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Abstract

Nowadays, the increasing demand on the high efficiency energy, low fuel consumption
and environment friendly leads the turbomachinery to be operating under a critical high
rotation speed at high temperature and pressure. This severe operation condition will
definitely increase the probability of the occurrence of the high cycle fatigue. To reduce
the risk of appearing high cycle fatigue, the structural damping of turbomachinery com-
ponents has to be increased. Since the structural damping is always positive while the
aerodynamic damping can be negative at some situation, increasing structural damping is
nevertheless an interesting field in turbomachinery research. One efficient way of increas-
ing damping is to treat damping material over the blade surface. Traditional damping
materials, such as rubber, are not applicable in the severe operation environment. There-
fore, hard coating material is applied due to its high stiffness and good sustainability in
rough environments.

Numerical tools are developed to predict the structural damping of a dynamic rotat-
ing blade while varying several important designing parameters. Two types of rotating
blades are modeled using the Hamilton’s principle: the straight blade by plate theory
and pretwisted blade by shell theory. The extended Galerkin method and Chebyshev col-
location method are applied for the numerical simulation, such as modal analysis and
frequency response analysis. The parametric analysis is performed with respect to rota-
tion speed, stagger angle, pretwisted angle, aspect ratio, etc. Proportional damping is
used in all dynamic models to investigate the damping characteristics of the blades.

Alternatively, a multilayer rotating blade is modeled by a high order layerwise theory,
where the validated results reveal the modal damping exchanges between modes due
to frequency loci veering and the influence of the damping configurations on the total
damping of the multilayered structure. Finally, a commercial finite element software is
used to predict the damping of a real compressor blade treated by the hard coating while
varying the coating thickness and distributions.
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Chapter 1

Introduction

1.1 Background and objective

Turbomachinery as a complicated and precise engineering system is used to generate
power, supplying for various industrial fields, such as power plant and jet airplane. Most
of the components in turbomachinery are working on a high cycle environment due to
the extremely high operational rotation speed, where the periodic impact may trig severe
fatigue on some key components, eventually resulting in the failure of the whole system.
It has been found that the high cycle impact mainly comes from the two sources: aerody-
namics and structural dynamics. In the aerodynamics aspect, the oscillating passing-by
flow produces the unsteady aerodynamic force which is equivalent to a surface harmonic
pressure acting on the blade surface, whereas from the structural dynamics aspect the
high rotation velocity of the blades is an important condition to increase the risk of ap-
pearing the High Cycle Fatigue (HCF). Because of the manufacturing and assembling
tolerances, the unbalance of the rotor shaft or the assembling misalignment of the disk
may produce a repeating vibration with a high cycle number. This vibration may affect
the operation performance of the turbomachinery, potentially damaging the components.
In order to reduce this critical vibration, increasing damping becomes a significant issue
for all rotationary machines, and more and more concentrations have been put on study-
ing damping mechanisms for the sake of suppressing the stress peak to prolong the life of
turbomachinery components.

Generally, the damping mechanism is defined as dissipating the vibrational energy
into the heat or other types of energy. In turbomachinery, aerodynamic damping and
structural damping are two major damping sources, usually to be applied to improve the
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performance of machine. Aerodynamically, the fluid-structure interaction may generate
the aerodynamic damping when the flow passing by the blade row. It is well known that
the aerodynamic damping ratio can reach to approximately 1%, regarding as a dominating
part of all damping sources. Although the aerodynamic damping is quite powerful, there
exist several possibilities that the damping ratio can turn to be negative in some crucial
cases, such as at nodal diameter. At that moment, the structural damping becomes of
importance to maintain the stability of the whole system, because it always gives positive
damping. Moreover, structural damping is very useful to reduce the vibration amplitude of
the rotating blades. If the rotation speed is low, the aerodynamic effect becomes weak and
the structural damping ratio is being a significant factor. For example, the wind turbine
is mainly working at a low rotation speed, where the structural damping is concerned as
the key aspect to improve the vibrational characteristic of the structure.

In industrial applications, an effective way to increase structural damping is to apply
hard coating materials, such as aluminum oxide, over the surface of the components,
especially for compressor blades. In this thesis, the main objective is to develop an efficient
and accurate numerical tool for predicting the structural damping increment of the coated
compressor blade at a high rotation velocity. For this purpose, two main subjects are
studied: the dynamic characteristics of the rotating blade and the damping structure
modeling.

1.2 The dynamic characteristics of the rotating blade

1.2.1 Dynamic modeling

To understand the vibration characteristics of a rotating blade system, many dynamic
modeling techniques have been developed and published since 1950’s. In the beginning of
the application of turbomachinery, industries can only manufacture the simple geometry
blades, which is able to be solved by an analytical or semi-analytical method. With the
appearance of advanced manufacturing technologies, complex blades with large curvature
and pretwist angle are designed and applied into modern turbomachines. At the same time,
following the development of Finite Element Method (FEM), the numerical simulation
by FEM becomes a popular way to achieve accurate results. However, the semi-analytical
method is still a fast and relatively accurate tool, especially to perform a large amount
of sensitivity analyses while varying several important parameters in an early stage of
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the blade design. An all-around summary was given by Leissa et al. [19] to introduce the
present status of modeling twisted blade systems, showing at least 19 theories applied
to vibration analysis in this field. Ramamurti and Kielb [36] supplied a complete set of
numerical results and experimental data for a pretwisted rotating blade - a very useful
investigation for result comparisons. The subsequent paragraphs give a literature overview
about the numerical modeling of the rotating blade system.

Due to the simplicity, a huge amount of the studies based on the beam model have
been performed in the early researches, since the beam model is a simple model whose
variables only depend on one coordinate. For instance, Carnegie [4] developed a model
to predict the first eigenfrequency of a Euler beam at an arbitrary rotation speed. Vyas
and Rao [48] derived equations of motion for a rotating beam while including the shear
deformation. Moreover, Lin [24], Lee et al. [18] applied the beam theory but using the
transition matrix method to solve the governing equation, where the tip mass is consid-
ered and a stability analysis is performed. Houblot and Brooks [11] also employed the
beam model to derive equations of motion for a rotating blade, showing identical results
while using the Hamilton’s principle and the second Newton law, respectively. As another
research branch, the thin-walled beam theory is frequently used to model turbine blades,
for example, by Oh et al. [28, 29], Librescu and Song [21], Librescu et al. [20].

Although the beam theory can accurately capture the flexible modes along the span-
wise direction and torsional modes, it is not able to extract the in-plane modes and the
flexible modes along the chordwise direction, because the beam model is a one-dimensional
model. To obtain the complete vibration patterns of the rotating blade system, it is nec-
essary to use a two-dimensional structure model, such as the plate or shell theory.

Normally, the plate model is used to describe the flat blade, but it is also possible to
approximate the curved surface with a small twist rate by using the linear twist curvature.
Yoo and Chung [51] used Kane’s method to model a rotating blade while applying a plate
model. In that paper, the dynamic response of a blade at a rotation speed from startup
to a stable state is studied. Based on Yoo and Chung’s derivation, Liu and Hong [25]
used FEM to obtain similar dynamic analysis. Yoo and Kim [53], Yoo and Pierre [55]
investigated the modal behaviour of a rotating blade at variable stagger angles by using
the Kane’s method. Lim and Yoo [23] used the same approach to consider the influence
of variable acceleration on the rotating blade, where numerical results displayed a good
agreement with those by Ansys. An alternative method, the Hamilton’ principle, is also
used to derive the governing equations of the rotating blades by many researchers. For
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example, Oh et al. [28, 29], Librescu and Song [21], Librescu et al. [20] studied the thin-
walled rotating blade with using functionally graded materials, while f. Xiao and Chen
[50] used the thin plate theory to solve a straight blade rotating at a vanishing stagger
angle.

The shell theory is more complicated compared to the plate theory, but it is quite
convenient to deal with the twist blade surface. Rao and Gupta [37] used the thin shallow
shell theory to model a pretwisted rotating blade and study the influences of the rotation
speed, pretwisted angle, stagger angle etc. The thin shell theory is also used to investigate
a cylindrical [15] and conical [13] rotating panels with a twisted angle, where many para-
metric results are presented. Sinha and Turner [43] applied a thin shell theory to study
the dynamic characteristics of the pretwisted rotating blade, where the equations of mo-
tion are simplified to be only dependent on the transverse displacement and the specific
mode shape functions are designed to satisfy the first few modes in order to reduce the
computational cost. Furthermore, the thick shell theory is employed by Hu et al. [14, 12]
to study the pretwised plate in a non-rotation situation but there is not the rotating case
studied. Qatu et al. [35], Qatu and Leissa [34] investigated the vibration of the twisted
composite blade and gave a detailed description on the two-dimensional shell theory.

1.2.2 Numerical simulation

All dynamic modeling procedures will finally end up with the partial differential governing
equations. To solve these linear or non-linear partial differential equations a great number
of numerical simulation methods have been developed. In those methods, the Galerkin or
Rayleigh Ritz method, as a traditional method, is widely used in almost all engineering
fields. In the study of rotating blades, Yoo and Chung [51], Yoo et al. [54], Yoo and Kim
[53], Yoo and Pierre [55], Yoo et al. [52] employed the Ritz method for all numerical
simulations. On the other hand, Oh et al. [28, 29], Librescu and Song [21], Librescu et al.
[20] applied the Extended Galerkin Method (EGM).

However, the limitation of the Galerkin method is the high computational cost of the
numerical integration when a high order polynomial is used as a trial function. Addi-
tionally, the high order polynomial may generate fluctuations, consequently affecting the
accuracy of the results. Taking into account these drawbacks, the Chebyshev Collocation
(CC) method is introduced. Its advantage is that Chebyshev polynomials provide a fast
convergence and good accuracy with a low computational cost. Unfortunately, the CC
method is widely used in the field of fluid mechanics, but not fully exploited yet in solid
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mechanics, because the CC method is mainly applied for problems with simple bound-
ary conditions. In order to solve the problems with complex boundary conditions (two
boundary conditions at the same boundary), several tricky mesh implementations have
been suggested by Refs. [16, 17, 41, 42, 44, 27, 56, 39]. Jang et al. [16] employed one extra
point with a extremely small offset from boundary to impose the extra boundary condi-
tion. Yu et al. [56] assumed the fiction points outside of the boundary to assign the second
boundary condition. Shu and Du [41], Sari et al. [39] utilized the inner points neighboring
the boundary edges to allocate the additional boundary conditions in order to investigate
the vibration of a flat plate under a non-rotation condition. In this thesis, the CC method
is applied on a rotating blade model considering the dynamic boundary conditions. To
the author’s knowledge, the CC method has not been applied into a rotating structure
successfully.

1.3 The evaluation of the structural damping

In general, any real material has the ability to dissipate vibrational energy to some extent
and this damping mechanism can be quantified by the loss factor [6], reading

η =
Wl

2πWr
, (1.1)

where Wl denotes the energy loss and Wr the reversible energy under a sinusoidal ex-
citation. On one hand, the analytical damping model can be established by Eq. (1.1),
if the governing equation of the studied object is obtained. A complete summary was
given by Cremer et al. [6] to describe how to analyze various damping structures, such
as the simple damping layer structure, the constrained layer structure, the thin interlayer
structure and resonant systems including several experiment methods for damping tests.
The constrained viscoelastic layer structure as well as the spaced damping treatment was
studied by Edward M. Kerwin [7]. Ross et al. [38] investigated the damping of viscoelastic
treatment on flexural waves.

On the other hand, based on the experiment or FEM, several methods are developed
or extended for the damping estimations. They are the reverberation time, the half-power
bandwidth, Modal Strain Energy (MSE) and the logarithmic decrement methods.

• The reverberation time method

The common procedure is firstly to excite the test object and secondly to suddenly remove
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the excitation source. Due to the damping this switch-off procedure results in a decrease
curve called decay curve. The time duration by which the decay curve reduces 60 dB is
called reverberation time or decay time denoted T60. The relation of decay time to the
loss factor is written [6]

T60 =
loge 106

ηω
≈ 2.2

ηf
, (1.2)

where f is the frequency.

• The half-power bandwidth method

η =
4ω
ωres

, (1.3)

where 4ω is the frequency bandwidth at 3dB reduction from the resonance peak and ωres

is the corresponding resonance frequency.

• The MSE method

The concept of MSE method is that the total loss factor of a system at each resonance is
the ratio of the dissipated strain energy to the total strain energy at the corresponding
resonance [31], reading

ηtotal =
ηbaseSEbase + ηcoatingSEcoating

SEbase + SEcoating
, (1.4)

where SEbase and SEcoating denote the elastic strain energy of the base structure and
coating treatment, respectively; ηbase and ηcoating are loss factors of the base and coating
materials, respectively.

The analytical method is faster than FEM to calculate damping for a simple geometry
structure, such as a beam and plate. If the structure has a complicated geometry, the
analytical model may give a poor estimation. While FEM is capable of simulating those
complex geometries with a satisfied accuracy.

It is known that the damping of a structure is mainly dependent on the properties
of its material. Commonly, metal alloys which are used to manufacture blades, present
poor damping characteristic. One efficient way to increase damping is to cover damping
materials over the blade surface. Because the operation environment of compressor blades
is critically severe, traditional soft damping materials, such as rubber, are not applicable.
To the contrary, hard coating material with a high stiffness and good damping behavior
would be an appropriate choice for the compressor blade.
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Many researches work on investigating the amplitude dependent damping behaviour
of the hard coating materials. Patsias et al. [30] employed the modified Obster model to
extract the damping of the coating (aluminum oxide) based on damping measurements
while using the logarithmic decrement method. Torvik et al. [45] presented damping mea-
surements by resonance response and time decays. Patsias and Williams [31] applied the
damping measurements to determine the resonance frequencies and then an iterative code
based on FEM is used to identify the exact value of Young’s modulus, finally implement-
ing MSE method to obtain the loss factor of the coating. Green and Patsias [10] used
a friction element to describe the hard coating in finite element analysis, showing good
agreement with measurement results. Blackwell et al. [3] presented experimental work on
nonlinear damping of mag spinel treated over a square plate.

Although both experimental researches and FE simulations have been studies, few
works have paid attention on the real blade geometry. In this thesis, a single aluminum
oxide layer coated over a real compressor blade is studied to investigate its damping
characteristic.

1.4 Brief introduction of TURBOPOWER program

The author’s work belongs to COMP (TurboVib) project via TURBOPOWER program.
COMP project aims to develop numerical tools to predict the life of turbo machinery
components under HCF, which is comprised of four work packages: aerodynamic forcing
(WP1), aerodynamic damping (WP2), structural damping (WP3) and fatigue prediction
(WP4). In this thesis, the author mainly works for WP3 and the main target is to develop a
numerical tool to evaluate the structural damping for a rotating compressor blade treated
with different damping materials, such as aluminum oxide, finally providing the predicted
structural damping as the input data to the TurboVib synthesis.
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Chapter 2

Dynamic Modeling

2.1 Plate and shell theories

Modern compressor blades, characterizing a large thickness ratio (the length to the thick-
ness) and curved surface, can be modeled by using the plate or shell theory. Generally,
the plate theory is used to describe the straight blade (no twist exists), but it still can be
employed to model the pretwisted blade by using a linear twist curvature of the surface.
Using the shell theory, in principle, an arbitrary curved structure can be defined in the
curvilinear coordinate system. In this thesis, a thin plate theory is adopted to model a
rotating straight blade mounted at an arbitrary stagger angle (Paper A); while a general
thick shell theory is used for simulating a pretwisted rotating blade (Paper C). More-
over, a multilayer structure model based on a high order layerwise theory is established
for analyzing the damped rotating blades (Paper B).

A straight rotating blade

The description of the coordinate system used for modeling the straight blade can be
found in Paper A. By using the thin plate theory, three displacement components w, u
and v along z, x and y, respectively, are defined as unknown variables dependent on the
x and y-coordinates. The strain-displacement relation is written as

γxy = −2zwxy + uy + vx

εx = −zwxx + ux

εy = −zwyy + vy.

(2.1)
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The constitution model of the thin plate structure is used to derive the strain-stress
relation, reading 

τxy = Gγxy

σx = E
1−µ2 (εx + µεy)

σy = E
1−µ2 (εy + µεx),

(2.2)

where µ is Poisson’s ratio, E is Young’s modulus and G is shear modulus.

A pretwisted rotating blade

It is known that the shell theory is able to accurately model the geometries with the
surface curvature. Hence, an appropriate choice for modeling a pretwisted blade is to use
the shell theory. In the early research, a shallow shell theory is applied while using the
Cartesian coordinate system instead of the curvilinear coordinate system. However, this
simplification is only suitable for the blade with a small twist rate. With increased twist
rate of the blade, the error will become larger, eventually exceeding the acceptable range.
To establish a generic pretwisted blade model, a general shell theory is employed and a
brief introduction is given below (see details in Paper C).

Figure 2.1: The scheme of the rotating blade model.

As shown in Fig. 2.1, a pretwisted blade is modeled as a cantilever twist shell, clamped
to a rigid disk with a radius R, mounted with a stagger angle ϕ. The pretwist angle at
the free end of the shell is denoted θ. The parameters of the twisted blade are: the length
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of the blade along x-axis L; the width b ; the thickness h; the density ρ; the Young’s
modulus E; Poisson’s ratio µ and the rotation velocity Ω. Several coordinate systems are
defined in this paper for dynamic modeling. The first is the XY Z - coordinate system,
where X-axis is along the spanwise direction of the blade, Y-axis is the rotation axis and
Z-axis is perpendicular to the XY-plane following the right hand rule. The second is the
x

′
y

′
z
′- coordinate system, where the origin lies in the root of the blade, the three axes

are parallel to the X Y Z-axes. With rotating the x′
y

′
z
′coordinates around the x′-axis

with an angle ϕ, a new coordinate system x y z is obtained with unit vectors (i, j, k).
To describe the twisted surface of the blade, an orthogonal coordinate system x β n can
be defined [37, 22], where the β-axis is perpendicular to the x-axis and equal to y-axis
at x = 0, rotating at a constant twist rate θ̃0 = θ/L [rad/m], if a linear variation of the
twist angle is assumed; the ζ-axis is the normal vector to the blade surface, i.e. the cross
product of the x and β axes. Here, an arbitrary point on the middle surface can be written
only using the x β-coordinates

r0 = xi + β cos(θ̃0x)j + β sin(θ̃0x)k. (2.3)

Based on the theory of surface [33], the corresponding unit vectors along each orthog-
onal coordinate can be derived

a1 = r0,x

Â
= 1

Â
i + −βθ̃0 sin(θ̃0x)

Â
j + βθ̃0 cos(θ̃0x)

Â
k

a2 =
r0,β

B̂
= cos(θ̃0x)j + sin(θ̃0x)k

a3 = a1 × a2 = −βθ̃0
Â

i + − sin(θ̃0x)

Â
j + cos(θ̃0x)

Â
k,

(2.4)

where Â = |r0,x | =
√

1 + θ̃20β
2 and B̂ = |r0,β| = 1. Then, to include the normal axis ζ, an

arbitrary point on the pretwisted blade can be expressed as

r
′
= r0 + ζa3, (2.5)

and corresponding unit vectors are written
g1 =

r
′
,x

A
= 1

A
i + [−βθ̃0 sin(θ̃0x)

A
− ζθ̃0 cos(θ̃0x)

AÂ
]j + [βθ̃0 cos(θ̃0x)

A
− ζθ̃0 sin(θ̃0x)

AÂ
]k

g2 =
r
′
,β

B
= [−ζ θ̃0

BÂ
3 ]i + [ cos(θ̃0x)

B
+

ζβθ̃20 sin(θ̃0x)

BÂ3
]j + [ sin(θ̃0x)

B
− ζβθ̃20 cos(θ̃0x)

BÂ3
]k

g3 =
r
′
,ζ

|r′,ζ|
= a3 =−βθ̃0

Â
i + − sin(θ̃0x)

Â
j + cos(θ̃0x)

Â
k

(2.6)
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with the corresponding first fundamental forms read A =

√
Â2 + ζ2θ̃20/Â

2 = ÂB and

B =

√
1 + ζ2θ̃20/Â

4. Thus, the position of an arbitrary point on the blade after deformation
reads

r = r
′
+ u =r0 + ζa3 + ua1 + va2 + wa3, (2.7)

Following the strain definition by Qatu et al. [35], neglecting the normal stress by the
shell theory, the general strain components in the local coordinate system (g1 g2 g3) can
be calculated by 

ε11 = u,x
A

g1

ε22 =
u,β
B

g2

ε12 = u,x
A

g2 +
u,β
B

g1

ε13 = u,x
A

g3 + u,ζg1

ε23 = u,x
B

g3 + u,ζg2.

(2.8)

Since the unit vectors (g1 g2 g3) are not orthogonal (g1 · g2 6= 0), the strain components
derived in Eq. (2.8) have to be transferred to the orthogonal coordinate system (a1 a2 a3).
Using the tensor transformation law referring to Washizu [49], Tsuneo and Teiyu [47], the
new strain tensors can be derived by

εij = δliδ
m
j εlm, (2.9)

where εij is the strain tensors in the new coordinate system, εlm is the strain tensors in
the old coordinate system, δli and δmj are called the scalar multiplication, reading

δpq = gpnhqn, (2.10)

where p, q and n =1,2,3; gpn is the contravariant metric tensors in which each tensor is
the corresponding element of the inverse of the matrix [gp · gn ]3×3 and hqn = aq · gn is the
covariant metric tensors (details see in Paper C). Thus, only considering the isotropic
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material, the stress components can read

σ11

σ22

σ12

σ13

σ23


=



E
1−µ2

µE
1−µ2 0 0 0

µE
1−µ2

E
1−µ2 0 0 0

0 0 E
2(1+µ)

0 0

0 0 0 KE
2(1+µ)

0

0 0 0 0 KE
2(1+µ)





ε11

ε22

ε12

ε13

ε23


(2.11)

where K = 5/6 is the shear correction.

2.2 Multilayer structure modeling

The main purpose for modeling the multilayer structure is to study the damping char-
acteristic of the blade with different damping configurations. For the simplification, a
straight multilayer, rotating blade is modeled by using a new quadratic layerwise theory.
The high order layerwise theory by Plagianakos and Saravanos [32] is extended to the dy-
namic modeling of a multilayer rotating compressor blade mounted at an arbitrary stagger
angle. As illustrated in Fig. 2.2, at each interface, the in-plane displacement components
(uj , vj) and for each laminate layer, two hyper rotation angles (θαj, θβj) are defined as
the independent variables; the transverse displacement w0 is assumed constant along the
thickness direction. Hence, the displacement at an arbitrary position of the multilayer
structure is written as three orthogonal displacement components

u(j) = Θ1uj + Θ2uj+1 + Θ3θαj

v(j) = Θ1vj + Θ2vj+1 + Θ3θβj

w(j) = w0,

(2.12)

where (.)
(j) denotes the variable of the j-th layer; Θ1, Θ2 are linear shape functions and

Θ3 is a quadratic shape function (details of those shape functions can be found in Paper
B).
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Figure 2.2: The scheme of the multilayer model.

In terms of the elasticity theory, the strain components read

εxx = u,x

εyy = v,y

εxy = u,y + v,x

εxz = w,x + u,z

εyz = w,y + v,z.

(2.13)

According to the Cauchy generalized Hooke’s law [9], only considering isotropic mate-
rials, the strain-stress relations read

σxx = E
1−µ2 (εxx + µεyy)

σyy = E
1−µ2 (εyy + µεxx)

σxy = E
2(1+µ)

εxy

σxz = E
2(1+µ)

εxz

σyz = E
2(1+µ)

εyz.

(2.14)
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2.3 Hamilton’s principle

The Hamilton’s principle is a general tool to derive the governing equations of a dynamic
structure system, if the total energy can be expressed. The typical Hamilton’s principle
can be written

δ

t2̂

t1

(T − US − UP +W )dt = 0, (2.15)

where T is the kinetic energy with considering the rotation effect; US is the strain energy
which can be obtained from section 2.1 and 2.2; UP is the potential energy which is due
to the inward displacements (non-linear terms) under the centrifugal effects; W is the
virtual work caused by external forces. After complicated variation calculations, the gov-
erning equations can be derived or an equivalent weak form can be written for numerical
simulations (details see in Papers A, B and C).
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Chapter 3

Numerical Simulation

3.1 Galerkin method

The Galerkin method is a powerful tool to solve linear Partial Differential Equations
(PDEs). This method is based on the weight residual method. The Galerkin method
specifies the trial function as the weight function. It is well known that, in FEM, the
Galerkin sense is used to satisfy the governing equations in each finite element domain.
However, the boundary conditions are needed to be satisfied by giving some special treat-
ments on the nodes at the corresponding boundaries. In this thesis, an extended Galerkin
method is introduced, where the Galerkin sense is used to satisfy the governing equations
with corresponding natural boundary conditions in the whole computational domain and
the trial function has to be designed for the satisfaction of the geometric boundary con-
ditions (such as clamped boundary conditions) in advance. The selections of the trial
functions could be power series, orthonormal polynomial by using Gram-Schmidt pro-
cedure as referring to Hu et al. [12], trigonometric functions or some hybrid polynomial
(such as trigonometric functions combined with power series by Sinha and Turner [43]). In
Paper A, a power series is used as the trial function and the simulation is performed by
Matlab; In Papers B and C, a commercial software COMSOL Multiphysics® is used
to solve the weak form of governing equations, where the trial function is automatically
selected by COMSOL Multiphysics®.
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3.2 Chebyshev collocation method

The collocation method is a fast numerical procedure to solve the PDEs, because this
method only evaluates the values at collocation points and the numerical integration is
not required. In the collocation method, it needs to be emphasized that the selection
of the trial function determines the numerical convergence and the distribution of the
collocation points greatly affects the numerical accuracy, especially for the case with the
complicated boundary conditions. Considering the two aspects, the Chebyshev collocation
method is used in the current study, where due to its good convergence characteristic the
Chebyshev polynomial is chosen as the trial function and the Gauss-Lobatto distribution
is applied for assigning the collocation points. As referring to Schlatter [40], Trefethen
[46], a one-dimensional spatial derivative of an unknown variable at the collocation points
with the Gauss-Lobatto distribution reads

u′ = BNu, (3.1)

where u = [u(x1), u(x2) · · · u(xN )]T, u′ = [∂u(x1)/∂x , ∂u(x2)/∂x · · · ∂u(xN )/∂x ]T, BN is called
derivative matrix, reading

BN00 = (2N 2 + 1)/6; BNNN = −(2N 2 + 1)/6;

BNjj =
−xj

2(1−x2j )
, j = 1, · · · , N − 1;

BNij = ci
cj

(−1)i+j

(xi−xj ) , i 6= j, i, j = 1, · · · , N − 1

and ci =

2 i = 0, N

1
.

Thus, according to Trefethen [46], the high order spatial derivative matrices in the
two-dimensional case are written

Dx = Iy ⊗B(1)
x ,Dxx = Iy ⊗B(2)

x ,

Dy = B(1)
y ⊗ Ix,Dyy = B(2)

y ⊗ Ix,

Dxy = Iy ⊗B(1)
x ∗B(1)

y ⊗ Ix,Dx2y2 = Iy ⊗B(2)
x ∗B(2)

y ⊗ Ix,

Dx2y = Iy ⊗B(2)
x ∗B(1)

y ⊗ Ix,Dxy2 = Iy ⊗B(1)
x ∗B(2)

y ⊗ Ix,

(3.2)

whereB(k)
x andB(k)

y are the k th derivative matrices along x and y dimensions, respectively;
Ix and Iy are Nx×Nx and Ny×Ny identity matrix, respectively; Nx and Ny are numbers
of collocation points along the x, y coordinates, respectively; ⊗ is Kronecker operator. As
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mentioned in Chapter 1, there is a challenge to solve the case with two boundary conditions
at the same boundary edge. The solution [39] is to assign one boundary condition at the
original boundary while placing another boundary condition at the neighboring points
near the boundary. Hence, the vector u is split to two parts [ubc uin]T where "bc" denotes
the boundary and "in" denotes the inner region, and corresponding matrices are split to
four sub matrices, as shown in Eq. (3.3). By using these derivative matrices above instead
of the derivative terms in the governing equations, and, neglecting the external forces, a
linear second order Ordinary Differential Equation (ODE) system can be obtained as

Aü + Bu̇ + Cu

=

 0 0

A21 A22

 übc

üin

 +

 0 0

B21 B22

 u̇bc

u̇in

 +

 C11 C12

C21 C22

 ubc

uin


= 0. (3.3)

Eliminating the sub vector ubc from the equation above, boundary conditions are
vanished into the ODE which only satisfies on the inner region

(A11 −C−111 C12 + A22)üin + (B11 −C−111 C12 + B22)u̇in

+(C11 −C−111 C12 + C22)uin = 0. (3.4)

Using the state space notation, the second order ODE above can be transferred into
a first order derivative equation to extract the eigenfrequencies and mode shapes.

3.3 Inverse FFT with mode decomposition

The transient analysis is capable of investigating the forced response caused by an ar-
bitrary excitation (harmonic, random or impact loads) in the time domain. A typical
method of solving the transient problem is the time discretization approximation, where
many methods are published, such as Newmark method. However, these methods are only
appropriate for Rayleigh damping or viscous damping models, but not available for the
hysteresis damping (using complex Young’s modulus). The reason is that the hysteresis
damping maybe non-casual. In order to use the hysteresis damping in the transient anal-
ysis, according to Barkanov [2], the time dependent excitation force F(t) is used as the
external load, being added at the right side of the Frequency Response Function (FRF) in
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Eq. (3.5). For the sake of saving the computation time, the mode decomposition method
is applied to reduce the full model into a M ×M reduction model, with using the first M
eigenvectors. Thus, the reduced FRF can be written

(−ω2M + K + iωC)X = F(t) (3.5)

(−ω2ΦTMΦ + ΦTKΦ + iωΦTCΦ)x = ΦTF(t), (3.6)

where Φ = [φ1 φ2 · · ·φM ] is the eigenvectors normalized to the mass matrix M ; X = Φx;
x = [x1 x2 · · ·xM ]T and F(t) is the external load as a function of time.

The Fast Fourier Transform (FFT) is used to transfer the time dependent force to the
summation of the forces at each frequency component, reading

(−ω2Mmd + Kmd + iωCmd)x = ΦT

N∑
n=1

F(n)e−
i2πnk
N , (3.7)

where Mmd = ΦTMΦ; Kmd = ΦTKΦ; Cmd = ΦTCΦ; N is the number of sampling
points in the time domain; k is the number of the frequency components.

Then, the frequency response analysis can be implemented for each frequency compo-
nent. Observed the above equation, k groups of linear ODEs require to be solved. Once
the frequency response results are obtained, the inverse Fast Fourier Transform (iFFT) is
employed to transfer the results from the frequency domain to the time domain, finally
resolving the transient response.

A study of a two-layer cantilever blade in the non-rotation case is performed here,
with considering a point force excitation. The parameters as shown in Table 3.1 are used.
The mode decomposition is implemented to reduce the matrix size from 26000× 26000 to
30× 30 with an acceptable accuracy. To let the loss factor having physical meaning, the
loss factor is modified: being 0 at 0 Hz, linear increase up to 10 Hz, keeping the constant
value above 10 Hz.
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Table 3.1: Parameters of the two-layer cantilever plate.
Layer 1st layer 2nd layer

Material Steel Aluminum oxide

Young’s modulus [GPa] 221 45

Loss factor 10−4 0.02

Thickness [mm] 2 1

Poisson ratio 0.3 0.33

Density [kg m-3] 7850 3600

For the transient analysis, in the beginning a sinusoidal excitation force acts at one
point near the tip of the blade in approximate 0.2 seconds, and, after that the excitation
source is switched off. The first 8 eigenfrequencies are selected as the angular frequency of
the sine signal, respectively. Figure 3.1 illustrates the displacement responses for the eight
cases in the time domain. Then, the reverberation time method is used to calculate the
loss factor at the frequency of each sine signal. In Fig. 3.2, the loss factors calculated by
using iFFT method are plotted, and the comparison with these obtained from the modal
analysis shows that the iFFT method can capture the loss factors with a high accuracy
at all resonances including the in-plane mode (mode 7).
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Figure 3.1: The transient response at the first 8 eigenfrequencies.
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Figure 3.2: Comparisons of loss factors by using iFFT and the modal analysis.
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Chapter 4

Results and Discussion

4.1 Modal analysis

Generally, the modal analysis is the first step to investigate the structural vibration char-
acteristics, because this analysis is a fast tool to identify the eigenfrequencies and vibration
patterns for the following forced response analysis or transient analysis. In order to vali-
date the current models (i.e. plate or shell models), comparisons of the eigenfrequencies
with the literature references or results by Ansys are performed with varying several
significant designing parameters, such as the stagger angle, pretwist angle, rotation speed
etc.

One important parameter is the stagger angle which gives strong influences on the
flow passing the blade surface. In Fig. 4.1, a parametric analysis using both EGM and
CC methods is implemented with the stagger angle at 30◦, 45◦ and 60◦, rotating at 9000
rpm (ω = 300π rad s-1). To verify the simulation results, a comparison against Ansys

results is made, showing good agreements. It is noticed that with increased stagger angle,
the eigenfrequencies increase. Figure 4.2 presents the relative increment of the eigenfre-
quency for various stagger angles compared to that of 0◦ stagger angle. The first three
eigenfrequencies show the obvious increase around 2-15 %, and the high eigenfrequencies
still have the similar increase trend but with quite small increment less than 1%.
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Figure 4.1: Comparisons against Ansys results with respect to the stagger angle: 30◦

(left), 45◦ (middle) and 60◦ (right).
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Figure 4.2: Relative eigenfrequency increment of the variation stagger angle.

An alternative designing parameter is the operational rotation speed of the turboma-
chinery. As a result of plotting the eigenfrequencies as a function of the rotation speed, a
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Campbell diagram is shown in Fig. 4.3 for a straight blade mounted at 0◦ stagger angle
rotating from 3000 rpm to 15000 rpm. It can be observed that eigenfrequencies increase
with increased rotation speed, because the centrifugal force generates the prestress field
on the blade body, finally increasing the stiffness of the blade. Comparisons between the
EGM and Ansys results show good agreements in predicted eigenfrequencies. The black
circles indicate some crossing regions where the engine operation frequency is coincident
with the eigenfrequency of the blade and may cause critical flutters.
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Figure 4.3: Campbell diagram of a straight blade; the stagger angle: 0◦ and the rotation
speed: 3000 ∼ 15000 rpm.

The Campbell diagram is also used to study a pretwisted blade with a 60◦ pretwist an-
gle mounted at a 30◦ stagger angle, varying the non-dimensional rotation speed q = 0 v 5

in Fig. 4.4 (details about the non-dimensional parameters can be found in Paper C). The
same conclusion can be drawn that all eigenfrequencies increase when the rotation veloc-
ity increasing due to the centrifugal force. Moreover, frequency loci veering is observed:
modes 2 and 3 exchange the mode shapes around the rotation velocity q = 4.5; modes
9 and 10 exchange the mode shapes at q = 3. Figure 4.5 plots mode shapes of modes 8,
9 and 10 at the rotation velocity from 2.5 to 4.5. It can be seen that mode 9 exchanges
mode shapes with mode 10 when the rotation velocity changing from 2.5 to 3.5 and then,
mode 9 exchanges mode shapes with mode 8 while the rotation velocity varying from 3.5
to 4.5.
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Figure 4.4: Campbell diagram of a rotating pretwisted blade; q = 0 v 5, l̄ = 2, t̄ = 40,
r̄ = 1, ϕ = 30◦ and θ = 60◦.

Figure 4.5: Mode shapes of modes 8, 9 and 10 of the blade rotating at q = 2.5, 3.5 and 4.5.
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4.2 Damping analysis

The damping analysis aims to evaluate the damping value (modal loss factor) of the
blade structure with various damping treatments, especially the hard coating layer, i.e.
aluminum oxide. To avoid to affect the aerodynamic profile of the compressor blade sur-
face, a thin coating layer is selected, and normally a simple damping treatment, such as a
two-layer or a three-layer damping configuration, is applied. In order to give a good un-
derstanding of the damping behavior of the coating layer, several important parameters
are varied in the parametric analysis.

The first study is to vary the coating thickness, where the two-layer and three layer
damping treatments give the opposite results: for the two-layer treatment, with increasing
coating thickness, the modal loss factor at resonances increases; while for the three-layer
treatment, with increasing the constrained layer thickness, the modal loss factor decreases.
The conclusion is proved for both non-rotation and rotation cases, shown in Figs. 4.6 and
4.7. The reason why the three-layer treatment gives the opposite damping behavior is
due to the frequency dependent damping property of the constrained layer structure as
referring to Cremer et al. [6]. In Fig. 4.8, the loss factor of the constrained layer structure is
frequency dependent and the frequency corresponding to the maximum in the loss factor
curve shifts to higher frequencies with decreasing thickness of the constrained layer. For
modes with eigenfrequencies above the frequency corresponding to the maximum in the
loss factor curve a decrease in thickness will lead to a higher modal loss factor due to the
shift of the loss factor curve to higher frequencies (the black arrow indicates the trend of
the loss factor increase).

As observed in Fig. 4.6, the modal loss factor of the two-layer blade has a large drop
(at the 7th resonance for the 1 mm case; the 8th resonance for the 0.5 mm case; the 9th
resonance for the 0.25 mm case) and for the three-layer blade there also exists a large
drop (the value is extremely small, close to zero) at resonance around 2000 Hz. It can be
explained that at those resonances the vibration pattern is in-plane mode which can not
generate enough damping effect, because the main source to structural damping comes
from the transverse bending vibration for the two-layer structure and the transverse shear
deformation for the three-layer structure.
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Figure 4.6: Left: modal loss factors of a two-layer blade at the first 20 resonances using
the reduced 2D model; the coating thickness: 1 mm (solid line), 0.5 mm (dash-dotted line)
and 0.25 mm (dotted line). Right: modal loss factors of a three-layer blade at the first 20
resonances using the reduced 2D model; the constrained layer thickness: 0.5 mm (solid
line), 0.25 mm (dash-dotted line) and 0.1 mm (dotted line).
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Figure 4.7: Left: modal loss factors of a two-layer rotating blade at the first 15 resonances
using the reduced 2D model; the rotation speed is set to 9000 rpm (300π[rad/s]) at the
0◦ stagger angle; the coating thickness: 1 mm (solid line), 0.5 mm (dash-dotted line) and
0.25 mm (dotted line). Right: modal loss factors of a three-layer rotating blade at the
first 15 resonances using the reduced 2D model; the rotation speed is set to 9000 rpm
(300π[rad/s]) at the 0◦ stagger angle; the constrained layer thickness: 0.5 mm (solid line),
0.25 mm (dash-dotted line) and 0.1 mm (dotted line).
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Figure 4.8: Qualitative damping behavior of the constrained-layer structure for varying
thickness of the constrained layer as referring to Cremer et al. [6].

The second study is to investigate the damping behavior of a blade while varying the
rotation velocity. From Fig. 4.9, for the two-layer blade, the loss factor shows a frequency
dependent characteristic while rotating from 0 rpm to 15000 rpm at a 30◦ stagger an-
gle. This irregular damping pattern is caused by frequency loci veering, as referring to
Lopez et al. [26], Chen and Kareem [5]. The corresponding Campbell diagram is plot-
ted for the first 15 eigenfrequencies in Fig. 4.10, where several veering regions marked
by the black rectangles with numbers indicate interaction regions. The eigenfrequency-
lines approach each other and suddenly veer away instead of crossing. This results in a
high local curvature, with the eigenfrequency-lines continue along the path that the other
eigenfrequency-line would have taken if a crossing of the lines would have taken place,
and in an exchange of mode shapes and loss factors before and after the veering region.
For example, mode 9 interacts with mode 8 in rectangle 1; mode 10 interacts with mode
9 in rectangle 2; mode 7 interacts with mode 6 in rectangle 3.
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Figure 4.9: Modal loss factor of a two-layer rotating blade at the first 12 resonances using
the reduced 2D model; the parametric analysis with variations of the rotation speed from
0 rpm to 15000 rpm, at the 30◦ stagger angle; the coating thickness: 0.25 mm.
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Figure 4.10: Campbell diagram of a two-layer blade at the 30◦ stagger angle; the coating
thickness: 0.25 mm.
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Figure 4.11: Normalized frequency ηf of a two-layer rotating blade at the first 12 reso-
nances using the reduced 2D model; the parametric analysis with variations of the rotation
speed from 0 rpm to 15000 rpm, at the 30◦ stagger angle; the coating thickness: 0.25 mm.

Moreover, the modal loss factors and normalized frequencies versus the rotation speed
are shown for the two-layer blade at the first 12 eigenfrequencies in Figs. 4.9 and 4.11.
Generally, at the first few eigenfrequencies (modes 1-4, 11 and 12), the modal loss factors
decrease with increasing rotation speed. The reason is that in the current model structural
damping is introduced by using the complex Young’s modulus. This results in a complex
stiffness matrix, where the imaginary part is denoted K(η). The calculated loss factors
(twice of damping ratio) at resonance correspond to viscous damping, proportional to the
velocity (iωC). The relationship between the imaginary part of the stiffness and damping
matrices is written as C = K(η)/ω. Because the imaginary part of the stiffness matrix
K(η) is constant, with increasing rotation speed, the modal loss factors decrease with
increasing rotation speed due to the increase in the eigenfrequencies. Similar results can
be found in Fung and Yau [8]. If checking the normalized frequency ηf in Fig. 4.11,
the normalized frequency still presents somehow a decrement trend with increasing the
rotation velocity, which is opposite to the expectation. Because the decrease in modal loss
factor with increasing rotational speed is not only due to the stiffening effect (increase in
eigenfrequency) but also to the Coriolis forces which lead to a decrease in damping as the
rotational speed increases.

To perform a detailed analysis on the frequency loci veering phenomenon for the two-
layer blade case, a closer view of the normalized frequencies corresponding to modes 5 to
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10 is given in Fig. 4.12. It can be seen that the first veering region appears around 2000
rpm, where mode 8 exchanges mode shapes with mode 9. After the veering region, mode
8 continues along the green dashed line marked by downward-pointing triangles. At 7500
rpm, mode 8 enters the second veering region, where mode 8 exchanges mode shapes with
mode 10. Above 7500 rpm, mode 8 goes down along the dashed line marked by squares;
while the curve of mode 10 keeps flat with slight decrement. Applying this veering rule
to all veering regions, it becomes apparent that all modes display a decreasing tendency
in modal loss factor with increasing the rotation speed. It is not possible to tell from Fig.
4.11 whether the normalized frequency lines cross or not, which would indicate a strong or
weak veering interaction respectively, but this has no influence on the previous conclusion.

One more observation is emphasized here: by using the veering rule in Fig. 4.12, it can
be concluded that the normalized frequency of mode 9 is independent of the rotational
velocity. The reason is that mode 9 at 0 rpm is the in-plane mode which is not affected by
the Coriolis effect. A similar analysis can be made for the three-layer blade by applying
the veering rule.

In short, the conclusion can be drawn, for both the two-layer and the three-layer blade,
that the irregular characteristic of the modal loss factor plots as a function of rotational
speed is due to the curve veering phenomenon, which changes the mode sequence as well
as the corresponding loss factors and that the modal loss factors decrease with increasing
rotational velocity for all modes except for the in-plane mode.
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Figure 4.12: Normalized frequency ηf of a two-layer rotating blade at 5-10 resonances
using the reduced 2D model; the parametric analysis with variations of the rotation speed
from 0 rpm to 15000 rpm, at the 30◦ stagger angle; the coating thickness: 0.25 mm.
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Chapter 5

Damping Prediction by FEM

In this chapter, a damping prediction analysis is performed on the structure using the
hard coating layer (i.e. aluminum oxide), where the experimental method and numerical
method are applied. For the experimental method, the measured data are utilized as the
input data to calculate the predicted loss factor of the coating layer by an analytical
model. For the numerical method, a commercial finite element code Ansys is used to
model the hard coating layer which is treated over the simple plate structure or real
compressor blade surface. There are two methods to predict the total loss factor: the
half-power bandwidth method and modal strain energy method. A validation between
the analytical model and numerical method is made. Comparisons of the two damping
prediction methods are presented. Parametric analyses with the variations of the coating
thickness and distribution are implemented. It demonstrates that FEM is a good method
to predict the damping of the real complex structures while the analytical model only
works for simple geometries.

5.1 Simple damping treatment

In turbomachinery, an effective way to increase the structural damping of the blade is to
treat the hard coating material over the structure surface as an uniform, thin coating layer.
This damping configuration is a typical simple damping treatment as shown in Fig. 5.1.
Considering that the studied objects are pure metal turbomachinery components, such as
compressor blades, the loss factor of base material is assumed substantially smaller than
the coated damping material. Therefore, a simplification can be made that the energy
loss is mainly due to the covering damping material. In other words, the loss factor of
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Figure 5.1: The configuration of the simple damping treatment.

the base material is set to be zero in this model. The same damping material is treated
over both sides of base plate with the same thickness. When that specimen is bending,
the damping layer at one side stretches while the damping layer at other side compresses.
Because of the symmetry of the specimen, the energy loss at both sides is equivalent. The
total energy loss is written as referring to Cremer et al. [6]

Wl = WlT +WlB = 2πη2Re(E2)d2|
dξM
dx
|2, (5.1)

where WlT and WlB are the energy loss for the top and bottom damping treatments,
respectively; E2 is the corresponding Young’s modulus for the damping treatment; η2 is
the loss factor of the damping treatment; d2 is the thickness of the damping treatment;
ξM is the displacement component along the middle line of the damping layer. For details
of the derivation, the reader is referred to Cremer et al. [6]. Because the neutral line of
the whole structure is at the middle line of the base plate due to the symmetric of this
specimen, the bending stiffness of the whole structure can be written as D ≈ E1d

3
1/12 +

2E2d2((d1 + d2)/2)2. Thus, the reversible energy can be calculated by

WR =
1

2
D|∂β
∂x
|2, (5.2)

where β is the flexural angle shown in Fig. 5.1. Combining Eqs. (1.1), (5.1), (5.2) the loss
factor of the simple damping treatment plate can be derived as

η =
Wl

2πWR
=

2η2Re(E2)d2(
d1+d2

2
)2

E1d31
12

+ 2Re(E2)d2(
d1+d2

2
)2
. (5.3)
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5.2 Experiment part

The aim of the experiment is to measure the total loss factor of the simple damping
specimens, which is used to calculate the loss factor of the hard coating layer as the input
data for the numerical predictions.

5.2.1 Damping measurement

In the damping measurement, the tested specimens are the small-sized beam made of
titanium and stainless steel, respectively, and aluminum oxide is treated at the both sides
of the specimens. Since the specimens have low material damping and sufficiently long
decay time, the reverberation time method is used to measure loss factors for all cases.
The relation between the loss factor and decay time can be found in Eq. (1.2). With the
definition of the decay time, the 60 dB reduction in some physical quantities, such as
acceleration, velocity, pressure, needs to be measured. However, in practice, the 60 dB
reduction is not easy to reach due to the background noise and the level of the excitation
energy. Common experience shows that at least 20 dB reduction is needed to calculate
the loss factor with an acceptable accuracy.

For the tested specimens with relatively small dimensions, the measurement accuracy
of the loss factor is readily to be affected by exterior factors. Here, the measurement is
designed to perform in a non-contact way. In Fig. 5.2 the specimen is suspended by two
wires to form a free-free situation which allows to suppress the influence of the external
damping induced from the boundary conditions, and avoiding the external damping from
the excitation source, the specimens are excited by knocking. In addition, one microphone
is placed close to the specimen to measure the decay curve in sound pressure level. The
sound signal collected by microphone goes through an amplifier, a 1/3 octave band filter
and into the computer to calculate the reverberation time. The measured data is averaged
in each narrow frequency band (1/3 octave band) in order to suppress the measurement
fluctuations. The measurement equipments are listed in Table 5.1.

The specimens are designed as a slender beam. The reason is that this dimension
can ensure only modes along the length direction of specimens to be excited, removing
complicated mode patterns to simplify the measurement. Figure 5.3 shows the dimension
of the specimens.

39



Jia Sun

Table 5.1: The equipments for the specimens measurement.
Equipment Type Series No.

Microphone MK 225 970276

Preamplifier PCP-233/16 ———

Amplifier MWL UNO ———

1/3 Octave Band Filter B&K 1612 ———

Calibrator LARSON DAVIS Cal 200 3856

Figure 5.2: The configuration of the damping measurement.

5.2.2 Measurement results

In this measurement, aluminum oxide is treated at both side of the specimens same
as the damping model illustrated in section 5.1. The coating thickness is 250 µm, the
coating density is 3600 kg m-3, Young’s modulus of the coating material is 45 GPa and
Poisson ratio of the coating material is 0.33. Two groups of tested specimens are measured
with different base materials: titanium and stainless steel. Once the total loss factor is
measured, the loss factor of the coating material can be calculated by Eq. (5.3).

The calculated loss factors of aluminum oxide are shown in Fig. 5.4 and a difference of
20% between the two results from two tested groups appears. A curve fitting technique is
applied to extract a continuous curve for the loss factor of aluminum oxide. Those results
are to be used in the following FE calculations.
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Figure 5.3: The dimension of the specimens.

Figure 5.4: Loss factor of aluminum oxide.

5.3 FEM analysis

The analytical model gives a good prediction for simple geometric structures, i.e. beam or
plate. However, it is not available for a practical compressor blade which has a complex
geometry to satisfy the aerodynamic requirements in the turbomachinery. Generally, in
FEM analysis, three methods can be used to extract the structural damping: the first
technique is to use the half-power bandwidth method to calculate the loss factor at res-
onance peaks, which requires harmonic analysis. The second technique is called MSE
method. This method simply applies modal analysis for an undamped case provided that
the damping of each material is known. The third technique is to calculate the logarithmic
decrement in the time domain by using a transient analysis. The computational cost of
the third method is quite high, especially at high frequencies where the time step will
become extremely small.

Comparing the efficiencies of the first two methods, the computational cost of using
half-power method is dependent on the number of frequency points swept; while the
efficiency of the MSE method depends on the time cost of the energy integration of the
whole FEM model, where the amount of degree of freedoms becomes a significant factor to
influence the computational speed. In this section, both half-power bandwidth and MSE
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Figure 5.5: Total loss factors of the stainless steel plate model.

methods are applied and all FE analyses are performed by Ansys [1].

5.3.1 Application to a simple rectangular plate

For a simple plate structure case, a FE analysis is performed on a stainless steel plate
model while comparing with results calculated by the analytical model. The dimension
of the plate is 180×85×2mm and a 250 µm aluminum oxide coating layer is treated at
both sides of the plate. In this case, the loss factor of aluminum oxide (green dashed line)
shown in Fig. 5.4 is used as the input data. Solid elements (solid 45) are meshed for both
the base and coating layers. Using the half-power bandwidth method, the loss factor at
resonances are compared with those of the corresponding analytical model, showing good
agreements in Fig. 5.5. However, the results using the half-power bandwidth method are
higher than analytical results because in the FE model all vibration patterns are involved
while the analytical model only takes into account the bending vibrations. Furthermore,
MSE method is applied on the same structure and its results agree well with those of
half-power bandwidth method.

5.3.2 Real blade study

A Computer Aided Design (CAD) model of the real compressor blade is imported into
Ansys for FE analyses. The studied blade is made of titanium and aluminum oxide is
treated over the blade surface at the pressure side while avoiding the influence of added
materials on the aerodynamic profile of the blade. A point force acts on one node near the
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tip of the blade and three node points are selected to measure the frequency peak in order
to calculate the total loss factor of the coated blade, where two nodal points are near
the tip of blade and one point is in the middle of the blade. The reason is that for most
of modes the maximum displacements occur at these three regions. To give comparable
results, all cases are to use the same excitation and response points. The measured loss
factor of the pure blade is used in this FE model. Since the loss factor of the pure blade is
extremely small, a constant loss factor 2.5×10-4 is set. The loss factor curve of aluminum
oxide shown in Fig. 5.4 is utilized in the following FE analyses. The curve only shows the
loss factor of the aluminum oxide above 2000 Hz, while below 2000 Hz the loss factor is
assumed a constant identical to the value at 2000 Hz.

Firstly, a modal analysis is implemented for the titanium blade with aluminum oxide
layer to identify the resonance frequencies in the interesting range (below 5000 Hz and
main focuses on the first modes). Then, the next step is to make a harmonic response
analysis to obtain the response peak and the corresponding frequency response function
curves can be applied to calculate the loss factor at each resonance via the half-power
bandwidth method.

Moreover, MSE method is applied to compare with results obtained by the harmonic
response analysis. Two types of meshings are used: the first is to use solid elements for
both base and coating layers; the second is to model the base blade by solid elements
and the coating layer by shell elements, where the solid and shell elements are bonded
at the interface surface. The advantage of using solid-shell meshing strategy is that the
shell element does not need to be refined when the coating thickness changes. Whereas,
for the solid meshing strategy the mesh has to be refined in order to avoid the occurrence
of the huge aspect ratio of the element. The undamped modal analysis is performed and
the first six eigenfrequencies are listed in in Table 5.2. The results by the two meshings
show good agreement.

Figure 5.6 presents the total loss factors of the blade at the first six resonances up to
5000 Hz. With using solid meshing strategy, results show good agreements between the
half-power bandwidth and MSE methods but at the 5th mode some acceptable difference
exists. In addition, the comparison of MSE results by using two meshings shows a perfect
match in the whole frequency range.
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Table 5.2: Eigenfrequencies of the blade by two types of meshing strategies (Hz).
Mode No. Solid-shell Solid Difference (%)

1 505.87 505.65 0.043489

2 1509 1508 0.066269

3 2155.8 2154 0.083496

4 3697 3695 0.054098

5 4375.6 4374 0.036566

6 5086 5087 0.019662

Figure 5.6: Total loss factors of the compressor blade with aluminum oxide coating layer.

5.3.3 Parametric analysis

Two parameter studies concerning the influences of the coating thickness and distribution,
respectively, are performed. The first study is to investigate the influence on the total loss
factor of the blade while varying the coating thickness. The harmonic response analyses
are performed on the three cases with the coating thickness of 150, 250 and 350 µm,
respectively and a 1N point force is acted at the tip of the blade. Figure 5.7 shows the
second response peaks at one node around the tip of the blade for those three cases. Even
though the added coating layer is quite thin, it still shifts the resonance frequency up to a
higher frequency. It is obvious that with an increased the coating thickness the response
peak decreases. Furthermore, as shown in Fig. 5.8, the loss factor increases with increased
coating thickness.

The second case is to study the effect of various coating distributions on the total
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Figure 5.7: Absolute amplitude of resonance peaks at the node around the tip of the blade.

loss factor. Four types of coating distributions are investigated, as illustrated in Fig. 5.9.
In this study, all coatings are assumed to be uniform with the thickness of 250 µm. It
is known that the first three modes dominate the forced response in the rotordynamics.
Figure 5.10 illustrates the mode shapes of the pure blade at the first three resonances,
where the maximum vibrations appear at the tip of the blade for the 1st and 2nd modes
and in the middle of the blade along the spanwise direction for the 3rd mode. Therefore,
one trial is made by using the coating layer over the top half of the blade surface. The FE
calculation is performed and results are compared with those of the full coating case in
Fig. 5.11. The loss factor of the top half coating is lower than the one of the full coating in
the whole frequency range, because there is only half amount of damping material treated
over the blade surface. But a large reduction occurs at the first resonance. The reason is
that for the first mode (the 1st bending mode) the amplitude of the maximum vibration
mainly depends on the deformation of the blade near the root, where the maximum stress
appears. Hence, suppressing the vibration near the blade root is of importance to reduce
the response peak at the 1st mode. To verify this explanation, one case of using coating
layer over the bottom half of the blade surface is studied. In Fig. 5.11, it is clear that the
loss factor at the first resonance increases and a slight damping increase occurs at other
resonances.

Observed from Fig. 5.10, all maximum vibration areas are located at the right side
of the blade surface. Another coating distribution is suggested to cover the coating layer
over the right half of the blade surface. In Fig. 5.11, the results show that this distribution
not only shows a similar loss factor compared to the top half coating case, but also gives
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Figure 5.8: Total loss factors with the variation of coating thickness.

Figure 5.9: Coating configurations ((a): Top half coating; (b): bottom half coating; (c):
right half coating and (d): two strips coating).

an increase of the loss factor at the 1st mode compared to the bottom half coating case.
The forth damping distribution shown in Fig. 5.10 is to use two strips of damping

materials coated at the tip and middle of the blade. Results show that this coating con-
figuration gives a good damping performance in the whole considered frequency range
except for the 1st mode.
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Figure 5.10: Displacement of first 3 modes for the pure blade.

Figure 5.11: Total loss factors for four types of coating distributions.
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Chapter 6

Conclusion and Future Work

The numerical models of the rotating blade system are established by using the Hamilton’s
principle, resolving the governing equations or the corresponding weak form to study
the dynamic characteristic of the blade. The classical plate theory is used to describe a
straight, rotating blade mounted at an arbitrary stagger angle. The numerical simulations
by the EGM and CC methods demonstrate that both methods can obtain results in
good accuracy compared to the literature references and results by Ansys. To capture
the pretwist curvature of the blade, a general thick shell theory is adopted to model a
pretwisted, rotating blade with concerning the variations of the stagger angle, rotation
velocity etc. For this thick shell model, the equivalent weak form is used to implement
the simulation by COMSOL Multiphysics®, showing good agreements with the reference
data. Furthermore, a proportional damping is included into both the plate and shell
models through the complex Young’s modulus. The damping analysis of a rotating blade
concludes that the damping ratio increases with decreasing the rotation velocity, but at
the non-rotation case the damping ratio is frequency independent.

To study the damping of the hard coating and constrained layer techniques, a mul-
tilayer model based on a high order layerwise theory is developed. This model can give
an accurate prediction of dynamic behavior of the multilayer structures, and the calcu-
lated loss factors reveal frequency loci veering which greatly affects the loss factors and
mode shapes at each resonance. It can be concluded that for both the two-layer and the
three-layer blade, the curve veering phenomenon changes the mode sequence as well as
the corresponding loss factors and that the loss factors decrease with increasing rotational
velocity for all modes except for the in-plane mode.

An alternative solution of predicting the structural damping of a real compressor
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blade with hard coating layer is to use a commercial finite element software – Ansys.
The various meshing techniques and damping assessment methods are compared and the
parametric analyses are performed to study the influence of the coating thickness and
coating distribution. It can be shown that FEM is a good method to predict the damping
value of the real complex structures while the analytical model only works for simple
geometries.

In the future work, the improvement for the computational speed of the numerical
simulations is a possible topic, where the mode decomposition method can be used in all
presented models. The transient analysis would be another direction to study the system
response in the time domain, and a viscous damping model may be included into the
current model. In damping prediction of the real blade by FEM, a precise measurement
on a real compressor blade with the hard coating layer is required for validating results
obtained by FEM.
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Chapter 7

Summary of Appended Papers

Paper A

A dynamic rotating blade model at an arbitrary stagger angle based on clas-
sical plate theory via the Hamilton’s principle
Jia Sun, Leif Kari and Ines Lopez Arteaga

A dynamic model based on classical plate theory is presented to investigate the vibra-
tion behavior of a rotating blade at an arbitrary stagger angle and rotation speed. The
Hamilton’s principle is applied to derive the equations of motion, which are discretised
by a novel implementation of the fast and efficient collocation method for rotating struc-
tures and by the traditional Extended Galerkin method. The results obtained with these
methods are compared and validated with results found in the literature and from com-
mercial finite element software. The proposed collocation method leads to a significantly
lower computation time than the Extended Galerkin method for the same accuracy. The
results show a good agreement with those of the finite element method. Finally, the forced
response analysis is determined for two cases; a point force and a distribution force, using
a proportional damping model.

Paper B

Dynamic modeling of a multilayer rotating blade via quadratic layerwise the-
ory
Jia Sun, Ines Lopez Arteaga and Leif Kari

A novel dynamic model for a multilayer rotating blade mounted at an arbitrary stagger
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angle using a quadratic layerwise theory is developed to study structural dynamics of
the blade, particularly damping properties, using various coating layer configurations. A
reduced two-dimensional (2D) model is used to describe the dynamic behavior of each
layer in the weak form, while the quadratic layerwise theory is applied to interpolate the
transverse shear stresses along the thickness direction. Results of numerical simulations
with the reduced 2D model are compared to the full three-dimensional (3D) model showing
an excellent agreement, comparable to the cubic layerwise theory, for both modal analysis
and frequency response calculations. Moreover, damping analyses are performed on two
types of multilayer blades: two-layer (free damping) and three-layer (constrained layer), in
both non-rotating and rotating situations, and, parametric analyses with varying coating
thickness and rotation speed are carried out. It is shown that damping decreases as the
rotation speed increases due to inertial and Coriolis effects. Furthermore, frequency loci
veering as a result of the rotation speed is observed. The proposed model gives an efficient
and accurate way to study the dynamic behavior of rotating multilayer structures, such
as compressor blades.

Paper C

Shell model for a rotating pretwisted blade
Jia Sun, Ines Lopez Arteaga and Leif Kari

A pretwisted compressor blade is modeled as a cantilever twisted shell mounted at an
arbitary stagger angle, rotating with a constant angular velocity. The strain-displacement
relation and constitutive model based on the general shell theory are applied to bring
out the strain energy of the rotating blade system. Using the Hamilton’s principle, the
variational form of the total energy is derived in order to obtain the corresponding weak
form for the numerial simulation. The model is validated by comparing to literature
results and Ansys results, showing good agreement. In addition, two simplified models are
presented and the limitations of the two models are discussed. The parameteric analyses
are implemented with respect to the rotation velocity, the stagger angle and the radius
of the disk. Proportional damping is included into the current model to investigate the
damping characteristic of the pretwisted rotating blade system. The proposed model is
an efficient and accurate tool for predicting the dynamic behavior of compressor blades,
potentially during the early designing stage of the turbomachinery.
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Paper D

Coating methods to increase material damping of compressor blades – mea-
surements and modeling
Jia Sun and Leif Kari

Methods are developed to improve the damping performance of compressor blades,
where hard coating technique is applied to increase the structural damping, displaying
both measurements and modeling results. Two specimens made of titanium and stainless
steel, respectively, are treated by aluminum oxide and epoxy coating materials. Damping
measurements of simple beam specimens without and with treatments are carried out and
results show that both treatments give an increase in damping, where aluminum oxide
treatment is more effective than the corresponding epoxy treatment. The simple damp-
ing layer structure is modeled analytically to predict the total damping of the combined
structure as well as the material damping of the coating layer. A real compressor blade
treated by aluminum oxide is studied by using the half-power bandwidth and modal strain
energy methods, respectively, to calculate the total damping of the blade. Two types of
meshing strategies are implemented while showing a good agreement. Parametric analy-
ses are performed with the variations of the coating thickness and coating distribution,
respectively. As a result, increased structural damping gives decreased peak stress values
and will therefore prolong the life of compressor blades.
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