of failure for the two given cases is presented below. The 
stepwise procedure below is in detail the same as summarized before in section 2.5.2 according 
to USACE (Duncan MJ, 1999). 

R and H vary with the change in water level ‘h’. With different drain conditions, the parameter R 
and H have varying values depending on the height and the uplift pressure but the methodology 
remains the same for both drainage conditions and different water levels. The values of R and H 
can be given as described in eq. 3.13 and eq. 3.14. 

R = (W-U)·Tan(φ) + A.c          (3.13) 

H = 0.5·ϼ·g·h2           (3.14)  
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Mean and standard deviations for both ‘φ’ and ‘c’ are  

Friction angle ‘φ’:  mean = µf  standard deviation = σf 

Cohesion ‘c’:   mean = µc  standard deviation = σf 

The performance function M can be evaluated by varying the mean value of each variable 
according to its standard deviation. It is done by computing the performance function M with 
each parameter increased by one standard deviation and then decreased by one standard 
deviation from its most likely values as described previously in chapter 2. It will generate 
different values of M, i.e. M1, M2, M3, and M4 as shown in eq. 3.15 to eq. 3.18 where M1 and M2 

belongs to the friction ‘φ’ and M3, and M4 belongs to the cohesion ‘c’. 

M1 (µf + σf, µc) = (W-U)·Tan·(µf + σf) + A·µc       (3.15) 

M2 (µf - σf, µc) = (W-U)·Tan (µf - σf) + A·µc       (3.16) 

M3 (µf, µc + σf) = (W-U)·Tan (µf) + A·(µc + σf)       (3.17) 

M4 (µf, µc - σf) = (W-U)·Tan (µf) + A·(µc - σf)       (3.18) 

The variance of the probability function M is calculated as shown in eq. 3.19. 
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The reliability index ‘β’ is calculated as shown in eq. 3.20. 
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The contribution of both random variables to the overall variance is calculated by eq. 3.21 and 
eq. 3.22. 

Contribution of ‘φ’: )(/
2

21
2

MVar
MM







 

      (3.21) 

Contribution of ‘c’: )(/
2

43
2

MVar
MM







 

      (3.22) 

To obtain the probability of failure it is assumed that the performance function M is normally 
distributed 

M = N (µ, 2)           (3.23) 

and the probability of failure Pf (M≤0) can be calculated as 

Pf (M≤0) = φ(-β).           (3.24) 

By considering the table for standard normal distribution function in Appendix F, the probability 
of failure is determined.  

The changed uplift pressures due a cracked base length where tensile stresses occur are presented 
in Appendix A. The similar procedure is followed for each water level and the probability is 
estimated likewise. 
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3.2.3. Hasofer-Lind Reliability index (FORM) 

The methodology used to calculate Hasofer-Lind Reliability index is the same as discussed 
before in section 2.4.3. But as mentioned in that chapter that for evaluation of Hasofer-Lind 
index, the advanced computer software are needed so for this purpose “Comrel” (RCP consulting 
software, 2008) is being used and the probability of failure is estimated using the reliability index 
β estimated from that software along with the sensitivity factors for the random variables used, 
i.e friction and cohesion. Results obtained from Comrel can be seen in chapter 4.3. 

3.2.4. Monte Carlo Simulation 

A code is generated in the software Matlab (Mathworks, 2007). The deterministic and random 
variables are used in the limit state function. The program is made to run N number of 
simulations for each case, i.e. drain effective and drain ineffective associated with different water 
levels and hence different probability of failure is estimated for each respective water level. As 
an example a general description of the commands used in the code for different water levels and 
drainage condition is described below. The similar kind of code is being generated throughout 
the simulation process with the change taking place only in the different input parameters. The 
detail codes for each water level can be seen in Appendix D. 

The variables are first defined with their mean and standard deviations as shown in eq. 3.25. The 
random variables used are friction and cohesion as previously described. The random variables 
are denoted by Xi in the equation below.  

Xi = normrnd(µi, σi, m, n);         (3.25) 

This command generates random numbers from the normal distribution with mean, µ, and 
standard deviation, σ, where scalars ‘m’ and ‘n’ denotes the row and column dimensions of Xi. 

It should be noted here that when dealing with friction, simulations are carried out using friction 
as normally distributed but in case of cohesion the simulations are carried out for both normal 
and lognormal distribution as described earlier. Values used for mean and standard deviation 
from both normal and lognormal distribution are given in table 3.2. When cohesion is taken as 
lognormally distributed, the parameter λ is used as mean and ξ is used as standard deviation in 
the simulation code which can be calculated using the following equations. 






















2

2 1ln

           (3.26) 

2

2

1
ln   x           (3.27) 

Where µ and σ are the mean and standard deviation from the normally distributed cohesion. The 
resisting frictional force and the horizontal forces are defined as shown in eq. 3.28 and eq. 3.29 
respectively. 

R = (C*A)+(((g.*V)-U).*tan(f.*pi/180));       (3.28) 

H = 0.5Ph;           (3.29) 
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Where ‘g’ and ‘f’ are denotes concrete and friction respectively. A, V and U are the area of dam, 
volume of dam, and uplift pressure of water respectively. R is the stabilizing force and H is the 
horizontal force. The performance functions ‘M’ is defined as shown in eq. 3.30 and condition 
for the probability of failure is defined as shown in eq. 3.32 i.e. the sum of all values of M that is 
less than 0 and is denoted by ‘y’ which is the failure criteria. The value of ‘y’ is divided by the 
total number of simulations performed to get the required probability of failure as shown in eq 
3.30. 

M = (R-H);           (3.30) 

y = sum(M<0);          (3.31) 

pf = y/m           (3.32) 

Similar codes are generated for each water level and different drainage conditions and the 
respective results obtained for the probability of failure can be seen in section 4.3. The code is 
presented in Appendix D. 

In the Monte Carlo simulation it is necessary to prescribe the number of random number 
generated or the sample size, n. The larger the sample size, the higher the accuracy will be. The 
accuracy is measured by coefficient of variation (c.o.v) of solution as shown in eq. 3.33 (Ang & 
Tang, 2008) 

Pn

P
Pvoc




1(
).(..           (3.33) 

Where sample mean  is an unbiased estimate of probability p and n is the sample size. Error in 
percent can then be evaluated with the help of eq 3.33 with a given sample size n as shown in eq. 
3.34. 

Pn

P
Error




1(
200(%)          (3.34) 

Conversely eq. 3.34 can be used to determine the required sample size with the estimated value 
of  for a specific error. 
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4. RESULTS 

4.1. Factor of safety 
The calculations are carried out for both effective and ineffective drains and five different water 
levels as described in the theme. Factors of safety are initially calculated for each water level as 
shown in Table A1. After carrying out the stress analysis, the values are then revised because of 
the formation of cracks and changed uplift pressure for which the final values of the factor of 
safety are shown in Table 4.1.  

Table 4.1: Calculated factors of safety, F.O.S. for each water level. 

Water Level 
(m) 

F.O.S 
Drain Effective Drain ineffective 

75 3.13 2.47 
78 2.88 2.16 
80 2.73 1.97 
82 2.58 1.80 
85 2.35 1.58 

In Figure 4.1 a comparison is made between the F.O.S values, calculated for both drainage 
conditions. It can clearly be seen that ineffective drains resulted in a lower F.O.S than the ones 
with effective drains. 

  

Figure 4.1: Comparison of F.O.S. between effective and ineffective drainage  

4.2. Probability of failure using Taylor’s series 
approximation  

The approximation is carried out for two random variables, friction angle and cohesion. The 
variables are assumed to be normally distributed. The assumption is based on the results obtained 
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from the goodness-of-fit test applied to the probability distributions of both random variables as 
given in Appendix C. Table 4.2 shows the probability of failure calculated against each level of 
water for drains effective and ineffective. 

Table 4.2: Probability of failure calculated from Taylor’s series approximation. 

In Figure 4.2, the probability of failure is presented with increasing water level for both effective 
and ineffective drains. 

 

Figure 4.2 Probability of failure with effective and ineffective drains using Taylor’s series approximation 

4.3. Probability of failure using Hasofer-Lind reliability index 
In Table 4.3, the probability of failure calculated using the Hasofer-Lind reliability method is 
presented along with the sensitivity factors calculated for both friction and cohesion against 
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Pf(M<0) 
=φ(-β) 

Drain 
effective 

75 2.420 64.15 35.84 0.0078 

78 2.319 63.85 36.14 0.0102 

80 2.250 63.65 36.34 0.0122 

82 2.178 63.45 36.54 0.0146 

85 2.029 61.81 38.19 0.0212 

Drain 
ineffective 

75 2.012 48.12 51.88 0.0222 

78 1.78 44.01 55.99 0.0375 

80 1.607 40.78 59.22 0.0537 

82 1.429 37.81 62.19 0.0764 

85 1.158 33.72 66.28 0.123 
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effective and ineffective drains. Results are derived from the software Comrel (RCP Consulting, 
2008) with the methodology described in chapter 3.2.3. 

Table 4.3: Probability of failure calculated using Hasofer-Lind reliability index 

Drainage 
condition 

Water 
level 

Hasofer-Lind 
reliability 
index, β 

Probability 
of failure, Pf 

Sensitivity 
factor, αφ 

Sensitivity 
factor, αc 

D
ra

in
 e

ff
ec

ti
ve

 75 2.896 1.89e-3 0.61 0.79 
78 2.760 2.89e-3 0.62 0.79 
80 2.667 3.83e-3 0.62 0.79 
82 2.572 5.06e-3 0.62 0.78 
85 2.364 9.04e-3 0.62 0.78 

D
ra

in
 I

ne
ff

ec
ti

ve
 75 2.226 1.30e-2 0.54 0.84 

78 1.941 2.61e-2 0.53 0.85 

80 1.726 4.22e-2 0.52 0.86 

82 1.517 6.46e-2 0.50 0.86 

85 1.212 0.11 0.49 0.87 

Figure 4.3 shows the relation between the probability of failure estimated by Hasofer-Lind index 
and water level for effective and ineffective drains. 

 

  

Figure 4.3 Probability of failure with drain effective and ineffective with Hasofer-Lind reliability index 
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4.4. Probability of failure using Monte Carlo simulation 
With different number of experiments, different probabilities of failure are generated from 
Monte Carlo Simulations. To avoid this error, eq. 3.49 is used to obtain the appropriate sample 
size and the required number of experiments is then estimated using the estimated value of the 
probability of failure obtained from Hasofer-Lind reliability index at the lowest water level, i.e 
75m in order to have the maximum required number of experiments for both effective and 
ineffective drains as shown in Table 4.4. 

Table 4.4: Number of required experiments to be performed in Monte Carlo simulation for each 
drainage condition for which error is 1%. 

Drainage Condition  (Hasofer-Lind) at 75m Number of experiments (n) 
Effective 0.00189 22000000 

Ineffective 0.013 4000000 

Table 4.5 shows the results of the probability of failure obtained from the Monte Carlo 
simulations for both normal and lognormal distribution of cohesion. For each water level, 
simulations are performed with n number of experiments calculated against both drainage 
conditions according to Table 4.5. 

Table 4.5: Probability of failure calculated with Monte Carlo simulations. 

Drainage 
Condition 

Water 
level 

Number of 
experiments (n) 

Probability of failure 

‘c’ Normal ‘c’ Lognormal 

Effective 

75 

22000000 

0.0017 2.00e-5 
78 0.0026 5.62e-5 
80 0.0034 1.11e-4 
82 0.0045 2.19e-4 
85 0.0081 7.50e-4 

Ineffective 

75 

4000000 

0.0115 4.78e-4 
78 0.0182 1.50e-3 
80 0.0382 7.50e-3 
82 0.0585 1.90e-2 
85 0.1030 5.86e-2 
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5. ANALYSIS AND DISCUSSION 

The factor of safety as discussed earlier in chapter 2 depends on a number of factors. It can be 
seen in the most initial F.O.S calculations in table A1, for both drainage conditions, that when 
the water level increases, the F.O.S decreases. The values can be considered reliable as long as 
there are no additional tensile stresses acting on the heel of the dam. For this purpose, it was 
considered important to have a stress analysis in order to analyze for any additional tensile 
stresses taking place at the heel. From the stress calculations as can be seen in table A2 and A5 in 
Appendix A, tensile stresses are found to be occurring at the case with a water level at 85m when 
drains are effective and at a water level at 78m, 80m, 82m and 85m when the drains are not 
effective. Uplift water pressure is found to have a large influence on the tensile stresses occurring 
at the heel causing cracks to occur. When the drains were working, no tensile stress was found at 
the initial water levels as it occurred only at the highest given level, i.e. 85m. However, when the 
drains were ineffective, tensile stresses were found for each water level because of the change in 
uplift pressure profile as shown in Figure F.1. As a consequence, the F.O.S. values were 
recalculated with the new uplift pressures due to the cracked base. The length of the crack is 
estimated through crack based analysis as shown in Appendix A. Increased uplift pressure due to 
the percolation of water into the calculated crack length is estimated with a full uplift pressure 
assumed in the crack. The increments in the resulted uplift pressures had a large influence on the 
F.O.S. The final results for both drainage conditions, i.e. drains effective and drains ineffective 
can be seen in Table 4.1.  

Finally a comparison is made between the F.O.S values calculated for both the drainage 
conditions in Figure 4.1. The reason for the lower values of F.O.S at higher water level is 
obvious as discussed earlier that ineffective drain can cause higher uplift pressure due to 
accumulation of water in the heel area. This results in the crack tips to be formed even at a lower 
water level on the upstream side when compared to the same water levels having an effective 
drain. 

In the second part of the thesis, the probability of failure was estimated with different reliability 
methods. Probability of failure was calculated using level 2 and level 3 reliability methods. As 
discussed in chapter 3, results with lognormal distribution for cohesion are carried out using 
Monte Carlo simulation in addition to normal distribution and the comparison is made with level 
2 reliability methods. For each method, the results were analyzed with both effective and 
ineffective drains as shown in Figure 5.1 and 5.2. 
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Figure 5.1 Comparison of results among Level 2 and Level 3 reliability methods for effective and ineffective drains 
by taking φ and c as normally distributed. 
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Figure 5.2: Comparison of results among Level 2 and Level 3 reliability methods for effective and ineffective drains 
by taking φ and c as normally distributed for level 2 but c as lognormal in Monte Carlo. 

At first, the results were obtained from Taylor’s series approximation as required in the theme. 
Thereafter, the results were ensured by estimating the probability of failure using Hasofer-Lind 
approach with the help of Comrel (RCP consulting software, 2008). To compare these results 
with the level 3 method, the values of probability of failure in Monte Carlo simulation were 
considered. 

By looking at the results in Figure 5.1 and 5.2, it can be observed that level 2 reliability methods 
provide significantly higher values of probability of failure than level 3 methods especially when 
looking at the results for cohesion as lognormal distributed for both effective and ineffective 
drains. From the comparison it is also clear that the results among the level 2 reliability methods 
are quite close to each other but vary significantly when compared to Level 3 method when c is 
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lognormal distributed. It should also be noted that the results obtained from Hasofer-Lind 
approach are more close to Monte Carlo and therefore considered to be better than the results 
obtained from Taylor’s series approximation. Results form level 2 reliability methods shows that 
the probability of failure using those methods is in general overestimated. It can also be observed 
that for both drainage conditions, lower water levels results in lower probability of failure. With 
high water levels, the probability of failure increases.  

In the end, results of probability of failure are compared with the factors of safety calculated in 
the first part. The comparison between the results for effective and ineffective drain conditions is 
shown in Figure 5.3 and 5.4. 

 

 

Figure 5.3 Comparison of results among factor of safety and probability of failure by considering φ and c normally 
distributed for effective and ineffective drains 
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Figure 5.4 Comparison of results among factor of safety and probability of failure by considering φ and c normally 
distributed in level 2 methods and c being lognormal in Monte Carlo Simulations for effective and ineffective drains 

From Figure 5.3 and 5.4 it can be seen that at a particular value of the factor of safety, the 
probability of failure from level 2 methods varies significantly from that of level 3 when 
cohesion is taken as lognormal distributed. The variation is even larger when it comes to higher 
values on the factor of safety. Although the variation is not that significant when it comes to both 
level 2 reliability methods. At lower factor of safety, the probability of failure is higher.  

It should also be noted that results obtained from Monte Carlo simulation with cohesion being 
lognormal distributed (Figure 5.4 and 5.2), varies a lot from level 2 methods as compared to the 
results with cohesion being normal distributed (Figure 5.3 and 5.1). With decrease in water level 
and increase in factor of safety the probability of failure, estimated using cohesion as lognormal 
distributed in Monte Carlo simulations, is comparatively less if compared from the results 
obtained using cohesion normally distributed. 
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6. CONCLUSIONS  

Calculation of the factor of safety and the probability of failure due to sliding with different 
techniques was the main aim of this thesis. For that purpose, the probability of failure was 
estimated with different approaches and their comparison was made corresponding to each water 
level and drain case. It was concluded that probabilities obtained from Level 2 methods were 
overestimated when compared to level 3 methods. The difference was higher at higher water 
levels with high values on the probability of failure. However, when comparing the results from 
level 2 methods, i.e. Taylor’s series and results from the Hasofer Lind’s approach, the results 
obtained from Hasofer-Lind approach were found more accurate than Taylor’s series although 
those were closer to Monte Carlo results.  
 
Therefore, if the probability of failure should be calculated with high accuracy, the conclusion is 
that Monte Carlo simulations with sufficient number of experiments should be used. 
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7. SUGGESTIONS FOR FUTURE RESEARCH  

From the calculations performed in the previous chapters, it is clear that the results depend to a 
large extent on the techniques used for the calculations and the assumptions made regarding the 
probability density functions. However, there also exists other type of uncertainties related to the 
calculations that are not investigated here. For example, the model uncertainty is important to 
consider. Factors that affect this model uncertainty are among other thing the brittle behavior of 
failure of a bonded interface and the possibility of having partly bonded interfaces. Other sources 
to the model uncertainty could be related to the uplift pressure and the calculation of tensile 
stresses under the dam. Another important questions is how it is verified if the interface is 
bonded or not and if tests have been taken from the interface. In order to calculate the probability 
of failure more correct it is important that future research studies these questions.  
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APPENDIX A: Calculation of Factor of safety, F.O.S  

Drain effective 
Mean value of Friction angle ‘φ’ = 52.4o 

Mean value of Cohesion ‘c’ = 0.3667 Mpa 

Height of dam ‘l’ = 80m 

Width of dam ‘b’ = 60m 

W1 = 80·5·2400·10/1000 = 9600 KN/m 

W2 = 0.5·55·75·2400·10/1000 = 49500 KN/m 

Weight of dam ‘W’ = W1+W2 = 59100 KN/m 

Surface area between foundation and dam ‘A’ = 60m2 

	

Figure A1: Forces acting on the dam under drain effective case 

Now first consider the case with drains effective and water level ‘h’ to be 75m on the upstream 
end of the dam. It will cause a horizontal disturbing force ‘H’ on the wall of the dam. The 
pressure applied on the face of the wall is 

P = ϼ·g·h = 750 KN/m 

From the pressure diagram ‘H’ can be calculated 

H = 0.5·P·h = 28125 KN/m  



 

 

48 

 

Assuming that the drains are effective, an uplift pressure is built with a same value of ‘P’ just at 
the upstream end but it decreases to ‘0.8P’ as it reaches to the drain axis which is located at 10 
meters from the upstream face as shown in the figure A1. Later the pressure diagram closes at 
the downstream end of the dam. So the total uplift force can be calculated as follows 

U = (0.2P·10)+(0.5·0.8·P·10)+(0.5·0.2·P·50) = 8250 KN/m 

Now calculating the resistive frictional force and hence the factor of safety. 

R = (W-U)Tanφ+A·c = 88032  

F.O.S = R/H = 88032/28125 = 3.13 

Similarly factor of safety for the rest of the water levels are calculated. Factors of safety for all 
the water levels calculated by following the same procedure as described above are shown in 
table A1.  

Table A1: Initially calculated F.O.S 

Water 
level 
‘h’ 
(m) 

Weight 
of dam 

‘W’(KN/
m) 

P=ϼgh 
(KN/
m) 

Uplift Pressure 
‘U’(KN/m) 

(0.2P·10)+(0.5·0.8·P·
10)+(0.5·0.2P·50) 

Resistive Frictional 
Force ‘R’(KN/m) 
(W-U)Tanφ+A·c 

Disturbing 
Force 

‘H’(KN/m
) 

0.5·P·h 

F.O.S 
R/H 

75 59100 750 8250 88032 28125 3.13 
78 59100 780 8580 87603.5 30420 2.88 
80 59100 800 8800 87317.8 32000 2.73 
82 59100 820 9020 87032.2 33620 2.58 
85 59100 850 9350 86603.7 36125 2.40 

Crack based analysis 

A crack can develop along the dam foundation contact when the shear stresses overcome the 
strength properties or material capacity of concrete itself (Wieland M and Malla S, 2007). In 
stability analysis it is usually assumed that if tensile stresses, calculated by rigid body analysis, 
occur at the heel of a dam, a crack will form and water will percolate the crack, causing a full 
uplift pressure along the whole crack length (Westberg, 2007). The uplift pressure at the dam 
foundation interface results in increased crack widths. The phenomenon of occurring cracks can 
be termed as overstressing.  

Calculations are being carried out for one meter length of a dam. A one meter wide strip cross 
section is being considered as a dam foundation contact area to estimate the distribution of stress 
as shown in figure 3.2. 
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Figure A2: Dam-foundation contact area for calculating stress distribution 

Stresses are calculated using Navier’s equation according to eq. 1.8  

)( yI

M

A

V
        

Where 

V = Vertical force 

A = base area 

M = V x e = moment around the centre of gravity of the base area 

e = distance from the centre of gravity to the point of interest 

y = distance from the centre of gravity to the toe of the dam 

I = moment of inertia 

Here M represents moment around centre of gravity of the base area. This moment is calculated 
by having a product of the resultant force acting on the dam and its distance ‘e’ from the centre 
of gravity of base area. The position of resultant can be obtained by dividing the sum of moments 
at the toe ‘∑M’ by the sum of all vertical forces acting on the dam ‘V’. This gives the distance 
’dy’ of the resultant force from the toe of the dam and ecentricity ’e’ is calculated.  

Stress results from both upstream and downstream stress distribution are observed to have an 
idea of the occurrence of cracks. If the result concluded is less than zero then it shows the sign of 
induced tensile stresses. Crack length for that particular water level for which the stresses are 
found to be occurring is calculated. For this a stress distribution is made as shown in figure 3.3. 
Stress on both upstream and downstream end are compared using similar triangle criteria from 
where the crack length L is determined using eq. 3.19 

	

Figure A3: Stress distribution with crack length along the width of dam 
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Crack length obtained from the above equation is then used to find the full uplift pressure acting 
on that particular length. The uplift pressure varies according to the crack length for both drain 
effective and ineffective case. The uplift pressure profile after the estimation of the crack is 
shown in figure 3.4. 

	

Figure A4: Change in uplift pressure profile due to formation of crack tip with ineffective drain 

Due to crack the uplift pressure changes to eq. 3.20.  

U = (P·L)+(0.5·P·(b-L))           

Now using this uplift pressure the calculations for the particular water level are repeated. Net 
vertical forces acting on the dam are calculated and ultimately the F.O.S is estimated. The final 
value of the factor of safety will always be less than the one that is initially calculated because of 
the correction applied due to formation of crack length and increased uplift pressure, see table 
4.1. 

Calculations for Stress distribution  

As discussed earlier calculations are being carried out for one meter strip cross section consider 
the distribution of stress shown in figure A2. 
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Figure A5: Dam foundation contact area for calculating stress distribution 

The first step is to calculate the distance ’e’ and to check whether it lies within mid third of the 
base area or not.  

Considering 75m of water level, y = 60/2 = 30m and effective drains. 

Sum of vertical loads = V = W1 + W2 – U = 9600 + 49500 – 8250 = 50850 KN 

Sum of horizontal loads = H = 28125 KN 

Now calculating moments at downstream toe of the dam. So the sum of moments can be 
expressed as 

∑M = W1 · 57.5 + W2 · 2 · 55/3 – [(H · 75/3) + (0.2 · 750 · 10 · 55 + 0.5 · 0.8 · 750 · 10 · (2 · 
10/3 +50) + 0.5 · 0.2 · 750 · 50 · 2 · 50/3)] 

∑M = 9600 · 57.5 + 49500 · 2 · 55/3 – [(28125 · 75/3) + (0.2 · 750 · 10 · 55 + 0.5 · 0.8 · 750 · 
10 · (2 · 10/3 +50) + 0.5 · 0.2 · 750 · 50 · 2 · 50/3)] 

∑M = 1286375 KN-m 

From figure A2 

Base area = 60 x 1 = 60m2 

Mid third of base area = 30/3 = 10 

dy = ∑M/V = 1286375/50850 = 25.3m 

e = y – dy = 30 – 25.3 = 4.7 < 10 

Which means that the resultant lies within mid third of the base area so there will be no tensile 
forces developing at the heal of the dam. Simultaneously stresses at the upstream end and 
downstream end are calculated using Nevier’s formula. 

Upstream stress = 
)( yI

Ve

A

V


   

I = 1 x 603/12 = 18000 

σ = (50850/60) + (50950 · 4.7 · (-30) / 18000) = 449 KN/m2 

Downstream stress = 
)(yI

Ve

A

V
   

I = 1 · 603/12 = 18000 
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σ = (50850/60) + (50950 · 4.7 · (30) / 18000) = 1246 KN/m2 

Results from both upstream and downstream stress distribution shows that there are no tensile 
forces acting at the heel so no cracks are expected for a water level of 75m at the upstream face. 
Factor of safety calculated in table A1 for the particular water level i.e. 75m is considered to be 
the same with no change. Calculation of stresses for the rest of the water levels are shown in the 
table A2. 

Table A2: Upstream and downstream stresses 

Water 
Level 
(m) 

Load 
(KN/m) 

Vertical Horizontal
Mx 

(KN-m) 

Upstream 
stress ‘σh’ 

 

Downstrea
m stress 

‘σt’ 

 

‘dy’ 
∑

 
‘e’ 

y-dy 

75 

W1 9600  552000 

449.0 1246.0 25.3 4.7 
W2 49500  1815000 
H  28125 -703125.0 
U 8250  -377500.0 

SUM 50850 28125 1286375 

78 

W1 9600  552000 

288.5 1395.5 23.4 6.6 
W2 49500  1815000 
H  30420 -790920.0 
U 8580  -392600.0 

SUM 50520 30420 1183480 

80 

W1 9600  552000 

175.0 1501.7 22.1 7.9 
W2 49500  1815000 
H  32000 -853333.3 
U 8800  -402666.7 

SUM 50300 32000 1111000 

82 

W1 9600  552000 

56.2 1613.1 20.7 9.3 
W2 49500  1815000 
H  33620 -918946.7 
U 9020  -412733.3 

SUM 50080 33620 1035320 

85 

W1 9600  552000 

-132.3 1790.6 18.4 11.6 

W2 49500  1815000 

H  36125 
-

1023541.7
U 9350  -427833.3 

SUM 49750 36125 915625 
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Crack length, changed uplift pressure and corrected F.O.S  

Now as can be seen in table A2 when the water level reaches at 85m, tensile stresses are 
produced in the heel of the dam. This causes the crack to occur. Length of the crack is now 
determined to estimate the increased uplift pressure due to water percolation. Consider figure 
A3. 

	

Figure A6: Stress distribution and crack length along the width of dam 

σh = 132.3 

σt = 1790.6 

L /132.3 = (60-L) / 1790.6 

L = 4.13m 

Crack tip forms at 4.13m from the upstream edge. The respective uplift pressure changes 
accordingly for the effective drain case according to equation below hence changing the factor of 
safety. 

U(changed) = (P·L)+(0.5·P·(b-L)) 

U(changed) = (P·4.13)+(0.5·P·(b-4.13)) = 10753.47 
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Figure A7: Increased uplift pressure due to formation of crack 

Now calculating the factor of safety for the changed uplift pressure due to crack when h = 85m. 

Table A3: Factor of safety for changed uplift pressure 

Water 
Level 
(m) 

Crack 
Length 
‘L’(m) 

P=ϼ·g·h 
(KN/m) 

Load (KN/m) Vertical Horizontal

Resistive 
Frictional 

Force 
‘R’(KN/m) 

(∑V)Tanφ+A·c

F.O.S 
R/H 

85 4.13 850 

W1 9600   

84781.25 2.35 
W2 49500   
H   36125 

U (changed) 10753.47   
SUM 48346.53 36125 

As can be seen from table A3 the factor of safety for 85m water level is decreased to 2.35 due to 
formation of crack and increased uplift pressure. In the similar manner, calculations for the case 
with no effective drain are carried out. Calculations and tables for the case with no effective 
drain are as follows. 

Drain ineffective 
Mean value of Friction angle ‘φ’ = 52.4o 

Mean value of Cohesion ‘c’ = 0.3667 Mpa 
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Height of dam ‘l’ = 80m 

Width of dam ‘b’ = 60m 

W1 = 80·5·2400·10/1000 = 9600 KN/m 

W2 = 0.5·55·75·2400·10/1000 = 49500 KN/m 

Weight of dam ‘W’ = W1+W2 = 59100 KN/m 

Surface area between foundation and dam ‘A’ = 60m2 

	

Figure A8: Forces acting on the dam under drain ineffective case 

Table A4: Revised F.O.S values 
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Water 
level 
‘h’ 
(m) 

Weight 
of dam 
‘W’(K
N/m) 

P=ϼgh 
(KN/
m) 

Uplift Pressure 
‘U’(KN/m) 
(0.5·P·60) 

Resistive 
Frictional Force 

‘R’(KN/m) 
(W-U)Tanφ+A·c 

Disturbing 
Force 

‘H’(KN/m) 
0.5·P·h 

F.O.S 
R/H 

75 59100 750 22500 69528.1 28125 2.47 
78 59100 780 23400 68359.4 30420 2.25 
80 59100 800 24000 67580.3 32000 2.11 
82 59100 820 24600 66801.2 33620 1.99 
85 59100 850 25500 65632.5 36125 1.82 

 

Calculating stress distribution  

I = 1x603/12 = 18000 

y = 60/2 = 30 

Table A5: Upstream and downstream stresses 
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Water 
Level 
(m) 

Load 
(KN/
m) 

Vertical 
‘V’ 

Horizont
al 

‘H’ 

Mx (KN-
m) 

Upstream 
stress ‘σh’ 

 

Downstream 
stress ‘σt’ 

 

‘dy’ 
∑

 
‘e’ 

y-dy 

75 

W1 9600  552000 

53.1 1166.9 20.9 9.1 
W2 49500  1815000 
H  28125 -703125 
U 22500  -900000 

SUM 36600 28125 763875 

78 

W1 9600  552000 

-123.2 1313.2 17.9 12.1 
W2 49500  1815000 
H  30420 -790920 
U 23400  -936000 

SUM 35700 30420 640080 

80 

W1 9600  552000 

-247.2 1417.2 15.8 14.2 
W2 49500  1815000 
H  32000 -853333.3 
U 24000  -960000.0 

SUM 35100 32000 553666.7 

82 

W1 9600  552000 

-376.6 1526.6 13.5 16.5 
W2 49500  1815000 
H  33620 -918946.7 
U 24600  -984000.0 

SUM 34500 33620 464053.3 

85 

W1 9600  552000 

-580.9 1700.9 9.6 20.4 

W2 49500  1815000 

H  36125 
-

1023541.7 

U 25500  
-

1020000.0 
SUM 33600 36125 323458.3 

Crack lengths, changed uplift pressures and F.O.S  

From the above results in table A5 it can be seen that at water levels 78m, 80m, 82m and 85m 
with in effective drain, tensile stresses are found to be occurring at the upstream end of the dam, 
thus resulting in the formation of crack tip at the upstream end. The uplift pressure changes for 
each of the above mentioned levels due to the formation of crack tip. Now the resulting uplift 
pressure and the crack length for each level can be calculated as follows. 

At h = 78m 
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Figure A9: Stress distribution and crack length along the width of dam 

σh = 123.2 

σt = 1313.2 

L /123.2 = (60-L) / 1313.2 

L = 5.14m 

Crack tip forms at 5.14m from the upstream edge. The respective uplift pressure changes 
accordingly for the effective drain case according to equation below hence changing the factor of 
safety. 

U(changed) = (P·L)+(0.5·P· (b-L)) 

U(changed) = (P·5.14)+(0.5·P· (b-5.14) = 25407.02 

	

Figure A10: Increased uplift pressure due to formation of crack 

Now calculating the factor of safety for the changed uplift pressure due to crack. 

Table A6: Factor of safety for changed uplift pressure 
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Water 
Level 
(m) 

Crack 
Length 
‘L’(m) 

P=ϼgh 
(KN/m) 

Load (KN/m) Vertical Horizontal

Resistive 
Frictional 

Force 
‘R’(KN/m) 

(∑V)Tanφ+A·c

F.O.S 
R/H 

78 5.14 780 

W1 9600  

65753.23 2.16 
W2 49500  
H  30420 
U 25407.02  

SUM 33692.98 30420 

At h = 80m 

Stresses and crack length along the width of dam are calculated by referring to figure A6 

σh = 247.2 

σt = 1417.2 

L / 247.2= (60-L) / 1417.2 

L = 8.91m 

Crack tip forms at 8.91m from the upstream edge. As shown in figure A7 the respective uplift 
pressure changes accordingly for the effective drain case according to equation below hence 
changing the factor of safety. 

U(changed) = (PxL)+(0.5xPx(b-L)) 

U(changed) = (Px8.91)+(0.5xPx(b-8.91) = 25407.02 

Now calculating the factor of safety for the changed uplift pressure due to crack. 

Table A7: Factor of safety for changed uplift pressure 

Water 
Level 
(m) 

Crack 
Length 
‘L’(m) 

P=ϼ·g·h 
(KN/m) 

Load (KN/m) Vertical Horizontal

Resistive 
Frictional 

Force 
‘R’(KN/m) 

(∑V)Tanφ+A·c

F.O.S 
R/H 

80 8.91 800 

W1 9600   

62951.35 1.97 
W2 49500   
H   32000 
U 27564.75   

SUM 31535.25 32000 

At h = 82m 

Stresses and crack length along the width of dam are calculated by referring to figure A6 

σh = 376.6  
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σt = 1526.6 

L / 376.6 = (60-L) / 1526.6 

L = 11.87m 

Crack tip forms at 11.87m from the upstream edge. As shown in figure A7 the respective uplift 
pressure changes accordingly for the effective drain case according to equation below hence 
changing the factor of safety. 

U(changed) = (P·L)+(0.5·P· (b-L)) 

U(changed) = (P·11.8)+(0.5·P· (b-11.8) = 25407.02 

Now calculating the factor of safety for the changed uplift pressure due to crack. 

 

 

 

 

 

Table A8: Factor of safety for changed uplift pressure 

Water 
Level 
(m) 

Crack 
Length 
‘L’(m) 

P=ϼ·g·h 
(KN/m) 

Load (KN/m) Vertical Horizontal

Resistive 
Frictional 

Force 
‘R’(KN/m) 

(∑V)Tanφ+A·c

F.O.S 
R/H 

82 11.87 820 

W1 9600   

60480.45 1.80 
W2 49500   
H   33620 
U 29467.61   

SUM 29632.39 33620 

At h = 85m 

Stresses and crack length along the width of dam are calculated by referring to figure A6 

σh = 580  

σt = 1700.9 

L / 580 = (60-L) / 1700.9 

L = 15.27m 

Crack tip forms at 15.27m from the upstream edge. According to figure A7 the respective uplift 
pressure changes accordingly for the effective drain case according to equation below hence 
changing the factor of safety. 
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U(changed) = (P·L)+(0.5·P· (b-L)) 

U(changed) = (P·15.27)+(0.5·P·(b-15.27)) = 25407.02 

Now calculating the factor of safety for the changed uplift pressure due to crack. 

Table A9: Factor of safety for changed uplift pressure 

Water 
Level 
(m) 

Crack 
Length 
‘L’(m) 

P=ϼgh 
(KN/m) 

Load (KN/m) Vertical Horizontal

Resistive 
Frictional Force 

‘R’(KN/m) 
(∑V)Tanφ+Axc

F.O.S 
R/H 

85 15.27 850 

W1 9600   

57202.72 1.58 
W2 49500   
H   36125 
U 31991.8   

SUM 27108.2 36125 
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APPENDIX B: Probability distribution and 
goodness-of-fit test 

Introduction 

Graph papers that are constructed for plotting observed data and their corresponding cumulative 
frequencies or probabilities are called probability papers (Ang and Tang WH, 2008). 

Probability distributions are constructed such that a given probability paper is associated with a 
particular probability distribution. The basic theme of having a probability distribution is to have 
a linear graph between the values of random variable arranged in ascending order and the 
cumulative frequencies using a transformed probability scale.  

Probability distributions are plotted such that the observed set of data is plotted on the 
probability paper with the appropriate cumulative probability. The data point consisting of an 
observed value and a cumulative probability is called plotting position on a probability paper 
(Ang and Tang WH, 2008). For N observations x1,x2,…xN, arranged in increasing order, the mth 
value is plotted at a cumulative probability of  . The plotting position is applied to all 

probability papers. According to Ang and Tang there are also other plotting positions described 
earlier by Hazen (1930) and by Kimball (1946) but none of them proved to be that simple and 
accurate as described by Gumbel with . 

Utility 

The probability distribution is generally used to have a graphical interface of the frequency curve 
obtained from the set of data. Probability distribution is very useful for graphical inspection of 
the goodness-of-fit between the theoretical and empirical distributions. The trend (linear or 
nonlinear) obtained form the set of data decides whether the distribution of the underlying 
population is same as that of probability paper or not. The most commonly used probability 
distributions are normal and lognormal probability distribution. The set of data provided for the 
present case is inferred with the help of these probability distributions later in the case study. 

Testing goodness-of-fit of distribution models 

Introduction 

The goodness-of-fit tests measure the compatibility of a random sample with a theoretical 
probability distribution function. After having decided a particular probability distribution, 
determined either on the basis of available data plotted on a given probability paper or by 
visually inspecting the shape of the histogram, the suitability of the distribution model is thus 
verified or disproved statistically with the help of goodness-of-fit tests (Ang and Tang, 2008). 
Three commonly used tests for the distribution are chi-square, the Kolmogorov-Smirnov or (K-
S), and Anderson-Darling or (A-D) tests. Any of the above mentioned methods can be use to 
verify the validity of assumed distribution model. K-S test is being chosen to test the distribution 
model in the present case. 
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Kolmogorov-Smirnov (K-S) test for goodness-of-fit 

K-S test for goodness of fit usually involves examining a random sample from an unknown 
distribution in order to make sure that the unknown distribution function is in fact a known 
specified function. This is done by comparing the experimental cumulative frequency with the 
CDF of the assumed theoretical distribution. The hypothesis regarding the distributional form is 
rejected if the discrepancy between the experimental and theoretical frequencies is larger than 
the critical value obtained from a table for a given sample size. If the discrepancy is less than a 
critical value then the theoretical distribution is acceptable at the prescribed significance level α 
(Ang and Tang, 2008). 

	

Figure B1: Comparison of Empirical and Theoretical CDF 

To start with the goodness of fit test a well defined series of step are followed. A pre-specified 
distribution is assumed i.e. normal distribution. If the assumed distribution is correct it is 
observed that the theoretical assumed CDF denoted by Fx(x) closely follows the empirical step 
function CDF denoted by Sn(x). This is illustrated in figure B1. For a sample size ‘n’, the set of 
observed data should be rearranged in an increasing order so that x1 ≤ x2 ≤ … xn. Now from this 
data the stepwise experimental cumulative frequency function can be shown as follows (Ang and 
Tang, 2008). 

Sn(x) = 0  x < x1           

Sn(x) = m/n xm ≤ x ≤ xm+1          

Sn(x) = 1  x ≥ xn           

Finally theoretical and empirical results are compared as shown in the figure B1. If they agree 
probabilistically then the data supports the assumed distribution. If they do not, the distribution 
assumption is rejected. The maximum difference between Sn(x) and Fx(x) is the measure of 
discrepancy between the assumed theoretical model and the observed data. This maximum 
difference can be shown as 
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Dn = max| Fx(x) - Sn(x)|            

Where Dn is a random variable. Its value is compared to a critical value selected on behalf of 
significance level corresponding to the given sample size. The random variable for that is 
expressed as Dn

α where α is the significance level. 

The critical values Dn
α at 5% significance levels α is can be seen in the table D2. The value is 

selected against the suitable sample size. If the observed Dn is less than the critical value then the 
assumed theoretical distribution is acceptable at that particular significance level α otherwise it is 
rejected. 

To start with the calculations the given data is first arranged in an ascending order. Procedure 
and results with both normal and lognormal probability distribution associated to friction angle 
and cohesion are presented separately. 

Friction angle ‘φ’ 

Normal Probability distribution 

Table B1: Cumulative frequencies 

M 
Friction 

angle 

Cumulative 
Frequency 
m/(N+1) 

1 37 0.0625 
2 45 0.125 
3 45 0.1875 
4 45 0.25 
5 46 0.3125 
6 49 0.375 
7 49 0.4375 
8 53 0.5 
9 54 0.5625 
10 56 0.625 
11 60 0.6875 
12 60 0.75 
13 62 0.8125 
14 62 0.875 
15 63 0.9375 
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Figure B2:Normal probability distribution of friction angle ‘φ’ 

Kolmogorov-smirnov Test for goodness of fit (K-S  Test) 

Number of samples ‘n’ = 15 

At z=0 y1=52.4 (mean value ‘µ’) 

At z=1 y2=61.96 

Where z = 0 => φ (z) = 0.5 on the probability paper, see appendix F for statistical tables 

And z = 1 => φ (z) = 0.8413 on the probability paper, see appendix F for statistical tables 

Slope’σ’ = (y2-y1) / (z2-z1) = 9.56 

Now the Normal distribution is N(52.4, 9.56) 
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Table B2: Difference between experimental and theoretical CDF 

m 
friction 
angle’φ’ 

x 
Sn(x)=m/n 

Z=( x- 
µ)/σ 

Fx(X)=φ(z)
Difference (Fx(X) & 

Sn(x)) 

1 37 0.07 -1.61 0.0537 0.01 
2 45 0.13 -0.77 0.2206 0.09 
3 45 0.20 -0.77 0.2206 0.02 
4 45 0.27 -0.77 0.2206 0.05 
5 46 0.33 -0.67 0.2514 0.08 
6 49 0.40 -0.36 0.3594 0.04 
7 49 0.47 -0.36 0.3594 0.11 
8 53 0.53 0.06 0.5239 0.01 
9 54 0.60 0.17 0.5675 0.03 
10 56 0.67 0.38 0.648 0.02 
11 60 0.73 0.79 0.7852 0.05 
12 60 0.80 0.79 0.7852 0.01 
13 62 0.87 1.00 0.8413 0.03 
14 62 0.93 1.00 0.8413 0.09 
15 63 1.00 1.11 0.8665 0.13 

 

Maximum difference between Fx(X) and Sn(x): Dn = 0.13 

Critical value of Dn at 5% significance level: D0.05
15 = 0.338 

Since Dn< D0.05
15 so the Normal distribution N(52.4, 9.56) is verified as an acceptable model at 

5% significance level. 

 

Figure B3: Cumulative frequencies for the K-S test of friction angle ‘φ’ 
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Lognormal Probability distribution 

Table B3: Cumulative frequencies  

m 
Friction 
angle’φ’ 

Cumulative
Frequency 
m/(N+1) 

log 
friction 
angle’φ’

1 37 0.0625 -0.18992
2 45 0.125 -0.10491
3 45 0.1875 -0.10491
4 45 0.25 -0.10491
5 46 0.3125 -0.09536
6 49 0.375 -0.06793
7 49 0.4375 -0.06793
8 53 0.5 -0.03385
9 54 0.5625 -0.02573
10 56 0.625 -0.00993
11 60 0.6875 0.020029
12 60 0.75 0.020029
13 62 0.8125 0.034269
14 62 0.875 0.034269
15 63 0.9375 0.041218

 

 

Figure B4: Lognormal probability distribution of friction angle ‘φ’ 

Kolmogorov-smirnov Test for goodness of fit (K-S  Test) 

Number of samples ‘n’ = 15 

At z=0 y1 = -0.0437 (mean value ‘µ’) 

At z=1 y2 = 0.0372 

y = 0,2373x ‐ 0,1624
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Where z = 0 => φ (z) = 0.5 (on the probability paper), see appendix F for statistical tables 

And z = 1 => φ (z) = 0.8413 (on the probability paper), see appendix F for statistical tables 

Slope’σ’ = (y2-y1) / (z2-z1) = 0.0809 

Now the Normal distribution is N(0.0437, 0.0809) 

Table B4: Difference between experimental and theoretical CDF 

m 
Friction 

angle ‘φ’ x 
log ‘φ’ Sn(x)=m/n 

z=(φ -y1)/ 
σ

Fx(X)= φ(z)
difference(Fx(X) & 

Sn(x)) 
1 37 -0.18992 0.07 -3.93 0 0.07 
2 45 -0.10491 0.13 -1.65 0.0495 0.08 
3 45 -0.10491 0.20 -1.65 0.0495 0.15 
4 45 -0.10491 0.27 -1.65 0.0495 0.22 
5 46 -0.09536 0.33 -1.39 0.0823 0.25 
6 49 -0.06793 0.40 -0.65 0.2578 0.14 
7 49 -0.06793 0.47 -0.65 0.2578 0.21 
8 53 -0.03385 0.53 0.26 0.6026 -0.07 
9 54 -0.02573 0.60 0.48 0.6844 -0.08 

10 56 -0.00993 0.67 0.91 0.8186 -0.15 
11 60 0.020029 0.73 1.71 0.9564 -0.22 
12 60 0.020029 0.80 1.71 0.9564 -0.16 
13 62 0.034269 0.87 2.10 0.9821 -0.12 
14 62 0.034269 0.93 2.10 0.9821 -0.05 
15 63 0.041218 1.00 2.28 0.9887 0.01 

 

Maximum difference between Fx(X) and Sn(x): Dn = 0.25 

Critical value of Dn at 5% significance level: D0.05
15 = 0.338 

Since Dn< D0.05
15 so the Lognormal distribution N(0.0437, 0.0809) is verified as an acceptable 

model at 5% significance level. 
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Figure B5: Cumulative frequencies for the K-S test of log φ 

Cohesion ‘c’ 

Normal Probability distribution 

Table B5: Cumulative frequencies 

m 
cohesion 'c' 

(Mpa) 

Cumulative
Frequency 
m/(N+1)

1 0 0.0625 
2 0.1 0.125 
3 0.1 0.1875 
4 0.2 0.25 
5 0.2 0.3125 
6 0.2 0.375 
7 0.3 0.4375 
8 0.3 0.5 
9 0.4 0.5625 
10 0.4 0.625 
11 0.5 0.6875 
12 0.6 0.75 
13 0.7 0.8125 
14 0.7 0.875 
15 0.8 0.9375 

 

 

Figure B6: Normal probability distribution of cohesion ‘c’ 

Kolmogorov-smirnov Test for goodness of fit (K-S  Test) 

Number of samples ‘n’ = 15 

At z=0 y1 = 0.3667 (mean value ‘µ’) 

At z=1 y2 = 0.6632 

y = 0,8686x ‐ 0,0676
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Where z = 0 => φ (z) = 0.5 (on the probability paper), see appendix F for statistical tables 

And z = 1 => φ (z) = 0.8413 (on the probability paper), see appendix F for statistical tables 

Slope’σ’ = (y2-y1) / (z2-z1) = 0.2965 

Now the Normal distribution is N(0.3667, 0.2965) 

Table B6: Difference between experimental and theoretical CDF 

m 
cohesion 'c' 

(Mpa) 
Sn(x)=m/n

z=(φ -y1)/ 
σ

Fx(X)=φ(z) 
difference(Fx(X) & 

Sn(x)) 
1 0 0.07 -1.24 0.1075 -0.04 
2 0.1 0.13 -0.90 0.1841 -0.05 
3 0.1 0.20 -0.90 0.1841 0.02 
4 0.2 0.27 -0.56 0.2877 -0.02 
5 0.2 0.33 -0.56 0.2877 0.05 
6 0.2 0.40 -0.56 0.2877 0.11 
7 0.3 0.47 -0.22 0.4129 0.05 
8 0.3 0.53 -0.22 0.4129 0.12 
9 0.4 0.60 0.11 0.5398 0.06 
10 0.4 0.67 0.11 0.5398 0.13 
11 0.5 0.73 0.45 0.6736 0.06 
12 0.6 0.80 0.79 0.7852 0.01 
13 0.7 0.87 1.12 0.8686 0.00 
14 0.7 0.93 1.12 0.8686 0.06 
15 0.8 1.00 1.46 0.9279 0.07 

 

Maximum difference between Fx(X) and Sn(x): Dn = 0.13 

Critical value of Dn at 5% significance level: D0.05
15 = 0.338 

Since Dn< D0.05
15 so the normal distribution N(0.3667, 0.2965) is verified as an acceptable model 

at 5% significance level. 
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Figure B7: Cumulative frequencies for the K-S test of cohesion ‘c’ 

Lognormal Probability distribution 

Table B7: Cumulative frequencies 

m 
cohesion 'c' 

(Mpa) 

Cumulative 
Frequency 
m/(N+1) 

log c 

1 0 0.0625 NULL 
2 0.1 0.125 -1 
3 0.1 0.1875 -1 
4 0.2 0.25 -0.69897 
5 0.2 0.3125 -0.69897 
6 0.2 0.375 -0.69897 
7 0.3 0.4375 -0.52288 
8 0.3 0.5 -0.52288 
9 0.4 0.5625 -0.39794 

10 0.4 0.625 -0.39794 
11 0.5 0.6875 -0.30103 
12 0.6 0.75 -0.22185 
13 0.7 0.8125 -0.1549 
14 0.7 0.875 -0.1549 
15 0.8 0.9375 -0.09691 

 

 

Figure B8: Lognormal probability distribution of cohesion ‘c’ 

Kolmogorov-smirnov Test for goodness of fit (K-S  Test) 

Number of samples ‘n’ = 15 

At z=0 y1 = -0.4578 (mean value ‘µ’) 

At z=1 y2 = -0.2151 

Where z = 0 => φ (z) = 0.5 (on the probability paper), see appendix F for statistical tables 

y = 1,1169x ‐ 1,0839
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And z = 1 => φ (z) = 0.8413 (on the probability paper), see appendix F for statistical tables 

Slope’σ’ = (y2-y1) / (z2-z1) = 0.2427 

Now the distribution is N(0.4578, 0.2427) 

Table B8: Difference between experimental and theoretical CDF 

m 
Cohesion 

’c’ 
log c Sn(x)=m/n

z=(φ-y1)/ 
σ

Fx(X)=φ(z)
difference(Fx(X) & 

Sn(x)) 
1 0 NULL 0.07 NULL 0 0.07 
2 0.1 -1 0.13 -2.23 0.0129 0.12 
3 0.1 -1 0.20 -2.23 0.0129 0.19 
4 0.2 -0.69897 0.27 -0.99 0.1611 0.11 
5 0.2 -0.69897 0.33 -0.99 0.1611 0.17 
6 0.2 -0.69897 0.40 -0.99 0.1611 0.24 
7 0.3 -0.52288 0.47 -0.27 0.3936 0.07 
8 0.3 -0.52288 0.53 -0.27 0.3936 0.14 
9 0.4 -0.39794 0.60 0.25 0.5987 0.00 

10 0.4 -0.39794 0.67 0.25 0.5987 0.07 
11 0.5 -0.30103 0.73 0.65 0.7422 -0.01 
12 0.6 -0.22185 0.80 0.97 0.7881 0.01 
13 0.7 -0.1549 0.87 1.25 0.8944 -0.03 
14 0.7 -0.1549 0.93 1.25 0.8944 0.04 
15 0.8 -0.09691 1.00 1.49 0.9319 0.07 

Maximum difference between Fx(X) and Sn(x): Dn = 0.24 

Critical value of Dn at 5% significance level: D0.05
15 = 0.338 

Since Dn< D0.05
15 so the lognormal distribution N(0.4578, 0.2427) is verified as an acceptable 

model at 5% significance level. 

 

Figure B9: Cumulative frequencies for the K-S test of log c 
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APPENDIX C: Calculating Probability of failure by 
Taylor Series approximation 

In the present task two random variables are considered, friction angle ‘φ’ and cohesion ‘c’ along 
the dam and foundation contact area. Here friction angle and cohesion are defined by a normal 
probability distribution function i.e. assumed on the basis of K-S test for which the mean and 
standard deviation values are given in table C1. 

Table C1: Mean and standard deviation values of random variables selected for assumed normal 
probability distribution function 

Random variables Mean ‘µ’ Standard deviation ‘σ’ 
FRICTION ANGLE ‘φ’ 52.4 7.989 

COHESION ‘c’ 0.3667 0.247 

Performance function M is defined as 

1
H

R
M  

Now calculating the probability of failure for the two given cases 

DRAIN EFFECTIVE 

At h=75m Water Level 

R = (W-U)Tan(φ) + A·c = (59100 – 8250)Tan (52.4) + 60 · 0.3667 · 106 / 1000  = 88032 KN/m 

H = 0.5·ϼ·g·h2 = 28125 KN/m 

M = 2.13 

Now the performance function M can be evaluated by varying the mean value of each variable 
according to its standard deviation 

M1 (52.4 + 7.989, 0.3667) = (59100 – 8250) Tan (52.4 + 7.989) + 60 · 0.3667 · 106 / 1000  = 
2.9635 

M2 (52.4 - 7.989, 0.3667) = (59100 – 8250) Tan (52.4 - 7.989) + 60 · 0.3667 · 106 / 1000  = 
1.5535 

M3 (52.4, 0.3667 + 0.247) = (59100 – 8250) Tan (52.4) + 60 · (0.3667 + 0.247) · 106 / 1000 = 
2.6569 

M4 (52.4, 0.3667 - 0.247) = (59100 – 8250) Tan (52.4) + 60 · (0.3667 - 0.247) · 106 / 1000 = 
1.6031 

Now calculating the Variance of the probability function M 
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Now calculating the reliability index ‘β’ 

)(MVar

M
 = 2.42 

Now calculating the contribution of both random variables to overall variance 

Contribution of ‘φ’: )(/
2

21
2

MVar
MM







 

= 64.16% 

Contribution of ‘c’: )(/
2

43
2

MVar
MM







 

= 35.84% 

To obtain the probability of failure it is assumed that the performance function M is normally 
distributed 

M = N (µ, σ 2) 

M = N (2.13, 0.7747) 

Now the probability of failure Pf (M<=0) can be calculated as 

Pf (M<=0) = φ(-β) = φ(-2.42) = 0.0078 

Similarly the calculations can be done for other water levels and the results for each water level 
are shown below. 

At h=75m, 78m, 80m and 82m 

Table C2: Probability of failure with no crack formation 

h(m) M M1 M2 M3 M4 V β 
contribution 

of φ % 
contribution 

of c % 
Pf(M<0)
=φ(-β) 

75 2.13 2.96352 1.55349 2.65696 1.60309 0.77470 2.420 64.15 35.84 0.0078 

78 1.88 2.64541 1.35022 2.36698 1.39262 0.65672 2.319 63.85 36.14 0.0102 

80 1.73 2.45332 1.22744 2.19180 1.26555 0.59018 2.250 63.65 36.34 0.0122 

82 1.59 2.27541 1.11370 2.02951 1.14789 0.53170 2.178 63.45 36.54 0.0146 

At 85m since there is crack formation at the upstream side of the dam due to the occurrence of 
tensile stresses when there is no drain effect, the uplift pressure changes as calculated in the 
previous calculations, hence resulting in change of the performance function and the probability 
of failure as well. So the net results for 85m water level are separated for convenience and are 
shown below. 
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At h=85m 

Table C3: Probability of failure with crack formation at h = 85m 

LEVEL M M1 M2 M3 M4 V β 
contribution 

of φ % 
contribution 

of c % 
Pf(M<0)
=φ(-β) 

85 1.35 1.96385 0.92013 1.75713 0.93664 0.44064 2.029 61.81 38.19 0.0212 

 

DRAIN NOT EFFECTIVE 
At h=75m 

Table C4: Probability of failure with no crack formation 

LEVEL M M1 M2 M3 M4 V β 
contribution 

of φ % 
contribution 

of c % 
Pf(M<0)
=φ(-β) 

75 1.47 2.07203 1.05714 1.99904 0.94518 0.53516 2.012 48.12 51.88 0.0222 

Now at levels 78, 80, 82 and 85m since there is crack formation at the upstream side of the dam 
due to the occurrence of tensile stresses when there is no drain effect, the uplift pressure changes 
as calculated in the previous calculations, hence resulting in change of the performance function 
and the probability of failure as well. So the net results for the rest of the water levels are 
separated for convenience and are shown below. 

At h=78m, 80m, 82m and 85m 

Table C5: Probability of failure with crack formation 

h(m) M M1 M2 M3 M4 V β 
contribution 

of φ % 
contribution 

of c % 
Pf(M<0)
=φ(-β) 

78 1.16 1.67212 0.80833 1.64869 0.67433 0.42388 1.78 44.01 55.99 0.0375 
80 0.97 1.42154 0.65298 1.43035 0.50410 0.36215 1.607 40.78 59.22 0.0537 
82 0.80 1.20527 0.51789 1.23975 0.35813 0.31244 1.429 37.81 62.19 0.0764 
85 0.58 0.92940 0.34418 0.99371 0.17322 0.25392 1.158 33.72 66.28 0.123 
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APPENDIX D: Monte Carlo Simulations 

Simulations are carried out for each water level and drainage condition. Mean and standard 
deviation values used in sumulation for friction as normally distributed and cohesion with both 
normally and lognormally distributed are given in table D1.  

Table D1: Mean and standard deviation values used for friction and cohesion 

Probability distribution 
Friction angle 

’φ’ (º)
Cohesion 
’c’ (MPa) 

Mean 

Normal 
distribution’µ’ 

52.4 0.3667 

Lognormal 
distribution ’λ’ 

 -1.19 

Standard 
deviation 

Normal 
distribution ’σ’ 

7.989 0.2468 

Lognormal 
distribution ’ξ’ 

 0.6116 

Coding for each water level for two cases i.e. cohesion as normally distributed and lognormal 
distributed is shown below. 

Drain effective (‘c’ normally distributed) 
h = 75m 

clc 
C=normrnd(0.3667,0.2468,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=8.250; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=28.125; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 
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h = 78m 

clc 

C=normrnd(0.3667, 0.2468,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=8.580; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=30.420; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 

 

h = 80m 

clc 

C=normrnd(0.3667, 0.2468,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=8.800; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=32.000; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 

 

h = 82m 

clc 

C=normrnd(0.3667,0. 0.2468,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 
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g=0.024; 

A=60; 

V=2462.5; 

U=9.020; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=33.620; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 

 

h = 85m 

clc 

C=normrnd(0.3667,0. 0.2468,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=10.753; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=36.125; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 

 

Drain effective (‘c’ lognormally distributed) 
h = 75m 

clc 

C=lognrnd(-1.19,0.611,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 
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U=8.250; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=28.125; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 

 

h = 78m 

clc 

C=lognrnd(-1.19,0.611,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=8.580; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=30.420; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 

 

h = 80m 

clc 

C=lognrnd(-1.19,0.611,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=8.800; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=32.000; 

x=(R-H); 
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y=sum(x<0); 

pf=y/22000000 

 

h = 82m 

clc 

C=lognrnd(-1.19,0.611,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=9.020; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=33.620; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 

 

h = 85m 

clc 

C=lognrnd(-1.19,0.611,22000000,1); 

f=normrnd(52.4,7.989,22000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=10.753; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=36.125; 

x=(R-H); 

y=sum(x<0); 

pf=y/22000000 
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Drain ineffective (‘c’ Normally distributed) 

h = 75m 

clc 

C=normrnd(0.3667,0.2468,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=22.500; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=28.125; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 

 

h = 78m 

clc 

C=normrnd(0.3667,0.2468,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=23.400; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=30.420; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 

 

h = 80m 

clc 

C=normrnd(0.3667,0.2468,4000000,1); 
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f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=27.564; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=32.000; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 

 

h = 82m 

clc 

C=normrnd(0.3667,0.2468,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=29.467; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=33.620; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 

 

h = 85m 

clc 

C=normrnd(0.3667,0.2468,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 
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U=31.991; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=36.125; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 

 

Drain ineffective (‘c’ Lognormally distributed) 

h = 75m 

clc 

C=lognrnd(-1.19,0.611,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=22.500; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=28.125; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 

 

h = 78m 

clc 

C= lognrnd(-1.19,0.611,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=23.400; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=30.420; 
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x=(R-H); 

y=sum(x<0); 

pf=y/4000000 

 

h = 80m 

clc 

C= lognrnd(-1.19,0.611,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=27.564; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=32.000; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 

 

h = 82m 

clc 

C= lognrnd(-1.19,0.611,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=29.467; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=33.620; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 
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h = 85m 

clc 

C= lognrnd(-1.19,0.611,4000000,1); 

f=normrnd(52.4,7.989,4000000,1); 

g=0.024; 

A=60; 

V=2462.5; 

U=31.991; 

R=(C*A)+(((g.*V)-U).*tan(f.*pi/180)); 

H=36.125; 

x=(R-H); 

y=sum(x<0); 

pf=y/4000000 
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APPENDIX E: Probability of failure using COMREL 

Values of mean and standard deviation for friction and cohesion are taken from table 3.2 based 
on the assumed normal probability distribution function. The performance function is given as 

g(x) = R – H 

where 

R = (W-U)Tan(φ) + A·c 

H = 0.5·ϼ·g·h2 

The results are derived using Hasofer Lind reliability index and are given against each water 
level and drain condition in table E1. 

Table E1: Probability of failure using Hasofer reliability index in COMREL 

Drainage 
condition 

Water 
level 

Hasofer-Lind 
reliability 
index, β 

Probability 
of failure, Pf 

Sensitivity 
factor, αφ 

Sensitivity 
factor, αc 

D
ra

in
 e

ff
ec

ti
ve

 75 2.896 1.89e-3 0.61 0.79 
78 2.760 2.89e-3 0.62 0.79 
80 2.667 3.83e-3 0.62 0.79 
82 2.572 5.06e-3 0.62 0.78 
85 2.364 9.04e-3 0.62 0.78 

D
ra

in
 I

ne
ff

ec
ti

ve
 75 2.226 1.30e-2 0.54 0.84 

78 1.941 2.61e-2 0.53 0.85 

80 1.726 4.22e-2 0.52 0.86 

82 1.517 6.46e-2 0.50 0.86 

85 1.212 0.11 0.49 0.87 
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APPENDIX F: Tables  

	

Table F1: Standard normal Probabilities
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Table F1: Standard normal Probabilities 
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Table F2: Critical value of D at 5% significance level for K-S test 

 


