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Abstract

An electromagnetic stirrer (EMS) is a device widely used in metal melting
processes. An EMS is normally placed under the bottom of a metal melting
furnace. The presence of an EMS establishes a movement of the melts in-
side the furnace through the interaction between the electromagnetic force
generated by the stirrer and the metallic melts.

The design of an EMS requires the use of finite elements method (FEM)-
based approach. As a common knowledge, when FEM is involved, the design
analysis of a stirrer is a time-demanding process. Optimal design of an EMS
poses additional challenge concerning total optimization time, since a large
number of design analyses is necessary. The state-of-the-art optimal design
of an EMS involving about 500 design analyses requires typically 72 hours
total optimization time. This obviously convinces for a more efficient ap-
proach for optimal design of an EMS.

In this work, metamodels of the system performance of an EMS are de-
veloped based on FE simulation results involving 40 hours of computation.
Two optimization problem formulations are considered. The design opti-
mization is able to be conducted based on the developed metamodels with
drastically reduced total optimization time (from 72 hours to two minutes),
with acceptable accuracy of the optimization results. It is evident that the
metamodel-based design optimization will play an important role of future
EMS development at ABB.
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Chapter 1

Introduction

1.1 Research motivation

ABB produces a wide range of metallurgy products. One of these is a
machine called electromagnetic stirrer, EMS, invented and continuously im-
proved by ABB [2]. It is desirable to optimize the design of an EMS to meet
the customers’ preferences and needs. For instance, the customer wants a
machine that has a high performance and a small weight. From ABB:s point
of view, it is important to continuously design the machines so that they
live up to these requirements. The research focus of this project is design
optimization of an EMS.

The design analyses of an EMS are carried out in a finite elements method
(FEM) program called Opera. This is a time-demanding process. The op-
timal design process requires additional challenge since a large number of
design analyses is necessary. The state-of-the-art optimal design of an EMS
typically requires 72 hours optimization time. This means that a small
modification of the optimization problem causes another 72 hours of com-
putation. As a matter of fact, this causes great expenses in computational
costs (time and money). This motivates a more efficient approach for opti-
mal design of an EMS.

A more effective design optimization is achievable trough a metamodel-
approach. Metamodels are fast-executing approximation models [17, 14],
that reduce the required computational time when solving an optimal de-
sign problem of an EMS. The metamodels are based on design analyses
performed by the original FEM-based model where no optimization is car-
ried out. From this simulation, the metamodels approximate the underlying
function behavior and predict the response elsewhere in the design space.
Metamodels are not only useful in new EMS design, but also offer a more
efficient development process for customer adaptation projects.
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The aim of this project is to find out whether it is possible to use a metamodel-
based approach for optimal design problems of an EMS. One may question:

1. What is the accuracy of metamodels applied to an EMS?

2. How much can the optimization time be reduced with metamodels?

3. What is the accuracy of metamodel-based optimization of an EMS?

4. Is metamodeling the right approach?

With acceptable accuracy of a metamodel applied to an EMS, metamodel-
based optimization can be performed, see figure 1.1. Then a modification
of the optimal design problem, e.g. objective function 2 is replaced by ob-
jective function 3, implies much less extra computational time compared to
solving this modified optimization problem with the FEM-based model in
Opera.

1.2 Problem formulation

When designing a machine, one needs to specify the variables to design.
Figure 1.5 shows the components of an EMS; tooth, winding and core as well
as the design variables. The function of these components and the EMS are
discussed in section 1.3. The design variables are Height core, Width core
and Width slot. When optimizing an EMS, one specifies certain multiple
objectives and searches for the optimal values of the design variables. In this
work, the following two optimization problem formulations are considered
under certain constraints:

• Minimize the energy losses and maximize the performance

• Minimize the weight and maximize the performance

Of course additional formulations are available; it is up to the designer to
formulate an appropriate optimal design problem based on the customers’
preferences. Figure 1.1 shows the approach of metamodels on an optimal
design problem of an EMS. In this project, the optimization problems are
solved in a software called modeFRONTIER (described in section 2.4) with
the optimization algorithm MOGA-II (see section 2.3).
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Figure 1.1: Illustration of how metamodels can replace the FEM-based
model in Opera in optimal design problems of an EMS.

1.3 Electromagnetic Stirrer

An electromagnetic stirrer (EMS) is normally placed under the bottom of
a metal melting furnace without any physical contact. The furnace sends
out electric arcs through electrodes, melting the metal. The EMS generates
an electromagnetic force that establishes a movement of the melt inside the
furnace [2]. This is illustrated in figure 1.2. The movement of the melt
should be both homogeneous (in terms of temperature and composition)
and continuous. An EMS improves productivity, reduces dross formation
and cuts the costs for its users [15].

Figure 1.2: Taken from [2]. Left: An EMS under a metal melting furnace.
Right: The movement of the melt induced by an EMS.

An AL-EMS, illustrated in figure 1.3, is a stirrer for aluminum melting.
Figure 1.4 shows a medium-sized AL-EMS which has a dimension of 3 m in
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length, 0.5 m in width and height [2].

The electromagnetic force is induced by a magnetic field that penetrates
the furnace. The magnetic field is created by two to three coils positioned
in the core of an EMS. Seven teeth are typically positioned along the length
of the core. The function of the teeth is to strengthen the magnetic field
that moves upwards. The teeth are separated with slots, which are filled
with copper windings containing water, in order to cool the core [2]. The
left of figure 1.4 shows six copper windings in red. The components of the
electromagnetic stirrer; tooth, winding and core, are illustrated in figure 1.5.

The EMS system is determined with the laws of physics and mechanics.
The induced force is mathematically determined by the solution of Maxwell’s
equations while the velocity field in the melt is given by Navier-Stokes equa-
tions together with turbulent-model equations. This is explained in [3].

Figure 1.3: Taken from [2] Illustration of an AL-EMS positioned under a
metal melting furnace.

Figure 1.4: Taken from [2]. Left: A water cooled AL-EMS. Right: An EMS
before it is sent to the customer.
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Figure 1.5: Taken from [2]. The components (tooth, winding, core) and
design variables (height core, width core, width slot) of an EMS. Width
tooth is set equal to width core, so only three design variables are present.

1.4 Model in Opera

As already mentioned, optimal design problems of an EMS are currently
solved with an FEM-based model in a software called Opera. This text
will give a short description of how this model works. Basically, the model
tries to simulate the electrical and magnetic properties of the EMS. First,
a parametric meshed model is created, which includes relevant materials
such as magnetic materials, electrical conducting materials and windings
exposed to current. The model is also delimited with boundary conditions
to limit the area for calculation. Thereafter, several material parameters are
defined, such as the conductivity of electrical conducting materials and the
magnetization curves of e.g. the sheet metal in the core of the EMS. Next,
the model is divided into small segments regarding both the area and the
volume and Maxwell’s equations are numerically solved. To handle the non-
linear magnetization curves, the solver works iteratively. It stops when the
predefined tolerances of the calculation are reached. The obtained solution
contains values of flux density and current density [2].

In this project, the obtained optimization results from the metamodels are
compared to the corresponding results from the model in Opera, which is
the reference model. Up to now, it is the state-of-the-art model used for
design optimization of an EMS at ABB.
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1.5 Introduction to metamodels

When performing design optimization of complex industrial products such
as electromagnetic stirrers, their behavior must be properly analyzed. These
analyses can either be physical experiments, or computer experiments, i.e.
analyses based on computational model simulations, which is the case for
electromagnetic stirrers. The computational methods such as FEM and
computational fluid dynamics are commonly used among researchers in en-
gineering product design. These methods are normally very accurate, which
results in great expenses in computational costs. When designing indus-
trial products, engineers often consider multiple designs in order to compare
them, implying drastically increased computational costs. Therefore more
focus is turned to metamodels, also called approximation models: simplified
fast-executing models that computationally efficiently represent the original
design analyses [17, 14, 12].

Figure 1.6 illustrates the relation between an actual system and a meta-
model. The actual system is represented by experiments or simulations, i.e.
models. A metamodel is based on the information provided by one or multi-
ple models but can also include information from other metamodels. Hence,
a metamodel is a “model of a model” that provides a single mathematical
approximation of an actual system.

1.5.1 Metamodeling techniques

There are different metamodeling techniques. When working with metamod-
els, it is important to support the metamodel with sufficient information,
employ appropriate algorithms to fit the metamodel to the data as well as
find appropriate approaches for design space visualization, analyses and op-
timization [13].

Since metamodels are approximations, they cannot generally perfectly ap-
proximate the design analyses. This means that the response from the
metamodel differs from the original response by an approximation error.
Metamodels can roughly be divided into two categories: interpolating and
approximating metamodels [12]. In this project, one metamodel from each
of this categories is considered. Fitting designs are the designs used for
building a metamodel. Interpolating metamodels perfectly approximate the
underlying function in the fitting designs and search for the best possible
response between these fitting designs. As a consequence, the fitting error
is always zero. On the contrary, approximating metamodels smooth the re-
sponse between the fitting designs, which usually implies a non-zero fitting
error. This is illustrated in figure 1.7.
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Figure 1.6: Taken from [13]. The concept of metamodels.

Figure 1.7: Taken from [12]. Left: An approximating metamodel. Right:
An interpolating metamodel.

1.5.2 Accuracy of metamodels

It is important to estimate the error of prediction of the metamodels. The
reason for this is that a poor metamodel approximation should not be used.
When working with metamodels, two data sets are available; the metamodel
is based on one of them while the accuracy is evaluated using the other. This
is especially important for interpolating metamodels since their fitting er-
ror is equal to zero, which means that the accuracy of these metamodels
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cannot be checked on the data set that it was based on. One method for
estimating the error of prediction of a metamodel is called cross-validation,
which applies the same data set for both fitting and validating. The most
simple form of cross-validation splits a data set into two sets and first uses
one of them for fitting and the other for validating. Later the data sets are
switched such that the second data set is used for fitting and the first for
validating [12].

There are different accuracy metrics available. In this project, the relative
root mean squared error (RRMSE), relative average absolute error (RAAE),
relative maximum absolute error (RMAE) and R Squared are used. These
are given by:

RRMSE = 1
STD

[ 1
n

n∑
i=1

(yi − ŷi)2
] 1

2
(1.1)

RAAE = 1
n · STD

n∑
i=1
|yi − ŷi| (1.2)

RMAE = 1
STDmax|yi − ŷi|, i = 1, 2, ..., n (1.3)

R Squared = 1−
∑n

i=1(yi − ŷi)2∑n
i=1(yi − ȳ)2 (1.4)

where yi is the value of the response from the original model, ŷi is the
predicted response from the metamodel, ȳ is the mean value of the observed
responses from the original model and n is the number of test points in
the data set used for validating. STD stands for standard deviation and is
calculated according to

STD =
[ 1
n− 1

n∑
i=1

(yi − ȳ)2
] 1

2
(1.5)

RRMSE and RAAE give an estimate of the global prediction accuracy of a
metamodel over the whole design space. The metamodel is more accurate
for smaller values of the RRMSE and RAAE. RMAE is the maximum ap-
proximation error in one region of the design space [17]. R Squared (defined
as in [14]) gives a measure of the fraction of the actual design that is cap-
tured by the metamodel, and should be used as a first indicator whether a
metamodel can be used or not. The R Squared-value only reveals whether
a metamodel is inadequate, but not that it is adequate. In other words,
a high value (close to 1) does not guarantee that a metamodel provides a
good approximation. However, a value not close to 1 indicates an ineligible
metamodel [12, 14]. Note that R Squared may be negative.

11



Chapter 2

Methods

2.1 Metamodels

2.1.1 Response Surface Methodology

The Response Surface Methodology (RSM) is a regression model which
means that it does not necessarily pass through any fitting designs. This
kind of method is often used when trying to observe underlying systems
trends. RSM constructs explicit functions in order to approximate the ob-
served responses of the input variables [14, 17]. An example is shown to
the left in figure 1.7. Usually polynomial forms are chosen such as linear,
quadratic or high-order polynomial functions. Most frequently used are the
low-order polynomials, such as the following including quadratic terms and
all two-factor interactions:

y(x) = a0 +
n∑

i=1
bixi +

n∑
i=1

ciix
2
i +

n∑
i=1,j>i

dijxixj

where n denotes the dimension of the x-variable. The coefficients a0, bi, cii

and dij are estimated by least squares regression [14, 17].

Since RSM is a simple model, it is commonly used by engineers in in-
dustries. Another advantage is that it approximates non-linear functions
better than linear functions without causing too much extra computational
expense. Further, since the method produces explicit functions, one easily
understands how the input variables affect the output variables. It is also
computationally fast fitting. However, the model is naturally restricted to
the properties of the polynomial function. This may cause the metamodel
to not accurately approximate the response in the concerned portion of the
design space. For example, if the region of interest is small, then a linear
function will fit the response well. Even for a larger region of interest, a
quadratic RSM model with interaction terms fits the non-linear and non-
monotonic response well. Nevertheless, if the engineer is interested in the
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global design space, it is impossible to obtain a good fit from any second-
order polynomial functions. The reason to this is that they adapt a single
function form when modeling a non-linear or non-monotonic function. See
figure 2.1. This means that the polynomial may need to be of a higher or-
der, which requires many sample points, to accurately approximate a more
non-linear behavior [7, 14, 17].

Figure 2.1: Taken from [14]. Top: Linear function for small region of in-
terest. Middle: Quadratic function for medium region of interest. Bottom:
Any second-order polynomial functions will give a bad fit.

2.1.2 Kriging

The Kriging method was developed in the 1950s and 1960s by the South
African mining engineer D.G. Krige who used the statistic-based technique
for investigating mining data. Matheron furthered Krige’s work in the 1970s
which was the beginning of the field geostatistics. In 1980s engineers applied
the technique to computer experiments whereby its potential for utilization
in engineering practices was found [10, 13].
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Kriging uses an interpolation technique, which means that it fixes the re-
sponse in the fitting designs, i.e. these designs used for building the meta-
model, and searches for the best possible response between these fitting
points. As a consequence, the fitting error is always zero. This is illus-
trated to the right in figure 1.7. Basically, Kriging uses the distance to
known points to estimate the value at a new point. The stochastic model is
composed of two parts:

y(x) = f(x) + ε(x) (2.1)

where y(x) is the unknown function of interest for the one-dimensional design
variable x, f(x) is the underlying RSM metamodel and ε(x) is the stochastic
model of the expected error in f(x) with respect to y(x) [2, 12, 13, 17].

In figure 2.2 the observed (“true”) function y(x) and f(x) are modeled. Con-
sider sample point x where the function values y(x) and f(x) are known,
implying an error value ε(x) = y(x)−f(x). Kriging assumes that the errors
are systematic, which means that if the error is large at x, then most prob-
ably the error at x+ δ also is large. This is illustrated in figure 2.2. If xi is
close to x, then probably f(xi) will deviate from y(xi) with ε(x) [12, 13, 10].

Figure 2.2: Taken from [13]. The concept of systematic error.

When the design variable x is multidimensional, the Kriging model also
comprises a combination expression:

y(x) =
k∑

i=1
βifi(x) + Z(x) (2.2)

where y(x) is the unknown function of interest of the design variable x and
k the number of regression functions. The first term in equation (2.2) is
a linear regression of the data that models the drift of the process mean,
while the second term, Z(x), is a realization function of a stochastic process
with mean zero, variance σ2 and non-zero covariance. Z(x) accounts for a
”localized deviation” and can be thought of as a random-curve that occurs
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when the process is observed once. Further, fi(x) is a polynomial term and
βi its corresponding coefficient. In engineering applications, the first term
in equation (2.2) is usually taken as a constant, allowing the second part
of the model to interpolate between the observed data by estimating the
correlation of nearby points [10, 12, 17].

Next, some definitions consistent with [10, 12] will be given. The general
form of Kriging has the following k × 1 vector of regression functions asso-
ciated with equation (2.2)

f(x) = [f1(x), f2(x), . . . , fk(x)]T (2.3)

to which the k × 1 vector of constants

β = [β1, β2, . . . , βk]T (2.4)

is associated. Further, the expanded design matrix F is defined by

F =


fT (x(1))
fT (x(2))

...
fT (x(N))

 (2.5)

where N is the number of sample points. Let’s denote

z =
[
Z(x(1)), Z(x(2)), . . . , Z(x(N))

]T
(2.6)

then, with y =
[
y(1), y(2), . . . , y(N)

]T
, equation (2.2) is equivalent to

y = Fβ + z (2.7)

Ordinary Kriging, employing a constant vector of regression function
f(x) = [1, . . . , 1]T generates a Kriging model according to

y(x) = C + Z(x) (2.8)

which is commonly used by engineers to approximate computer simulations.
The unknown constant C represents the mean of the process.

The covariance of Z(x) can be computed by

cov[Z(x(i),x(j))] = σ2R[R(x(i),x(j))] (2.9)

where x(i) is the i-th observation of the input data, R(x(i),x(j)) is the spa-
tial correlation function (SCF) between the sample points x(i) and x(j),
R is the correlation matrix and the scale factor σ2 is the variance of the
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random process. By estimating the correlation between observed data, the
SCF determines the smoothness and influence of nearby located points. Sev-
eral SCFs exist, including linear, exponential, gaussian, spherical, cubic and
spline functions [10, 12, 7]. Mostly the Gaussian SCF is utilized by engineers,
which for one-dimensional points x(i) and x(j) is given by:

R(x(i), x(j)) = exp
[
−θ
∣∣∣x(i) − x(j)

∣∣∣2] (2.10)

For multidimensional x(i), the correlation function of the data points x(i)

and x(j) is equal to the product of the correlation functions of these data
points for each dimension. Mathematically, this is written:

R(x(i),x(j)) =
D∏

k=1
Rk(x(i)

k ,x(j)
k ) (2.11)

where k = 1 to D refers to the dimension of the design variable. Therefore,
for higher dimensions the Gaussian SCF looks like:

R(x(i),x(j)) = exp
[
−

D∑
k=1

θk

∣∣∣x(i)
k − x(j)

k

∣∣∣2] (2.12)

All SCFs tend to zero as |x(i) − x(j)| increases. The obvious interpretation
of this is that the influence of a sample point on the point at which Kriging
predicts the response, decreases with separation distance. This influence is
controlled by the parameter θ. If θ is large, then merely closely located data
points are well correlated while for small values of θ also points located fur-
ther away are still well correlated and hence affect the point to be predicted
[10, 13, 12]. Since R(x,x) = 1, the Kriging metamodel exactly fits each
data point used for the construction of the metamodel [10]. The correlation
matrix R contains the spatial correlation function values R(x(i),x(j)) for
all combinations of the observed points [12, 13]. If a total of N points are
known, then:

R =


R(x(1),x(1)) R(x(1),x(2)) · · · R(x(1),x(1))
R(x(2),x(1)) R(x(2),x(2)) · · · R(x(2),x(N))

...
... . . . ...

R(x(N),x(1)) R(x(N),x(2)) · · · R(x(N),x(N))

 (2.13)

Note that the matrix is symmetric since R(x(i),x(j)) = R(x(j),x(i)) for
all correlation functions, and that the diagonal only consists of ones since
R(x(i),x(i)) = 1 for all i [12].
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Moreover, the vector of correlations between an unknown point x∗ and all
known sample data points is given by:

r(x∗) =
[
R(x∗,x(1)), R(x∗,x(2)), . . . , R(x∗,x(N))

]T

(2.14)

Now, with these definitions and terms of the Kriging metamodel, it is time
to consider how Kriging predicts the response. Kriging estimates the value
of the response, ŷ(x∗), at an unknown point x∗ by minimizing the mean
squared error (MSE) of the predictions. MSE is a measure of the accuracy
and reliability of the prediction and is determined by taking the square of
the expected value of the difference between the predicted value and the
true value [12, 10]. The reader is referred to Sasena [10], who completely
derives Kriging’s predicted response at design point x∗:

ŷ(x∗) = fT (x∗)β̂ + rT (x∗)R−1(y− Fβ̂) (2.15)

where y is the response of the sample data points defining the metamodel.

In engineering analyses, normally the statistic-based method of Maximum
Likelihood Estimation (MLE) is applied for determining the best values of
the Kriging parameters β, θ and σ (in equations (2.4), (2.12) and (2.9)),
considering the observed data [12]. The MLE of β is its least-squares esti-
mate:

β̂ = (FT R−1F)−1FT R−1y (2.16)

which is inserted in equation (2.15). The estimation of σ2 is given by:

σ̂2 = 1
N

(y− Fβ̂)T R−1(y− Fβ̂) (2.17)

Anisotropic Kriging is a modified version of Kriging that depends on both
distances and directions in the design space [11]. Hence, in this case the
spatial correlation function R(x(i),x(j)) also is influenced by the variations
in the function values in different directions.

An advantage of the Kriging method is that it is flexible since different cor-
relation functions can be employed. It is appropriate for problems where the
directions of the design space affect the responses differently. The method
is also accurate and compensates for data clustering, i.e. when many data
points are closely located, then these points will affect the point to be pre-
dicted less than an isolated point. A disadvantage is that the fitting process
is time-consuming [2, 7, 17].
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2.2 Multi-objective optimization

2.2.1 Introduction

In many situations, the objectives conflict with each other. Indeed, most
problems that engineers encounter do have multiple objectives [2], such as
minimize cost, maximize reliability, maximize performance. Genetic al-
gorithms (GA) are optimization algorithms especially adapted for solving
multi-objective optimization problems [4]. They use embedded fitness func-
tions and methods to support solution diversity. As described in [4], there
are two general approaches to multi-objective optimization. These include:
1) to combine the individual objective functions into one single function by
applying methods such as weighted sum method or to move all but one ob-
jective to the constraint set and 2) to determine a Pareto optimal set, i.e.
a set of optimal solutions. When applying the former case of the first ap-
proach, one must struggle with the difficulty of selecting appropriate weights
whereas the latter case of the first approach includes the problem of deter-
mining a constraining value for each of the former objectives. Optimization
methods applied to the described cases of the first general approach gener-
ate one single optimal solution in a run. Therefore, if multiple solutions are
desired, one needs to solve the optimization problem with different combina-
tions of weights and constraining values. For these reasons, most engineers
prefer to consider the second general approach since it delivers a set of op-
timal solutions that can be inspected for trade-offs. An improvement of one
objective is associated with a deterioration of an other. This corresponds
to moving from one Pareto optimal solution to another along the trade-off
curve [1, 4].

2.2.2 Multi-objective optimization formulation

Suppose that an optimization problem has K objectives. Without loss of
generality, all objectives are to be minimized since a minimization type ob-
jective can always be transfered to a maximization type by multiplying the
objective function by minus one [4]. Then, a multi-objective optimization
problem can be formulated:

Given an n-dimensional decision variable vector x = [x1, . . . , xn] in the so-
lution space X, find a vector x∗ that minimizes z(x)=[z1(x), . . . , zK(x)]T .
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More generally:

min z(x)
s.t. g(x) ≤ 0

h(x) = 0
xl ≤ x ≤ xu

where xl and xu are the lower and upper values of x.

When solving a multi-objective optimization problem, only optimizing con-
sidering one single objective commonly implies unacceptable values of the
other objectives since the objectives conflict with each other. It is therefore
impossible to find a solution that at the same time optimizes all of the ob-
jectives. Consequently, it is feasible to determine a set of solutions that each
acceptably fulfills the requirements of the objectives [1, 4].

Assume that all objectives are to be minimized. Then, a feasible vec-
tor x dominate another feasible vector y, if and only if zi(x) ≤ zi(y) for
i = 1, . . . ,K and zi(x) < zi(y) for at least one objective function i. Fur-
ther, a solution is called Pareto optimal if it is not dominated by any other
solution in the solution space. The Pareto optimal set contains all Pareto
optimal solutions and the corresponding objective function values in the ob-
jective space are referred to the Pareto front. The number of Pareto optimal
solutions may be infinite[1, 4].

Consider an optimization problem where the objective functions z1 and z2
are to be minimized. Figure 2.3 shows an example of the two-dimensional
objective space to this problem. All visible points are feasible solutions but
only those on the trade-off curve are Pareto optimal solutions. For example,
consider point B. It is not optimal since A and C correspond to lower values
of the objectives z1 and z2, respectively.

2.3 Multi-objective Genetic Algorithm (MOGA)

As already mentioned, GA are algorithms well-suited for solving multi-
objective optimization problems. According to [4], the concept of GA was
generated by Holland and his colleagues in the 1960s and 1970s. As ex-
pected, these algorithms are connected to the evolutionary theory explained
by Darwin. Due to natural selection, the species with weak genes will die
while species with strong genes have a greater possibility to survive and
submit their genes to future generations by reproduction. This means that
in the end, the population will be dominated by species with strong genes.
However, in the evolutionary process, random alterations in the genes ap-
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Figure 2.3: Example of an objective space where z1 and z2 are to be mini-
mized. The Pareto front consists of the objective function values that lie on
the trade-off curve.

pear. If the species benefit from these changes, the chance of survival in-
creases and new species will develop. Poor changes will not survive due to
natural selection. In the terminology of GA, solutions are referred to indi-
viduals, a set to a population and an iteration to a generation [4].

The first multi-objective GA was named vector evaluated GA (VEGA).
Multi-objective Genetic Algorithm (MOGA) was later proposed by Poloni
[9, 4]. MOGA has some qualities that avoid the algorithm to converge to a
local Pareto. MOGA-II is an improved version of MOGA [9]. Next, MOGA-
II will be described in more details.

Figure 2.4 shows the MOGA-II scheduler panel. The algorithm does not
need many user-provided parameters since several parameters are imple-
mented to promote robustness and efficiency. MOGA-II will perform a
number of evaluations equal to the number of Design of Experiment (DOE)
(which is the distributed design points in the design space, see section 2.4)
× the number of generations, which can be chosen in the MOGA-II sched-
uler panel. It is recommended to chose at least 16 DOEs and more than
2 × the number of variables × the number of objectives when solving an
optimization problem [6].
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Figure 2.4: Taken from [6]. MOGA-II scheduler panel.

Elitism

Elitism is an embedded method that preserves the best solutions to the
next generation. When optimizing one single objective, the best solution
will be copied to the next generation. In multi-objective optimization, the
solutions closest to the Pareto front and those with the best dispersion are
spared [4]. In [4], the authors claim that multi-objective GA using elitism
tend to outperform non-elitist algorithms. In [8], the author tested the
importance of elitism: six test functions were running with and without the
elitism operator of MOGA-II activated. The best results were reached with
the elitism operator activated. MOGA-II showed both a faster convergence,
i.e. the number of generations needed to find the true Pareto front, and also
a higher solution quality.

Diversity

A user prefers uniformly distributed solutions all over the Pareto front. In
order to achieve this, it is necessary to apply so-called preventive mea-
sures. Otherwise, the population will group in clusters in multi-objective
GA, which is referred to genetic drift. The diversity of the solutions can be
assured with approaches such as fitness sharing, a method that decreases
the fitness of densely populated parts of the Pareto front while benefiting
the search of Pareto optimal solutions elsewhere along the Pareto front [4].
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Directional crossover

Directional crossover is an operator providing efficiency to MOGA-II. The
operator finds the direction of improvement by comparing fitness values of
the individuals. An individual i, Indi from generation t is chosen and its
fitness is compared to the fitness of two other individuals j and k, Indj and
Indk respectively, also from generation t and determined with two different
random walks. The algorithm calculates the new individual that will be
positioned in a weighted direction between the three individuals [9, 8]. This
is illustrated in figure 2.5.

The directional crossover operator both increases the algorithm’s efficiency
and decreases its robustness. For highly non-linear problems, the algorithm
may stop too early and not find the globally optimal solutions. It is there-
fore recommended to increase the probability of the directional crossover
operator for smooth problems and to decrease it otherwise [8, 6]. The prob-
ability of directional crossover can be specified by the user in the MOGA-II
scheduler panel, see figure 2.4.

Figure 2.5: Taken from [9]. Directional crossover between individuals Indi,
Indj and Indk.

Mutation

Mutation gives the algorithm diversity and robustness. The probability of
mutation is the probability that a randomly chosen solution will be altered
to the next generation. In the user manual of modeFRONTIER it is recom-
mended to keep this value low, at least under 0.2, see [6]. The probability
of mutation can be selected in the MOGA-II scheduler panel, see figure 2.4.
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2.4 Optimization tool: modeFRONTIER

ModeFRONTIER is a software used for simulations and optimal design
problems. It enables easy integration into other Computer Aided Engi-
neering (CAE) tools and can be applied to both single and multi-objective
optimization problems of e.g. design analyses. Several optimization algo-
rithms are available. One of them is MOGA-II, described in section 2.3,
and used in this project. The optimization algorithm finds the optimal so-
lution(s), (local and global) [16].

The result of a modeFRONTIER simulation can be evaluated by differ-
ent tools. For multi-objective optimization problems, the optimal solutions
are identified on the Pareto front. As mentioned in subsection 2.2.2, the
Pareto front is a trade-off curve, where no objective can be improved with-
out deteriorating one of the other objectives. Moreover, modeFRONTIER
offers the possibility to create metamodels of a simulation. The user can
choose the desired number of design evaluations for building a metamodel.
This is later available as an interpolating surface and can also replace the
original model in optimization problems [16].

The number of fitting designs for creating a metamodel depends on the
complexity of the system. For example, a highly complicated system does
not suit for metamodeling. In modeFRONTIER, several Design of Exper-
iment (DOE) techniques are available for distributing the sample points
in the design space. These include e.g. Uniform Latin Hypercube (ULH)
DOE, Random DOE and Sobol DOE. In this project, the ULH method was
mainly considered. The technique divides the design space into equally prob-
able intervals and selects one sample point from each interval [2]. Figure 2.6
illustrates this for a two-dimensional design space. The ULH method is an
efficient sampling method which makes it particularly suited for metamod-
eling. The Random method randomly fills the design space with a uniform
distribution. The Sobol method also distributes the sample points uniformly
and is recommended to use for the MOGA-II algorithm [5]. The user can
also form the DOEs oneself, which is applicable if one wishes to predefine
certain fitting designs [2, 16].

Each output variable is modeled with its own metamodel, independently of
the other outputs. ModeFRONTIER comprises both regression and interpo-
lation methods, for instance RSM and Kriging, described in subsection 2.1.1
and subsection 2.1.2, repsectively, but also other metamodels are available
such as Radial Basis Functions and Artificial Neural Networks. The created
metamodel is exportable e.g. as an excel document and modeFRONTIER
binary (.rsm file) for integration in other computer simulations [2, 16].
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Figure 2.6: An example of how the ULH method may select the sample
points in a two-dimensional design space. It divides the design space into
equally probable intervals and draws one sample point from each interval.
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Chapter 3

Results and discussion -
Verification examples

3.1 Mathematical test functions

3.1.1 Background and procedure

To get a feeling of how one can work with metamodels, two metamodels
were applied to three mathematical test functions for two different sample
sizes. The metamodels RSM and Kriging were created in modeFRONTIER
for each combination of test function and sample size. The result was later
compared to the result found in [17]. The test functions are:

f1(x) =x6
1

3 −
21
10x

4
1 + 4x2

1 + x1x2 − 4x2
2 + 4x4

2, x1, x2 ∈ [−5, 5]

f2(x) =x1 sin(x2) + x2 sin(x1), x1, x2 ∈ [−2π, 2π]
f3(x) =sin(x1 + x2) + (x1 − x2)2 − 1.5x1 + 2.5x2 + 1,

x1 ∈ [−10, 10], x2 ∈ [−20, 20]

The ULH method was used for creating the fitting points and test points.
For the small sample size, 10 fitting points and 500 test points were chosen
whereas for the large sample size, 100 fitting points and 500 test points were
selected. The fitting points were used for the construction of the metamod-
els while the test points were used for the evaluation of their accuracy, which
was estimated by the error metrics RRMSE, RAAE, RMAE given in equa-
tions (1.1), (1.2) and (1.3). Further, the mathematical test functions were
plotted. The plots of the theoretical functions were generated in Matlab
while those of the metamodels were generated in modeFRONTIER.
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3.1.2 Results and discussion

The error values, presented in table 3.1, are close to those found in [17].
The small deviations may appear since the ULH method probably did not
chose exactly the fitting points and test points used in [17]. As explained
in section 2.4, the ULH method efficiently distributes the fitting designs over
the design space.

As seen in table 3.1, with small sample sets, RSM performs better than
Kriging for the approximation of f1(x). For function f2(x), the opposite is
true; Kriging presents smaller error metrics than RSM. Considering func-
tion f3(x), again RSM performs better than Kriging. However, when large
sample sets are employed, Kriging approximates f1(x) and f2(x) better than
RSM, which approximates f3(x) better than Kriging, as for small sample
sets.

Note that all error metrics get smaller when replacing the small sample set
by the large sample set. This seems plausible, since when the metamodel is
built on a larger number of fitting points, one expects an improvement of
its accuracy, provided that the fitting points are well-distributed over the
design space.

In this work, only two metamodels are considered. One of these methods
is not necessarily the best metamodel to these test functions. For example,
in [17], it was found that a metamodel called gene expression programming
(GEP) gives a better approximation of f2(x) when employing a small and
large sample set, with error values equal to zero. However, this does not
give any information about this metamodel, since it models f2(x) according
to a sin(b) + b sin(a) for some variables a and b. Therefore, it is easy for
GEP to approximate f2(x).

The results can further be verified in figures 3.1, 3.2 and 3.3, where the
theoretical mathematical test function is illustrated at the top and the ap-
proximations from RSM and Kriging, based on the large sample set, are
shown at the bottom. As seen in figure 3.1, Kriging approximates function
f1(x) better than RSM for a large sample set. This is reasonable since RSM
uses only a single function form of the second order to fit a function of the
sixth order, while Kriging uses a collection of of single functions and inter-
polates between the fitting points. Kriging also gives a better response than
RSM for test function f2(x), see figure 3.2. This seems also reasonable since
the function is non-monotonic and non-linear with local and global extrema.
The shape of the RSM surface is not even close to the theory while Kriging
predicts its appearance well. Regarding function f3(x), it is everywhere in
the design space decreasing or increasing, with only one extreme point, its
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Results

Case Function Error RSM Kriging

Small sample size

RRMSE 0.6026 0.8349
f1(x) RAAE 0.4627 0.6500

RMAE 1.8518 3.7380

RRMSE 1.6564 0.8465
f2(x) RAAE 1.2982 0.6208

RMAE 5.5380 2.6196

RRMSE 0.0048 0.1471
f3(x) RAAE 0.0040 0.0903

RMAE 0.0149 0.9664

Large sample size

RRMSE 0.4170 0.0111
f1(x) RAAE 0.3382 0.0031

RMAE 1.3838 0.0936

RRMSE 0.8552 0.0030
f2(x) RAAE 0.7265 0.0010

RMAE 2.4071 0.0252

RRMSE 0.0037 0.0287
f3(x) RAAE 0.0034 0.0165

RMAE 0.0057 0.2039

Table 3.1: Error values of RSM and Kriging for three different mathematical
functions. The metamodels were based on a small and a large sample size.

global minimum. Therefore, it is understandable that RSM approximates
this function properly, see figure 3.3. It can also be observed that the edges
of the surface of Kriging are not as smooth as they apparently should be.
Hence, the result presented in figures 3.1, 3.2 and 3.3 are in accordance to
the conclusions drawn from table 3.1.
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(a) Theoretical function.

(b) From RSM. (c) From Kriging.

Figure 3.1: Test function f1(x). The metamodels RSM and Kriging were
based on 100 fitting designs.
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(a) Theoretical function.

(b) From RSM. (c) From Kriging.

Figure 3.2: Test function f2(x). The metamodels RSM and Kriging were
based on 100 fitting designs.
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(a) Theoretical function.

(b) From RSM. (c) From Kriging.

Figure 3.3: Test function f3(x). The metamodels RSM and Kriging were
based on 100 fitting designs.
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3.2 Ten bar truss structure

3.2.1 Background and procedure

Metamodels were further applied to a second verification example, a ten bar
truss problem. The optimization problem is:

min Displacement

min Weight

s.t. xj ∈ [0.1, 10] mm2 for j = 1, . . . , 10

where xj , j = 1, . . . , 10 is the cross-sectional area of bar j, i.e. the design
variable. The ten bar truss configuration is shown in figure 3.4. The nodes
to the left are fixed to the wall and the node in the lower right corner of the
configuration is exposed to a force of 1 kN.

A mathematical function, implemented in Matlab and described in Ap-
pendix A, calculates the theoretical values of Displacement and Weight
for given design variables. The metamodels RSM and Kriging were succes-
sively designed in modeFRONTIER based on 100, 200, 400, 800 and 1600
evaluations performed by the Matlab function. The fitting designs were se-
lected by the ULH method. As in the first verification example, different
sample sizes were chosen in order to be able to observe any change in the
accuracy of the metamodels, which was estimated by the quality metrics
given in equations (1.1) to (1.4), subsection 1.5.2, and based on 500 test
points selected by the Random method. Also plots were generated, showing
the output variables from the Matlab function and metamodels, as well as
the relative error of the metamodels.

Next, the optimization problem was solved in modeFRONTIER, first using
the Matlab function as the solver and later the metamodels. The algorithm,
MOGA-II, was given 100 DOEs as starting points and performed 30 gener-
ations, i.e. 3000 evaluations. Further, the Pareto fronts obtained from the
Matlab function and metamodels were compared.

After that, constraints were introduced to the problem so the optimization
problem appeared in different forms: minimize Weight such that Displace-
ment is not greater than 10 mm and minimize Displacement such that
Weight is not greater than 50 kg. The constraint on xj , j = 1, . . . , 10 is
identical as in the original optimization problem. The new variants of the
ten bar truss problem were first solved by the Matlab function as the solver
and later by RSM and Kriging. All metamodels used in the various opti-
mization problems were based on the sample size of 1600 DOEs (since these
metamodels were the best achieved).
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Figure 3.4: The ten bar truss configuration.

3.2.2 Results and discussion - Metamodels

The calculated quality metrics are shown in table 3.2. As mentioned in sub-
section 1.5.2, it is desirable that the error values RRMSE, RAAE and RMAE
are as small as possible while R Squared should be close to 1, indicating that
the metamodel can be used. Clearly, the quality metrics of the metamodels
improve with increasing number of fitting designs. This is particularly ob-
vious when one compares the quality metrics from 100 DOEs to those from
1600 DOEs. As expected, the values of RRMSE, RAAE and RMAE have de-
creased and the R Squared-value has increased. Nevertheless, neither RSM
nor Kriging shows satisfying results concerning Displacement. This may
be due to the properties of Displacement as a function. It is in fact non-
linear, depending on the cross-sectional area of the bars. Both RSM and
Kriging give a poor approximation of Displacement. However, for the out-
put variable Weight, both RSM and Kriging show a result close to perfect.
Since Weight is a linear function of the design variables, the metamodels
should easily, also with few DOEs, provide good approximations of Weight.
The metamodels indeed show promising error values and a R Squared-value
equal to 1.0000 for the smallest sample set. When increasing the number of
fitting designs, the quality metrics of Kriging improve, while those for RSM
cannot improve further.

The quality of the metamodels can additionally be investigated by compar-
ing the responses from the Matlab function versus the metamodel function.
This is shown in figures 3.5, 3.6, 3.7 and 3.8, where the metamodels are
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based on 1600 fitting designs. The top part of each of these figures plots
values of the output variable from the metamodel in blue while the output
variable from the theory is plotted in red. The relative error of the meta-
model is plotted at the bottom, also as a function of the design ID.

As seen in figures 3.5 and 3.6, both metamodels badly approximate Dis-
placement, since the blue function differs a lot from the red function. Also,
the relative error is generally high at all design IDs, with peaks reaching
100%. The metamodels even calculated negative and physically unrealistic
values of Displacement, causing the huge errors. On the other hand, the
metamodels perfectly approximate Weight according to figures 3.7 and 3.8,
since the blue function overlaps the red function. In addition, the relative
error is 0% at all test points. Hence, these figures confirm the conclusions
drawn from table 3.2.

One may reason that the quality of the metamodels will further improve
with increasing number of sample sizes. Therefore, it was attempted to
build metamodels on even larger sample sizes, however unsuccessfully, since
modeFRONTIER encountered technical problems, caused by a too large
number of fitting designs.

Due to the bad approximations of Displacement, the metamodels should
not solve any ten bar truss optimization problem. However, in this work,
this was performed, just out of curiosity.
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Results from Kriging Results from RSM

Quality metric Displacement Weight Displacement Weight

100 DOEs

RRMSE 0.8204 0.0026 0.9981 0.0000
RAAE 0.4600 0.0019 0.6618 0.0000
RMAE 8.9906 0.0169 9.8318 0.0000
R Squared 0.3256 1.0000 0.0018 1.0000

200 DOEs

RRMSE 0.8204 0.0020 0.7666 0.0000
RAAE 0.3651 0.0014 0.3892 0.0000
RMAE 10.3367 0.0091 9.3004 0.0000
R Squared 0.3255 1.0000 0.4112 1.0000

400 DOEs

RRMSE 0.7823 0.0000 0.6873 0.0000
RAAE 0.3706 0.0000 0.3693 0.0000
RMAE 9.7476 0.0002 8.8166 0.0000
R Squared 0.3868 1.0000 0.5267 1.0000

800 DOEs

RRMSE 0.7827 0.0000 0.6889 0.0000
RAAE 0.3526 0.0000 0.3499 0.0000
RMAE 9.2994 0.0001 9.0958 0.0000
R Squared 0.3861 1.0000 0.5244 1.0000

1600 DOEs

RRMSE 0.6526 0.0000 0.6620 0.0000
RAAE 0.3222 0.0000 0.3213 0.0000
RMAE 7.9088 0.0001 9.0031 0.0000
R Squared 0.5733 1.0000 0.5609 1.0000

Table 3.2: Quality metrics of Kriging and RSM for Displacement and
Weight. The metamodels were based on sample sizes of 100, 200, 400, 800
and 1600 DOEs selected by the ULH method.
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Figure 3.5: Top: Displacement from RSM based on 1600 DOEs in blue
versus the theoretical function in red. Bottom: The relative error of the
metamodel as a function of Design ID.

Figure 3.6: Top: Displacement from Kriging based on 1600 DOEs in blue
versus the theoretical function in red. Bottom: The relative error of the
metamodel as a function of Design ID.
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Figure 3.7: Top: Weight from RSM based on 1600 DOEs in blue versus the
theoretical function in red. Bottom: The relative error of the metamodel as
a function of Design ID.

Figure 3.8: Top: Weight from Kriging based on 1600 DOEs in blue versus
the theoretical function in red. Bottom: The relative error of the metamodel
as a function of Design ID.
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3.2.3 Results and discussion-Metamodel-based optimization

Without constraints

Figure 3.9 shows the theoretical Pareto front to the ten bar truss optimiza-
tion problem. The design points marked in red and blue in figure 3.9a
and 3.9b, respectively, are Pareto optimal solutions. Figure 3.9a was gen-
erated in modeFRONTIER, where the optimization problem was solved by
MOGA-II using the Matlab function as the solver. Krister Svanberg also
solved the optimization problem in Matlab using fmincon, an implemented
function that was given function values but no derivatives. The Pareto front,
shown in figure 3.9b, was generated by solving a sequence of problems:

min Displacement

s.t. Weight ≤Weight max

xj ∈ [0.1, 10] mm2 for j = 1, . . . , 10
where Weight max = 5, 10, 15, . . . , 95, 100

Figures 3.9a and 3.9b should be identical. However, they are not. For exam-
ple, at an optimal solution found in figure 3.9a, Displacement is 17.13 mm
and Weight is 14.03 kg, while the closest optimal solution in figure 3.9b has
corresponding values 13.14 mm and 10 kg, respectively, i.e. both a smaller
value of Displacement and Weight. MOGA-II could obviously not find the
theoretical Pareto optimal solutions in the upper left corner of the Pareto
front. Also solutions in the lower right corner are missing.

Figures 3.10a and 3.10b show the corresponding Pareto front when Krig-
ing and RSM were used as the solver. These figures should be compared to
figure 3.9. The metamodels did apparently not find the correct Pareto front.
The Pareto front obtained from RSM is rather similar, although the value
of Displacement approaches zero and Pareto optimal solutions are missing
in the upper left corner. However, the Pareto front from Kriging is not even
close to the theory.

As already observed, the metamodels found Pareto optimal solutions that
do not belong to the theoretical Pareto front. The Matlab function was
given the values of the design variables corresponding to some of these opti-
mal solutions and calculated the values of Displacement and Weight. The
results are shown in table 3.3. Clearly, the values of Weight from the meta-
models are rather accurate while those of Displacement differ a lot. One
observed trend is that the metamodels always found values of Displacement
generally much smaller than the Matlab function. Again, this means that
the approximations of Displacement were really poor. RSM and Kriging
should obviously not be applied to the ten bar truss problem. The bad op-
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timization results are probably caused by the difficulties of the metamodels
to model Displacement.

(a) The optimization problem was solved in
modeFRONTIER with the Matlab function and
the algorithm MOGA-II .

(b) The optimization problem was solved in
Matlab with the Matlab function and the al-
gorithm fmincon.

Figure 3.9: Obtained Pareto fronts for the ten bar truss optimization prob-
lem with the Matlab function.

(a) The optimization problem was solved in
modeFRONTIER with Kriging based on 1600
DOEs and the algorithm MOGA-II.

(b) The optimization problem was solved in
modeFRONTIER with RSM based on 1600
DOEs and the algorithm MOGA-II.

Figure 3.10: Obtained Pareto fronts for the ten bar truss optimization
problem with the metamodels.
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KG MF RSM MF KG MF RSM MF
x1 [mm2] 2.34 2.34 7.57 7.57 2.82 2.82 6.44 6.44
x2 [mm2] 1.40 1.40 4.59 4.59 1.63 1.63 7.07 7.07
x3 [mm2] 0.10 0.10 6.99 6.99 0.11 0.11 5.71 5.71
x4 [mm2] 1.32 1.32 6.18 6.18 0.85 0.85 6.66 6.66
x5 [mm2] 10.00 10.00 4.42 4.42 3.45 3.45 2.60 2.60
x6 [mm2] 0.10 0.10 2.92 2.92 0.10 0.10 2.96 2.96
x7 [mm2] 0.10 0.10 6.47 6.47 0.41 0.41 6.17 6.17
x8 [mm2] 0.43 0.43 6.25 6.25 0.91 0.91 6.11 6.11
x9 [mm2] 0.10 0.10 5.14 5.14 0.10 0.10 4.11 4.11
x10 [mm2] 0.10 0.10 5.07 5.07 0.10 0.10 6.01 6.01
Displ. [mm] 4.14 41.71 0.59 2.57 10.80 32.31 0.66 2.64
Weight [kg] 16.84 16.84 65.67 65.67 11.74 11.74 64.24 64.24

Table 3.3: Some Pareto optimal solutions calculated by Kriging and RSM.
The theoretical values from the Matlab function of Displacement and Weight
for these design variables are also shown. KG, MF and Displ. refer to
Kriging, Matlab function and Displacement, respectively.

With constraints

Figures 3.11 and 3.12 show the Pareto fronts when the optimization prob-
lem was solved with constraints on Displacement and Weight, respectively.
When Displacement is forced to a value less than or equal to 10 mm, the
optimal value of Weight is 14 kg, see figure 3.11a. Kriging however, finds
an optimal value of 10 kg whereas RSM claims an optimal value of 11 kg.
With Weight less than or equal to 50 kg, the theoretical function says that
the optimal value of Displacement is just under 3 mm, according to fig-
ure 3.12a, while Kriging and RSM calculate an optimal value of -3 mm and
1.5 mm, respectively. Evidently, the metamodels did equally correctly solve
the ten bar truss problem with constraints.
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(a) Matlab function.

(b) Kriging, 1600 DOEs. (c) RSM, 1600 DOEs.

Figure 3.11: Obtained Pareto fronts for the ten bar truss optimization prob-
lem with a constraint on the displacement.

(a) Matlab function.

(b) Kriging, 1600 DOEs. (c) RSM, 1600 DOEs.

Figure 3.12: Obtained Pareto fronts for the ten bar truss optimization
problem with a constraint on the weight.
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Chapter 4

Results and discussion -
EMS Metamodels

After metamodels have been applied to two verification examples, they were
eventually applied to the industrial product EMS. A model developed by
ABB and implemented in the FEM-based program called Opera, solves the
design problem of the electromagnetic stirrer. Figure 1.5 in section 1.3 illus-
trates the components and design variables of an AL-EMS. For given values
of the design variables Height core, Width core and Width slot, Opera cal-
culates the values of the output variables Flux core, Fy melt, Losses and
Weight core. The metamodel Anisotropic Kriging was successively based
on 120, 240, 360 and finally 480 evaluations from the Opera simulation of
a reference electromagnetic stirrer. It takes a long time for the FEM-based
model to perform evaluations, see table 4.1. For example, the model needs
42 hours and 30 minutes to perform 480 evaluations. The simulation is only
required once. The actual time for building the metamodel in modeFRON-
TIER is around 10 seconds, i.e. negligible compared to the simulation time.
The DOEs were selected by the ULH method. To estimate how well the

Metamodel Simulation time
AKG 120 10 h 40 min
AKG 240 21 h 15 min
AKG 360 31 h 50 min
AKG 480 42 h 30 min

Table 4.1: Required simulation time in modeFRONTIER before building a
metamodel. AKG 120 refers to Anisotropic Kriging based on 120 DOEs etc.

metamodels approximate the original model, the quality metrics given in
equations (1.1) to (1.4) in subsection 1.5.2 were calculated. The results are
based on 500 test points selected by the Sobol method, avoiding the meta-
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model to be evaluated at the same points that it was based on. The quality
metrics are shown in table 4.2.

As seen in table 4.2, the metrics are promising. The error values are rather
small and R Squared is close to 1 for all metamodels. Generally, the qual-
ity metrics improve with increasing number of sample size. This is what
one expects since a metamodel based on a larger sample size incorporates
more information and should therefore be more accurate. The metamodel of
Fy melt although shows the opposite trend; its quality metrics are best for
the smallest sample size. There is no logical explanation to this. Something
that may cause this behavior could be that the smallest sample size con-
tained fitting designs appropriately and well-distributed in the design space,
and that the larger sample sizes had fitting designs badly located, causing
problems for the metamodels to accurately build an approximation of these
designs. However, as explained in section 2.4, the ULH method is an effi-
cient sampling technique which uniformly distributes the fitting designs.

The accuracy of the metamodels was later further verified by comparing
the output variables from the metamodels to the model in Opera. This re-
sult is shown in figures 4.1 to 4.16. The top part of each of these figures plots
the scaled values of the output variable from the metamodel and model in
Opera in blue and red, respectively. Since generally all metamodels precisely
fit the theoretical function, often the blue function overlaps the red function
and hence mostly blue can be seen. The relative error of the metamodel is
plotted at the bottom, also as a function of the design ID.

For Flux core no clear conclusion can be drawn by comparing the top part
of figure 4.1 to 4.4. Some red spots are seen in all figures. However, the
relative error improves with increasing number of sample size. Mostly it
moves around 0% although some peaks of 5% are reached. In figure 4.8,
where the metamodel of Fy melt was based on 480 DOEs, more red spots
are visible compared to figure 4.5, where the metamodel was based on 120
DOEs. This is consistent with its deterioration of the quality metrics in
table 4.2. Another interesting observation is that the peaks of the relative
error of Fy melt increase with sample size. Considering the metamodels
of Losses, one notices that the metamodel based on 480 DOEs is the best
achieved since its relative error is very smooth and moves around 0%. The
same conclusion can be drawn for the metamodels of Weight core.

As observed and expected, the metamodels approximate Weight core better
than the other output variables. This is explained by the properties of the
functions. Weight core is a linear function of the design variables, while
Flux core, Fy melt and Losses are non-linear.
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Results from Anisotropic Kriging

Quality metric Flux core Fy melt Losses Weight core

120 DOEs

RRMSE 0.0395 0.0157 0.0030 0.0007
RAAE 0.0266 0.0101 0.0020 0.0003
RMAE 0.2806 0.0877 0.0194 0.0072
R Squared 0.9984 0.9998 1.0000 1.0000

240 DOEs

RRMSE 0.0517 0.0207 0.0064 0.0013
RAAE 0.0305 0.0098 0.0034 0.0004
RMAE 0.4263 0.2182 0.0528 0.0138
R Squared 0.9973 0.9996 1.0000 1.0000

360 DOEs

RRMSE 0.0372 0.0529 0.0041 0.0003
RAAE 0.0204 0.0221 0.0023 0.0001
RMAE 0.3847 0.6608 0.0339 0.0045
R Squared 0.9986 0.9972 1.0000 1.0000

480 DOEs

RRMSE 0.0222 0.1139 0.0016 0.0000
RAAE 0.0150 0.0482 0.0013 0.0000
RMAE 0.1537 1.0943 0.0044 0.0003
R Squared 0.9995 0.9870 1.0000 1.0000

Table 4.2: Quality metrics of Anisotropic Kriging for the output variables
Flux core, Fy melt, Losses and Weight core. Anisotropic Kriging was based
on sample sizes of 120, 240, 360 and 480 DOEs selected by the ULH method.
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Figure 4.1: Top: Flux core from Anisotropic Kriging based on 120 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.

Figure 4.2: Top: Flux core from Anisotropic Kriging based on 240 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.
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Figure 4.3: Top: Flux core from Anisotropic Kriging based on 360 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.

Figure 4.4: Top: Flux core from Anisotropic Kriging based on 480 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.
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Figure 4.5: Top: Fy melt from Anisotropic Kriging based on 120 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.

Figure 4.6: Top: Fy melt from Anisotropic Kriging based on 240 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.
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Figure 4.7: Top: Fy melt from Anisotropic Kriging based on 360 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.

Figure 4.8: Top: Fy melt from Anisotropic Kriging based on 480 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.
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Figure 4.9: Top: Losses from Anisotropic Kriging based on 120 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.

Figure 4.10: Top: Losses from Anisotropic Kriging based on 240 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.
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Figure 4.11: Top: Losses from Anisotropic Kriging based on 360 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.

Figure 4.12: Top: Losses from Anisotropic Kriging based on 480 DOEs in
blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.
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Figure 4.13: Top: Weight core from Anisotropic Kriging based on 120 DOEs
in blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.

Figure 4.14: Top: Weight core from Anisotropic Kriging based on 240 DOEs
in blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.
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Figure 4.15: Top: Weight core from Anisotropic Kriging based on 360 DOEs
in blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.

Figure 4.16: Top: Weight core from Anisotropic Kriging based on 480 DOEs
in blue versus the theoretical function in red. Bottom: The relative error of
the metamodel as a function of Design ID.
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Chapter 5

Results and discussion -
EMS metamodel-based
optimization

The Anisotropic Kriging metamodels were further applied to two optimiza-
tion problems of an AL-EMS. One might question if the observed peaks of
the relative error in chapter 4 will affect the reliability of the optimization
results from the metamodels, and in that case to what extent.

5.1 Optimization problem 1

The optimization problem can be formulated:

max Fy melt

min Losses

s.t. Mean flux core density < 1.6 T
Weight core < 100% × original weight core

The optimization problem was solved in modeFRONTIER, first by the
model in the FEM-based program Opera and later by the Anisotropic Krig-
ing metamodels. The allowed values of the design variables, Height core,
Width core and Width slot, are presented in table 5.1. The MOGA-II op-
timizer was given 16 DOEs selected by the ULH method and 30 generations
were executed, giving a total of 480 evaluations. Figure 5.1 shows the mode-
FRONTIER workflow. Table 5.2 shows the computational time that Opera
and the metamodels needed to solve the optimization problem. Note, the
metamodels first need to be constructed from simulations of the model in
Opera, which is time-consuming, see table 4.1 in chapter 4.
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Since maximizing the performance, Fy melt, of an electromagnetic stir-
rer is associated with an increase of energy losses, Losses, the appearance
of the Pareto front is reasonable. Here a trade-off between the objectives
has to be made; if the designer wishes to minimize the losses, then the per-
formance also decreases, making it impossible to improve the performance.
Figure 5.2 shows the obtained numerical Pareto front from MOGA-II with
the FEM-based model in Opera. This Pareto front is compared to those
obtained from the metamodels in figure 5.3. The points marked in red are
Pareto optimal solutions. The values of the axes are the values after scaling
with the reference values. For example, it is possible to decrease the energy
losses by 10%, but then the performance is also reduced by approximately
10% according to figure 5.2. On the other hand, MOGA-II finds an Pareto
optimal solution where the performance is increased by 20%, implying an
increase in energy losses by 5%.

To further compare the Pareto fronts in figure 5.3, some random opti-
mal solutions were selected along the Pareto front obtained from Opera
and compared to the closest located Pareto optimal solution found by each
metamodel. In this report, the result of this comparison is shown for three
Pareto optimal solutions marked as point 1, 2 and 3 in figure 5.2. At point 1,
Fy melt = 0.624 and Losses = 0.780. As seen in table 5.3, all metamodels
find an optimal solution closely located to this point. The metamodels also
find Pareto optimal solutions close to point 2 and point 3 in figure 5.2, see
tables 5.4 and 5.5. At point 2, Fy melt = 1.151, Losses = 1.025 and at
point 3, Fy melt = 1.257, Losses = 1.107.

To verify the reliability of the Pareto optimal solutions found by the meta-
models, the model in Opera must calculate the output variables for these de-
sign variables. This report shows this verification result in tables 5.6, 5.7, 5.8
and 5.9 for those design variables suggested by the metamodels in tables 5.3
and 5.5. Table 5.10 shows the largest error that could be found when the
optimization problem was solved with the metamodels.

During the work with this optimization problem, it was observed that in
order to improve the performance, Fy melt, an electromagnetic stirrer needs
a larger Weight core. This motivates the formulation of an optimization
problem where Fy melt is maximized and Weight core minimized.
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Figure 5.1: ModeFRONTIER workflow for optimization problem 1.

Figure 5.2: Pareto front obtained from the model in Opera.
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Design variable Lower bound Upper bound Step
Height core 0.15 0.50 0.025
Width core 0.30 1.00 0.025
Width slot 0.15 0.50 0.025

Table 5.1: Allowed values of the design variables.

Method Time
Opera 72 hours
AKG 120 2 min
AKG 240 2 min
AKG 360 1 min 30 sec
AKG 480 1 min 13 sec

Table 5.2: Comparison of optimization time.

Point 1 Opera AKG 120 AKG 240 AKG 360 AKG 480
Height core [m] 0.300 0.300 0.325 0.325 0.325
Width core [m] 0.400 0.400 0.375 0.375 0.375
Width slot [m] 0.225 0.150 0.150 0.375 0.400
Fy melt [sc] 0.624 0.626 0.616 0.590 0.587
Losses [sc] 0.780 0.783 0.783 0.776 0.776
Flux core [sc] 1.690 1.690 1.692 1.694 1.689
Weight core [sc] 0.570 0.650 0.640 0.520 0.510

Table 5.3: Values of design variables and output variables for Pareto optimal
points found by Opera and the metamodels. AKG 120 refers to Anisotropic
Kriging based on 120 DOEs etc and [sc] means the value in percentage of
the reference value.
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(a) Model in Opera.

(b) Anisotropic Kriging, 120 DOEs. (c) Anisotropic Kriging, 240 DOEs.

(d) Anisotropic Kriging, 360 DOEs. (e) Anisotropic Kriging, 480 DOEs.

Figure 5.3: Obtained Pareto fronts for optimization problem 1.
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Point 2 Opera AKG 120 AKG 240 AKG 360 AKG 480
Height core [m] 0.275 0.250 0.300 0.275 0.250
Width core [m] 0.700 0.725 0.675 0.700 0.725
Width slot [m] 0.200 0.225 0.200 0.200 0.200
Fy melt [sc] 1.151 1.139 1.143 1.149 1.145
Losses [sc] 1.025 1.024 1.025 1.025 1.025
Flux core [sc] 1.430 1.493 1.382 1.436 1.490
Weight core [sc] 0.960 0.890 1.000 0.960 0.920

Table 5.4: Values of design variables and output variables for Pareto optimal
points found by Opera and the metamodels. AKG 120 refers to Anisotropic
Kriging based on 120 DOEs etc and [sc] means the value in percentage of
the reference value.

Point 3 Opera AKG 120 AKG 240 AKG 360 AKG 480
Height core [m] 0.275 0.250 0.275 0.275 0.275
Width core [m] 0.800 0.850 0.800 0.800 0.775
Width slot [m] 0.325 0.425 0.325 0.325 0.250
Fy melt [sc] 1.257 1.247 1.256 1.252 1.248
Losses [sc] 1.107 1.125 1.107 1.107 1.089
Flux core [sc] 1.350 1.389 1.342 1.353 1.369
Weight core [sc] 0.970 0.890 0.970 0.970 1.000

Table 5.5: Values of design variables and output variables for Pareto optimal
points found by Opera and the metamodels. AKG 120 refers to Anisotropic
Kriging based on 120 DOEs etc and [sc] means the value in percentage of
the reference value.

Point 1 Opera AKG 120 Opera AKG 240 Opera
Height core [m] 0.300 0.300 0.300 0.325 0.325
Width core [m] 0.400 0.400 0.400 0.375 0.375
Width slot [m] 0.225 0.150 0.150 0.150 0.150
Fy melt [sc] 0.624 0.626 0.626 0.616 0.613
Losses [sc] 0.780 0.783 0.783 0.783 0.783
Flux core [sc] 1.690 1.690 1.690 1.692 1.680
Weight core [sc] 0.570 0.650 0.646 0.640 0.644

Table 5.6: The first column shows the original Pareto optimal solution
found by Opera. The other columns show the results from the closest located
Pareto optimal solutions from AKG 120 and AKG 240 and the corresponding
results from these design variables according to Opera. Columns 1, 2 and 4
are taken from table 5.3.
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Point 1 Opera AKG 360 Opera AKG 480 Opera
Height core [m] 0.300 0.325 0.325 0.325 0.325
Width core [m] 0.400 0.375 0.375 0.375 0.375
Width slot [m] 0.225 0.375 0.375 0.400 0.400
Fy melt [sc] 0.624 0.590 0.589 0.587 0.585
Losses [sc] 0.780 0.776 0.777 0.776 0.776
Flux core [sc] 1.690 1.694 1.690 1.689 1.690
Weight core [sc] 0.570 0.520 0.518 0.510 0.512

Table 5.7: The first column shows the original Pareto optimal solution
found by Opera. The other columns show the results from the closest located
Pareto optimal solutions from AKG 360 and AKG 480 and the corresponding
results from these design variables according to Opera. Columns 1, 2 and 4
are taken from table 5.3.

Point 3 Opera AKG 120 Opera AKG 240 Opera
Height core [m] 0.275 0.250 0.250 0.275 0.275
Width core [m] 0.800 0.850 0.850 0.800 0.800
Width slot [m] 0.325 0.425 0.425 0.325 0.325
Fy melt [sc] 1.257 1.247 1.247 1.256 1.257
Losses [sc] 1.107 1.125 1.125 1.107 1.107
Flux core [sc] 1.350 1.389 1.400 1.342 1.350
Weight core [sc] 0.970 0.890 0.891 0.970 0.970

Table 5.8: The first column shows the original Pareto optimal solution
found by Opera. The other columns show the results from the closest located
Pareto optimal solutions from AKG 120 and AKG 240 and the corresponding
results from these design variables according to Opera. Columns 1, 2 and 4
are taken from table 5.5.

58



Point 3 Opera AKG 360 Opera AKG 480 Opera
Height core [m] 0.275 0.275 0.275 0.275 0.275
Width core [m] 0.800 0.800 0.800 0.775 0.775
Width slot [m] 0.325 0.325 0.325 0.250 0.250
Fy melt [sc] 1.257 1.252 1.257 1.248 1.254
Losses [sc] 1.107 1.107 1.107 1.089 1.089
Flux core [sc] 1.350 1.353 1.350 1.369 1.370
Weight core [sc] 0.970 0.970 0.970 1.000 1.000

Table 5.9: The first column shows the original Pareto optimal solution
found by Opera. The other columns show the results from the closest located
Pareto optimal solutions from AKG 360 and AKG 480 and the corresponding
results from these design variables according to Opera. Columns 1, 2 and 4
are taken from table 5.5.

Output variable Largest error found
Flux core 4.41%
Fy melt 5.93%
Losses 3.67%
Weight core 14.04%

Table 5.10: Largest error found for the output variables.
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5.2 Optimization problem 2

The optimization problem can be formulated:

max Fy melt

min Weight core

s.t. Mean flux core density < 1.6 T
Losses < 95% × original Losses

Optimization problem 2 was solved similar to optimization problem 1, de-
scribed in section 5.1. The metamodels, Anisotropic Kriging based on 120
DOEs and 480 DOEs, and the model in Opera solved the optimization prob-
lem in modeFRONTIER with the algorithm MOGA-II. The allowed values
of the design variables were the same as in optimization problem 1, see ta-
ble 5.1. All methods were given 16 DOEs selected by the ULH method and
performed 30 generations, resulting in 480 evaluations. Figure 5.4 shows
the modeFRONTIER workflow with the metamodels as the solvers and ta-
ble 5.11 shows the required computational time for solving the optimization
problem. Besides, remember that the simulations necessary to build the
metamodels are computationally expensive, see table 4.1 in chapter 4.

Since the improvement of the performance of an EMS is associated with
an increase in its weight, the Pareto front has the appearance visualized
in figure 5.5, where the obtained Pareto front from the model in Opera is
shown. The values of the axes are the values after scaling with the reference
values. For example, it is possible to decrease the weight of the machine by
40%, but then the performance also is reduced by 20%. Also, the perfor-
mance can be reduced by approximately 5%, simultaneously implying 20%
less weight. Remarkably no Pareto optimal solution was found where the
performance was improved compared to the reference value. All evaluations
with a value of the performance greater than 1.00 were unfeasible.

The Pareto fronts from the metamodels are compared to the Pareto front
from Opera in figure 5.6. As in section 5.1, some optimal solutions were
chosen along the Pareto front from Opera and compared to the closest lo-
cated Pareto optimal solution found by the metamodels. In this report,
the result of this comparison is shown for three Pareto optimal solutions
marked as point 1, 2 and 3 in figure 5.5. Point 1, with Fy melt = 0.654 and
Weight core = 0.530 was first selected. As seen in table 5.12 the metamod-
els find an optimal solution close to this point. Next, points 2 and 3 were
selected, with Fy melt = 0.799, Weight core = 0.610 and Fy melt = 0.944,
Weight core = 0.780, respectively. The metamodels also find Pareto opti-
mal solutions sufficiently close to these points, see tables 5.13 and 5.14. As
observed, the metamodels have found other values of the design variables
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Figure 5.4: ModeFRONTIER workflow for optimization problem 2.

than Opera. Tables 5.15, 5.16 and 5.17 show the values of the output vari-
ables according to the model in Opera for these design points. Table 5.18
shows the largest error found when selecting one of the Pareto optimal so-
lutions suggested by the metamodels.

Method Time
Opera 71 hours
AKG 120 1 min
AKG 480 1 min

Table 5.11: Comparison of optimization time.
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Figure 5.5: Pareto front obtained from the model in Opera.

Point 1 Opera AKG 120 AKG 480
Height core [m] 0.275 0.300 0.250
Width core [m] 0.475 0.425 0.525
Width slot [m] 0.500 0.450 0.500
Fy melt [sc] 0.654 0.633 0.665
Weight core [sc] 0.530 0.530 0.530
Flux core [sc] 1.640 1.663 1.655
Losses [sc] 0.820 0.800 0.840

Table 5.12: Values of design variables and output variables for Pareto op-
timal points found by Opera and the metamodels. AKG 120 refers to
Anisotropic Kriging based on 120 DOEs etc and [sc] means the value in
percentage of the reference value.
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(a) Model in Opera.

(b) Anisotropic Kriging, 120 DOEs. (c) Anisotropic Kriging, 480 DOEs.

Figure 5.6: Obtained Pareto fronts for optimization problem 2.

Point 2 Opera AKG 120 AKG 480
Height core [m] 0.250 0.225 0.250
Width core [m] 0.550 0.625 0.575
Width slot [m] 0.325 0.450 0.425
Fy melt [sc] 0.799 0.834 0.821
Weight core [sc] 0.610 0.580 0.600
Flux core [sc] 1.650 1.659 1.627
Losses [sc] 0.870 0.910 0.880

Table 5.13: Values of design variables and output variables for Pareto op-
timal points found by Opera and the metamodels. AKG 120 refers to
Anisotropic Kriging based on 120 DOEs etc and [sc] means the value in
percentage of the reference value.
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Point 3 Opera AKG 120 AKG 480
Height core [m] 0.300 0.300 0.300
Width core [m] 0.575 0.600 0.600
Width slot [m] 0.275 0.450 0.425
Fy melt [sc] 0.944 0.928 0.947
Weight core [sc] 0.780 0.740 0.750
Flux core [sc] 1.480 1.439 1.447
Losses [sc] 0.930 0.950 0.950

Table 5.14: Values of design variables and output variables for Pareto op-
timal points found by Opera and the metamodels. AKG 120 refers to
Anisotropic Kriging based on 120 DOEs etc and [sc] means the value in
percentage of the reference value.

Point 1 Opera AKG 120 Opera AKG 480 Opera
Height core [m] 0.275 0.300 0.300 0.250 0.250
Width core [m] 0.475 0.425 0.425 0.525 0.525
Width slot [m] 0.500 0.450 0.450 0.500 0.500
Fy melt [sc] 0.654 0.633 0.634 0.665 0.692
Weight core [sc] 0.530 0.530 0.527 0.530 0.534
Flux core [sc] 1.640 1.663 1.660 1.655 1.650
Losses [sc] 0.820 0.800 0.796 0.840 0.838

Table 5.15: The first column shows the original Pareto optimal solution
found by Opera. The other columns show the results from the closest located
Pareto optimal solutions from AKG 120 and AKG 240 and the corresponding
results from these design variables according to Opera. Columns 1, 2 and 4
are taken from table 5.12.
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Point 2 Opera AKG 120 Opera AKG 480 Opera
Height core [m] 0.250 0.225 0.225 0.250 0.250
Width core [m] 0.550 0.625 0.625 0.575 0.575
Width slot [m] 0.325 0.450 0.450 0.425 0.425
Fy melt [sc] 0.799 0.834 0.837 0.821 0.816
Weight core [sc] 0.610 0.580 0.584 0.600 0.603
Flux core [sc] 1.650 1.659 1.660 1.627 1.620
Losses [sc] 0.870 0.910 0.906 0.880 0.885

Table 5.16: The first column shows the original Pareto optimal solution
found by Opera. The other columns show the results from the closest located
Pareto optimal solutions from AKG 120 and AKG 240 and the corresponding
results from these design variables according to Opera. Columns 1, 2 and 4
are taken from table 5.13.

Point 3 Opera AKG 120 Opera AKG 480 Opera
Height core [m] 0.300 0.300 0.300 0.300 0.300
Width core [m] 0.575 0.600 0.600 0.600 0.600
Width slot [m] 0.275 0.450 0.450 0.425 0.425
Fy melt [sc] 0.944 0.928 0.931 0.947 0.940
Weight core [sc] 0.780 0.740 0.744 0.750 0.751
Flux core [sc] 1.480 1.439 1.440 1.447 1.440
Losses [sc] 0.930 0.950 0.950 0.950 0.950

Table 5.17: The first column shows the original Pareto optimal solution
found by Opera. The other columns show the results from the closest located
Pareto optimal solutions from AKG 120 and AKG 240 and the corresponding
results from these design variables according to Opera. Columns 1, 2 and 4
are taken from table 5.14.

Output variable Largest error
Flux core 2.90%
Fy melt 4.38%
Losses 4.60%
Weight core 4.92%

Table 5.18: Largest error found for the output variables.

65



5.3 Discussion

In section 5.1 and section 5.2, two EMS metamodel-based optimization prob-
lems were considered. In both optimization problems, it was observed that
the (nearly) same Pareto optimal solution found by the model in Opera
and the metamodels does not necessarily have the same design ID. This is
caused by the small differences in the values of the output variables that
multiply with the algorithm to the next iteration. As earlier observed in
chapter 4, some output variables from the metamodels indeed had a relative
error greater then 10% at some test points, see for example figure 4.5.

Once the metamodels have been created, the time they need for solving the
considered optimization problems is negligible compared to the time that
the FEM-based model in Opera needs, see tables 5.2 and 5.11. The gain in
computational time is indeed enormous when replacing Opera by one of the
metamodels; the optimization processes are completed in minutes instead of
three days. One should although not forget that the simulation time of the
model in Opera is very long; and this simulation is necessary for building
the metamodels since these are based on the function evaluations. It takes
more than 40 hours to simulate 480 DOEs, see table 4.1 in chapter 4. As
already mentioned, the simulation is only required once.

Also note that the metamodels solve the considered optimization problems
faster with increasing number of DOEs, see tables 5.2 and 5.11. Since the
accuracy of the metamodels improves with the sample size, it is plausible
that a “better” metamodel is a faster solver.

From figures 5.3 and 5.6 it is obvious that the Pareto fronts from the meta-
models are very similar to the obtained Pareto fronts from the model in
Opera, although some differences are observable. For instance, Anisotropic
Kriging based on 120 DOEs did not find as many optimal solutions as Opera
in the lower left corner of the Pareto front for optimization problem 2.

The points 1, 2 and 3 in figures 5.3 and 5.6 were only selected considering
the values of Fy melt and Losses, Fy melt and Weight core, respectively.
As a consequence, one cannot expect the values of the other output vari-
ables from the metamodels to be equal to those from Opera. Also, when
a Pareto optimal solution found by the model in Opera was compared to
the closest located Pareto optimal solution found by the metamodels, it was
observed that the values of the design variables were not always the same.
This means that the metamodels have found different design variables that
approximately generate the same values of the objective variables. This is
called a multiple solution. Nevertheless, optimization problem 1 does not
have any multiple solutions, since the value of Weight core is not identi-

66



cal for different design variables. This is explained by the properties of the
model. A smaller value of Width slot means a larger tooth, see figure 1.5,
implying an increase in Weight core since the weight of the teeth is included
in Weight core [2].

As seen in tables 5.6, 5.7, 5.8, 5.9, 5.15, 5.16 and 5.17, the verification results
are extremely good. The differences between the values calculated by the
metamodels and the model in Opera are so small that they are negligible.
In fact, the tables show that Opera indeed calculates the same values of
Fy melt, Weight core, Flux core and Losses as the metamodels, verifying
the reliability and accuracy of the metamodel-based optimization results. It
therefore seems that the Pareto optimal solutions found by the metamodels
to these optimization problems are as useful as those found by Opera. The
design points found by the metamodels in these tables were no interpolation
points. If they had been interpolation points, it would have explained the
correctness of the metamodels at those points.

Tables 5.10 and 5.18 show the maximum error found when the metamodels
solved optimization problem 1 and 2, respectively. However, generally the
errors were much smaller, varying from 1% to 5%, indicating good results.
Notice that the metamodels may have found other values of the design vari-
ables than Opera, which for example gives the error of 14.04% for Weight
core in table 5.10. The value of Weight core, 0.650, causing this error is
calculated by Anisotropic Kriging based on 120 DOEs and taken from ta-
ble 5.3. Also notice that Opera estimates almost exactly the same value of
Weight core, 0.646, from these design variables according to table 5.6.

To sum up, the metamodel Anisotropic Kriging showed optimization results
as good as the FEM-based model in Opera to these considered optimization
problems. This conclusion is based on the following:

1. the Pareto front from the model in Opera is similar to the obtained
Pareto fronts from the metamodels

2. the metamodels find Pareto optimal solutions closely located to ran-
domly selected Pareto optimal solutions found by Opera

3. for given design points, that were not used for building the metamod-
els, the model in Opera and the metamodels calculate approximately
the same values of the output variables, verifying the accuracy of the
metamodel-based optimization
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In addition, the metamodels were remarkably faster and required less com-
putational costs for execution with an error generally lower than 5%. It is
important to point out that metamodels cannot replace the model in Opera,
since they are based on function evaluations performed by this model. For
example, any change of the boundaries of the design variables implies a new
optimization problem and therefore requires new metamodels. Hence, meta-
models should be used as a complement to Opera. As long as the design
variables are not exposed to any modification, the same metamodels can be
used for solving different optimization problems.
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Chapter 6

Conclusions and future work

It may seem that replacing hard computational work like FEM-calculations
with metamodels only is advantageous. Indeed, the metamodels reduce ex-
penses in computational time and costs. On the other hand, it requires
additional engineering work for evaluating the metamodel. When using
metamodels, engineers must acquire the necessary knowledge to benchmark
and estimate their accuracy. With acceptable accuracy, metamodels can
be used in optimal design problems. In design optimization, the engineer
also must evaluate the metamodel-based optimization results and make a
decision whether these results are equally valuable as the original results
obtained with the FEM-based model.

In the second verification example of the ten bar truss problem, the meta-
models could not perform any good approximation. Both RSM and Kriging
had problems to accurately model the non-linear function Displacement.
The ten bar truss configuration is a rather simple structure and ten variables
still imply a relatively small problem, yet non-trivial. Besides, Displacement
is a convex function - and therefore fairly well-behaved - depending on the
cross-sectional area of the bars. The Matlab algorithm fmincon for exam-
ple, properly solved this optimization problem even though it only was given
function values and no derivatives. MOGA-II also showed relatively good
results when the ten bar truss problem was solved with the Matlab function
in modeFRONTIER.

In this work, Anisotropic Kriging was applied to an EMS. Building the
metamodels takes a long time since the simulation of the model in Opera
is time-consuming, around 40 hours. The calculated quality metrics were
promising while the output variables nearly perfectly fitted the responses ob-
tained from the model in Opera, although some peaks in the relative error
were observed for a few design IDs. At some test points out of 500, the rel-
ative error of the metamodels was high, around 20 or 50%, but these errors
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did not seem to significantly affect the optimization results. The accuracy of
the metamodels applied to an EMS was satisfying but not absolutely perfect.

The computational time for solving an optimal design problem of an EMS
can be reduced from 72 hours to two minutes with a metamodel-based ap-
proach. The accuracy of the optimization results from the metamodels was
acceptable; the largest error observed was 14%, but the errors were generally
much lower, around 2 or 3%. It was found that 480 DOEs were sufficient for
building Anisotropic Kriging, since its accuracy was adequate. Therefore,
it is not necessary to use larger sample sizes. The final conclusion is that a
metamodel-based approach in design optimization of an EMS is feasible; the
metamodels can be used as a complement to the FEM-based model in Opera.

Since only Anisotropic Kriging was considered, it cannot be stated whether
another metamodel would have provided a better approximation of the EMS
responses. The choice of the metamodel should be made based on the knowl-
edge of the behavior of the design space. In this case, the insight into the
behavior of the EMS design space was limited. Anisotropic Kriging was
selected in this work since it was recommended by the researchers of [11].

Future work may be to apply Anisotropic Kriging to other EMS optimization
problems than the ones considered in this project. It may for instance be
interesting to maximize the performance while minimizing both the weight
and the losses. Although the accuracy of the metamodels was satisfying,
they presented a high relative error at some test points. One should there-
fore be careful when applying Anisotropic Kriging to an EMS optimization
problem not considered in this work. Before relying on the optimization
results, one should check that the statements 1, 2 and 3 in section 5.3 are
valid to this new optimization problem.

If there had been enough time, it would have been interesting to apply
another metamodel to an EMS, such as RSM, and solve the same optimal
design problems. Future work may also be to apply metamodels to other
ABB machines and analyze if the metamodels also are useful and can reduce
the computational work with adequate accuracy in design optimization of
these.
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Appendix A

Mathematical function for
the ten bar truss problem

In this Appendix, it is described how the values of the functionsDisplacement
and Weight in section 3.2 are calculated for given values of the ten cross-
sectional areas x1, . . . , x10.

The considered truss structure has 8 degrees of freedom, namely the hori-
zontal and vertical displacements of the four non-fixed nodes.

Let:
x = (x1, . . . , x10)T = the design variable vector with cross-sectional areas of
the bars,
Lj = the given length of the j:th bar (Lj =

√
2 for j = 2, 3, 7, 8, while Lj = 1

for the others),
E = 0.5 = the modulus of elasticity of the given linearly elastic material,
ρ = 1 = the density of the given material,
p = (0, 0, 0, 0, 0, 0, 0,−1)T = the given load vector of external nodal forces
(just a vertical force of −1 kN in the fourth non-fixed node),
u = (u1, . . . , u8)T = corresponding vector of nodal displacements (u1, u3, u5, u7
are horizontal displacements of the non-fixed nodes, while u2, u4, u6, u8 are
vertical displacements),
D = a 10×10 diagonal matrix with diagonal elements Exj/Lj , j = 1, . . . , 10,
K = RDRT = the 8×8 stiffness matrix of the structure, where
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R =



1 0 γ 0 0 −1 −γ 0 0 0
0 0 γ 0 1 0 γ 0 0 0
0 γ 0 1 0 0 0 −γ −1 0
0 −γ 0 0 −1 0 0 −γ 0 0
0 0 0 0 0 1 0 γ 0 0
0 0 0 0 0 0 0 γ 0 1
0 0 0 0 0 0 γ 0 1 0
0 0 0 0 0 0 −γ 0 0 −1


, with γ = 1/

√
2.

For given values of the design variables x1, . . . , x10, the displacement vector
u is obtained by solving the system Ku = p of linear equations. Then the
value of the function Displacement is given by −u8 = the negative vertical
displacement of the node in which the external vertical force is applied.

Note that −u8 = −eT
8 u, where e8 = (0, 0, 0, 0, 0, 0, 0, 1)T , and thus Dis-

placement is formally given by −eT
8 K−1p. Since the inverse matrix K−1

depends non-linearly on x, Displacement is a non-linear function of x.

For given values of the design variables x1, . . . , x10, the value of the function

Weight is given by
10∑

j=1
ρLjxj . Thus, Weight is simply a linear function of

x.
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