
Interference Alignment and Power Control
for Wireless Interference Networks

HAMED FARHADI

Licentiate Thesis in Telecommunications
Stockholm, Sweden, 2012



KTH, School of Electrical Engineering
TRITA–EE 2012:039 Communication Theory Laboratory
ISSN 1653-5146 SE-100 44 Stockholm
ISBN 978-91-7501-463-0 SWEDEN

Akademisk avhandling som med tillst̊and av Kungl Tekniska Högskolan
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Abstract

This thesis deals with the design of efficient transmission schemes for
wireless interference networks, when certain channel state information
(CSI) is available at the terminals.

In wireless interference networks multiple source-destination pairs
share the same transmission medium for the communications. The signal
reception at each destination is affected by the interference from unin-
tended sources. This may lead to a competitive situation that each source
tries to compensate the negative effect of interference at its desired des-
tination by increasing its transmission power, while it in fact increases
the interference to the other destinations. Ignoring this dependency may
cause a significant waste of available radio resource. Since the transmis-
sion design for each user is interrelated to the other users’ strategies, an
efficient radio resource allocation should be jointly performed considering
all the source-destination pairs. This may require a certain amount of
CSI to be exchanged, e.g. through feedback channels, among different
terminals. In this thesis, we investigate such joint transmission design
and resource allocation in wireless interference networks.

We first consider the smallest interference network with two source-
destination pairs. Each source intends to communicate with its dedicated
destination with a fixed transmission rate. All terminals have the perfect
global CSI. The power control seeks feasible solutions that properly assign
transmission power to each source in order to guarantee the successful
communications of both source-destination pairs. To avoid interference,
the transmissions of the two sources can be orthogonalized. They can
also be activated non-orthogonally. In this case, each destination may
directly decode its desired signals by treating the interference signals as
noise. It may also perform decoding of its desired signals after decod-
ing and subtracting the interference signals sent from the unintended
sources. The non-orthogonal transmission can more efficiently utilize the
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available channel such that the power control problem has solutions with
smaller transmission power in comparison with the orthogonal transmis-
sion. However, due to the randomness of fading effects, feasible power
control solutions may not always exist. We quantify the probability that
the power control problem has feasible solutions, under a Rayleigh fading
environment. A hybrid transmission strategy that combines the orthogo-
nal and non-orthogonal transmissions is then employed to use the smallest
transmission power to guarantee the communications in the considered
two-user interference network.

The network model is further extended to the general K-user interfer-
ence network, which is far more complicated than the two-user case. The
communication is conducted in a time-varying fading environment. The
feedback channel’s capacity is limited so that each terminal can obtain
only quantized global CSI. Conventional interference management tech-
niques tend to orthogonalize the transmissions of the sources. However,
we permit them to transmit non-orthogonally and apply an interference
alignment scheme to tackle inter-user interference. Ideally, the interfer-
ence alignment concept coordinates the transmissions of the sources in
such a way that at each destination the interference signals from different
unintended sources are aligned together in the same sub-space which is
distinguishable from the sub-space for its desired signals. Hence, each
destination can cancel the interference signals before performing decod-
ing. Nevertheless, due to the imperfect channel knowledge, the interfer-
ence cannot be completely eliminated and thus causes difficulties to the
information recovery process. We study efficient resource allocation in
two different classes of systems. In the first class, each source desires to
send information to its destination with a fixed data rate. The power
control problem tends to find the smallest transmission powers to guar-
antee successful communications between all the source-destination pairs.
In another class of systems where the transmission power of each source
is fixed, a rate adaptation problem seeks the maximum sum throughput
that the network can support. In both cases, the combination of inter-
ference alignment and efficient resource allocation provides substantial
performance enhancement over the conventional orthogonal transmission
scheme.

When the fading environment is time-invariant, interference align-
ment can still be realized if each terminal is equipped with multiple an-
tennas. With perfect global CSI at all terminals, the interference signals
can be aligned in the spatial dimension. If each terminal has only lo-
cal CSI, which refers to the knowledge of channels directly related to
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the terminal itself, an iterative algorithm can be applied to calculate the
necessary transmitter-side beamformers and receiver-side filters to prop-
erly align and cancel interference, respectively. Again, due to the lack of
perfect global CSI, it is difficult to completely eliminate the interference
at each destination. We study the power control problem in this case
to calculate the minimum required power that guarantees each source to
successfully communicate with its destination with a fixed transmission
rate. In particular, since only local CSI is available at each terminal, we
propose an iterative algorithm that solves the joint power control and
interference alignment design in a distributed fashion. Our results show
that a substantial performance gain in terms of required transmission
power over the orthogonalizing the transmissions of different sources can
be obtained.
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Linköping University, and Ericsson research within the RAMCOORAN
project cooperation. I also wish to thank Dr. Majid Nasiri Khormuji for
many valuable discussions and sharing of his experiences. I would like
to thank Nicolas Schrammar, Ali Zaidi, and Ahmed Zaki for discussions
on research problems of mutual interests. Especial thanks go to Raine
Tiivel, Irene Kindblom, Annika Augustsson, Tove Schwartz, and Tetiana
Viekhova for all their helps in administrative issues.

I would like to thank Ass. Prof. Michail Matthaiou for acting as the
opponent for this thesis.

I wish to thank all my colleagues from the Communication Theory
lab. and the Signal Processing lab. for making a friendly environment.
Especial thanks go to my officemate Iqbal Hussain. I also wish to thank
my friends Farshad Naghibi, Serveh Shalmashi, Amirpasha Shirazinia,
and Nafiseh Shariati for all their helps during my staying in Stockholm.

I offer my warmest thanks to my parents and my brothers for all their
supports and encouragements. Last but not least, I would like to thank
my beloved wife Maryam for all the happiness she brought to my life and
all her support and patience during my work on this thesis.

Hamed Farhadi
Stockholm August 2012





Contents

List of Figures xiv

List of Notations xv

List of Acronyms xvii

1 Introduction 1

1.1 Outline and Contributions . . . . . . . . . . . . . . . . . . 3

2 Fundamentals 9

2.1 Wireless Interference Networks . . . . . . . . . . . . . . . 9

2.2 Two-user Interference Networks . . . . . . . . . . . . . . . 11

2.3 K-user (K > 2) Interference Networks . . . . . . . . . . . 12

2.3.1 Degrees of Freedom Region . . . . . . . . . . . . . 14

2.3.2 Interference Alignment for MIMO Interference
Networks . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.3 Distributed Interference Alignment for MIMO In-
terference Networks . . . . . . . . . . . . . . . . . 18

2.3.4 Interference Alignment for SISO Interference Net-
works . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.5 Ergodic Interference Alignment for SISO Interfer-
ence Networks . . . . . . . . . . . . . . . . . . . . 24

2.3.6 Interference Alignment with Partial/Imperfect CSI 25

2.4 Power Control . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.4.1 Power Control as an Optimization Problem . . . . 27

2.4.2 Distributed versus Centralized Power Control . . . 28

2.4.3 Distributed Power Control . . . . . . . . . . . . . . 29



x Contents

3 Hybrid Transmission Strategy with Perfect Feedback 31
3.1 Two-user Interference Network . . . . . . . . . . . . . . . 31

3.1.1 Power Control for Orthogonal Transmission . . . . 33
3.2 Power Control for Non-orthogonal Transmissions . . . . . 34

3.2.1 Decoding by Treating the Interference as Noise . . 35
3.2.2 Successive Interference Cancelation at Both Desti-

nations . . . . . . . . . . . . . . . . . . . . . . . . 40
3.2.3 Successive Interference Cancelation at Only One

Destination . . . . . . . . . . . . . . . . . . . . . . 43
3.3 Hybrid Transmission Scheme . . . . . . . . . . . . . . . . 44
3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4 Interference Alignment with Limited Feedback 49
4.1 Transmission Strategy . . . . . . . . . . . . . . . . . . . . 50

4.1.1 Transmission Scheme . . . . . . . . . . . . . . . . . 50
4.1.2 Channel Quantization and Feedback Scheme . . . 52

4.2 Power Control . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.2.1 Rate Constrained Power Control Problem . . . . . 53
4.2.2 Iterative Power Control Algorithm . . . . . . . . . 55
4.2.3 Convergence of the Power Control Algorithm . . . 55

4.3 Rate Adaptation . . . . . . . . . . . . . . . . . . . . . . . 57
4.3.1 Outage Probability Analysis . . . . . . . . . . . . . 57
4.3.2 Network Throughput Maximization . . . . . . . . 60

4.4 Performance Evaluation . . . . . . . . . . . . . . . . . . . 62
4.4.1 Power Control . . . . . . . . . . . . . . . . . . . . 63
4.4.2 Rate Adaptation . . . . . . . . . . . . . . . . . . . 65

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.A Proof of Theorem 4.3.1 . . . . . . . . . . . . . . . . . . . . 71

5 Distributed Interference Alignment and Power Control 73
5.1 Multi-user MIMO Interference Network . . . . . . . . . . 74

5.1.1 Linear Beamforming at Sources . . . . . . . . . . . 75
5.1.2 Linear Filtering at Destinations . . . . . . . . . . . 75

5.2 Orthogonal Transmission and Power Control . . . . . . . 76
5.3 Interference Alignment and Power Control . . . . . . . . . 78

5.3.1 CSI Acquisition, Transceiver Design, and Power
Control . . . . . . . . . . . . . . . . . . . . . . . . 79

5.3.2 Distributed Power Control . . . . . . . . . . . . . . 84
5.4 Performance Evaluation . . . . . . . . . . . . . . . . . . . 93
5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 95



Contents xi

6 Conclusions and Future Research 97
6.1 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . 97
6.2 Future Research . . . . . . . . . . . . . . . . . . . . . . . 98

Bibliography 101





List of Figures

2.1 K-user wireless interference network . . . . . . . . . . . . 10

2.2 Interference management schemes . . . . . . . . . . . . . . 13

2.3 Interference alignment in a three-user MIMO interference
network . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Multi-user MIMO interference network with reciprocity . 19

3.1 Two-user interference network . . . . . . . . . . . . . . . . 32

3.2 The feasibility probability of the NOT1 scheme . . . . . . 39

3.3 Average sum power of the OT and the HT schemes . . . . 45

4.1 K-user SISO interference network . . . . . . . . . . . . . . 51

4.2 Throughput of the first user in a three-user interference
network . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.3 Average power per user versus transmission rate of each user 64

4.4 Feedback bits trade-off in a three-user interference network 65

4.5 Throughput versus power: equal feedback bits allocation . 66

4.6 Throughput versus power: unequal feedback bits allocation 67

4.7 Feedback bits allocation trade-off . . . . . . . . . . . . . . 68

4.8 Throughput of a K-user interference network for different
number of feedback bits. . . . . . . . . . . . . . . . . . . . 69

5.1 K-user MIMO interference network . . . . . . . . . . . . . 75

5.2 CSI acquisition, transceiver design and power control pro-
cedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.3 Updating the receiver-side filters and the powers in the
forward training phase . . . . . . . . . . . . . . . . . . . . 83

5.4 Updating the transmitter-side beamformers in the reverse
training phase . . . . . . . . . . . . . . . . . . . . . . . . . 84



xiv List of Figures

5.5 Transmission power of each source versus number of iter-
ations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.6 The mutual information of the source-destination pairs
versus iterations . . . . . . . . . . . . . . . . . . . . . . . 94



List of Notations

|x| Absolute value of x
CN (m,σ2) Complex Gaussian distribution with mean m and

variance σ2

f ′(x) Derivative of function f(x)
∅ Empty set
νi[X] Eigenvector corresponding to the ith lowest eigenvalue

of matrix X
� Element-wise vector inequality
� Element-wise strict vector inequality
E[X ] Expectation of random variable X
PA
H Feasibility set of power control problem for transmission

scheme ‘A’ defined in (2.44)
PA
F Feasibility probability of transmission scheme ‘A’ defined

in Definition (3.1.2)
N (m,σ2) Gaussian distribution with mean m and variance σ2

X−1 Inverse of matrix X
=[x] Imaginary part of x
span(X) Linear span of columns of matrix X
Nf Number of feedback bits
fX Probability density function of random variable X
Q(x) Q-function
∆ Quantization step size
rank(X) Rank of matrix X
<[x] Real part of x
ρ(X) Spectral radius of matrix X
Tr[X] Trace of matrix X
XT Transpose of matrix X
X∗ Transpose conjugate of matrix X





List of Acronyms

AWGN Additive white Gaussian noise
CSI Channel state information
DOF Degrees of freedom
FDD Frequency-division duplex
FDMA Frequency-division-multiple-access
HT Hybrid transmission
LICQ Linear independent constraint qualification
MIMO Multiple input multiple output
OT Orthogonal transmission
pdf Probability density function
QoS Quality of service
RHS Right hand side
SNR Signal-to-noise ratio
SIC Successive interference cancelation
SINR Signal-to-interference-plus-noise ratio
SISO Single input single output
TDD Time-division duplex
TDMA Time-division-multiple-access





Chapter 1

Introduction

The demand for wireless communication applications has experienced a
tremendous growth in the last decade and a further increase of wireless
traffic in the future is forecasted. The future wireless networks are ex-
pected to support high data rate and high quality of service (QoS) for a
wide range of applications, including, for example, voice and multimedia
communications. Fulfilling this expectation is actually a challenging task
due to the scarcity of the radio resources and also the characteristics of the
wireless communication medium. Wireless channels are in general subject
to the fading phenomenon. Reducing the negative impacts of fading has
been the subject of extensive research for many years and effective tech-
niques have been developed. For instance, utilizing multiple antennas to
realize spatial diversity promises a substantial performance improvement
over the conventional single-antenna techniques. In addition, because of
the broadcast nature of the wireless transmission medium, each user’s
communication can be interfered by other users. In wireless networks,
inter-user interference is normally far more difficult to tackle compared
to fading. For instance, in a two-user interference network where two
sources intend to communicate with their respective destinations simul-
taneously in the same frequency band, the transmission power of each
source affects the signal detection at not only its desired destination,
but also the other destination. Therefore, optimizing the performance of
each source-destination pair is interrelated to that of other pair. When
the number of users exceeds two, the situation even becomes much more
complicated. Hence, proper interference management is required for effi-
cient operation of the networks.
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Conventional interference management strategies (e.g. time-division-
multiple-access, TDMA, or frequency-division-multiple-access, FDMA)
tend to orthogonalize the transmissions of different source-destination
pairs. This requirement leads to the fact that at each destination, the
subspaces of different interference signals are orthogonal to that of the
desired signal and also orthogonal to each other. Interference is avoided
at the cost of low spectral efficiency. Thus, it was believed that the perfor-
mance of wireless networks is limited by interference in general. However,
the elegant interference alignment concept [MAMK08,CJ08] reveals that
with proper transmission signalling design, different interference signals
can in fact be aligned together, such that more radio resources can be
assigned to the desired transmission. For instance, consider a multi-user
interference network with more than two source-destination pairs. At
each destination, the interference signals can be aligned such that max-
imally half of the signal space can be left to its desired signal [CJ08].
Therefore, each user may achieve half of the interference-free transmis-
sion rate no matter how many interferers exist. However, the realization
of interference alignment can be rather difficult, compared to the orthog-
onal transmission strategies. For instance, normally the global channel
state information (CSI) is required to be perfectly known at all sources
and destinations. Clearly, acquiring such perfect global CSI is a challeng-
ing problem in practice.

The CSI of each link can be obtained at the destination by estimating
the state of the channel via training sequences sent by the correspond-
ing source. A possible way for the other terminals to obtain CSI is that
each destination transmits its channel knowledge to other terminals via
feedback channels. It has been shown in [NJGV09, BT09,KV10,AH12]
that as long as the feedback channels’ capacity is sufficiently large such
that the CSI regarding the whole network obtained by each terminal
is accurate enough, interference alignment can be realized as if perfect
global CSI is available. Clearly this requirement is not practical in gen-
eral. In most existing systems the capacity of feedback channels would be
strictly limited. Each terminal can only attain erroneous global CSI (e.g.
the quantized global CSI) or the CSI regarding only a part of the net-
work (e.g. local CSI). Thus, interference alignment may not be perfectly
performed. Ideally, at each destination, the interference signals should
be aligned together in the same subspace, which is distinguishable from
the subspace for its desired signals, such that they can be completely
canceled. However, due to the limited CSI at each terminal, it may be
no longer straightforward to perfectly separate these two subspaces. In
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other words, some non-negligible interference would leak into the desired
signal subspace and cannot be eliminated. The communication perfor-
mance is certainly affected by such interference leakage. Similar to the
the case we mentioned in the first paragraph, the transmission power of
each source influences the signal detection at all destinations. Optimiz-
ing the performance of all source-destination pairs is interrelated. The
objective of this thesis is to investigate efficient transmission design and
performance analysis in these cases.

In this thesis, we mainly consider two classes of wireless interference
networks. For the first class, each source is required to communicate with
its destination at a fixed transmission data rate. A power control problem
is studied to properly assign (normally the minimum) transmission power
to each source in order to guarantee the transmission to be successful.
For the second class, each source’s transmission power is fixed. A rate
adaptation problem is investigated to maximize the system throughput.
Since interference management and power control (or rate adaptation)
are in general highly intertwined in the context of wireless interference
networks, our target is to efficiently address joint design of transmission
strategy and power control (or rate adaption).

1.1 Outline and Contributions

This section outlines the remaining parts of the thesis and summarizes
the main contributions.

Chapter 2

This chapter is a review of results, concepts and definitions which are
required for the presentation of the materials in the following chapters.
We start our presentation from defining wireless interference networks.
Next, we briefly review the main research results on seeking the capacity
region of the two-user interference networks. For networks with more
than two users, the concept of interference alignment and some techniques
to realize it are introduced. Finally, we define the power control problem
and review some related techniques for wireless interference networks.

Chapter 3

In this chapter we consider the power control problem for a two-user
single input single output (SISO) wireless interference network. Each
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source intends to communicate with its dedicated destination at a fixed
transmission data rate, in a Rayleigh fading environment and with per-
fect global CSI at each terminal. To avoid interference, the transmis-
sions of the two sources can be directly orthogonalized. They can also
be activated non-orthogonally. In this case, each destination may di-
rectly decode its desired signals by treating the interference signals as
noise. Also, it may perform decoding of its desired signals after decoding
and subtracting the interference signals sent from the unintended sources.
The non-orthogonal transmission can more efficiently utilize the available
channel such that the power control problem has solutions with smaller
transmission power in comparison to the orthogonal transmission. How-
ever, due to the randomness of fading effects, feasible power control solu-
tions may not always exist. We quantify the probability that the power
control problem has feasible solutions. Furthermore, we employ a hybrid
transmission strategy that combines the advantages of the orthogonal and
non-orthogonal transmissions. Our results show that the hybrid trans-
mission scheme would always have feasible and efficient solutions for the
power control problem in the considered two-user interference network.
The content of this chapter has been submitted for possible publication
in:

[FWSedb] H. Farhadi, C. Wang, and M. Skoglund, “Power control for
constant-rate transmissions over fading interference chan-
nels,” IEEE International Conference on communication
(ICC’13), Aug. 2012, submitted.

Chapter 4

In this chapter we study both the power control and the rate adaptation
problems for K-user SISO time-varying interference networks. Since the
number of users can be large, obtaining perfect global CSI at each ter-
minal is difficult to realize in practice. Hence, we consider the situation
where each destination quantizes its incoming channel gains and broad-
casts such channel knowledge to other terminals. In other words, only a
quantized version of the global CSI is available at all terminals.

We apply an ergodic interference alignment scheme based on the
imperfect channel knowledge to partially eliminate multi-user interfer-
ence. We first propose a power control algorithm. Our results show
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that, when proper power control is performed even if the quantization
rate is strictly limited, the average total power requirement of applying
interference alignment can still be lower than that of applying the con-
ventional orthogonal transmission scheme. We also investigate the rate
adaption problem and show that interference alignment can outperform
the orthogonal transmission, without requiring the quantization rate to
be large. The advantages of performing properly designed power control
or rate adaptation strategies while managing interference through inter-
ference alignment can be clearly seen. The content of this chapter has
been published in:

[FWS12] H. Farhadi, C. Wang, and M. Skoglund, “Power control in
wireless interference networks with limited feedback,” in
IEEE International Symposium on Wireless Communica-
tion Systems (ISWCS’12), Paris, France, Aug. 2012.

[FWS11] H. Farhadi, C. Wang, and M. Skoglund,“On the through-
put of wireless interference networks with limited feed-
back,” in IEEE International Symposium on Information
Theory (ISIT’11), Saint Petersburg, Russia, Jul. 2011.

Chapter 5

In this chapter, we consider a joint power control and transceiver design
forK-user multiple input multiple output (MIMO) interference networks.
The channel is time-invariant and each terminal can acquire only a local
CSI, which refers to the knowledge of channels directly related to the
terminal itself. An iterative algorithm can be applied to calculate the
necessary transmitter-side beamformers and receiver-side filters to prop-
erly align and cancel interference, respectively. Again, due to the lack of
perfect global CSI, it is difficult to completely eliminate the interference
at each destination. We study the power control problem in this case
to calculate the minimum required power that guarantees each source to
successfully communicate with its destination with a fixed transmission
data rate. In particular, since only local CSI is available at each terminal,
we propose an iterative algorithm that solves the joint power control and
interference alignment design in a distributed fashion. Our results show
that a substantial performance gain in terms of required transmission
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power over the orthogonalizing the transmissions of different sources can
be obtained. The content of this chapter has been submitted for possible
publication in:

[FWSeda] H. Farhadi, C. Wang, andM. Skoglund, “Distributed inter-
ference alignment and power control for wireless MIMO in-
terference networks,” IEEE Wireless Communications and
Networking Conference (WCNC’13), Aug. 2012, submit-
ted.

Contributions outside the Thesis

Beside the above contributions, we have also studied the available sum
degrees of freedom (DOF) (i.e. the pre-log factor of the sum capacity) of a
class of multi-user SISO relay networks. In these networks the communi-
cations between K unconnected source-destination pairs are provided by
a large number of half-duplex relays. When the number of relays is suffi-
ciently large, we show that the sum DOF of this network is K. This can
be achieved through the combination of spectrally efficient relaying and
interference alignment. This result implies that allowing only distributed
processing and half-duplex operation can provide similar performance
as permitting joint processing and full-duplex operation in wireless re-
lay networks at high signal-to-noise ratio (SNR). This material has been
accepted for publication/published in:

[WFS] C. Wang, H. Farhadi, and M. Skoglund, “Achieving the
degrees of freedom of wireless multi-user relay networks,”
to appear in IEEE Transactions on Communications.

[WFS10] C. Wang, H. Farhadi, and M. Skoglund,“On the degrees of
freedom of parallel relay networks,” in IEEE Global Com-
munications Conference (GLOBECOM’10), Miami, USA,
Dec. 2010.
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In addition, we have investigated the throughput of aK-user cognitive
fading interference network. Specifically, we have considered a cognitive
radio network consisting of one primary and multiple secondary source-
destination pairs. The secondary sources have non-causal knowledge of
the message of the primary user. We have found a tuple of achievable
rates by utilizing the discrete superposition model (DSM), which is a
simplified deterministic channel model. The coding scheme devised for
the DSM can be translated into a coding scheme for the additive white
Gaussian noise (AWGN) channel model, where the rate achieved in the
AWGN channel model is at most a constant gap below the one achieved in
the DSM. Also,we have derived the average throughput of the secondary
users under Rayleigh fading environments. Our results show that the
sum-throughput of the proposed scheme increases with the number of
secondary pairs when the interference is weak. This material has been
published in:

[SFRS12] N. Schrammar, H. Farhadi, L. K. Rasmussen, and M.
Skoglund, “Average throughput in AWGN cognitive fad-
ing interference channel with multiple secondary pairs,”
in 7th International Conference on Cognitive Radio Ori-
ented Wireless Networks (CROWNCOM’12), Stockholm,
Sweden, 2012.





Chapter 2

Fundamentals

In this chapter we will review some concepts, definitions and results which
are required for the presentation of the material in the following chapters.
First, we will describe wireless interference networks and some of the cur-
rent research challenges. Next, we will briefly review the results on the
capacity region characterization of the two-user interference networks.
We will explain the concept of interference alignment for larger networks
with more than two source-destination pairs. Also, we will present some
interference alignment techniques and will review the results on inter-
ference alignment with partial CSI. Finally, we will review some power
control techniques for wireless networks.

2.1 Wireless Interference Networks

Wireless interference network is a framework to model communication
systems composed of multiple sources and destinations. Each source in-
tends to communicate with its dedicated destination and all sources share
the same transmission medium. Because of the broadcast nature of wire-
less medium, each destination also overhears the signals from the unin-
tended sources. Hence, each destination observes a noisy combination of
the transmitted signals from the desired and undesired sources, weighted
by the corresponding channel gains. Figure 2.1 shows a K-user wireless
interference network with sources and destinations denoted as Sk and Dk

(k ∈ {1, 2, ...,K}), respectively. Many practical wireless communication
scenarios can be modelled as Figure 2.1. Examples include cellular net-
works, ad-hoc networks, wireless local area networks, and cognitive radio
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Figure 2.1: K-user wireless interference network

networks.
An increasing demand for wireless data traffic in the future has been

forecasted. For instance, in cellular networks an exponential data traffic
growth recently has been reported by Ericsson [Eri12]. As a consequence,
current wireless networks will expand, more wireless infrastructures will
be deployed, and more wireless devices will operate in such networks.
This will lead to an increasing demand for radio resources such as spec-
trum and energy. However, the radio spectrum is scarce and is considered
as one of the most expensive natural resources. Also, there are serious
concerns regarding vast energy consumption and energy cost have expe-
rienced a steadily rising trend. Furthermore, the energy budget of mobile
terminals is restricted due to the limited battery storage capacity. Thus,
spectral and energy efficient design is essentially required for emerging
wireless technologies.

Nevertheless, finding the optimum transmission schemes and charac-
terizing the best performance in wireless networks is in general a chal-
lenging problem. To efficiently utilize radio resources, proper interference
management and power control techniques are required. Sufficient CSI
knowledge at each terminal would be important. Such knowledge can be
obtained through coordinations among users, e.g. in the form of feed-
back from destinations to the sources. In practice, perfect coordination
may be difficult to be guaranteed, due to different reasons such as limited
feedback channel bandwidth, and noise/delay in the feedback channels.
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Thus, designing transmission schemes with imperfect or only partial CSI
is required. In the next sections, we will briefly review some of the key
transmission techniques for wireless interference networks.

2.2 Two-user Interference Networks

The basic interference network is composed of two source-destination
pairs. Characterizing capacity region (the closure of the set of rate vectors
for which jointly reliable communications are possible with independent
sources [Car78]) of this network has been the subject of research for many
years. The two-user interference network was first studied by Ahlswede,
who established basic inner and outer bounds on the capacity region
[Ahl74]. Some achievable rates and upper bounds have been further
proposed in later literatures. However, except in some special scenarios
such as when the inter-user interference is very strong, the capacity region
in general case is still unknown.

Despite the intuition that interference always degrades the network’s
performance, it has been shown that in certain cases the capacity region
does not shrink due to interference. For example, Carleial showed that
in Gaussian interference networks when the interference is very strong,
each destination can first decode the message of the unintended source
and subtract it from the received signal before decoding its own mes-
sage [Car75]. In this way, the capacity region would not be affected by
interference. The scheme was extended to the “strong interference sce-
nario” and the capacity region was established by Sato [Sat81]. Costa
and El Gamal further generalized this result to the discrete memoryless
interference channel model [CE87].

When the interference between users is moderate or weak, destina-
tions may not be able to decode the message of the interfering sources.
Characterizing the capacity region is even more challenging compared to
the “strong interference scenario” and the “very strong interference sce-
nario”. Carleial applied the superposition coding technique, which was
originally developed for broadcast channels by Cover in [Cov72], to the
two-user interference network. An inner bound of the capacity region was
established through data splitting at the sources and successive decod-
ing at destinations [Car78]. This inner bound was further improved via
joint decoding and coded time sharing by Han and Kobayashi [HK81].
An equivalent characterization with a reduced set of inequalities was pre-
sented in [CGG08].

Some outer bounds to the capacity region have also been derived. For
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instance, a genie-based outer bound was presented by Kramer in [Kra04].
Etkin, Tse, and Wang used a variant of this genie-based outer bound
and the Han-Kobayashi inner bound to establish the capacity region
of the two-user Gaussian interference network within one-bit [ETW08].
Also, incorporating a tight outer bound, the sum capacity of the two-
user Gaussian interference network with weak interference has been de-
rived in [MK09], [SKC09], [AV09]. It has been shown that in a weak
interference regime, where the channel gains between undesired source-
destination pairs are below certain thresholds, using Gaussian codebooks
and performing decoding by treating the interference as noise can achieve
the sum capacity.

2.3 K-user (K > 2) Interference Networks

Applying the above techniques developed for two-user interference net-
works to larger networks is not straightforward. For instance, the deter-
ministic channel modeling method proposed by Avestimehr, Diggavi and
Tse [ADT11] can be used to approximate the capacity region of two-user
interference networks [BT08]. Although this method is also applicable in
certain other networks [BPT10], whether it can be exploited in general
interference networks is unknown.

Three major approaches to deal with interference in multi-user inter-
ference networks are displayed in Figure 2.2. In Figure 2.2 (a) all sources
simultaneously transmit in the same frequency band. Each source applies
single-user coding techniques. At each destination, the desired signal
cannot be distinguished from interference signals. Hence, the destina-
tion performs decoding by directly treating the interference signals as
noise. In the low-SNR region, the level of interference may be limited by
proper power control techniques. However, when SNR is high, inter-user
interference would be dominant. Power control alone does not suffice to
manage the interference and this transmission strategy may not lead to
a good performance.

To avoid interference at destinations, the conventional approach is
to orthogonalize the transmissions of different users. Each source-
destination pair has access to only a portion of the available channel,
as shown in Figure 2.2 (b). Although signal reception at each destination
does not directly suffer from inter-user interference, this scheme may not
be spectrally efficient. This is because at each destination the interfer-
ence signals span a large dimension of the received signal space, since
they are unnecessarily orthogonal to each other.



2.3 K-user (K > 2) Interference Networks 13

(a)

(b)

(c)

signal
subspace

interference
subspace

S1

S1

S1

S2

S2

S2

S3

S3

S3

D1

D1

D1

D2

D2

D2

D3

D3

D3

H11

H11

H11

H12

H12

H12

H13

H13

H13

H21

H21

H21

H22

H22

H22

H23

H23

H23

H31

H31

H31

H32

H32

H32

H33

H33

H33

Figure 2.2: Transmission schemes in three-user interference networks:
(a) non-orthogonal transmission and decdoing by treating interference as
noise, (b) orthogonal transmission, and (c) interference alignment.
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Clearly, if at each destination the dimension of the subspace occupied
by only the interference signals can be reduced, a larger interference-free
subspace would be left for desired transmission. In fact, this can be re-
alized using a new technique called interference alignment [MAMK08].
Specifically, interference alignment for interference networks refers to “a
construction of signals in such a manner that they cast overlapping shad-
ows at the receivers where they constitute interference while they remain
distinguishable at the intended receivers where they are desired” [CJ08].
In general, two conditions should be satisfied. The first is to align in-
terference signals at the same subspace, termed interference subspace.
The second is that the subspace left for the desired signal, called desired
subspace, should be independent from the interference subspace. Both
conditions are essential to interference alignment techniques. An illus-
trative representation of this concept is shown in Figure 2.2 (c).

Interference alignment can be performed in different domains such
as space (across multiple antennas [MAMK08], [CJ08]), time (exploit-
ing propagation delays [MJS12], [MAT10] or coding across time-varying
channels [CJ08], [NJGV09]), frequency (coding across different carriers
in frequency-selective channels), and code (aligning interference in signal
levels [MGMAK09]). For different system models with different assump-
tions on the available CSI, different interference alignment techniques
have been developed in the literature. In this section, we briefly review
some of them.

2.3.1 Degrees of Freedom Region

Consider a K-user interference network. Source Sk (k ∈ {1, 2, ...,K})
intends to send an independent message wk ∈ Wk to its destination,
where Wk denotes the corresponding message set. The message wk is
encoded to a codeword of length n. Thus, the corresponding code rate is

Rk = log |Wk|
n , where |Wk| denotes the cardinality of Wk. The rate tuple

(R1, R2, ..., RK) is said to be achievable if a sequence of codebooks ex-
ists, such that the probability that each destination decodes its message
in error can be arbitrarily small, by choosing long enough codewords.
The capacity region of the network is the closure of the set of all achiev-
able rates. In Gaussian interference networks where the noise is additive
white Gaussian, the capacity region depends on the transmission powers
of sources, the noise powers and channel gains. Since the exact capacity
region is difficult to find, as a starting point one can use the degrees of free-
dom (DOF) region to characterize/approximate the capacity/achievable
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rate region in the high-SNR region (where interference is the dominant
phenomenon that degrades system performance). The DOF region is
defined as follows

D =

{

(d1, ..., dK)∈R+|∃(R1, ..., RK)∈C(p), dk = lim
p→∞

Rk

log p
, 1 ≤k≤ K

}

,

(2.1)
where C(p) denotes the capacity region, and p is the transmission power of
each source. The DOF can be seen as the pre-log factor of the achievable
rate and the DOF region describes how the capacity region expands as
transmission power increases.

2.3.2 Interference Alignment for MIMO Interference Net-
works

In this section, we show how to align interference signals at each destina-
tion in the spatial domain, through the scheme proposed in [CJ08]. Con-
sider a network with three source-destination pairs (K = 3). Each ter-
minal is equipped with M antennas. For presentation simplicity here we
assume M to be even. The results when M is odd is provided in [CJ08].
The channel output at destination Dk (k ∈ {1, 2, 3}) is as follows:

yk = Hk1x1 +Hk2x2 +Hk3x3 + zk, (2.2)

where xl is an M × 1 transmitted signal vector of source Sl, Hkl is the
M ×M channel matrix between Sl and Dk, and zk is an M × 1 AWGN
noise vector. The channels are time-invariant and do not change dur-
ing the transmission. The goal is to show that the achievable DOF for
each source-destination pair is M/2. Sk (k ∈ {1, 2, 3}) transmits M/2
independent codeword streams, denoted as xi

k (i ∈ {1, 2, ...,M/2}), by
modulating vectors vi

k as follows:

xk =

M/2
∑

i=1

xi
kv

i
k = Vkxk, (2.3)

where xk = [x1
k x2

k · · · x
M/2
k ]T , and Vk is the beamforming matrix of Sk.

Therefore, according to (2.2) the received signal of Dk is:

yk = Hk1V1x1 +Hk2V2x2 +Hk3V3x3 + zk. (2.4)

Each destination tries to recover the desired message from the received
signal. There are two interference signals at each destination. The in-
terference signals at each destination will be aligned if we can design the
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beamforming matricesV1,V2 andV3 such that they satisfy the following
conditions:

Alignment at D1: span(H12V2) = span(H13V3),

Alignment at D2: H21V1 = H23V3,

Alignment at D3: H31V1 = H32V2, (2.5)

where span(A) is the space spanned by the column vectors of matrix A.
Thus, the interference signals only occupy an M/2-dimensional subspace
and the first requirement of interference alignment is satisfied. Since
the elements of matrices Hkl (∀ k, l ∈ {1, 2, 3}) are randomly chosen, it
almost surely has a full rank of M . Therefore, the above set of equations
can be re-written as follows:

span(V1) = span(EV1),

V2 = FV1,

V3 = GV1, (2.6)

where

E = H−131 H32H
−1
12 H13H

−1
23 H21,

F = H−132 H31,

G = H−123 H21. (2.7)

This problem has different solutions which one of them is:

V1 = [e1 e2 ... eM/2],

V2 = F[e1 e2 ... eM/2],

V3 = G[e1 e2 ... eM/2], (2.8)

where e1, e2, ..., eM are the eigenvectors of matrix E. It can be seen that
the solution in (2.8) satisfies all the alignment conditions in (2.5).

To retrieve the desired message from the received signal, the second
condition for interference alignment, which requires the desired signal
subspace and the interference subspace to be linearly independent, must
be satisfied. This requirement can be fulfilled if the following conditions
are satisfied:

rank ([H11V1 H12V2]) = M

rank ([H22V2 H21V1]) = M

rank ([H33V3 H31V1]) = M. (2.9)
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Figure 2.3: Interference alignment in a three-user MIMO interference
network with two antennas (M = 2) at each terminal.

It has been shown in [CJ08] that these conditions are almost surely sat-
isfied. Therefore, sum degrees of freedom 3M/2 is achievable in this
network. Figure 2.3 shows an illustrative example of the solution of this
scheme when M = 2. In this network each source can transmit one
stream performing interference alignment. The receivers can retrieve the
desired message from the received signal by zero-forcing filtering. If two
conditions of the interference alignment are fulfilled, the transmitter-side
beamforming matrices and the receiver-side filtering matrices satisfy the
following conditions:

U∗kHkjVj = 0, ∀j 6= k : j, k ∈ {1, 2, 3},

rank(U∗kHkkVk) =
M

2
, ∀k ∈ {1, 2, 3}, (2.10)

where Uk is the receiver-side filter at Dk.

It is clear that this solution requires global CSI to be available at each
terminal (i.e. matrix E is required for the calculation of the solution in
(2.8) and also finding the zero-forcing receiver at each destination). In the
next section, we will show a distributed approach to find transmitter-side
beamforming and receiver-side filtering based on only local CSI.
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2.3.3 Distributed Interference Alignment for MIMO Interfer-
ence Networks

Consider a three-user MIMO interference network similar to the one in
the previous section. As we mentioned, the achievable DOF of each
source-destination pair is M

2 . The transmitter-side beamformers and the
receiver-side filters should be designed to achieve this DOF. Thus, the
conditions in (2.10) must be satisfied. In the following, we will explain
how the solution of this problem can be obtained by a distributed al-
gorithm. We assume each terminal can acquire only local channel side
information, i.e. knowledge about the channels which are directly con-
nected to it through out training of the channel. Destination Dk can
obtain Hkl and source Sk can obtain Hlk , l ∈ {1, 2, 3}. The updating
of the beamformers and filters occur in the training phase. After the
convergence of the matrices to the interference alignment solutions, the
data transmission can start.

Let Vk denote an M×M
2 transmitter-side beamforming matrix where

its columns are the orthogonal basis of the transmitted signal space of
Sk. We can write the transmitted signal of Sk as:

xk = Vkxk, (2.11)

where each element of the M
2 × 1 vector xk represents an independently

encoded Gaussian codeword with power 2pk

M which is beamformed with
the corresponding column of Vk.

Also, let Uk be anM×M
2 receiver-side filtering matrix whose columns

are the orthogonal basis of the desired signal subspace at Dk. The filter
output of Dk is as follows:

yk = U∗kyk. (2.12)

If global CSI are available, the beamforming and filtering matrices
can be designed such that the conditions in (2.10) are satisfied. However,
with the lack of global CSI if we choose the beamformers and the filters
randomly, with high probability we have the following conditions:

U∗kHkjVj 6= 0, ∀j 6= k : j, k ∈ {1, 2, 3},

rank(U∗kHkkVk) =
M

2
, ∀k : k ∈ {1, 2, 3}. (2.13)

Consequently, some interference remains at destinations. The total power
of interference at Dk is as follows:

IFk = Tr[U∗kQkUk], (2.14)
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Figure 2.4: Multi-user MIMO interference network with reciprocity (a)
forward channels (b) reverse channels

where

Qk =

3
∑

j=1,j 6=k

2pj
M

HkjVjV
∗
jH
∗
kj (2.15)

is the covariance matrix of interference at Dk. Clearly, IFk = 0 only if
the beamformers and the filters satisfy conditions in (2.10). However, Dk

can utilize the local channel side information to minimize this received
interference power by optimizing its receiver-side filter. Therefore, as-
suming that the beamformers are fixed, the receiver-side filter Uk is the
solution of the following problem:

min
Uk, UkU

∗
k=IM

2

IFk. (2.16)

The solution is given by [GCJ11]:

Ud
k = νd[Qk], d = 1, ...,

M

2
, (2.17)

where Ud
k denotes the dth column of Uk and νd[A] is the eigenvector

corresponding to the dth lowest eigenvalue of A.
The sources have insufficient channel side information to optimize

the transmitter-side beamformers. This can be resolved by exploiting
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the reciprocity of the channels. For instance, destinations can transmit
training sequences over the reverse channels (channels from destinations
to sources) which are separated from the forward channels (channels from
sources to destinations) in time via time-division duplex (TDD). The reci-

procity of the forward and reverse channels is assumed, i.e.
←−
Hkl = H∗lk

(∀l, k ∈ {1, 2, ...,K}), where Hlk is the forward channel from Sk to Dl and←−
Hkl is the reverse channel from Dl to Sk. Dk performs beamforming and

Sk perform filtering in the reverse direction with matrices
←−
Vk and

←−
Uk,

respectively. Figure 2.4 represents transmission over forward channels
and reverse channels. These matrices can be chosen to perform interfer-
ence alignment in the reverse direction. The corresponding interference
alignment conditions for the reverse direction are as follows:

←−
U∗k
←−
Hkj
←−
Vj = 0, ∀j 6= k : j, k ∈ {1, 2, 3},

rank(
←−
U∗k
←−
Hkk
←−
Vk) =

M

2
∀k : k ∈ {1, 2, 3}. (2.18)

Since, the reciprocity holds, if we choose
←−
Uk = Vk and

←−
Vk = Uk, the

solutions of the interference alignment problem in the reverse direction
(2.18) are equivalent to those in the forward direction (2.10). Therefore,
to optimize the beamforming matrices, we set the beamforming matrices

in the reverse direction of communication as
←−
V = U. The total power of

interference at Sk in the reverse direction is

←−
IF k = Tr[

←−
U∗k
←−
Qk
←−
Uk], (2.19)

where,

←−
Qk =

3
∑

j=1,j 6=k

2pF
M

←−
Hkj
←−
Vj
←−
V∗j
←−
H∗kj (2.20)

is the covariance matrix of interference in the reverse direction. pF in
2.20 is the transmission power of each user in the reverse direction. The

receiver filter
←−
Uk can be designed to minimize

←−
IF k. The receiver filter

optimization in the reverse direction can be formulated as follows:

min
←−
Uk,

←−
Uk
←−
U∗

k=IM
2

←−
IF k, (2.21)

where the solution for this problem is

←−
Ud

k = νd[
←−
Qk], d = 1, ...,

M

2
. (2.22)
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We can set the beamforming matrices in the forward direction as V =
←−
U

and repeat this optimization procedure until the beamforming matrices
and the receiving filters converge. The convergence of this algorithm is
shown in [GCJ11]. Next, the sources can utilize the resulting beamform-
ing matrices to send their data and the destinations apply the associated
filters to decode desired signals. In other words, interference alignment
is realized through a distributed algorithm, with only local CSI at each
terminal.

2.3.4 Interference Alignment for SISO Interference Networks

When there is only one antenna at each terminal, interference signals
cannot be aligned in the space domain. The techniques mentioned in the
previous sections cannot be applied. However, it has been shown that
in time-varying or frequency-selective fading environments, interference
alignment is still possible. We use an example to reveal the basic idea
of interference alignment for time-varying SISO interference networks.
Consider a three-user interference network (K = 3). The received signal
at Dk (k ∈ {1, 2, 3}) is:

yk(t) = hk1(t)x1(t) + hk2(t)x2(t) + hk3(t)x3(t) + zk(t), (2.23)

where xl(t) is the transmit symbol of Sl at time instant t, and hk1(t) is
the channel coefficient between Sl and Dk at time instant t.

The channel coherence time is assumed to be one (channel gains re-
mains constant within one time slot, but change independently across
different time slots). Global CSI is perfectly known at all terminals.
Since each terminal has only one antenna, at each time slot there is not
enough space dimensions to separate interference subspace with desired
signal subspace. This problem can be resolved using the symbol extension
technique proposed in [CJ08]. We denote the q symbols transmitted over
q time slots by Sk as a vector:

xk(t) = [xk(q(t− 1) + 1) xk(q(t− 1) + 2) ... xk(qt)]
T . (2.24)

Similarly, denote the q symbols received over q time slots by Dk as a
vector:

yk(t) = [yk(q(t− 1) + 1) yk(q(t− 1) + 2) ... yk(qt)]
T . (2.25)

zk(t) is the similar expansion of the noise over q time slots. Thus, the
received signal at Dk can be expressed as follows:

yk(t) = Hk1(t)x1(t) +Hk2(t)x2(t) +Hk3(t)x3(t) + zk(t), (2.26)
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where Hkl(t) is a diagonal extended channel matrix defined as follows:

Hkl(t) =











hkl(q(t− 1) + 1) 0 · · · 0
0 hkl(q(t− 1) + 2) · · · 0
...

...
. . .

...
0 0 · · · hkl(qt).











(2.27)

This is called the extended interference channel model where each desti-
nation has a q-dimensional received signal space. The goal of interference
alignment design is to align all the interference signals at every destina-
tion within one half of the total received signal space, leaving the other
half interference-free for the desired signal. Let q = 2n + 1, where n is
a positive constant. S1 encodes its message to n + 1 independent data
streams xm

1 (t) (m = 1, 2, ..., n+1). Each data stream xm
1 (t) is sent along

a q × 1 vector vm
1 . Therefore, x1(t) can be represented as follows:

x1(t) =

n+1
∑

m=1

xm
1 (t)vm

1 = V1x1, (2.28)

where x1 = [x1
1(t) x2

1(t) · · · xn+1
1 (t)]T and V1 = [v1

1 v2
1 · · · vn+1

1 ].
Similarly, S2 and S3 encode their messages to n independent data streams
as follows:

x2(t) =

n
∑

m=1

xm
2 (t)vm

2 = V2x2,

x3(t) =
n
∑

m=1

xm
3 (t)vm

3 = V3x3. (2.29)

Therefore, the received signal at Dk can be expressed as:

yk(t) =

3
∑

i=1

Hki(t)Vixi + zk(t). (2.30)

As we mentioned in Section 2.3 two conditions should be satisfied
to realize interference alignment. First, the interference signals should
be aligned at each destination such that interference occupies a sub-
space with dimensions less than the total dimensions of the available
signal space. The second condition is that the interference and de-
sired signal subspaces should be independent. To obtain the (n + 1)-
dimensional interference-free desired signal subspace from the received
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(2n + 1)-dimensional signal y1(t), the number of dimensions of the in-
terference subspace must not be larger than n. This can be achieved by
aligning the interference signals from S2 and S3 as follows:

H12(t)V2 = H13(t)V3. (2.31)

To have an n-dimensional interference-free subspace at D2, the interfer-
ence signals from S1 and S3 must be aligned as follows:

span(H23(t)V3) ⊂ span(H21(t)V1). (2.32)

Similarly, the alignment condition at D3 is:

span(H32(t)V2) ⊂ span(H31(t)V1). (2.33)

This set of equations have more than one solution. One of them can be:

V1 = [u Tu ... Tnu],

V2 = H−132 (t)H31(t)[u Tu ... Tn−1u],

V3 = H−123 (t)H21(t)[Tu T2u ... Tnu], (2.34)

where T = H12(t)H
−1
21 (t)H23(t)H

−1
32 (t)H31(t)H

−1
13 (t) and u is a (2n +

1)× 1 all-one vector. To check the second condition, it has been shown
in [CJ08] that the columns of matrix

[H11(t)V1 H12(t)V2] (2.35)

are linearly independent, with probability one. Thus, the desired signal
and interference subspaces at D1 can be separated, almost surely. The
same results hold for the following matrices:

[H22(t)V2 H21(t)V1], (2.36)

[H33(t)V3 H31(t)V1]. (2.37)

Consequently, S1, S2 and S3 can transmit n+1, n and n independent
messages, respectively over 2n + 1 channel uses. Thus, the DOF tuple
( n+1
2n+1 ,

n
2n+1 ,

n
2n+1 ) is achievable and in the asymptotic case where n→∞

the DOF tuple (12 ,
1
2 ,

1
2 ) is achievable. Every user can achieve half of

its interference-free DOF (since if no inter-user interference exists, the
achievable DOF of each user is one).
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2.3.5 Ergodic Interference Alignment for SISO Interference
Networks

The interference alignment scheme described in the previous section
promises that each user can achieve DOF 1

2 only as SNR goes to infinity.
For a time-varying fading environment and when the fading coefficients
follow symmetric distributions, an ergodic interference alignment scheme
was proposed in [NJGV09] to obtain the same performance at any SNR.
Consider a K-user single-antenna interference network. Assume that
S1, S2, ..., SK transmit signals x1, x2, ..., xK at time t, respectively. The
received signal at Dk (k ∈ {1, 2, ...,K}) is

yk(t) = hkkxk +

K
∑

l=1,l 6=k

hklxl + zk(t), (2.38)

where hkl is the channel fading coefficient between Sl and Dk and is
perfectly known at all terminals. Define the channel matrix as

H(t) =











h11 h12 · · · h1K

h21 h22 · · · h2K

...
...

. . .
...

hK1 hK2 · · · hKK











. (2.39)

Also define the complement channel matrix to H(t) as

H(tc) =











h11 −h12 · · · −h1K

−h21 h22 · · · −h2K

...
...

. . .
...

−hK1 −hK2 · · · hKK











. (2.40)

Assume that in time slots t and tc, the channel matrices are comple-
ment to each other. If the sources transmit the same signals in time slot
tc, the received signal at Dk is:

yk(tc) = hkkxk −
K
∑

l=1,l 6=k

hklxl + zk(tc). (2.41)

If Dk adds the two signals it received in time slots t and tc, we have

yk = yk(t) + yk(tc) = 2hkkxk + zk(t) + zk(tc). (2.42)
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Therefore, an interference-free channel can be provided at a price of two
channel uses. We will refer to this as the channel pairing technique
throughout the thesis. For symmetric fading distributions (e.g. Rayleigh
fading distribution), the complement channel matrices H(t) and H(tc)
occur with the same probability. (Since the channel gains are drawn
from a continues distribution, the probability that each individual chan-
nel matrix happens is equal to zero. To handle this issue, the chan-
nel pairing can be performed based on quantized channel gains.) Thus,
if the time duration of interest is long enough, for every channel ma-
trix, a corresponding complement channel matrix can be found, almost
surely [NJGV09]. To take this advantage, let each source transmit an
independent codeword to its destination in every time slot. If in one
time slot, the channel matrix is complement to that in a previous slot,
all sources repeat their codewords. In this way, if the time duration of
interest is long enough, it is as if that the sources use half of the total time
slots to send independent signals to their destination, and the transmis-
sions do not experience inter-user interference. This means the average
rates Rk = 1

2E[log(1+2|hkk|2SNR)] (k ∈ 1, 2, ...,K) are achievable. Each
user can achieve half its interference-free data rate at any SNR, no matter
how many users exist in the network.

2.3.6 Interference Alignment with Partial/Imperfect CSI

To achieve the outstanding performance promised by the aforementioned
interference alignment schemes, in general perfect global CSI is required
to be known at all terminals. Since acquiring such perfect global CSI
can be a challenging problem in practice, it is desired to investigate the
performance of these schemes when only partial or imperfect CSI is avail-
able.

In general, destinations acquire CSI through training. They can then
send such CSI knowledge to sources via channel state feedbacks. They
can transmit either un-quantized CSI (analog feedback) or quantized CSI
(digital feedback) via the feedback channels.

In [AH12] an analog channel state feedback scheme for interference
alignment is proposed. Destinations directly transmit the channel coef-
ficients as un-coded quadrature and amplitude modulated symbols. It
has been shown that no loss in achievable DOF is incurred, if the trans-
mission power of the analog feedback signals scales similar to the actual
transmission power of the sources.

A digital channel state feedback strategy for the interference align-



26 2 Fundamentals

ment scheme mentioned in Section 2.3.4 is provided in [BT09]. It has
been shown that the same DOF as when perfect CSI is available can be
obtained, provided that the feedback signals’ rate is proportional to logP ,
where P is the transmission power of each source. This result is also ob-
served in multiple-antenna scenarios in [KV10]. A continuous tradeoff
between the scaling of feedback rate and achievable DOF has also been
demonstrated. This feedback strategy is further improved in [KMLL12]
by introducing proper filtering before quantizing the channel gains.

Clearly, sufficiently accurate estimations of CSI can still guarantee
the performance of interference alignment. However, in practice the radio
resources (e.g. bandwidth and power) available for feedback channels are
limited so that terminals may not be able to attain good CSI estimations.
The issue will be considered in this thesis. Specifically, In Chapter 4, we
will study the performance of the ergodic interference alignment scheme,
when the quantization resolution is strictly limit.

2.4 Power Control

In this thesis, we refer to power control as the process of properly assign-
ing (normally the minimum) transmission power to guarantee a certain
quality of service (e.g. all source-destination pairs can communicate suc-
cessfully at some desired fixed data rates). The key advantages of power
control in wireless networks lie in several aspects. Firstly, wireless chan-
nels are random in general. To maintain the communication quality at
a satisfactory level, the transmission power of each user should be prop-
erly adapted according to changing channel states. In most practical
wireless applications such as sensor networks, cellular systems, and ad-
hoc networks, energy budget is limited. If any user’s transmission power
is unnecessarily higher than that to support its communication quality,
its energy would be wasted. More importantly, if inter-user interference
cannot be perfectly avoided or canceled, this user would cause higher
interference and potentially harm other users’ transmissions. Therefore,
power control is essentially required to adjust the transmission power
of each user in order to guarantee communication quality, minimize en-
ergy consumption, and reduce inter-user interference. In most wireless
networks, power control is a challenging problem.

In this section, we provide some definitions related to the power
control problem. Consider an interference network consisting of K
source-destination pairs, as represented in Figure 2.1. Each source Sk
(k ∈ {1, 2, ...,K}) desires to send data at rate Rk to its dedicated des-
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tination Dk. If all sources transmit non-orthogonally, each destination
receives the desired source message over the desired channel and also
undesired interference over interference channels. We assume that users
communicate over discrete-time and block-fading (each block contains n
channel uses) channels. The channel gains remain fixed over each block,
but change independently across different blocks. Define a K ×K chan-
nel matrix H such that its element on the lth row and the kth column
(l, k ∈ {1, · · · ,K}) represents the channel coefficient between Sl and
Dk, denoted as hkl. Define p = [p1 p2 · · · pK ]T where pk denotes the
transmission power of Sk. If users transmit non-orthogonally in the ab-
sence of any interference cancelation or alignment technique, the power
of the intended signal received at Dk is |hkk|2pk, while the power of the
received unintended signals and noise is

∑

l 6=k |hkl|2pl +N0. The signal-
to-interference-plus-noise-ratio (SINR) at Dk is

SINRk =
|hkk|2pk

∑

l 6=k |hkl|2pl +N0
, (2.43)

where N0 is the noise power. In the next part, we will show how to chose
transmission power to make the above transmission possible.

2.4.1 Power Control as an Optimization Problem

The power control problem can be formulated as an optimization prob-
lem. In general, an optimization problem can be described by optimiza-
tion variables, objective functions, and a constraint set. For the power
control problem studied in this thesis, the transmit power vector p is the
optimization variable. In Chapter 5 where we consider joint interference
alignment and power control design, the transmitter-side beamforming
and receiver-side filtering matrices are also optimization variables. The
objective function is the transmission power of each user, which should be
minimized. There are two major types of constraints on variables. The
first type is related to technical and regulatory limitations. For example,
the maximum transmission power of each source should be below some
level. The second type, termed feasibility constraint, is more complicated
and is normally determined by the characteristics and requirements of
the considered K-user interference network. In the following, we provide
the definition regarding the feasibility of the power control problem.

Definition 2.4.1. For a given channel matrix H, power vector p � 0
satisfies the feasibility constraint if the achievable rate region includes the
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required transmission rates of the system. For a transmission scheme
‘A’, if at least one power vector satisfies the feasibility constraint, we
say transmission scheme ‘A’ is feasible. The feasibility set of the power
control problem for the transmission scheme ‘A’, is defined as:

PA

H = {p|p � 0,R ∈ CA(p,H)}, (2.44)

where R = [R1 R2 ... RK ]T , and CA(p,H) is the achievable rate region
of the scheme ‘A’ given p and H.

For example, if the scheme ‘A’ denotes the strategy displayed in Figure
2.2 (a), the feasibility set PA

H defined in (2.44) can be characterized as
follows:

PA
H = {p|p � 0, ∀k Rk ≤ log(1 + SINRk)}, (2.45)

where SINRk is defined in (2.43). Therefore, according to Definition
2.4.1, the power control problem for the transmission scheme ‘A’ can be
represented as follows:

min
s.t. p∈PA

H

K
∑

k=1

pk. (2.46)

In the following sections, we will discuss the solutions of this problem
in more detail.

2.4.2 Distributed versus Centralized Power Control

Power control may be implemented in either centralized or distributed
fashion. Centralized power control requires global CSI to find the global
optimum solution. In distributed power control, however, each user seeks
its own optimum power according to only local CSI knowledge. Some
limited coordination among users may be demanded. Whether a feasi-
ble distributed approach can be found depends on the decomposability of
the optimization problem [CHLT08]. In other words, if a problem can
be decomposed into sub-problems, each of which has variables that do
not appear in the other sub-problems, a distributed algorithm can find
the solutions for the problem. On the other hand, if the sub-problems
have common variables, some message passing might be required to im-
plement the distributed solution. Several decomposition techniques have
been proposed in the literature (see e.g. [PC06]). However, for power
control problems with QoS constraints where there exists complicated
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coupling between the optimization variables (i.e. the power control prob-
lems considered in this thesis), most of these techniques cannot be ap-
plied directly. To handle this issue, for instance, in the power control
problem described in (2.46), a distributed solution have been proposed
in [Zan92], [FM93], and [Yat95]. In the following sections we will describe
it in more details.

2.4.3 Distributed Power Control

The feasibility set of the power control problem in (2.46) can be simplified
as follows:

PA
H = {p|p � 0, p � I(p)}. (2.47)

We term the following vector as interference function:

I(p) = [I1(p) I2(p) ... IK(p)]T (2.48)

where

Ik(p) =
(2Rk − 1)(N0 +

∑

l 6=k |hkl|2pl)
|hkk|2

. (2.49)

An important family of the interference functions is defined as follows:

Definition 2.4.2. I(p) is called standard interference function if for all
vectors p,p′ � 0, it satisfies the following conditions [Yat95]:

1) Positivity : I(p) � 0

2) Monotonicity : I(p) � I(p′), (∀p � p′)

3) Scalability : αI(p) � I(αp), (∀α > 1). (2.50)

In what follows, we will introduce an important type of distributed
power control algorithms.

2.4.3.1 Standard Power Control Algorithm

If the interference function is standard, the corresponding standard power
control algorithm is as follows. First, every source initializes its trans-
mission power. Let p(0) denote this initial transmission power vector,
and p(n) represent the power vector in the nth iteration. Dk calculates
Ik(p(n − 1)) according to (2.49). To calculate this, Dk only requires to
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know the local channel side information (i.e. the power of interference
∑

l 6=k |hkl|2pl(n− 1) and hkk). Next, Dk sends back this value to Sk via
a feedback channel and it updates its transmission power as follows

pk(n) = Ik(p(n− 1)). (2.51)

This iterative algorithm can have a distributed implementation.

2.4.3.2 Convergence of the Standard Power Control Algorithm

If the power control problem is feasible, the iterative power control algo-
rithm may have L ≥ 1 fixed points (p∗l , l ∈ {1, 2, ..., L}), each of which
satisfies p∗l = I(p∗l ). The following theorems provide the answers to sev-
eral questions regarding the convergence of the algorithm. The first ques-
tion which should be addressed is whether this algorithm has a unique
fixed point (L = 1). Next, if there is a unique fixed point we need to
find whether the fixed point of the algorithm corresponds to the optimum
solution of the power control problem. The last question which must be
answered is whether the algorithm converges to the fixed point from any
initialization.

Theorem 2.4.1 ( [Yat95]). If the standard power control algorithm has
a fixed point, that fixed point is unique.

Theorem 2.4.2 ( [Yat95]). If p(0) is a feasible power vector (p(0) ∈
PA
H), then p(1), ...,p(n) is a monotone decreasing sequence of the feasible

power vectors that converges to a unique fixed point p∗.

Theorem 2.4.2 implies p � p∗ for any feasible vector p. Therefore, the
fixed point p∗ corresponds to the minimum transmission power for each
user. The next theorem characterizes the convergence of the standard
power control algorithm.

Theorem 2.4.3 ( [Yat95]). If the set PA

H defined in (2.47) is nonempty,
then for any initial power vector p(0), the standard power control algo-
rithm in (2.51) converges to a unique fixed point p∗.

In summary, for a feasible power control problem, if the interference
function is standard, convergence of the power control algorithm to the
unique optimum solution is guaranteed.



Chapter 3

Hybrid Transmission Strategy
with Perfect Feedback

In this chapter, we consider the power control problem for a two-user
interference network. Each source intends to communicate with its ded-
icated destination at a fixed data rate. The power control problem seeks
solutions to efficiently assign power to the sources such that successful
communications can be guaranteed. The two users’ transmissions can be
conducted orthogonally or non-orthogonally. Although the latter strat-
egy can potentially be more spectrally efficient, its power control problem
may not always have feasible solutions. We investigate the probability of
such events in slow, Rayleigh fading environments. We also consider a hy-
brid transmission scheme which combines orthogonal and non-orthogonal
transmissions to achieve lower transmission power.

In Section 3.1 we will present a two-user interference network and the
main assumptions. We will address power control problem for different
non-orthogonal transmission schemes in Section 3.2. In Section 3.3 we
will evaluate the performance of a hybrid transmission scheme. Section
3.4 concludes this chapter.

3.1 Two-user Interference Network

We consider a single-antenna wireless interference network with two
source-destination pairs, as shown in Figure 3.1. Each source intends
to communicate with its dedicated destination. The transmission rate
of S1 and S2 are fixed at R1 and R2, respectively. We consider slow,
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Figure 3.1: Two-user interference network

block Rayleigh fading channels. The channel gains remain constant
within a coherence interval (where the considered communications oc-
cur) and change independently across different intervals. We denote
the fading coefficient of the channel between Sk (k ∈ {1, 2}) and Dk

as hkk ∼ CN (0, σ2
S), and denote that of the channel between Sk and Dl

(l ∈ {1, 2}, l 6= k) as hlk ∼ CN (0, σ2
I ). The network channel matrix is

represented as H where its element on the ith row and the jth column
is hij . We assume perfect channel knowledge to be globally known: H is
known at every terminal.

In this chapter, we study a power control problem for the mentioned
network. More specifically, for each channel realization, we seek proper
power vector p = [p1 p2]

T (p1 and p2 are transmission power of S1 and
S2, respectively) such that successful communications can be guaranteed
for both source-destination pairs. We provide some definitions regarding
the power control problem as follows.

Definition 3.1.1. For channel matrix H, power vector p � 0 is a so-
lution of the power control problem if the achievable rate region decided
by this transmission power vector and channel matrix H includes the re-
quired transmission rates of the network. If the power control problem
for transmission scheme ‘A’ has a solution, we say transmission scheme
‘A’ is feasible. The set of the solutions of the power control problem for
the transmission scheme ‘A’, is defined as follows:

PA
H = {p|p � 0,R ∈ CA(p,H)}, (3.1)

where R = [R1 R2]
T , and CA(p,H) is the achievable rate region of the

scheme ‘A’ given p and H. Use ∅ to denote an empty set, for a feasible
scheme ‘A’ we have PA

H 6= ∅.
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For some of the channel realizations performing transmission scheme
‘A’, the power control problem may not have any solution, thus trans-
mission scheme ‘A’ is infeasible. To measure how often a transmission
scheme is feasible, we provide the following definition.

Definition 3.1.2. The feasibility probability of a transmission scheme
‘A’ is defined as:

PA
F =

∫

Ĥ∈R2

Pr
{

PA
Ĥ
6= ∅

}

Pr{H = Ĥ}dĤ, (3.2)

where Ĥ is a realization of the random matrix H.

In the next part, we briefly review the power control problem for
orthogonal transmission.

3.1.1 Power Control for Orthogonal Transmission

In wireless networks, inter-user interference may significantly degrade
communication performance. One intuitive solution to deal with inter-
ference is to orthogonalize different users’ operation. This can provide
interference-free environment for each user, but each user has access to
only a fraction of the available channel. We term this transmission scheme
orthogonal transmission (OT). Use α (0 < α < 1) to denote the channel-
sharing factor : the fractions of the total channel used by S1 and S2 are
α and 1 − α, respectively. To guarantee successful communication, the
following conditions should be satisfied:

R1 ≤ α log2

(

1 +
|h11|2p1
αN0

)

,

R2 ≤ (1− α) log2

(

1 +
|h22|2p2

(1− α)N0

)

, (3.3)

where N0 is the noise power at each destination. The set of solutions of
the corresponding power control problem is POT

H = {p|p � nT}, where

nT =





(

2
R1
α − 1

)

αN0

|h11|2
(

2
R2

(1−α) − 1
)

(1−α)N0

|h22|2



 . (3.4)

This set is non-empty for any channel realization and the feasibility prob-
ability is one. Therefore, the OT scheme is always feasible. Clearly,
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the minimum required power of the OT scheme can be calculated as

pOT
1 =

(

2
R1
α − 1

)

αN0

|h11|2
and pOT

2 =
(

2
R2

(1−α) − 1
)

(1−α)N0

|h22|2
. This is similar

to the channel inversion method for single-user point-to-point commu-
nications [GV97]. The channel-sharing factor α can be chosen as any
value in the (0, 1) interval. For example, α can be chosen as α = 0.5
which means both users equally share channel access. But in general α
can be optimized to minimize the power consumption. The sum power
pOT
sum(α) = pOT

1 (α) + pOT
2 (α) is a convex function of α because:

∂2pOT
sum

∂α2
=

(

R1 ln 2

α

)2
N02

R1
α

|h11|2
+

(

R2 ln 2

1− α

)2
N02

R2
1−α

|h22|2
> 0. (3.5)

Therefore, for each channel realization the optimal α that minimizes
pOT
sum can be found by standard convex optimization methods such as the

interior-point methods [BV04]. The OT scheme is always feasible, but it
may not be spectrally efficient. For instance, if the links between both
unintended source-destination pairs experience deep fading, permitting
the sources to send their messages non-orthogonally would use the chan-
nel more efficiently and thus may demand a smaller transmission power.
However, as we show in the next section, the power control problem in a
fading environment for the non-orthogonal transmission may not always
have feasible solutions. We provide their feasibility probability analysis
in the next section.

3.2 Power Control for Non-orthogonal Transmissions

We permit the two sources to transmit non-orthogonally. The source Sk
(k ∈ {1, 2}) sends the unit-power codeword xk from a Gaussian codebook.
The channel outputs at the destinations are as follows:

y1 =
√
p1h11x1 +

√
p2h12x2 + z1

y2 =
√
p1h21x1 +

√
p2h22x2 + z2, (3.6)

where zk is AWGN with power N0. Now each destination receives mes-
sages from both its intended source and the unintended source. It can
directly decode its desired message by treating the interference as noise.
In case if it knows the codebook of the unintended source, it can perform
successive interference cancelation (SIC) to decode and subtract the in-
terference message before decoding the desired message. Therefore, we
would have four different schemes: both destinations directly decode their
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desired messages, both destinations perform SIC, and one destination di-
rectly decodes the desired messages but the other one performs SIC. We
start our analysis from the first case.

3.2.1 Decoding by Treating the Interference as Noise

We require both destinations to directly decode their desired messages
by treating the interference generated by unintended sources as noise.
We term this non-orthogonal transmission scheme NOT1. To guarantee
successful transmission, the following conditions should be satisfied:

R1 ≤ log2

(

1 +
|h11|2p1

|h12|2p2 +N0

)

,

R2 ≤ log2

(

1 +
|h22|2p2

|h21|2p1 +N0

)

. (3.7)

After some manipulations, we can present these conditions as the follow-
ing power constraints:

p1 ≥
(

2R1 − 1
)

|h11|2
(

|h12|2p2 +N0

)

,

p2 ≥
(

2R2 − 1
)

|h22|2
(

|h21|2p1 +N0

)

. (3.8)

The constraints in (3.8) can be shown in a matrix format as follows:

p � DSFSp+ nS, (3.9)

where

DS =

[

2R1 − 1 0
0 2R2 − 1

]

,

FS =

[

0 |h12|
2

|h11|2

|h21|
2

|h22|2
0

]

,

nS =

[

(2R1 − 1)N0

|h11|2
(2R2 − 1)N0

|h22|2
]T

. (3.10)

The matrix DS is related to the required transmission rates while the
matrix FS depends only on the channel gains.
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3.2.1.1 Feasibility Analysis

For a given channel matrix H, the set of solutions of the power control
problem for the NOT1 scheme is as follows:

PNOT1

H = {p|p � DSFSp+ nS, p � 0}. (3.11)

Unlike OT, for some of the channel realizations, there is no positive
power vector which satisfies (3.9). In this case, PNOT1

H = ∅ and the NOT1

scheme is infeasible. The following lemma characterizes the feasibility of
the NOT1 scheme.

Lemma 3.2.1. PNOT1

H 6= ∅ if and only if λmax(DSFS) < 1, where
λmax(DSFS) denotes the eigenvalue of DSFS with the largest magnitude.

Proof. The sum of the eigenvalues of a matrix is equal to the trace of
that matrix. Since Tr[DSFS] = 0 and det[DSFS] < 0, the eigenvalues
of DSFS are λ1 = λmax > 0 and λ2 = −λmax < 0. There are positive
right and left eigenvectors pr � 0 and pl � 0 associated to λ1 which
satisfy λmaxpr = Hpr and λmaxp

T
l = pT

l H, respectively. To prove the

necessary condition assuming p1 ∈ PNOT1

H , we have

p1 ∈ PNOT1

H

(a)⇒ p1 � DSFSp1 + nS

(b)⇒ p1 −DSFSp1 � 0
(c)⇒ pT

l (p1 −DSFSp1) > 0

(d)⇒ (1− λmax)p
T
l p1 > 0

(e)⇒ λmax < 1, (3.12)

where (a) follows (3.11); (b) follows the fact that nS � 0; (c) follows the
positivity of the left eigenvector (pl � 0); (d) follows the definition of the
eigenvalue and (e) follows the fact that pT

l p1 > 0.
To prove the sufficient condition assuming λmax < 1, we have

λmaxpr = Hpr
(a)⇒ p2 = Hp2 + nS +H(1− λmax)apr − nS

(b)⇒ p2 � Hp2 + nS

(c)⇒ p2 ∈ PNOT1

H

⇒ PNOT1

H 6= ∅, (3.13)
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where (a) follows if we choose p2 = aλmaxpr; (b) follows the assumption
λmax < 1 and the fact that H(1 − λmax)apr − nS � 0 if we choose
a = maxi

nSi

(1−λmax)Hipr
, where nSi is the ith element of nS and Hi is the

ith row of H; (c) follows (3.11).

Lemma 3.2.1 characterizes the condition that can be used to decide
whether the NOT1 scheme is feasible or not. The following theorem
shows how often this scheme is feasible by characterizing its feasibility
probability.

Theorem 3.2.1. For the network presented in (3.6), the feasibility prob-
ability of the NOT1 scheme is as follows:

PNOT1

F = Pr{PNOT1 6= ∅} =
{

1 + 1
a2L−1 −

a2L ln(a2L)
(a2L−1)2 ; a2L 6= 1

0.5 ; a2L = 1
, (3.14)

where L = 1
(2R1−1)(2R2−1)

and a =
σ2
S

σ2
I
.

Proof. The feasibility probability of the NOT1 scheme is as follows:

PNOT1

F

(a)
= Pr {λmax(DSFS) < 1}
(a)
= Pr

{ |h12|2|h21|2
|h11|2|h22|2

< L

}

, (3.15)

where (a) follows from Lemma 3.2.1 where λmax(DSFS) is the largest
magnitude of the eigenvalue of matrix DSFS given in (3.10); (b)
follows from the fact that for the considered network, λmax =
√

(2R1 − 1)(2R2 − 1) |h12||h21|
|h11||h22|

, and L = 1
(2R1−1)(2R2−1)

.

To calculate the probability in (3.15), we derive the probability den-

sity function (pdf) of random variable K = |h12|
2|h21|

2

|h11|2|h22|2
in the following.

Let Xkl = |hkl|2 and Ykk = |hkk|2 (k, l ∈ {1, 2}, k 6= l), we have:

fXkl
(x) =

1

σ2
I

e
− x

σ2
I x ≥ 0,

fYkk
(y) =

1

σ2
S

e
− y

σ2
S y ≥ 0. (3.16)

Let Zkl =
|hkl|

2

|hkk|2
= Xkl

Ykk
, we can find the pdf of Zkl as follows:

fZkl
(z) =

∫ +∞

−∞

|y|fXklYkk
(zy, y)dy. (3.17)
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Thus, we can show that fZkl
(z) = a

(1+az)2 (z ≥ 0), where a =
σ2
S

σ2
I
. The

pdf of random variable K = |h12|
2|h21|

2

|h11|2|h22|2
= Z12Z21 can be derived as

fK(k) =
∫ +∞

−∞
1
|z|fZ12Z21(z,

k
z )dz. We can show that the pdf of K is

fK(k) =











a2(a2k+1)
(a2k−1)3 ln(a2k)− 2a2

(a2k−1)2 k 6= 1
a2 , k > 0

a2

6 k = 1
a2

0 k ≤ 0

. (3.18)

The feasibility probability of the NOT1 scheme can be calculated as
PNOT1

F = Pr{0 < K < L}. If L 6= 1
a2 , PNOT1

F can be calculated as
follows:

PNOT1

F =

∫ L

0

fK(k)dk

=

∫ L

0

a2(a2k + 1)

(a2k − 1)3
ln(a2k)− 2a2

(a2k − 1)2
dk

= 1 +
1

a2L− 1
− a2L ln(a2L)

(a2L− 1)2
, (3.19)

and if L = 1
a2 , the feasibility probability of the NOT1 scheme is as follows:

PNOT1

F =

∫ 1
a2

0

fK(k)dk

=

∫ 1
a2

0

a2(a2k + 1)

(a2k − 1)3
ln(a2k)− 2a2

(a2k − 1)2
dk

= lim
x→ 1

a2

(

1 +
1

a2x− 1
− a2x ln(a2x)

(a2x− 1)2

)

=
1

2
. (3.20)

According to Theorem 3.2.1, PNOT1

F depends only on the transmission
rates and the parameter a. For example, when R1 = R2 = R we plot
PNOT1

F for different values of a in Figure 3.2. We can see that PNOT1

F

decreases as the rates increase. The reason is that when transmission
rates are high, the network performs at interference-limited region and
the probability that the power control problem has solutions is low. Also,
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Figure 3.2: The feasibility probability of the NOT1 scheme for different

values of a =
σ2
S

σ2
I
(dB).

we can see that PNOT1

F increases as a increases. This is because when
the interference is possibly weak, the probability that network performs
in noise-limited region is high and it is most likely to find powers which
support successful decoding of the desired messages by treating the in-
terference as noise. It is clear from Figure 3.2 that when interference
links are possibly strong (eg. a = −10dB), directly decoding the desired
messages by treating interference as noise does not perform well and in a
large range of transmission rates with high probability the power control
problem does not have any solution.
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3.2.1.2 Power Control Solution

If the NOT1 scheme is feasible (PNOT1

H 6= ∅), the solution of the power
control problem with minimum transmission powers is

pNOT1 = (I−DSFS)
−1nS, (3.21)

where I is the identity matrix. Therefore, the minimum required powers
are as follows:

pNOT1
1 =

N0

(

(

2R1 − 1
) |h21|

2

|h11|2
+M

)

|h21|2(1−M)
,

pNOT1
2 =

N0

(

(

2R2 − 1
) |h12|

2

|h22|2
+M

)

|h12|2(1−M)
, (3.22)

where M =
(

2R1 − 1
) (

2R2 − 1
) |h12|

2|h21|
2

|h11|2|h22|2
. Condition M < 1 is equiva-

lent to the feasibility condition λmax < 1 for this scheme. It is clear that
M < 1 is required for the solution of the powers to be positive.

Although, decoding desired message by treating interference as noise
has a good performance in the networks with possibly weak interference
channels, the feasibility probability of the NOT1 scheme is low for pos-
sibly strong interference links. In this case, the effect of the interference
cannot be ignored and more proper schemes are required to deal with the
interference.

3.2.2 Successive Interference Cancelation at Both Destina-
tions

If one destination knows its unintended source’s codebook, it can per-
form SIC by decoding the message of the unintended source, removing
the interference and then decoding the message of the intended source.
We require both destinations to perform SIC and term this transmission
scheme as NOT2. The destinations are able to decode the interference
messages, if the following conditions are satisfied:

R2 ≤ log2

(

1 +
|h12|2p2

|h11|2p1 +N0

)

,

R1 ≤ log2

(

1 +
|h21|2p1

|h22|2p2 +N0

)

. (3.23)
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The equivalent power constraints are as follows:

p1 ≥
(

2R1 − 1
)

|h21|2
(

|h22|2p2 +N0

)

,

p2 ≥
(

2R2 − 1
)

|h12|2
(

|h11|2p1 +N0

)

. (3.24)

The corresponding power constraint in matrix format is as follows:

p � DIFIp+ nI, (3.25)

where

DI =

[

2R1 − 1 0
0 2R2 − 1

]

,

FI =

[

0 |h22|
2

|h21|2

|h11|
2

|h12|2
0

]

,

nI =

[

(2R1 − 1)N0

|h21|2
(2R2 − 1)N0

|h12|2
]T

. (3.26)

The matrix DI relates to the rates and the matrix FI is a function of
only the channel gains. After interference cancelation, each destination
can decode its desired message successfully if the following conditions are
satisfied:

R1 ≤ log2

(

1 +
|h11|2p1

N0

)

,

R2 ≤ log2

(

1 +
|h22|2p2

N0

)

. (3.27)

Therefore, the transmission powers should also satisfy the following con-
dition:

p � nF, (3.28)

where nF =

[

(2R1−1)
|h11|2

(2R2−1)
|h22|2

]T

.

3.2.2.1 Feasibility Analysis

The set of feasible solutions to the power control problem for the NOT2

scheme is as follows:

PNOT2

H = {p|p � DIFIp+ nI, p � nF}. (3.29)
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In the following corollary, we characterize the feasibility probability
of the NOT2 scheme.

Corollary 3.2.1. For the network described in (3.6), the feasibility prob-
ability of the NOT2 scheme is as follows:

PNOT2

F =

{

1 + a2

L−a2 − a2L ln(L/a2)
(L−a2)2 a2 6= L,

0.5 a2 = L,
(3.30)

where L = 1
(2R1−1)(2R2−1)

and a =
σ2
S

σ2
I
.

Proof. To find the condition for the feasibility of the NOT2 scheme, we
show that if there exists a power vector which satisfies (3.25), the NOT2

scheme is feasible. In another words, if at least one possible power vector
which satisfies (3.25) can be found, there exist power vectors which satisfy
both conditions (3.25) and (3.28). For this purpose we show that if p1

is a power vector satisfying (3.25), then vector cp1 (c ≥ 1) also satisfies
this condition. Assuming that c ≥ 1, we have

p1 � DIFIp1 + nI
(a)⇒ cp1 � cDIFIp1 + cnI

(b)⇒ cp1 � DIFI(cp1) + nI, (3.31)

where (a) follows from the fact that c is positive; (b) follows from (c ≥ 1)
and nI � 0. Therefore, if p1 satisfies (3.25) the scaled power vector
p2 = cp1 (c ≥ 1) also satisfies this condition. We can choose the constant
c, such that p2 = cp1 satisfies (3.28). Therefore, with the same arguments
as in the proof of Theorem 3.2.1 we can show that:

PNOT2

F = Pr {λmax (DIFI) < 1}

= Pr

{ |h11|2|h22|2
|h12|2|h21|2

< L

}

, (3.32)

where λmax (DIFI) denotes the largest magnitude of the eigenvalues of
(DIFI). Comparing this expression with (3.15), by substituting 1

a instead

of a in (3.14) we can find PNOT2

F as (3.30).

According to the Corollary 3.2.1, PNOT2

F decreases as the rates in-

crease which is similar to the behavior of PNOT1

F . But, unlike PNOT1

F , it
increases by decreasing a. The reason is that stronger interference links
make it easier to perform successive interference cancelation.
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3.2.2.2 Power Control Solution

If the NOT2 scheme is feasible, a solution for the power control can be
found as described in the following. The smallest required powers which
satisfy the constraints in (3.24) is pI = (I − DIFI)

−1nI. If pI satisfies
(3.28), then the solution is pNOT2 = pI. Otherwise, pNOT2 = cpI is
the solution where c can be chosen such that cpI satisfies the constraint
(3.28). Therefore, we choose c = max(nF1

pI1
, nF2

pI2
), where nF1 and nF2 are

the elements of nF given in (3.28) and pI1 and pI1 are the elements of pI.
This power control solution satisfies all the constraints.

If only one of the destinations observes strong interference, performing
SIC at both destinations may not be a good strategy. In this case, we may
achieve better performance by performing SIC at the destination which
observes strong interference and performing direct decoding by treating
interference as noise at the other destination.

3.2.3 Successive Interference Cancelation at Only One Desti-
nation

The destinations may perform different decoding strategies. For exam-
ple, the first destination can perform SIC, while the second destination
decodes its message directly by treating the interference as noise. We re-
fer to this scheme as NOT3. The following conditions should be satisfied
for successful transmission:

R1 ≤ log2

(

1 +
|h11|2p1

N0

)

,

R2 ≤ log2

(

1 +
|h12|2p2

|h11|2p1 +N0

)

,

R2 ≤ log2

(

1 +
|h22|2p2

|h21|2p1 +N0

)

. (3.33)

Therefore, the powers should satisfy p � nR where

nR=





(2R1−1)N0

|h11|2

(2R2 − 1)max
{

N02
R1

|h12|2
, N0(1+|h21|

2)(2R1−1)
|h22|2

}



 . (3.34)
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3.2.3.1 Feasibility Analysis

The set of the solutions of the power control problem for the NOT3

scheme is as follows:

PNOT3

H = {p|p � nR, p � 0}. (3.35)

This set is always non-empty. Thus, the feasibility probability of the
NOT3 scheme is one (Pr{PNOT3

H 6= ∅} = 1).

3.2.3.2 Power Control Solution

The solution of the power control problem for the NOT3 scheme with
minimum required powers is as follows:

pNOT3
2 = (2R2 − 1)max

{

N02
R1

|h12|2
,
N0(1 + |h21|2)(2R1 − 1)

|h22|2
}

,

pNOT3
1 =

(2R1 − 1)N0

|h11|2
. (3.36)

Based on the same argument, we can show that the NOT4 scheme (per-
forming SIC at D2 while D1 directly decodes its desired message) is also
always feasible (Pr{PNOT4

H 6= ∅} = 1) and the solution of the power
control with minimum required power is as follows:

pNOT4
1 =(2R1−1)max

{

N02
R2

|h21|2
,
N0(1+|h12|2)(2R2−1)

|h11|2
}

,

pNOT4
2 =

(2R2 − 1)N0

|h22|2
. (3.37)

3.3 Hybrid Transmission Scheme

As we discussed in the above sections, the OT scheme is always feasible.
However, the total transmission power of this scheme can be unnecessarily
large, especially when the value of a is sufficiently large or sufficiently
small. On the other hand, for large a, at each destination it is more likely
that the interference signal power is much smaller than the desired signal
power. The NOT1 scheme tends to use the available channel efficiently
and require smaller transmission powers, but its feasibility cannot be
guaranteed. Similarly, although it is more likely that the NOT2 scheme
should be applied when a is small, its feasibility probability is smaller



3.3 Hybrid Transmission Scheme 45

0 1 2 3 4 5 6 7 8 9 10
−40

−20

0

20

40

60

80

R (bits/channel use)

E
[

p
H
T

s
u
m

]

rS

rS

rS

rS
rS

rS
rS

rS
rS

rS
rS

rS
rS

rS rS
rS rS

rS
rS

rS

bC

bC

bC

bC

bC
bC

bC
bC

bC
bC

bC
bC

bC
bC

bC
bC

bC
bC

bC
bC

uT

uT

uT

uT
uT

uT
uT

uT
uT

uT
uT

uT
uT

uT
uT

uT
uT

uT

uT
uT

HT, a = −20 dB
HT, a = 0 dB
HT, a = 20 dB
OT

rS

bC

uT

Figure 3.3: Average sum power of the OT and the HT schemes

than one. Therefore, due to the random nature of fading, none of these
schemes can strictly outperform others.

We have provided the method to decide whether a scheme is feasi-
ble and also the approaches to find the minimum required powers if it
is feasible. For any channel realization, all the nodes can calculate the
required sum powers of all the five schemes. The scheme with the small-
est sum power will be operated in the network. We term this scheme
hybrid transmission (HT). Use pAsum to denote the minimum sum power
for transmission scheme ‘A’, i.e. pAsum = pA1 + pA2 if the scheme ‘A’ is
feasible and pAsum =∞ if the scheme ‘A’ is infeasible. Thus, pHT

sum can be
expressed as follows:

pHT
sum = min{pOT

sum, p
NOT1
sum , pNOT2

sum , pNOT3
sum , pNOT4

sum }. (3.38)

Clearly, the HT scheme is always feasible. To see the advantage of the
HT scheme, we plot the average required sum power of the HT scheme
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with that of the OT scheme (when R1 = R2 = R) in Figure 3.3. For fair
comparison we fix σ2

S = 1 and for different values of a we set σ2
I = 1

a .
In addition, to avoid extremely large transmission powers we exclude the
channel realizations which satisfy |hij |2 < ε, where i, j ∈ {1, 2}, and ε is a
small positive value. In our simulations ε is chosen following the approach
provided in reference [GV97]. From Figure 3.3 we can clearly see that
the HT scheme performs better than the OT scheme. The performance
gap (i.e. the average required sum power) increases when a is increased
from 0 dB to a large value. The same observation holds for the case when
a is decreased from 0 dB to a negative value. These results coincide with
the above analysis.

We can also see that although the probabilities of feasibility for a =
A dB and a = −A dB (A > 0) are the same, the required average
power for a = A dB is less at low rates. The reason is that a = −A
dB is corresponding to the strong interference region where the hybrid
transmission strategy performs SIC most of the time, and since an extra
condition on the powers is required for the SIC to be successfully fulfilled,
the required transmission power is larger.

In addition, for any fixed value of a, a larger desired transmission rate
R will lead to a smaller feasibility probability for the NOT1 and NOT2

schemes. When R is sufficiently large, most likely non of the NOT1

and NOT2 schemes is feasible and the OT scheme will almost always be
performed. As a result, the required power of the HT and OT schemes
will converge at high transmission rate region.

3.4 Conclusion

In this chapter, we have addressed a power control problem for the
constant-rate transmission in a two-user Rayleigh-faded interference
channel. We have considered certain orthogonal and non-orthogonal
transmission schemes. For each scheme we have derived the probabil-
ity that the power control problem has feasible solutions, i.e. a positive
power for each user can be found to guarantee the successful transmis-
sions of both users. Also, we have provided the approach to calculate
the minimum required power for each user if the scheme is feasible. To
combine the advantages of different schemes, we have considered a hybrid
transmission scheme in the network, which requires a lower sum trans-
mission power compared to the orthogonal transmission. Therefore, in
the presence of the global CSI, the users are recommended to adapt their
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transmission strategies to the actual environment, rather than simply or-
thogonalizing different users’ operation to avoid inter-user interference.





Chapter 4

Interference Alignment with
Limited Feedback

In this chapter, we consider K-user wireless communication in time-
varying interference channels. Each source intends to communicate with
its desired destination and can obtain only quantized CSI through lim-
ited feedback signals from all the destinations. We apply an interference
alignment scheme based on the quantized CSI to partially eliminate the
inter-user interference. Due to the imperfect CSI at the sources, some
interference leakage remains at the destinations. Therefore, the sources
should exploit the quantized CSI not only to partially eliminate the in-
terference, but also to adapt their transmission strategies to fulfil certain
service requirements.

We consider two problems in this chapter. First, we propose a power
control scheme based on the quantized CSI available at the sources. The
proposed scheme adapts the transmission powers such that it guarantees
successful communication of each source-destination pair at a pre-agreed
fixed transmission rate. Next, we propose a rate adaptation scheme based
on the quantized CSI. The proposed solution maximizes the sum through-
put of the network given that the transmission powers of the sources are
fixed.

The presentation of this chapter is as follows. In Section 4.1 we will
present the transmission scheme, the channel quantization and the feed-
back schemes. In Section 4.2 we will propose an iterative power control
algorithm and will investigate its convergence behavior. In Section 4.3, we
address the rate adaptation problem and propose a scheme for through-
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put maximization. In Section 4.4 we will evaluate the performance of
the proposed power control and rate adaptation schemes. Section 4.5
concludes the chapter.

4.1 Transmission Strategy

In this chapter we consider a single-antenna K-user interference network
represented in Figure 4.1. Each source has independent messages for its
intended destination. Since all sources share the transmission medium,
each of the destinations gets the desired message from the corresponding
source over the direct channel and also receives interference from all other
sources over the interference channels. We assume that the users com-
municate over discrete-time, block-fading (each block contains n channel
uses) channels. The channel gains remain fixed over each block, but
change independently across different blocks. We consider the transmis-
sion over a large number of blocks.

At any block index a, Sk (k ∈ {1, 2, ...,K}) encodes its message to
unit-power codeword xa

k with rate Ra
k ≥ 0 chosen from a Gaussian code-

book. We assume that the codeword length is sufficiently large and the
code is capacity achieving. The channel output at Dk is given by:

yak =
√
pkh

a
kkx

a
k +

K
∑

l=1,l 6=k

√
plh

a
klx

a
l + zak , (4.1)

where zak is unit-power AWGN and ha
kl is the channel gain between Sl

and Dk drawn independently from a complex Gaussian distribution, i.e.
ha
kl ∼ CN (0, 1). Similar to reference [NJGV09] we discard the channels

in which any element
∣

∣<
[

ha
ij

]∣

∣>hmax or |= [ha
kl]|>hmax with hmax being

a constant. The first term in the right hand side (RHS) of (4.1) is the
desired signal for Dk and the second term is the interference.

4.1.1 Transmission Scheme

At the beginning of each block, each destination estimates the incoming
channel gains based on training sequences (this estimation is assumed to
be perfect). Next, it quantizes the channel gains and broadcasts the cor-
responding indices to all the other terminals. The quantized channel gain
between Sl and the Dk at block a is denoted by ĥa

kl and the corresponding
quantization error is denoted by δakl. In the following, we provide a defi-
nition which is required for the description of the transmission scheme.



4.1 Transmission Strategy 51

.

.

.

.

.

.

z1

z2

zK

S1

S2

SK

D1

D2

DK

Figure 4.1: K-user SISO interference network

Definition 4.1.1. The channel pairs at the block indices a and b are
called complement, if the following conditions are satisfied:

ĥa
ii = ĥb

ii , ĥa
ij = −ĥb

ij. ; ∀i, j ∈ {1, ...,K} , i 6= j. (4.2)

It has been proved in [NJGV09] that for channels with a symmet-
ric distribution (Pr{hij = h} = Pr{hij = −h}, ∀i, j ∈ {1, 2, ...,K}), the
probability of finding the complement channel for any channel realization
increases as the number of transmitted blocks increases. Therefore, with
sufficiently large number of blocks, for any of the block indices we can
almost surely find another block index such that the channels are com-
plement. In another word, with sufficiently large number of blocks, the
channels for half of the blocks are almost surely complement to those of
the other half.

We apply a transmission strategy similar to the ergodic interference
alignment scheme proposed in [NJGV09] to the considered system. As-
sume m and mp are the block indices of a pair of complement channels.
We require each source to send the same codeword over these two blocks
(xm

k = x
mp

k , ∀k ∈ {1, 2, ...,K}). Each destination adds the received sig-
nals in these two blocks and decodes the codeword (ymk = ymk + y

mp

k ).
Therefore, according to the system model in (4.1) the equivalent received
signal ymk is given by:

ymk =
(

2ĥm
kk+δmkk+δ

mp

kk

)

xm
k +

K
∑

l=1,l 6=k

(

δmkl+δ
mp

kl

)

xm
l +zk, (4.3)
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where the first term in the RHS is the desired signal, the second term is
the residual interference and zmk = zmk + z

mp

k is the equivalent received
noise. It has been proved in [NJGV09] that if the quantization resolution
asymptotically goes to infinity, the power of the residual interference ap-
proaches zero and the ergodic interference alignment scheme achieves
the rate tuple (R1, R2, ..., RK) where Rk = 1

2E
[

log2
(

1 + 2|hkk|2pk
)]

(bits/channel use). This result shows that each source-destination pair
achieves a rate proportional to half of a single user’s interference-free
achievable rate. This is substantially higher than the achievable rate of
the conventional orthogonal transmission schemes such as TDMA espe-
cially as the number of users K increases.

For limited-resolution quantizers, although part of the interference is
eliminated due to the complementarity of the channel pairs, a certain
amount of interference still remains because of the quantization errors.
Therefore, there is some uncertainty at the sources about the received
power of the desired signal and the residual interference at the destina-
tions. In the rest of the chapter, we propose a power control scheme and
a rate adaptation scheme to fulfil certain quality of service requirements
(fixed-rate transmission and throughput maximization).

4.1.2 Channel Quantization and Feedback Scheme

To gain insight on the performance of the network with limited feedback,
we consider a uniform quantization scheme. It can be conjectured that
using certain more sophisticated quantization schemes [GN98] may lead
to even better performance.

We deploy a two-dimensional vector quantizer to quantize each
complex-valued channel gain. The complex plane, up to distance hmax

from the real and imaginary axes, is divided into multiple equal-size
(∆ × ∆) square regions. Each region is called a quantization cell and
∆ is termed quantization step size. For example, a 2N -bit quantizer
has 2N × 2N quantization cells and the corresponding quantization step
size is ∆ = hmax

2N−1 . The quantizer maps the channel coefficients within a
quantization cell to the centroid of the corresponding cell, i.e. the quan-
tized value. For a channel realization ha

kl, we represent this quantization
process as follows:

ĥa
kl = Q(ha

kl), ∀k, l ∈ {1, 2, ...,K} (4.4)

where ĥa
kl is the quantized channel gain. The associated quantization

error is denoted by δakl (i.e., δ
a
kl = ĥa

kl − ha
kl).
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In general, quantization of the direct and interference channels may
have different resolutions. We assume that at each destination there are
two types of quantizers with possibly different resolutions. The quantizer
associated to the direct channel uses NI bits, and the quantizer associated
to each of the interference channels uses NII bits for quantization of the
real or imaginary part of the channel gain. Therefore, the step size of the
direct (interference) channel quantizers is ∆I=

hmax

2NI−1 (∆II=
hmax

2NII−1 ). Quan-

tization errors are bounded as −∆I

2 ≤ <[δmkk],<[δ
mp

kk ],=[δmkk],=[δ
mp

kk ] ≤ ∆I

2

and −∆II

2 ≤ <[δmkl ],<[δ
mp

kl ],=[δmkl ],=[δ
mp

kl ] ≤ ∆II

2 ∀k 6= l, where <[x] and
=[x] denote the real and imaginary parts of a random variable x, respec-
tively.

At the beginning of each block, each destination broadcastsNf =2NI+
2(K − 1)NII bits to all other terminals. Feedback channels are assumed
to be error free. Each terminal reconstructs the quantized channel gains
based on the received feedback signals.

4.2 Power Control

In this section we address the power control problem for a wireless inter-
ference network with limited feedback. In some communication scenarios
fixed-rate transmission is desired. Therefore, proper power control is es-
sentially required to support successful transmission. We consider the
time-varying K-user interference network presented in Section 4.1 where
the transmission rates are fixed. We propose a power control scheme
which guarantees that each source-destination pair can successfully com-
municate while minimizing the transmission powers in the network.

4.2.1 Rate Constrained Power Control Problem

Assume that the channels with block indices m and mp are complement.
According to the transmission scheme presented in Section 4.1.1, we re-
quire each source to repeat the same codeword over the blocks m and mp.
According to the input-output relation (4.3), the SINR of the equivalent
received signal at Dk (k ∈ {1, 2, ...,K}) can be expressed as follows:

SINRym
k

=

∣

∣

∣2ĥm
kk + δmkk + δ

mp

kk

∣

∣

∣

2

pk

2 +
∑K

l=1,l 6=k

∣

∣δmkl + δ
mp

kl

∣

∣

2
pl
. (4.5)

This SINR value is random and depends on the quantization errors
which are unknown to the sources. This value can be lower bounded
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as SINRym
k
≥ SINRmin

ym
k
, where SINRmin

ym
k

can be calculated at the sources
as follows:

SINRmin
ym
k

=

(

2
∣

∣

∣ĥm
kk

∣

∣

∣

2

+∆2
I−2∆I

(∣

∣

∣<[ĥkk]
∣

∣

∣+
∣

∣

∣=[ĥkk]
∣

∣

∣

)

)

pk

1 + ∆2
II

∑K
l=1,l 6=k pl

. (4.6)

Therefore, the mutual information of the source-destination pair Sk −
Dk is 1

2 log2
(

1 + SINRym
k

)

where the pre-log factor 1/2 appears due to
the transmission of the same codeword over two blocks. This can be
lower bounded by 1

2 log2

(

1 + SINRmin
ym
k

)

. In order to guarantee successful

transmission at rate Rk, the following condition should be satisfied:

1

2
log2

(

1 + SINRym
k

)

≥ Rk. (4.7)

Clearly, if the sources compute their transmission powers to meet the
following condition, we can guarantee that the condition (4.7) is satisfied:

1

2
log

(

1 + SINRmin
ym
k

)

≥ Rk. (4.8)

According to (4.6), the condition (4.8) can be rewritten as a power
constraint pk ≥ Ik(p), where

Ik(p) =
(22Rk − 1)(1 + ∆2

II

∑K
l=1,l 6=k pl)

2
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∣ĥm
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∣

∣<[ĥkk]
∣

∣

∣ +
∣

∣

∣=[ĥkk]
∣

∣

∣

)

(4.9)

and p = [p1 · · · pK ]T . Thus, the feasibility set defined in (2.47) can be
represented as follows:

P IA
H = {p|p � 0, p � I(p)}, (4.10)

where I(p) = [I1(p) I2(p) ... IK(p)]T is the interference function and
Ik(p) is defined in (4.9). The power vector p is a feasible solution of
the power control problem if p ∈ P IA

H , and the power control problem is
called feasible if P IA

H 6= ∅. The power control problem can be formulated
as the following optimization problem:

min
s.t.p∈PIA

H

K
∑

l=1

pl. (4.11)

In the next part we study the solution of this problem.
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4.2.2 Iterative Power Control Algorithm

The proposed iterative power control scheme is shown in Algorithm 4.1.
In each iteration of the algorithm, Sk (k ∈ {1, 2, ...,K}) computes the

function Ik given in (4.9) according to ĥm
kk and the total transmission

powers of the other sources for the previous iteration (this power can

also be computed by the Sk based on the quantized channel gains ĥm
ll ,

∀l 6= k). Next, it updates its transmission power following Algorithm
4.1. If the direct channel gain for any source-destination pair falls in
one of the four quantization cells around the origin, the link’s quality is
poor and the source has to transmit with a very large power to guarantee
successful transmission, which may also introduce strong interference to
other users. Thus, we require this source to stop its transmission to save
energy and protect other source-destination pairs. This leads to a rate
loss. The probability of this event is (1 − 2Q(∆I))

2, where Q(x) is the
Q-function, and for typical values of ∆I this rate loss is negligible.

As we show in Section 4.2.3, this algorithm converges to the optimum
solution if the scheme is feasible. If there is no such feasible power vector,
the source whose power does not converge to the optimum solution would
be shut down and excluded from the list of active sources. Updating the
powers is repeated until the convergence of the powers.

4.2.3 Convergence of the Power Control Algorithm

There are two main questions regarding the convergence of Algorithm
4.1. The first question which we need to answer is whether the algorithm
converges to a fixed-point. If the answer to this question is positive, we
need to answer whether the fixed-point is corresponding to the minimum
required powers. In the following theorem we answer these questions.

Theorem 4.2.1. If P IA
H 6= ∅, for any initial power vector p(0), Algo-

rithm 4.1 converges to a unique fixed-point p∗ which corresponds to the
solution of the problem in (4.11).

Proof. First we show that the function I(p) given in (4.9) is a standard
interference function. For this purpose we show that this function satisfies
the conditions given in (2.50). For presentation simplicity, we rewrite
Ik(p) as

Ik(p) = L



1 + ∆2
II

K
∑

l=1,l 6=k

pl



 , (4.12)
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Algorithm 4.1 Iterative Power Control

Initialize: p1(0), ..., pK(0), maxitr

for t = 1 : maxitr do
for k = 1 : K do
if ĥm

kk is one of the four centroids around the origin then
Sk does not transmit and pk(t) = 0.

end if
Sk computes function Ik:

Ik(p(t− 1)) =
(22Rk−1)(1+∆2

II

∑K
l=1,l 6=k pl(t−1))

2|ĥm
kk|2+∆2

I−2∆I(|<[ĥm
kk

]|+|=[ĥm
kk

]|)
Sk updates its transmission power:

pk(t) = Ik(p(t− 1))
end for

end for
if pk did not converge then
Feasible solution does not exist. Stop transmission of Sk in blocks
m and mp. Exclude Sk from the set of active sources in blocks m
and mp and repeat the algorithm among the remaining users.

end if

where

L =
(22Rk − 1)

2
∣
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∣ĥm
kk

∣
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2

+∆2
I − 2∆I

(∣

∣

∣<[ĥkk]
∣

∣

∣+
∣

∣

∣=[ĥkk]
∣

∣

∣

)

> 0 (4.13)

is a constant.

1) Positivity condition:

Ik(p) = L



1 + ∆2
II

K
∑

l=1,l 6=k

pl



 ≥ L > 0 (4.14)

Thus, the positivity condition is satisfied for the interference function
given in (4.9).
2) Monotonicity condition:

If p � p′, then
(

1+∆2
II

∑K
l=1,l 6=k pl

)

≥
(

1+∆2
II

∑K
l=1,l 6=k p

′
l

)

and since

L > 0 we have Ik(p) ≥ Ik(p
′). Therefore, the monotonicity condition is

satisfied.



4.3 Rate Adaptation 57

3) Scalability condition:
If α>1, then

Ik(αp) = L



1 + α∆2
II

K
∑

l=1,l 6=k

pl





< αL



1 + ∆2
II

K
∑

l=1,l 6=k

pl



 = αIk(p),

and the scalability condition is satisfied.

These conditions are satisfied for all the users and we can conclude
that the function I(p) given in (4.9) is a standard interference function.
Therefore, according to Lemma 2.4.3 for any initial power vector p(0)
Algorithm 4.1 is a standard power control algorithm and converges to a
unique fixed-point p∗. Lemma 2.4.2 implies that this fixed-point corre-
sponds to the solution with minimum powers.

4.3 Rate Adaptation

In this section, we address the rate adaptation problem to maximize the
sum throughput of the network when the transmission powers are fixed.
The transmission scheme presented in Section 4.1.1 is employed to re-
move interference partially. Due to the limited resolution of the available
quantized CSI at each source, the true mutual information of the source-
destination pair is not known at the source. Thus, for some channel
realizations the data transmission rate might become higher than the mu-
tual information of the channel and transmission fails. Therefore, proper
system design is required to maximize the throughput of the successful
transmission in the network. In this section, we propose a rate adapta-
tion solution for this problem according to the quantized CSI available
at the sources.

4.3.1 Outage Probability Analysis

Assume that the channels with block indices m and mp are complement.
Requiring each source to repeat the same codeword over the blocks m
and mp, the SINR of the equivalent received signal at Dk given in (4.3)
is as follows:
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SINRym
k

=

∣
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∣2ĥm
kk + δmkk + δ

mp
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2 +
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kl
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pl
. (4.15)

The mutual information between the source-destination pair Sk −Dk

is 1
2 log2

(

1 + SINRym
k

)

. If the transmission rate Rm
k is smaller than this

mutual information, the decoding error probability can be made arbitrary
small. Otherwise, the channel between the source-destination pair k is
said to be in outage [TV05], and the outage probability is as follows:

Pout,m
k = Pr

{

1

2
log2

(

1 + SINRym
k

)

<Rm
k

}

. (4.16)

The following theorem presents an upper bound on Pout,m
k .

Theorem 4.3.1. If Rm
k <Rm

max,k, the outage probability Pout,m
k defined

in (4.16) can be upper bounded as:

Pout,m
k ≤ 1

1 + (rmk )
2 , (4.17)

where

Rm
max,k =

1

2
log2
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and
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Proof. By rearranging (4.16), we have:

Pout,m
k = Pr

{

Y ≥ 4|ĥm
kk|2pk

22R
m
k − 1

− 2

}

, (4.20)

where
4|ĥm

kk|
2pk

22R
m
k −1

− 2 is a constant value, and the random variable Y is
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defined as follows:
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The mean and the variance of Y are (calculated in Appendix 4.A):

µY =
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3
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) , (4.22)

σ2
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90∆
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p2k
(

22R
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Let X be a random variable with mean µX and variance σ2
X . For any

real value r > 0, the Cantelli inequality implies Pr {X−µX≥rσX} ≤ 1
1+r2

[MR69]. Setting X = Y and rmk σY +µY =
4|ĥm

kk|
2Pk

22R
m
k −1

− 2, applying the

Cantelli inequality leads to the value of rmk as in (4.19), and the upper
bound on Pout,m

k as in (4.17).

Theorem 4.3.1 clarifies how the upper-bound on the outage probabil-
ity of each user is dependent on different parameters such as the trans-
mission rate of that user, the transmission powers, the number of users,
the quantization resolutions, and the quantized channel gains. This re-
sult can be used to design a rate adaptation scheme which maximizes the
network throughput.

In the special case where the quantization resolutions are sufficiently
high, we have the following corollary to Theorem 4.3.1.

Corollary 4.3.1. If Rm
k < 1

2 log2(1+2|ĥm
kk|2pk), high-resolution quantizers

lead to

lim
∆I ,∆II→0

Pout,m
k = 0. (4.24)
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Proof. If Rm
k < 1

2 log2(1+2|ĥm
kk|2Pk), lim

∆I ,∆II→0
rmk = +∞ and the upper

bound on Pout,m
k goes to 0. Since, Pout,m

k is lower bounded by 0 we can

conclude that lim
∆I ,∆II→0

Pout,m
k = 0.

This result shows that when the quantizers are good enough, reliable
transmission is possible if the transmission rate Rm

k is less than 1
2 log(1+

2|hm
kk|2pk). Therefore, the average rate of 1

2Eh

[

log2(1 + 2|hm
kk|2pk)

]

can
indeed be achieved where Eh [.] is the expectation over the direct channel
gain, which coincides with the result of reference [NJGV09].

4.3.2 Network Throughput Maximization

We define the throughput as the average rate of successful message deliv-
ery. At any pair of complement blocks m and mp, the network through-
put Tm can be represented as the summation over the throughput of the
individual users, i.e.,

Tm =

K
∑

k=1

Tm
k =

K
∑

k=1

(1− Pout,m
k )Rm

k , (4.25)

where Tm
k is the throughput of the source-destination pair k. Considering

the transmission over a large number of blocks, the average throughput
of the network is T = EH [Tm], in which EH [.] is the expectation over
channel coefficient matrix. Exploiting the upper bound on Pout,m

k in
(4.17), the throughput can be lower bounded as follows:

Tm ≥
K
∑

k=1

(

1− Pout,m
up,k

(

Rm
k ,p,
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))

Rm
k , (4.26)

where Pout,m
up,k (Rm

k ,p, |ĥm
kk|) is the upper bound on Pout,m

k in the RHS

of (4.17). Since the upper bound Pout,m
up,k depends only on the direct

channel gain, we have the following lower bound on the average network
throughput:

T ≥
K
∑

k=1

Eh

[(

1− Pout,m
up,k

(

Rm
k ,p,

∣
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∣
ĥm
kk

∣
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∣

))

Rm
k

]

. (4.27)

For each complement block pair, the lower bound (4.26) can be maxi-
mized by proper rate adaptation. This problem can be formulated as



4.3 Rate Adaptation 61

follows:

Tm
opt = max

0≤Rm
i

i=1,...,K

K
∑
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1− Pout,m
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∣

))

Rm
k (4.28)

In the following, we study this rate adaptation problem. For a given
transmission power vector p, since Pout,m

up,k only depends on ĥm
kk and Rm

k

the optimization of the lower bound of the throughput in (4.28) simplifies
to the individual throughput optimization at each source, i.e.,

Tm
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K
∑
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1− Pout,m
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Rm
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∣
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Rm
k . (4.29)

Substituting the upper bound of Pout,m
k given in (4.17), each source solves

the following optimization problem:

Tm
k,opt = max

0≤Rm
k ≤R

m
max,k

(

(rmk )2

1 + (rmk )2

)

Rm
k , (4.30)

where Rm
max,k and rmk are given in (4.18) and (4.19), respectively. After

certain mathematical manipulations and introducing a new optimization
variable x, we have the following equivalent optimization problem:

Tm
k,opt = max

x=2
2Rm

k −1
0≤x≤xmax

×Ax2 + Bx+ C

αx2 + βx+ γ
Rm

k , (4.31)
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γ =
1
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kk|2 +∆2
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2
k + (
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3
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kk|2∆2
I +

7

90
∆4

I)p
2
k,

xmax = 22R
m
max,k − 1. (4.32)

This problem is not convex. However, it can be proved that the feasible
set of this problem satisfies the linear independent constraint qualification
(LICQ) conditions [Hen92] and its duality gap is zero. Therefore, any pair
of the primal and the dual optimal points of this problem must satisfy the
Karush−Kuhn− Tucker (KKT) conditions [BV04]. Solving the KKT
conditions, the necessary condition on the optimal solution (Rm∗

k ,x∗) is
as follows:

f(x∗) = ln(x∗+1)

+
(x∗+1)−1(A′x∗2+B′x∗+C′)(αx∗2+βx∗+γ)

(A′β−αB′)x∗2+2(A′γ−αC′)x∗+(B′γ−βC′) = 0.(4.33)

The Newton method solves this equation iteratively as follows:

x(n+ 1) = x(n) − f(x(n))

f ′(x(n))
, (4.34)

where f ′(x) is the derivative of f(x) with respect to x. The solution for
the optimum rate is Rm∗

k = 1
2 log(1 + x∗), where x∗ is the convergence

point of the {x(n)} series.
To obtain a feeling for the behavior of the throughput as a function

of the transmission rate, as an example we consider a three-user network.
We assume p1 = p2 = p3 = +∞ and NI = NII = 3. The throughput of
the first user, (1− Pout

1 (R1, |hm
11|2))R1, as a function of the transmission

rate for different channel gains is represented in Figure 4.2 as contours.
The throughput remains the same over each of the curves and increases as
the color of the curve goes from the blue to the red tail of the spectrum.
This figure confirms that for a given quantized channel gain, there is
a global maximum. The optimum rate can be derived by solving the
equation in (4.33). The rate which maximizes the throughput of each
user as a function of the quantized channel gain can be stored in a look
up table. Thus, each source can choose its rate according to the received
feedback information.

4.4 Performance Evaluation

In this section, we first evaluate the performance of the proposed power
control scheme and next assess the rate adaptation scheme while quan-
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Figure 4.2: Throughput of the first user in a three-user network as a
function of rate and channel gain.

tized CSI is available at each source through limited feedback. In the
simulations, for the quantization of the Gaussian distributed channel
gains, since almost all channel realizations fall in the region bounded by
hmax = 4σ [Max60], we set the boundary of the quantizer as hmax = 4.

4.4.1 Power Control

In this part we numerically evaluate the performance of the proposed
power control scheme. Figure 4.3 shows the average required power per
user, as a function of the rate of each user (NI = NII = 8). The perfor-
mances of the TDMA scheme (with the same number of feedback bits)
and the interference alignment scheme with perfect CSI are also shown
for comparison. As the number of users increases, the required trans-
mission power at a given rate does not change for the interference align-
ment scheme with perfect CSI. However, it considerably increases for the
TDMA scheme, especially in the higher transmission rate region. For
the interference alignment scheme with limited feedback, increasing the
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Figure 4.3: Average power per user versus rate of each user in a K-user
interference network (NI = NII = 8).

number of users does not significantly increase the required power at the
low-rate region. However, if the transmission rate is high, the power is
increased notably when the number of users increases. This is because at
higher rates, the performance is affected more severely by the residual in-
terference. It can be seen from the figure that even with limited feedback,
applying the interference alignment scheme with proposed power control
scheme outperforms applying TDMA in the intermediate rate region by
requiring less power.

Figure 4.4 shows the trade-off between allocating feedback bits to the
quantizer of the direct channel and that of the interference channels. In
this example, the total number of feedback bits is Nf = 21. We can see
that in the low-rate region, allocating more bits to the direct channel is
preferred, while in the high-rate region, it is more efficient to allocate
more bits for the quantization of the interference channels. This is be-
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Figure 4.4: Feedback bits trade-off in a three-user interference network
(Nf =21).

cause when the desired transmission rate is low, the network works in
the noise-limited region and it is better to control powers more precisely.
However, if the transmission rate is high, to guarantee successful trans-
mission the users should transmit with large powers. Thus, the network
is interference-limited, and it is preferred to more precisely eliminate the
interference by allocating more feedback bits to the interference channels
rather than accurate power control.

4.4.2 Rate Adaptation

In this part, we use numerical results to evaluate the performance of the
proposed rate adaptation scheme. As an example, the lower bound on
the expected throughput of the three-user wireless interference network is
evaluated assuming p1 = p2 = p3 = p. Figure 4.5 is based on the assump-
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Figure 4.5: Throughput of a three-user interference network, NI =
NII = N .

tion that NI = NII = N . It shows that by increasing the quantization
resolution, the throughput approaches that with perfect CSI available at
the terminals [NJGV09]. For each fixed N , the throughput saturates at
high SNR. The reason is that the power of the residual interference is
proportional to the transmission power p and according to (4.15) as p
increases the SINR converges to a limited value.

Figure 4.6 represents the lower bound on the throughput when NI 6=
NII . It is clear that at high SNR, the resolution of the interference
channel quantization has larger effect on the throughput than that of
the direct channel quantization. Intuitively, this is because in the high-
SNR region interference rather than noise is the dominant factor, which
degrades the throughput. Therefore, in the high-SNR region, accurate
interference elimination is more effective rather than rate adaptation.

For the fixed number of the total feedback bits broadcasted by each
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Figure 4.6: Throughput of a three-user interference network, NI 6= NII.

destination (Nf ), the lower bound on the throughput is presented in Fig-
ure 4.7. We examined three different scenarios for the allocation of the
feedback bits to the quantizers of the direct and the interference chan-
nels, where in the first one we equally allocate bits to the quantizers
(NI = 5, NII = 5), in the second scenario we allocate more bits to the
quantizer dedicated to the (NI = 7, NII = 4) and finally we allocate more
bits to the quantizer associated associated with the interference channels
(NI = 3, NII = 6) in the third scenario. We can see from Figure 4.7 that
in the low-SNR region the scenario which more quantization bits are al-
located to the quantization of the direct channel outperforms the others
while in the high-SNR region, allocating more bits to the quantization of
the interference channels leads to better performance. This result is intu-
itively expected, since in the low-SNR region noise is the dominant factor
which degrades the performance of the system and it is better to have
more accurate information about the direct channel gain to perform the
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Figure 4.7: Feedback bits allocation trade-off in of a three-user inter-
ference network, Nf = NI + 2NII = 15.

rate adaptation, while in the high-SNR region interference is the domi-
nant phenomenon which degrades the performance of the system rather
than noise and it is preferred to have more accurate information about
the interference channels to eliminate the interference more precisely.

Figure 4.8 represents the lower bound on the throughput of the net-
work for different numbers of users K. Also, performance of the TDMA
scheme is shown assuming perfect CSI is available at the sources. It shows
that with proper rate adaptation, the interference alignment scheme may
outperform the TDMA scheme even with imperfect CSI.



4.5 Conclusion 69

−20 −15 −10 −5 0 5 10 15 20 25 30
0

5

10

15

20

25

30

35

Power/user (dB)

S
u
m

th
ro
u
g
h
p
u
t
(b
it
s/
ch

a
n
n
el

u
se
)

bC bC
bC

bC bC bC

rS
rS

rS
rS rS rS

uT
uT

uT
uT uT uT

bC
bC

bC

bC

bC

bC

rS
rS

rS

rS

rS

rS

uT

uT

uT

uT

uT

uT

bC bC

bC

bC

bC

bC

rS rS

rS

rS

rS

rS

uT
uT

uT

uT

uT

uT

IA-RA, N = 3, K = 3
IA-RA, N = 3, K = 5
IA-RA, N = 3, K = 10
IA-RA, N = 6, K = 3
IA-RA, N = 6, K = 5
IA-RA, N = 6, K = 10
TDMA, K = 3
TDMA, K = 5
TDMA, K = 10

bC

rS

uT

bC

rS

uT

bC

rS

uT

Figure 4.8: Throughput of a K-user interference network for different
number of feedback bits.

4.5 Conclusion

In this chapter, we have considered a time-varying single-antenna K-user
wireless interference network where quantized CSI is available at each
terminal through limited feedback. We have applied the ergodic interfer-
ence alignment scheme to partially eliminate the multi-user interference.
We have addressed two problems in this chapter. First, we assume that
transmission at fixed rates is required. Thus, we have proposed a power
control scheme which guarantees successful transmission with minimum
transmission power. Next, we assume that the maximum throughput
is desired while the transmission powers are fixed. We have proposed
a rate adaptation scheme based on the received feedback signals which
maximizes the network throughput.

For the first problem, our results show that with only a limited num-
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ber of feedback bits, with proper power control the average total power
required for applying the interference alignment scheme can be lower than
that which is required for applying the TDMA scheme.

For the second problem, our results show that with only a limited
number of feedback bits by performing rate adaptation, the throughput
of the network which is applying interference alignment can still be larger
than that which is applying TDMA. It can also be observed that in the
low-SNR region employing a high-resolution quantizer for the direct chan-
nel is preferred. This is because the network is basically noise limited at
low-SNR and conducting efficient rate allocation according to the desired
channel gain of each source has more impact on the system performance.
On the other hand, in the high-SNR region since the interference domi-
nantly affects the throughput of the network, it is better to provide each
destination with higher-resolution quantizers for the interference channels
to more accurately align the interference.

Thus, the advantages of performing rate adaptation and power control
while managing the interference through interference alignment rather
than interference orthogonalization can be clearly seen. According to
the results of this chapter, there is a trade-off between allocation of the
feedback bits to the direct or the interference channel’s quantizers. Our
analysis in this chapter provides required tools to find the suitable strat-
egy.
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Appendix 4.A Proof of Theorem 4.3.1

In this part, we calculate the mean and the variance of the random vari-
able Y defined in (4.21). We exploit the property that the quantization
error of a uniform quantizer quantizing a Gaussian random variable with
variance σ2 is uniformly distributed with an acceptable approximation
when σ/∆ ≥ 1, where ∆ is the quantizer step size [SS77]. Therefore, we
assume uniform distribution for variables: <[δkl],=[δkl],<[δpkl],=[δ

p
kl]∼

U
(

−∆II

2 , ∆II

2

)

, where ∆II =
hmax

2NII−1 for NII bit quantization when the mag-
nitude of the real and imaginary parts of the channel gains are limited
to hmax. We define random variables g<kl and g=kl as follows:

g<kl = <[δkl + δpkl] , g=kl = =[δkl + δpkl] ∀k, l ∈ {1, 2, ...,K}, k 6= l. (4.35)

Assuming uniform distribution for the quantization errors, since fX+Y =
fX ∗fY , where ‘*’ is the convolution operation, the pdfs of these variables
are given by:

fg<
kl
(x) = fg=

kl
(x) =

1

∆2
II

(∆II − |x|) ; 0 < |x| < ∆II. (4.36)

The mean and the variance of these random variables are as follows:

E
[

g<kl
]

= E
[

g=kl
]

= 0 , var
[

g<kl
]

= var
[

g=kl
]

=
∆2

II

6
. (4.37)

Also, we define the random variables s<kl and s=kl as follows:

s<kl = (<[δkl + δpkl])
2
, s=kl = (=[δkl + δpkl])

2
. (4.38)

If Y = g(X), then

fY (y) =

n(y)
∑

k=1

1/
∣

∣g′(g−1k (y))
∣

∣ .fX(g−1k (y)), (4.39)

where n(y) is the number of solutions in x for the equation g(x) = y, and
g−1k (y) is the kth solution. Exploiting (4.36), the pdfs of these random
variables are given by:

fs<kl
(x) = fs=kl

(x) =
1

∆II
√
x
− 1

∆II
2 ; 0 < x < ∆2

II, (4.40)

where the mean and the variance of these random variables are as follows:

E
[

s<kl
]

=E
[

s=kl
]

=
∆2

II

6
, var

[

s<kl
]

=var
[

s=kl
]

=
7∆4

II

180
. (4.41)
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According to (4.21), (4.41) and (4.37), we have the mean and the variance
values given in (4.22).



Chapter 5

Distributed Interference
Alignment and Power Control

In the previous chapter we addressed interference alignment for time-
varying channels. In this chapter, we focus on time-invariant fading en-
vironments where channel coefficients remain constant within the time
duration of transmission. Thus, neither time-dimension symbol exten-
sion nor channel pairing technique mentioned in Chapter 2 can be used
to realize interference alignment. However, in certain networks when
each terminal is equipped with multiple antennas, it is still possible to
align the received interference signals at each destination, in the spa-
tial domain. For example, in a three-user MIMO interference network
where each terminal is equipped with M > 1 antennas, an interference
alignment solution is proposed in [CJ08]. Again global CSI at each ter-
minal is required, which may not always be affordable. In most cases,
it may be more convenient for each terminal to obtain information only
about the channels which are directly connected to the terminal. To
handle this issue, an iterative solution for interference alignment is pro-
posed in [GCJ11]. Due to the lack of global CSI, interference cannot
be completely eliminated at each destination. Thus, the SINR at each
destination depends not only on the transmission power of the corre-
sponding source, but also on those of the other sources. This leads to a
competitive situation: when each source tries to increase its transmission
power to compensate interference at its corresponding destination, it in
fact also increases the interference to the other destinations. Ignoring
this dependency in signalling design may cause extra transmission power
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at each source. Therefore, to efficiently exploit the resources it is neces-
sary to properly assign the minimum required transmission power to each
source. This can be accomplished through global optimization of all the
transmission powers. Since only local CSI is available at each terminal,
a distributed solution of this problem is desired. Power optimization and
transceiver design in general are intertwined problems. Thus, we address
a joint power control and interference alignment problem in this chapter.
We propose an iterative solution for this problem which requires only
local CSI at each terminal. The proposed solution shows substantial per-
formance improvements over the conventional orthogonal transmission
scheme.

The structure of this chapter is as follows. In Section 5.1 we will
present a multi-user MIMO interference network model. In Section 5.2
we will review the power control problem for the conventional orthogonal
transmission scheme. In Section 5.3, first we will address the transceiver
design using the interference alignment concept. Next, we will propose
an iterative power control algorithm and will study its convergence. Fi-
nally, we will propose distributed iterative algorithms to conduct joint
transceiver design and power control. Section 5.5 is the conclusion of
this chapter.

5.1 Multi-user MIMO Interference Network

In this chapter we consider a time-invariant MIMO interference network
consisting of K source-destination pairs as shown in Figure 5.1. The
sources are denoted as S1, S2, ..., SK and the destinations are represented
as D1,D2, ...,DK . Sk and Dk (k ∈ {1, 2, ...,K}) are equipped with nS

k

and nD
k antennas, respectively. The transmission rate of the source Sk is

Rk and its maximum transmission power is pmax. Sk transmits xk, and
the received signal at Dk is as follows:

yk =

K
∑

l=1

Hklxl + zk, (5.1)

whereHkl is the channel matrix between Sl and Dk, and zk is the complex
Gaussian noise zk ∼ CN (0, N0InR

k
). We refer to the channel between

an intended source-destination pair (i.e. Sk − Dk; k ∈ {1, 2, ...,K}) as
direct channel and those between unintended source-destination pairs
(i.e. Sk −Dl; k, l ∈ {1, 2, ...,K}, k 6= l) as interference channels.
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Figure 5.1: K-user MIMO interference network

In the considered network it is desired that each source Sk can always
communicate with its desired destination Dk with rate Rk. In other
words, successful communication between every source-destination pair
should be guaranteed. We consider linear beamforming at sources and
linear filtering at destinations, which will be described in what follows.

5.1.1 Linear Beamforming at Sources

Let Vk be an nS
k × dk beamforming matrix where its columns are the

orthogonal basis of the transmitted signal space of Sk. The transmitted
signal of Sk can be written as:

xk = Vkxk, (5.2)

where each element of the dk × 1 vector xk represents an independently
encoded Gaussian codeword with power pk

dk
(i. e. xk ∼ N (0, pk

dk
Idk

)) and
is beamformed with the corresponding column of the matrix Vk.

5.1.2 Linear Filtering at Destinations

Let Uk denote an nD
k × dk filtering matrix where its columns are the

orthogonal basis of the desired signal subspace at destination Dk. The
filter output of Dk is as follows:

yk = U∗kyk, (5.3)
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where yk is the channel output at Dk. According to (5.1), the filter
output can be represented as:

yk = U∗kHkkVkxk +
K
∑

l=1,l 6=k

U∗kHklVlxl +U∗kzk. (5.4)

The filter output of each destination generally contains the interfer-
ence from the other users as (5.4) shows. The interference degrades the
system performance and increases the complexity of efficient beamformer
and filter design. Different transmission strategies can be applied to
decrease the negative impact of the inter-user interference. For exam-
ple, in conventional transmission schemes such as TDMA and FDMA
the users orthogonally transmit to directly avoid interference. Conse-
quently, the beamformer and the filter design for each source-destination
pair can be simplified to those for point-to-point MIMO systems. The
spectral efficiency of the communication system might be sacrificed as a
price of low-complexity design. To resolve this problem, the sources may
non-orthogonally transmit while the beamformer and the filter design is
performed based on the interference alignment concept. Therefore, the
interference signals can be aligned at destinations such that interference-
free subspace can be provided for each source-destination pair. Due to
some imperfections such as lack of the global CSI, the interference cannot
be perfectly eliminated from the desired signal subspace. The remained
interference increases the design complexity. Power control is again re-
quired to guarantee successful communication. First, in Section 5.2 we
will present the power control problem when the users perform conven-
tional orthogonal transmission. Next, in Section 5.3 we will focus on the
interference alignment transmission scheme.

5.2 Orthogonal Transmission and Power Control

In this section we assume that the sources orthogonally transmit informa-
tion to their respective destinations. The available transmission time is
divided into K time slots and each source has access to the channel dur-
ing only one of them. Therefore, at each time slot there is an equivalent
point-to-point MIMO channel. The source Sk (k ∈ {1, 2, ...,K}) trans-
mits dk = nmin,k independent data streams where nmin,k = min{nS

k, n
D
k }.

Thus, the received signal at Dk during the time slot in which the corre-
sponding source Sk is active can be described as follows:

yk = Hkkxk + zk. (5.5)
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We assume that both Sk and Dk know channel matrixHkk. This point-to-
point MIMO channel can be translated to dk equivalent parallel Gaussian
SISO channels by performing proper linear beamforming and filtering at
the source and the destination, respectively [TV05]. The unitary beam-
forming matrix Vk and filtering matrix Uk can be found by the singular
value decomposition of Hkk as follows [TV05]:

Hkk = UkΛkV
∗
k, (5.6)

where Λk is a rectangular matrix whose off-diagonal elements are zero.
The diagonal elements λi

k (i ∈ {1, 2, ..., nmin,k}) are the nonnegative sin-
gular values of Hkk. Therefore, by performing the beamforming and the
filtering as mentioned in (5.2) and (5.3), an equivalent equation to (5.5)
is given as:

yk = Λkxk + zk, (5.7)

where zk = U∗kzk has the same distribution as zk. An equivalent repre-
sentation of the equation (5.7) as parallel Gaussian channels is as follows:

yik = λi
kx

i
k + zik, i = 1, 2, ..., nmin,k, (5.8)

where yik, xi
k and zik are the ith elements of yk, xk and zk, respec-

tively. Since each source-destination pair has access to a fraction 1/K
of the total channel uses and the codewords are chosen from a Gaus-
sian codebook, the mutual information of the source-destination pair k
is 1

K

∑nmin,k

i=1 log2(1 + pik(λ
i
k)

2/N0) where p
i
k is the allocated power to the

ith transmitted stream. Thus, the power control problem can be formu-
lated as the following optimization problem:

min
st. Rk≤

1
K

∑nmin,k
i=1 log2(1+pi

k(λ
i
k)

2/N0)

nmin,k
∑

i=1

pik. (5.9)

This problem is convex and using the standard techniques in [BV04] the
optimum solution can be found as follows:

pi∗k =

(

µk −
N0

(λi
k)

2

)+

, (5.10)

where (a)+ = max(0, a) and µk is chosen such that the constraint Rk =
1
K

∑nmin,k

i=1 log2(1 + pi∗k (λi
k)

2/N0) be satisfied.
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As an example, when each terminal is equipped with two antennas
(nS

k = nD
k = 2, ∀k ∈ {1, 2, ...,K}), the optimally allocated powers are as

follows:

(

p1∗k , p2∗k
)

=



















(

0, (2KRk−1)N0

(λ2
k)

2

)

; |λ
1
k

λ2
k
|<2−KRk/2

(

N02
KRk/2

|λ1
kλ

2
k|
− N0

(λ1
k)

2 ,
N02

KRk/2

|λ1
kλ

2
k|
− N0

(λ2
k)

2

)

; 2−KRk/2< |λ
1
k

λ2
k
|<2KRk/2

(

(2KRk−1)N0

(λ1
k)

2 , 0
)

; |λ
1
k

λ2
k
|>2KRk/2.

(5.11)

The advantage of this orthogonal transmission scheme is that the users
do not directly suffer from the inter-user interference. Thus, the direct
channel information is sufficient for the power control and transceiver de-
sign and the design complexity reduces to that of point-to-point MIMO
systems. However, such a transmission scheme may not be spectrally effi-
cient. For example, in a three-user interference network with M antennas
at each terminal, the orthogonal transmission scheme can achieve only
∑3

k=1 dk = M sum degrees of freedom, but it has been shown in [CJ08]
that the maximally achievable sum degrees of freedom of this network
is

∑3
k=1 dk = 3M/2. Applying the interference alignment scheme pro-

posed in [CJ08] can achieve this result. In other words, in the high-
SNR region each source-destination pair can attain half of its achievable
interference-free rate which is substantially higher than that of the or-
thogonal transmission scheme. Thus, in the next section we consider
interference alignment and power control for the considered network.

5.3 Interference Alignment and Power Control

To improve spectral efficiency, we require the sources to transmit simul-
taneously in the same frequency band. Multiple antennas at different
terminals can be exploited to align interference in the spatial domain.
Again, the transmit signals are beamformed by the sources in such a way
that at each destination interference signals are aligned in the same sub-
space, which is distinct from the desired signal subspace. Consequently,
the desired signal can be recovered by eliminating the interference with
proper filtering. The solutions for interference alignment are known in
only certain scenarios, e.g. the three-user MIMO interference network in
which each terminal has the same number of antennas [CJ08]. In general,
perfect global CSI is required at all terminals to realize interference align-
ment. However, global CSI may not be easy to acquire. A solution which
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requires only local CSI at each terminal is proposed in [GCJ11] where
iterative optimization of the beamformers and the filters is required. Ap-
plying this method in the finite-SNR region incurs some interference to be
remained in the desired signal subspace at each destination. Therefore,
increasing the power of each source would degrade the performance of
the other source-destination pairs. A proper power control is required to
efficiently assign power to each source such that successful transmission
at given rates can be guaranteed.

Thus, in this chapter we assume that each destination estimates
the channel side information about the connected channels from the
transmitted training sequences. To obtain local channels side infor-
mation at sources, we require each destination to send training se-
quences in the reverse direction. Specifically, corresponding to the chan-
nel from Sl to Dk (l, k ∈ {1, 2, ...,K}) there is a reverse channel from

Dk to Sl where its channel matrix is denoted as
←−
Hlk. We assume Dk

(k ∈ {1, 2, ...,K}) estimates the interference covariance matrix defined as

Qk =
∑K

j=1,j 6=k
pj

dj
HkjVjV

∗
jH
∗
kj where Vj is the beamforming matrix of

source Sj . Also, we assume Sl (l ∈ {1, 2, ...,K}) estimates the reverse in-

terference covariance matrix defined as
←−
Ql =

∑K
j=1,j 6=l

pF

dj

←−
Hlj
←−
Vj
←−
V∗j
←−
H∗lj

where
←−
Vj is the beamforming matrix of destination Dj for transmitting

over the reverse channel. In the following, we briefly review the iterative
CSI acquisition (estimation of the interference covariance matrices and
reverse interference covariance matrices at destinations and sources) and
transceiver design process.

5.3.1 CSI Acquisition, Transceiver Design, and Power Control

The proposed scheme is an iterative procedure where each iteration oc-
curs during a training slot. In each training slot different tasks are
performed including: CSI acquisition at destinations, receiver-side fil-
ter design, power control, CSI acquisition at sources, and transmitter-
side beamformer design. The baseline model for the CSI acquisition,
transceiver design, and power control is depicted in Figure 5.2. There
are N consequent training slots where source Sk (k ∈ {1, 2, ...,K}) ini-
tializes its power pk(0) and its beamforming matrix Vk(0) such that
Vk(0)V

∗
k(0) = Idk

is satisfied and perform following phases in the nth
slot (n ∈ {1, 2, ..., N}):

2) Forward training phase: In this phase, destination Dk estimates
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. . . . . .initialization training slot 1 training slot n training slot N

forward
training filters

feedback
powers

reverse
training

optimizeoptimize
beamformers

Figure 5.2: CSI acquisition, transceiver design and power control pro-
cedure

the interference covariance matrices defined as follows:

Qk(n− 1) =
K
∑

j=1,j 6=k

pj(n− 1)

dj
HkjVj(n− 1)V∗j (n− 1)H∗kj . (5.12)

The sources orthogonally transmit their training sequences. The allo-
cated time to the transmission of the training sequences is divided into
different time slots. During each time slot, one of the sources transmits B
consequent training vectors. Source Sl (l ∈ {1, 2, ...,K}) at time index b
(b ∈ {1, 2, ..., B}) transmits a dl×1 vector sdl (b), each element of which is

Gaussian distributed with power pl(n−1)
dl

i.e. sfl (b) ∼ CN (0, pl(n−1)
dl

Idl
).

The beamforming matrix and the transmission power which are updated
at training slot (n−1) are denoted asVl(n−1) and pl(n−1), respectively.
Thus, the received signals at Dk (k ∈ {1, 2, ...,K}) is

yf
kl(b) = HklVl(n− 1)sfl (b) + zk(b). (5.13)

Dk estimates the covariance of the received signal from Sl which is
pl(n−1)

dl
HklVl(n− 1)V∗l (n− 1)H∗kl. The covariance of the received signal

is as follows:

Rf
kl = E[yf

kly
f∗
kl ] =

pl(n− 1)

dl
HklVl(n− 1)V∗l (n− 1)H∗kl +N0InR

k
.(5.14)

An unbiased sample covariance matrix estimator is [LP09]:

R̂d
kl =

1

B − 1

B
∑

b=1

yd
kl(b)(y

d
kl)
∗(b). (5.15)
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For a sufficiently large value of B, the estimation R̂f
kl converges to the

covariance matrix Rf
kl and Dk can obtain pl(n−1)

dl
HklVl(n − 1)V∗l (n −

1)H∗kl. Thus, we assume that the perfect interference covariance matrix
Qk(n− 1) is available at Dk.

3) Receiver optimization phase: The total power of received in-
terference at Dk is

IFk(n) = Tr[U∗k(n)Qk(n− 1)Uk(n)], (5.16)

where Uk(n) is the receiver-side filter. Dk can optimize this filter to min-
imize IFk(n). As mentioned in Section 2.3.3, the filter which minimizes
the power of interference is as follows:

Ud
k(n) = νd[Qk(n− 1)], d = 1, ..., dk, (5.17)

where Ud
k(n) denotes the dth column of matrix Uk(n) and νd[A] is the

eigenvector corresponding to the dth smallest eigenvalue of A. This is
similar to the solution proposed in [GCJ11].

4) Power updating phase: Each destination Dk computes the re-
quired transmission power of the corresponding source according to the
power control scheme which we will propose in Section 5.3.2.2. Next, the
destination informs the corresponding source about the updated value
of the power via a feedback signal. In Section 5.3.2.4 we will consider
two feedback schemes. In the first scheme, each destination feeds back
the value of the required transmission power to the corresponding source.
In the second scheme we propose a simpler feedback scheme which only
requires a one-bit feedback signal. Each destination informs the corre-
sponding source to either increase or decrease the transmission power in
each training slot.

5) Reverse training phase: In this phase, each source acquires
the reverse interference covariance matrix which is required for updat-
ing the transmitter-side beamforming matrix. The reverse interference
covariance matrix measured at Sl is denoted as:

←−
Ql(n− 1) =

K
∑

j=1,j 6=l

←−
Hlj
←−
Vj(n− 1)

←−
V∗j (n− 1)

←−
H∗lj , (5.18)

Similar to the forward training phase, we assume destinations to orthog-
onally transmit training sequences. We denote the beamforming matrix

of Dk (k ∈ {1, 2, ...,K}) in the reverse training phase as
←−
Vk(n). Accord-

ing to the scheme mentioned in Section 2.3.3 this matrix is set equal to
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Uk(n). Dk at time index b (b ∈ {1, 2, ..., B}) transmits srk(b) beamformed

with matrix
←−
Vk(n). The signal srk(b) is a dk × 1 vector in which each el-

ement is Gaussian distributed with power pF

dk
i.e. srk(b) ∼ CN (0, pF

dk
Idk

).
When Dk is transmitting training sequences, the received signal at Sl
(l ∈ {1, 2, ...,K}) is

yr
lk(b) =

pF
dk

←−
Hlk
←−
Vk(n)s

r
k(b) +

←−z l(b). (5.19)

Sl estimates the covariance of the received signal from Dk denoted as
pF

dk

←−
Hlk
←−
Vk(n)

←−
V∗k(n)

←−
H∗lk. The covariance of the received signal is

Rr
lk = E[yr

lky
r∗
lk ] =

pF
dk

←−
Hlk
←−
Vk(n)

←−
V∗k(n)

←−
H∗lk + InT

k
. (5.20)

An unbiased sample covariance matrix estimator is as follows:

R̂r
lk =

1

B − 1

B
∑

b=1

yr
lk(b)y

r∗
lk (b). (5.21)

For sufficiently large B, the estimation converges to the covariance matrix

Rr
lk and the source can obtain pF

dk

←−
Hlk
←−
Vk(n)

←−
V∗k(n)

←−
H∗lk. Thus, in the rest

of the chapter we assume that perfect reverse covariance matrix
←−
Ql(n−1)

is available at source Sl.
6) Transmitters optimization phase: In the reverse training

phase, the total interference power received at Sl (l ∈ {1, 2, ...,K}) is
←−
IF l(n) = Tr[

←−
U∗l (n)

←−
Ql(n− 1)

←−
Ul(n)], (5.22)

where
←−
Ul(n) is the receiving filter. We can show that the receiver-side

filter which minimizes this power is as follows:

←−
Ud

l (n) = νd[
←−
Ql(n− 1)], d = 1, ..., dl. (5.23)

Each source desires to select a beamforming matrix which minimizes
the interference power at unintended destinations. Since reciprocity of

the forward/reverse channels holds (
←−
Hlk = H∗kl). Consequently, the

receiver-side filter which minimizes the power of the received interfer-
ence in the reverse training phase, produces less interference in forward
transmission if it is chosen as beamforming matrix. Therefore, Sl se-

lects beamforming matrix Vl(n) =
←−
Ul(n) for transmission in forward

direction.
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Figure 5.3: Updating the receiver-side filters and the powers in the
forward training phase

In practice, reciprocality may holds for the channels but not neces-
sarily for the RF-chain (including antennas, amplifiers and mixers) of
the transmitter-receiver pair in each direction. One can estimate the
additional transmitter and receiver internal gains that may differ by
proper training and channel estimation techniques such as what proposed
in [LG10] and [Zet10]. In this chapter to crystalize the principles of power
control and interference alignment we assume that the reciprocity holds
for the whole chain of the transmitter and receiver in both directions.

The mentioned training phases repeat in the next training slot (n+1)
until training slot N finishes. Figure 5.3 illustrates the system optimiza-
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Figure 5.4: Updating the transmitter-side beamformers in the reverse
training phase

tion in the forward training phase and Figure 5.4 depicts the optimization
performed in the reverse training phase. In the following sections, we ex-
plain the principles of the power control mentioned in this section in more
detail.

5.3.2 Distributed Power Control

If each terminal selects the beamforming and the filtering matrices as
mentioned in Section 5.3.1, due to the lack of the global CSI perfect in-
terference alignment conditions in (2.10) generally are not satisfied and
some interference remains in the desired signal subspace at each destina-
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tion. Each destination decodes its desired message by treating the inter-
ference as noise. Thus, the SINR of the received signal at each destination
depends on the transmission power of all sources. To guarantee success-
ful transmission for all of the users, proper power control is required.
For the simplicity of presentation, let Uk = Uk(n) and Vk = Vk(n)
(k ∈ {1, 2, ...,K}). The SINR at Dk is as follows:

SINRk =
Tr[pk

dk
U∗kHkkVkV

∗
kH
∗
kkUk]

Tr[U∗k(Qk + I)Uk]
, (5.24)

and the mutual information of the source-destination pair Sk − Dk is
log2 (1 + SINRk). To guarantee successful transmission of Sk, the follow-
ing condition should be satisfied:

log2 (1 + SINRk) ≥ Rk. (5.25)

According to (5.24), the constraint (5.25) can be rewritten as a power
constraint in the following format:

pk ≥ Ik(p), (5.26)

where

Ik(p) =
dk(2

Rk − 1)Tr[U∗k(Qk + I)Uk]

Tr[U∗kHkkVkV∗kH
∗
kkUk]

. (5.27)

Therefore, the power constraints for all of the users in the network can
be represented as

p � I(p), (5.28)

where p = [p1, p2, ..., pK ]T and I(p) = [I1(p), I2(p), ..., IK(p)]T is the
interference function.

Definition 5.3.1. The set of solutions of the power control problem for
the interference alignment scheme in Section 5.3.1 is defined as follows:

PDIA
H = {p|p � 0, p � I(p)}, (5.29)

where I(p) is the interference function defined in (5.28).

For a given set of beamforming matrices and filtering matrices, the
power control problem can be formulated as the following optimization
problem:

min
s.t. p∈PDIA

H

K
∑

k=1

pk. (5.30)
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Generally, there are two questions regarding this problem. The first is
whether this problem has feasible solutions and under which condition
they exist. The next question is how to find the optimum solution among
all the feasible solutions. In Section 5.3.2.1 we will provide the answer to
the first question and the answer to the second question will be presented
in Section 5.3.2.2.

5.3.2.1 Feasibility of the Power Control Problem

For the power control problem in (5.30) to be feasible, the set PDIA
H should

be nonempty. Since the interference function I(p) depends on the channel
matrices, the desired transmission rates, and the beamforming and the
filtering matrices (used for the interference alignment), the feasibility of
the problem in (5.30) is affected by all these parameters. We can rewrite
the condition in (5.28) as a linear power constraint in a matrix form as
follows:

p � DFp+ n, (5.31)

where K×K matrix F is the normalized gain matrix. Its element on the
kth row and the jth column is defined as follows:

F(k, j) =

{

dkTr[U
∗
kHkjVjV

∗
jH

∗
kjUk]

djTr[U∗
kHkkVkV

∗
kH

∗
kkUk]

if k 6= j

0 if k = j
, ∀k, j ∈ {1, 2, ...,K}.(5.32)

The K×K matrix D is a diagonal matrix whose element on the kth row
and the jth column is defined as

D(k, j) =

{

2Rk − 1 if k = j

0 if k 6= j
, ∀k, j ∈ {1, 2, ...,K}. (5.33)

And the kth element of vector n is

nk =
(2Rk − 1)d2k

Tr[U∗kHkkVkV∗kH
∗
kkUk]

, ∀k ∈ {1, 2, ...,K}. (5.34)

Therefore, we can represent the set PDIA
H as

PDIA
H = {p|p � 0, p � DFp+ n}. (5.35)

We will use this representation of PDIA
H for the feasibility analysis. In

the following, we define a class of matrices which will be used for our
analysis.



5.3 Interference Alignment and Power Control 87

Definition 5.3.2. Matrix A is called a nonnegative (positive) matrix if
each entry of A has a nonnegative (positive) value.

A sub-class of the nonnegative matrices is defined in the following.

Definition 5.3.3. A nonnegative matrix A is called regular matrix if for
some m ≥ 1, Am is a positive matrix.

In the following, we present the Perron-Frobenius theorem which il-
lustrates an important property of the positive or regular matrix:

Theorem 5.3.1. [PSS05] Suppose A is a positive or regular matrix,
then

• There is an eigenvalue λmax(A) called Perron-Frobenius eigenvalue
which is real and positive with corresponding positive left and right
eigenvectors;

• For any other eigenvalue λ(A), we have |λ(A)| < λmax(A).

Theorem 5.3.1 guarantees the existence of a positive eigenvector for
a positive or regular matrix. This result is used in the proof of the next
theorem which characterizes the feasibility of the power control problem
in (5.30).

Theorem 5.3.2. Assuming that the transmitter-side beamformers and
the receiver-side filters for the interference alinement scheme considered
in Section 5.3.1 are given as Vk and Uk (∀k ∈ {1, 2, ...,K}). The
power control problem in (5.30) is feasible (PDIA

H 6= ∅) if and only if
λmax(DF) < 1, where λmax(DF) is the Perron-Frobenius eigenvalue of
the matrix DF where D and F are defined in (5.32), and (5.33), respec-
tively.

Proof. We show that there is a power vector p satisfying p � DFp+ n
if and only if λmax(DF) < 1. Since for K > 2, the matrix DF is a
regular matrix ((DF)2 � 0), Theorem 5.3.1 guarantees the existence
of a positive eigenvalue λmax(DF) and the corresponding positive right
and left eigenvectors pr � 0 and pl � 0 which satisfy λmax(DF)pr =
DFpr and λmax(DF)pT

l = pT
l DF, respectively. To prove the necessary



88 5 Distributed Interference Alignment and Power Control

condition, assuming p1 ∈ PDIA
H we have

p1 ∈ PDIA
H

(a)⇒ p1 � DFp1 + n

(b)⇒ p1 −DFp1 � 0
(c)⇒ pT

l (p1 −DFp1) > 0

(d)⇒ (1− λmax(DF))pT
l p1 > 0

(e)⇒ λmax(DF) < 1, (5.36)

where (a) follows the definition in (5.35); (b) follows the fact that n � 0;
(c) follows the positivity of the left eigenvector (pl � 0); (d) follows the
characteristic of eigenvectors and (e) follows the fact that pl � 0 and
p1 � 0, and consequently pT

l p1 > 0. To prove the sufficient condition,
assuming λmax(DF) < 1 we have

λmax(DF)pr = DFpr
(a)⇒ p2 = DFp2 + n+DF(1− λmax(DF))apr − n

(b)⇒ p2 � DFp2 + n
(c)⇒ p2 ∈ PDIA

H

⇒ PDIA
H 6= ∅, (5.37)

where (a) holds if we set p2 as p2 = aλmax(DF)pr; (b) holds if we set
a = maxi

ni

(1−λmax(DF))(DF)(i)pr
where ni is the ith element of n and

(DF)(i) is the ith row of DF, then since λmax(DF) < 1 we have DF(1−
λmax(DF))apr − n � 0; (c) follows the definition in (5.35).

If the power control problem is feasible, the next question to be an-
swered is how to find the solution which is corresponding to the minimum
required transmission powers. In the next section, we provide the answer
to this question.

5.3.2.2 Iterative Power Control Algorithm

Assuming that the transmitter-side beamformers and the receiver-side
filters are given, we propose an iterative algorithm for the power control
problem. The source Sk (k ∈ {1, ...,K}) chooses an initial power pk(0).
To update the power, destination Dk computes the function Ik in (5.26)
according to the interference covariance matrix estimated during the for-
ward training phase. Next, it feeds back this value to the corresponding
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source Sk. It updates its power in each iteration as follows:

pk(n) = Ik(p(n− 1)), (5.38)

where n is the iteration index. This iterative process continue until the
powers converge to a fixed-point. In the next section, we address the
convergence of this power control algorithm.

5.3.2.3 Convergence of the Power Control Algorithm

The iterative power control algorithm in (5.38) for any initial vector p(0),
generates a sequence of vectors p(1),p(2), ...,p(n) . In this section, we
answer two main questions regarding the convergence of this sequence.
The first question is whether this sequence converges to a fixed-point p∗.
If it converges to a fixed-point the second question is whether the fixed-
point reflects the minimum required transmission powers. The following
theorem provides the answer.

Theorem 5.3.3. If the problem in (5.30) is feasible, for any initial power
vector p(0) the algorithm in (5.38) generates a sequence of vectors which
converges to a unique fixed-point p∗. The fixed-point corresponds to the
minimum required transmission power of the problem in (5.30).

Proof. First, we prove that the function I(p) introduced in (5.28) is a
standard interference function, by showing that this function satisfies the
conditions given in (2.50). To simplify this verification we rewrite Ik(p)

as Ik(p) = LTr[U∗k(Qk + I)Uk], where L = dk(2
Rk−1)

Tr[U∗
kHkkVkV

∗
kH

∗
kkUk]

. Since

U∗kHkkVkV
∗
kH
∗
kkUk is a positive definite matrix, its trace is positive and

consequently L is a positive constant.
1) To check the positivity condition we have:

Ik(p) = LTr[U∗k(Qk + I)Uk]

= L(Tr[U∗kQkUk] + Tr[U∗kUk])

= L(Tr[U∗kQkUk] + dk)

(a)

≥ Ldk

> 0, (5.39)

where (a) follows the fact that U∗kQkUk is a positive definite matrix,

and we have Tr[U∗kQkUk] =
∑dk

i=1 λ
i
k, where λi

k is the ith eigenvalue of
matrix U∗kQkUk. Therefore, since a positive definite matrix has positive
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eigenvalues, we have Tr[U∗kQkUk] ≥ 0. This condition is satisfied for all
users. The positivity condition is satisfied for the interference function
(5.27).

2) To verify the monotonicity condition, we assume p � p′. Thus, we
have:

p � p′
(a)⇒ pj

dj
Tr[U∗kHkjVjV

∗
jH
∗
kjUk] ≥

p′j
dj

Tr[U∗kHkjVjV
∗
jH
∗
kjUk]

(b)⇒ Tr[U∗kQk(p)Uk] ≥ Tr[U∗kQk(p
′)Uk]

(c)⇒ Ik(p) ≥ Ik(p
′)

⇒ I(p) � I(p′), (5.40)

where (a) follows the fact that U∗kHkjVjV
∗
jH
∗
kjUk is a positive definite

matrix and Tr[U∗kHkjVjV
∗
jH
∗
kjUk] ≥ 0; (b) follows the definition of Qk

in (5.12); (c) follows the definition of the interference function in (5.27)
and the fact that Tr[U∗kHkkVkV

∗
kH
∗
kkUk] is a positive definite matrix.

Therefore, the monotonicity condition is satisfied.
3) To check the scalability condition we assume α>1, thus we have:

Ik(αp) = LTr[U∗k(Qk(αp) + I)Uk]

= LTr[U∗kQk(αp)Uk +U∗kUk]

= LTr[U∗kQk(αp)Uk] + Ldk

= LTr[U∗kαQk(p)Uk] + Ldk

= αLTr[U∗kQk(p)Uk] + Ldk

≤ αLTr[U∗k(Qk(p) + I)Uk] = αIk(p). (5.41)

This condition is satisfied for any user k (k ∈ {1, 2, ...,K}) and the scala-
bility condition is satisfied. Thus, we can conclude that the function I(p)
given in (5.26) is a standard interference function and the correspond-
ing algorithm presented in (5.38) is a standard power control algorithm.
According to Theorem 2.4.3, if the problem is feasible, for any initial
power vector p(0) the algorithm in (5.38) converges to a unique fixed-
point p∗. Lemma 2.4.2 implies that this fixed-point is the solution with
the minimum required transmission power for each source.

5.3.2.4 Joint Interference Alignment and Power Control

In the previous sections we addressed the transceiver design and the
power control problem as separated problems. The iterative power con-
trol scheme proposed in Section 5.3.2 assumes that the transmitter-side
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beamformers and the receiver-side filters are given. The optimum so-
lutions of the power control problem and the interference alignment
problem are intertwined. Therefore, in this section we propose joint
transceiver design and power control schemes which during the training
slot n updates the transmitter-side beamformers Vk(n), the receiver-side
filters Uk(n), and the powers pk(n) for k ∈ {1, 2, ...,K}.

Algorithm 5.1 Distributed Interference Alignment and Power Control

Initialize: Vk(0): Vk(0)V
∗
k(0) = Idk

, pk(0), k ∈ {1, 2, ...,K}, n=1.
repeat
Update receiver-side filter in forward training phase:

Ud
k(n) = νd[Qk(n− 1)], d = 1, ..., dk, (5.42)

where Qk(n− 1) =
∑K

j=1,j 6=k
pj(n−1)

dj
HkjVj(n− 1)V∗j (n− 1)H∗kj .

Update transmission power:

pk(n) =
dkTr[U

∗
k(n)(I +Qk(n− 1))Uk(n)](2

Rk − 1)

Tr[U∗k(n)HkkVk(n− 1)V∗k(n− 1)H∗kkUk(n)]
. (5.43)

Set reverse beamforming matrix:
←−
Vk(n− 1) = Uk(n).

Update transmitter-side beamformer in reverse training
phase:

←−
Ud

k(n) = νd[
←−
Qk(n− 1)], d = 1, ..., dk, (5.44)

where
←−
Qk(n− 1) =

∑K
j=1,j 6=k

pF

dj

←−
Hkj
←−
Vj(n− 1)

←−
V∗j (n− 1)

←−
H∗kj .

Set beamforming matrix: Vk(n) =
←−
Uk(n).

Increase the training slot index n = n+ 1.
until n = N

Two different algorithms are proposed. The difference lies in different
assumptions regarding the available feedback channels to send the calcu-
lated power value from each destination to the corresponding source. In
Algorithm 5.1, during a training slot each destination updates its receiver-
side filter. Next, it computes the required transmission power of the
corresponding source and feeds back this value. Each source updates
its transmission power according to the feedback signal. In the reverse
training phase, each source updates its transmitter-side beamformer ac-
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cording to the reverse training symbols. This algorithm requires a perfect
feedback channel from each destination to the corresponding source. A
simpler solution is proposed in Algorithm 5.2 which only requires a one-
bit feedback channel from each destination to the corresponding source.
Thus, each destination informs the corresponding source to either increase
or decrease the transmission power in each training slot.

Algorithm 5.2 Interference Alignment and Power Control: 1 bit FB

Initialize: Vk(0): Vk(0)V
∗
k(0) = Idk

, pk(0), k ∈ {1, 2, ...,K}, n = 1.
repeat
Update receiver-side filter:

Ud
k(n) = νd[Qk(n− 1)], d = 1, ..., dk,

where Qk(n− 1)=
∑K

j=1,j 6=k
pj(n−1)

dj
HkjVj(n− 1)V∗j (n− 1)H∗kj .

Send one-bit feedback signal Fk to the source:

if pk(n− 1) <
dkTr[U

∗
k(n)(I+Qk(n−1))Uk(n)](2

Rk−1)
Tr[U∗

k(n)HkkVk(n−1)V∗
k(n−1)H

∗
kkUk(n)]

, then

Fk = 1
else
Fk = 0

end if
Update transmission power:
if Fk = 1 then
pk(n) = (1− α)pk(n− 1) + α∆pk(n− 1)

else
pk(n) = (1− α)pk(n− 1) + α

∆pk(n− 1)
end if
Set the reverse beamforming matrix

←−
Vk(n− 1) = Uk(n).

Update transmitter-side beamformer:

←−
Ud

k(n) = νd[
←−
Qk(n− 1)], d = 1, ..., dk, (5.45)

where
←−
Qk(n− 1) =

∑K
j=1,j 6=k

←−p j(n−1)
dj

←−
Hkj
←−
Vj(n− 1)

←−
V∗j (n− 1)

←−
H∗kj .

Set the beamforming matrix: Vk(n) =
←−
Uk(n).

Increase the iteration index n = n+ 1.
until n=N
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Figure 5.5: Transmission power of each source versus number of itera-
tions

5.4 Performance Evaluation

In this section, we numerically evaluate the performance of Algorithm 5.1
and Algorithm 5.2. We also provide numerical results for the orthogonal
transmission scheme presented in Section 5.2 for comparison. As an ex-
ample, we consider a three-user MIMO interference network where each
terminal is equipped with two antennas. When the orthogonal transmis-
sion scheme is performed, only one user is active at a time and the others
are silent. The active source transmits two data streams. In the case
where the interference alignment scheme is applied, all the sources simul-
taneously transmit while each of them transmits only one data stream.

In this example, the transmission rates are fixed as R = [10 4 6].
The initial powers of all the sources are equal to the maximum trans-
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Figure 5.6: The mutual information of the source-destination pairs
versus iterations

mission power which is pmax

N0
= 60dBW. The number of different channel

realizations is set to 10000.

Figure 5.5 shows the average transmission powers of the sources in
each iteration. We can see that Algorithm 5.1 (which requires perfect
feedback channels) and Algorithm 5.2 (which requires only a one-bit
feedback signal for each source-destination pair) have almost the same
convergence behavior. By increasing the number of iterations, the pow-
ers converge. We can see that the required power for the user with higher
transmission rate converges to a higher value. Comparing these values
with the required powers for the orthogonal scheme shows the substantial
benefit of the proposed algorithms.

Figure 5.6 shows the mutual information of the three source-
destination pairs in different iterations. As the number of iterations in-
creases, the mutual information of each source-destination pair converges
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to the corresponding desired transmission rate. Figure 5.5 and Figure
5.6 illustrate how the algorithms reduce the transmission powers to the
minimum required level while successful transmission at given rates is
possible.

5.5 Conclusion

In this chapter we have addressed transceiver design along with power
control for time-invariant MIMO interference networks to guarantee suc-
cessful communication with minimum transmission power. We have pro-
posed two iterative algorithms. The transmitter-side beamformers at
sources and the receiver-side filters at destinations, have been designed
to realize interference alignment. Also, the power control is performed to
assign the minimum required power to each source. We have addressed
the feasibility of the power control problem and proposed iterative al-
gorithms to find the minimum required transmission powers. A joint
interference alignment and power control algorithm is proposed which
only requires the local CSI. Therefore, distributed implementation of the
proposed algorithm is possible with only one-bit feedback signal from
each destination to the corresponding source. Finally, we have evaluated
the performance of the proposed algorithms through simulations. The
simulation results confirm the convergence of the algorithms to the de-
sired solution. Proposed schemes require substantially lower transmission
power compared to the orthogonal transmission scheme.





Chapter 6

Conclusions and Future
Research

6.1 Concluding Remarks

In this thesis, we have investigated and evaluated spectrally and power ef-
ficient non-orthogonal transmission schemes for wireless interference net-
works, where power control/rate adaption and interference alignment are
performed, based on different channel characteristics (time-varying or
time-invariant) and the amount of CSI (perfect/quantized global/local
CSI) available at different terminals. It has been observed that the per-
formance of the considered schemes can be substantially improved com-
pared to conventional orthogonal transmission. Specifically, In Chapter 3
we showed that properly combining power control, orthogonal, and non-
orthogonal transmissions significantly reduces the required transmission
power to guarantee successful communication at fixed data rates in a
two-user fading interference network, when compared with directly or-
thogonalizing the transmissions of the two source-destination pairs. This
observation still holds in larger networks, even if the CSI availability
at terminals is strictly limited. For instance, in Chapter 4, it was shown
that attaining quantized CSI at each terminal via limited feedback signals
is sufficient for non-orthogonal transmission with interference alignment
to outperform orthogonal transmission at the finite-SNR region. Also,
Chapter 5 showed the similar result in time-invariant multi-user MIMO
interference networks with only local CSI at each terminal.

One remark to Chapter 4 is that when the total feedback rate of
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each destination is constrained, how to properly allocate the feedback
rate to the direct and interference channels depends on the operating
point of the network. Specifically, in the low-SNR region deploying a
high-resolution quantizer for the direct channel to perform more accurate
rate adaptation or power control is preferred. On the other hand, in
the high-SNR region since inter-user interference dominantly affects the
network performance, it is better to provide each destination with higher-
resolution quantizers for the interference channels to more accurately
align and cancel interference.

6.2 Future Research

To expand our understanding of improving power and spectral efficiency
of wireless interference networks with potentially imperfect or partial
CSI at terminals, there are several possible extensions of the results and
techniques presented in this thesis.

First, to gain an initial understanding of the advantage of properly
designed power control strategies, the feasibility analysis covered in Chap-
ters 3, 4, and 5 does not consider any power constraint. In other words,
potentially the required transmission power can be sufficiently large.
However, in most practical systems, the power budget at each termi-
nal should be limited to below a certain level. Such a power constraint
would also affect the feasibility analysis and hence will be investigated.

In addition, the global CSI was assumed to be perfectly known at
all terminals in Chapter 3. The impact of imperfect global/local CSI on
transmission design, power control, and rate adaption will certainly also
be studied.

In Chapter 4, to acquire intuitions on the impact of imperfect CSI,
at each destination we deployed a uniform quantizer for each link. It can
be conjectured that more sophisticated quantization schemes can bring
even better performance. Further, to crystalize the effect of quantized
CSI with limited resolution, we assumed the feedback channels to be per-
fect. Clearly, in practical wireless networks, feedback channels are subject
to harmful factors such as noise and delay. A better understanding of
efficient transmissions with imperfect/partial CSI can be provided by an-
alyzing the impact of such imperfections on communication performance.
The design of transmission schemes that are robust to such imperfections
will be an interesting topic for future investigation.

In practical systems, destinations may not be able to perfectly esti-
mate the channel parameters through training. Thus, it is interesting to
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study the impact of erroneous estimation of channel coefficients in Chap-
ters 3 and 4, and of the interference covariance matrix in Chapter 5,
on network performance. Certainly, the estimation error can be reduced
by allocating more radio resources for the training process. However, a
trade-off exists between the amount of radio resources allocated to train-
ing and the achievable network performance. Quantifying this trade-off in
different interference networks will serve as an interesting future research
direction.
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