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Abstract

Hammerstein models is one of the most commonly used model classes used for identifying nonlinear systems. A static input
nonlinearity followed by a linear dynamical part is an adequate way to model many real-life systems. This paper investigates the
asymptotic (in terms of sample size) variance of Hammerstein model estimates. The work extends earlier results by Ninness and
Gibson (2002) in the following ways. Not only frequency function estimation but estimation of general quantities is considered.
The expressions are not restricted to be valid asymptotically in the model order. In addition, the results cover model structures
having noise models and allow for data generated under feedback. The increase in variance due to the estimation of the input
nonlinearity is characterized. In particular, under open loop operation, white additive noise and the assumption of a separable
process, it is shown that the variance increase is exactly a term that was observed in Ninness and Gibson (2002) to result in
good agreement with simulations. This term vanishes in the formal asymptotic in model order analysis in Ninness and Gibson
(2002).

1 Introduction

Hammerstein models have found widespread use in a
range of disciplines, e.g. process control (Eskinat et al.;
2004) and biological systems (Hunter and Korenberg;
1986). A wide range of identification methods have also
been developed for this type of model structure, see e.g.
Bai (1998); Greblicki and Pawlak (1986); Goethals et al.
(2005); Zhu (2000); Crama and Schoukens (2001); Ding
and Chen (2005); Cai and Bai (2011); Vanbeylen et al.
(2008); Wang et al. (2009); Liu and Bai (2007).

However, the accuracy of an estimated Hammerstein
model has received very limited attention. One exception
is Ninness and Gibson (2002) where an asymptotic, in
the model order, expression for the variance of the esti-
mate of the linear part of the model is derived. Through
this expression it is revealed that the nonlinear part of
the model contribute to the variance of the linear part
of the model.

In this contribution we derive conditions for when the
variance expression derived in Ninness and Gibson
(2002) is valid for finite model orders. We also extend
the result to hold for colored noise. Preliminary re-
sults on this have been presented in Hjalmarsson and

⋆ This work was supported in part by the Swedish Research
Council under contracts 621-2007-6271 and 621-2009-4017.

Mårtensson (2007).
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Fig. 1. Block diagram of a Hammerstein model. The block X

is a static nonlinearity whereas G and H are linear dynamic
blocks.

2 A Prediction error framework and assump-
tions

2.1 The Hammerstein model

A Hammerstein model structure, depicted in Figure 1,
is given by

yt = G(q, β)xt(α) +H(q, β)et,

xt(α) = X(ut, α)
(1)

whereX is a memoryless non-linearity, continuously dif-
ferentiable in the parameter vector α ∈ Rnα .

The linear time-invariant (LTI) single-input single-
output (SISO) dynamical model G and the LTI SISO
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noise model H are rational functions in q and are pa-
rameterized by the vector β ∈ Rnβ . We assume that G
contains at least one pure time delay. The noise model
is monic and inversely stable. The parameters are col-
lected in

θ :=
[
βT αT

]T
∈ R

nβ+nα

We will assume that the model set contains the true sys-

tem, i.e. there exists a model parameter θo =
[
βT
o αT

o

]T

such that (1) is a correct description of the data gener-
ating mechanism when θ = θo. Furthermore, we assume
that the model is identifiable at θo. We assume that Go

is stable. We also assume that the true noise sequence
{eot} is an i.i.d., zero mean white noise process with vari-
ance λo and that the input {ut} is a stationary stochastic
process with finite variance.

Remark: It is common to have Hammerstein parame-
terizations where both G and X can be scaled by con-
stant factors. In that case identifiability is lost since G
can be multiplied by a constant and X be divided by
the same constant without changing the product of G
and X . This is, however, easily fixed by changing the
parametrization, e.g, by fixing some parameter in either
G or X . That parameter would have to be known to be
non-zero, but that is usually not such a severe limitation.
Fixing the first coefficient in the numerator of a polyno-
mial transfer function model, for example, would mean
that the number of pure time delays in the system is
known. Another option would be to normalize the norm
of the parameter vector, for example requiring that the
norm of the sub-vector that contains the numerator co-
efficients is equal to one.

The following notation will be used throughout the pa-
per.

Notation 2.1 In some cases we will use the notation
T (q, β) := [G(q, β), H(q, β)]T and zt(α) := [xt(α), et]

T .
Furthermore, Go(q) := G(q, βo), Ho(q) := H(q, βo),
To(q) := T (q, βo), x

o
t := xt(αo) and zot := zt(αo). For

derivatives we use the notation T ′(q) = [G′(q), H ′(q)]

where G′(q) := ∂G(q,β)
∂β

∣∣
β=βo

, H ′(q) := ∂H(q,β)
∂β

∣∣
β=βo

,

and x′
t := ∂xt(α)/∂α|α=αo

, where the gradients are col-
umn vectors. Generally, for a differentiable function f :
Cn → Cm we will use f ′(x̄) to denote the n×m matrix

with
∂fj(x)
∂xi

∣∣∣
x=x̄

as ij:th entry. Finally, x and x∗ denote

the complex conjugate and the complex conjugate trans-
pose of x, respectively.

2.2 Prediction error identification

We will assume that the model parameters θ are esti-
mated by way of prediction error identification. For sim-

plicity we consider a quadratic cost function

VN (θ) =
1

2N

N∑

t=1

ε2t (θ)

where the prediction error is given by

εt(θ) = H−1(q, β)(yt −G(q, β)xt(α)) (2)

The parameter estimate θ̂N =
[
β̂T
N α̂T

N

]T
is defined by

θ̂N := argminVN (θ) (3)

2.3 Asymptotic estimation error covariance

It will be assumed that the estimate is consistent, i.e. it
holds that

θ̂N → θo w.p.1 (4)

and that the estimate is asymptotically normal dis-
tributed

√
N(θ̂N − θo) ∈ AsN(0, P ) (5)

where

P =

[
Pβ Pβα

PT
βα Pα

]
, Pβ ∈ R

nβ×nβ , Pα ∈ R
nα×nα

In (5), AsN(m,P ) denotes that the left-hand side con-
verges in distribution to the normal distribution with
mean m and covariance matrix P , as N goes to infinity.

The exact conditions for when (4) and (5) hold are out-
side the scope of the paper. Bauer and Ninness (2002)
provides an analysis of both consistency and asymptotic
normality for least-squares estimation of Hammerstein-
Wiener models. One of the conditions is identifiability
of the model, i.e. that εt(θ1) = εt(θ2) for all t if and
only if θ1 = θ2. The issue here is to establish appropriate
conditions for persistence of excitation with respect to
the particular model. In Zhao (2010), the consistency of
an extended least squares estimate is shown for the case
when the linear part is an ARMAXmodel and nonlinear-
ity is a linear combination of basis functions. The input
is an i.i.d. random variable with a continuous probabil-
ity density function with finite support. Similar analysis
can be performed for the the settings considered in this
paper, but that will not be pursued here. It is, however,
quite straightforward to show identifiability for an odd
polynomial input nonlinearity with white output noise
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(H = 1) and a white zero-mean input process with sym-
metric continuous probability density function with fi-
nite support. Identifiability can also be shown for the
same case but with zero-mean Gaussian input.

In Ljung and Caines (1979) it is shown that the asymp-
totic covariance matrix can be written as

P = λo

[
E[ΨtΨ

T
t ]

]−1
(6)

where Ψt is the negative gradient of the prediction error
(2) evaluated at θo, i.e.

Ψt =




1
Ho(q)

T ′(q) 0nβ×nα

0nα×2
Go(q)
Ho(q)

Inα×nα



[
zot

x′
t

]
(7)

With J(θ) : Rn → C
nJ , we define the asymptotic co-

variance of J(θ̂N ) as

AsCov J(θ̂N ) =

lim
N→∞

N · E
[
(J(θ̂N )− J(θo))(J(θ̂N )− J(θo))

∗
]

(8)

if the limit above is well defined.When J is scalar valued,

we will define the asymptotic variance AsVar J(θ̂N ) of

J(θ̂N ) as in (8).

When J is differentiable, Gauss’ approximation formula
(Lehmann; 1983) gives that

AsCov J(θ̂N ) = ΛTPΛ (9)

where

Λ := J ′(θo). (10)

The starting point for the analysis in this paper will be
(9).

Remark: The expressions (6) and (9) correspond to
the asymptotic Cramér-Rao lower bound, which means
that the asymptotic covariance cannot be less than (9)

for any consistent estimator of J(θ̂N ). It is well known
that the least-squares estimator (3) achieves that bound
asymptotically.

For the upcoming analysis we need to introduce some
more notation.

Notation 2.2 For two functions f, g : C → Cn×m we
use 〈f, g〉 to denote the integral

〈f, g〉 = 1

2π

∫ π

−π

f(ejω)g∗(ejω)dω

A function Ψ : C → Cn×m is said to belong to Ln×m
2

when 〈Ψ, Ψ〉 exists. We write Ψ ∈ Ln×m
2 for this. For a

Ψ ∈ Ln×m
2 , SΨ is the subspace to Lm

2 spanned by the rows
of Ψ . Furthermore, for a γ ∈ LnJ×m

2 , PSΨ
{γ} denotes

the orthogonal projection of γ onto the subspace SΨ . With
X , Y being closed subspaces of a Hilbert space, we use
X + Y to denote the subspace {x + y : x ∈ X , y ∈ Y},
Z = X ⊕ Y to denote that Z is the direct sum of X
and Y, i.e. that Y is the orthogonal complement of X in
Z. Furthermore, we define Y ⊖ X to be the orthogonal
complement of X in X +Y, i.e. X +Y = X ⊕ (Y ⊖X ).

2.4 A geometric covariance expression

When P in (5) has the structure P = 〈Ψ, Ψ〉−1 for some
Ψ : C → Cn×m (for some positive integer m), so that
(9) can be written

AsCov J(θ̂N ) = ΛT 〈Ψ, Ψ〉−1Λ (11)

the following result holds.

Lemma 2.1 Suppose that J : Rn → CnJ is differen-
tiable and suppose that the asymptotic covariance matrix

AsCov J(θ̂N ) is given by (11) for some Ψ ∈ Ln×m
2 such

that 〈Ψ, Ψ〉 > 0. Suppose that γ ∈ LnJ×m
2 is such that

Λ = 〈Ψ, γ〉 (12)

Then

AsCov J(θ̂N ) = 〈PSΨ
{γ},PSΨ

{γ}〉T (13)

In particular, when J is scalar,

AsVar J(θ̂N ) = ‖PSΨ
{γ}‖2 (14)

Proof: This is Theorem II.5 in Hjalmarsson and
Mårtensson (2011).

The relations (12)–(14) provide a geometric interpre-
tation of the asymptotic covariance matrix. Expression

(14) shows that the asymptotic variance of J(θ̂N ) is given
by the squared norm of the projection of γ onto the sub-
space spanned by the rows of Ψ .

In certain cases it is easy to compute the projection
PSΨ

{γ} explicitly. Some of our contributions rely on the
following lemma.

Lemma 2.2 Let J , Ψ and SΨ be as in Lemma 2.1 and
suppose that Λ = Ψ(zo)L for some zo ∈ C and L ∈
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Cm×nJ . Let {Bk}rk=1, r ≤ n, be an orthonormal basis for
SΨ . Then (13) can be expressed as

AsCov J(θ̂N ) = LT
r∑

k=1

BT
k (zo)Bk(zo) L

Proof: This is Lemma II.9 in Hjalmarsson and
Mårtensson (2011).

These variance expressions were used for analyzing the
accuracy of error-in-variables identification in Hjalmars-
son et al. (2011) and here they are used for analyzing
the accuracy of Hammerstein model identification.

3 Covariance of Hammerstein models

Let Φz denote the spectrum of a signal z and Φzw be the
cross-spectrum between two signals z and w. Parseval’s
formula gives that (6) can be expressed as

AsCovθ̂N = 〈Ψ, Ψ〉−1 (15)

where

Ψ =




1√

λoHo
T ′Rzo 0nβ×nα

Go√
λoHo

Φx′zoR−∗
zo

Go√
λoHo

R∆



 (16)

Above, Rzo and R∆ are stable spectral factors of Φzo

and Φ∆, respectively, where

Φ∆ := Φx′ − Φx′zoΦ−1
zo Φzox′ (17)

The derivation of (15)–(17) is straightforward and the
details can be found in Appendix A.

The geometric interpretation in Lemma 2.1 now leads to
the following result for the covariance of Hammerstein
models.

Theorem 3.1 Let Ψ be given by (16) and let J ′(θo) =
〈Ψ, γ〉 for some γ ∈ LnJ×m

2 .

Then

AsCov J(θ̂N ) = C1 + C2 (18)

where

C1 = 〈PSΨ1
{γ},PSΨ1

{γ}〉T

C2 = 〈PSΨ2
⊖SΨ1

{γ},PSΨ2
⊖SΨ1

{γ}〉T
(19)

where Ψ1 and Ψ2 denote the first and second block row of
Ψ , respectively.

Proof: The result is a direct consequence of Lemma 2.1
and the orthogonal decomposition SΨ = SΨ1

+ SΨ2
=

SΨ1
⊕ (SΨ2

⊖ SΨ1
).

The first term above, C1, corresponds to the covariance

of J(θ̂N ) in the case when the non-linear part X(ut, α)
is known and the linear part is estimated from xo

t and
yt. The second term, C2, represents the increase of the
covariance when also the non-linearity X(ut, α) has to
be estimated.

3.1 Separable processes

Further assumptions on the signals will be imposed to
derive more explicit expressions for the term C2 in (19)
above. For this we need to introduce the notion of sepa-
rable processes.

Definition 3.2 (Separable processes) A stationary
stochastic process {vt} with E[vt] = 0 (zero expectation)
is separable if

E[vt−τ |vt] = aτvt (20)

for some sequence {aτ}. The separability notion is
adopted from Nuttall (1958), where also this condition
can be found.

The sequence {aτ} in Definition 3.2 can be expressed as

aτ =
rv(τ)

rv(0)
(21)

where rv is the autocorrelation of {vt}, i.e. rv(τ) =
E[vt−τvt], see Nuttall (1958); Enqvist (2005) for details.

White noise, Gaussian processes and randommulti-sines
are examples of separable processes (Enqvist; 2005).

We will use the following result.

Lemma 3.3 Let {vt} be a zero mean stationary separa-
ble process with spectrum Φ and let f be a static nonlin-
earity f such that f(vt) is stationary with zero mean and
for which E[f(vt)vt−τ ] exists for all τ . It then holds that
the cross-spectrum between f(u) and u is given by δ Φ for
some constant δ > 0.

Proof: The proof can be found in Nuttall (1958); En-
qvist (2005).

Under the assumption that {xo
t} is a separable process,

we have the following result.

Theorem 3.4 Let Ψ and γ be as in Theorem 3.1. Impose
the following assumptions:

i. {xo
t} is a separable process
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ii. x′
t = f(xo

t ) for some static nonlinearity f(·) that
fulfills the conditions of Lemma 3.3.

iii. {ut} and {eot} are uncorrelated, i.e. Φue = 0

iv. [Go 0] ∈ SΨ̃1
, Ψ̃1 = [G′ 1

Rxo
H ′]

Then C2 in (18) is given by

C2 = 〈PSΨ̃2
{γ},PSΨ̃2

{γ}〉T (22)

where

Ψ̃2 =
[
0 Go

Ho
R∆

]
(23)

Proof: See Appendix B.

Condition (ii) holds, for example, when X(u, αo) has an
inverse g with respect to u, that is, g(X(u, αo)) = u.
Then we can write

x′
t =

∂X(ut, αo)

∂α
=

∂X(g(xt(αo)), αo)

∂α

that is, we can view x′
t as a function of xt(αo). For con-

dition (iii) to hold, there can be no feedback from y
to u so the system has to operate in open loop. When
H(q, β) = 1 (not estimated), then the entire column
corresponding to et vanishes from the expressions and
condition (iii) is no longer needed. Also, under this con-
dition Φ∆ (17) reduces to

Φ∆ := Φx′ − Φ∗
xox′Φxox′

Φxo

(24)

Condition (iv) in Theorem 3.4 typically holds for many
model structures, including ARMAX, Box-Jenkins and
output-error models. If the parameters of B(q, β) (the
numerator polynomial of G(q, β) = B(q, β)/A(q, β))
does not share parameters withH(q, β), then the rows of

Ψ̃1 that correspond to the parameters in B are given by
[ 1
Ao

B′ 0] and condition (iv) will be fulfilled if Bo ∈ SB′ .
When G and H are independently parameterized, or
when H is not estimated, the condition (iv) reduces to
that Go ∈ SG′ .

4 Covariance of the linear part

The asymptotic covariance of the frequency function es-
timate of the linear part of the model and the noise

model, T (ejω, β̂N ), is given by (9) with

Λ =

[
T ′(ejωo)

0nα×2

]
(25)

Before we proceed and analyze the asymptotic covari-

ance of T (ejω, β̂N ) with the geometric tools introduced
above, we review an existing result by Ninness and Gib-
son (2002).

For this result we introduce the following notation. Let
d
dα logΦx(ωo) be short-hand for the partial derivative of
the logarithm of the spectrum of xt(α) with respect to
α, evaluated at αo.

Result 4.1 (Ninness and Gibson (2002)) For the
case of white output noise, i.e. when H(q, β) = 1, and
when the system dynamics is modeled as a function
expansion

G(q, β) =

nβ∑

k=1

βk BM
k (q), (26)

where {BM
k } is a set of orthonormal basis func-

tions, it is shown in Ninness and Gibson (2002) that

AsVarG(ejωo , β̂N ) behaves in the following way as the
model order increases:

lim
nβ→∞

1

Knβ
(ωo)

AsVarG(ejωo , β̂N ) =
λo

Φxo(ωo, αo)
+

1

4

(
d

dα
logΦx(e

jωo)

)T

Pα

(
d

dα
logΦx(e

jωo)

)

× lim
nβ→∞

|G(ejωo , βo)|2
Knβ

(ωo)
(27)

where

Knβ
(ω) :=

nβ∑

k=1

|BM
k (ωo)|2 (28)

and

Pα = λo〈GoR∆, GoR∆〉−1 (29)

One interesting observation in Ninness and Gibson
(2002) is that the non-linear part of the model increases

the asymptotic variance of G(ejωo , β̂N), at least as the
model order grows. This corresponds to the second term
of the right-hand side of (27).

Actually, it can be shown, see Ninness et al. (1999), that
Knβ

(ωo) → ∞ as nβ → ∞ and hence formally the result
(27) can be re-stated as

lim
nβ→∞

1

Knβ
(ωo)

AsVarG(ejωo , β̂N ) =
λo

Φxo(ωo, αo)
(30)

i.e., the second term of the right-hand side of (27) is zero.
However, in Ninness and Gibson (2002) it is observed
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that this term improves the accuracy of the variance
expression. In particular, in Ninness and Gibson (2002,
Section 5) it is shown that including this term results in
very good agreement with Monte Carlo simulations for
both a saturation and a dead-zone example where the
input is white noise in both cases.

We will now use the geometric tools to study this result
for finite model orders.

4.1 Expressions for finite model orders

We can write Λ (as defined in (25)) as Ψ(ejωo)L(ejωo),
where

L(ejωo)

=

[ √
λoHo(e

jωo)R−1
zo (ejωo)

−
√
λoHo(e

jωo)R−1
∆ (ejωo)Φx′zo(ejωo)Φ−1

zo (ejωo)

]

(31)

Lemma 2.2 now gives the following result.

Theorem 4.2 Let Ψ , Ψ1, Ψ2 and γ be as in Theorem 3.1.

Let {Bβ
k}

nβ

k=1 be an orthonormal basis for the rowspace
of H−1

o T ′Rz and let {Bα
k }nα

k=1 be an orthonormal basis
for SΨ2

⊖SΨ1
. Then the asymptotic covariance matrix of

T (ejωo, β̂N ) as defined by (9), with Λ given by (25), can
be expressed as

AsCovT (ejωo, β̂N ) = C1(e
jωo) + C2(e

jωo) (32)

where

C1(e
jωo) = λo|H(ejωo)|2R−T

zo (ejωo)

×
nβ∑

k=1

(Bβ
k (e

jωo))TBβ
k (e

jωo)R−1
zo (ejωo) (33)

and

C2(e
jωo) = LT (ejωo)

nα∑

k=1

(Bα
k (e

jωo))TBα
k (e

jωo)L(ejωo)

(34)

where L(ejωo) is defined in (31).

Proof: The result follows directly from Lemma 2.2 and
Theorem 3.1.

The expression (32) can be made more explicit for spe-
cific model structures. In particular, for the standard
polynomialmodel structures Box-Jenkins and output er-
rors it is possible to provide explicit expressions for the

basis functions in terms of the pole locations of the in-
put spectrum, and system and noise dynamics. We refer
to Ninness and Hjalmarsson (2004) for details.

While (32) provides an explicit finite model order ex-
pression for the asymptotic covariance matrix of the fre-

quency function estimate T (ejωo, β̂N ), it is possible to
reveal more of the structure by considering some special
cases. In the following we will specialize to the case when
{xt} is a separable process and when the input {ut} is
uncorrelated with the noise {et}.

Theorem 4.3 Let Ψ and Λ be as in Theorem 4.2 and let
the conditions (i) – (iv) of Theorem 3.4 be fulfilled.

Then C2(e
jωo) (defined in Theorem 4.2) is given by

C2(e
jωo) =

[
C̃2(e

jωo) 0

0 0

]
(35)

where

C̃2(e
jωo) =

1

4

(
d

dα
logΦx(e

jωo)

)T

P̃α

×
(

d

dα
logΦx(e

jωo)

)
|Go(e

jωo)|2

where

P̃α = 〈 Go√
λoHo

R∆,
Go√
λoHo

R∆〉−1 (36)

Proof: See Appendix C.

Remarks: When nβ → ∞ it holds that Pα → P̃α, cf.
Result 4.1. We make no formal proof of this statement
here. Also note that C2 above does not depend on the
number of parameters in the linear model, nβ .

Returning to the discussion after Result 4.1, Theorem
4.3 shows that the numerical observation in Ninness and
Gibson (2002) is correct, i.e., that the second term of
the right-hand side of (27) improves the accuracy of the
variance expression. Indeed, for finite model orders, un-
der the assumptions of Theorem 4.3, the expression gives
the exact increase of the asymptotic variance as com-
pared to not estimating the non-linear part.
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5 Simulations

We will now study a numerical simulation example of
the identification of the model

yt = G(q, β1)X(ut, α) +H(q, β2)et

=
b1q

−1 + b2q
−2

1 + f1q−1 + f2q−2
(ut + α1u

2
t + α2u

3
t )

+
1 + c1q

−1

1 + d1q−1
et (37)

where the data is generated according to

yt =
0.1548q−1 + 0.0939q−2

1− 0.9744q−1 + 0.2231q−2
(ut + 0.5u3

t )

+
1

1 + 0.9q−1
et (38)

with {et} being white noise with variance λe = 0.01.
The input {ut} is a Gaussian process with ru(τ) :=
E[utut−τ ] = λua

τ , which means that the spectrum is

Φu(e
jω) = λu

1−a2

|1−aejω|2 , where a = 0.5 and λu = 0.8.

Let ru(τ) = E[utut−τ ] denote the auto-correlation of a
signal u and let ruv(τ) = E[utvt−τ ] denote the cross-
correlation between u and v. The spectrum Φu(e

jω)
is then given by

∑∞
k=−∞ ru(k)e

−jωk and the cross-

spectrum Φuv(e
jω) is given by

∑∞
k=−∞ ruv(k)e

−jωk.

Let xt := ut + αou
3
t , where αo = 0.5 corresponds to the

true input in (38). Then for the higher order moments
we have

ru2(τ) = λ2
u + 2r2u(τ)

ru3(τ) = 9λ2
uru(τ) + 6r3u(τ)

ru2u(τ) = 0

ru3u(τ) = 3λuru(τ)

ru3u2(τ) = 0

rx(τ) = (1 + 3αoλ)
2ru(τ) + 6α2

or
3
u(τ)

ru2x(τ) = 0

ru3x(τ) = 3λu(1 + 3αoλu)ru(τ) + 6αor
3
u(τ)

Define Φ̃3(e
jω) :=

∑∞
k=−∞ 6r3u(k)e

−jωk = 6λ3
u

1−a6

|1−a3ejω|2 .

In this case, β̂1 will be asymptotically independent of

both β̂2 and α̂2 and the variance of G(ejω, β̂1) can be
expressed as

AsVarG(ejω, θ̂) = λuΛ
T 〈Ψ̃Φ, Ψ̃〉−1Λ (39)

where

Λ =

[
G′

0

]
, Ψ̃ =

[
H−1

o G′ 0

0 H−1
o Go

]

Φ =

[
Φx Φxu3

Φu3x Φu3

]
= x1x

T
1 Φu + x2x

T
2 Φ̃3

x1 =

[
1 + 3αoλu

3λu

]
, x2 =

[
αo

1

]

(40)

This will be compared to the case when the linear models
G andH are estimated from yt and xo

t , in which case the

asymptotic variance of G(ejω, θ̂) again is given by (39),

but this time with Λ = G′, Ψ̃ = H−1
o G′ and Φ = Φx.

The system (38) is simulated in Matlab and N = 1000
samples of yt, ut and xo

t are used to identify the Ham-
merstein model and the linear model described above.
The identification is made with the University of New-
castle System Identification Toolbox (UNIT) with the
default settings of the routine est.m.

The experiment is repeated 1000 times with different re-
alizations of the noise et and the sample variance (nor-
malized with N) is compared with the asymptotic vari-
ance (39). The results are shown in Figure 2. The first
thing to notice is that the variance of the linear part
of the model increases significantly when also the static
non-linearity is estimated. The increase of the variance is
given by the term C̃2 in Theorem 4.3. The second thing
to notice is that the asymptotic expressions for the vari-
ance are very accurate (in this example), also for finite
sample sizes.

6 Conclusions

In this paper we have studied the accuracy of the Ham-
merstein model (1) in terms of the asymptotic covari-

ance of an arbitrary function J(θ̂N ). The parameter θ
consists of β, the parameters of the dynamic linear mod-
els, and α, the parameters of the static nonlinearity. The
asymptotic covariance can be decomposed in two terms

AsCov J(θ̂N ) = C1 + C2 (41)

The first term C1 corresponds to the covariance one
would obtain if the nonlinearity was known and only
the linear part of the model was estimated. The sec-
ond term C2 represents the increase in covariance when
also the static nonlinearity has to be estimated. Expres-
sions for C1 and C2 are given in terms of orthogonal
projections in Theorems 3.1 and 3.4. For the case when
J(θ) = T (ejωo, β), i.e. the frequency response of the lin-
ear models, Theorem 4.2 gives C1 and C2 in terms of
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Fig. 2. Simulation results. The thick lines show the (nor-
malized) variance of the linear part of the estimated Ham-
merstein model and the thin lines show the variance when
the nonlinear part is known and only the linear part is es-
timated. The agreement with the asymptotic expressions
(dashed lines) is very good.

orthonormal basis functions. Finally, under certain as-
sumptions on the input and noise processes, C2 is given
a more explicit formulation in Theorem 4.3.

The expressions are valid for finite model orders and ad-
mit colored noise. In the general form there can be cor-
relations between the input and the noise, but to derive
most explicit expressions we must have them uncorre-
lated. A simulation study was used to evaluate the ac-
curacy of the asymptotic expressions for finite sample
sizes. The simulations show good agreement with the
theoretic expressions.

Our results also explain the numerical observations in
Ninness and Gibson (2002) that the second term of the
right-hand side of (27) improves the accuracy of the vari-
ance expression when used for finite model orders, cf.
the discussion after Theorem 4.3.

Appendix

A An expression for Ψ

The matrix Ψ can be written as

Ψ =




1√

λoHo
T ′ 0

0 Go√
λoHo

I




[
Φzo Φzox′

Φx′zo Φx′

]
(A.1)

A spectral factorization is given by

[
Φzo Φzox′

Φx′zo Φx′

]
= RR∗, R =

[
Rz 0

Φx′zoR−∗
zo R∆

]
(A.2)

where R∆ is a spectral factor of

Φ∆ := Φx′ − Φx′zoΦ−1
zo Φzox′ (A.3)

This gives

Ψ =




1√
λoHo

T ′Rzo 0

Go√
λoHo

Φx′zoR−∗
zo

Go√
λoHo

R∆


 (A.4)

B Proof of Theorem 3.1

Conditions (i) and (ii) implies, by Lemma 3.3, that

Φx′xo = MΦxo (B.1)

for some fix vector M ∈ C1×nα . Assumption (iii) gives
that

Φx′zo =
[
Φx′xo 0

]
=

[
MΦxo 0

]
(B.2)

and

Rzo =

[
Rxo 0

0
√
λo

]
(B.3)

Using these expressions in (16) gives

Ψ =
Rxo√
λoHo

[
G′

√
λo

Rxo
H ′ 0nβ×nα

MGo 0nα×1
Go

Rxo
R∆

]
(B.4)

Finally, condition (iv) gives that the elements of the
lower left (nα × 2)-corner is spanned by the elements
of the upper left (nβ × 2)-corner, which means that the
span of Ψ is the same as the span of

Rxo√
λoHo

[
G′

√
λo

Rxo
H ′ 0nβ×nα

0nα×1 0nα×1
Go

Rxo
R∆

]
=

[
Ψ1

Ψ̃2

]
(B.5)

where the two block rows are orthogonal and the result
of the theorem follows.

C Proof of Theorem 4.3

We start with defining some block decompositions:

Ψ =

[
Ψ11 0

Ψ21 Ψ22

]
, γ =

[
γ1 γ2

]
(C.1)

Then it holds that

〈PSΨ̃2
{γ},PSΨ̃2

{γ}〉 = 〈PSΨ22
{γ2},PSΨ22

{γ2}〉 (C.2)
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and furthermore, since 〈Ψ, γ〉 = Λ,

〈Ψ22, γ2〉 = −〈Ψ21, γ1〉 (C.3)

〈Ψ11, γ1〉 = T ′(ejωo) (C.4)

= Ψ11(e
jωo)R−1

zo (ejωo)Ho(e
jωo)

√
λo (C.5)

One solution of γ1 is

γ1 =
√
λoHo(ejωo)R−∗

zo (ejωo)Ψ∗
11(e

jωo)〈Ψ11, Ψ11〉−1Ψ11

(C.6)

which gives

〈Ψ21, γ1〉
= 〈Ψ21, Ψ11〉〈Ψ11, Ψ11〉−1Ψ11(e

jωo)R−1
zo (ejωo)Ho(e

jωo)
√
λo

= PΨ11
{Ψ21}(ejωo)R−1

zo (ejωo)Ho(e
jωo)

√
λo

= Ψ21(e
jωo)R−1

zo (ejωo)Ho(e
jωo)

√
λo

= G(ejωo)
[
Φx′xo (ejωo )
Φxo (ejωo ) 0

]
(C.7)

where the third equality follows from assumption (iv)
and the last equality from assumption (iii).

Now

C2(e
jωo) = 〈PSΨ22

{γ2},PSΨ22
{γ2}〉 (C.8)

= 〈γ2, Ψ22〉〈Ψ22, Ψ22〉−1〈Ψ22, γ2〉 (C.9)

= 〈γ1, Ψ21〉〈Ψ22, Ψ22〉−1〈Ψ21, γ1〉 (C.10)

=

[
C̃2(e

jωo) 0

0 0

]
(C.11)

where

C̃2(e
jωo) =

Φxox′(ejωo)

Φxo(ejωo)
〈Ψ22, Ψ22〉−1Φx′xo(ejωo)

Φxo(ejωo)
|Go(e

jωo)|2

(C.12)

Finally

Φx′xo(ejωo)

Φxo(ejωo)
=

1

2

d

dα
logΦx(ejωo) (C.13)

which concludes the proof.
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