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Abstract

In this thesis, a digitalization method with finite word-length (resolu-
tion N) of a given stable analog controller guaranteeing the minimum
difference in terms of frequency responses is treated. The challenge
has consisted in finding a relevant frequency responses mismatch met-
ric and in relating it to the word finiteness issue. The analog con-
troller is represented in modal state-space form and digitalized with
a stability-maintaining approximation (ramp invariance) for different
sampling periods. It results in digital controllers with block diago-
nal transition matrices whose coefficients (poles) are inside the unit
circle. The format is chosen to match the poles dynamical range.
The matrix is then coded and the mismatch measure allows for the
selection of the ”best” poles coded controllers. The remaining ma-
trices are then scaled and coded for these selected controllers. The
measure is computed for each of them. The procedure finally gives
the ”optimal” coded controller. This algorithm is shown to perform
well and better that a simple rounding after the analog controller
discretization phase.
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Chapter 1

Introduction

1.1 Digital controller forewords

Within control design research, a lot of attention has been devoted to method-
ology developments for ”optimal”, in the sense for a given objective, controller
design to achieve desired/required closed-loop performances (in relation with a
given continuous plant).

1.1.1 Standard control problem

The classical standard control problem is the design of a controller K(s) such
that its introduction in a closed-loop achieves the required controlled-plant out-
put behavior. The configuration is then that of a completely continuous control
chain as represented in the following figure:

P (s)

K(s)

yu

Figure 1.1: The classical analog closed-loop system.

Numerous articles and books have been dedicated to controllers synthesis both
in continuous-time and discrete-time. The synthesis include nonlinearities-
handling considerations (e.g. saturations, quantizations, varying parameters
...) and linear or nonlinear tools. It is completed by performance objectives.
They include robust stability, H2,∞ performances, disturbances rejections, linear
quadratic control, input tracking ... These criteria are crucial for some applica-
tions where precise correctly-operating-insurance bounds are a safety question
(aerospace, aeronautics ...). Since the 1980’s, an increasing use of embedded
systems and numerical treatments is observed. These sampled-data control sys-
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CHAPTER 1. INTRODUCTION 2

tems can be designed by following different strategies. These strategies are
usually divided into three categories.

• The first one is based on the design of an analog controller and its dis-
cretization. It may include the sampler and zero-order hold blocks. In the
latter case, it is called redesign problem.

• The second consists in the design of a digital control system for the a
priori discretized plant.

• The last one is called the direct sampled-data approach. It intends to take
the inter-sample behavior into account and is based on continuous lifting.

The most often used approach is the first one. Indeed the second one does
not pay attention to the inter-sample behavior and the third one complexity
hampers its applicability. The methodologies implemented in redesign problem
are then used to obtain sampled-data control systems.

1.1.2 Digital controllers in practice

The infatuation for sampled-data control systems lies in their inherent advan-
tages over analog systems. However, naturally, they also exhibit several draw-
backs. The advantages and drawbacks of both continuous-time and discrete-
time controllers are respectively listed in Table 1.1 and Table 1.2

Advantages Drawbacks
Reliability Components aging
Speed (fast response time) Complexity to embed in some

systems
Lack of flexibility

Table 1.1: Analog controllers pros and cons.

Advantages Drawbacks
Adaptivity Computation time1

Flexibility Signal resolution2

Multiplicity of supports
(FPGA3, DSP4, CPLD5 ...)

Limit cycles

Reliability

Table 1.2: Digital controllers pros and cons.

In spite of the digital controllers advantages over their analog counterparts,
when an optimal continuous-time controller achieving a desired set of perfor-
mances has to be implemented on a real embedded device, engineers have to

1It introduces delays and jitter in the closed-loop
2Word-length finiteness
3Field Programmable Gate Array
4Digital Signal Processor
5Complex Programmable Logic Device
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tackle their drawbacks as well as additional practical problems. The closed-
loop nature is modified and it will require extra precautions compared to the
strictly continuous-time case. The feedback path is where they have to be taken.
The control is thus hybrid, combining simultaneously analog, digital and hybrid
(converters) elements. The closed-loop is then as follow:

−+
r ≡ 0

P (s)
u y

AAADCΨ(z)DAC

Figure 1.2: Closed-loop with sampled-data controller.

ADC and DAC stand for the analog-to-digital and digital-to-analog converters
respectively. The block Ψ(z) embodies the sampled-data control system. The
block AA naturally represents the anti-aliasing filter.

1.2 Digital control loop

1.2.1 Converter-related effects

The plant-controller interconnections are thus not compatible anymore. Plant
output-controller input and plant input-controller output are not of the same
nature. Conversions are needed to link the both of them. The necessary compo-
nents introduction, namely the analog-to-digital and digital-to-analog convert-
ers, is accompanied by converter-inherent issues one of the most performance-
impacting being the quantization.
An ideal analog-to-digital converter is characterized (among other parameters)
by its resolution and its dynamic range. The former will determine the num-
ber of coded levels. The latter will then determine the quantization step. The
relation between these elements is:

∆ =
R

2N

where R is the range, N the resolution and ∆ the quantization step. The gain
of this AD converter can then be represented by:
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Figure 1.3: Analog-to-digital converter transfer function (a) and quantization
error (b) representations.

As a consequence, two different analog inputs, if they belong to the same quan-
tization interval, will be coded by the same binary word. The effects related to
this phenomena will depend on the resolution. The larger the resolution, the
better the inputs discrimination and vice and versa. It is straightforward to note
that, if the number of coding levels is low for a given range, a significant range
of inputs will be coded the same way. A loss of information occurs and may lead
to severe performance losses as well. An ideal digital-to-analog converter will
exhibit another kind of error. The transfer function is linear unlike the ADC
one. The consequence is a sequence of output distant from the digital-to-analog
converter quantization step. The digital controller output is then taking values
in a finite set of values determined by the range and resolution of the converter.
It will add another quantization error to the signal processing. The combination
of the controller input and output errors can lead to a performance degradation
in terms of closed-loop system: stability loss, lower reactivity ...

1.2.2 Plant output processing and the resulting conse-
quences

Besides, the numerical treatment is incompatible with continuous plant infor-
mation. The plant output has then to be sampled. It requires the presence
of a sample-and-hold block preceded by an anti-aliasing filter. These latter
components will be responsible for undesired effects.

Sample-and-hold

The former block impulse response is a causal stair of width the sampling period.
The corresponding transfer function is:

H(s) =
1− e−sh

s

It can be easily electronically implemented. It will then be the combination of
a diode in parallel with a parallel circuit composed of a capacity and a high
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impedance resistance. The presence of this circuitry will introduce a delay
equal to half the sampling period. The previous transfer function can indeed be
approximated by:

H(s) ≈ e−sh
2

Such a transfer function will not affect the gain but will affect the phase. In the
frequency domain, substituting s by jω, the associated phase will be given by:

Arg(H(s)) = −ωh
2

The delay introduces a phase drop that varies linearly with the frequency and
proportionally to the sampling period. As a result, the larger the sampling
period, the more significant the drop and the earlier its occurrence (in terms
of frequency value). Such a drop at close proximity of the of-interest frequency
will be damageable for this phase linear decrease introduces instability.

Anti-aliasing filter

The anti-aliasing filter is used in the preprocessing of the to-be-sampled plant
output. It has to be implemented to avoid the aliasing effect. This effect con-
sists in an impossibility to rebuild the signal from its sample for several signals
and their representation can match the samples. The Nyquist criterion solves
this problem for real bounded spectrum signals. A bounded spectrum signal of
bounding frequency f0 will be possible to rebuild from its sample if the sam-
pling frequency is larger or equal to two times f0: 1

h ≥ 2f0. However, to find
such a signal is unlikely for it means an infinite-time horizon. In the automatic
control environment, infinite-time horizon signals do not exist and it will lead
to unbounded spectra. That is why the need for a system that will provide a
bounded spectrum signal exists. The principle is to use a low-pass filter that
will have a cutoff frequency that is smaller or equal to the Nyquist frequency
i.e. 1

2h . If this condition is satisfied, then the sampling with the sampling in-
terval h will not give rise to any aliasing effects. This solution does not come
without drawbacks. The introduction of this system may narrow the open-loop
system passband. Besides, the low-pass behavior will introduce a phase drop.
Its magnitude will be determined by the filter type and order. The most often
used anti-aliasing filters are Bessel’s, Butterworth’s or Chebychev’s filters.

The sampling period choice will also be of great importance: sampling too much
when the plant is inside an equilibrium region is a waste of resources, sampling
too few when the system is diverging is catastrophic. A variable sampling pe-
riod would be possible. However, in automatic control applications, the samples
are usually taken periodically, it constitutes a design parameter though. It will
have to be taken into account in the redesign protocol.

1.2.3 Finite-word-length effects

Finally, the on-numerical-platform implementation will be source of obstacles as
well. The binary words length finiteness forms the impediment core. Its effects
can be split into three distinct classes.
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Coefficient quantization:

It consists in the difference between the ideal discretized control system coeffi-
cients and the corresponding coded digital coefficients. It could also be called
coefficient approximation error. This error is responsible for a shift in the ze-
ros and poles locations. As a result, the coded digital controller has no longer
the same behavior as the ideal one in terms of frequency response. The poles
close to the unit circle will be particularly sensitive to this quantization and
this phenomena can therefore result in poles moving outside the unit circle. It
will especially be true for short sampling periods for which the discrete poles
tend to cluster near the unit circle boundary. If it occurs, the digital controller
becomes unstable and it will jeopardize all the work done to stabilize the con-
tinuous plant. This poles and zeros location shift will also be problematic for
filters that have a particular behavior around a specified frequency. It is the case
for phase enhancer filters and filters presenting resonances or anti-resonances.
The following example illustrates what happens when an ideal phase enhancer
compensator is coded with 8 bits (one sign bit, six integer bits and one fraction
bit)

Example 1.2.1

The analog control system is a phase enhancer

K(s) = 2.81
1 + 0.011s

1 + 0.00088s

It is sampled with a sampling period h = 10−4s and the corresponding digital
filter is then

Kd(z) =
33.3565z − 33.0547

z − 0.8926

The coefficients will be coded with 8 bits divided into one sign bit, six integer
bits and one fraction bit. The possible decimal codes are 0 and 0.5 for only
one bit is allocated to the fraction part coding. As a consequence, the infinite
precision coefficients fraction parts will be coded by either 0 or 0.5 when they
are rounded. The coded digital controller will then be given by

Kd,coded =
33.5z − 33

z − 0.8750

These systems’ Bode diagrams are represented below
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Figure 1.4: K(s), Kd(z) and Kd,coded(z) Bode diagrams

The ideal digital controller would give the same behavior as the analog one
namely adding 57 degrees at 300 rad/s looking at the figure. The coded
control system will make the phase decrease and destabilize the closed-loop
system by degrading its phase margin.

Roundoff noise:

It comes from the internal calculations truncation or rounding errors. For fixed-
point arithmetic, it concerns the multiplication operations (by non-integer co-
efficients). For floating-point arithmetic, it will touch both the multiplication
and addition operations. Roundoff noise will be the result of bits deletion to
match the given format. It has been modeled by additive noise signals that
appears at summation nodes following non-integer multipliers blocks. They are
not deterministic by nature and are thus treated using mathematical methods
of statistics and stochastic processes theory. They will be responsible for what
is called output drift in [Knowles(1965)] for the feedback system. This drift,
if it is of the same order of magnitude as the output, will be problematic. The
following example will illustrate the roundoff phenomena:

Example 1.2.2

The context is a fixed-point two’s complement arithmetic with a 4-bit resolu-
tion. The multiplication of 00.01 and 00.11 (given in binary format) should
give 0000.0011 since a multiplication doubles the number of significant bits.
With the given format, it is impossible to store this result in a register.
The two leftmost bits can be deleted without any modification of the re-
sult. Nevertheless, the two rightmost bits must be discarded to be able to
satisfy the resolution constraint. It means keeping 00.00 =10 0 instead of
00.0011 =10

3
16 .

Overflow:

It happens when the result of an operation cannot be coded with the given
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binary words format. From that, it is not different from the roundoff noise.
However, unlike roundoff noise where the error is a precision error affecting the
fraction bits and computation can still carry on, the overflow affects the integer
bits and will interrupt the correct sequence of computations.

Example 1.2.3

The context is a same as in the previous example. The multiplication will
be performed between 01.11 and 01.10. The result should be 0010.1010 =10

2.625. However, with 4 bits, the remaining result will be 10.10 =10 −0.5.
Unlike the roundoff phenomena, there is more than a precision loss. The
result is even completely different.

All these elements are limiting factors for the implementation e.g. stability
may not be ensured anymore (so it is for the performance criteria) or the con-
trol engineer may not be able to implement the ”optimal” control law due
to time/quantification constraints. That is why a growing industrial interest
in systematic conversion-from-analog-to-digital-controller techniques emerges.
By systematic is meant techniques that will, given the components involved in
the discretization chain (converters, sampler, hold blocks, anti-aliasing filter)
and a sampling period, provide the user with a digital controller minimizing
the discretization-induced performance losses. The ”hybrid” closed-loop should
give sensibly the same performances as the continuous one (with the analog
controller).

1.3 Problem definition & notations

This section will more precisely introduce the problem tackled in this thesis
work as well as the corresponding notations.
The digitalization of an existing analog controller guaranteeing the
minimum closed-loop performance losses is the main issue. The dis-
cretization process involves the introduction of all the previously evoked discretization-
related elements.

Analog controller notations

The continuous control system K(s) will be either represented by its state-space
representation or its transfer function. They are given by:

ẋK(t) = AKxK(t) +BKy(t) (1.1a)

u(t) = CKxK(t) +DKy(t) (1.1b)

K(s) :=

[
AK BK
CK DK

]
(1.1c)

:=
N(s)

D(s)
, deg(N(s)) ≤ deg(D(s)) (1.1d)

where xK ∈ Rn, u ∈ Rnu , y ∈ Rny and the matrices AK , Bk, CK and DK are
of appropriate dimensions.
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Digital controller notations

The sampled-data control system representation will be similar to the analog
compensator one. The state-space form will be given by:

xΨ(k + 1) = ΦxΨ(k) + Γy(k) (1.2a)

u(k) = CKxΨ(k) +Ddy(k) (1.2b)

Ψ(z) :=

[
Φ Γ
CK Dd

]
(1.2c)

:=
B(z)

A(z)
, deg(B(z)) ≤ deg(A(z)) (1.2d)

where xΨ ∈ Rn, u ∈ Rnu , y ∈ Rny and the matrices Φ, Γ, CK and Dd are of
appropriate dimensions.

The discretization chain in Figure 1.2, and its digital controller core, must be
equivalent to the designed analog compensator. The latter is the conversion
process foundation. It gives the direction to follow in terms of performances to
maintain. The digital compensator combined with the discretization-
related elements should be designed and formated to ensure the high-
est fidelity with this continuous-time basis. The following figure shows
the correspondence between the analog and the digital control chains.

F(s)
y

Sampler&Hold Ψ(z) DAC
u

≡

K(s)
y u

Figure 1.5: Relation between the analog controller and the discretization chain.

The sampling period will be denoted by h. The F(s) block corresponds to
the anti-aliasing filter transfer function. The Sampler&Hold block includes an
ideal sampler at the sampling rate 1

h followed by a zero-order hold block H(s).
The systems are assumed to be Linear Time Invariant. Two approaches are
then emerging on how to deal with this correspondence and the closed-loop
performances handling through digitalization:

• An open-loop strategy: the work will focus on the matching between the
analog controller and the digital chain. If the two ’equivalent’ structures
are as identical as possible in terms of behavior, then their performance
should be comparable and so should the closed-loop one.

• A closed-loop strategy: the work will focus on the matching between the
two closed-loop systems.

In this thesis, the chosen approach is an open-loop strategy and aims at a
as possible perfect matching between the continuous-time controller and the
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digital structure frequency responses. The multiplicity of the to-consider limit-
ing effects previously evoked renders a direct synthesis of a transformation for
the whole discrete-time set complex if not impossible. That is why focus
has been put on a transformation that will ensure the matching be-
tween both continuous-time and discrete-time controllers frequency
responses using only N and the sampling period h. The effects resulting
from the converters, the anti-aliasing filter and the sample-and-hold presence
will be disregarded in this thesis. The different assumptions can be summarized:

• The quantization errors introduced by the converters can be included in
the analog controller design phase.

• The delay introduced by the sample-and-hold system can be included in
the analog controller design phase.

• The anti-aliasing filter is disregarded.

The new correspondence between the analog and digital controllers is then tak-
ing neither the hold block nor the converters or the anti-aliasing filter into
account. There thus exists a direct relation between the two considered control
systems. The implementation aspect will be added to the frequency response
matching constraint. It means that the digital controller parameters will be
constrained to a countable set of values determined by the numerical platform
resolution.This leads to the final problem formulation.
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Problem Formulation

Design a digital LTI controller Ψ(z) as in Equation (1.2) with N-bit
resolution fixed-point two’s complement arithmetic parameters and
matching the existing analog control system K(s) frequency response
with a free sampling period h in [hmin, hmax].

1.4 Outline

Work has already been conducted on frequency-matching discretization tech-
niques minimizing given measures or digitalization procedures ensuring stability
performances. Some have focused on the implementation of an arbitrary digital
controller, obtained through a usual transformation, on a processor. Others
have derived conditions on the overflow prevention and output roundoff noises
for different digital controller implementations. These contributions are all part
of the broader problem, namely of finding a systematic way of discretizing ex-
isting continuous control systems for a given set of digitalization systems (con-
verters, anti-aliasing filter, sample-and-hold). Chapter 2 will then be devoted
to the non-exhaustive presentation of the state-of-the-art where it will be con-
structively criticized. Chapter 3 will be related to the first thesis approaches.
It will deal with two different procedures. Both of them consist in using an
intermediate ideal digital controller obtained through an existing digitalization
technique for an arbitrary sampling frequency. This ideal controller will be used
to search for a signed-integer coded controller Ψ(z) matching the analog con-
troller frequency response. The difference is in the used metric: the first one is
based on gain and phase, the second on poles and zeros. They will be based on
a transfer function representation method and are frontal approaches. Chapter
4 deals with the major thesis contribution. The method regards the sampling
period and the processor resolution as design parameters unlike the first meth-
ods. The continuous control system K(s) is discretized using the first-order
hold transformation (or ramp invariance) for different sampling periods looking
for the ideal discrete-time control system parameters to be the closest to the
parameters that are possible to code for a given resolution. It is based on a
state-space representation.





Chapter 2

State-of-the-art

Elaborating a procedure aiming at a systematic way to implement a designed
continuous-time controller on a numerical platform is a complex attempt. It en-
capsulates many different aspects. The control law has to be implemented on the
chosen platform. This means a digital counterpart has to be found. This opera-
tion can correspond to a matching issue between the model analog compensator
and its numerical representation (dependent of the sampling period). It can also
be the correspondence between the continuous control system and the combina-
tion of the digital controller, a sampler and a zero-order hold block. The latter
is called the digital redesign: replacing an existing designed continuous-time
controller by a discrete-time compensator along with a sampler and a hold while
conserving the analog closed-loop performances. For both of these approaches,
procedures have been devised. Whether it is the direct analog-digital controller
matching or the redesign problem, open-loop and closed-loop approaches are
found. To be able to claim that the matching is correct, a criterion or mea-
sure is needed. The smaller the measure, the higher the similarity. Different
measures can be used and it includes analog digital gain difference (in terms of
H∞, H2 or other types of norms), phase difference, gain and phase difference or
difference on the states measure. These measures are part of the frequency re-
sponse matching philosophy. The matching of time responses will involve some
additional kind of measures and techniques. Closed-loop stability or robust-
ness performances requirements will have to be quantified for the discretization
to minimize the performance degradation. It again implies the definition of
a measure. The on-numerical-platform implementation introduces additional
issues: computed variables format, digital controller coefficients coding, inter-
nal computations errors ... The way the digital compensator is implemented is
therefore of great prominence. An overview of the existing studies on the analog
controller substitution by a digital controller and the implementation issues will
be conducted. Their advantage will be investigated as well as their weaknesses.
The presentation is divided into two distinct sections. The first one is devoted
to digital redesign problem and discretization techniques in infinite precision. It
does not pay attention to the implementation issue. The second presents studies
dealing with this problem and is then implementation-oriented.

13
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2.1 Digital redesign and discretization techniques

The digital redesign and discretization techniques oriented articles are presented.
The common objective consists in finding analog controller discretized version.
The only difference lies in the fact that the former takes the sampler and the
zero-order hold into account in the digitalization technique. The objective is
to get performances that are as close as possible to the analog case. Some
studies are based on the principle that if the analog and its digital counterpart
have the same frequency behavior, their performance will be identical and so
will the closed-loop ones. It corresponds to the frequency response matching
philosophy. Other studies lies on the principle that identical closed-loop step
response will ensure the same performances. It corresponds to what is called
in this thesis ”Time response matching”. The correspondence between analog
and digital closed-loop states is also used as a base for sampled-data control
system determination. Finally, another philosophy exists. It is not about a
principle of correspondence but more about the performance in terms of sta-
bility or robustness of the whole system. The search for a behavior likeness
is abandoned. All the studies have for objective to find alternatives to the
existing usual discretization methods (forward difference, backward difference,
bilinear transformation, step invariance, ramp invariance) that provide aston-
ishing results but for sufficiently high sampling frequencies (that might not be
available for several reasons: application type, energy saving requirements ...).
The first part is devoted to the non-exhaustive presentation of the work done
in analog controllers discretization techniques with or without zero-order hold
and anti-aliasing filter. It goes through the different evoked philosophies: fre-
quency response matching, time response matching and stability insurance with
parameterized sampling period. The second part gathers the diverse comments
on these studies.

The first strategy to be presented is the frequency matching approach. The
studies’ presentation begins with the simplest problem configuration: direct cor-
respondence between the analog and sampled-data control systems frequency
responses. Then, it continues with the introduction of discretization chain ele-
ments namely the zero-order hold and the anti-aliasing filter therefore adding a
complexity layer. The regarded correspondence is then between the analog com-
pensator and the discretization elements combined with the discrete controller.
Finally, the open loop approach is traded for closed loop frequency matching.

2.1.1 Frequency response matching

The articles from [Chida(2006)] and [Yamaura(2000)] deal with direct analog
and digital controllers frequency responses correspondence.

In [Yamaura(2000)]

The method is based on phase matching. The analog controller transfer function
numerator and denominator are decomposed into first and second-order blocks.
Each of these blocks has a particular frequency behavior and the principle is then
to replace them with a digital counterpart that has the same behavior. The real
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poles are denoted by pAj
(the real zeros are denoted by zAi

respectively) and the
complex poles pairs by (pAl

, pAl
) (respectively (zAk

, zAk
) for the complex zeros

pairs). The principle is given for the denominator decomposition (it is similar for
the zeros except for the digital counterparts structure). The first-order blocks
are given by:

1

s− pAj

and are replaced by:

KDj

z + 1

z − pDj

The second-order blocks:
1

(s− pAl
)(s− pAl

)

are replaced by:

KDl

(z + 1)2

(z − pDl
)(z − pDl

)

The gains introduced in the discrete form are used to match the DC gain of
the corresponding analog blocks. The discrete poles are designed such that the
discrete blocks match the critical frequency of their continuous-time counter-
parts. Theorems are derived to find what the gains and the poles should be
(the same is done for the zeros). The devised method conserves the zeros and
poles absolute values. Besides, the sampled-data control system has no extra
phase-lag compared with the reference continuous compensator.

In [Chida(2006)]

The method is based on the gain and phase matching. The chosen mismatch
measure takes into account both these parameters. Besides, it provides with
the possibility to search for analog-digital controller matching or for open-loop
matching. This measure is the following:

E(ω) = M(jω)K(jω)−M(jω)Ψ(ejωh)

where M(jω) corresponds to a frequency weighting function. K(jω) is the
analog controller and Ψ(ejωh) is the digital one. From this, it can be easily seen
that if M(jω) = 1, ∀ω, then it consists in the controller matching approach and
if M(jω) = P (jω), P being the plant, it is the open-loop matching approach.
The discrete controller is sought under transfer function form. The optimization,
using a least squares method based on data of N discrete frequency points,
aims at finding the coefficients involved in the transfer function numerator and
denominator polynomials. Since the error is nonlinear, a linearization treatment
is applied to it. The linearized error can therefore be decomposed into its real

and imaginary parts given by E
r
(ω) and E

i
(ω) respectively. The cost function

to minimize is then:

J =

N∑
k=1

[
E
r
(ωk), E

i
(ωk)

] [
E
r
(ωk), E

i
(ωk)

]T
A LMI based stability condition can be added as a constraint to the method.
It results in a procedure that provides with a discrete stable approximation of
the analog controller.
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In [Hagiwara(2006)]

The situation is a redesign problem (it is not the case in the previously cited
references). It is based on a state-space representation and unlike the previous
studies, two new aspects are added. The discretization chain elements intro-
duction, namely the anti-aliasing filter, the hold and the sampler, is the first
element. The second one is the MIMO configuration consideration (where SISO
systems were regarded in the previos studies). The key element consists of
the search for a correspondence between the analog controller and the whole
discretization chain (including the digital controller) frequency responses. The
error introduced is similar to that of [Chida(2006)] though and is precisely ∇W
where ∇ = KS −K represents the discretization error. KS is the discretization
chain system, K the continuous control system and W a frequency weighting
function. The discretization chain system KS(s) includes the anti-aliasing filter
F , an ideal sampler S, a zero-order hold H and the digital controller Ψ.

F (s) S
y

Ψ(z) H(s)
u

Figure 2.1: The discretization chain system KS(s) decomposition.

W (s)
w F(s) S

y
Ψ(z) H(s)

−
+

z

K(s)

KS(s)

Figure 2.2: Weighted controller discretization error ∇W .

Figures 2.1 and 2.2 represent the aforementioned discretization chain KS(s)
and the introduced error ∇W respectively. The principle is then to make use of
the Frequency Response operator (FR-operator) and apply it to the generalized
plant GΨ represented in the following figure:

G(s)

Ψ(z)

w

u

z

y

SH(s)

Figure 2.3: Generalized-plant GΨ representation of ∇W .
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Figure 2.3 is another representation of Figure 2.2. Since GΨ = ∇W is the
representation of a Hilbert-Schmidt operator (with some assumptions) i.e. a
bounded operator on a Hilbert space, the Hilbert-Schmidt norm is defined and
the digital controller Ψ(z) is sought such that it minimizes:

||GΨ(jϕ)||HS :=
√
Tr(GΨ(jϕ)∗GΨ(jϕ)), ∀ϕ ∈ I0

where I0 :=
[
−ωs

2 ,
ωs

2

)
, ωs = 2π

h being the Nysquist frequency. The argument
ensuring the minimization of the previous norm is called the Desired Frequency
Response (DFR). It is similar to a H2 optimization problem but on a different
support. The study fulfills the determination of a digital controller achieving
the DFR over all frequencies. However, it is non-causal in general. Two different
methods are then devised to overcome this issue: one is using a heuristic method
based on the choice of the frequency weighting function, the other one based on
sampled-data H2 optimization.

In [Rattan(1984)]

The analog closed-loop is a one degree-of-freedom system with continuous con-
troller K(s), the plant P (s) and a feedback block H(s). The only difference
in the discrete closed-loop is the replacement of the analog control system by
the digital one Ψ(z) and a zero-order hold H(s). The analog and digital closed
loops are then respectively:

F (s) =
K(s)P (s)

1 +K(s)P (s)H(s)

Gd(s) =
Ψ(z)H(s)P (s)

1 + Ψ(z)HPH(z)

Here again, the frequency response matching is looked for. The criterion for
the digital controller choice lies in the minimization of the difference between
the two closed-loop transfer functions. The digital controller coefficients are the
optimization parameters. In the w-domain,

D(w) =
amw

m + ...+ a1w + a0

bnwn + ...+ b1w + b0
, m ≤ n, w =

2

T
· z − 1

z + 1
(Tustin′s)

As in the Laplace domain when the frequency response is looked for, the pa-
rameter w is replaced by:

w = jγ

straightaway giving

s = j · 2

T
· tan−1

(
γT

2

)
, z = esT

Gd(jγ) is denoted by N(γ)
M(γ) .

Unlike the previous works, the error will be evaluated as:

E =

∫ γ2

γ1

∣∣∣∣F (jγ)− N(γ)

M(γ)

∣∣∣∣2 dγ
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turned into

E =

∫ γ2

γ1

|F (jγ)M(γ)−N(γ)|2dγ

by a multiplication by |M(γ)|2 (playing the role of a frequency weighting func-
tion) to get a linear system in the sought coefficients.

The second strategy is based on time response matching meaning closed-loop
considerations. It can be said that this is the next step in terms of complex-
ity after the mainly open loop procedures presented in the frequency response
matching section.

2.1.2 Time response matching

In [Blackmore(1994)], [Rafee(1997)], [Rosenvasser(1999)], the strategy is the
time response matching (implicitly aiming at stability conservation). The closer
the digital system output to the analog one for given reference input signals,
the less stability degradation. The strategy consists in closed-loop step response
matching in [Rafee(1997)] and [Rosenvasser(1999)]. In [Blackmore(1994)], the
reference signal is considered to be more general.

[Blackmore(1994)]

The last evoked paper is more general than the first two ones. The problem
is posed in a more general manner. It consists in minimizing J(Ψ) where Ψ is
the discrete controller and J(Ψ) is the measure defined to quantify the error
in terms of closed-loop output likeness. The reference is not assumed to be a
step therefore providing a general problem with a larger scope. The error is
evaluated at each sampling instant. It is given by:

J(Ψ) = ||ŷ(kT )− y(kT )||22

The signal invariant transformation theory is used to tackle this at-sample be-
havior. Behavior between samples (inter-sample behavior) is also taken into
account using the continuous lifting theory:

Its principle is to represent the sampled-data system as a time-invariant infinite-
dimensional discrete-time system therefore allowing for a proper definition of the
frequency response. It also allows for considerations about inter-sample behav-
ior as said before. The discrete-time signal yk ∈ L2(0, T ) is introduced and is
defined by

yk(ξ) = y(kT + ξ), 0 ≤ ξ ≤ T

yk is the lifted version of y.

The error is therefore given by the alternative following relation:

J(Ψ(z), ξ) = ||ŷk(ξ)− yk(ξ)||22, ξ ∈ [0, T ]

The algorithm is then to find an optimal controller Ψ∗ξ(z) for a given inter-sample
instant ξ. The discretization performance over the whole sampling interval is
needed to decide whether the found controller is optimal or not. It leads to
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the definition of a secondary measure that quantifies the difference over this
sampling interval. Therefore, the controller with the ξ that minimizes this new
norm will be regarded as the optimal controller.

For the step response matching papers, the problem is similarly formulated
as follow:

Given an analog plant P (s), a designed continuous control system K(s) and
a sampling period h, find a controller Ψ(z) that will minimize a defined measure
based on the step response matching.

The main difference and improvement with respect to the first presented work
is the fact that the inter-sample and at-sample behaviors are treated simul-
taneously in the way the difference is defined: the integral of the closed-loop
outputs difference. The difference between the two papers is the difference in
the measure as well as the way of minimizing the measure.

In [Rafee(1997)]

The criterion to minimize is

||z||2 = || [y − yd ρ(u− ud)]T ||2

=

∫ ∞
0

[
|y(t)− yd(t)|2 + ρ2|u(t)− ud(t)|2

]
dt

where y and u are the analog closed-loop output and the analog controller
output, respectively. The same way, yd and ud are the digital closed-loop output
and sampled-data controller output, respectively. Both analog and digital closed
loops are compared when an analog reference signal in the form of a unitary step
r(t) is applied to them. The method is based on state-space representation with
a generalized plant form as in Figure 2.3 where y is replaced by ed = r− yd and
u by ud. The sampler and hold blocks are then integrated into the generalized
plant G therefore providing its sampled-data counterpart Gd.

Gd(s)

Ψ(z)

rd zd

Figure 2.4: Discrete-time generalized sampled-data .

Figure 2.4 represents the equivalent sampled-data extended system and r has
been replaced by rd, z by zd. The new problem is equivalent to the first presented
step-tracking problem and can be solved with discrete-time H2 optimization
typically involving LMIs and Ricatti equations.
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In [Rosenvasser(1999)]

the same kind of error is used. The only difference is that it does not include
the plant input. However, the closed-loop model includes a plant input distur-
bance therefore integrating extra difficulties to the problem with respect to the
previous approach. The error is given by:

E =

∫ ∞
0

(yd(t)− y(t))2dt

yd and y being respectively the sampled-data and analog closed-loop outputs.
Although the strategy has its roots in the time domain, the different elements
involved in the closed-loop system are considered in the Laplace domain. This
contribution is then, to some extent, building a bridge between the frequency
matching approach and the time response matching. The error is then rewritten
as:

E =
1

2πj

∫ j∞

−j∞
(Yd(s)− Y (s))(Y ∗d (s)− Y ∗(s))dt

The discrete controller Ψ is sought in transfer function form and a parametriza-
tion of the set of admissible controllers is found.

The last strategy is another way of treating the problem of performance degra-
dation. Unlike the frequency and time response matching procedures that focus
on behavior similarity via signal processing means, it considers the more gen-
eral notion of stability. Thus, the discretized controller is not sought to give
an ”identical” open loop or closed loop but to restrain the behavior within
acceptable limits. The sampling period appears then as a design parameter.

2.1.3 Robust approaches

In [Keller(1992)]

the redesign problem in closed-loop situation is treated with a discretization
error denoted by ∆(s, z = esTs , t) defined the same way as in [Hagiwara(2006)].
This paper treats this error as an additive model disturbance of the reference
analog controller. The plant being denoted by P (s), the closed-loop system will
be given by the operator:

Jc := ∆(I + PK)−1P

The idea is then to sample at the reference signal level with an arbitrary small
sampling period Ts that will be a sub multiple of the sampling time Tl used for
the digital controller. Proposition 3.1 on page 216 of [Keller(1992)] gives the
following result:

lim
N→∞

||Jd|| = ||Jc||, NTs = Tl

Jd involves two different sampling frequencies. The idea is to represent it by
a norm-equivalent transfer function with respect to the larger sampling period.
Its norm is then equal to the infinity norm of this equivalent transfer function.
The problem becomes a standard H∞ with the assumption that the continuous
control system is stable that can be formulated as below:
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Minimize the infinity norm of the equivalent transfer function with respect to
the digital controller Ψ(z).

The resolution of this problem can be performed with standard software used
in H∞ design. The approach also provides an upper bound on the sampling
period based on a sufficient stability criterion.

In [Zhang(2007)]

The digital controller structure is given via a developed method for the presented
strategy purpose and called the Generalized Bilinear Transformation GBT. It
is given by the following formula:

s =
1

h

z − 1

αz + (1− α)
, α ∈ (−∞, ∞)

If α = 1, the transformation is the backward difference, if α = 0, it is the forward
difference and if α = 0.5, it is the bilinear transformation (Tustin’s transforma-
tion). The closed-loop Σ1 structure is identical to Figure 1.1. Σ2 has the same
structure as Figure 1.2 but with a sampler prior to the discrete controller and a
hold block after. Another configuration is regarded: the sampler and the hold
blocks are gathered with the continuous plant to form a discretized plant in
parallel with the discrete controller (obtained via the GBT). This constitutes
the system Σ2d. The principal result regards the sampling period: if Σ1 is stable
and h in a given interval, then a parameter α can be found such that Σ2d is
stable.

In [Cantoni(2004)]

The gap metric is the foundation of the study. A system P is regarded as a
multiplication operator P characterized by its graph. This graph corresponds
to the set of all (y, u) that satisfy y = Pu, where u and y belong to the operator
domain. For two systems C1 and C2 of graphs K1 and K2, respectively, the gap
metric is defined as:

gap(K1,K2) = ||ΠK1
−ΠK2

||
where ΠKi

, i ∈ {1, 2} is the orthogonal projection on Ki. The central result
consists of the derivation of a procedure that allows for the computation of a gap
metric distance between a reference analog LTI controller and its sampled-data
approximation (discretization chain). Besides, a strategy to implement such
an approximation (minimizing the metric) is devised. If the notation KS of
[Hagiwara(2006)] is used, in the above case, the compared systems C1 and C2 are
replaced by K and KS . The used gap metric is a modified version of the original
version and is adapted to the problem of sampled-data systems. The metric
minimization provides results in terms closed-loop robustness performances in
the form of closed-loop H∞ norm.

Comments

The various approaches discussed in the previous part have their advantages
and drawbacks relatively to the thesis problematic presented in the introduc-
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tion. The issue of finding the optimal discretized controller that will minimize
performance degradation measures is regarded in all of them.

Parameter sampling period The papers based on the closed-loop system
and the consideration of the sampling period as an optimization parameter are
of special interest. They offer the possibility to have relations regarding this
particular parameter. It provides an alternative to the common rule-of-thumbs
concerning the choice of the sampling frequency in the analog controller dis-
cretization step (that gives significantly conservative bounds). This is the in-
vestigation of how slowly the sampling operation can be performed. The larger
the sampling period, the better. It is less demanding in terms of signal process-
ing, communication, energy consumption and it will give some freedom to the
designers.

It is particularly true in [Zhang(2007)] where the discretization technique is
given and participates in the possibility to get a range of working sampling
periods. Naturally, it will not necessarily give astonishing results in terms of
the maximum sampling bound for it is extremely dependent of the considered
systems. Besides, the method gives a class of parameterized controllers that will
ensure stability and/or step-tracking. However, it lacks the search for the opti-
mal controller within this set in terms of the considered performance criterion.

In [Keller(1992)], the advantage is that various discretization problems can be
solved:

• Finding an optimal controller Cd(zl), given the sampling period Tl, in
terms of the defined measure

• Studying the impact of the sampling frequency variations through the
defined measure

• Finding an upper bound for the sampling interval Tl

The non uniqueness of the controllers is used to minimize the controller order
as well. However, it could be used with some other objectives. Besides, it does
not provide with a specific procedure to find the optimal sampling interval value.

[Cantoni(2004)] provides a way to quantify the possible dissimilarity in closed-
loop performance between a completely analog system and a system with the
discretized controller. It also gives the possibility to synthesize a sampled-data
representation of the existing continuous-time control system that will be opti-
mal with respect to the defined metric for a fixed sample rate. The principal
drawback would be the complexity of the procedure. Indeed, it is intellectually
difficult to grasp and it implies a multiplication of computations.

Fixed sampling period The frequency response matching and time response
matching oriented papers have the advantage of providing a unique discretized
controller and to work for inter-sample behavior (not only behavior at the sam-
pling moments). Other advantages can be found. For instance, in [Chida(2006)],
the order of the digital controller is not determined or constrained by the exist-
ing to-discretize continuous-time compensator. It can be chosen arbitrarily. In
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[Blackmore(1994)], the advantage is the generality when it comes to the type of
reference signal. Indeed, the criterion is flexible and the incorporation of new
constraints is easy as well. In [Hagiwara(2006)], the aliasing effects are incor-
porated into the design procedure.

These methods have also drawbacks such as:

• High order discretized controllers that require an order reduction. It
means the requirement for another step in the procedure.

• Absence of analog-to-digital and digital-to-analog converters considera-
tions.

• Too particular configurations as in [Rattan(1984)].

However, related to the thesis problematic of designing a discretized controller,
implement it on a numerical platform and introduce it in a closed-loop system
with all the necessary digital-analog interfaces, the most significant drawbacks
are the absence of considerations for:

• digital controller coefficients coding

• roundoff noise and overflow in computations
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2.2 Numerical implementation-oriented approach

This part is about studies dealing with the previous section studies missing
aspects. Unlike in the previous part, the papers are not dealing with the same
objects. They can be roughly divided into two different categories.

• The first category deals with the finite-word-length effects in digital filters
and on the way to reduce them. Indeed, the ”ideal” digital controller will
not behave the same way if its coefficients are adapted to the platform
format. Besides, even if coefficients are close to the available coded co-
efficients, overflow can occur when the calculations are performed (along
with internal computation errors), depending on the dynamic range of
the input and internal variables. Although these studies are quite old
(1960-1970), they are still used as a theoretical basis for the more recent
works in this field. They are investigating roundoff noise and overflow ef-
fects minimization techniques and targeting the computed variables. The
controller coefficients are not of any concerns in these studies. It usu-
ally consists of word-length optimization for roundoff noise limitation and
overflow probability minimization.

• The second category deals with a redesign based on digital controller finite-
word-length coefficients. The constraint of the implementation is therefore
considered.

2.2.1 Roundoff noise and overflow investigations – Digital
controller internal variables, input and output

Within this framework, the first one to investigate the effect of roundoff er-
rors in a linear closed-loop system with a digital controller would be Bertram
[Bertram(1958)]. He derived upper error bounds on matrices products. Slaugh-
ter studied the steady-state upper error bound based on Beltram’s work. He
shows that these bounds are too conservative [Slaughter(1964)].

In the work of [Knowles(1965)], [Gold(1966)] and in [Jackson(1970)], roundoff
errors are investigated. These errors are assumed to be mutually uncorrelated
and wide-sense stationary noise sources. They are incorporated in the sampled-
data closed-loop system model. Their location depends on the type of variables
format. It is assumed that the fixed-point two’s complement arithmetic is the
reference. Thus, these sources will be placed after the result of by-an-non-integer
multiplications at the directly following corresponding summation nodes. The
error signals r(k) are characterized by their mean r and their mean-square r2

both depending on the quantization step between two successive coded levels
and the type of approximation.

In [Knowles(1965)] and [Gold(1966)]

the mean-square of respectively the output error and the noise are considered.
They are both based on the idea of shaping filters for the errors (Hp(s) for the
former and H(z) for the latter). They are also focusing on the implementation
structure on their corresponding error.
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In [Jackson(1970)]

Three elements that are determinant in determining the roundoff noise char-
acteristics and level are clearly identified: processor resolution, coefficients and
variables format and digital controller structure. It formalizes the relevant con-
ditions regarding the problematic unlike the two previous studies. The model
used is a graph or network which consists of branches, branch nodes, adders,
multipliers and delays. The objective is to minimize the output error noise
for a given roundoff error coming from rounding with, as constraints: transfer
function conservation and no overflow allowed at certain branch nodes (after
non-integer multiplications). For the ith dynamically constrained branch node,
the transfer function leading to it from the input being Fi(ω), the constraint is
of the form:

||F ′i (ω)||p ≤ 1

For a deterministic input with amplitude spectrum U(ω), the condition is accom-
panied by the assumption that ||U ||q ≤M, q = p

p−1 where M is the maximum
allowed amplitude.
For a stochastic input, ||Φu||r, r = p

p−2 power-density spectrum of the input
sequence has to be considered.
The choice of p is based on assumptions made about the input signals in terms
of nature (deterministic or stochastic) and type (Gaussian, sinusoidal ...). An
illustration of this statement can be presented: for a finite-energy E determinis-
tic input sequence, ||U ||22 = E and with M ≥

√
E, the constraint can be fulfilled

for p = q = 2. The concept of transpose configuration is introduced and tested
for the direct form implementation and for cascade and parallel forms. It results
in the output roundoff variance in each case.

The work of [Mullis(1976)]

This work is based, among other sources, on the previous studies. The problem
can be formulated as follow:

Given a processor resolution (fixing the word length N) and a parameter δ that
characterizes the overflow probability, find controller structures minimizing the
output noise variance caused by roundoff of internal registers for a white noise
input.

The register variables number is assumed to be equal to n. The state-space
representation is chosen for the controller where the state vector is denoted by
x:

x(t+ 1) = Ax(t) + bu(t)

y(t) = cx(t) + h(0)u(t)

Two matrices K and W of appropriate dimensions are introduced and are the
base of the method. These matrices are found by solving the following Lyapunov
equations:

K = AKAT + bbT

W = ATWA+ cT c
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They are directly related to overflow-preventing constraints (scaling rule in
[Jackson(1970)]) and output roundoff noise and offer a way of modifying them.
Two cases are treated:

• The length of the register variables binary words is variable and given by
mi, i ∈ Nn. However, they still satisfy n ·N =

∑n
i=1mi.

• The word-length is fixed and mi = N, ∀i ∈ Nn.

The storage efficiency e(K) and quantization efficiency e(W ) between 0 and 1
are defined by:

e(K) =
det(K)∏n
i=1Kii

e(W ) =
det(W )∏n
i=1Wii

These are particularly instructive in terms of geometric interpretations. The
principle is then to find a transformation based on a nonsingular matrix T that
will give W ′ = TTWT = In and K ′ = T−1KT a positive diagonal matrix. Such
a realization is a principal axis realization i.e. where bothK andW are diagonal.
The square roots of the eigenvalues of KW are called the second-order modes
of the filter. They are found to play a crucial role in minimal noise realizations
and it constitutes the major result of the study. The digital structure is then
searched as a cascade or parallel combination where the component filters have
a principle axis realization. The transformation T is therefore block diagonal.

[Singh(2009)]

The study addresses the global asymptotic stability problem for fixed-point
digital filters in two’s complement overflow arithmetic. The overflow issue is
regarded differently from the previous study: the stability problem is covered.
The stability condition is the stability of the null solution of the following system:

x(k + 1) = f(y(k)) = [f1(y(k1))...fn(yn(kn))]

where y(k) = Ax(k), x(k) ∈ Rn, A = (aij). The function f is a nonlinear
function that can include two’s complement overflow arithmetic. It satisfies:

fi(yi(k)) = yi(k) if |yi(k)| ≤ 1

|fi(yi(k))| ≤ 1 if |yi(k)| > 1

where i ∈ Nn. The parameter ki, i ∈ Nn is defined for the theorem formulation
purpose:

ki =

n∑
j=1

|aij |, i ∈ Nn

It is assumed that ki > 1, i = 1, ...,m and ki ≤ 1, i = m+1, ..., n where m is an

integer between 1 and n.The matrix B is also defined as B =

[
Im
0

]
∈ Rn×m.
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Theorem 2.1

Given the considered system, if the assumption on ki holds and if there are
positive definite matrix P = PT = (pij)n×n > 0 and positive diagonal matrix

D̂ = diag(d̂1, ..., d̂m) such that

Q̂ =

[
P −ATPA AT (PB −BD̂)

(BTP − D̂BT )A D̂ −BTPB

]
> 0

then the null solution to the system is globally asymptotically stable.

The corollary is just the theorem with the relation m = n.

In [daRocha(2009)]

the implementation of a digital controller in floating-point format on a fixed-
point DSP is considered. It deals with the way of conversion from the floating-
point format to the fixed-point one for the control law variables. It does not deal
specifically with the controller coefficients (they are assumed to be given with
a fixed format). It is not done under the constraint of a criterion minimization
namely the l∞ norm of the difference between the floating-point represented and
fixed-point represented variables. The objective is to find the optimal number
of fraction bits for each of the used variables that will minimize the chosen
criterion. The problem is then:

min
Qu

i ,Q
y
i

||yfixed−pointi − yfloat−pointi ||∞

where Qui and Qyi are respectively the number of fraction bits for the control
law variables u and y (controller input and output in this paper).

Simulation-based variables formating

In [Kim(1998)], [Kum(2001)] and [Cantin(2006)], the objects are still the inter-
nal computed variables. It is similar to [Mullis(1976)] in the sense that they are
concerned with the word-length optimization of the binary words used to rep-
resent the internal computed variables. However, they are based on simulation
and the format is a fixed-point one but with the possibility of difference in the
number of integer and fraction bits.

In [Kim(1998)]

a software for aid in scaling and word-length determination of digital signal
processing algorithms written in C or C++. It can be described as a robust
estimation method. It is based on two different entities: the range estimator that
estimates the range of floating-point variables for automatic scaling purposes
and the fixed-point simulator that translates the floating-point algorithms into
fixed-point ones to assess the latter performance by simulation. The principle
is then roughly to simulate the digital controller algorithm with floating-point
format to determine the distribution of the internal variables of interest. Then,
the data are processed to devise an automatic scaling scheme. Finally, the
fixed-point simulator is used.
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In [Kum(2001)]

the internal quantization is assumed to take place after each multiplier and
after the summation nodes in the proposed model. As in the previous research,
the method is based on simulation. However, it is more focused on hardware
resources saving while meeting a time constraint. The latter is assumed to be
fixed and only the cost is regarded. The cost has to be minimized while satisfying
the fixed-point performance. Signal grouping is used to reduce the number
of computed internal variables (indeed, the number of fixed-point simulations
increases with the complexity of the flow graph). The determination of the
minimum number of fraction bits k for the variables is the ultimate goal.

In [Cantin(2006)]

the definition of a metric for an automatic determination of the binary word
length in the case of DSP algorithms. The defined measure is designed to
take several kinds of model errors between floating-point and fixed-point into
account. It enables to generate a hierarchy between the word-length combina-
tions. It considers the dissimilarity between the two previously evoked formats
and the operands implementation costs. For all the error models, the user is
able to specify a pass or fail threshold. The grading of the solutions is such that
two operands with the same implementation cost will be sorted with respect
to their dissimilarity and two operands with the same accuracy will be distin-
guished with respect to their implementation cost. The measure generates a
negative value when one of the user specifications is not met.

2.2.2 Coefficients quantization – Digital controller redesign

The problematic of finite word-length coefficients in FIR and IIR filters are con-
sidered in terms of their influence on the controllers behavior. Two distinct ap-
proaches exist: minimizing the difference between the frequency responses of the
desired filter and the actual one and minimizing an error on the impulse response
for the same filters. In [Baicher(1999)], [Lim(1982)] and [Nakamoto(2004)], the
first strategy is employed. Unlike these works, [Shyu(1995)] makes use of the
second approach.
Although the frequency response matching papers works on the same basis,
the errors are different from one article to another as well as the methods.
Nevertheless, common points can be found even then. In [Nakamoto(2004)]
and [Shyu(1995)], the method combines the Lagrange multiplier strategy and
a tree search algorithm. They also have for study object IIR digital filters. In
[Lim(1982)], the study objects are FIR digital filters. [Radecki(1995)] expands
these approaches by integrating other measures in its criterion.

FIR filter redesign

In [Lim(1982)], coefficient quantization based on rounding and on integer pro-
gramming in the case of the powers-of-two space are compared for FIR filters
(not IIR filters as previously). The desired frequency response is denoted by

H(ω). The finite precision coefficient filter is denoted by Ĥ(ω). In this article,
two different measures are regarded. They are both interested in the difference
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in terms of frequency behavior. The first one is similar to a H∞ measure and
is in the form:

maxM(ω)|H(ω)− Ĥ(ω)|
M(ω) being a frequency weighting function. The second measure is more similar
to a H2 approach: ∫

W (ω)|H(ω)− Ĥ(ω)|2dω

where W (ω) plays the same role as M(ω) in the previous criterion. It is shown
that the integer programming is most desirable in two distinct cases:

Case 1: When the space for the discrete coefficients is not uniformly distributed
such as the powers-of-two space.

Case 2: When there is a frequency response specification to be met with a given
tolerance limit in the the fixed coefficient word-length. The design variable
is the filter length in this situation and there is no guarantee that the filter
will be meeting the constraints with rounded coefficients by increasing this
length.

IIR filters and Lagrange multiplier based tree search

[Nakamoto(2004)] and [Shyu(1995)] follow a procedure that involves the La-
grange multiplier approach and a tree search algorithm. However, they are
based on two different types of errors.

[Nakamoto(2004)]

It defines a frequency response mismatch measure called the Modified Least-
Squares criterion (or MLS criterion):

ε2 =
1

2π

∫ π

−π
|H(ejω)A(ejω)−B(ejω)|2dω

where H(z) is the ideal digital filter and

Ĥ(z) =
B(z)

A(z)
=

∑n
k=0 bkz

−k∑m
k=0 akz

−k , a0 = 1

is the actual filter. Using Parseval’s theorem, this error can be rewritten as:

ε2 = aTRa− 2aTHb+ bT b

where a = (a0, ..., am)T and b = (b0, ..., bn)T . The polynomials coefficients are
represented with K integer bits and L fraction bits. The tree search is then
applied. It consists in taking a subtree (corresponding to some discrete-value
constraints on a set of coefficients) and performing a continuous optimization
based on the Lagrange multiplier introduction of these constraints. The MLS
criterion is then computed and compared with the best solution already found.
If the newly calculated value is worse than the latter, then there is no need for
a search of the considered subtree. This is applied to the A(z) coefficients first
and then to those of B(z). It is called the relaxation solutions.
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[Shyu(1995)]

It defines an error based on the impulse response dissimilarity. The desired
frequency response is defined as D(ω) and the corresponding impulse response
is given by hd(n) = F−1(D(ω), −∞ ≤ n ≤ ∞. This reference impulse response
is written as hd(n) = h1(n) + h2(n) where:

h1(n) =

{
1
2hd(0), n = 0
hd(n), n ∈ NN

and

h2(n) =

{
1
2hd(0), n = 0

hd(n), n = −1, −2, ... , −N

where the parameter N is chosen large enough. An ideal filter H1(z) with
difference equation

p∑
k=0

a(k)y(n− k) =

q∑
k=0

b(k)x(n− k)

is used as reference for the discrete optimization.y and x are respectively the
output and the input. It has to be derived and the principle is to find its
coefficients such that its response to a unit impulse is close to h1(n). The error
is built on a sequence defined and based on the previous idea:

e(k)k∈NN
, e(n) =

p∑
k=0

a(k)h1(n− k)−
q∑

k=0

b(k)δ(n− k)

It can also be represented by:

DA = E,

A = [a(0) ... a(p) b(0) ... b(q)]
T

; E = [e(0) ... e(N)]

The error on itself satisfies:

e = ETWE, W = diag(w(0) ... w(N))

= ATQA, Q = DTWD

Minimizing this error with the constraint of unitary coefficient a(0) (Lagrange
multiplier use) provides the ideal digital filter of reference. The same reasoning
is applied to the ideal impulse response second half h2(n). The reference digital
filter in infinite precision will therefore satisfy:

H(z) = H1(z) +H2(z)

A hybrid tree search, combination of the depth-first-search and breadth-first-
search approaches, is applied to the optimization problem. The principle is to
compute hd(n) and then its two aforementioned halves. The reference infinite
precision controller can then be derived. A coefficient a(r) (or b(r)) is chosen
to take L distinct discrete values aid(r) (or bid(r)) in its vicinity. It gives rise
to L optimization problems similar to the one developed for the initialization
but with an additional constraint: the chosen coefficient discrete value. The
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L continuous optimization problems are solved using the Lagrange multiplier
approach. Another coefficient is set to L distinct discrete values aijd (r) (or

bijd (r)). It gives L2 set of continuous solutions for the arising problems. The
error e is then computed and L sets are selected on the basis of the smallest
calculated error. If all the coefficients are quantized, it stops and the set that
provides the smallest error is the desired solution. Otherwise, another coefficient
is set to L distinct discrete values and the same principle as before is applied.
This search is performed for h1 and then for h2.

Multi-objective finite precision redesign

[Radecki(1995)] deals with multidimensional finite-word-length filters. Specifi-
cations in the frequency and spatial domains are added. The regarded filters
are FIR as well as IIR filters. The method is based on stochastic optimization
with a multiple-term objective function. This function includes magnitude con-
straints but also step response, group delay and stability ones. The simulated
annealing is applied for the optimization problem resolution. It is assumed to
be implemented in cascade form. For the constraints to be taken into account
in the problem, they have to be associated with a measure. The problem is
then defined and incorporates all these measures in a single criterion: εH for
the magnitude error, εr for the group delay, εs for stability and εη for step
response. The problem can then be formulated as below:

Given a desired frequency response D(ω), frequency weighting functions γH(ω)
and γr(ω), find the finite precision coefficient filter that will minimize

ε(θ) = εH + λrεr + λsεs + ληεη

where the λ’s are strictly positive scalar weights and θ is the vector containing
the unknown coefficients.

This problem is solved for 1-D and 2-D filters with a simulated annealing where
the sample configurations are generated with the Metropolis algorithm.
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Roundoff, overflow and finite precision redesign synthesis

[Fang(2005)] is a synthesis of the previous works presentation to some extent.
The redesign problem is regarded: a reference digital controller is found by
Tustin’s approximation and following fixed-point coding transformation. The
converters are also regarded. The overflow and roundoff issues are treated based
on a similar approach to the one of [Jackson(1970)]. This paper is the combina-
tion of redesign and numerical implementation problematics. The problematic
is to find the number of bits needed for the internal computed variables to
match the dynamic range and prevent overflow. Unlike the previous works,
scaling is not needed since a FPGA allows for the choice of the length for each
binary word. The shift form and the delta form for the digital controller im-
plementation are considered. This controller has been found by using Tustin’s
approximation for a fixed sampling rate suiting the system characteristics. The
format of both the coefficients and the internal variables are investigated. The
coefficients word-length derivation is performed based on the errors introduced
by the fixed-point implementation on the poles and the zeros location denoted
by ∆pk and ∆zl and the distance of these discretized poles to the unit circle.
The constraints on the location shift is fixed by the designer using a parameter
ε as follow: ∣∣∣∣ ∆pk

1− pk

∣∣∣∣ < ε;

∣∣∣∣ ∆zl
1− zl

∣∣∣∣ < ε

The calculated variables word length determination is performed based on the
maximum value they can take. The relation that is the base is:

PMSBvi = blog2(Rvi,u)c+ 1

where Rvi,u = ||gvi,u||1||u||∞, u being the input to the controller and gvi,u
the impulse response from the controller input to the internal variable vi. The
output error is also regarded and is defined as the accumulation of the A/D con-
version error e0 introducing ∆y0, the roundoff errors ei accounting for ∆ytrunc
and the D/A conversion error em for ∆ym. Looking at these errors, an arbitrary
condition is fixed for the output inaccuracy. It enables to find the number of
fraction bits for the different errors. This number is fixed for the converters and
to be derived for the roundoff ones.

Comments

The researches [Bertram(1958)], [Gold(1966)], [Jackson(1970)], [Knowles(1965)]
are not directly related to the thesis problematic but are used as foundations
for the studies that are treating the in-hand problematic.

Roundoff noise and overflow studies [Mullis(1976)] contribution consists
of an implementation structure that is based on cascade or parallel form where
the basic blocks have an optimal representation. This optimal representation is
defined in the study and consists of a similarity transform. It also gives insights
on the geometric significance of the results, namely, about the defined storage
and quantization efficiencies e(K) and e(W ). There is a trade-off between these
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two values: modifying one improves the roundoff noise while keeping the over-
flow probability at the same level and vice and versa. Nevertheless, one draw-
back in the realization is the significant increase in the number of the multipliers.

In [daRocha(2009)], the study problematic is the fixed-point coding manage-
ment on a 32-bit DSP whereas the different in-use variables are in floating-point
format. The controller coefficients are assumed to be coded with a fixed number
of fraction bits (30 to be precise). This means that these coefficients have to
be between -2 and 2. It will not necessarily be the case with a transforma-
tion different from the one that has been used in the paper to find the discrete
controller. The method is used on a particular system and with a particular
numerical platform. There is no guarantee regarding the method efficiency for
a smaller resolution or another system. Finally, there is no relation whatsoever
with the overflow problem.

[Singh(2009)] contribution has the advantage of giving the possibility to deal
with overflow in a stability perspective. It also regards the digital filter in two’s
complement arithmetic as a nonlinear system. It implies that such an approach
can be used to incorporate the effects of the converters. Indeed, in presence
of the converters, nonlinearities are introduced. properties. However, it does
not provide with any quantitative measure of the ensured degree of stability.
It guarantees the stability property but the assumptions are significant. The
results may be too conservative: fast sampling period, over-damped system ...

[Cantin(2006)], [Kim(1998)] and [Kum(2001)] have the advantage of searching
to optimize the binary words length for the variables. [Cantin(2006)] gives a
flexible measure for the length optimization. The principal drawback of these
studies is that they do not assume that the coding is fixed i.e. the number of
integer bits and the number of fraction bits are not given.

None of these studies does actually consider the coefficient quantization. They
confirm that work has already been conducted but they do not try to combine
their approaches with this aspect. Besides, none of them deals with frequency
behavior likeness between the analog controller and the finite precision coeffi-
cient compensator.

Redesign and coefficient quantization The studies have been mostly deal-
ing with a way to design finite precision coefficient digital controllers based on
a frequency matching strategy or impulse response matching approach to cor-
respond to a given desired frequency response. Only in [Radecki(1995)] can
other constraints be found. They are defining several different measures for this
purpose. The advantage of these methods is the fact that the number of integer
and fraction bits can be fixed as parameters in the optimization problems reso-
lution. It is particularly the case in [Nakamoto(2004)] where these elements are
respectively denoted by K and L.

In [Lim(1982)] and [Nakamoto(2004)], the infinite precision filters are assumed
to be given. It means that the sampling frequency is fixed and that the digital
controller has been obtained by some already existing digital approximation.
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By this approximation, the frequency response should be close. Then, there is
no place for sampling period optimization or for arbitrary choice in controller
order choice as in [Chida(2006)] in 2.1.1. The method for the digitalization
of the reference analog control system is not specified. [Shyu(1995)], as in the
three previous papers, requires an intermediary step (infinite precision controller
derivation) but it is specified. Using the same process as for the discrete opti-
mization, the ideal infinite precision coefficient controller is found. It is similar
to what is done in 2.1 with digital redesign. The additional contribution with
respect to this same section is the coefficient quantization problem handling.
However, the relation to the sampling rate is not explicitly made and it is not
clear how it is handled.

In [Radecki(1995)] the advantage is that the criterion offers the possibility of tak-
ing several constraints into account. The drawback is the choice of the weights
that are applied when they are gathered in the same measure. Besides, some of
the criteria defined for the considered constraints are also involving weighting
functions. It becomes difficult to generalize and it leaves a lot of tuning param-
eters to the designer.

In [Fang(2005)], the objective is to find the appropriate word length for the
set of internally computed variables. Such an objective is fulfilled based on
L1 or l1 norms and reasonings that have been developed in the works such as
[Jackson(1970)]. The issue is that such norms are not that easy to compute for
they are defined on an infinite discrete-time horizon. In the study development,
they are computed but by using a truncated version of the original ones. Be-
sides, the FPGA allows for allocating a different number of bits for each in-use
variables. As such, there exist no fixed-resolution obstacle.

2.3 Summary

• In 2.1, the implementation phase is missing: roundoff noise, overflow, filter
coefficient quantization.

• In 2.2, studies deal with the implementation aspects but not all of them
simultaneously.

• Both parts are presenting methods that are complementary.

• If the aspects of both parts could be gathered in a same formalism and
problematic formulation, the redesign problem would be given in all its
facets.

The frequency response matching methods and more particularly [Chida(2006)]
are at the origin of the chosen frequency response matching in open loop between
the analog controller K(s) and its digital counterpart Ψ(z). Such approaches,
whether they take the open loop or the closed loop as study objects, allow for
an independence with respect to input signals nature (step, ramp ...). The
robust-oriented strategies have an interest in the sense that conditions can be
associated with the controller search to guarantee robustness but those are of-
ten too conservative. However, the idea of an a priori discretization (via some
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transformation) and a condition on the sampling period derivation used in the
robust-oriented paper [Zhang(2007)] is also an inspiration source for the the-
sis contribution. [Cantoni(2004)] seems powerful but the intricate procedure
computations as well as the theory complexity are considered sufficiently signif-
icant obstacles to find another way. As previously mentioned, these strategies
do not take the implementation phase into account. The works dealing with
overflow and roundoff noise issues give food for thought but actually tend to
forget that the controller has to be implemented. They mainly focus on the
controller structure without trying to verify that it is feasible in terms of cod-
ing. The simulation-based variables formating allows for hardware resources
optimization and prevent waste in coding the variables. However, the con-
straint of finite resolution is not completely integrated. The redesign in terms
of controller coefficients coding is therefore closer to the chosen path. Works
of [Nakamoto(2004)] and [Shyu(1995)] are related to the latter evoked aspect
and the first one even more. It deals with frequency response mismatch met-
ric minimization through digital coefficients coding in fixed-point format. The
combination of ideas presented in the aforementioned papers are inspiring the
thesis contribution.





Chapter 3

Implementation-oriented
redesign

In chapter 2, several methods are proposed to solve the frequency response
matching problem between analog and digital controllers. One category deals
with the problematic without regarding the fact that the obtained control sys-
tems will have to be implemented in finite precision coefficient format. The other
category aims at making the correspondence between the frequency responses
and includes the coding aspect in the synthesis procedure. Most of the time
both methodologies are divided into several steps. The first step usually con-
sists in designing or finding an infinite precision coefficient digital controller that
correctly approximates the analog control system frequency behavior. It can ei-
ther be done by an already existing approximation method (forward difference,
Tustin’s approximation ...) or by a preprocessing procedure usually based on an
optimization of, for instance, the frequency response matching criterion. The
second step then looks for the best approximation in terms of finite precision
coefficients controller. The procedure is also making use of optimization tools.
Both methods do not deal with sampling frequency choice. It is assumed to be a
given parameter that will not be involved in the digital controller design process.
In this master thesis, an optimization based technique has been tested as a first
approach work. An ideal sampled-data is designed via a known digitalization
method for a fixed sampling rate and the ’real’ discrete-time compensator is de-
signed in the same form but in the discrete set of coding values allowed by the
processor resolution. This first research works are regarding two complement
signed-integer formats and represent the different controllers using the trans-
fer function form. They are using respectively a gain/phase and a pole-zero
matching based measures. The search is performed by using an optimization al-
gorithm: the hybrid Discrete Particle Swarm Optimization algorithm.The first
and second parts are respectively devoted to a reminder about the usual digi-
talization techniques and a brief presentation of the aforementioned algorithm.
The third part deals with the procedure using the gain/phase based criterion.
The last part then presents the pole-zero matching strategy. Both these parts
contain results and discussions.

37
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3.1 Usual discretization approximations

Any comparison between the analog and digital controllers is based on an a
predefined discretization technique whose sampling period h makes sense. This
sampling rate is arbitrarily chosen by the users depending on their needs. Nev-
ertheless, the purpose is to get a discrete reference in discrete time so that the
corresponding digital system frequency response is close to the analog one. This
conversion operation should therefore preserve the frequency response. The
choice can be made in the light of the well-known rule of thumb: a Nyquist
frequency 23 times up to 70 times the crossover frequency. Given the sam-
pling period, the discretization operation choice follows. Several methods ex-
ist and one has to be picked up to compute the reference digital controller.
These approximations are now briefly presented. While the continuous-time
transfer functions are functions of s, their discrete-time counterparts (pulse-
transfer functions) are functions of z. The relation between these two variables
is z = esh. The approximations are then based on this expression and consist
in replacing s by the approaching relation of z inside the continuous transfer
function i.e. Kd(z) = K(s) where s = t(z). The most popular transformations
are: the forward difference, the backward difference and Tustin’s approximation.
Two additional approximations are also available: the zero- and first-order hold
transformations also known as step invariance and ramp invariance. All these
techniques can be summed up as follow:

• Forward Difference: s = z−1
h based on the first order expansion esh ≈

1 + sh

• Backward Difference: s = z−1
zh based on the serie expansion esh ≈ 1

1−sh

• Tustin’s approximation: s = 2
h
z−1
z+1 based on the trapezoidal approxi-

mation for numerical integration

• Step invariance: it relies on the sampling of the analog system. Given
a continuous linear state-space representation:

ẋ(t) = Ax(t) +Bu(t) (3.1a)

y(t) = Cx(t) +Du(t) (3.1b)

the discrete approximation of 3.1 between two successive sampling in-
stants, assuming a piecewise continuous input, is:

x(k + 1) = Φx(k) + Γu(k)

y(k) = Cx(k) +Du(k)

where Φ =
∫ h

0
eAsds and Γ =

∫ h
0
eAsB ds. The transfer function can then

be deduced as:
Kd(z) = C(zI − Φ)−1B +D

which is similar to the continuous result expression.

• Ramp invariance: it is based on the same principle as the step invariance
but with a piecewise affine input (closer to the plant output behavior).
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The forward difference does not guarantee the stability even if the analog con-
troller is stable. Indeed, the mapping on the z-plane of the stability region
Re(s) < 0 in the s-plane is ]−∞, 1]× R. The remaining transformations guar-
antee this property since the designed continuous-time system is stable. For
instance, the same stability region in the s-plane will be mapped respectively
into the circle of center ( 1

2 , 0) and of radius 1
2 and into the unit circle for the

backward difference and Tustin’s approximations respectively. The adopted
digitalization method will then be picked up among them. The ramp invari-
ance and Tustin’s approximation are the most accurate methods in terms of
frequency response representativeness. However, the latter has the drawback of
being subject to frequency distortion. It will be particularly visible with notch
filters. The following example coming from [Wittenmark(2000)] points out this
problem. Consider the analog transfer function given by:

K(s) =
(s+ 1)2(s2 + 2s+ 400)

(s+ 5)2(s2 + 2s+ 100)(s2 + 3s+ 2500)

The sampling period h is equal to 0.03s. The displayed figure shows the differ-
ence between the frequency responses given by the ramp invariance and Tustin’s
transformation and compared to the system K(s):
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Figure 3.1: Bode diagrams of the continuous-time transfer function K(s)
(solid/blue) and its ramp invariance (dashed-dotted/green) and Tustin’s ap-
proximations (dashed/red) pulse-transfer functions K(esh).

Besides, the ramp invariance method provides correct sampled poles which is
not the case of the Tustin’s approximation. Finally, Tustin’s is easier to compute
but this advantage does not overshadow its numerous drawbacks compared to
the first-order hold approximation.
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3.2 Hybrid discrete particle swarm optimization

The hybrid Discrete Particle Swarm Optimization (acronym: hDSPO) method-
ology is a modified version of the well-known particle swarm computation tech-
nique dedicated to discrete real valued decision variables. The algorithm prin-
ciple consists in reproducing fish or birds flock behaviors. This means that it
carries out multi-agent cooperation and communication to locate with a low
or high rate of success a global optimum. This section describes the Standard
Particle Swarm Optimization (acronym: SPSO) algorithm . Then, the main
modifications of the SPSO technique which have led to the hDPSO algorithm
are detailed.

3.2.1 Particle swarm optimization

The early developments of PSO are inspired from nature observations. At the
beginning, PSO first objective was the simulation of bird flocks. The most
crucial observation has been that the bird flock members could find a food
source suiting their needs without prior knowledge of its location. Thus to
reach their goal it has been concluded that some information was exchanged
between flock members in terms of flock dynamics. The derived principle has
then be formulated such as:

• Each bird is characterized by its position and velocity;

• Each bird keeps in its memory the coordinates of the best solution it has
found so far. This best solution is called the personal best, denoted pbest
and is evaluated with respect to a given criterion;

• The bird flock knows and updates the best solution found by the entire
flock. This best solution is called the global best, denoted gbest and is
evaluated with respect to the same criterion;

• The birds are moving accordingly to their own inertia as well as their pbest
and gbest.

The algorithm is actually using the swarm notion and not the flock one. The rea-
son for this is that the algorithm description fits the swarm intelligence principles
of [Millonas(1994)]: proximity, quality, diverse response, stability and adapt-
ability. The PSO is a generalization of three-dimensional swarms and used to
solve nonlinear optimization problems [Kennedy(1995)], [Eberhart(1995)] and
[Clerc(2003)]. The birds are replaced by particles with a number of compo-
nents corresponding to the problem dimension. The individuals pbest and gbest
are conserved and the particles are characterized by their position and velocity
vectors in a D-dimensional search space. The coordinates corresponding respec-
tively to the personal and global best criteria are denoted pbestX and gbestX.
The velocity of a particle i at time t is denoted Vi(t) and the corresponding
position is denoted Xi(t). The principle is then [Eberhart(1995)]:

1. Initialize an array of N particles with random positions and velocities
(2×N D-dimensional vectors must be initialized);

2. Evaluate the objective function to be minimized for all particles positions;
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3. Compare each individual evaluation with particle’s personal best value
pbest: If current value < pbest then pbest = current value and pbestX =
current position;

4. Compare evaluation with the entire swarm best criterion gbest: If current
value < gbest then gbest = current value and gbestX = current position.

5. Change velocity following the updating formula:

Vi(t+ 1) = Vi(t) +ACC CONST · rand() · (pbestX −Xi(t)) (3.3a)

+ACC CONST · rand() · (gbestX −Xi(t)) (3.3b)

where ACC CONST denotes an arbitrarily chosen constant factor and
rand() a random number between 0 and 1.

6. Move to Xi(t) + Vi(t+ 1): Return to step 2 and repeat until convergence
is reached.

3.2.2 PSO dedicated to discrete variables – hDPSO

The standard original version of the algorithm presented in the previous para-
graph is adapted to optimization of criteria considered as functions of continu-
ous variables. It is therefore inadequate for handling discrete decision variables
(real valued) domains and this observation has motivated the development of
the hybrid Discrete Particle Swarm Optimization algorithm [Seren(2011)]. It
overcomes this issue while preserving the original algorithm philosophy.
The first modification is related to the definition of the velocity concept. Indeed,
for discrete search spaces, this concept does not have a meaning anymore. The
solution is to replace the equations of motion (3.3) defined in the original algo-
rithm by a new way of moving swarm’s particles. It takes the form of the one
exploited in the Jumping Frogs Optimization (acronym: JFO) [Mat̀ınes(2008)].
The attraction principle used in SPSO is kept but particle’s movements are
deduced from a specific probability distribution law. The motion is made of
pseudo-random jumps. The different possibilities for each new attractor x̊it+1

i

(position towards which the particle will move at the next iteration) are:

• The current position xiti with probability c1;

• The best position located by the particle so far x?i with probability c2;

• The best located position by the particles the ith particle communicates
with x?Ni

with probability c3;

• The global best located position x?S with probability c4.

i.e. the attractor can be one of the fourth presented elements. The position
updates xit+1

i (position a the next iteration it+ 1) follows:

xit+1
i = xiti � x̊it+1

i

where the operator � performs the necessary modifications of the current po-
sitions to represent a motion towards the attractor. Unlike the Particle Swarm
Optimization algorithm, another main modification is added. To guarantee con-
vergence, ”dynamical” boundaries vectors are considered in the discrete search
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domain Dd. These constraints ensures the convergence if, in addition, the op-
erator � is contracting (i.e. a 1-lipschitz function) i.e.

∀(x, y) ∈ Dd, ||x � y − x||Dd
≤ ||x− y||Dd

Finally, a Variable Neighborhood Search (VNS) heuristic combined with a Stretch-
ing Technique (ST) are used to improve the performances of the algorithm. The
Stretching Technique allows for progressive local extrema elimination.

The VNS heuristic basically consists in searching a local neighborhood of a
given particle. It is a local search in discrete domain similar to continuous-
gradient based techniques. This local neighborhood can take several different
shapes and can also vary in size. If no improvement is noted in terms of criterion
evaluation, the topology and/or the radius can be modified.

The Stretching Technique makes use of nonlinear transformation applied to
the criterion function. They penalize all the ”worse” particles.

This method is demanding in terms of fitness evaluation and is only applied
to a proportion of the swarm particles.
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3.3 Preliminary works

The first design approach principle is to find, in a first stage, an ideal infinite
precision coefficient digital transfer function that conserves the analog frequency
response. For this purpose, a discretization method, at a given sampling rate, is
required. This step provides the structure for the controller to be implemented
in a signed integer format. In a second stage, the principle is to apply an
optimization algorithm to derive the coefficients of the digital control system.
The search domain for the algorithm will be given, for a predefined resolution
denoted N , by:

D =
[
−2N−1, 2N−1 − 1

]m+n

where m and n are respectively the numerator and denominator polynomials
orders in the following formulation of the discrete controller:

Ψ(z) =
bmz

m + ...+ b1z + b0
zn + an−1zn−1 + ...+ a1z + a0

, m ≤ n

The optimal coefficients will be searched as signed integers within D. As a
result, the problem will be a discrete-variable optimization problem. So, the
algorithm is chosen accordingly. The optimization problem is solved by means
of the hDPSO Algorithm. The objective function to optimize has been designed
in order to be indicative of the degree of similarity between the analog and the
discrete frequency responses (gain/phase or pole-zero matching). Only through
this measure will the search for an optimal digital controller be possible. The
comparison will be made between the reference discrete controller and the op-
timized one. The first and second following paragraphs are organized similarly
and address respectively the gain and phase based and the pole/zero correspon-
dence procedures. The retained measure is presented and its choice motivated.
Then, the chosen discretization procedure is also motivated. The third part will
present the results. These results are finally discussed in a brief conclusion.

3.3.1 Gain and phase based measure procedure

The gain and phase based measure is the first one to be investigated. This part
starts with its mathematical definition and the reasons that have led to choose
it. It will then be applied to the procedure of finding an optimal signed-integer
digital transfer function. The procedure will be using a particular optimization
method that will be detailed more explicitly in a to-come dedicated development.
The results will be discussed and a third part will cope with the notion of
variance.

Gain/Phase criterion definition and choice motivation

Criterion definition The Gain/Phase criterion, denoted ε1, is containing
information about the controller gain (in decibels) and the phase (in degrees).
These two notions characterize the system behavior as a frequency function.
The Gain/Phase criterion will be evaluated on given frequency intervals. It
will not be continuous though but countable since the frequency axis will be
sampled between a predefined fmin and fmax. The similarity between both
systems will therefore be assessed over a finite number of comparison points.
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The way the frequency interval is sampled represents obviously a critical point.
Indeed, for some particular frequency responses, some regions might be too
poorly emphasized in terms of meshing. This difficulty will have to be closely
scrutinized. The way the gain and the phase are processed to generate this
comparison measure is the following one:

ε1 = ||e||2, e =
[
eTG eTP

]T
where the vectors eG and eP are defined by:

eG = [∆G(ω1) ... ∆G(ωM )]
T

eP = [∆P (ω1) ... ∆P (ωM )]
T

The vectors components ∆G(ωi) and ∆P (ωi) are respectively given by:

∆G(ωi) = 20 log |Ψref (ejωih)

Ψ(ejωih)
|

∆P (ωi) = Arg{Ψref (ejωih)} −Arg{Ψ(ejωih)}

||.||2 corresponds to the Euclidian norm. M corresponds to the number of points
where the gain and phase are calculated. It is left to the user to choose this
parameter. Taking only the gain or the phase, the measure would be respectively
the distance between the gain curves or the phase ones. The measure εGP
appears as a distance between a gain and phase curves concatenation. The
weight put on them is the same meaning that no emphasis is applied on either
one of them.

Choice motivation This evaluation function has the advantage to encapsu-
late both the phase and gain information. By its definition, it also fits well in
a computer-aided design perspective. The parameter M can be chosen and the
measure is based only on a finite number of calculated gains and phases. It is
therefore adapted to computer implementation where it will be naturally impos-
sible to evaluate the gain and phase over an infinite number of points. However,
since the frequency response matching procedure will be performed off-line, the
computation time will not be an issue. Besides, for two distinct systems at a
given frequency, the same gain and phase will automatically imply the same
behavior for both of them. Therefore, if the gain and the phase are identical
over the entire useful frequency interval, then the system will behave identically.
This is what is looked for in the frequency response matching strategy presented
in this thesis work. The idea is: if the analog and its coded digital counterpart
have the same behavior over the considered frequency interval, then (assuming
that the processor internal computations are correct) the digital closed-loop be-
havior should be alike. The chosen indicator is in line with this strategy. The
measure could have used only one of the two curves. However, the current op-
tion is not taken without a reason. The reason for this stands in the following
remark: two transfer functions can have the same gain but a difference of 180
degrees in the phase may occur. This way, the gain curves are the same but the
overall behavior will be different because of the phase shift. For instance, 1

s−1

and 1
s+1 have the same gain for all the frequencies but the phases are different

therefore resulting in the former to be unstable unlike the latter.
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Digitalization method choice

The ideal discretized controller is to be determined. As mentioned before, its
structure will be used. In other words, it will provide the shape (numerator and
denominator orders) in which the coded controller should be sought. Besides,
the coefficients will be looked for in signed integer format. If the digitalization
method could already give real coefficients that are all close to this format, it
would be interesting. The forward difference is actually turning s into z−1

h . The
sampling period being usually small, this transformation will more likely achieve
this goal. Besides, it is easy to use and the structure can almost straightaway
be derived. It is for that reasons the forward difference approximation has been
chosen.

Optimization results

Forward Difference (FD) reference controllers The procedure will be
to derive the reference digital compensator for a given sampling period and
to proceed with the hDPSO-based optimization. The hDPSO-based optimiza-
tion with the ε1 measure is performed for different interval meshing types: linear
with constant step between the comparison points, logarithmic step between the
same number of points and a combination of these two kinds of subdivisions.
The technique is investigated for two distinct analog systems: a first-order low-
pass filter and a P.I.D. controller.

Experiments setup: The step for the linear meshing is equal to 0.1 rad/s, the
number of comparison points when the logarithmic meshing is used is 100000
and the resolution for the test is N = 9.

First-order low-pass filter: K(s) =
3.5

1 + 2.5478s
at a sampling period h = 10−2s

The reference discrete control system Ψref (z) is given, for the FD approxi-
mation, by:

Ψref (z) =
Gd

α(z − 1) + 1
=

3.5

254.78(z − 1) + 1

The regarded comparison frequency interval is given by

IC =
[
10−2 rad/s,

π

h
rad/s

]
The figure below shows the Bode diagrams of the analog first-order filter along
with the results of the optimization performed with the different types of interval
subdivisions.



CHAPTER 3. IMPLEMENTATION-ORIENTED REDESIGN 46

-50

-40

-30

-20

-10

0

10

20

M
ag

n
it
u
d
e 
(d
B
)

10
-2

10
-1

10
0

10
1

10
2

10
3

-225

-180

-135

-90

-45

0

P
h
as
e 
(d
eg

)

 

 

Bode Diagram

Frequency  (rad/sec)

Analog filter

Discrete filter (linear meshing)

Discrete filter (logarithmic meshing)

Discrete filter (combined meshing)

Figure 3.2: Analog system (solid/black), discrete system with linear mesh-
ing (dashed/blue), logarithmic meshing (dotted/green) and combined meshing
(dash-dotted/red) Bode diagrams.

P.I.D. filter:

K(s) = 4.1

[
1 +

1

4.3333.10−2s
+

7.6923.10−3

1 + 5.1282.10−3s

]
at a sampling period h =

10−4s

The reference discrete control system Ψref (z) is given, for the FD, by:

Ψref (z) = Gd

[
1 +

Ki

z − 1
+

15(z − 1)

z +Kd

]
= 4.1

[
1 +

0.0023

z − 1
+

15(z − 1)

z − 0.8050

]
The comparison interval is the same as before namely IC and the distinct in-
terval meshing types are treated in the same order. The coefficients to be
approximated are Gd, Ki and Kd. Their corresponding approximations are re-
spectively denoted by Ĝd, K̂i and K̂d.

The figure below shows the Bode diagrams of the analog PID filter along with
the results of the optimization performed with the different types of interval
subdivisions.
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Bode Diagram

Frequency  (rad/sec)

Analog filter

Discrete filter (linear meshing)

Discrete filter (logarithmic meshing)

Discrete filter (combined meshing)

Figure 3.3: Analog system (solid/black), discrete system with linear mesh-
ing (dashed/blue), logarithmic meshing (dotted/green) and combined meshing
(dashed-dotted/red) Bode diagrams.

Discussion

First-order low-pass filter: The first element that can be noted is the multiplicity
of distinct approximated coefficients sets when the hDPSO algorithm is applied
with linear meshing. The lack of results repeatability is problematic. Among
the ten attempts, one solution can be selected with respect to the measure eval-
uation. However, this absence of repeatability leads to the question: is really
the best found solution the best solution to the optimization problem at hand?
Nevertheless, the logarithmic and combined logarithmic and linear comparison
points distributions leads to repeatable results. From one attempt to the other,
the outcome is the same in both cases.
Looking at Figure 3.2, another element can be pointed out. When the logarith-
mic frequency interval meshing is applied (alone or combined with a linear one),
the frequency response correspondence is better than when the linear meshing
is used. Gains have the same shape as the analog one. However, there exist
a difference in terms of gain translation. These translations are not significant
and a post-processing operation on the gain could be used to correct them. The
frequency response obtained with a linear comparison points distribution has
neither the same cutoff frequency nor the same gain at low frequencies. From
these observations, it could be concluded that the hDPSO applied with a loga-
rithmic comparison points distribution will ensure a correct matching (the gain
can be ”fixed”). Regarding the phase diagram, the case where the frequency
scale is linear does not fit well. In the other cases, it fits well at low frequencies
but not from 10−1 rad/s on.
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The conclusion that linear meshing is less effective than logarithmic meshing
seems to be relevant for the latter subdivisions provide repeatable results and
correct frequency response matching (with minor gain problem).

P.I.D. filter: The previous conclusion on logarithmic distribution does not make
sense anymore. Indeed, the multiplicity of distinct results is visible for this kind
of meshing too. It leads to the same question as in the previous case.
Besides, Figure 3.3 shows that the three different frequency responses have the
correct integrator behavior at low frequencies. However, except for this point,
they do not fit the analog system response at all. Their behavior is similar to
that of an analog system that would have a transfer function of the form:

H(s) =
1 + τs

s

The method based on gain and phase measure ε1 does not give satisfactory
results. The major problem lies in the multiple distinct results obtained via
hDPSO which therefore prevents from ensuring that the best solution found in
the process is the actual global best solution to the problem. This issue comes
from the fact that the optimization problem is particularly complex and intri-
cate. Another cause may be the measure specification in terms of decoupled gain
and phase. Different approximated coefficients combinations can give the same
approximated gain. These distinct combinations appears because of compen-
sations between the numerator and denominator gains. Therefore it toughens
the optimization problem and renders the algorithm less effective. The criterion
then displays numerous local minima that cannot be efficiently eliminated even
with the functionalities provided by modifications found in the hDPSO search
method.
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3.3.2 Poles and zeros matching measure procedure

Poles and zeros criterion definition and motivation

This measure will be computed using the ideal digital control system as a ref-
erence. This statement is straightforward for it is impossible to compare poles
and zeros of a discrete and a continuous control systems. It is different from the
first defined measure for the reference was the analog controller to be discretized
and coded. The measure will be presented and its advantages and relevance will
be pointed out.

Criterion definition The ideal sampled-data control system Ψref (z) poles

and zeros are respectively denoted by prefk , k ∈ Nn and zrefl , l ∈ Nm. The
approximated and to-be-optimized controller Ψ(z) poles and zeros are simply
denoted by pk and zl. The similarity of these quantities is the objective. To
quantify the similarity between two poles (respectively two zeros), the idea is
to measure the distance in the complex plane between both of them. It is
therefore represented by |prefk − pk| for the poles (respectively |zrefl − zl| for
the zeros). Naturally, the criterion has to take into account the poles and zeros
dissimilarities altogether. The principle is the same as for the aforementioned
indicator. The sum of the squared distance between reference and approximated
controllers poles and zeros is considered. The criterion is denoted by ε2 and
defined by:

ε2 =

√√√√ n∑
k=1

|prefk − pk|2 +

m∑
l=1

|zrefl − zl|2

Choice motivation A noticeable drawback comes with the poles and zeros
matching criterion. It consists of a gain error: systems can have exactly the
same poles and zeros (implying the same phase) but a different gain. However,
it can be relatively easily overcome via post-processing using either a digital or
an analog gain to compensate exactly for the gain shift. Unlike the previous
measure, the present one allows for a numerator and denominator coefficients
decoupling in the measure evaluation. Indeed, the poles will only be influenced
by the denominator and the zeros by the numerator. In the gain and phase based
criterion, the gain is directly dependent of both numerator and denominator co-
efficients. The consequence was the possibility of gain compensations therefore
rendering the optimization process extremely difficult (??). In other words, the
problem of possible gain compensations present in the gain and phase based
indicator will be avoided. This measure also prevents from having to define a
comparison frequency interval and the meshing type to be applied to compare
accurately the analog controller and the digital coded control system frequency
behaviors. The influence of the transfer function coefficients on the poles and
zeros is easier to see than for the gain and phase.

Digitalization method choice

The gain and phase indicator was based on the forward difference approxima-
tion. This approximation is practical for implementation as it is simple and
was suited to the previous approach in the sense that the transfer function nu-
merator and denominator coefficients were sought in a discrete valued domain
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composed of signed integers. The idea was to already get signed integers for the
ideal digital controller structure. It was then trivial to compare the optimization
effects on the coefficients with the simple coefficient rounding and truncation
operations. However, such a method does not provide correct sampled poles
and zeros. Besides, it does not ensure digital controller stability even if the ana-
log controller is as explained in the section related to the usual discretization
approximation methods. The reference discrete compensator is the reference in
terms of poles and zeros comparison. A poor analog controller poles and zeros
sampling will biased the comparison. The results will therefore be unreliable.
A novel discretization technique is thus required.

The relevant criterion to take into account in the choice have already been pre-
sented in the forward difference critic, namely, the stability and correct poles
and zeros sampling. Except for the forward difference approximation, all the
approximations are guaranteeing stability. For correct sampling, the only re-
maining candidate is the first-order hold approximation. Tustin’s could have
been utilized but 3.1 presented the advantages inherent to the first-order hold
method and compared to those of Tustin’s. That is why the ramp invariance
is chosen to replace the forward difference technique. All else is equal meaning
that the transformation is still performed for a fixed sampling rate and that the
transfer function coefficients are still looked for in signed integer format.

Theoretical considerations and optimization results

FOH reference controllers and poles and zeros determination As in
section 3.3.1, the procedure will be to derive the reference digital compensator
for a given sampling period and to proceed with the hDPSO-based optimization.
The technique will be investigated for the same analog systems.

First-order low-pass filter: K(s) =
3.5

1 + 2.5478s
at a sampling period h = 10−2s

The reference discrete control system Ψref (z) is given, for the first-order hold
approximation, by:

Ψref (z) =
bref1 z + bref0

z + aref0

=
0.00685969z + 0.00685072

z − 0.996083

The poles and zeros are given by:{
pref1 = 0.996083

zref1 = −0.998693

It is trivial to derive the theoretical expressions for the approximated controller
poles and zeros. It allows for the relation between the transfer function coeffi-
cients and the poles and zeros to be approached. Their expressions are:{

p1 = a0

z1 = − b0b1

Looking at the expression of the only pole and its actual value, it can be di-
rectly said that the optimization, if it performs well, should give 1. The domain
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is composed of signed integers and the closest integer to 0.996083 is 1. Re-
garding the zero value and its expression, it can be safely claimed that several
possibilities are available for the two coefficients b0 and b1. The minimum dis-
tance between the possible approximated zeros and the actual value is obtained
for an approximated zero equal to −1. The optimization should therefore give
one for the approximated pole and −1 for the approximated pole.

Second-order low-pass filter:

K(s) =
3.5

(1 + 2.5478.10−2s)(1 + 1.5248s)
at a sampling period h = 10−2s

The reference discrete control system Ψref (z) is given, for the first-order hold
approximation, by:

Ψref (z) =
bref2 z2 + bref1 z + bref0

z2 + aref1 z + aref0

=
0.00136278z2 + 0.00494793z + 0.00111642

z2 − 1.668833z + 0.670955

The poles and zeros are given by:{
pref1 = 0.675369; pref2 = 0.993463

zref1 = −3.389041; zref2 = −0.241726

It is still trivial to derive the theoretical expressions for the approximated con-
troller poles and zeros. Their expressions are:

p1,2 =
−a1 ± (1− δ−1,sign(∆p)(1− i))

√
sign(∆p)∆p

2
(3.6)

z1,2 =
−b1 ± (1− δ−1,sign(∆z)(1− i))

√
sign(∆z)∆z

2b2
(3.7)

where δ is the Kronecker symbol, ∆p = a2
1 − 4a0 and ∆z = b21 − 4b0b2.

P.I.D. filter:

K(s) = 4.1
[
1 + 1

4.3333.10−2s + 7.6923.10−3

1+5.1282.10−3s

]
at a sampling period h = 10−4s

The reference discrete control system Ψref (z) is given, for the first-order hold
approximation, by:

Ψref (z) =
bref2 z2 + bref1 z + bref0

z2 + aref1 z + aref0

=
59.98z2 − 119.2z + 59.24

z2 − 1.823z + 0.8228

The poles and zeros are given by:{
pref1 = 0.822835; pref2 = 1

zref1 = 0.990734; zref2 = 0.996984

The theoretical expressions for the approximated controller poles and zeros are
the same as for the second-order low-pass filter.
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hDPSO optimization based on pole/zero matching The hybrid par-
ticle swarm optimization is applied to the systems presented in the previous
paragraph. The optimization operation is repeated several times to investigate
the results repeatability. Indeed, as said in the presentation of the hDPSO
algorithm, the particle positions updates are determined by a priori specified
probabilities. The systems will be treated in the same order as in the previous
paragraph. The initialization is performed via a Hammersley’s sequence. The
number of specified particles participating in the search is five. The communi-
cation network between these entities is chosen to be a Von Neuman’s one. The
resolution N is equal to 9 giving a range of signed integers between -256 and 255.

First-order low-pass filter: The hDPSO algorithm has been applied ten times.
For clarity reasons and facing a repeating pattern, only five results are reported.
However, since the evoked pattern is obvious, no loss of information is observed
when selecting only these five set of values.

b1 b0 a0 ε2

1 156 156 -1 4.1365 · 10−4

2 110 110 -1 4.1365 · 10−4

3 -116 -116 -1 4.1365 · 10−4

4 79 79 -1 4.1365 ·10−4

5 239 239 -1 4.1365 · 10−4

Table 3.1: Pole/zero matching optimization results for a first-order low-pass
filter.

Second-order low-pass filter: The HDPSO algorithm has been applied ten times.

b2 b1 b0 a1 a0 ε2

1 72 254 34 -2 1 3.404 · 10−1

2 38 138 31 -12 36 7.3087
3 1 3 -1 5 6 2.4667
4 76 255 -9 -2 1 4.266 ·10−1

5 -2 -7 -1 -2 1 3.398 · 10−1

6 37 131 19 -2 1 3.370 · 10−1

7 68 253 75 -2 1 3.352 · 10−1

8 -69 -252 -61 -17 72 1.08515 · 101

9 14 79 12 -8 16 4.4825
10 -3 239 -3 -2 1 3.299 · 10−1

Table 3.2: Pole/zero matching optimization results for a second-order low-pass
filter.
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P.I.D. filter: The hDPSO algorithm has been applied ten times.

b2 b1 b0 a1 a0 ε2

1 -87 127 -46 -2 1 4.219 · 10−1

2 54 -74 25 -8 16 4.3928
3 -48 55 -16 -2 1 6.293 ·10−1

4 35 -52 19 -14 49 8.6198
5 68 -73 19 -2 1 6.823 · 10−1

6 -54 81 -30 -2 1 4.040 · 10−1

7 29 -88 67 -19 90 1.21832 · 101

8 251 -4 -1 -2 1 1.4081
9 -18 23 -7 -2 1 5.659 · 10−1

10 105 -88 -14 -2 1 1.1416

Table 3.3: Pole/zero matching optimization results for a P.I.D filter.

Discussion

First-order low-pass filter: The theoretical considerations were giving one for
the approximated pole and −1 for the approximated zero. The results gathered
in Table 3.1 give the same value for the applied measure evaluation as well as
the same pole and zero. These results are one for the approximated pole and
−1 for the approximated zero. It confirms the theoretical part. Besides, the
possibility of multiple solutions foreseen by the theoretical discussion is also ob-
served in Table 3.1. Indeed, even if the approximated pole is always one, the
couple (b1, b0) is not unique. From these observations, it can be concluded that
the algorithm is working correctly for this system. The optimal found solutions
make appear integrating and derivative elements. It differs drastically from the
analog system to approximate in terms of frequency response. The problem is
coming from the close proximity of both the pole and the zero to the unit circle.
The closest value to the real zero after 1 is 0.996094 obtained with the divi-
sion of −255 by −256. There is obviously a problem of sensitivity as observed
in analog-to-digital converters where the resolution is determining between two
successive code levels.

Second-order low-pass filter: Looking at Table 3.2, the results repeatability ob-
served in the first-order low-pass filter case is not present anymore. The best
found solution corresponds to the measure evaluation 0.3352 and to the transfer
function coefficients b2 = 68, b1 = 253, b0 = 75, a1 = −2 and a0 = 1 thus giving
the following optimal coded digital transfer function:

Ψ(z) =
68z2 + 253z + 75

(z − 1)2

The optimal solution transfer function denominator expression straightaway
provides the approximated poles values: they are both equal to one. For the
zeros, the comparison with the real zeros is made in the table below



CHAPTER 3. IMPLEMENTATION-ORIENTED REDESIGN 54

Reference zeros Approximated zeros
−3.389041 -3.395792
−0.241726 −0.324796

Table 3.4: Comparison between actual and approximated zeros - Second-order
low-pass filter.

The obtained poles are not a satisfactory approximation of the actual ones unlike
the approximated zeros and the results are not repeatable. The optimization
does not perform correctly on this second-order analog low-pass filter with two
distinct real poles. The results for the P.I.D. filter have to be investigated to
see if the same is happening and in the positive answer case, to try to find an
explanation.

P.I.D. filter: Looking at Table 3.3, the results repeatability is missing again.
The best found solution corresponds to an indicator evaluation of 0.4040 and
the signed integer coefficients transfer function

Ψ(z) =
−54z2 + 81z − 30

(z − 1)2

The obtained poles and zeros are compared with the reference ones.

Reference zeros Reference poles
(0.990734, 0.996984) (1, 0.822835)

Approximated zeros Approximated poles
(0.666667, 0.833333) (1, 1)

Table 3.5: Comparison between actual and approximated poles and zeros -
P.I.D.

Table 3.5 shows that one pole and the two zeros are poorly approximated as
in the previous case. The structure of the P.I.D. discretized version is identical
to the second-order filter regarded before. It experiences the same problems in
terms of pole/zero matching optimization even if the poles and zeros locations
are not comparable.

The hDPSO algorithm applied based on the pole/zero matching measure ε2

does not provide outstanding results when the considered system transfer func-
tion denominator is changed for a second order polynomial from a first order
one. Indeed, the algorithm works as expected in the first case with a first
order denominator polynomial and experiences difficulties finding the correct
approximation for the two second-order polynomial denominator systems. The
difference between these two situations is the poles and zeros structure. In
the latter configuration, the poles and zeros are related. It suffices to look at
Equation 3.6 and Equation 3.7 to convince oneself. The fact of fixing one pole
(respectively one zero) is ultimately fixing the other one in a perfectly foresee-
able location. Consequently, the search domain discrete nature (namely signed
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integers between −256 and 255) is inducing a discrete set of through approxi-
mation reachable poles and zeros. The problem lies then in the fact that the
reference poles and zeros may be between the approximated poles and zeros
gaps. It can also rise from the fact that one pole (respectively one zero) is
correctly approximated but the other one is not for the correctly approximated
pole has a counterpart far away from the second reference pole. In the P.I.D.
case, one pole is correctly approximated to one but not the other one. It does
not necessarily means that it is the fault of hDPSO algorithm. Indeed, one
pole is correct and the other one is not that far. However, the discrete nature
of the search domain combined with the peculiar relation between two distinct
poles (respectively zeros) are worsening the optimization. In the same case, the
zeros are clearly off the grid. It may come from the fact that these zeros cannot
actually be correctly approximated given the resolution N = 9. The conclusion
is that the hDPSO algorithm is giving unsatisfactory results for the problem
may be improperly formulated.

The considered solution is to multiply the reference transfer function numer-
ator and denominator by the same multiplicative factor k and to round to the
nearest integer. This solution is based on the idea of increasing sensitivity (i.e.
smaller quantization step) by the increase of the coefficients involved in the ex-
pressions for the poles and zeros. It is clear when the pole (respectively the
zero) is given by

p =
α

β
(3.8)

and p really close to the unit circle, let assume p = 0.999863. It will be best
approached with α = β − 1 and then, the larger the coefficients, the better
the approximation. For instance, using Equation 3.8 with α = 255 and β =
256, the approximated pole is p̂ = 0.996094 whereas with α = 1023 and β =
1024, it is p̂ = 0.999023 (closer to the actual one). If the two coefficients are
further increased α = 2047 and β = 2048, it will be p̂ = 0.999512 that is even
closer. However, the coefficients can be really spread. The issue is then that,
to become large enough, some small coefficients will have to be multiplied by
significant factors. If such coefficients are mixed with already noticeable ones
in the numerator or denominator, then the multiplicative factor might demand
to increase the resolution too drastically. To overcome this, the idea was to
first perform a continuous variable optimization on the coefficients with the
objective of a simultaneous minimization of the error on the poles and zeros
and the coefficients variance. This solution did not give any exploitable results
and satisfactory approximations.
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3.3.3 Summary of the first two procedures

From the two discussions about the first approach works, several aspects can be
summarized:

• No repeatability of the results using the hDSPO algorithm for both ap-
proaches.

• Sensitivity to the frequency interval meshing for the first approach based
on the gain and phase measure.

• Sensitivity to the reference transfer function coefficients magnitude for
correct approximation of the poles and zeros in the second approach. The
resolution may have to be drastically increased.

• No exploitable results for the combined coefficients variance and ε2 mini-
mization.

A new strategy has to be devised in regards of these mentioned points. The
hDPSO is abandoned as well as the signed integer format. In the novel approach,
the format is fixed-point format with integer and fraction part for decimal num-
bers representation. The hDPSO is replaced by a derivative-free optimization
algorithm. Besides, the transfer function form is replaced by a state-space rep-
resentation



Chapter 4

Method presentation in
open loop

The aforementioned procedures were taking the sampling frequency for granted.
The present method proposes to regard it as a design parameter. The base for
this method is still a fixed-point format for the coefficients to be coded with the
objective of seeking a as possible-correct coding. The signed integers will be
replaced by decimal numbers, the number of fraction bits will be chosen accord-
ingly to the purpose of this new strategy. Besides, the transfer function rep-
resentation is abandoned to be replaced by the state-space configuration, more
tractable in terms of coding and for MIMO extensions. Naturally, in regards of
the implementation-related works presented in the state-of-the-art, the digital
controller implementation structure constitutes a primordial element especially
in terms of output noise. Both the structure choice and the state-space repre-
sentation orientation will be motivated along with other key choices such as the
number of fraction bits for instance.The approach foundation is the inclusion of
the sampling period h and resolution N in the proposed procedure. This chap-
ter starts with the procedure idea presentation. From this point, an algorithm
is proposed and detailed in a second part before algorithm-related remarks are
made in a following section. Then, the derived algorithm is applied to an air-
craft vibrations attenuating controller simplified version and its performances
are discussed. To assess the significance of the approach, the procedure-derived
results are compared with a simple coding approach involving the analog con-
troller coefficients rounding to the nearest coded level. Finally, the last section
uncovers the procedure possible further expansions.

57
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4.1 Procedure idea

The principle is to find the sampling period h ∈ R+∗ as well as scaling factors
k1, k2 ∈ R+∗ that will provide the closest coded discrete sampled-data control
system frequency response to the analog compensator for a given resolution N .
In other words, the objective is to turn an analog reference system Σref
into a digital coded one Σcoded

Σref

Procedure

Σcoded

The coding is based on the rounding to the nearest code level for each coeffi-
cient. To be able to do so, the analog controller needs to be discretized. The
stability has to be conserved and the poles and zeros should be correctly sam-
pled. That is why the same digitalization method as in the pole/zero matching
section in Chapter 3 will be used namely the first-order hold one (FOH). The
analog controller is first represented in modal state-space form. When the dis-
cretization is performed, the obtained controller is represented in a state-space
shape. The infinite precision coefficient controller is then characterized, after
the FOH transformation, by:{

ξref (k + 1) = Φrefξref (k) + Γrefy(k)
u(k) = Crefξref (k) +Drefy(k)

(4.1)

where the vector ξref and Γ1 are given by:

ξref (k) = x(k)− Γ1

h
u(k + 1)

Dref = DK +
1

h
CKΓ1

Γ1 =

∫ h

0

eAKh(h− s)BK ds

Remark 4.1

Γ1 has no relation with Γref : they are completely distinct entities.

Since the analog controller has been represented in modal sate-space form, the
matrix Φref = eAKh is block diagonal. It can be given by, after a simple
reorganization of the states:

Φref =

[
Λ 0
0 Σ

]
(4.2)
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Λ and Σ are two block matrices and the 0 entries are also blocks of appropriate
dimensions. The former matrices are:

Λ =



eλ1h 0 · · · · · · 0
0 eλ2h 0 · · · 0
... 0

. . .
. . .

...
...

...
. . .

. . . 0
0 · · · · · · 0 eλnrh

 (4.3)

Σ = diag(Σi)i∈Nnc

Σi =

[
eσih cosωih eσih sinωih
−eσih sinωih eσih cosωih

]
(4.4)

where the real poles of the analog controllers are λi, i ∈ Nnr
and the complex

ones are σj± iωj , j ∈ Nnc
. nr therefore corresponds to the number of real poles

and nc to the number of complex pairs of poles.

The procedure is actually divided into two distinct phases. The first phase
consists in digitalizing the analog controller for a given sampling periods range
[hmin, hmax]. This range is determined by the design limitations: upper bound
on the sampling frequency, useful frequency interval ... For each of them, the
obtained infinite precision coefficient transition matrix is coded all else being
equal. In other words, the matrices Γref , Dref and Cref remain unchanged.
The format for the coding is the allocation of one bit for the sign and of the
remaining N − 1 bits for the fraction part. The method is simple and can be
indicated. The first step is to multiply the coefficients by 2N−1. Then, the
result is rounded to the nearest integer. If it gives 2N−1, the coefficient is coded
by 1− 1

2N−1 (upper bound for the code). Otherwise, the coefficient is coded by
this result divided by 2N−1. The rounding operation can then be defined by:

Definition 4.1

Rfixed−point : ]−1, 1[→ C

x 7→

{
Round(x.2N−1)

2N−1 , Round(x.2N−1) < 1
1− 1

2N−1 , Round(x.2N−1) ≥ 1

where C = { l
2N−1 : l = −2N−1, ..., 2N−1 − 1}. The matrix version of this

function is denoted by Rmatfixed−point and defined as follow:

Definition 4.2

Rmatfixed−point : Mn(]−1, 1[)→Mn(C)
Mij 7→ Rfixed−point(Mij)

Then, for each of these coding a measure is computed to determined what the
best coding configurations (therefore the best sampling periods) are in terms of
matching between the analog and digital coded controllers frequency responses.
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This phase actually plays on the sampled poles. The zeros remain the same.
Prior to the second phase, a set of local minima for the calculated measure is
selected. The corresponding coded transition matrices will serve in the following
algorithm stage.

Remark 4.2

At this point, the transition matrix is coded Φcoded and the system is ”hy-
brid”: finite precision transition matrix coefficients and infinite precision
coefficients for the other involved matrices.

The second phase consists in scaling the remaining matrices Γref , Dref and
Cref coefficients to have them in the desired interval, namely

I =

[
−1,

2N−1 − 1

2N−1

]
The scaling constraint is to conserve the zeros. Naturally, the scaling will provide
a system with exactly the same zeros for the coding has not yet taken place but
the coding will change that. The coding is done as for the transition matrix
components. An optimization on the scaling is applied to keep the zeros. The
zero polynomial is given by:

N(z) = Cref adj(zIn − Φcoded) Γref +Dd det(zIn − Φcoded) (4.7)

Φcoded is the coded transition matrix and is thus a fixed parameter. Since the
remaining matrices components can be significantly dispersed with respect to
each other, two scaling factors are used. They are denoted by k1 and k2. The
scaled matrices will be denoted by:

Cs =
Cref
k1

; Γs =
Γref
k2

; Ds =
Dref

k1k2
(4.8)

Obviously, with the proposed scaling, the zero polynomial and the same poly-
nomial where the matrices have been replaced by their scaled versions have the
same roots. This means that the scaled system has the same zeros. The opti-
mization will regard the two scaling factors with the constraint that the scaled
matrices components belong to the previously presented interval I. The crite-
rion defined for this second stage optimization will also be explained.

The procedure two stages imply the definition of a measure. Indeed, this crite-
rion has been evoked in the first phase description to be able to determine what
the best coded transition matrices configurations in terms of frequency match-
ing with the analog controller are. It has also been evoked in the second phase.
The two evoked measures could be distinct, however, it has been decided that
it would be the same indicator for both stages. This indicator is based on the
frequency responses. In the first approach works, the first measure is actually
based on this objective. However, even if it includes both the gain and phase
information, it is extremely sensitive to frequency interval meshing and is using
the gain decoupled from the phase. In this algorithm, the measure is based on
the complex frequency response as a whole. Phase and gain information are
regarded together. For an analog system S(s), it will be given by:

S(jω) = |S(jω)|ejϕS(ω)
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For a discrete system, the complex response is the same but replacing jω by
ejωh and ϕS by the corresponding system phase. In its principle, the measure
is identical from one phase to the other. The only difference lies in the manip-
ulated objects. The measure can therefore be presented in its general form and
then it will be detailed in the procedure summary in the relevant steps. The
model complex frequency response is denoted by D(jω) and is the objective in
a frequency matching perspective. The discrete approximation that is sought
to fit the model is denoted by D̂(ejωh). The general form measure chosen for
the algorithm is:

ε3 =

∫ ω2

ω1

|D(jω)− D̂(ejωh)|2

|D(jω)|2
dω

where ω1 and ω2 are design parameters chosen by the users. An initial choice is
naturally (0, ∞). Their choice will typically depend on the considered analog
system and the different defined requirements in terms of frequency behaviors.
The integrand numerator is the illustration of the coupled gain and phase con-
sideration. The difference is not between gain in decibels and phase in degrees
anymore but directly between the complex values of each transfer function at a
given frequency.
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4.2 Proposed algorithm

The algorithm is divided into the following sequence of elementary steps

Remark 4.3

The resolution N is assumed to be given for the algorithm.

Step 1: Selection of two sampling periods hmin and hmax to form a
sampling periods interval Ih := [hmin, hmax]. This interval con-
sists of the sampling periods that will be tested for the dis-
cretization procedure. Naturally, this interval is not continuous
and nh points have to be selected. The choice in the interval
meshing is left to the user.

Step 2: Digitalization of the analog controller K(s) via the FOH ap-
proximation for all hi ∈ Ih, i ∈ Nnh

.

Result: A set Sref of nh ideal digital controllers Ψi
ref (z) is selected

Sref = {Ψi
ref (z), i = 1, ... , nh}

The obtained controllers are given by:

Ψi
ref (z) :=

[
Φiref Γiref
CK Di

d

]
where Φiref = eAKhi , Γiref =

∫ hi

0
eAs ds BK and Di

ref = DK + 1
hi
CKΓi1.

They correspond to infinite precision coefficients sampled-data control
systems in modal state-space form. They form the candidates to the
transition matrix Φiref coding operation.

Step 3: Code the transition matrix for the elements in Sref based on
the rounding procedure evoked previously, i.e., round the com-
ponents to the nearest code level.

Result: A set SΦcoded
of coded transition matrix digital controllers Ψi

Φcoded
(z)

SΦcoded
= {Ψi

Φcoded
(z), i = 1, ... , nh}

The obtained controllers are given by:

Ψi
Φcoded

(z) :=

[
Φicoded Γiref
CK Di

d

]
where Φicoded = Rmatfixed−point(Φ

i
ref ) defined in Definition 4.2. Only the

transition matrix coefficients are coded in fixed-point format. These con-
trollers will be discriminated about the value of the defined measure for
frequency matching assessment.
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Step 4: Compute the defined dissimilarity measure for the SΦcoded

components. In this case, the measure is precisely:

εi3,Φcoded
=

∫ ω2

ω1

|K(jω)−Ψi
Φcoded

(ejωh)|2

|K(jω)|2
dω, i = 1, ... , nh

Result: A set ε1 = {εi3, Φcoded
: i = 1, ... , nh} containing the computed

measure for the elements of SΦcoded
.

Step 5: Sort the set ε1 elements in ascending order and then select
the first nbest corresponding controllers.

Result: A set SΦcoded,best ε3of closest-to-analog digital controllers Ψi
best(z)

SΦcoded,best ε3 = {Ψi
best(z), i = 1, ... , nbest}

This set obviously satisfies: SΦcoded,best ε3 ⊂ SΦcoded
. At this point, only

the transition matrix is coded in the current set of controllers. The only
difference with the other controllers is that they have the smallest values of
the frequency matching criterion. Besides, this also gives a set of sampling
periods. The other matrices will be modified in the following steps.

Step 6: Construction of the scaled matrices Cis =
Cref

ki1
, Γis =

Γi
ref

ki2
and

Di
s =

Di
ref

ki1k
i
2

and rounding of their coefficients.

Result: It gives sampled-data controllers Ψ̂i
best(z), Nnbest

that satisfy:

Ψ̂i
best(z) :=

[
Φicoded Rmatfixed−point(Γ

i
s)

Rmatfixed−point(C
i
s) Rmatfixed−point(D

i
s)

]
Step 7: Minimization problem resolution using Nelder-Mead simplex

method.
min
ki1, k

i
2

{εi3,Ψ}, i = 1, ... , nbest

where

εi3,Ψ =

∫ ω2

ω1

|K(jω)− Ψ̂′
i

best(e
jωh)|2

|K(jω)|2
dω

Ψ̂′
i

best(z) = Ψ̂i
best · k1k2 since the scaling is introducing a gain shift

of k1k2 and that it is not coherent to compare two frequency
responses that are not defined similarly.

Result: A set of finite word-length components digital controllers Ψi(z).

Scoded = {Ψi(z), i = 1, ... , nbest}

given by:

Ψi(z) :=

[
Φicoded Γis,coded
Cis,coded Di

s,coded

]
and the corresponding scaling factors ki1, ki2.
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Step 8: Examination of the scaling factors obtained through Step 5
optimization: compute the product of these factors for the con-
sidered controllers.

Result: A set of gains gi = ki1k
i
2, one for each Ψi(z). At this point, nbest

coded digital controllers Ψi(z) along with their corresponding measure
εi3,Ψ, gain gi and sampling period hi are given.

Step 9: If ∃ i0 such that εi03,Ψ = mini∈Nnbest
{εi3,Ψ}, then select the con-

troller Ψi0(z). If εi3,Ψ = εj3,Ψ with i 6= j, choose the one that has
the smallest gain (according to Step 8).

Result: The optimal fixed-point format coded digital control system
ΨN, optimal(z) = Ψi0(z) and the corresponding sampling period hoptimal.

4.3 Remarks about the algorithm

4.3.1 Performance metric

The error between the two complex responses could have been taken as:

M∑
k=1

|K(jωk)−Ψ(ejωkh)|2, M ∈ N∗

where ω1 and ωM correspond to the upper and lower bound for the of-interest
interval. This criterion involves a discrete evaluation interval which is only
a finite number of comparison points. One major drawbacks is arising: the
interval meshing and the number of comparison points. Indeed, this choice is
crucial therefore rendering the measure extremely sensitive to it. Due to the
finite number of points and the differences in meshing density, some peculiar
behaviors may be missed. If such a situation occurs, it can jeopardize the
comparison procedure. The idea to overcome the meshing interval issue and the
discrete evaluation is to evaluate the complex frequency responses difference
integral over the useful frequency interval. The measure would then be∫ ω2

ω1

|K(jω)−Ψ(ejωh)|2 dω

This criterion is effective but does not emphasize the peaks corresponding to the
lightly damped poles or the hollows corresponding to the lightly damped zeros.
These peaks and hollows are crucial in the analog controller frequency behavior
and are parts of its design purpose. If they are not accurately reproduced in
the digital controller behavior, then a degradation in the related performances
will be observed. To take them into account, the last measure integrand can be
replaced by a relative difference, the reference being the continuous-time control
system complex frequency response. It therefore provides the defined criterion

ε3 =

∫ ω2

ω1

|K(jω)−Ψ(ejωh)|2

|K(jω)|2
dω
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This measure has the advantage of a ’continuous’ frequency comparison interval
and does account for the peculiar behaviors such as peaks and hollows. It is
therefore a relevant indicator of the dissimilarity in complex frequency responses.

4.3.2 The modal state-space form

The state-space representation choice is made for it is then possible to deter-
mine clearly what the needed computed internal variables are thus enabling for
a knowledge of what the control law will need to be correctly implemented.

The modal form for the analog controller is advocated for it is a configura-
tion where the sampled poles are directly represented in the transition matrix
after discretization. They are placed on the diagonal and therefore the tran-
sition matrix Φ is block diagonal. The advantage is that for all the possible
resolutions and whatever the transfer function magnitude is, the coding of Φ
will always and only involve elements Φij that satisfy

|Φij | < 1

It is particularly useful in the case considered in this thesis namely that the res-
olution N is a given parameter. With a transfer function, integer and fraction
bits number allocation will have to be adapted to be able to code the maximum
absolute valued coefficients of the denominator (influencing the poles). With
the modal form, this allocation is not problematic anymore. It allows for the
allocation of (N−1) bits to the transition matrix coefficients fraction part. The
remaining bit is used for the sign coding.

The analog-to-digital converter (not regarded in this thesis work as explained
in the introduction) provides a fixed-point formated variable to the numerical
platform based on its resolution. This variable is used at each sampling in-
stant in the internal coded digital control system computations of the control
law. The overflow probability (not directly addressed in this study) depends
on this variable dynamics as well as on the sampled-data compensator coeffi-
cients. Overflow is likely to occur after non-integer multiplication between the
previously cited components. If the same bits allocation as the optimally scaled
coded controller is given for the output converter variable, then a multiplication
with the controller state-space coefficients will unlikely provide an overflown re-
sult (for it will result in a even smaller value). The analog controller modal form
is picked up partly because of this overflow probability lowering. The roundoff
probability will, by a trade-off phenomenon, increase in the same time. The
presented procedure may even overcome the roundoff problem.

The coding error on the poles is directly obtained since the poles are the coeffi-
cients that are coded for the control law implementation. There is no intricate
relation between the transfer function coefficients and the error made while cod-
ing.
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4.4 Application: aircraft vibrations dampening
controller

This section is devoted to the application of the last devised algorithm to an
aircraft vibrations attenuating controller. First the plant and the controller are
introduced, then the lastly derived procedure is applied and the intermediary
results are shown along its development. Finally, the results are compared with
straightaway truncation and rounding operations in resolution N context.

4.4.1 System and controller presentation

The system is simplified and consists of a two inputs and two outputs extended
system G(s). This system transfer matrix can therefore be represented in the
following form:

G(s) :=

[
G11(s) G12(s)
G21(s) G22(s)

]
The inputs to the extended system are:

• w, corresponding to the disturbance.

• u, the control input provided by the controller.

The outputs z and y are satisfying the following equation:[
z
y

]
=

[
G11(s) G12(s)
G21(s) G22(s)

] [
w
u

]
This is the extended open-loop system without any controller to dampen the
vibrations. The controller is then added to the picture to introduce a closed-
loop control scheme. The output y is the input to the designed dampening SISO
controller K(s) and corresponds to the output to control with respect to the
vibrations effects. The whole extended closed-loop system can be represented
as:

G(s)

K(s)

w

u

z

y

Figure 4.1: Closed-loop.

The plant to control and denoted by P (s) throughout the paper is P (s) =
G22(s). The regarded controller is designed for the purpose of vibrations damp-
ening. The vibrations are caused by the disturbance w that is the input to the
considered plant P (s). Dampening these correspond to a P (s) gain modification
over the concerned frequency interval. The plant gain exhibiting a resonance re-
gion below 15 Hz, the objective consists in lowering it. However, this controller
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should conserve as much as possible the remaining part of the plant frequency
response. The controller K(s) in modal state-space form satisfies Equation 4.1
where:

• (Φref )ij ∈ [−330, 30]

• (Γref )i ∈ [−4100, 3560]

• (Cref )i ∈ [−4, 65]

• Dref = −150.7

where i, j ∈ N6.

This aircraft vibrations dampening controller K(s) Bode diagram is represented
in the figure below:
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Figure 4.2: Aircraft vibrations dampening controller K(s) Bode diagram.

The closed-loop integrating the controller Bode diagram is compared to the
plant one. In absolute magnitude, the closed-loop causes a peak decrease of 0.2
corresponding to a decrease of 0.69 dB. This performances have been judged
satisfactory in terms of vibrations dampening.

Remark 4.4

For confidentiality reasons, the plant and closed-loop Bode diagrams are not
represented here, even if they are modified and simplified versions of a real
system. Nevertheless, it is not binding in the strategy.
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4.4.2 Algorithm application to the vibrations dampening
controller

The aforementioned analog controller K(s) is a relevant candidate for the algo-
rithm application. The procedure is therefore applied to it for three different
resolutions and the intermediary results are shown along the way. The observed
results are then discussed with respect to the resolution and the sampling period.

Results

Algorithm Step 1 – Sampling periods selection

The first step consists of the two sampling periods hmin and hmax selection
to form a sampling periods interval. It has to be defined by the user and
depends on the system. Looking at Figure 4.2, the interval of interest is be-
tween 10−1 rad/s and 103 rad/s. The discretization with a sampling period
h gives a frequency response that is upper bounded by the Nyquist frequency
namely π

h . As a result, since the frequency interval of interest is going up to
ωmax = 103 rad/s, the following inequality has to be satisfied:

ωmax ≤
π

h
≡ h ≤ π

ωmax

The parameter hmax, if π
ωmax

is denoted by hbound, has then to verify:

hmax ≤ hbound (4.9)

where hbound ≈ 10−2.5 s. Relation (4.9) fixes the sampling periods upper bound.
Regarding the lower bound hmin, the criterion for the choice takes the applica-
tion type into account. The controller is to be used in an aircraft and sampling
periods below 10−3 s are not coherent. That is the reason why the lower bound
is chosen to be equal to this reference sampling period. The sampling periods
interval is therefore given by:

Ih =
[
10−3, 10−2.5

]
This interval remains unchanged in the remainder of this chapter.

Algorithm Step 2 to Step 5 – Transition matrix coding

From Step 2 to Step 4, the aircraft vibrations dampening controller is first put
in modal state-space form and discretized based on the FOH approximation for
the Ih elements. A given number of sampling periods have to be tested within it.
One thousand linearly spaced sampling periods have been considered. The con-
trollers therefore possess block diagonal transition matrices. These matrices are
coded and the εi3,Φcoded

measure calculated for each computed infinite precision
controllers all else being equal. However, the measure requires the specification
of the integral bounds ω1 and ω2. They determine the frequency interval where
the analog controller and the transition matrix coded controllers frequency re-
sponses are compared. In the development of Step 1, it has been noted that the
of-interest interval is between ω1 = 10−1 rad/s and ω2 = 103 rad/s. That is
the point when an arbitrary number of local minima is selected.
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The first presented results are focusing on the best found controller and its
corresponding sampling period for different resolutions after these steps (mean-
ing the selection of a single minimum in Step 5). The chosen resolutions are
8, 12 and 16 bits. The three following figures are respectively representing the
transition matrix coded controller corresponding to the best found measures
after Step 4 for the resolution 8, 12 and 16.
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Figure 4.3: Analog controller K(s) (solid/blue) and transition matrix coded
(resolution N = 8) digital controller ΨΦcoded

(z) (dashed/red) Bode diagrams.
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Figure 4.4: Analog controller K(s) (solid/blue) and transition matrix coded
(resolution N = 12) digital controller ΨΦcoded

(z) (dashed/red) Bode diagrams.
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Figure 4.5: Analog controller K(s) (solid/blue) and transition matrix coded
(resolution N = 16) digital controller ΨΦcoded

(z) (dashed/red) Bode diagrams.
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The complete intermediary results, namely the sampling period and the ε3, Φcoded

measure for the different presented resolutions are shown in the following table:

ε3, Φcoded
h

8 bits 1.84 2.25·10−3

12 bits 1.18·10−1 1.67·10−3

16 bits 8.39·10−3 1.02·10−3

Table 4.1: Intermediary results after Step 4.

Remark 4.5

The found sampling periods are now fixed. The procedure second phase does
not cause any modifications for it only targets the remaining uncoded matri-
ces.

Algorithm Step 6 to Step 9 – Γref , CK and Dd scaling and coding

The procedure second stage is performed from Step 6 to Step 9. For each
tested resolution, the controller remaining matrices are scaled and the utilized
factors optimized with report to the defined indicator. The final result consists
of the coded digital controller where all matrices components are belonging to

I =
[
−1, 2N−1−1

2N−1

]
. The illustrating figures shows the second stage results for

the same resolutions as before and in the same order.
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Figure 4.6: Analog controller K(s) (solid/blue) and transition matrix coded
(resolution 8) digital controller Ψ8(z) (dashed/red) Bode diagrams.
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Remark 4.6

A straightaway observation when Figure 4.6 is concerned is that the fre-
quency matching results are worse than to those observed in Figure 4.3. The
reason why is that, unlike in the first stage, the matrices Γref , Cref and
Dref coefficients are constrained to a finite set of values determined by the
resolution. They are rounded and therefore finite-precise unlike in the first
phase where only the transition matrix Φref is coded by Φcoded.
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Figure 4.7: Analog controller K(s) (solid/blue) and transition matrix coded
(resolution 12) digital controller Ψ12(z) (dashed/red) Bode diagrams.
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Figure 4.8: Analog controller K(s) (solid/blue) and transition matrix coded
(resolution 16) digital controller Ψ16(z) (dashed/red) Bode diagrams.

The final results, i.e. the ε3, Φcoded
measure and the optimal scaling factor for

the different presented resolutions, are shown. The table below gathers these
final results:

ε3, Φcoded
k1 k2

8 bits 229.1 68.88 9.43
12 bits 3.86 73.76 6.87
16 bits 8.87·10−3 67.49 4.99

Table 4.2: Final results.

Discussion

Looking at Figures 4.3, 4.4 and 4.5, it can be noticed that the frequency match-
ing is improving when the resolution is increased. At a resolution equal to 8 in
Figure 4.3, the most obvious difference is located in the resonance region. This
difference fades away and vanishes for the remaining tested resolutions. The
improvement observed between 12 bits and 16 bits occurs in the transition area
between a pure gain and a derivative behavior in the interval [1 rad/s, 2 rad/s].
Remembering that these results are derived from the strategy first stage com-
pletion, the observed performances can be explained.

The procedure first phase actually manipulates the discretized controller poles
when coding the transition matrix coefficients. The analog controller is first
discretized and provides an infinite precision digital controller. In this case,
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several sampling periods may actually be giving a correct frequency matching
sampled-data controller. Equations 4.3 and 4.4 give the relation between the
analog poles and their infinite precision counterparts. A continuous real pole
p possesses an infinite precision digital counterpart eph. A continuous complex
poles pair with real part σ and imaginary part ω has a digital counterpart pair
with real part eσh cosωh and imaginary part eσh sinωh. The sampling period
plays a crucial role in combination with the resolution and it explains the ob-
served results. The resolution fixes the quantization level and therefore the size
of the intervals between two successive coded levels (where two distinct poles
cannot be distinguished). The sampling period fixes the poles location in the
complex plane. Then, depending on the analog poles location and for a given
resolution, the considered sampling periods can all, without exception, provide
digital finite precision equivalent poles that cannot correctly approximates the
infinite and correctly approximating ones. Naturally, not correctly approximat-
ing infinite precision sampled-data poles could, through the coding, be turned
into correctly approximating coded poles.

For a 8-bit resolution , the number of fraction bits is 7 and the quantization step
is thus 7.8125 · 10−3. The observed difference in the resonance region is related
to an error on the poles responsible for it, namely a complex poles pair. The
represented Bode diagram corresponds to the best Φ matrix coded controller
at this stage. The resolution provides therefore a quantization step that is not
tight enough for a sufficiently correct transposition of the infinite precision poles
into their digital coded equivalents. It corresponds to the aforementioned con-
figuration. According to the previous explanations, an improving poles coding
would be expected as the quantization step decreases (with increasing resolu-
tion). This is actually the observed phenomenon. The correction in the evoked
transition area (resulting from the incorrect coding of a real pole) is possible
through the quantization level tightening and the analog poles location coupled
with the sampling period.

Figures 4.6, 4.7 and 4.8 are the algorithm final results. Unlike the first phase
with poles coding, the second stage deals with the zeros coding. The same rea-
soning as the one developed for the poles can be developed for the zeros. The
differences are more obvious than in the first stage though. The same explana-
tions can be used to explain the observed phenomenon. The only difference is
that the coded coefficients are not the ideal digital controller ones but its coef-
ficients divided by scaling factors. The scaling, the analog zeros and the tested
sampling periods are determining the infinite precision zeros possible locations.
As a result, if the resolution provides a too loose quantization step with respect
to these possible locations, then the coding is providing poor frequency match-
ing as noticed in Figure 4.6.

From the observation of the results in Tables 4.1 and 4.2, the conclusion that
an increasing resolution necessarily means a decrease in the frequency matching
error could be made. However, it would be incorrect for counter examples can
be found. The following system is considered:
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Figure 4.9: Counter example system Bode diagram.

The controller is taken from [Chida(2006)]. The algorithm can be applied the
same way as before but for resolutions going from 8 bits to 24 bits. The measures
are then represented in a figure as a function of the resolution to observe the
indicator behavior. This figure is presented below:
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Figure 4.10: Counter example system mismatch measure function of the reso-
lution.

Looking at Figure 4.10, the best measure is found for a resolution of 15 bits
and not of 24 bits as it would have been expected in the light of the presented
results. This figure clearly illustrates that both the mismatch measure and the
sampling period are not strictly decreasing with an increasing number of reso-
lution bits.

Table 4.1 also shows that the found sampling period is decreasing when the
resolution is increasing. Based on the counter example experience and the as-
sessed intricate relation between sampling period, resolution and correct coding,
it is safe to assume that the decrease is not necessarily strict with the augment-
ing resolution. A similar figure to the counter example one can be plotted for
the aircraft controller for respectively the sampling period and the indicator
representation. This way, the assumption can be validated or unvalidated.
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Figure 4.11: Controller system mismatch measure function of the resolution
from 8 to 32 bits
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Figures 4.11 and 4.12 confirm the non continuous decrease of h and the perfor-
mance measure with the increasing resolution.

The results concerning the scaling factors in Table 4.2 have not been discussed.
They are, as the other elements, dependent on the system and their variations
will be the subject of the same type of reasonings as aforementioned. They can
however be interpreted in terms of their values. The coded controller gain has to
be multiplied by the product of these scaling factors to avoid a gain translation
as noted in Step 7 in the algorithm description. These gains cannot be coded on
the numerical platform for they exceed the selected fixed-point format bounds.
They have then to be analogically implemented. The issue consists then in the
amplitude of the product: it might be too large for it to be analogically repre-
sented. For a resolution N = 16, with the devised procedure, this product is
equal to 336.78.

Remark 4.7

The discussed results have been obtained for a selected number of local min-
ima after the procedure first stage equal to one but it is naturally possible to
select more than one of these. The reason why is that the best controller after
transition matrix coding may correspond to a higher measure than the other
selected controllers after the scaling optimization stage. It is therefore not
the best coded digital controller in the end. Results with more than one se-
lected local minima could have been exhibited. However, the discussion would
have been similar to the previous one. As a result, to prevent redundancy,
they are not presented.

4.4.3 Comparison with a simple rounding method

Here a comparison with some kind of reference is performed. The idea for the
reference is based on what someone would straightaway try in the current situ-
ation. The principle is then to put the controller in modal state-space form and
to digitize it using the FOH approximation. Then, for the given resolution, the
coefficients are simply coded with the nearest coded level value. The derived
controller is then used as comparison reference for the devised procedure. The
comparison is naturally based on the frequency response mismatch indicator.
For a given resolution and a given sampling period, the ideal sampled-data con-
trol system state-space matrices coefficients are checked. The coefficients with
the largest integer part absolute value is sought. It determines the required
number of bits for the integer part coding. If this derived number is strictly
larger than the given resolution, then the coding is considered unfeasible. Oth-
erwise, the remaining number of bits (given resolution minus the integer part
coding required bits) is used to code the coefficients fraction parts.

The algorithm determines a digital controller corresponding to a given sam-
pling period hbest and a given resolution N . Then it is possible to see what is
the first resolution and sampling period for which the truncated/rounded con-
troller performs equally or better than the former. Such a test allows for noting
how many resolution bits are saved with the algorithm compared with the re-
quired bits number for the reference method to provide an equally or better
performing coded control system. It is also possible to determine what the first
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resolution giving better truncated/rounded controller performances is with a
fixed sampling period h = hbest. Finally, it is even possible to do the opposite:
fixing the resolution to N and searching the first sampling period giving better
performances for the straightaway obtained compensator.

The results are shown in the order presented in the aforementioned develop-
ment. The algorithm derived controller corresponds to a resolution of 13 bits
and a sampling period hbest = 1.33 · 10−3 s. This resolution has been chosen
for it is the first one for which the mismatch criterion has been judged small
enough to be regarded as satisfactory in terms of frequency matching.

Results

The following figures respectively illustrate the mismatch measure common log-
arithm for the benchmark controller along with the same measure but for the
algorithm derived compensator where:

1. The resolution and the sampling period are both varying.

2. The sampling period is fixed to hbest and the resolution is varying.

3. The resolution is fixed to 13 bits and the sampling period is varying.

The tested sampling periods range from 10−5 s up to 10−1 s.

Figure 4.13: Truncation/rounding (3D structure) and algorithm-derived (plane)
controllers common logarithm frequency response mismatch measure function
of both the resolution and the sampling period.
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Figure 4.14: Truncation/rounding controller common logarithm mismatch mea-
sure function of the resolution (the sampling period is fixed to the algorithm
best found controller corresponding sampling period).
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Figure 4.15: Rounding controller common logarithm mismatch measure function
of the sampling period (the resolution is fixed to 13 bits).



CHAPTER 4. METHOD PRESENTATION IN OPEN LOOP 81

Discussion

Figure 4.13 illustrates the frequency mismatch indicator variations with the
sampling period and the resolution when the ideal discrete controller is simply
rounded/truncated. The corresponding surface crosses the reference algorithm
found controller mismatch measure for a resolution of 21 bits and a sampling
period h = 1.01 ·10−3 s. The algorithm-derived controller corresponding resolu-
tion is equal to 13 bits. The difference with the benchmark one is then of 8 bits.
The observed benchmark controller frequency mismatch measure high value is
surely related to its state-space matrices maximum absolute valued coefficient.
The larger this absolute value, the higher the integer part coding required bits
number for a fixed sampling period. Then, the issue consists of the fact that
the resolution has to be large enough to get an appreciated fraction bits number
but that it might not be sufficient to get a correct coding for the same reasons
evoked in the previous discussion.

Figure 4.14 shows the variations of the aforementioned criterion with a fixed
sampling period equal to hbest. This situation of a fixed sampling rate can effec-
tively be encountered. The first resolution for which the benchmark controller
performs better than the algorithm-derived one is 24 bits. The difference is even
larger than before: 24 bits instead of 13bits.

Figure 4.15 shows that it is not possible to find a sampling period larger than
10−5 rad/s and smaller than 10−1 rad/s for which the benchmark controller
performs equally or better than the algorithm-derived one at a 13 bit reso-
lution. Indeed, the measure does not cross the algorithm reference controller
measure line. It is not even close to it. The rounded controller measure os-
cillatory behavior has a peculiar interest. It allows for a visualization of the
sampling period impact on the poles and zeros location and its relation to the
coding procedure. Indeed, complex poles pairs are, regarding Equations 4.3
and 4.4, depending on trigonometric functions, the sampling period and their
continuous counterparts. The coded poles and zeros come pseudo-periodically
”close” to the infinite precision ones. The pseudo-periodicity may be explained
by the coexistence of the exponentially converging to zero real poles and the
evoked complex poles and zeros pairs.
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4.5 Algorithm possible expansions

4.5.1 Optimal resolution search

The search for the optimal resolution in terms of best ε3 measure for the dig-
ital controller can seem unnecessary for the straightforward conclusion would
be that the higher the resolution, the better the possibility of coding. The dis-
cussion about the aircraft controller application results shows that the optimal
controller corresponding mismatch measure can experience local peaks when
the resolution is increasing. It therefore implies that a resolution optimization
is possible as soon as this measure is not continuously decreasing with N . The
principle is then to perform the previous algorithm for the different resolutions
and then select the best controller and its corresponding resolution among the
set of derived controllers (one for each tested resolution).

If the εi3,ΨN
measure is not continuously decreasing, the present algorithm ex-

pansion provides a controller and more importantly the optimal resolution in
terms of frequency matching between the analog and the derived compensator.
However, if the contrary occurs, the optimal resolution is determined to be the
highest one where the measure is thus the lowest. However, larger measures
corresponding to smaller resolutions may be as acceptable as optimal. As a
consequence, a resolution smaller than the highest one could be selected. It is
actually one of the underlying objectives of the expanded algorithm: finding the
best controller with the smallest resolution as possible. Naturally, in a smaller
resolution selection eventuality, the choice criterion would be left to the user.
Indeed, it will depend on the system and on how much frequency matching er-
ror he is willing to accept. The user choice criterion can be represented by a
threshold ε. Its value should then be chosen such that, if the examined measure
is smaller than ε, then it is guaranteed that the frequency responses matching
is satisfactory for the application purpose. The previous algorithm expansion
can therefore be replaced by a more general one where the number of selected
minima in Step 5 is M > 1. The algorithm encapsulates in single procedure
both possibilities:

Step 1: Selection of two resolutions Nmin and Nmax to form the tested
resolution range.

Step 2: The original algorithm is applied to the desired analog con-
troller with the selection of M local minima in Step 5. Then,
select the optimal controller in terms of εi3, Ψ.
Results: a set of controllers, one for each resolution, and their correspond-
ing sampling period, measure and gains.

Step 3: Checking the measures variations with the increasing resolu-
tion: is it continuously decreasing with the resolution?

Step 4: If Yes, Nopt = min{N : ε3 ≤ ε}
Otherwise, Nopt equal to the resolution corresponding to the best
found measure.

This strategy does not offer the opportunity for a sampling period choice. Its
choice is determined by the εi3 measure considerations.
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4.5.2 Sampling period choice

The aforementioned procedure possible expansion presentation raised the fol-
lowing question: is it possible to consider the sampling period as a discriminant
element in the coded controller choice? In other words, for a given resolution,
is it possible to select the largest sampling period corresponding controller?
This second expansion is an attempt to answer the question. M controllers
are selected in the algorithm fifth step after the transition matrix operation. A
threshold ε on the dissimilarity measure is introduced as in the previous expan-
sion. Then, control systems after the scaling optimization satisfying εi3, Ψ ≤ ε
are picked up. Their number is denoted by M ′.
If M ′ ≥ 1, the controller with the largest sampling period is chosen.
If M ′ = 0, the sampling period optimization is not possible with this resolution.
The algorithm is then:

Step 1: Application of the original algorithm with a selection of M
local minima in the fifth step. The ninth step is disregarded in
this case.

Step 2: Selection of the resulting controllers satisfying εi3, Ψ ≤ ε.
Results: a set of M ′ controllers and their corresponding sampling period,
measure and gains.

Step 3: If M ′ ≥ 1, choice of the largest sampling period.
Otherwise, sampling period optimization is not feasible.

4.5.3 Parallel sampling period and resolution optimiza-
tion

The algorithm presented as second expansion option paves the way for a par-
allel sampling and resolution optimization strategy. The previous procedure
allows for sampling period optimization but only if at least one controller has
a measure below the defined threshold. If there is only one, it is identical to
the original procedure. However, with more than one, it becomes interesting.
Nevertheless, if there is none, the sampling period cannot be optimized but an
optimal controller can be derived anyway with its corresponding h. The solution
could then be to increase the resolution by one bit and to launch this second
expansion procedure again. If it works, then the largest sampling period can
be selected as an ”optimal” one. However, there is even better. The threshold
being fixed once and for all, the strategy can be used for different resolution, the
measures below the threshold (accompanied by their corresponding control sys-
tems) gathered and then the largest related sampling period selected. The only
problem is that the resolution is not regarded anymore. The idea of threshold
could be applied to the resolution in this case.





Chapter 5

Conclusions and future
work

This chapter presents several concluding remarks as well as possible paths to
follow in future studies and works on the subject.

5.1 Conclusions

The general problematic is about optimal numerical control. By optimal is
meant a numerical control that closely maintains the analog closed-loop perfor-
mances. Based on the studies discussed in Chapter 2, the thesis main contribu-
tion has been devised. Two options were available in the light of the presented
works: open-loop or closed-loop approach. Besides, for a comparison between
analog and digital case, a mismatch principle had to be selected. Instead of
taking the entire discretization chain into account and making it correspond to
the analog controller as in Figure 1.5, the method focuses on the discretized con-
troller only. The thesis contribution is based on an open-loop strategy aiming at
finding a way of getting a finite precision digital controller giving the minimum
frequency response mismatch with the analog controller. In a first section the
procedure is explained and followed by a proposed algorithm supported by mo-
tivation reasons. The main idea is to digitalize the analog controller (in modal
state-space form) using the FOH approximation for several sampling periods
and coding its transition matrix all else being equal. Only the best indicator
controllers are selected. This first stage codes the poles. The second stage aims
at zeros conservation and remaining matrices coding accordingly to the chosen
coefficients format. In a second section, the derived algorithm is applied step
by step to an aircraft vibrations dampening controller and the outcomes are
discussed. Finally, a simple rounding method is applied to the same controller
and the performances are compared with the algorithm ones. The algorithm
allows for a significant improvement of the required resolution bits number for
correct frequency matching.

Although the comparison with a simple rounding method provides much better
results, the procedure is not perfect. The gains k1 and k2 introduced by the
strategy have still to be accounted for. Indeed, the correspondence between

85



CHAPTER 5. CONCLUSIONS AND FUTURE WORK 86

analog and digital entities is rendered feasible by the application of the gain
k1k2 (without it the two frequency responses are the image of each other by a
translation of gain k1k2 which is not acceptable).

5.2 Future work

Although the present work provides satisfactory results, it focuses on an ex-
tremely peculiar aspect of the problematic. The correspondence is not between
the continuous-time control system and the entire discretization chain under-
stood in terms of converters, anti-aliasing filter, sampler, hold and discretized
compensator but only between the analog controller and the sampled-data dis-
cretized control system. The digitalization process does not simply consists of
a shift from the Laplace domain to the Z-domain but also of the binary word-
length finiteness consideration. The strategy can then be regarded as a zoom
in the discretization chain. The idea in future works is to progressively zoom
out to incrementally integrate the digitalization chain missing elements. This
expansion will first integrate the converters that will be followed by the sampler,
hold and the anti-aliasing filter. Such a procedure would mean a correspondence
in terms of open loop. Then the final stage would be the consideration of the
closed-loop system: correspondence between analog closed loop and the closed
loop based on a numerical control law implementation.

Although they have not been presented, results for the closed-loop case have
been obtained. The reason why these results have not been displayed is first
that, as already detailed, the closed-loop system is the object of a contract. The
second reason is that the closed-loop approach is a simple expansion of the de-
vised algorithm. The principle is to discretize the plant via the step invariance
and to form the corresponding closed-loop system. Then, the devised algorithm
is used to find the digital coded controller but the measures computed in Step
4 and Step 7 are now based on the closed-loop frequency responses matching.
The advantage is that other elements can be added typically the anti-aliasing
filter. The plant in series with the anti-aliasing filter are discretized using the
step invariance. In all these possible expansions, the sampling period is the
same for all the considered blocks.

The thesis algorithm and problem has been formulated in the case of SISO
Linear Time-Invariant analog controllers. The idea could then be expanded to
the MIMO case through relevant adjustments.

Finally, another aspect has not be taken into account: the roundoff noise and
overflow occurrence. In Section 4.3, those are evoked in the modal state-space
form choice for the digital controller. It has been said that this choice leads to
a diminishing overflow probability thus accompanied by an increasing roundoff
probability. It is common sense remark in the light of the involved variables
particular format. They have to be more closely investigated in combination
with the converters though.
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