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Platooning is a way to increase the traffic flow and capacity on roads to handle the upcoming
problems of traffic congestion and exhaust emissions. The aim with this work is to evaluate if the
safety distance of platooning vehicles can be further reduced when both lateral and longitudinal
control is implemented. The idea is that when the vehicle in front suddenly brakes the vehicle
behind, if needed, is steered aside while braking and stops beside the preceding vehicle. The
analysis is performed using a game theoretical approach and different detailed vehicle models.
Results show that the safety distance can be reduced.
Topics/ Intelligent Transportation Systems, Vehicle Dynamics, Modelling and Simulation
1. INTRODUCTION
Due to the increased amount of vehicles on the
roads and the increased fuel prices, vehicle platooning
becomes more and more of interest. Platooning is a way
to increase the traffic flow and the capacity on the roads
to handle the upcoming problems of traffic congestion
and exhaust emissions. Since the aerodynamic forces
acting on the vehicles decay during platooning,
particularly for heavy-duty vehicles, it may also be a
fuel saving solution [1]. Analytical and experimental
results [2] show a fuel saving potential of 5 % – 8 % at
an intermediate distance of 20 m at 70 km/h, and
closing the gap further would result in an even higher
fuel saving percentage. Due to elimination of human
reaction time automated platooning decreases the safety
distance between the vehicles.
The overall aim with this work is to evaluate the
safety distance of platooning vehicles when both lateral
and longitudinal control is implemented in comparison
with only longitudinal control. Most previous studies on
lateral control of vehicle platoons have concerned
designing a controller with respect to a desired path of
the road or with respect to the relative position of the
lead vehicle with the overall aim to make the following
vehicle to follow the lead vehicle in a better way, see for
example [3-7].
The advantage with the proposed control is that if
the lead vehicle suddenly brakes (emergency braking)
the following vehicle can both steer and brake to avoid a
collision. The vehicle is automatically steered aside and

is allowed to pass the lead vehicle before stopping. If
there is a platoon of several vehicles the idea is that
every other vehicle steer to the right and every other to
the left, including the lead vehicle. Thus the vehicles
directly following each other do not need to steer as
much in order to avoid a collision since they steer in
opposite directions. The safety distance is analysed with
an evader/pursuer game theoretic approach to determine
the safety regions for platooning vehicles, inspired by
[8]. The approach originates from [9-10] where these
methods are used to generate alerts for aircraft.
The research question of this work is: Is it possible
to decrease the distance between a lead vehicle and a
following vehicle in a platoon if the vehicles can be
controlled both longitudinally and laterally compared to
only longitudinal control?
2. VEHICLE MODELS
Three vehicle models have been used to represent
the following vehicle in the platoon. A particle model is
used in the game theoretic approach to find the safety
distance. To analyse a specific critical case where the
lead vehicle has better braking performance than the
following vehicle a bicycle model is used. Finally, a
more complex vehicle model developed in CarMaker is
analysed and compared to the bicycle model.
2.1 Particle model
A simple kinematic particle model of two vehicles
is used for the safety distance analysis. The first vehicle
(pursuer, subindex p) can only move in the longitudinal
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direction while the second vehicle (evader, subindex e)
also can steer by controlling its lateral acceleration. The
states of this model are the absolute velocities of the
respective vehicle, 𝑣!    and 𝑣! , the heading of the
following vehicle, 𝜃! , and the relative distances in the
(x,y) coordinate system of the road, 𝑑! and 𝑑! , see
Fig 1.

The equations describing the particle motion are:
𝑣! = 𝑎!

(1)

𝑣! = 𝑎!!"#

(2)

!!!"#
!!

(4)

𝑑! = 𝑣! 𝑠𝑖𝑛𝜃!

(5)

The evader inputs are the longitudinal and lateral
accelerations 𝑢! = 𝑎!!!" , 𝑎!!"# ! and the pursuer input
is the longitudinal acceleration 𝑢! = 𝑎! . The pursuer
input is constrained to 𝑎! ≤ 8.5 m/s2 and the evader
input is constrained within a vertically cut ellipse,
+

𝑎!!"#

!
!!!"#
!
!.!"

≤1

(6)

≤𝛼

where 0 ≤ 𝛼 ≤ 3.75 is a design parameter that can be
set to limit the lateral acceleration to ensure that a
certain level of brake force still is available.
Furthermore, the velocities are not allowed to be
negative. This is handled by setting the inputs to zero as
soon as the vehicle has stopped. In particular 𝑎!!"# goes
to zero at the same rate as 𝑣! so that 𝜃! always is
bounded.
2.2 Bicycle model
The bicycle model has three degrees of freedom;
𝑥, 𝑦, 𝜓 and its motion is described by the following
equations:
!!!
!"
!!!
!"

=

!"!" !"# ! !!"!" !!"!" !"#  (!)

=

!"!" !"# ! !!"!" !!"!" !"#  (!)

!
!

+ 𝜓𝑣!
− 𝜓𝑣!

=

!!

(9)

where 𝑣! , 𝑣! , 𝜓  and  𝛿 are the longitudinal velocity,
lateral velocity, yaw rate and steering wheel angle at the
wheels respectively. Subindex 12 and 34 denote front
and rear axle. The rest of the parameters can be seen in
Table 1.

The normal forces for each axle can be described
by:  

(7)
(8)

!"#!ℎ!!!

𝐹𝑧!" =

(3)

𝑑! = 𝑣! − 𝑣! 𝑐𝑜𝑠𝜃!

!
!!!"#
!
!.!

!"

! !"!" !"# ! !!"!" !"#  (!) !!!"!"

Table 1. Model parameters.
Body mass
𝑚 2150 kg
Body yaw moment of inertia
3075 kgm2
𝐽!
CoG to front axle distance
1.4 m
𝑓
CoG to rear axle distance
1.45 m
𝑏
Half track width
𝑤 0.8 m
CoG to ground height
0.738
ℎ
Front axle tyre stiffness factor 𝐶!" 22
Rear axle tyre stiffness factor
𝐶!" 22
Initial vehicle velocity
80 km/h
𝑣
Brake gradient
𝐵! 20 kN/s
Gravitational coefficient
9.82 m/s2
𝑔
Friction coefficient
7.5/9.82
𝜇

Fig. 1. Particle model.

𝜃! =

  

!!

(10)

!!!

𝐹𝑧!" = 𝑚𝑔 − 𝐹𝑧!"

(11)  

  

The tyres lateral force is modelled with a simplified
tyre model:
𝐹𝑦!" = −sin  (atan 𝐶!" 𝛼!" ) ∙ 𝐹𝑦!"!"#

(12)

𝐹𝑦!" = −sin  (atan 𝐶!" 𝛼!" ) ∙ 𝐹𝑦!"!"#

(13)

where
𝛼!" = tan!!

!! !!"
!!

𝛼!" = tan!!

− 𝛿 ∙ 𝑠𝑔𝑛(𝑣! )

!! !!"

(14)
(15)

!!

𝐹𝑦!"!"# =

𝐹𝑧!" 𝜇

!

− 𝐹𝑥!" !

(16)

𝐹𝑦!"!"# =

𝐹𝑧!" 𝜇

!

− 𝐹𝑥!" !

(17)

In order to not use more force than available and to
ensure a brake performance of maximum -7.5 m/s2 a
brake logic is developed for which the following
equations serves as input: The brake forces are limited
according to:
!"#
𝐹𝑥!"
= 𝐹𝑧!" 𝜇

(18)

!"#
𝐹𝑥!"
= 𝐹𝑧!" 𝜇

(19)

!"#
𝐹𝑥!"
= 𝑅𝑒

𝐹𝑧!" 𝜇

!

− 𝐹𝑦!"

!

(20)

AVEC ’12

!"#
𝐹𝑥!"
= 𝑅𝑒

𝐹𝑧!" 𝜇

!

− 𝐹𝑦!"

!

(21)

2.3 CarMaker model
To compare the results of the bicycle model to a
more complex vehicle dynamic model a validation
environment is built in CarMaker, see Fig. 2.

and 𝑓 is bounded and Lipschitz continuous in 𝑥 for
fixed 𝑢! (∙) and 𝑢! (∙). Hence, given an initial state 𝑥!
and inputs 𝑢! ∙ ∈ 𝒰! and 𝑢! (∙) ∈ 𝒰! , there exists a
unique trajectory 𝑥(∙) solving (22).
3.2 Dynamic games
The evader and pursuer game is formulated as the
minimization/maximization of a terminal cost 𝜙(𝑥 𝜏 )
max!!

∙ ∈𝒰!

min!!

∙ ∈𝒰!

𝜙(𝑥 𝜏 )

(25)

subject to the dynamic model (22) with initial state
𝑥 0 = 𝑥! . The solution to (25) could be obtained from
the solution to the Hamilton-Jacobi-Isaacs (HJI)
equation
!"(!,!)
!"

+ 𝐻 𝑥,

!"(!,!)
!"

=0

(26)

with terminal condition 𝑣 𝜏, 𝑥 = 𝜙(𝑥), where
Fig. 2. Visualization of the set-up in CarMaker [11].
The lead vehicle in the CarMaker environment is a
traffic object with no dynamics, it has only a predefined
speed profile. The following vehicle is the standard
vehicle model (DEMO_MB_MClass) with predefined
data, no data has been altered. The CarMaker model is
connected to Simulink where the same brake logic has
been incorporated as in the bicycle model but instead of
calculating the tyre forces they are imported from
CarMaker to the brake model that then produce a sought
braking force that is converted to torque and added
directly to the wheel i.e. no CarMaker brake model was
used.
3. SAFETY DISTANCE ANALYSIS

3.1 Model assumptions
The model of the system is a non-linear ordinary
differential equation
(22)

where 𝑥(𝑡) ∈ ℝ! denotes the states of the vehicles (in
some representation) and 𝑢! (𝑡) and 𝑢! (𝑡) are the
control inputs for the evader (our vehicle) and the
pursuer (the other vehicles), respectively. The inputs are
constrained to compact sets
𝑢! ∙ ∈ 𝒰! ⊂ ℝ!   

(23)

!

(24)

𝑢! (∙) ∈ 𝒰! ⊂ ℝ

∙ ∈𝒰!

min!!

∙ ∈𝒰!

𝜆! 𝑓(𝑥, 𝑢! , 𝑢! ) (27)

Then the optimal pursuer and evader inputs are given by
𝑢!∗ 𝑡, 𝑥, 𝑢! = 𝜇! 𝑥, 𝑢! ,
𝑢!∗ 𝑡, 𝑥 = 𝜇! 𝑥,
where

!" !,!
!"

!" !,!
!"

𝜇! 𝑥, 𝑢! , 𝜆 = 𝑎𝑟𝑔 min!!∈𝒰! 𝜆! 𝑓(𝑥, 𝑢! , 𝑢! )

(28)
(29)
(30)

𝜇! 𝑥, 𝜆 = 𝑎𝑟𝑔 max!!∈𝒰! 𝜆! 𝑓(𝑥, 𝑢! , 𝜇! (𝑥, 𝑢! , 𝜆)) (31)
Moreover, the level curves
𝑥 ∈ ℝ! |𝑣 0, 𝑥 = 𝑐

The safety distance between the two vehicles is
analysed with a game theoretic approach as a
pursuer-evader game. The following vehicle (the evader)
will do its best to avoid a collision, while the lead
vehicle (the pursuer) will do its best to create a collision.
First the analysis method is presented and then the result
for an evasive manoeuvre using the particle model of
Section 2.1 is presented.

𝑥 = 𝑓 𝑥, 𝑢! , 𝑢!                   

𝐻 𝑥, 𝜆 = max!!

(32)

describe the set of initial states for which the dynamic
game (25) yields a terminal cost 𝜙 𝑥 𝜏 = 𝑐.
3.3 Safe unreachable sets
Suppose now that there is an unsafe region in the
state space that has to be avoided, and consider the
problem of finding the set of initial states from which
there exists pursuer inputs 𝑢! (∙) that will make the
system end up in the unsafe region within time 𝜏 for all
possible evader actions 𝑢! (∙). If the evader is kept
outside this set of initial states, then there exists a
control action that will keep it from entering the
dangerous region if an emergency situation should
occur (i.e. if it is being pursued).
This problem can be stated as the terminal cost
optimization (23). Let the unsafe region be defined by
Φ! ≔ 𝑥 ∈ ℝ! |𝜙 𝑥 ≤ 0

(33)

for some function 𝜙 ∶    ℝ! → ℝ, and denote the set of
safe initial states by Φ! . The interpretation is that the
pursuer tries to drive the system into the unsafe set Φ!
by minimizing the terminal cost 𝜙 𝑥 𝜏
and vice
versa for the evader.
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From (32) it follows that
Φ! ≔ 𝑥 ∈ ℝ! |𝑣 0, 𝑥 ≤ 0

(34)

where 𝑣(𝑡, 𝑥) is the solution to (26), is the set of initial
states from which the optimal inputs of (25) drive the
state into Φ! at time 𝜏. But (34) only captures the
situation at time 𝜏; it does not capture trajectories that
enter into Φ! and then leave again before time 𝜏. In
[10] it is shown that the sought region Φ! is achieved
by modifying the HJI equation (26) to
!"(!,!)
!"

+ 𝑚𝑖𝑛 0, 𝐻 𝑥,

!"(!,!)
!"

=0

4.1 Particle model
Let’s first study the two extreme cases with only
braking or only steering. The vehicle length is L=4.7 m
and the width is B=1.6 m. Fig. 5 shows the safety
distance as a function of the initial velocity of the
vehicles.

(35)

Ian Mitchell [12] provides a Matlab toolbox that
produces the solution to (35) in terms of the evolution of
the implicit surfaces (34) as a function of the time
horizon 𝜏.
3.4 Evasive manoeuvre with the particle model
Consider the scenario of one vehicle following
another, described by the particle model (Section 2.1).
Until time zero, the vehicles are driving with the same
velocity 𝑣! 0 = 𝑣! 0 = 𝑣! and with relative
distance 𝑑! 0 = 𝑑!! and 𝑑! 0 = 0. The initial
heading of the following vehicle is straight forward,
𝜃! 0 = 0. At time zero the pursuer-evader game starts,
which means that the lead vehicle will start to brake as
hard as possible, 𝑎! 𝑡   = -8.5 m/s2. The question is
from which initial conditions {𝑑!! , 𝑣! } the following
vehicle can avoid an accident by braking and steering
simultaneously.
In order to state this problem as a pursuer-evader
game, a cost function and an unsafe region must be
defined. In the upper part of Fig. 4 the centre points and
the size of the vehicles are shown. The geometric shape
of the vehicles are approximated by
!!
!!

+

!!
!!

=

!

(36)

!

where L and B are the length and width of the vehicle.
A collision is considered to occur when the oval shapes
intersect. To simplify things, the two ovals are
combined to one large oval centred at the lead vehicle;
see lower part of Fig 4. Note that the unsafe region is
defined in the relative coordinates 𝑑! , 𝑑! . A collision
then occurs if the follower enters that large oval, which
now is our unsafe set Φ! , defined as (33) with
𝜙 𝑥 = 𝜙 𝑑! , 𝑑! =

!
!!

!!

+

!
!!

!!

−1

(37)

4. RESULTS
In this chapter the results from the safety distance
analysis are presented together with simulation results
from the bicycle model and the CarMaker model.

Fig. 4. The unsafe region Φ! .

Fig. 5. Safety distance as function of initial velocity.
The values on the vertical axis are the distances between
the vehicles.
According to the results it is better to steer than
brake for velocities above 50 km/h. If a combination of
steering and braking the safety distance is further
reduced. Furthermore, when only steering is applied the
vehicle still has the same velocity when it has passed the
other vehicle and that might not be preferable due to
safety reasons.
In Fig. 6 the result for the particle model at a
velocity of 80 km/h with different limitations of lateral
acceleration (𝛼 = 0, 0.75, 1.3, 3.75) are shown. The
following vehicle will start at the minimal safety
distance given by α and the starting point is marked
with a circle and the point where both vehicles have
stopped completely is marked with a cross.
4.2 Bicycle model
Fig. 7 shows results with the bicycle model at the
velocity of 80 km/h when the lead vehicle brakes with
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-8.5 m/s2 and the following vehicle brakes with -7.5
m/s2 (same as for the particle model). Three different
control strategies are shown; (a) only braking, and
combined steering and braking with (b) full vehicle
width movement and (c) half vehicle width movement.

(a-c). The full dynamics of the CarMaker model induces
a more complex behaviour due to e.g. roll and pitch
motion of the chassis and non-linear tyre model with
relaxation length. However, the overall shapes of the
curves match with the more simplified bicycle model.
Fig. 10 shows the lateral displacement of the three cases.
The safety distance for the three cases is close to 7.3 m,
3.4 m and 2.9 m, respectively. It should be mentioned
that the lateral displacement for the CarMaker model is
lower than for the bicycle model.

brake forces [N]

0

front (a)
rear (a)
front (b)

−5000

rear (b)
front (c)

−10000
0

rear (c)
0.5

1

1.5

2

2.5

3

3.5

time [s]

2
[degrees]

Fig. 6. Relative distance in x and y direction at a
velocity of 80 km/h for different limitations of lateral
acceleration.
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Fig. 8. Brake forces at front and rear axle, steer angle,
longitudinal (ax) and lateral (ay) acceleration.
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4.3 CarMaker model
Results from the CarMaker model are shown in
Figs. 9-10. The steering input and the brake model (Eqs.
16-19) used in the CarMaker model is the same as in the
bicycle model. Fig. 9 shows plots of longitudinal forces,
steering angles and accelerations for the three cases

brake forces [N]

CM front (b)
CM rear (b)
CM front (c)

−10000
0

CM rear (c)
0.5

1

1.5

2

2.5

3

3.5

2.5

3

3.5

time [s]

2
[degrees]

The safety distance between the vehicles during
only braking need to be more than 6.44 m as can be
seen in Fig. 7. If the following vehicle is able to steer
and brake and need to move a full vehicle width, the
distance is reduced to 2.8 m. In the case of a
coordinated lateral movement of both the lead and
following vehicle the distance is reduced even further to
1.85 m. Fig. 8 shows the brake forces, steering angle
and accelerations for all cases.

CM rear (a)

−5000

CM

(a)

1

CM

(b)

0

CM

(c)

−1
−2
0

0.5

1

1.5

2

time [s]
acceleration [m/s2]

Fig. 7. Results from Matlab vehicle simulations, (a)
only braking, (b) steering and braking full vehicle width
movement, (c) steering and braking half vehicle width
movement.
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CM ax (c)
0.5

1

1.5
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2

2.5
CM ay (c)3
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Fig. 9. Brake force, steering angle and acceleration for

AVEC ’12

(a) only braking, (b) steering and braking full vehicle
width movement, (c) steering and braking half vehicle
width movement.

1.8
1.6

CM Lat. dist. [m]

1.4
1.2
1
CM Lat. dist. [m] (a)
0.8

CM Lat. dist. [m] (b)
CM Lat. dist. [m] (c)

0.6
0.4
0.2
0
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

time [s]

Fig. 10. Lateral displacement as a function of time for
(a) only braking, (b) steering and braking full vehicle
width movement, (c) steering and braking half vehicle
width movement.
5. CONCLUSION
The aim with this work was to evaluate the safety
distance of platooning vehicles when both lateral and
longitudinal control is implemented in comparison with
only longitudinal control. Evaluations have been
performed by using different detailed vehicle models
and by using a game theoretical approach.
The game theoretical approach shows that the
safety distance can be reduced by steering and braking
compared to only braking for the investigated cases,
except at low platooning velocities. The results have
been verified by simulations with a bicycle model as
well as a more complex CarMaker model thereby
showing that it is possible to reduce the safety distance
in vehicle platoons when using combined steering and
braking.
Future work is to implement and test combined
lateral and longitudinal control.
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