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Abstract

Biological membranes mainly constituent lipid molecules along with some
proteins and steroles. The properties of the pure lipid bilayers as well as in
the presence of other constituents (in case of two or three component systems)
are very important to be studied carefully to model these systems and com-
pare them with the realistic systems. Molecular dynamic simulations provide
a good opportunity to model such systems and to study them at microscopic
level where experiments fail to do. In this thesis we study the structural and
dynamic properties of the pure phospholipid bilayers and the phase behavior
of phospholipid bilayers when other constituents are present in them. Material
and structural properties like area per lipid and area compressibility of the
phospholipids show a big scatter in experiments. These properties are stud-
ied for different system sizes and it was found that the increasing undulations
in large systems effect these properties. A correction was applied to area per
lipid and area compressibility using the Helfrich theory in Fourier space. Other
structural properties like order of the lipid chains, electron density and radial
distribution functions are calculated which give the structure of the lipid bilayer
along the normal and in the lateral direction. These properties are compared to
the X-ray and neutron scattering experiments after Fourier transform. Ther-
modynamic properties like heat capacity and heat of melting are also calculated
from derivatives of energies available in molecular dynamics. Heat capacity on
the other hand include quantum effect and are corrected for that by applying
quantum correction using normal mode analysis for a simple as well as ambigu-
ous system like water. Here it is done for SPC/E water model. The purpose of
this study is to further apply the quantum corrections on macromolecules like
lipids by using this technique. Furthermore the phase behavior of two compo-
nent systems (phospholipids/cholesterol) is also studied. Phase transition in
these systems is observed at different cholesterol concentrations as a function
of temperature by looking at different quantities (as an order parameter) like
the order of chains, area per molecule and partial specific area. Radial distri-
bution functions are used to look at the in plane structure for different phases
having a different lateral or positional order. Adding more cholesterol orders
the lipid chains changing a liquid disordered system into a liquid ordered one
and turning a solid ordered system into a liquid ordered one. Further more
the free energy of domain formation is calculated to investigate the two phase
coexistence in binary systems. Free energy contains two terms. One is bulk free
energy which was calculated by the chemical potential of cholesterol molecule
in a homogeneous system which is favorable for segregation. Second is the
free energy of having an interface which is calculated from the line tension of
the interface of two systems with different cholesterol concentration which in
unfavorable for domain formation. The size of the domains calculated from
these two contributions to the free energy gives the domains of a few nm in
size. Though we could not find any such domains by directly looking at our
simulations.

Key words:phospholipids, area compressibility, undulations, quantum corrections,

cholesterol, phase transition, segregation
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Chapter 1

Introduction

Till the end of 20th century life science research had a tremendous focus on
protein and nucleic acids (DNA, RNA, and genes). It is becoming clear now
that genomics can not answer about all the biological functions like how the
molecular building blocks are assembled into macromolecules and cells and
how the biological activity is regulated in the cells. Biological membranes
are a big example of molecular assemblies with complex structures consisting
of lipids and fatty acids (FA). The most apparent function of the membrane
is to compartmentalize the internal structure of the cell. Cells are mainly
of two kinds, prokaryotic ones with no, or few, internal structures and the
eukaryotic cells consists of a number of organelles inside the cell. These
organelles are structurally different and fulfill diverse functions, they are all
enclosed with lipid bilayer membranes. Membranes are crucial in biology as
barriers to protect and separate the hostile exterior environment from the
ever ongoing life processes taking place in the interior of the cell see Fig.
1.1. Depending on the different structure and functions the cells can be
further divided into hundreds of different types, but most of them follow the
same basic structure.

Biomembranes are of a few nano-meters thickness as compared to the
lateral size of a typical cell which is of the order of microns. Biomembranes
are soft and elastic and can be easily bend by applying stress on it, but
behave different from the thin sheets of solid and plastic materials.

Membranes are not only the structural builders of the cell but also an
energy source for cell functioning. They are crucial for controlling indirectly
a great variety of biological functions that take place at, or, are mediated by
membranes. Recent research has shown that the functional role of membrane
lipids may be as important as that of the proteins. Not only do membranes

4



5

Figure 1.1: The cell membrane is composed of different constituents which
include different lipid types, membrane proteins and other small molecules.
Lipid molecules form a bilayer and proteins and other molecules are em-
bedded in that bilayer. Water molecules are present on both sides of the
bilayer which are not shown for clarity. A single lipid molecule consists
of a hydrophilic headgroup and a hydrophobic tail. Source of this figure
is http://commons.wikimedia.org/wiki/File:Cell membrane detailed diagram
en.svg.

as a means of compartmentalization, they are also an integral part of cellular
function (1). Many biomembranes are now known to play a very active role,
serving as second messengers that pass on signals and information in the
cell. Membranes also play the roles of enzymes, receptors, and drugs, as
well as regulators of, e.g., neurotransmitter activity.

In conjunction with the cytoskeleton, membranes enable cells and their
internal compartments to adopt certain shapes, which can be dynamic, such
as in cell motility or the growth of tubular structures.

The basic building block of membranes is the phospholipid bilayer, into
which many more molecules, in particular cholesterol, proteins with lipid
anchors and proteins with transmembrane domains (integral membrane pro-
teins) are incorporated. Other membrane proteins can be associated with
these (peripheral membrane proteins). The fluid mosaic model assumes that
the protein molecules are distributed randomly in the phospholipid matrix,
constituting a 2-dimensional fluid that move laterally or side ways through
the membrane (2).

The role of some integral components like sterols is to create subtle
elements of ordered structure in the biomembrane, otherwise having a state

5



1.1. LIPID BILAYERS 6

considerable disorder.
Cholesterol being present in eukaryotes as an important membrane con-

stituent plays a key role. It act as a precursor molecule for the production
of bile salts (e.g. glycocholate) which act as detergents in solubilizing food
lipids and in the biosynthesis of steroid hormones (progestagens, glucocor-
ticoids, mineralcorticoids, androgens and estrogens). In contrast to other
hormones to which the membrane poses an impermeable barrier (they bind
to receptors on the external side), steroid hormones are able to directly cross
the membrane and bind to receptor proteins in the cytosol.

Pure phospholipids are in disordered phase at physiological tempera-
tures. Cholesterol for ordering of membranes is of particular importance in
this context. In result disordered and partly ordered systems are formed
with properties similar to liquid-ordered phase some time called rafts (3).
To characterize and quantify such phases is one of the important integral
part of this thesis, which may functions as platforms in cellular processes
like sorting and signaling.

All these factors emphasize a necessary shift from a one-eyed genocentric
approach to lipids and membranes toward a more balanced organocentric
view. This puts the study of the physical properties of membranes at a very
central position. A recent review paper in a physiology journal carrying the
title “Getting Ready for the Decade of the Lipids” (4) is recommended to
for reading.

1.1 Lipid bilayers

Aggregation of lipids is a self-assembly process, driven by lipid interactions
such as van der Waals, hydrophobic, electrostatic interactions and hydrogen
bonding. Membrane lipids having a polar, hydrophilic headgroup and two
long exposed hydrocarbon chains that are extremely hydrophobic, require
a large energy to transfer them from a hydrophobic environment (organic
solvent, arrangement with other lipids in a micelle or lipid bilayer) to an
aqueous environment. However, it depends on lipid shapes and lipid pack-
ing if micelles or bilayers are formed. In principle the final shape of a lipid
aggregate is mainly determined by the so-called shape factor of the consti-
tuting lipids given as v

a0lc
, where v is the volume of the hydrocarbon chains,

a0 the area of the headgroup and lc is the length of the hydrocarbon chains.
In brief, lipids with larger headgroup and smaller volume of the chains form
micells and for the lipids with smaller area and large hydrocarbon chains
volume most favorable conformation is a bilayer. Phospholipids falls in the

6



1.1. LIPID BILAYERS 7

later case.
Many lipid types exist in nature and much more synthesized in laborato-

ries. We focused on phospholipids being the major component in membranes
and the most abundant. A phospholipid molecule consists of a head group
containing a negatively charged phosphate group and two hydrocarbons tails
(fatty acids chains) esterified to two carbons of the glycerol and a phosphoric
acid group esterified to the third carbon. The phosphate group in turn is
esterified to an alcohol, like ethanolamine, choline, serine or inositol.

The fatty acid chains usually contain an even number of carbon atoms
between 14 and 24, where 16 and 18 are most common. They are normally
unbranched and either having no double bonds (saturated) or contain one
or more double bonds (unsaturated) in the cis-configuration. Cholesterol
molecule consists of a hydroxyl group, 4 hydrocarbon rings making choles-
terol a rigid molecule and a hydrocarbon tail.

Fig. 1.2 shows the atomistic structure of common biomembrane lipids.
In this thesis phosphatidylcholine lipids ranging from 14 to 18 hydrocar-
bon chains have been studied, two of them which are of particular interest
are dimyristoylphosphatidylcholine (DMPC) and dipalmitoylphosphatidyl-
choline (DPPC). The saturated phosphatydylecholine lipids are identical
except for the number of hydrocarbons in the tails. DMPC has fourteen
hydrocarbons while DPPC has sixteen. DPPC is the most common lipid in
cell membranes as compared to DMPC. Although the chemical properties
of these lipids are very similar, DMPC is liquid around 30 ◦ C but DPPC
does not melt until 50 ◦ C.

The lipid bilayer adopt a variety of phases over a series of intermediate
stages between 283 K and 353 K (5). Lipid bilayer is in the sub-gel (LC

) phase at lower temperatures, with fully ordered hydrocarbon chains. On
heating, it transforms to the gel (Lβ ) phase with increased hydration of the
head groups and reduced tilt of the chains, a sub-transition. The gel phase is
distinguished by ordered tail groups that are tilted with respect to the bilayer
normal. Increasing the temperature further, the bilayer surface starts to
undulate with sub-domains of ordered and disordered tails, the rippled (Pβ

) phase. This is called pretransition. All these low temperature phases have
six nearest neighbors (hexagonal chain packing) which is a common mode
of chain packing. These intermediate transition are chain length dependent,
particularly the ripple phase (Pβ ) is missing in short chain phospholipids. At
higher temperatures the bilayer transcends to a phase with fully disordered
chains - the fluid (Lα ) phase. The Pβ −→ Lα transition is known as the
lipid bilayer main transition (6). Detailed discussion about the phase and
phase transitions can be found in reference (5).

7



1.1. LIPID BILAYERS 8

Figure 1.2: The atomic structure of phospholipids with different hy-
drocarbon chain length and number of double bonds and cholesterol
molecules. Changing the number of hydrocarbon chain length and dou-
ble bonds changes the properties of the lipids.Starting from left to right:
1,2-dimyristoyl-sn-glycero-3-phosphatidylcholine (DMPC 14 hydrocarbon
groups : 0 double bonds), 1,2-dipalmitoyl-sn-glycero-3-phosphatidylcholine
(DPPC 16:0) and 1,2-dioleoyl-sn-glycero-3-phosphocholine (DOPC 16:1).
Cholesterol is a rigid molecule with one hydroxyl group, 3 carbon rings
and a hydrocarbon chain at the end.

For all biological purposes, the fluid phase is the most relevant. For
one thing, it is one of few systems that can occupy a two-dimensional liquid
phase with no shear resistance or long-range internal order. The lipid bilayer
structure can be measured in terms of head group/chain separation and
orientation, chain tilt angle, area per lipid, etc., in solid as well as in the

fluid phase. But the structure is highly dynamic as captured in the term
liquid crystallography (7), used in scattering experiments that seek to deter-
mine the structure of fluid lipid bilayers. In contrast to true two-dimensional
fluids, say, a liquid film spread on a solid substrate, the membrane can bend
in the normal (third) dimension, so that the lipid bilayer behavior is deter-
mined by the interplay between compression/stretching (area change) and
bending (crumpling). The origin of both phenomena are certainly micro-
scopic, but they are also perfectly defined in terms of macroscopic properties
such as compressibilities and bending moduli. Statistical mechanics serves as
a powerful tool for such studies, relating macroscopic properties to averages
of fluctuating microscopic interactions (8).

On the other hand phase behavior is a fascinating problem of its own.
For binary and/or tertiary (consisting of two and/or three different lipid

8



1.2. COARSE GRAINING 9

types) membranes the phase diagrams become increasingly complex (9).
Sterols like cholesterol play a dual role ( disturbing the lateral packing of

the bilayer and ordering the hydrocarbon chains of the bilayer) to generate
these complex phase behavior in multicomponent systems. The ordering of
the chains in the fluid phase (Lα) (also called liquid disordered phase) create
liquid ordered (LO) phase which is still liquid but with ordered chains, also
called “rafts” (3). Tertiary systems have revealed the coexistence of two dif-
ferent phases in regions of the phase diagram with intermediate cholesterol
concentrations both below and above the main phase transition tempera-
ture. The evidence is found in both experimental studies (10, 11) and in
simulations (12) while results are still controversial for the two component
systems (13, 14). To study the phase behavior in terms of phase transition,
structural properties like area per lipid, orientational or conformational or-
der of the hydrocarbon chains and translational or positional order of the
lipid molecules can be used as an order parameter as function of temper-
ature and concentration of one of the components in the system. Instead
of vast study on lipid bilayers during the last 40 years, there are still some
properties and phase behavior of these systems that needs to be understood.

1.2 Coarse graining

Simulation methods in which each atom is explicitly represented are well
established but have difficulty in addressing many cooperative effects of ex-
perimental and theoretical interest. These models include all microscopic
interactions and are computationally very expensive to reach the timescale
and spatial scale which are relevant for collective motions. Coarse Grained
models which retain close connections to the underlying atomistic represen-
tation have enjoyed a revival and are currently being developed by many
researchers. The aim is to study events which occur on timescales of hun-
dreds of nanoseconds to milliseconds and spatial scales of microns. There
are many different approaches to achieve these time and length scales, for
example, using lattice based models, dissipative particle dynamics (DPD).
Coarse graining reduce the number of interactions by reducing the degrees
of freedom. The common motif employed in many simulation techniques is
lumping groups of atoms together into a single interaction site, which can
then be described as effective interactions. As a result cheaper potential
calculation, larger time step and smoother energy landscape is achieved.
Removing the degrees of freedom also gives the faster dynamics. Effective
interactions are pair potentials which can be be defined as an analytical po-

9



1.2. COARSE GRAINING 10

tential like Lenard Jones (LJ) potentials which are scaled against the exper-
imental properties or atomistic simulations. An other approach is to derive
the effective pair potentials from the pair correlation functions of a reference
by Boltzmann inversion or by inverse Monte Carlo techniques (15, 16). One
example of Coarse graining is (explicit) water molecules surrounding the
bilayer may be removed and replaced with interactions between tail beads
that are designed to mimic the hydrophobic effect (implicit water). These
simple models are able to accurately reproduce a remarkable number of lipid
bilayer properties, from structure to phase behavior. The dynamic behavior
of the generic models should be interpreted with care. Apparently, lipid
bilayers can be described by a chain of different force fields, with ranging
levels of detail. Coarse-grained simulations are capable of reaching as far
as the micrometer length scale, and microsecond or longer times. Exam-
ples of biologically relevant problems that fit this description are vesicle
fusion (17, 18), interactions with macromolecular structures like polymers
(19) and lipid raft formation (20). Fig. 1.3 shows the coarse graining of
DMPC molecule starting from a detailed structure with all atoms to a lipid
molecule with only three beads.

Figure 1.3: A DMPC molecule in order of coarse graining from left to right.
a) An all atom (AA) model with detailed CHARMM (21) force field. b)
United atom (UA) model where all CH2 and CH3 groups in the hydrocarbon
chains are replaced by one bead, Berger force field (22). c) A further coarse
grained model with 1-to-1 mapping of the UA model, Martini force field
(23, 24).d) Last one is a single tail coarse grained lipid molecule by crooke
et al. (25, 26).

10
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Chapter 2

Computer simulations

Molecular Modeling is a general term used to represent the study of complex
chemical systems on atomic scale to understand the macroscopic properties
of these systems. This includes both the theoretical methods and compu-
tational techniques. Generally the motion of a system is described by the
differential equations. These equations are solved as a function of either
position (classical) or wave function (quantum) for the particles. For two
particle system, the motion of the particles is described in the coordinate
systems in which the dynamical equations can be transformed into solving
one dimensional differential equations. This gives the exact analytical solu-
tion of the model system but there are very few such realistic models. For
many body (N > 2) systems, the degrees of freedom increases which compli-
cate the problem further and it becomes difficult to transform the equations
of motions into one dimension, so the equation must therefore be solved by
computational methods.

Ideally, the (relativistic) time-dependent Schrodinger equation describes
the properties of molecular systems with high accuracy, but any system
greater than a few atoms cannot be handled at this ab initio level. Thus
approximations are necessary to proceed. At a certain point the ab initio
approach must be replaced by empirical parametrization of the model used.
This method is also called force fields (FF) where the potential energy sur-
face is a function of atomic positions only while electrons are supposed to
adjust their position according to the atomic positions (Born-Oppenheimer
approximation). Experiments also reveal many properties of molecular sys-
tems but they fail to directly view microscopic details of the systems. Sim-
ulations has the advantage over experiments that, in simulations we know
the details about the positions and velocities at the atomic level and the

11



2.1. MOLECULAR DYNAMICS 12

interactions between them. The main problem in such simulations is the
multi-scale nature of real-world problems, spanning from sub-nano to milli-
meters (10−10 − 10−3) in spatial dimensions and from femto to milli-second
(10−15 − 10−3) in time domain.

2.1 Molecular dynamics

Macroscopic physical properties can be separated into (a) static equilibrium
properties, such as the average potential energy of a system, or the radial
distribution function in a liquid, and (b) dynamic or non-equilibrium prop-
erties, such as the viscosity of a liquid, diffusion in membranes and other
dynamics properties. Macroscopic physical properties of a system consist-
ing of N particles can be studied as ensemble average using the principles of
statistical physics. In computer simulations there are mainly two techniques
used to study these properties; Monte Carlo (MC) and Molecular Dynam-
ics (MD) simulations. MC takes a given distribution and generate random
configurations out of that. This is useful to study the equilibrium properties
of a system which are derived as average over these configurations. MD on
the other hand use Newtonian mechanics to study the evolution of position
and velocities of the particles. Having these trajectories one can calculate
other physical properties as time averages, which are equivalent to ensemble
averages according to ergodic hypothesis in statistical mechanics. In this
sense it is possible to study the non equilibrium properties (dynamics) of a
system by molecular dynamics.

2.2 The dynamical equations

Molecular dynamic uses the differential equations of motion to study the
evolution of a system of N particles. The classical equations of motion
may be written in several ways (27). According to Lagrangian formalism
simulating a system consisting of N particles requires to solve 3N second-
order differential equations of motion. These equations are summarized
according to Newtons second law as:

mi
∂ri
∂t2

= Fi, i = 1, ..., N. (2.1)

This mean there are three equation for each particle i with a mass mi,
located at a position ri = (xi, yi, zi) in space. The forces can be derived
from the interactions between the particles. So if the forces are known, the

12



2.3. FORCE FIELDS 13

motion of the system can be traced in a trajectory as a function of time,
ri(t) from Eq. 2.1. These 3N second-order differentail equations can be
transformed into 6N one dimensional differential equations in Hamiltonian
formalism. For Cartesian coordinates Hamilton,s equations become:

ṙi =
pi

mi

, ṗi = −ΔriV = fi, (2.2)

where V is the potential. The equations of motion can be generalized for
the center of mass of the molecules (28). These equations of motion follow
important conservation laws that are also taken into account. Taking the
center of mass of the system as origin and taking a completely isolated
set of interacting molecules where potential function depends only on the
magnitude of particle separation with no external field applied, the total
momentum of the system can be kept constant. The conservation law also
hold under the symmetry considerations (27). The invariance of the system
to translation and rotation can be assured by introducing the periodicity in
the system. Another important conserved quantity is energy of the system.
This conservation law applies whether or not an external potential exists,
the essential condition is the forces acting on the system should be time-
independent. These equations are also time-reversible, which implies that
changing t to -t does not change Eq. 2.1. This symmetry condition is not
fulfilled in molecular dynamics due to limited precision of the computer.
One more condition is that to use finite time step method of solving the
equations of motions it is essential that particle position vary smoothly and
eventually the potential is a continuous function of particle positions.

2.3 Force fields

The potential energy U contain information regarding intermolecular inter-
actions, which makes it possible to construct equations of motion in their
Hamiltonian, Lagrangian or Newtonian form giving the time evolution of the
system. Equations can generally be solved by calculating the forces Fi from
potential U as a gradient of potential Fi = −ΔU(r1, ......rN) with respect
to the position of the particle i. In a simple case of a system containing N
atoms, potential energy is divided into terms which depend on coordinates

13
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of individual atoms, pairs, triplets and so on and is written as follows:

U(r1, ......rN) =
N∑
i=1

u1(ri)+
N∑
i=1

N∑
j>i

u2(ri, rj)+
N∑
i=1

N∑
j>i

N∑
k>j>i

u3(ri, rj, rk)+....

(2.3)
The first term in Eq. 2.2 is effect of an external field (It may be walls of
the container or an electric or magnetic field) while the remaining terms
represent the particle interactions. This term is usually absent because the
systems is treated as isolated system most of the time. The most important
one is the second term u2(ri, rj), which describe the interactions between
pairs of particles. This term is usually a function of the distance between
the two particles rij = |ri − rj|, and points along the vector joining the line
of action of the force acting on the two particles.

The higher order terms in Eq. 2.2 represent three-body, four-body, etc.,
these interactions depend on the positions of the three or four particles
simultaneously which makes them complicated and difficult, therefore eval-
uating these sums in computer simulation becomes very expensive task. But
they are not as unimportant to through away completely. Studies including
three body interactions (29, 30) show that at liquids densities, the remaining
many-body terms are smaller than the pair potential term, but can account
for up to 10% of the total potential energy, which is difficult to neglect.
Therefore the standard way is to avoid higher order terms by defining an ef-
fective pair potential which partially includes many-body interactions. This
approach has turned out to be fruitful for most purposes. As a consequence
the pair potential must be parametrized to reproduce experimental data,
which makes it a function of the state (e.g temperature and density). The
true pair potential, u2, is independent of the state. After using this approx-
imation Eq. 2.2 is written as,

U(r1, ......rN) ≈
N∑
i=1

u1(ri) +
N∑
i=1

N∑
j>i

ueff2 (ri, rj). (2.4)

These pair potentials are generally divided into two types of interactions a)
non-bonded and b) bonded.

14



2.3. FORCE FIELDS 15

�
�
�
�
�
�
�

�
�
�
��Bond

�
i

��Angle

�
�
�
�
�
�
�
i+ 1

�
�
�
�
�
�

��Dihedral

�
i+ 2

�
�
�
�
�
�
�
i+ 3

�
�
�
�
�
��

bonded

��
�

�
���

�
�

���
�
��

�
�
�

��
non− bonded

Figure 2.1: All common types of potentials are shown in the figure. Non-
bonded one include Lennard Jones potential and the Coulomb potential.
The bonded potentials describes the bonds, bond angles and dihedrals.

2.3.1 Non-bonded interactions

The non bonded interactions can be divided further into two types. At very
short distances a strong repulsive force between two atoms arises due to
the overlap of electron clouds (the Pauli principle). The fluctuating charge
distribution around an atom generate an attractive force that can be un-
derstood as a force between fluctuating multipoles also called London dis-
persion. This attraction is quantum mechanical in nature and present even
for particles without net charge. Quantum mechanical perturbation theory
shows that this attraction between two atoms varies as r−6

i . No exact for-
mula or theory for the repulsive part exist, an exponential function with a
suitable range parameter can give a correct representation. Since the com-
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2.3. FORCE FIELDS 16

putation of the exponential function is fairly expensive, so for mathematical
convenience it is replaced by an inverse power law, r−n

i ; the most common
choice being n = 12 as it is the square of r−6

i and therefore cheap to eval-
uate. The sum of these repulsive and attractive terms gives what is called
Lennard-Jones (LJ) potential (31),

ULJ(rij) = 4εij [(
σij
rij

)12 − (
σij
rij

)6], (2.5)

where σij has units of length and represent and control the atomic diameter
and εij is the interaction strength and has units of energy. These parameters
are usually fitted for every atom type in force field to represent thermody-
namic properties of small molecules.

For the particles with electrostatic charges, as in the case of ions, the
Coulomb charge-charge interactions are also included in the non-bonded
interactions and given as,

UC(rij) =
qiqj

4πεorij
, (2.6)

where the partial charges qi and qj are taken to represent the electron dis-
tributions of the atoms, and ε0 is the permittivity of free space. Particle
charges are usually determined from quantum calculations or from a fit to
thermodynamic properties of small molecules.

2.3.2 Bonded interactions

Bonded interactions can not only be described as pairwise energy but also
include three-body, four-body, and so forth terms from inter-atomic poten-
tials. Chemical bonds are quantum mechanical in nature and simple classical
approximations are incorrect at this level. A harmonic potential therefore
is used in the molecule for the bond between atoms i and i+ 1, and for the
angle formed by atom i, i+ 1 and i+ 2, given as,

Ubond(ri,i+1) = 1/2Kb
i,i+1(ri,i+1 − boi,i+1)

2 (2.7)

Uangle(θi,i+1,i+2) = 1/2Kθ
i,i+1,i+2(θi,i+1,i+2 − θoi,i+1,i+2)

2. (2.8)

The force constants, ki,i+1 and ki,i+1,i+2, and the equilibrium distances,
bi,i+1 and i,i+1,i+2, are fit parameters. The vibrational frequencies of these
harmonic oscillators are higher than the classical limit. This either needs
energies to be corrected for the quantum-mechanical effects or by restrain-
ing these bonds to their equilibrium bond lengths and bond angles. The

16



2.3. FORCE FIELDS 17

Figure 2.2: A schematic diagram of the potential functions used in molecular
dynamics simulations, non-bonded interactions consists of Lennard Jones
potential and Electrostatic (Coulomb potential). The interactions between
bonds, angles and dihedrals are harmonic and cosine or Ryckaert-Bellemans
type of potential functions.

second approach is commonly used in MD simulations because constrained
bonds are more close to quantum oscillator. This is implemented in GRO-
MACS by standard algorithm, e.g, SHAKE (32) or LINCS (33). For simple
geometries like water molecules an analytical solution SETTLE (34) exists.
The dihedral angle is associated with the covalent bond (i, i + 1, i + 2,
i + 3) interactions. These potentials have several minima corresponding to
different states which are (by IUPAC convention) the trans (dihedral angle
φ = 180 ◦ ), gauche (φ = ±60 ◦ ) and (by polymer convention) cis (φ = 0◦

). These states give rise to energy changes of the same order as the thermal
energies. This energy contribution can not be modeled with a harmonic
function due to the steric repulsions that cause certain states to be favor-
able. A potential form was constructed for such interactions called empirical

17



2.4. BOUNDARY CONDITIONS AND CUT-OFFS 18

Ryckaert-Bellemans potential (35),

URB(φi) =

5∑
n=0

Cncos
n(ψi), (2.9)

which comprise of six cosine functions with the fitted coefficients Cn for the
dihedral angle ψ = φ−180 ◦ formed between atoms i to i+3, with respect to
the bond between atoms i+1 and i+2. All these interactions are necessary to
describe most biomolecular systems. Since the energy contributions between
bonded atoms i to i+3 are included in the bond interactions, the non-bonded
interactions between these atoms must be excluded in order to avoid double
counting. Adding all energy terms together, yields the total potential energy

U =
∑

u1(ri) +
∑
i

ubond(ri,i+1) +
∑
i

uangle(θi,i+1,i+2)

+
∑
i

udih(φ) +
∑
i

∑
j>i

uLJ(rij) +
∑
i

∑
j>i

uC(rij). (2.10)

The fit parameters are hidden in this expression: the force constants, equi-
librium values, interaction parameters (σij and εij ) and partial charges (qi
). These parameters are commonly collected either from quantum mechan-
ical calculations, or from semi empirical calculations on test systems where
the parameters are varied to reproduce suitable experimental data (36).

2.4 Boundary conditions and cut-offs

It is common practice in molecular dynamics to use periodic boundary con-
ditions (PBC) to avoid surface effects. A cubic box is replicated through
out space to form an infinite lattice, but only the interactions of each parti-
cle with its nearest box image are included in the potential which is called
as minimum image convention used by Metropolis (37) for the first time.
Molecular dynamics are performed usually on the system which are smaller
as compared to Avogadro number NA = 6×1023 mol−1, but generally a few
hundreds of particles are enough to avoid finite size effect related to PBC
with a short range interaction potential. It can make substantial interaction
between a particle and its image when a long range potential v(r) ∼ r−ν ,
where ν is less than the dimensionality of the system is used in the simu-
lations. The effect of PBC on equilibrium properties has been tested (38),
and it is believed that PBC has little effect on thermodynamic properties
and structure of fluids when away from phase transitions, where the inter-

18



2.5. SOLVING DIFFERENTIAL EQUATIONS 19

actions are short ranged. Using the PBC with minimum image convention
scales as O(N2), which is fairly expensive to calculate. This complexity is
reduced by truncating the interactions outside a cutoff radius. For short
range interactions like LJ, a spherical cutoff at a typical radius r = 2.5σ is
typically enough to avoid the penalty of truncation, where the potential en-
ergy drop only a few percent. The cutoff distance can not be longer than 1

2L.
Electrostatic interaction on the other hand are long ranged and potential
energy contribute in a substantial amount even at several nm and charges
accumulate at the cutoff boundary. This was overcome by the methods to
treat long-range interactions based on Ewald summation (39), which is a
technique to efficiently calculate the interactions by splitting them into two
parts: one short-ranged part that converges quickly in real space, and other
is long-ranged part that converges quickly in Fourier space. The Fourier cal-
culations can be speeded up using Fast Fourier Transforms (FFT), thereby
scaling as O(NlogN). An overview of the most widespread algorithms for
FFT evaluation of Ewald sums can be found in Deserno and Holm (40).

2.5 Solving differential equations

Many numerical algorithms have been designed to solve the equations of mo-
tion numerically in a computer simulation to get the positions and velocities
as a function of time. All of them have different advantages and drawbacks.
A successful simulation algorithm should fulfill several criteria. The speed
of solving the differential equations is not important as compared to time
spent for evaluating forces. A good algorithm allow large time step so that
the number of force evaluations is minimized. Most importance is that the
algorithm is time reversible and conserves total energy, and there should
not be any long-time drift in energy as the sampling is otherwise affected.
Algorithms that conserve volume in phase space are called symplectic, and
can be constructed systematically via the Liouville formulation of classical
mechanics. For details of the Liouville approach, see the book by Tuckerman
(41).

The simplest integrators could be based on Taylor expansions of the
atomic positions is sufficient. Verlet constructed an iteratively updated
scheme of integrating the equations of motion (61), which gives a direct
solution of Eq. 2.1 but the major drawback of the algorithm was that errors
that comes from subtraction of two similarly sized numbers was of high or-
der. Later a more sophisticated algorithm was proposed by Hockney (42),
where he introduced the use of half time steps to bypass the limitation men-
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2.5. SOLVING DIFFERENTIAL EQUATIONS 20

tioned in case of verlet. This called leap-frog algorithm and is still a very
popular algorithm due to its simplicity, and is implemented in some of the
major simulation packages (43). However the quantities that depend on
both positions and velocities at the same time step, like the total energy,
are a bit hard to evaluate with the leap-frog algorithm. This can be avoided
by using the velocity Verlet algorithm (44),

r(t+ δt) = r(t) + δtv(t) +
Fi(t)

2m
δt2 +O(δt4) (2.11)

v(t+ δt) = v(t) +
Fi(t+ δt) + Fi(t)

2m
δt+O(δt2), (2.12)

in which positions, velocities and accelerations all are stored at the same
time t which minimizes the round -off error. The time step δt needed to
be comparable with the correlation times of interest but smaller than the
relevant time scales of the system. In other words, the time step depends
on the force field. For atomistic force fields containing the explicit hydrogen
atoms, δt = 0.5−1 fs is common, for united atom force fields where hydrogen
atoms are not included, time can be increased and is taken between 2 − 4
fs while for the coarse grained models like martini force fields it is taken in
the range δt = 20− 40 fs.

More elaborate, integrators have been discussed in the literature (see e.g
Allen and Tildesley (28)), like predictor-corrector algorithms and similar in-
tegrators that take higher order terms of the Taylor expansions into account,
which are more accurate for small time steps but at higher computational
cost. At long time step such integration methods become worse than the
simple methods discussed above, which make them unsuitable for most of
the molecular dynamics simulations.
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Chapter 3

Phospholipid properties

3.1 Calculating properties from simulation

Classical mechanics gives the motion as a trajectory in a 6N -dimensional
phase space with volume element dΓ = d3r1d

3p1...d
3rNd3pN . A variable,

a(t) = a(rN (t), pN (t)) = a({ri(t), pi(t)}Ni=1), that is a function of the coor-
dinates and momenta of all (or some of) the constituting particles, depends
implicitly on time as the positions change during the motion. The average
of variable a can be calculated either as a time average or as a ensemble
average according to statistical mechanics. Time average is taken over a
trajectory in phase space while ensemble average is an average over large
number of different systems each of them follow different paths in the same
phase space. So ensemble average is also an average of phase space. Ergodic
hypothesis states that these averages are equal if a system visit entire phase
space in time interval T of the average,

〈a〉 ≡ limT→∞〈a〉T = 〈a〉e, (3.1)

and the ensemble average can be written as

〈a〉e =
∫

a(Γ)P (Γ)d(Γ), (3.2)

where P (Γ) is probability distribution and is given by the Boltzmann factor.
In molecular dynamics time averaging is simple and straightforward, and
is equal to ensemble average according to Eq.3.1. This implies that, the
principles of statistical mechanics are applicable.

21
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3.2 Material and structural properties

Experimental data for many important properties of lipid bilayers are scarce
and uncertain. This includes, for instance, area per lipid, area and vol-
ume compressibilities, area expansion coefficients and heat capacity. On the
other hand some of the properties like order of the hydrocarbon chains (or-
der parameter) and structure of the lipid bilayer in the normal and lateral
direction can be determined with a better accuracy by experimental tech-
niques. Present simulation techniques can often give such properties more
easily and sometimes with better accuracy than experiments. Simulation
results depend, however, upon potential parameters that are yet not tested
enough and validated. Still the time is getting ripe for systematic calcu-
lation of membrane properties using simulation techniques. This is useful
since it will provide better values for a number of membranes properties but
also since a more serious test of the membrane force field parameters will
push the refinement and development on this side. The study in this thesis
is focused on properties like, area per lipid, area compressibility, bending
modulus, order parameters, heat capacities and electron densities.

3.2.1 Area per lipid

Area of lipid bilayer is easily obtained in simulations but it is not so easy
to determine by experiments with good accuracy. Recently experimental
studies of the bilayer structure by the simultaneous analysis of X-ray and
neutron scattering data has improved the accuracy of the measured areas
(45). In simulations the lipid bilayer is regarded as a two dimensional system
in a rectangular box with a small thickness in the normal direction. The
area is easily calculated from the membrane patch as A0 = LxLy/N , where,
Lx, Ly are the box dimensions and N is the number of lipids per monolayer.
Here A0 is equilibrium value when there is zero surface tension on the bi-
layer. This equilibrium value is obtained by a constant pressure simulation
(NpT ensemble). Area per lipid is highly sensitive to the simulation con-
ditions. Areas for the pure phopholipids in fluid phase with different chain
lengths (saturated and unsaturated) are calculated from molecular dynam-
ics simulations. Table 3.1 shows the comparison for the area per lipid from
simulations and experiments. Undulations in the bilayer make the true bi-
layer area larger than the projected area. This is discussed in section 3.2.4
how the projected area can be corrected for undulations to get true area.
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DMPC DPPC DLPC DOPC DPPE DSPC

temperature[K] 303 323 303 303 350 353

simulations 0.608 0.628 0.623 0.666 0.525 0.664
experiments 0.606 0.630 0.632 0.674 0.605 0.701

Table 3.1: Area per lipid in nm2 are given for 1,2-dimyristoyl-sn-glycero-3-
phosphatidylcholine (DMPC 14 hydrocarbon groups : 0 double bonds), 1,2-
dipalmitoyl-sn-glycero-3-phosphatidylcholine (DPPC 16:0),1,2-dilauroyl-
sn-glycero-3-phosphatidylcholine (DLPC 12:0),1,2-distearoyl-sn-glycero-3-
phosphatidylcholine (DSPC 18:0), 1,2-dioleoyl-sn-glycero-3-phosphocholine
(DOPC 16:1) and 1,2-dipalmitoyl-sn-glycero-3-phosphoethanolamine
(DPPE 16:0) both from simulations and experiments. The average
statistical error in area per lipid calculated in simulations i ±0.002
nm2. Experimental values are taken from (46–48) and have an error of
±0.02− 0.01 nm2

3.2.2 Area compressibilities

In simulations, the area compressibility is usually calculated from projected
area fluctuations. The area compressibility modulus is defined as:

KA ≡ A(
∂γ

∂A
)T,V , (3.3)

where γ is the surface tension and A is the area of the system. In simulations
for a flat undulation-free system, we do not need to make a distinction
between projected area and local area. The area compressibility modulus
may be calculated by the numerical derivative of the surface tension with
respect to projected area according to Eq. 3.3 or by the projected area
fluctuations given as:

KA =
AkBT

σ2
A

=
2akBT

σ2
aN

, (3.4)

where a is the area per lipid, σa are the fluctuations in the area per lipid
and N is the number of lipids in the bilayer. Compressibilities have also
been measured by experiments using several techniques, most prominent is
the micropipet experiments performed on giant vesicles by Kwok and Evans
(49). Two different tests are conducted to measure the mechanical proper-
ties of bilayers. First is micropipet aspiration in which temperature in kept
constant and the suction pressure is varied to measure the displacement of
the vesicle projection inside the pipet which is proportional to the change in
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area of the vesicle. In the second test, called a beam compression test, pres-
sure is held constant and the vesicle is compressed to measure the deflection
of the beam. This gives the increase in the equatorial radius which is also
a function of the increase in vesicle area. Both these tests are conducted
on the tensionless vesicle surface. These tests can also be conducted on a
single bilayer vesicles with a constant surface tension at mechanical equilib-
rium, and is proportional to the change in suction pressure. Knowing the
change in surface tension from the pressure change and the area expansion
one can calculate the area compressibility modulus using Eq. 3.3. Detailed
discussion about this method can be found in article by Kowk (49).

For real systems, we have undulations, which contribute to the area
compressibility giving an apparent area compressibility value Kapp. Mea-
surement by micropipet experiment are usually corrected for thermal undu-
lations as given by Rawicz (50) to get a true compressibility modulus. In
section 3.2.4 it is shown how to correct the area compressibility to get the
true value in simulations using the Helfrich model.

3.2.3 Helfrich model

Helfrich (51), inspired by previous work on smectic liquid crystals by Frank
(52) which was based on elastic theory and statistical mechanics, proposed
that the energetics of lipid bilayers could be described by a Hamiltonian of
the form,

H[S] =
∫
S
dS[2kc(H − c0)

2 + kGK + γ0]. (3.5)

Here, S is the particular configuration the bilayer has taken (with surface
element dS). There are three material parameters in Eq. 3.5: the bending
and Gaussian (saddle-splay) moduli, (kc and kG) and the spontaneous cur-
vature c0 . The bending modulus, kc, describes the membranes resistance to
bending, while the value of the Gaussian modulus, kG, describes the pref-
erence for convex/concave (kG < kc ) or saddle (kG > kc ) shapes. The
spontaneous curvature, c0, accounts for whether the lowest energy configu-
ration of the membrane is bent (in units of inverse length). In addition, γ0,
is the surface tension of the membrane. Note that the lipid membrane is
modeled as an infinitely thin mathematical surface; no reference is made to
its bilayer nature.

Eq. 3.5 is a too general presentation in terms of S, Helfrich instead
use the Monge gauge presentation for a surface. According to Monge the
bilayer mid-surface which is planar locally is then described by a single-
valued and slowly varying function u(x, y) in Cartesian coordinates (with
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|∇u| 	 1), so that the position vector R = (x, y, u(x, y)) describes a point
on the membrane. The curvatures are to the lowest order given by (53)

H = 1/2(uxx + uyy) = 1/2∇2u(x, y) (3.6)

K = uxxuyy − u2xy, (3.7)

and the surface element is dS =
√
gdxdy =

√
1 + (∇u)2dxdy (g is the

surface metric determinant). A symmetric bilayer has zero spontaneous
curvature, further, a membrane in solvent is free to adapt its area to the
equilibrium value and thus have zero surface tension (54). If the topol-
ogy of the membrane remains fixed the integral of the Gaussian curvature
over the membrane area is a constant, which can be dropped. With these
considerations, Eq. 3.5 can be written as,

H[H] =

∫∫
A0

dxdy
√
g(x, y)[2kc[H(x, y)]2 + γ0], (3.8)

to be integrated over the flat reference plane (usually taken atz = 0) and
where γ0 has been kept for completeness. Even in this simplified form, the
physics described by Eq. 3.8 is nonlinear, owing to the metric determi-
nant and the curvatures. H is a functional of the derivatives of the bilayer
interface, u(x, y).

The equilibrium shape of the bilayer is the one that minimizes and can
be found by standard calculus of variations (27). Although it can be per-
formed on Eq. 3.8 it leads to a complicated fourth-order, non-linear, partial
differential equation for u(x, y). For gentle undulations, a small gradient
expansion yields to lowest order,

H[∇2u,∇u] =
1

2

∫∫
A
dxdy[kc(∇2u)2 + γ0∇u)2], (3.9)

up to an additive constant. This is the most common form of the Helfrich
Hamiltonian.

The quadratic form of the Helfrich model, Eq. 3.8, means that statistical
mechanical averages can be calculated exactly. Fluctuation spectrum which
measures how the undulations are correlated as a function of distance can
be calculated by expanding the bilayer interface in eigenfunctions of the
Laplacian. For the planar membrane configuration considered here, with
periodic boundary conditions (as in simulations), the eigenfunctions are the
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coefficients in a Fourier series. The Fourier pair to be used is,

u(r) =
∑
q

uqe
iq·r (3.10)

uq =
1

A0

∫∫
A0

dxdy u(r)e−iq·r, (3.11)

where the integrals are over the base-plane area of the membrane, A0 = LxLy

. The wave vectors are discrete in Fourier space, to be commensurate with
the periodic boundary conditions, and are given by q = 2π(n/Lx,m/Ly)
with n, m = 0, 1, . . . , M, up to a large-q cutoff wavenumber M, cor-
responding to the smallest length scale in the continuum description. Here
and henceforth, q is used as an index to emphasize discrete numbers. By
Parsevals theorem (55), the Hamiltonian decouples in Fourier space as,

Hq =
A0

2

∑
q

|uq|2[kcq4 + γ0q
2], (3.12)

(the Fourier representation diagonalizes ). Invoking the equipartition the-
orem (41), which states that a degree of freedom that is quadratic in the
Hamiltonian (here uq ), contributes exactly kBT/2 (half the product of the
Boltzmann constant and the absolute temperature) to the average energy,
yields

Su(q) = N〈|uq|2〉 = kBT

a

1

[kcq4 + γ0q2]
, (3.13)

where N is the number of lipids per monolayer and a is the area per lipid.

3.2.4 Undulation contribution to area and compressibility

Molecular dynamics simulations of lipid bilayer were originally done on small
systems and for short times making the effects of undulations a negligible
problem. In real system the true area follows the curved surface of membrane
which changes with undulations present in large systems. For an undulating
surface u(x,y), true area can be written in terms of projected area as,

A =

∫ ∫
A0

√
1 + (∇u(x, y))2dxdy ≈ A0+

1

2

∫ ∫
A0

(∇u(x, y))2dxdy, (3.14)
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which after Fourier decomposition is written in terms of projected area as

A = A0(1 +
1

2

∑
q

q2|uq|2). (3.15)

After incorporating the results of Eq. 3.13 it gives,

A = A0 +
kBT

2kc

∑
q

1

q2 + γ0/kc
, (3.16)

and after putting the lower limit of q equal to molecular dimension that is
2π√
a
and γ = 0 gives

A

A0
= 1 +

kBT

8πkc
ln

N

2
. (3.17)

A is the true area here which is always larger than the projected area A0.
The ratio diverges logarithmically, but does not increase to more than 1.1
even for a mm sized vesicle. The values of true A and A0 are shown in Table
1 of paper 1. Assuming that change in true area along the surface of bilayer
and change in projected area due to undulations are independent of each
other, one can decompose compressibility as,

1

Kapp
A

=
1

Ktrue
A

+
1

Kund
A

, (3.18)

By using Eq. 3.16 in the expression of area compressibility Eq. 3.3, ap-
proximating the lower and upper limits for q, after doing some algebra and
putting γ = 0 and A/A0 ≈ 0 one reaches at the following result,

1

Ktrue
A

=
1

Kapp
A

− A0kBT

32π3k2c
, (3.19)

Numerical calculation instead of the integral approximation gives the last
term twice as large as in Eq. 3.19. Detailed derivations of the results for
undulation correction to area and area compressibility are given in Paper 1.
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DMPC DPPC DLPC DOPC DPPE DSPC

simulations 341 322 339 220 832 283
experiments 234 250 − 265 − −

Table 3.2: Area compressibilities KA[mN/m] for different lipid types ab-
breviated in the caption of table 3.1 calculated from simulations for same
system sizes with a statistical error of about 40 mN/m. Experimental values
for area compressibilities are taken from (50).

3.2.5 Electron density profile

Electron density profiles (EDP) can be calculated easily from simulations
as a function of the coordinate normal of the bilayer (z). For that we need
to have the knowledge of number of electron per interaction site. A simu-
lation snapshot is binned over the bilayer normal and the number of elec-
trons are calculated in each bin and averaged over the simulation to get
a smoother curve . The contribution to the profile is obtained for differ-
ent atom types along the bilayer normal. This procedure is straightforward
and gives reasonable agreements with experiments. For large system sizes
undulations blur the EDP. Methods have been developed to overcome this
problem where EDP is corrected by taking the transverse distances from a
defined undulating surface (56). To compare EDP with experiments we can
Fourier transform the electron densities from simulations to get the form fac-
tor which is measured in experiments and is proportional to the scattering
intensity. X-ray diffraction uses the unit cell information about the structure
which gives the electron density. The EDP (ρ(z)) from X-ray diffraction is
given by,

ρ(z)− ρw =
1

D
F0 +

2

D

hmax∑
h=1

αh|Fh|cos(2πhz
D

), (3.20)

where ρw is the density of water, h is the order of diffraction , αh(±1) is the
phase factor and Fh is the bilayer form factor. Conversely we can get the
continuous form factor for a single bilayer by the Fourier transform of the
EDP calculated from the simulations. Which can be given mathematically
as,

F (qz) =

∫ ∞

∞
(ρ(z)− ρw)cos(zqz)dz, (3.21)

where qz = 2πh/D and h= 1,2,.... EDPs calculated from simulations of
DMPC bilayers are shown in Fig. 3.1 and compared to experimental EDPs
(47). Figure also shows the EDP for recently improved Chiu force field (57),
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which gives a bit higher area per lipid than experiments and the Berger
force field. The EDPs from simulation with Berger force field are in better
agreement with experiments than the Chui force field as shown in figure. We
also compared Chui UA model with area kept constant equal to the area in
Berger force field, which is also shown in the figure 3.1 for comparison. Fig
3.1 also shows the Fourier transform of the electron densities to compare
directly to experiments.

Figure 3.1: Electron densities calculated from simulation from different force
fields and from experiments. Black, is Berger force field, red for Chiu force
field, green is also for Chiu force field with a constant area per lipid equal
to that of Berger force field and blue one is obtained by transforming the
experimental form factors into real space. Fourier transform of the elec-
tron densities from simulations which gives the form factor of the bilayer to
compare directly with experiments. Green and blue are form factors from
experiments conducted on multilamellar vesicles and on stacked bilayers.
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3.2.6 Order parameter

The conformational order of the hydrocarbon chains in the lipid bilayer can
be measured by NMR experiments and is then given by

SCD = 1/2〈3 cos2 θCD − 1〉. (3.22)

θCD is the angle between the CH-bonds of CH2 group and the membrane
normal. Simulations are often performed on united atom models or some
time coarse grained models where a group of atoms is represented by one
bead or particle. But knowing the geometry of the models SCD order pa-
rameter can be calculated from the united atom models. In simulations
of the CG models usually the molecular order parameter (the orientational
order of the lipid chains) is calculated and is given by the relation

Schain = 1/2〈3 cos2 θchain − 1〉, (3.23)

where θchain is the angle between the bilayer normal and the vector joining
nearest neighbor carbons in the hydrocarbon chain. The above two order
parameters are related to each other as Schain = −2SCD (58) if rotational
symmetry exists in the lipid chains. The resultant order parameter is a
number between -0.5 and 1.0. Schain = 1.0 means completely parallel to the
bilayer normal, Schain = −0.5 means perpendicular to the bilayer normal.
Chains may also be randomly oriented and in that case Schain = 0. SCD

varies between −0.5 and 0 accordingly. We can calculate order parameter
for all the carbons in the hydrocarbon chain and average over all or some of
them to obtain a global order parameter like,

〈Schain〉1−n = 1/n
n∑

i=1

Schain, (3.24)

where n is the carbon atom number in the lipid chains. Fig. 3.2 shows
the SCD order parameters for different lipids as a function of carbon atom
number in the phospholipid chains. The chains are more ordered at the top
where they are connected to the head groups and the order decrease when
one goes down the chain. The order parameter increases with the chain
length (large for a longer chain phospholipid as compared to a small one) at
a fixed absolute temperature.
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Figure 3.2: Calculated deuterium order parameter (SCD) for phospholipids
(sn1 chain) with different chain length as a function of carbon atom number
in the phospholipid chains.

3.2.7 Heat capacities

For a classical system heat capacity is very straight forward to calculate
by taking the temperature derivative of the total energy of the system and
is given as C = ∂E/∂T . Heat capacity at constant volume can also be
calculated from the energy fluctuations in an (NVT ensemble) simulation
as:

CV =
σ2
E

kBT 2
. (3.25)

At constant pressure (NpT) we need to include pΔV term, which then gives
Cp from the enthalpy fluctuations as:

Cp =
σ2
H

kBT 2
= (σE + pσV )

2/kBT
2. (3.26)

The second term in Eq. 3.26 is negligible in comparison with the first. This
derivation can be seen in the referred books (28, 59). Eq. 3.26 can also be
used to derive relation between CV and Cp, which is given as (60):

Cp − CV = V TKV α
2, (3.27)

where, α = 1
V (∂V/∂T )p is the thermal expansion coefficient and KV =

−V (∂p/∂V )T is volume compressibility modulus. Table 3.3 show the values
of heat capacities for different lipid types calculated in simulations and some
from experiments.
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DLPC DMPC DPPC DSPC DOPC DPPE

simulations 1321 1345 1446 1614 1939 1414
experiments − − 1650 − − −

Table 3.3: Heat capacities Cp[J/mol-K] calculated from classical simulations
for different lipid types abbreviated in the caption of table 3.1 are given with
an average statistical error of ±20[J/mol-K]. The experimental value is given
only for one lipid DPPC taken from (61).

The experimental heat capacity includes quantum effects and it is nec-
essary to apply the quantum corrections to be able to compare classically
calculated heat capacities to experiments. A typical phospholipid, DPPC,
has 50 united atoms and in addition 100 hydrogen atoms in an all atom
model. The heat capacity of the united atom simulations we run has to be
corrected for i) missing hydrogen atoms ii) constrained bond lengths and iii)
for that bond angles are treated classically. All these degrees of freedom are
in reality quantum mechanical, but to a very good approximation harmonic.
Therefore the heat capacity of a phospholipid can easily be corrected. This
could be done by determining the normal mode spectrum from the velocity
auto-correlation functions (see the article by Berens (62)), where this is done
for liquid water. We have applied this technique to liquid water and ice at
different temperatures, which is described in detail in chapter 4. Here we
will make a fairly simple but rough estimate of the quantum correction. We
have the following terms:

• Since the bond lengths of the the united atom lipid are constrained,
we have to add 50 quantum mechanical harmonic oscillators.

• The angle vibrations in 50 bond angles are classical in the simulations
and contribute thus kB for each bond. This has to be replaced by the
proper quantum mechanical value.

• Quantum mechanical contributions from all bond lengths and angles
of the missing hydrogen atoms is to be included, which is small for each
of them but there are 80 of them. There is also a major contribution
from the rotation of CH3 group.

For the 80 hydrogen atoms (which have not been included in the simulations)
we have to add quantum mechanical contributions from one bond length

32



3.2. MATERIAL AND STRUCTURAL PROPERTIES 33

each and two bond angles each except for the 5 CH3-groups, where, we
for the three hydrogen atoms in each group have 3 bond lengths, 5 bond
angles and rotation of the entire CH3 group. The last degree of freedom is
essentially classical, but we have three oscillator wells so the contribution
from this degree of freedom should be kB[1 + ln (3)]. The heat capacity of
an harmonic oscillator is:

C = kB
x2ex

(ex − 1)2
,

where x = �ω/kBT .
Typical force constants are 3.7× 105 kJ/mol nm−2 for the bond lengths

and 460 kJ/mol rad−2 for the bond angles. To estimate the angular fre-
quencies one needs, however, effective masses and moments of inertia which
may be roughly estimated without diagonalizing the entire coupled systems
of motion. For bonds involving heavy atoms ω may typically be 2.5 · 1014
s−1 which gives x ≈ 5 and a contribution of 0.10kB. For the hydrogen
atoms with their lower mass we get an ω of about 4 · 1014 s−1. This gives
x ≈ 9 and a contribution of 0.01kB to the heat capacity. For the 50 bond
angles involving heavy atoms we have and ω of about 4 · 1013 s−1 which
gives x ≈ 1.2 and a contribution of 0.89kB. Thus, we should subtract in
total 5.5kB to compensate for the classical treatment of the bond angles.
For the bond angles involving hydrogens we have ω ≈ 2.5 · 1014 s−1 and
x = 5.5 giving about 0.125kB. Thus we get from 80 of these hydrogen
atoms with two bonds each 20.0kB contribution. From the rotation of 5
methyl groups we get 10.5kB. All these contributions are given in table 3.4,
where the net correction obtained is equal to 31kB, which gives a rough esti-
mate of 250±50 J/mol-K contribution per DPPC molecule. A more careful
treatment could be done by determining the normal mode distribution from
the velocity auto-correlation function. This determines more accurately the
effective masses for different motions and takes also the coupling between
different degrees of freedom accurately into account in the harmonic ap-
proximation. Finally we note that lipid bilayers may change their structure
and properties due to the amount of water present in the systems (level of
hydration) When the amount of water reach over a certain level at which
additional water will not change the properties of the system one talks about
full hydration. It is not clear from experiments exactly when this occurs,
but usually 15−30 waters per lipid (depending on type of lipid and temper-
ature) is considered to be enough. We have here included 35 waters per lipid
to be sure that we are above this level. We have also systematically varied
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Number cp(cl) ω s−1 cp(QM) C*

Bonds
(heavy atoms) 50 0 5 · 1013 5.0 5.0
(missing hydrogens) 80 0 4 · 1014 0.5 0.8
Bond angles
(heavy atoms) 50 50 4 · 1013 44.5 −5.5
(missing hydrogens) 160 0 2.5 · 1014 20.0 20.0
CH3-dihedrals 5 5[1 + ln (3)] − 10.5

Table 3.4: C* is the corrected heat capacity . Classical, quantum mechanical
and corrected values of heat capacities (Cp) are given in units of kB .

the water content to probe the changes in the system with water content.

3.3 Experimental techniques

Experiments are preferably performed on systems in equilibrium (static
properties), or near equilibrium (in the domain of linear response theory,
such properties will here be referred to as dynamic), to facilitate compari-
son to theories. As simulations are performed on microscopic systems, they
need to be validated by calculating macroscopic properties, which are to be
compared to the values obtained from experiments. Often such comparison
is nontrivial because the simulations and experiments reside in completely
different length- and time scales. In addition, it is in many cases impossible
to keep equivalent setups in experiments and simulations. The following
sections list some of the most relevant experimental techniques in assessing
lipid bilayer properties, and problems encountered when comparing simula-
tion and experimental data.

3.3.1 Nuclear Magnetic Resonance

NMR include a wide array of techniques. The common ingredient is spins
of the atomic nuclei interacting with an applied magnetic field. Nuclei with
zero spin are unaffected. Selective deuteration of atoms can be used to
produce a signal as fit, in the case of lipid bilayers NMR experiments can
be performed with deuterated tail groups. This spawns a splitting in the
quadrupole contribution to the energy spectrum, which is proportional to
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the order parameter

Si
CD = 1/2〈3cos2θiCD − 1〉, (3.28)

measuring the ordering of lipid tail group i. Here, θiCD is the angle between
the CD bond vector of the i : th tail group and the bilayer normal (63). The
angular brackets denote an ensemble average. Dynamical properties of lipid
bilayers can also be obtained with NMR by measuring the spin-relaxation
rate (64–66). This information reflects the reorientation dynamics of the
lipid chains.

3.3.2 Elastic neutron and X-ray scattering

Experimental methods collected under the label of scattering experiments
means no more than an experiment that bombards a sample with energetic
particles and collects those that are scattered off the sample. If the scattered
particles have lost/not lost energy in the process, the scattering is said to
be inelastic/elastic. On lipid membranes (and other soft matter systems)
neutrons or X-rays are used as incoming particles since they penetrate into
the bulk of the material (in contrast to electrons). Elastic scattering off
a crystal is seen as a number of well-defined -spikes (Bragg peaks), which
define the positions of the nuclei in the unit cell. Fluid lipid bilayers have
far less structure than conventional crystals. This is an inherent property
of lipid membranes being two dimensional liquids and is not a limitation
of the experimental techniques themselves. The molecules in the bilayer
undergo strong fluctuations, which is seen as broadened Bragg peaks in the
scattering spectrum. Depending on the geometry of the incoming beam and
the sample, one can probe scattering along the bilayer normal (67) or in
the plane of the bilayer (68). In the former case, the scattering intensity
is the Fourier transform of the electron density along the bilayer normal,
and in the latter case the in-plane structure factor is being probed. This
information reveals the molecular structure of bilayers. In addition, the
broadening of the Bragg peaks also provide the bilayer bending modulus
and stack coupling constant (69).

3.3.3 In-elastic scattering experiments

In scattering processes where the incoming particle loses (or gains) energy,
the formula E = �ω relates the energy difference, E, to the frequency shift,
ω, of the scattered particle. The proportionality constant, �, is Planck’s con-
stant divided by 2π. Scanning a range in ω gives a frequency spectrum that
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describes the damping of density fluctuations within the sample. Depending
on the properties of the scattered particle, density fluctuations on different
scales are probed. Light has large wavelength and probe fluctuations of
thousands of cooperatively moving particles (hydrodynamic fluctuations).
Neutrons have small wavelengths and probe single (or a few) atoms fluctu-
ation together.
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Chapter 4

Thermodynamic properties

of water

Water is a truly unique chemical compound that naturally occurs in all
three phases (solid, liquid and vapor) under the thermodynamic conditions
typical to the Earths surface. It plays the principal role in many biological
processes on our planet. Its outstanding properties as a solvent and quanti-
tative analysis of physical-chemical, thermodynamic properties encompass a
broad range of pressure and temperature conditions. Therefore, detailed un-
derstanding of the pressure and temperature dependencies of density, heat
capacity, heats of melting and vaporization, viscosity, diffusivities, and other
related properties is necessary in order to develop realistic models.

4.1 Water models

Many different solid phases of water are found in literature. There are six-
teen crystalline phases (where the oxygen atoms are at fixed positions rela-
tive to each other while the hydrogen atoms may or may not be disordered
but obeying the ’ice rules’) and three amorphous (non-crystalline) phases.
Ice Ih is the most abundant structure found in nature with a hexagonal lat-
tice structure shown in Fig. 4.1. Structures of empirical water models are
schematically shown in Fig. 4.2. Historically, the very first MD simulations
at high pressure were performed with the empirical ST2 model (70), which
is a 5-point rigid model with four charges arranged tetrahedrally around the
oxygen atom. The geometry of this model is shown in Fig. 4.2c. The charges
were chosen so that it roughly leads to the correct dipole moment of the wa-
ter molecule and the tetrahedral geometry render possible the formation of
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Figure 4.1: A hexagonal lattice structure of ice Ih.

hydrogen bonds in the right directions.
Another empirical water model often used in simulations at super-critical

conditions is the TIP4P model (71) shown in Fig.4.2b. It differs from the
ST2 model in several aspects. The simplification of the charge distribution
introduced in TIP4P also improves the performance of the model. Thermo-
dynamic and structural properties of TIP4P water at normal temperature
and pressures up to 1 GPa (Madura et al. 1988; Kalinichev et al. 1999)
as well as at normal density and temperatures up to 2300 K (Brodholt
and Wood 1990) have also been studied. The empirical simple point-charge
(SPC) model (72) and its SPC/E modification (73) have been most ex-
tensively used in molecular modeling of aqueous systems over the last two
decades. This is a 3-site model (Fig.4.2a) with partial charges located di-
rectly on the oxygen and hydrogen atoms. The SPC and SPC/E models
have a rigid geometry and LJ parameters quite similar to those of the TIP4P
model. Flexible versions of the SPC model have also been introduced (74–
76). TIP3P (77) is also a three site model with slightly different parameters
than SPC model. (78) introduced a 5-point TIP5P model which reproduce
the density anomaly of water near 4 ◦C accurately. The point charge models
interact through a simple two-body effective potential. Several polarizable
models (79, 80) for water are available in the literature (see, e.g. Wallqvist
and Mountain 1999 for a review (81)). These models give slightly better
description of the structure but do not produce the correct phase diagram.

Thus all the fixed point charge and polarizable models discussed above
can,t quantitatively reproduce thermodynamic and structural properties of
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water over a broad range of temperatures and pressures. An improved ver-
sions of this 4 site model called TIP4P-Ew (82) reproduces the density max-
ima at 4 ◦C and gives better agreement to experimental densities over a
broad temperature range. In 2005 the TIP4P model was re-parametrized
into a rigid water model called TIP4P/2005 (83), which gives excellent agree-
ment with experiments for the thermodynamic properties of liquid and solid
phases and the phase diagram. These properties cover a temperature range
from 123 to 573 K and pressure up to 40000 bar.
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Figure 4.2: Schematic diagrams of (a) 3-site (planar), (b) 4-site (planar),
and (c) 5-site models of a water molecule (tetrahedral).

All the above models are parametrized against the experimental densities
and heat of vaporization in classical simulations. Properties like heat of
melting and vaporization and heat capacity include quantum effects which
are more pronounced at low temperatures and need to be taken into ac-
count. Quantum corrections need to be applied to account for these prop-
erties. Different techniques are being used to include the quantum effects in
calculation of the thermodynamic properties of water. CarParrinello molec-
ular dynamics (CPMD) (84) takes electronic degrees of freedom explicitly
into account as dynamical variables unlike BornOppenheimer molecular dy-
namics which treats the electronic structure problem as a time independent
Schrädinger equation. The ground state electron density is calculated using
density functional theory method. Then forces on the nuclei are computed
classically. This method does not improves the results as clear from studies
(85) because nuclei at the end are treated classically.

Path integral (PI) simulations (86, 87) on the other hand takes nuclear
quantum effects into account and give accurate phase behavior and physical
properties of water particularly heat capacities as a function of temperature.
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These results are clear from a study (88), where TIP4PQ/2005 model (89)
is used, which is a re-parametrization of TIP4P/2005 model after knowing
the quantum contribution from the path integral simulations. This model
gives good degree of agreement to the physical properties like densities and
structure of the ice phases.

Quantum correction can also be applied to the classically calculated
properties of a water model which is parametrized empirically. This chapter
describe how quantum correction are applied to a classical water model
(SPC/E). These correction are applied by the normal mode analysis of a
classical MD simulation. The purpose was to test this technique on small
systems like water and further apply on the complex systems like the lipid
bilayers. In lipid bilayers to calculate the normal mode density one needs to
calculate the velocity auto correlation function for each atom individually
which is quite cumbersome in a macro-molecule like lipid bilayer. Another
problem is the hydrogens are missing in the lipid chains in UA models which
are also needed to take into account for the accurate calculation of the
normal mode density. This increases the number of atoms up to 85 in DPPC
molecule which becomes equal to all atom models of DPPC molecule.

4.2 Normal mode analysis

Quantum harmonic oscillator is one of the exactly solve-able models, which
gives an analytically solvable problem with the coupled harmonic oscillators.
After transforming into normal coordinates one can get decoupled harmonic
oscillator. Normal mode analysis is a technique to obtain the frequencies of
the motions of molecules in harmonic approximation. The standard normal
mode analysis is based on the diagonalizing of the mass-weighted force con-
stant matrix, also called the Hessian. This gives an eigenvalue-eigenvector
equation, where eigenvalues are the normal mode frequencies and the eigen-
vectors are the mass weighted normal coordinates. The Hessian is a 3N×3N
matrix, with N being the number of atoms in the system. These calculations
give an O(N3) process. It becomes quite expensive for the bio-molecular sys-
tems where the number of particles can reach up-to thousands. A different
approach is to based on the Fourier transform of appropriate correlation
functions (like velocity or dipole correlation function). So this method yield
frequencies without calculating the Hessian. This technique can be used
for the frequency domain quantum corrections of the classical thermody-
namic properties. This technique was first applied by Berens (62) to small
biomolecule like water, where it was used for the quantum correction of
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heat capacity of liquid water. Velocity correlation functions can be cal-
culated from classical molecular dynamics trajectory having velocities at
regular time steps. Fourier transform of the velocity spectrum gives the
normal mode distribution (59) as:

g(ω) = N

∑
i |vi(ω)|2∫ ∑
i |vi(ω)|2|dω

, (4.1)

where vi(ω) is the Fourier transform of the atomic velocity components, the
sum goes over all three components of all atoms and N is the number of
degrees of freedom (6 or 9 per molecule). This technique uses the approxi-
mation that potential anharmonies mainly affect the lower frequencies where
system behaves classically while higher frequencies are harmonic and also
in quantum limit. So the approximation works well in this region. Such
techniques have been also applied on solid state systems like solid argon
(90).

4.3 Quantum corrections by normal mode analysis

Heat capacity in the classical limit satisfies Dulong-Petit law, which is kB
per degree of freedom. Quantum correction to the classical heat capacities
can be applies by using harmonic approximations. The heat capacity of a
quantum harmonic oscillator is given as:

CV = kB(
�ω

kBT
)2

exp(�ω/kBT )

[exp(�ω/kBT )− 1]2
. (4.2)

Thus knowing the normal modes, quantum correction can be applied to the
classical heat capacity per molecule as:

ΔCv = kB
∑
i

[
x2i e

xi

(exi − 1)2
− 1], (4.3)

where x = �ω/kBT is a dimensionless variable. In the integral approxima-
tion it becomes:

ΔCv = kB

∫ ∞

0
[

x2ex

(ex − 1)2
− 1]G(x)dx. (4.4)

G(x) is the normal mode distribution of variable x, which can also be written
as a function of ω. In Eq. 4.1 g(ω) is normalized to give the integral
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∫
g(ω)d(ω) equal to the number of degrees of freedom per molecule, 6 for

rigid water and 9 in case of flexible water. The normal mode distribution
is shown in Fig. 4.3 for flexible water in liquid and solid phase. These
distributions have clear differences in the low frequency region, while the
peaks looks almost similar for both ice and liquid water.
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Figure 4.3: Normal mode distribution for flexible ice at 273 K and flexible
water at 300 K. The high frequency peaks at 600 rad/ps are due to bond
length while the peaks at 300 rad/ps corresponds to bond angle vibrations.

Heat capacities after applying quantum corrections are obtained for liq-
uid water (SPC/E model both rigid and flexible bonds and bond angles)
and also to the solid phase at different temperatures. Table 4.1 shows the
data for heat capacity cV calculated classically, quantum corrected heat ca-
pacity and experimental heat capacities for comparison. Heat capacity after
quantum corrections are in good agreement for liquid water SPC/E mod-
els and also for the ice, other than a small deviation at the melting point
where the calculated heat capacity gives an overestimate of around 5 − 6
J/mol.K. It can be seen in the Fig. 4.4, which gives a linear straight line fit
for experimental and calculated heat capacities up to 200 K. The deviations
from 200 − 273 K are quadratic and has to do with the anharmonicities,
which increase with the temperature. Anharmonicities are negligible at low
temperatures and harmonic approximation works very well to give good
agreement with experiments for the heat capacity .
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T Class cV QM corr. Corr.cV Exp. cV
300 K (�), flex. 122.9± 1.4 −37.1 85.8 74.1
300 K (�), rigid 86.6± 0.7 −14.4 72.2 74.1
273 K (�), rigid 88.8± 0.7 −14.6 74.2 74.8
273 K (s) 62.2± 0.3 −19.3 42.9 37.0
263 K (s) 60.5± 0.3 −20.5 40.0 35.6
243 K (s) 58.2± 0.3 −22.5 35.7 33.1
223 K (s) 56.3± 0.3 −24.4 31.9 30.4
173 K (s) 53.9± 0.5 −28.9 25.0 24.3
93 K (s) 52.0± 0.3 −38.0 14.0 14.9
23 K (s) 50.0± 0.4 −47.0 3.0 3.1

Table 4.1: Calculated (classical and quantum corrected) and experimental
heat capacities in J/mol-K for liquid water and ice at different temperatures.
The total statistical error is estimated to be around ±1 J/mol-K from the
statistical error in column 2 and an error in the quantum correction of ±0.5
J/mol-K due to insufficient sampling of the normal mode distribution.

Figure 4.4: A straight line fit for calculated versus experimental heat ca-
pacities at different temperatures. The simulation figures are given with an
error bar of 1 J/mol-K.

43



44

Chapter 5

Phase transitions in two

component systems

Pure lipid bilayers are found in different phases. Detailed discussion about
these phases is given in section 1.1 of this thesis. There are many evidences
that plasma membrane of many cells are inhomogeneous. Biomembranes
contain other constituents like proteins and sterols in them. In presence of
these constituents the phase behavior of biological membranes become more
complex. Cholesterol is one of the most important components under study.
Studies on model systems show that cholesterol plays dual role when added
to pure lipid bilayer. It orders the hydrocarbon chains and perturbs the
lateral packing of the bilayer as well. There are many experimental studies
about multicomponent systems (systems consisting of 2 - 3 components),
with cholesterol one of them. The phase behavior of these systems has
been studies by NMR and calorimetry experiments. These studies show the
evidence of a unique phase, in presence of cholesterol, which is caled liquid
ordered (Lo). In this phase the system is liquid with respect to translational
order but the hydrocarbon chains are ordered . In three component systems
this phase is also named as rafts which ranges from nano meter to micro
meter in radius. Further more the coexistence of two different phases was
also observed, where the results are obvious for the three components (10,
13) but controversial for two components (11, 91). Theoretically the phase
diagrams or the number of coexisting phases follows Gibbs phase rule ( F
= C - P + 2). This rule states that F, the number of intrinsic variables
that can freely vary (like, temperature, pressure, and composition), is two
greater than the number of components (C) minus the number of phases
(P) in a system. In a two component system at a constant pressure, where
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temperature and pressure can independently vary ( F = 2), the maximum
number of phases that can coexist is two. In a three component system,
the number of possible phases increases to three. Now, applying the Gibbs
phase rule to a two component system with both a fixed overall composition
and a fixed pressure, three phases can coexist at only one temperature, the
triple point. Details discussion about the phase diagrams for the systems
with two or more components is given by Veatch (92) and about the critical
points in phase diagrams by Aurelia (93).

A phase diagram suggested by experiments is shown in Fig. 5.1. When
cholesterol is added in pure lipid bilayers, which is in liquid disordered phase
above its melting temperature, the hydrocarbon chains gets ordered by the
rigid cholesterol molecules. This gives rise to a new phase named liquid
ordered. It is not clear about the transition from (Ld) phase to (Lo) phase,
whether it is first order or second order. For two components systems (Phos-
pholipids and cholesterol) the suggested phase diagrams by experiments
also give evidence of two phase coexistence, one rich with cholesterol where
the chains of phospholipid molecules are ordered (Lo), the other with low
cholesterol concentration which is liquid ordered (Lo). When temperature
is reduced below the melting point the pure bilayer goes under a transition
into gel phase, which is also called solid ordered (So) phase. This phase
sustain at low cholesterol concentrations. When the cholesterol concentra-
tion is increased further it perturbs the bilayer laterally which destroys the
translational order changing to a liquid which don not have any long rang
translational order. The phase of the system changes from So to Lo phase,
with chains of the lipid bilayer still ordered. The two phase coexistence
(So + Lo) is found below the transition temperature according to experi-
mental studies, where the evidence is more clear than the existence of two
liquid phases at high temperature limit. A more detailed discussion about
the liquid ordered phase, two phase coexistence and different phase diagrams
in Phospholipid/Cholesterol systems is given by Marsh (94).

Molecular dynamic studies have been performed to understand the phase
behavior and to study the transition to different phases for the cholesterol
mixed systems (95–97). Atomistic simulations shows the condensation effect
of cholesterol when added to the bilayer. Ordering of the hydrocarbon chains
is also clearly evident from atomistic models. But the transition from Ld to
Lo phase seems continuous or of the higher order, and there is no first order
phase transition. Phase transition in pure lipid bilayer is a slow process
which is not accessible by the atomistic simulations. To study the mixed
system with atomistic models is rather difficult, because of the longer time
and length scales for the transition to occure. On the other hand, size of the
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Figure 5.1: A schematic phase diagram for two component system, one being
the cholesterol and others are the phospholipids. This diagram depict how
the phase transition is effected by changing the cholesterol concentration
and when different phases emerge in result of this. This diagram is proposed
from the different experimental studies by looking at NMR spectrum and
calorimetry measurements.

liquid ordered domains some times called rafts is not well known for binary
systems. With all the considerations keeping in mind it is wise to do such a
study with a coarse grained model. Martini model (24) is a good alternate
here which gives the main phase transition of pure lipid bilayer in a couple
of μ s simulation time (98). To study the phase transition in mixed systems
several different types of order parameters are used. Experimentalists calcu-
late heat capacity by differential scanning calorimetry, which gives transition
as a jump in heat capacity. Transition in the chain order is explored by the
order parameter Schain or SCD in experiments, which is described in detail
in previous chapters. This is a measure of the order of hydrocarbon chains.
We also use area per lipid molecule or partial specific area of the different
components of the mixed system as an order parameter. Translational order
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of the bilayer can be explored by pair correlation functions. All these order
parameters are related to each other some how. A brief discussion about
these properties being used an order parameters is given below.

5.1 Heat capacity

In molecular dynamics simulations, heat capacity for phospholipid/cholesterol
system is also calculated either by numerical derivative or from enthalpy
fluctuations by using equation 3.26 in section 3. These results from CG sim-
ulation are in qualitative agreement with experiments where heat capacity
is measured by differential scanning calorimetry (99). Results show that the
transition peak gets broaden as the mole fraction of cholesterol is increased,
which means that transition gets soften but one can see small and wide
peaks even at 50% cholesterol. This is shown in Fig. 2 of paper 3.

5.2 Partial specific area

Area per molecule in a one component system is easily obtained from the
total area of the simulation box as described in section 3.2.1. Same method
can be used for multicomponent systems (with two or more than two com-
ponents) to calculate the area per lipid (area per molecule). It becomes
complicated to calculate the area per component separately. When choles-
terol is added, the area per molecule decreases due to two different reasons.
One is that cholesterol is a small molecule as compared to DPPC that cause
a decrease in total area. Second is the ordering effect of the cholesterol.
So one need to keep both of these effects separate by taking the area per
DPPC and the area per cholesterol molecule separately. Area per lipid
molecule as a function of temperature can be used as an order parameter
to look at the phase transition in mixed systems. Figure 5.2 shows these
results where we find a change in area, which is reducing for higher con-
centrations of cholesterol. The transition temperature though is a bit lower
at lower concentrations and shifts with increasing cholesterol to reach the
value of 295 K. Area fluctuation also increase at the transition, which is
seen by the peaks in area fluctuations, becoming broad and diminish as the
concentration of cholesterol is increased. For two component systems dif-
ferent approaches have been adopted to calculate the area per molecule for
each component separately. One is to keep the area of the cholesterol con-
stant ignoring the cholesterol concentration, which comes around 0.27 nm2

from different simulations, while the area of DPPC molecule changing with
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Figure 5.2: Area per molecule for CG model of DPPC/Cholesterol systems
as a function of temperature for different cholesterol concentrations is shown.
This model is parametrized as Martini (24) force field.

cholesterol concentration. This method was used by (95).
Later on a partial specific area formalism was given by Edholm (100),

Area per molecule for the two component systems (phospholipid/cholesterol)
as a function of cholesterol concentration above the melting point temper-
ature of the main phase transition are shown in Fig. 5.3. This gives a
picture of condensing and ordering effect of the cholesterol molecule on the
phospholipids. By using the partial specific model one can write area per
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Figure 5.3: Area per molecule for DPPC/Cholesterol (black) at 323 K and
for DMPC/Cholesterol (red) at 303 K as a function of cholesterol concen-
tration. These areas are calculated from simulations of UA model using the
Berger (22) force field.

DPPC molecule and area per cholesterol molecule as a function of cholesterol
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concentration and temperature at the same time as following

apl(x, T ) = a0pl(T )−Δa(T )[1− (1− n(T )x(1− x)exp(−n(T )x)] (5.1)

achol(x, T ) = a0chol − n(T )Δa(T )(1− x)2exp(−n(T )x). (5.2)

5.3 Order parameter

As described in section 3.2.5 the order parameter is measured by using deu-
terium NMR technique in experiments, where the quadrupole splitting is
measured in NMR spectrum, and the relative change in the quadrupole
splitting as a function of temperature and cholesterol concentration is mea-
sured from that spectrum. The quadrupole splitting is related to the SCD

order parameter by the following relation

Δν =
3e2qQ

4h
|3cos

2(θCD)− 1

2
|, (5.3)

where Q is the quadrupole moment and q is a field gradient. The factor
e2qQ/h is a static quadrupole coupling constant and is considered equal
to 170 kHz for CD bonds. The phase transition of pure DPPC bilayer
and mixed systems (DPPC/cholesterol) have been studied in experiments
by looking at NMR spectrum (14, 99). In molecular dynamics simulations
of CG models (Martini) for the DPPC/cholesterol systems we studied the
phase transition by looking at the average CD order parameter SCD to
compare with experiments and also with the chain order parameter Schain.
This gives a qualitative comparison with the experimental studies of NMR
spectrum. Fig. 5.4 shows that for the CG Martini model there is a hysteresis
in the phase transition temperature for the pure systems, when we switch
to cooling instead of heating the systems. When cholesterol is added to
the pure DPPC bilayer the transition temperature shifts towards higher
temperature and increasing the cholesterol concentrations gradually soften
the transition. Transition vanishes at high concentration (50% cholesterol).
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Figure 5.4: Schain order parameter as function of temperature at different
cholesterol concentrations for the sn1 chain of CG martini model of DPPC+
cholesterol systems. In CG models sn1 and sn2 chains looks similar.

5.4 Radial distribution functions

Structure of fluids is characterizes by the distribution functions of the atomic
or molecular positions. Radial distribution functions are one of them, which
gives the probability of finding a pair of atoms at a distance r, relative to the
probability distribution for a completely random distribution at the same
density. By statistical mechanics the distribution functions can be defined
as the integral of the distribution function over the position of all atoms
except the two (the pair whose distribution we are looking at). The integral
should also be normalized by an appropriate factor (59) as follows:

g(r1, r2) =
N(N − 1)

ρ2ZNPT

∫
dr3dr4....drNexp(−φ(r1, r2....rN)/kBT ). (5.4)

Here the normalization constant ZNPT is the partition function for a canon-
ical ensemble. In computer simulations radial distribution function (pair
correlation functions) can be calculated by taking the ratio of the number
of atoms at a distance r from a given atom with the number of atoms at the
same distance in an ideal gas at the same density. This can be written as

g(r) =
n(r, r + δr)

nid
, (5.5)

where n(r, δr) is the number of pairs of atoms whose separations falls within
this interval, while nid is the the number of atoms in the same interval in
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an ideal gas at the same density. In case, when g(r) is calculated in two
dimensions nid = 2πrδrN/A, where N/A is the number density and 2πrδr
is the area for a circular shell of thickness δr.

Starting with a pure system at high temperature phase, which is a liquid
disordered phase at 323K, the pair correlation function have only one peak
(which is for the first nearest neighbor) and decays to one after the first
peak. This is the characteristic of a liquid. Below the melting point where a
pure phospholipid bilayer is in solid ordered (gel) phase, the pair distribution
functions confirm the long rang order by showing the peaks persisting Up
to longer distances.

As gel phase is a solid ordered phase, it is considered close to a crystal
with a hexagonal lattice structure. The peaks positions in Fig. 5.5 shows
that first few peaks fits well with a hexagonal lattice structure. Figure shows
the radial distribution functions for CG model and for UA simulations also.
It seems as there is double peaks in pair correlation functions of CG model
as compared to UA model in low temperature phase (gel phase). People
had tried to calculate these distribution function for different atoms and
groups in the head group region of the bilayer (101). These tests were
conducted in the present study for phosphorous and trimethyleammonia
and tried to fit the peaks with a perfect hexagonal lattice. We concluded
that radial distribution function for the center of mass (COM) of the whole
phospholipid molecule gives the peaks that are in better agreement with
the lattice structure. Fig. 5.5 also shows the distribution function of the
COM of the monolayer of DMPC in the gel phase at 283 K for united atom
model, where peaks are sharp and first peak is at the position of a perfect
lattice structure. These well sharp peaks of the distribution shows that the
phospholipid is in solid ordered phase and this order persist for long range.
The decay in the peak height can be fitted to a power law g(r) ∝ 1/rn,
where the exponent n close to 1 at all cholesterol concentrations. Fig. 5.5
shows this fit at all concentrations. A log-log plot is also given in the inset.
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Figure 5.5: The radial distribution functions (pair correlation functions) for
DPPC molecule (center of mass) are calculated from simulations for UA and
CG models at high temperature phase (LC) and at low temperature phase
(gel). For gel phase the peak heights are fitted to an inverse power law at
different cholesterol concentrations. The inset shows the log-log plot.

5.5 Free energy calculations

It is a fundamental law of thermodynamics that a system in equilibrium,
at constant N, V and T, is in its state of lowest free energy, F, and that
spontaneous reactions always go from states of higher to lower free energy.
However, within the statistical mechanics framework, thermal fluctuations
may temporarily bring a system to a state of high energy, which, for instance,
provides a mechanism for crossing free energy barriers. The absolute free
energy is seldom of any interest, the important quantity is instead free en-
ergy differences. For instance, spontaneous crossing of barriers will proceed
with a rate proportional to exp(ΔF/kBT ), where ΔF is the barrier height
and kB being Boltzmanns constant. As another example, the amount of
work required to solvate an ion is the difference in free energy between the
two separate states [solvent] and [ion], and the combined state [solvent +
ion]. It turns out that both types of ΔF mentioned above can be calculated
in molecular dynamics simulations, but with slightly different approaches.
There exist several methods to calculate free energies from molecular dy-
namics simulations, and many of them are intimately related. A few of
them are discussed in some detail below, but first a few basic relations.
In classical statistical physics, the free energy can be calculated from the
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canonical partition function, F, which is, up to a constant pre-factor

Z =

∫
exp(−H(r,p)/kBT )d

3Nrd3Np, (5.6)

where r and p are the spatial and momentum coordinates of 6N dimensional
phase-space and H is the Hamiltonian, the total energy of the system, given

as
∑ p2

2m + φ(r1, .., rN ). From this, the free energy is obtained as

F = −kBT lnZ. (5.7)

The total energy is the sum of average potential and kinetic energies, where
kinetic one is trivial and equal to 3NkBT/2. The free energy in terms of
configurational part of partition function can be written as

F = Fideal − kBT ln

∫
...

∫
exp(−φ(r1, ..., rN)/kBT )d

3Nr, (5.8)

which is a 3N dimensional integral. In principle we may write the configura-
tional part of partition function as an average over Boltzmann distribution
as following:

QN =

∫
...

∫
exp(−φ/kBT )d

3Nr = V N

∫
...

∫
exp(−φ/kBT )d

3Nr∫
...

∫
d3Nr

= V N

∫
...

∫
exp(−φ/kBT )d

3Nr∫
...

∫
exp(−φ/kBT )exp(φ/kBT )d3Nr

=
V N

〈exp(φ/kBT )〉 .

This gives the free energy as:

F = Fideal + kBT ln〈exp(φ/kBT )〉. (5.9)

This method of free energy calculation does not work since the function we
average is a function of 3N variables that varies strongly in configuration
space.

5.5.1 Integration method

Generally the free energy difference between two states A and B, ΔFAB, is
the most interesting quantity, without considering any particular interme-
diate state, or the path between A and B the system actually takes. Free
energy of solvation is a common example for this. This free energy differ-
ence is calculated by doing an integration over several simulations. The
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energy can be taken as depending on an additional variable λ, and is given
as φ(r1, .....rN, λ), where λ may vary from 0 (system with state A and en-
ergy φ0(r1, ..., rN)) to 1 (system with state B and energy λφ1(r1, ..., rN)).
Then the derivative of the free energy can be taken with respect to λ as

∂F

∂λ
= −kBT

∂

∂λ
[lnQN (λ)]

= −kBT
1

QNλ

∂QN (λ)

∂λ
. (5.10)

Since only the configurational part of the partition function is affected by
λ, it is enough to consider this. This gives

∂F

∂λ
=

∫
...

∫ ∂φ
∂λexp(−φ/kBT )d

3Nr∫
...

∫
exp(−φ/kBT )d3Nr

= 〈∂φ
∂λ

〉λ. (5.11)

This final result is integrated to get the free energy difference as,

ΔFAB =

∫ 1

0
〈∂φ
∂λ

〉λdλ. (5.12)

This can be estimated by performing a number of simulations for different
values of λ. Another approach is that the parameter λ can be allowed slowly
in simulation steps such that it goes from 0 to 1 equidistantly in a single
simulation. This is called slow growth method. The first method definitely
gives better results.

5.5.2 Particle insertion method

Free energy difference can also be calculated from the chemical potential
which can be written as a cost of free energy to add a particle to the system.
For a large system with N particles, the total free energy can then be writ-
ten as Nμ. This means that the chemical potential is the free energy per
atom. The Widom (102) particle insertion method considers a system of
identical particles in equilibrium. A particle is then added to the system at
random position and the interaction energy between the probe particle and
the rest of the system is calculated. This is done for a number of equilibrium
conformations to get good statistics. Then the free energy of the system of
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N real particles and the test particle may be written as:

F (N + 1) = Fideal(N + 1) + kBT (N + 1)lnV

−kBT ln[

∫
...

∫
exp(−φN/kBT )exp(−Δφ/kBT )d

3Nrd3r0], (5.13)

where φN is the interaction energy between the N real particles and Δφ is
the interaction energy between the N real particles and the test particle.
Index 0 indicate the test particle and Fideal is the free energy of the ideal
gas, which comes from the momentum part of the partition function. The
Fideal is then given by,

Fideal(N) = −3N

2
kBT ln(2πmkBT/h

2) +NkBT ln(N/V ). (5.14)

Equation 5.13 can be rewritten as,

F (N + 1) =Fideal(N + 1) + kBT (N + 1)lnV

− kBT ln(

∫
...

∫
exp(−φN/kBT )exp(−Δφ/kBT )d

3Nrd3r0
V
∫
...

∫
exp(−φN/kBT )d3Nr

∗

∗ V
∫

...

∫
exp(−φN/kBT )d

3Nr). (5.15)

The first term in the parenthesis gives an average 〈exp(−Δφ/kBT )〉, while
the second one gives the configurational part of the free energy of the N-
particle system. Therefore we get,

F (N + 1) = Fideal(N + 1)− kBT ln〈exp(−Δφ/kBT )〉N + F (N)− Fideal(N).
(5.16)

Thus the final results gives the chemical potential as,

μ = F (N + 1)− F (N) = μideal − kBT ln〈exp(−Δφ/kBT )〉N . (5.17)

This average can be calculated by inserting the test particle randomly. Eq.
5.17 tells that if the interaction energy between the test particle and the real
particles is big the average will be small, the logarithm of it negative and the
chemical potential positive. It can be problematic if the density of the system
is very high, because it reduces the positions to insert the particles to get
reasonable energy. The high energies that we get will give zero contribution
to the average since the energy is exponential. The number of small energies
will be low and it will give poor statistics. So this methods works better at
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relatively low energies. Alternatively at high densities, we can consider one
of the real particles as a test particle. This gives the chemical potential for
the removal of a particle from a uniform dense system (103), which can be
derived in the similar way. Writing the free energy from the configurational
part of the partition function for N real particles as:

F (N) = −kBT ln[

∫
...

∫
exp(−(φN−1 +Δφ)/kBT )dr

3N ], (5.18)

where it split into the energy of N − 1 particles and the interaction energy
of one of the particles to be removed. For the N−1 particles the free energy
can be written as:

F (N − 1) = −kBT ln[

∫
...

∫
exp(−φN−1/kBT )dr

3N−1]. (5.19)

The excess free energy of a particle may then be written as:

F (N)− F (N − 1) = −kBT ln[

∫
...

∫
exp(−(φN−1 +Δφ)/kBT )d

3N−1rd3r0
exp(−(φN−1 +Δφ)/kBT )exp(Δφ/kBT )d3N−1r

],

(5.20)

which after adding the ideal gas part of the free energy gives the chemical
potential and can be written as an average of a positive exponential as
follows:

μ = F (N)− F (N − 1) = μideal + kBT ln〈exp(+Δφ/kBT )〉N , (5.21)

where Δφ, is the interaction energy between one of the real particle and
rest of the system. In present case the main contribution to the average is
from the high energies, which gives problems at low densities. The essential
condition is that the system should be homogeneous. The later method is
applied for the chemical potential calculation in this thesis for the choles-
terol/DPPC systems which eventually gives the free energy of removal or
adding a cholesterol to the N particle homogeneous system.

5.6 Free energy of domain formation

As discussed at the start of the chapter two phase coexistence has not been
observed in the present simulations. Simulation times of the order of 10 μs
may however, not be sufficient to observe this in the low temperature phase.
The lateral diffusion constant, D of pure DMPC is experimentally 0.7 ×
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10−11 m2/s in the high temperature phase. The lateral root mean square
displacement during time t is

√
4Dt, which makes 17 nm in 10 μs, which

is close to the lateral box dimensions. The lateral diffusion constant is,
however about 2 orders of magnitude smaller in the gel phase, which would
give a mean square displacement around 2 nm. The actual lateral diffusion
constants of the gel phase MARTINI lipids are typically around 1 × 10−13

m2/s (98) which also would give a root mean square displacement of 2 nm
in a 10 μs simulation. This is clearly not enough to observe aggregation or
segregation on 10 nm length scales, unless there are long range forces that
drive the process. One or two orders of magnitude longer simulations would
be necessary to observe this. Further, the segregation process could require
a certain minimum size of the regions. Simple theories for inhomogeneous
systems contain typically a bulk term that favors domain formation and an
inter-facial term that makes domain formation unfavorable. The first term is
proportional to system size (number of lipids), while the inter-facial term is
proportional to the size of the interface i.e to the square root of the number
of lipids. For a large enough system the first term will dominate and we will
get segregation. Even if there is some difficulty is simulating large enough
systems for long enough time to really observe the occurrence of these kind
of phenomena, we can try to estimate the involved free energies to be able
to see which length scales that are necessary.

5.6.1 Chemical potential

First, we need the bulk free energies. These may be obtained from homoge-
neous systems containing phospholipids and various amounts of cholesterol.
We need then to calculate the chemical potential of cholesterol in phospho-
lipid bilayers with varying amounts of cholesterol. If this is constant in
cholesterol concentration, there will be no gain (or loss) in free energy due
to aggregation.

Different ways of calculating this free energy are discussed in section 5.5.
One way is to calculate the necessary work to slowly pull one molecule out
into the water solution by using potential of mean force (104, 105). Another
way would be to slowly create or delete a cholesterol molecule. A third way
would be to use the Widom test particle insertion method (102), described in
detail in section 5.5.2, which, however, most likely would suffer from serious
statistical problems in a dense system like this one. We did choose a fourth
method, by which the excess chemical potential compared to the ideal gas
is calculated from the interaction energies between each of the cholesterol
molecules and the rest of the system, Ec. The excess chemical potential is
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then obtained as
μe = kBT ln 〈eEc/kBT 〉. (5.22)

For practical purposes (to avoid numerical overflow problems) we separate
this into an energy term and an entropy term as

μe = 〈Ec〉+ kBT ln 〈e(Ec−〈Ec〉)/kBT 〉 = u− Ts. (5.23)

If the energy distribution is Gaussian, which sometimes may be a good
approximation, we get

μe = 〈Ec〉+ 1

2

σ2

kBT
, (5.24)

where σ is the width of the Gaussian distribution. The main contributions
to the sampled average come from the upper tail of the distribution. Thus,
we need a fairly narrow distribution to avoid that just a few poorly sampled
tail points determine the average. If σ/kBT is not excessively large the
sampling will usually be reasonably good. In the present simulations this is
the case with σ/kBT being in the range 5−8. Other tests for the accuracy of
the sampling are comparisons of sub-averages. The present methods offers
also a fairly accurate way to obtain the entropic and energetic contributions
to the chemical potential separately. We have:

s = −kB ln 〈e(Ec−〈Ec〉)/kBT 〉 ≈ −kB
2

(
σ

kBT

)2

. (5.25)

In addition, we have the ideal gas chemical potential, that one would have
in a random two-dimensional mixture of non-interacting molecules. The
cholesterol mol-fraction(x) dependent part of this is:

μideal = kBT [x lnx+ (1− x) ln (1− x)− ln a(x)/a(0)], (5.26)

where, a(x) is the area per lipid. In the gel-phase, the mixture is ideal and
we have a(x) ≈ 0.48− 0.16x nm2. At high temperatures in the liquid crys-
talline phase, we have a slightly more complicated non-linear expression for
the area per lipid (100). The total variation of the ideal gas term over the
mole fraction interval (0, 0.5) is about 1 kJ/mol and the deviation from a
linear fit is less then 0.3 kJ/mol over the entire interval. One might also
consider the motion of the molecules in the third dimension which could
be described using an harmonic potential with strength depending on the
cholesterol concentration. This would give an even smaller additional con-
tribution. The typical situation that will be considered is the change in free
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energy, when a homogeneous system with the cholesterol mole fraction, x0
(typically 20%) is separated into two systems with mole fractions x0−y and
x0 + y. The extreme limit y = x0 giving one cholesterol-free system is of
special interest. The free energy change per area lipid bilayer, Δf = ΔF/A,
due to such a separation may then be written as

Δf(y, x0) =
1

A

Nly/2∑
n=1

μ(x0+
2n

Nl
)−μ(x0−2n

Nl
) =

Nl

2A

∫ y

0
(μ(x0+z)−μ(x0−z))dz,

(5.27)
with Nl being the total number of lipids (cholesterol plus phospholipids) and
μ = μe + μideal being the total chemical potential.

The chemical potential of cholesterol was calculated by taking the nonlin-
ear average of the the interaction energy of each of the cholesterol molecules
with the rest of the system according to Eq. 5.23 from coarse grained sim-
ulations with different cholesterol concentrations. The ideal gas part of
chemical potential which is quite small was calculated from Eq.5.26 using
a linear relation between area/lipid and cholesterol concentration in the gel
phase and a slightly more complicated relation taken from the appendix in
ref. (100) has also been calculated and included. The final chemical po-
tentials including the contribution are shown in Fig. 5.6. The free energy

0 10 20 30 40
Fraction cholesterol [%]

-270

-260

-250

-240

-230

-220

μ ch
ol

 [k
J/

m
ol

]

lc: 323K (CG)

gel: 283K (CG)

lc: 323K (UA)

Figure 5.6: The calculated chemical potential for cholesterol in liquid crys-
talline (coarse grained and united atom) and gel (coarse grained) phases
versus cholesterol concentration. The straight lines are linear fits.

change when a homogeneous system segregates into two parts with different
cholesterol mole fractions can be calculated from the chemical potential in
Fig. 5.6. For this we use equation Eq. 5.27. The free energy change in such
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a process does not depend on the constant part of the chemical potential
but only upon the mole fraction dependent part. In a simple linear model
with μ(x) = μ0 − bx the result simplifies further to:

Δf(y, x0) =
Nl

2A

∫ y

0
(μ(x0 + z)− μ(x0 − z))dz = −Nl

2A
by2, (5.28)

independent of the initial mole fraction (x0) and of the constant part of the
chemical potential. With the slope b being 34 kJ/mol (lc phase) or 17 kJ/mol
(gel phase), and the appropriate areas per lipid for the two phases this gives
−0.1y2 J/m2 for the lc phase and −0.06y2 J/m2 for the gel phase. If we start
at x0 = 0.2 and separate slope the system into a cholesterol free system and
one with 40% cholesterol, this will result in a free energy gain of 4 mJ/m2

and 2.4 mJ/m2 respectively. A separation of a system containing 10 %
cholesterol into a 20 % system and a cholesterol free one will results in a
gains in free energy that are a quarter of these values. Integration of the
numerical data in Fig. 5.6 gives similar results. See Fig. 5.7.
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Figure 5.7: The calculated change in free energy due to a separation of
systems containing, 5, 10, 15 and 20 % cholesterol into into two equally
large parts containing different amounts of cholesterol.The scale has been
successively shifted to avoid overlap between the curves.

60



5.6. FREE ENERGY OF DOMAIN FORMATION 61

One may also consider splitting a system at cholesterol concentration,
x0 into a cholesterol free part and a part with 40 % cholesterol. If x0
is different from 20 % this means that the two parts will be unequal in
size. Using a linear approximation for the chemical potential (slope b) this
gives after straightforward calculations a parabolic free energy versus initial
concentration, x0

Δf(x0) = −Nl

5A
bx0(1− 2.5x0). (5.29)

This expression has its minimum at x0 = 0.2, showing that the maximum
free energy gain obtainable through segregation is obtained by starting at
20% cholesterol concentration. We note, thus, that the bulk free energy
favors segregation into cholesterol rich and cholesterol poor regions since
the chemical potential for inserting cholesterol into a bilayer drops with in-
creasing cholesterol concentration. Cholesterol molecules perturb the liquid
crystalline as well as gel phase phospholipid bilayers. The perturbation is,
however, smaller upon a bilayer that already has a substantial cholesterol
concentration in it. Therefore segregation into cholesterol rich and poor
regions is favored.

5.6.2 Line tension calculation

The interface between two coexisting regions is, however subject to a line
tension, which could then be obtained from the pressure as:

γL =
1

2

(
∂F

∂Ly

)
V,T,Lz

=
LxLz

2
[〈pxx〉 − 〈pyy〉], (5.30)

with Ly being the length of the interface between the two regions and Lx

and Lz the other box sizes. Under these conditions the free energy cost
associated with the phase boundar(ies) (there are two of them due to the
periodic boundaries) may be written in terms of the average of one of the
lateral pressures and the fixed normal pressure as

ΔFL = γLLy = V [〈pxx〉 − 〈pyy〉] = V [pzz − 〈pyy〉] = V [〈pxx〉 − pzz]. (5.31)

Typically such line tensions are of the order of a few pN. For a water/hydrocarbon
interface of the same thickness as a lipid bilayer, one would expect (based on
the surface tension between oil and water) a line tension of 150 pN. The lipids
in an open bilayer interface will, however, reorient to shield the hydrocarbon
from water resulting in substantially lower line tension (5−30 pN (106–109))
although some simulations (110) indicate line tension up to maybe 50 pN.
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For the interface between gel and liquid crystalline phospholipids values
around 2.5 pN (111) have been reported. Our own simulations show values
around 3±2 pN for a system with two different cholesterol concentration at
the high temperature phase having an interface between them. One would
expect the line tension between region rich in cholesterol and those poor in
cholesterol to be smaller that giving us an upper limit of a few pN. Thus
the free energy for forming a domain of radius R can be written based on
these quantities may be written as

ΔF (R) = πR2Δf + 2πγLR, (5.32)

where the bulk term which is proportional to Δf is negative, while the term
proportional to γL is positive. Thus it gives the stable domains with mini-
mum radius Rmin = −2γL

Δf . Presently calculated bulk free energy differences
are large enough to stabilize regions of the size of a couple of nm.
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Chapter 6

Conclusions

Molecular dynamic simulations of the simple model systems for phospho-
lipid bilayers provide a good opportunity to compare many of the properties
of biomembranes or these model systems with experiments. The main focus
is on the structural and material properties along with the thermodynamic
properties of the bilayer. Experimental values of these properties are in some
cases scarce and have a wide scatter. Simulations can reach the time and
length scales necessary to study the structural and dynamic properties for
these systems. Increased computational power has made it possible to go
for large length scales in molecular dynamic simulations to study the system
size effect on structural and material properties like area per lipid, area com-
pressibility and bending rigidity. Interesting results in this thesis, include
the system size dependence of the area per lipid and area compressibility due
to the undulations present in the large systems. This study suggest further
application of these corrections on other structural properties. Thermody-
namic properties like heat capacity and heat of melting are also questionable
in classical simulations. These properties involve quantum effects and should
be corrected for that. Here this is done for simple water models as a test
study to further implement on systems with macromolecules like lipid bi-
layers by normal mode analysis of the molecular dynamic simulations. This
technique uses harmonic approximation and gives good results for the heat
capacity of ice and liquid water. This is more complicated in case of macro-
molecules like lipids (DPPC or DMPC) where we have a large number of
normal modes. Biomembranes contain many other constituents like pro-
teins and sterols which play important role in behavior and functioning of
membranes. A study of Cholesterol/DPPC systems is conducted to study
the phase transition of these mixed systems. Pure phospholipids undergoes
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a transition (which is first order transition) from liquid disordered phase
to a solid ordered phase when melted down. Area per lipid, order of the
chains and peaks in pair correlation function for different phases are used
as order parameters to study the transition. When Cholesterol is added it
softens this transition and at high temperatures it almost vanishes or reach
to a highest order to be observed. Formation of liquid ordered (Lo) phase
due to ordering of bilayer chains by cholesterol is observed which is contin-
uous. The coexistence of two phases (Ld + Lo and So + Lo) is however not
seen in simulations, which might be due to the restriction to short time and
length scale. Calculated free energy of domain formation on the other hand
is favorable, which might suggest to perform simulation on large time and
length scales to observe these phases.
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Chapter 7

Summary of Papers

7.1 Paper I

This paper gives an important result for the system size dependence of the
material properties like area compressibility and area per lipid for pure phos-
pholipid bilyars. This is due to the undulations present in the large system
sizes. The area compressibility modulus is calculated from the fluctuations
in the lateral area per lipid and these fluctuations grow due to undula-
tion contribution when the system size is increased. Consequently the area
compressibility modulus decreases, or equivalently the area compressibility
increases. Thus the true area compressibility modulus is obtained by ex-
trapolating the area compressibility versus system size down to small (zero
area) system size. The system size dependence for the area per lipid is
also described and the projected area per lipid calculated in simulations is
corrected for undulations to get the true area per lipid. The system size
dependence to the area compressibility gives the bending modulus from the
slope of the area compressibility versus the system size.

7.2 Paper II

This paper describes how to correct the thermodynamic properties of the
water in different phases calculated from the molecular dynamic simulations
for the quantum mechanical nature of the hydrogen atoms. Thermodynamic
properties like heat capacity, heat of melting and heat of evaporation con-
tain quantum effects and need to be corrected for that. There are different
novel techniques like CPMD and PIMD which include the quantum effects
for these properties. These methods take electronic and nuclear effects ex-

65



7.3. PAPER III 66

plicitly into account. We use another approach used by Berens (62), where
quantum correction can be applied to the classically calculated properties
by normal mode analysis of the molecular dynamic simulations assuming
that the quantum mechanical oscillators of the hydrogen atoms are har-
monic. The normal mode density is obtained from the Fourier transform of
the velocity auto correlation function. This gives a perfect agreement for
the heat capacity at low temperatures, while a successively growing posi-
tive deviation above 200 K for ice. We concluded that this deviation might
be due to the anharmonicities, which grow with the temperature. Heat of
melting also give a fair agreement after applying quantum correction but
heat of vaporization is over estimated by 10% after the harmonic quantum
corrections.

7.3 Paper III

This paper is about the study of phase transition of two component systems
(DPPC/Cholesterol). The phase transition in pure phospholipid bilayers
is a slow process. Experimental studies like deuterium NMR and scanning
calorimetry have been used to observe the phase transition in pure and in
mixed systems as well. Different phase diagrams have been proposed by
experiments. Pure phospholipids give a transition from a liquid dis-ordered
(Ld) phase at high temperature to a solid ordered phase (So) also called a
gel phase at low temperature. Addition of cholesterol orders the hydrocar-
bon chains of the of the bilayer at high temperature turning the bilayer into
liquid ordered (Lo) phase. Simulations were performed at different choles-
terol concentration at different temperatures. Area per lipid, partial specific
area and order of the bilayer chains (Schain) are used as an order parameter
to study the phase transition. Simulations show similar type of transition
by using different types of order parameters as a function of temperature
at different cholesterol concentrations. It is observed that at low choles-
terol mole fraction we see a sharp order- disorder transition which softens
when more cholesterol is added and vanishes at high cholesterol concentra-
tions. Pair correlation functions are used to characterize different phases at
different temperatures and cholesterol concentrations. The decay in peak
heights in pair correlation functions is fitted to an inverse power law at low
temperature phase.
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7.4 Paper IV

This manuscript discuss the free energy of domain formation in cholesterol
mixed phospholipids. Mixed cholesterol/phospholipid systems have a ten-
dency to order the hydrocarbon chains of the bilayer, which in turn create
a liquid ordered phase in these systems. Phase diagrams suggested by ex-
perimental studies for the cholesterol mixed systems show that cholesterol
rich regions are found where the lipid chains are ordered (liquid ordered
phase). These domains are floating in the liquid disordered phase with poor
cholesterol concentrations. This implies that two different phases are co-
existing at intermediate concentrations. We can not see directly any two
phase coexistence directly from simulation that might be due to the short
simulation and small system sizes. On the other side we try to estimate
the free energy of domain formation in this manuscript. This is done by the
particle removal method, which is quite similar to particle insertion method.
This gives the chemical potential of cholesterol in a uniform dense systems.
In turn we calculate the free energy of domain formation by or free energy
of segregation by starting from any intermediate concentration and calcu-
lating the free energy difference of adding and removing a cholesterol from
starting concentration. A simple linear model is analytically derived for it,
which gives a favorable free energy of domain formation.
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