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Abstract

This thesis consists of �ve papers where certain problems arising

in mathematical relativity are studied in the context of asymptotically

hyperbolic manifolds.

In Paper A we deal with constant mean curvature solutions of the

Einstein-scalar �eld constraint equations on asymptotically hyperbolic

manifolds. Conditions on the scalar �eld and its potential are given

which lead to existence and non-existence results.

In Paper B we construct non-constant mean curvature solutions of

the constraint equations on asymptotically hyperbolic manifolds. Our

approach consists in decreasing a certain exponent appearing in the

equations, constructing solutions of these sub-critical equations and

then letting the exponent tend to its true value. We prove that if a

certain limit equation admits no non-trivial solution, then the set of

solutions of the constraint equations is non empty and compact. We

also give conditions ensuring that the limit equation admits no non-

trivial solution. This is a joint work with Romain Gicquaud.

In this Paper C we obtain Penrose type inequalities for asymp-

totically hyperbolic graphs. In certain cases we prove that equality

is attained only by the anti-de Sitter Schwarzschild metric. This is a

joint work with Mattias Dahl and Romain Gicquaud.

In Paper D we construct a solution to the Jang equation on an

asymptotically hyperbolic manifold with a certain asymptotic behavio-

ur at in�nity.

In Paper E we study asymptotically hyperbolic manifolds which

are also conformally hyperbolic outside a ball of �xed radius, and for

which the positive mass theorem holds. For such manifolds we show

that when the mass tends to zero the metric converges uniformly to

the hyperbolic metric. This is a joint work with Mattias Dahl and

Romain Gicquaud.
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Sammanfattning

Denna avhandling består av fem artiklar där vi studerar problem

som uppkommer i matematisk relativitetsteori i samband med asymp-

totiskt hyperboliska mångfalder.

I Artikel A behandlar vi lösningar med konstant medelkrökning

till bivillkorsekvationerna för Einsteins ekvationer med skalärfält på

asymptotiskt hyperboliska mångfalder. Villkor ges för skalärfältet och

dess potential som leder till existens och icke-existens av lösningar.

I Artikel B konstruerar vi lösningar med icke-konstant medelkrök-

ning till bivillkorsekvationerna på asymptotiskt hyperboliska mångfal-

der. För att göra detta minskar vi en viss exponent som förekommer i

ekvationerna, konstruerar lösningar till de nya subkritiska ekvationer-

na och låter sedan exponenten gå mot dess rätta värde. Vi visar att om

en viss gränsekvation inte har någon icke-trivial lösning så är lösnings-

mängd till bivillkorsekvationerna icke-tom och kompakt. Vi ger också

villkor som garanterar att gränsekvationen inte har någon icke-trivial

lösning. Denna artikel är skriven tillsammans med Romain Gicquaud.

I Artikel C hittar vi olikheter av Penrose-typ för asymptotiskt hy-

perboliska grafer. I vissa fall bevisar vi att likhet uppnås endast om

metriken är anti-de Sitter Schwarzschild. Denna artikel är skriven till-

sammans med Mattias Dahl and Romain Gicquaud.

I Artikel D konstruerar vi lösningar till Jangs ekvation på asymp-

totiskt hyperboliska mångfalder. Dessa lösningar har ett visst asymp-

totiskt beteende vid oändligheten.

I Artikel E betraktar vi asymptotiskt hyperboliska mångfalder som

också är konformt hyperboliska utanför en boll av bestämd radie, och

dessutom är sådana att satsen om positiv massa gäller. För sådana

mångfalder visar vi att metriken konvergerar likformigt mot den hy-

perboliska metriken då massan går mot noll. Denna artikel är skriven

tillsammans med Mattias Dahl and Romain Gicquaud.
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Chapter 1

Constraint equations and

asymptotically hyperbolic

manifolds

The �rst part of the introduction is devoted to the constraint equations on
asymptotically hyperbolic manifolds.

We begin with some general theoretical background. In particular, we
will recall how to formulate the Einstein �eld equations of General Rela-
tivity as an initial value problem and also review the role of the constraint
equations in this formulation. Then we will discuss di�erent examples of
Cauchy hypersurfaces for this initial value problem and give a de�nition
of an asymptotically hyperbolic manifold based on the notion of conformal
compacti�cation. Further we will give examples of some advantages of deal-
ing with asymptotically hyperbolic Cauchy hypersurfaces. Finally, we will
review the conformal method for solving the constraint equations.

After that we will formulate the main results of Paper A and Paper B
and compare them to the previous results regarding the constraint equations
on asymptotically hyperbolic manifolds.

1.1 Constraint equations

Let us consider Einstein's equations of General Relativity

G = T. (1.1)

1
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Here

G = Ricγ −1
2 Scalγ γ

is the Einstein tensor of an (n + 1)-dimensional Lorentz manifold (M,γ),
where Ricγ and Scalγ denote the Ricci tensor and the scalar curvature of
(M,γ) respectively. The symmetric (0,2)-tensor with zero divergence T is
the stress energy tensor of the matter. Later we will deal with one particular
choice of T , namely

T = dΨ⊗ dΨ−
[1

2 |∇
γΨ|2γ + V (Ψ)

]
γ,

where the scalar �eld Ψ is a smooth function on M , and the potential V is
a given smooth function from R to itself. We also request

n+1∑
i=1
∇i∇iΨ = V ′(Ψ) (1.2)

so that divT = 0. This matter model is called a non-linear scalar �eld. It is
worth mentioning that, for certain choices of the potential, non-linear scalar
�elds can be used as an alternative to a positive cosmological constant, since
the resulting solutions of (1.1) and (1.2) de�ne cosmological models with
accelerated expansion (see e.g. [Ren06]).

Assume now that (M,γ,Ψ) is a solution of the Einstein-scalar �eld sys-
tem (1.1)-(1.2). Let Σ be a spacelike hypersurface inM , let h̄ be the induced
metric, let K̄ be the second fundamental form, and �nally let ψ̄ and π̄ be
the restrictions of Ψ and its derivative in the direction of the normal to Σ
respectively. Using the Gauss and Codazzi equations together with

G⊥⊥ = T⊥⊥ and G⊥α = T⊥α, α = 1, . . . , n,

we obtain necessary conditions which (h̄, K̄, ψ̄, π̄) must satisfy. Explicitly,
the restrictions on the above data are

Scalh̄−
∣∣∣K̄∣∣∣2

h̄
+
(
trh̄ K̄

)2
= π̄2 +

∣∣∣∇h̄ψ̄∣∣∣2
h̄

+ 2V (ψ̄), (1.3)

and
divh̄ K̄ −∇h̄

(
trh̄ K̄

)
= −π̄∇h̄ψ̄. (1.4)

These equations are called the Einstein-scalar �eld constraint equations, or
simply the constraint equations; (1.3) is the Hamiltonian constraint, and
(1.4) is the momentum constraint.
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Conversely, suppose that we are given an n-dimensional manifold Σ with
a Riemannian metric h̄, a symmetric covariant 2-tensor K̄, and two functions
ψ̄ and π̄ on Σ such that (h̄, K̄, ψ̄, π̄) satisfy (1.3) and (1.4). Local well
posedness theorems of the type developed in [FB52, CBG69] then guarantee
that there exists an (n+1)-dimensional solution (Σ×R, γ,Ψ) of the Einstein-
scalar �eld system (1.1)-(1.2) which is consistent with the given Cauchy
data (h̄, K̄, ψ̄, π̄) on the Cauchy hypersurface Σ. This is understood in the
following sense: if we let i denote the embedding i : Σ 3 p 7→ (p, 0) ∈ Σ×R,
then h̄ = i∗γ, Ψ ◦ i = ψ̄, and if N is the future directed unit normal and K
is the second fundamental form of i(Σ), then i∗K = K̄ and (NΨ) ◦ i = π̄.

To sum up, the above discussion shows the role of the constraint equations
for the formulation of the Einstein-scalar �eld system as an initial value
problem. They give necessary and su�cient conditions for initial data on a
Cauchy hypersurface to be correctly chosen for constructing solutions of the
Einstein equations.

1.2 Asymptotically �at spacetimes

Asymptotically �at spacetimes serve as models for isolated systems in Gen-
eral Relativity. In order to analyze the behaviour of a bounded gravitating
object, and to de�ne its mass, momentum, emitted radiation etc., it is natu-
ral to consider an idealized situation where the object is thought of as �being
alone in the universe�. That is, it is assumed to be embedded in a spacetime
which, in some appropriate sense, looks like Minkowski spacetime at large
distances from the object.

One way to de�ne asymptotically �at spacetimes is to use the concept of
conformal compacti�cation which was introduced by Penrose in the 60s. The
intuitive idea is to attach boundary points to the �physical� spacetime repre-
senting end points at in�nity of null geodesics. This produces an �unphysical�
spacetime: a manifold with boundary whose interior is di�eomorphic to the
original physical spacetime. More speci�cally, instead of the physical space-
time metric γ one considers the conformally rescaled metric γ̂ = Ω2γ. If
the conformal factor Ω tends to zero at the correct speed as one approaches
in�nity the spacetime becomes compact with respect to γ̂. This simpli�es
the discussion of issues at in�nity (such as e.g. radiation), because in�nity
can be viewed as the boundary of a compact manifold, and local arguments
apply.
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We de�ne asymptotically �at spacetimes as follows (see e.g. [Ste90]):

De�nition 1.1. A smooth spacetime (M,γ) is called asymptotically �at if
there exists another smooth Lorentz manifold (M̂, γ̂) such that

(i) M is an open submanifold of M̂ with smooth boundary ∂M ;

(ii) there exists a smooth function Ω on M̂ such that γ̂ = Ω2γ on M and
such that Ω = 0, dΩ 6= 0 on ∂M ;

(iii) every null geodesic in M acquires two endpoints on ∂M ;

(iv) Ricγ = 0 near ∂M .

Example 1.2. The simplest particular case of the above de�nition is realized
by Minkowski spacetime. In polar coordinates its metric is expressed as

γ = −dt2 + dr2 + r2σ,

where σ is the metric of the unit sphere S2. In the coordinates u = t − r
and v = t + r de�ned in the non-compact region {(u, v) : v − u ≥ 0} the
Minkowski metric becomes

γ = −du dv + 1
4(v − u)2σ.

We compactify this region by introducing the new coordinates U and V
de�ned by

u = tanU, v = tanV.

Both U and V are de�ned in the open interval (−π/2, π/2) with the restric-
tion V − U ≥ 0. In these coordinates the metric takes the form

γ = 1
Ω2 [−4dUdV + sin2(V − U)σ],

where Ω = 2 cosU cosV . It is now obvious that γ is not de�ned at points
where U = ±π/2 or V = ±π/2, whereas γ̂ = Ω2γ is regular in these points.
It is remarkable that the change of the coordinates T = U+V and R = V −U
brings

γ̂ = −4dUdV + sin2(V − U)σ

into the form
γ̂ = −dT 2 + dR2 + sin2Rσ,
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Figure 1.1: The embedding of Minkowski space into the Einstein cylinder.

which is exactly the metric of the Einstein static universe R×S3. Therefore
we can consider Minkowski spacetime as being conformally embedded into
the Einstein cylinder R× S3. This is demonstrated in Figure 1.1.

The boundary of the conformally compacti�ed Minkowski spacetime con-
tains two three-dimensional null hypersurfaces I + and I −, given by the
conditions V = π/2, |U | < π/2 and U = −π/2, |V | < π/2 respectively.
Further, the boundary contains two points i± with respective coordinates
U = V = ±π/2, and a point i0 with coordinates U = −V = −π/2. Note
that all null geodesics start at I −, which is called past null in�nity, and
end at I +, which is called future null in�nity. All timelike geodesics start
at i−, called past timelike in�nity, and end at i+, called future timelike
in�nity. Finally, all spacelike geodesics start and end at the point i0, called
spacelike in�nity.

It is convenient to represent Minkowski spacetime by means of a standard
conformal diagram [Pen65] as shown in Figure 1.2. Each point in the interior
of the triangle corresponds to a 2-sphere and the long side of the triangle
corresponds to points r = 0 (i.e. U = V ). The lines meeting at i0 are lines of
constant t, and the lines emanating from i− and converging into i+ are the



6 CHAPTER 1. CONSTRAINT EQUATIONS ON AH MANIFOLDS

lines of constant r. Straight lines intersecting the long side at 45◦ symbolize
null cones. An arbitrary asymptotically �at spacetime can be represented by
essentially the same diagram; note however that in general the unphysical
metric extends smoothly beyond I , but not to the points i± and i0 [Fra04].

Figure 1.2: The conformal diagram of Minkowski space.

1.3 Asymptotically hyperbolic manifolds

In this section we will focus on a choice of a Cauchy hypersurface for the
Einstein-scalar �eld system (1.1)-(1.2) for an asymptotically �at spacetime
on which the initial data satisfying the constraint equations (1.3)-(1.4) should
be speci�ed. For simplicity, we will discuss the case of Minkowski spacetime.
The general case of an asymptotically �at spacetime can be treated similarly.

In Figure 1.3 we have displayed two types of spacelike hypersurfaces in
Minkowski space. There are two asymptotically Euclidean spacelike hyper-
surfaces intersecting the time axis at two di�erent points and reaching out
to spacelike in�nity. The other two hypersurfaces approach null in�nity in-
tersecting it in a two-dimensional spacelike hypersurface. It turns out that
the induced metric of these hypersurfaces is asymptotically of constant neg-
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ative curvature [Fra04]. Since this is a property of spacelike hyperboloids in
Minkowski spacetime, such hypersurfaces are called asymptotically hyper-
bolic.

Figure 1.3: Spacelike hypersurfaces in the conformal picture.

Assume that a particle is moving along the time axis (the vertical dashed
line on Figure 1.3), emitting radiation. For simplicity we assume that the
particle emits electro-magnetic radiation which travels along the outgoing
null cones to null in�nity. In physical spacetime we can follow the signal
up to an arbitrary, but �nite distance, while in the conformal picture one
can proceed up to I and read o� the value of the radiation data. In this
situation, the choice of a spacelike hypersurface becomes important. In fact,
asymptotically hyperbolic hypersurfaces are well adapted to deal with the
radiation problem (see [Fra04] for more details).

Moreover, it turns out that by prescribing the initial data on a hyper-
boloidal hypersurface, one has better control of the asymptotic behaviour
of the resulting solution of the Einstein equations. More speci�cally, it was
shown in [Fri83] that given a hyperboloidal hypersurface Σ which smoothly
extends across I + with certain smooth data given on it, the resulting unique
solution of Einstein's vacuum �eld equations (i.e. when (1.1) takes the form
G = 0) admits a smooth conformal boundary at null-in�nity in the future
of Σ. Moreover, in [Fri86], a stability result was proved asserting that if
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the initial data is su�ciently close to Minkowski data induced on the same
hyperboloidal hypersurface then the resulting solution of Einstein's vacuum
�eld equations behaves like Minkowski spacetime near future timelike in�n-
ity, in the sense that there is a conformal extension of the solution which
contains the point i+.

While it is intuitively natural to think of an asymptotically hyperbolic
manifold as a non-compact manifold whose metric asymptotically approaches
a negative constant curvature metric as one approaches in�nity, it is more
practical to work with a de�nition which is based on the concept of conformal
compacti�cation.

De�nition 1.3. Let (Σ, g) denote an oriented, compact C∞ Riemannian
manifold of dimension n ≥ 3, with nonempty boundary ∂Σ and interior Σ̃.
Assume that ρ ∈ C∞(Σ) is such that ρ > 0 on Σ̃ while ρ = 0 and |dρ|g = 1
everywhere on ∂Σ. Then the manifold (Σ̃, g̃), where g̃ = ρ−2g, is called
asymptotically hyperbolic.

A standard computation using the conformal transformation law of the
curvature (see e.g. [Bes87, Theorem 1.159]) shows that if (Σ̃, g̃) is asymp-
totically hyperbolic in the sense of the above de�nition then its sectional
curvature satis�es Kg̃ = −1 + O(ρ), which means that (Σ̃, g̃) indeed has
negative constant curvature asymptotically.

1.4 The conformal method

We will now rewrite the constraint equations in a form which will facilitate
their analysis. Below we review the conformal method which transforms
(1.3)-(1.4) into a determined system of PDEs. The main idea is to split the
Cauchy data (h̄, K̄, ψ̄, π̄) into the so-called conformal data, which can be
chosen freely, and the determined data, which can be found by solving the
conformally formulated constraint equations.

In the case of the Hamiltonian constraint, the procedure is quite straight-
forward. Indeed, considered as an equation to be solved for h̄, it transforms
into an elliptic PDE for a scalar function φ > 0 if one looks for the solution

in the conformal class of a given metric h, i.e. in the form h̄ = φ
4

n−2h. Then
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(1.3) becomes

∆hφ− n− 2
4(n− 1) Scalh φ

+ n− 2
4(n− 1)

(∣∣∣K̄∣∣∣2
h̄
− τ2 + π̄2 +

∣∣∣∇h̄ψ̄∣∣∣2
h̄

+ 2V (ψ̄)
)
φ

n+2
n−2 = 0,

where we have set τ := trh̄ K̄, i.e. τ is the mean curvature of the Cauchy
hypersurface Σ.

We now look at the momentum constraint as a vectorial equation for K̄.
First, we split K̄ into the pure trace and traceless components: K̄ = τ

n h̄+ σ̄.
The equation (1.4) then becomes

divh̄ σ̄ = n− 1
n
∇h̄τ − π̄∇h̄ψ̄.

After setting σ̄ = φ−2σ′ the momentum constraint transforms into

φ−
2n

n−2 divh σ′ = n− 1
n
∇h̄τ − π̄∇h̄ψ̄,

since σ̄ is traceless. The general solution σ′ of this inhomogeneous linear
system is obtained by adding a particular solution to the general solution of
the associated linear homogeneous system. The latter is a traceless tensor σ
satisfying divh σ = 0. We can look for a particular solution in the form DhW
for some vector �eld W , where Dh is the conformal Killing operator related
to h. In coordinate notation, (DhW )ab = ∇aWb + ∇bWa − 2

nhab∇mW
m.

Finally, (1.3) becomes

∆hφ− n− 2
4(n− 1) Scalh φ

+ n− 2
4(n− 1)

(1− n
n

τ2 + |σ +DhW |2hφ
− 4n

n−2

)
φ

n+2
n−2

+ n− 2
4(n− 1)

(
π̄2 + 2V (ψ̄) + |∇hψ̄|2hφ

− 4
n−2
)
φ

n+2
n−2 = 0,

and (1.4) becomes

divhDhW = φ
2n

n−2

(
n− 1
n
∇hτ − π̄∇hψ̄

)
.
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Note that (1.3)-(1.4) comprise n + 1 equations and that we have intro-
duced n+ 1 unknowns, namely the scalar function φ and the components of
W , which means that we should not introduce any further variables. After

decomposing ψ̄ and π̄ as ψ̄ = ψ and π̄ = φ−
2n

n−2π, we obtain the conformally
formulated constraint equations:

∆hφ− n− 2
4(n− 1)

(
Scalh−|∇hψ|2h

)
φ

+ n− 2
4(n− 1)

(
|σ +DhW |2h + π2

)
φ−

3n−2
n−2

− n− 2
4(n− 1)

(
n− 1
n

τ2 − 2V (ψ)
)
φ

n+2
n−2 = 0,

(1.5)

and

divh(DhW ) = n− 1
n

φ
2n

n−2 ∇hτ − π∇hψ. (1.6)

If V , ψ, and π are identically zero, we obtain an important particular case
of the system (1.5)-(1.6), namely the conformally formulated vacuum con-
straint equations:

∆hφ− n− 2
4(n− 1) Scalh φ

+ n− 2
4(n− 1) |σ +DhW |2hφ

− 3n−2
n−2 − n− 2

4n τ2φ
n+2
n−2 = 0,

(1.7)

and

divh(DhW ) = n− 1
n

φ
2n

n−2 ∇hτ. (1.8)

To sum up, if for some choice of the conformal data (h, σ, τ, ψ, π) one
can solve the conformally formulated constraint equations (1.5)-(1.6) for the
determined data (φ,W ), where φ > 0, then

h̄ = φ
4

n−2h,

K̄ = φ−2(σ +DhW ) + τ

n
φ

4
n−2h,

ψ̄ = ψ,

π̄ = φ−
2n

n−2π,

solve the constraint equations (1.3)-(1.4). Note also that when τ = const
(i.e. when the Cauchy hypersurface Σ has constant mean curvature), the
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system (1.5)-(1.6) becomes decoupled in the sense that (1.6) is an equation
for W only. This situation is usually referred to as the CMC (constant mean
curvature) case.

It is quite obvious that not every choice of (h, σ, τ, ψ, π) gives a corre-
sponding solution of (1.5)-(1.6). For instance, consider the vacuum con-
formally formulated constraint equations (1.7)-(1.8) on the closed manifold
Σ = S3 with a round sphere metric h which has scalar curvature Scalh = 8.
Assume also that τ =

√
12 and σ = 0. The system (1.7)-(1.8) becomes

∆hφ = φ− 1
8 |D

hW |2hφ−7 + φ5, (1.9)

divh(DhW ) = 0. (1.10)

It follows from (1.10) that DhW = 0, and (1.9) becomes

∆hφ = φ+ φ5.

Multiplying both sides by φ and integrating over S3 one sees that this equa-
tion admits no positive solution φ.

It is therefore natural to ask: For which choices of the hypersurface Σ and
the conformal data (h, σ, τ, ψ, π) do the conformally formulated constraint
equations admit a solution (φ,W )? Initially this question was studied in
the context of vacuum spacetimes, and most of the results in this case are
summarized in [BI04]. In particular, the simpler CMC case is completely
resolved for Σ being closed, asymptotically Euclidean or asymptotically hy-
perbolic, while much less is known about non CMC solutions of the vacuum
conformally formulated constraint equations, however see [HNT08], [HNT09]
and [Max09] for recent progress.

The �rst studies of the general scalar �eld case appeared in literature not
so long ago. So far only the CMC case has been discussed, and even in this
case there are large classes of the conformal data for which it still remains
to determine whether (1.5)-(1.6) admits a solution or not, see [CBIP06],
[CBIP07], [HPP08], and [NX12].

1.5 Overview of Paper A

The vacuum constraint equations on asymptotically hyperbolic manifolds
with constant mean curvature were studied in [ACF92] and [AC96]. In
[ACF92] the authors considered the situation when the second fundamental
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form is pure trace, i.e. K̄ = τ
n h̄, which implies that (1.8) becomes trivial and

(1.7) turns into a prescribed scalar curvature equation in which the φ−
3n−2
n−2 -

term is missing. They have shown that there is always a solution, which,
in particular, means that any asymptotically hyperbolic manifold is confor-
mally related to one with constant negative scalar curvature. These results
were generalized in [AC96], where the authors constructed CMC solutions of
the vacuum constraint equations whose second fundamental form is not pure
trace assuming lower regularity of the conformal data. In both [ACF92] and
[AC96] the regularity of the solution near the conformal boundary is stud-
ied in detail, and such issues as smooth extension of the resulting spacetime
across I are discussed.

Paper A is concerned with constant mean curvature solutions of the
Einstein-scalar �eld constraint equations on asymptotically hyperbolic man-
ifolds. In this case it is natural to assume that τ = n, which is the mean
curvature of the hyperboloid in Minkowski spacetime. The system (1.5)-
(1.6) becomes decoupled. By Fredholm theorems of [Lee06] we know that
(1.6) is solvable provided that the conformal data is regular enough. For this
reason, the solvability of the Hamiltonian constraint (1.5), also known as the
Lichnerowicz equation, becomes a central issue of the paper.

By the conformal covariance property of the Lichnerowicz equation (see
[CBIP07]) and the result of [ACF92], we can assume that the scalar curvature
of the manifold is −n(n− 1). The equation (1.5) takes the form

∆hφ−Rh,ψφ+Ah,W,πφ−
3n−2
n−2 − Bτ,ψφ

n+2
n−2 = 0, (1.11)

where

Rh,ψ = n− 2
4(n− 1)(−n(n− 1)− |∇hψ|2h) < 0,

Ah,W,π = n− 2
4(n− 1)(|σ +DhW |2h + π2) ≥ 0, and

Bτ,ψ = n− 2
4(n− 1) (n(n− 1)− 2V (ψ)) .

We look for the solutions of (1.11) satisfying φ→ 1 as ρ→ 0. This boundary
condition ensures that h̄ = φ

4
n−2h is also asymptotically hyperbolic (see

Section 1.4).
Simply phrased, our non-existence result formulates as follows: if the

potential V is such that Bτ,ψ ≤ 0 then the Lichnerowicz equation admits
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no positive solution. This is an easy consequence of maximum principle for
asymptotically hyperbolic geometries.

In the case when the potential V is such that Bτ,ψ > 0 we prove that
(1.11) has a solution φ > 0. Indeed, if we choose B > 0 and C+ > 0
su�ciently large, and C− > 0 su�ciently small, then φ− = max{1−Bρδ, C−}
and φ+ = min{1+Bρδ, C+} are respectively a sub- and a supersolution of the
Lichnerowicz equation. This enables us to prove that there exists a positive
solution of (1.11) such that φ→ 1 as ρ→ 0.

If the potential V is such that Bτ,ψ ≥ 0 is not strictly positive then the
sub- and supersolution method no longer applies, since the constant C+ > 0
used in the construction of a supersolution might not exist. In this case,
we prove a theorem aimed at facilitating the analysis of the Lichnerowicz
equation. Namely, we show that if the coe�cients of (1.11) have certain
regularity, then this equation has a positive solution φ such that φ → 1 as
ρ→ 0 if and only if the same equation with Ah,W,π ≡ 0 has a solution with
the same properties. Note that (1.11) with Ah,W,π ≡ 0 can be interpreted as
a problem of prescribed Rh,ψ.

We do not prove any result in the case which appears to be more com-
plicated, namely when the potential V is such that Bτ,ψ changes sign. Note
that in the papers [CBIP07] and [HPP08] devoted to the Einstein-scalar �eld
constraint equations on closed manifolds the situation when Bτ,ψ is of inde-
terminate sign and Rh,ψ < 0 is not considered either, see however a recent
paper [NX12].

1.6 Overview of Paper B

Paper B is concerned with the existence of non CMC solutions of the vac-
uum Einstein constraint equations on asymptotically hyperbolic manifolds.
Earlier this issue was studied in the paper [IP97] using the so-called se-
quence method. The idea of the method is to consider the following iterated
sequence of PDEs:

divh(DhWk) = n− 1
n

φ
2n

n−2
k−1 ∇

hτ, (1.12)
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and

∆hφk −
n− 2

4(n− 1) Scalh φk

+ n− 2
4(n− 1) |σ +DhWk|2hφ

− 3n−2
n−2

k − n− 2
4n τ2φ

n+2
n−2
k = 0,

(1.13)

for k ≥ 1. The system (1.12)-(1.13) is semi-decoupled, in the sense that if
φk−1 is known then (1.12) is an equation for Wk alone, and if Wk is known
then (1.13) is an equation for φk alone. The authors work under a near

CMC assumption, i.e. they assume that
∣∣∣dττ ∣∣∣h is small. They show that

if φ0 is chosen within certain bounds, then for every k ≥ 1 one can �nd
(φk,Wk) which satisfy (1.12)- (1.13) by means of the Fredholm theorems of
[Lee06] and the sub- and supersolution method. Moreover, as a consequence
of the contraction mapping argument, the sequence {(φk,Wk)}k converges to
a solution (φ∞,W∞) of the Einstein vacuum constraint equations (1.7)-(1.8).

The approach that we use in Paper B to �nd non CMC solutions of
(1.7)-(1.8) was introduced in [DGH10] and is inspired by the solution of the
Yamabe problem (see e.g. [SY94] or [LP87]). The idea is to consider the
so-called subcritical equations

divh(DhW ) = n− 1
n

φ
2n

n−2−ε∇hτ, (1.14)

and

∆hφ− n− 2
4(n− 1) Scalh φ

+ n− 2
4(n− 1) |σ +DhW |2hφ

− 3n−2
n−2 − n− 2

4n τ2φ
n+2
n−2 = 0,

(1.15)

which arise from (1.7) and (1.8) after decreasing the exponent of φ in (1.8)
by ε, and investigate what happens when ε tends to zero.

We prove that (1.14)-(1.15) is solvable using a method which is similar
to that of [IP97]. Note that, given φ, the ε-momentum constraint (1.14) can
be solved for W = Wφ as a consequence of the Fredholm theorems proved
in [Lee06], and that, given W , the Lichnerowicz equation (1.15) admits a
solution Φ = ΦW by the sub- and supersolution method. Let us denote the
composition of the maps φ→Wφ andW → ΦW by F . Then it can be shown
that a version of the Schauder �xed point theorem applies to F : C → X,
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where X is a certain weighted Sobolev space and C is the set of functions
that are between two well chosen barrier functions. This means that the
subcritical equations (1.14)-(1.15) admit a solution.

The above method can also be applied in the case when ε = 0 and
∣∣∣dττ ∣∣∣h

is small, i.e. for proving the existence of near CMC solutions of the vacuum
Einstein constraint equations (1.14)-(1.15). In this case we can show that
F : C → C is a contracting map, which implies that the solution is unique.
Remark that although our method and the method used in [IP97] are based
on the same idea, their implementations are di�erent. In fact, since we
assume lower regularity of the conformal data and clarify both the role of the
decay conditions for the conformal data and the uniqueness of the solution,
our results in the near CMC case can be viewed as an extension of the results
obtained in [IP97].

We next study how the solutions of (1.14)-(1.15) behave when ε tends to
zero. For each pair (φ,W ) which solves the subcritical equations we de�ne
the energy γ(φ,W ), a certain quantity which measures the magnitude of
the solutions. We show that if for some sequence of {εi}i such that εi → 0
as i → ∞ the energies of the respective solutions (φi,Wi) of (1.14)-(1.15)
are bounded then the sequence {(φi,Wi)}i converges to a solution (φ,W ) of
the vacuum Einstein constraint equations (1.7)-(1.8). On the other hand,
we prove that if for some sequence of {εi}i such that εi → 0 as i → ∞
the energies of the solutions satisfy γ(φi,Wi) → ∞ then the sequence of
W̃i = (γ(φi,Wi))−1/2Wi converges to a non-zero solution of the so-called
limit equation:

divh(DhW ) = λ

√
n− 1
n

∣∣∣DhW ∣∣∣
h

∇hτ
τ

, (1.16)

for some λ ∈ (0; 1].
We can now formulate the main result of Paper B: If τ is such that the

limit equation (1.16) admits no non-zero solution for any λ ∈ (0; 1] then
there is a solution of the vacuum Einstein constraint equations (1.7)-(1.8).
Indeed, in this case the energies of the solutions of (1.14)-(1.15) are uniformly
bounded for all ε and we can �nd a solution of (1.7)-(1.8) by passing to limit
when ε → 0. In other words, if we could describe all choices of τ for which
there is no non-zero solution of the limit equation for any α ∈ (0; 1] it would
result in establishing a large class of non CMC solutions of the vacuum
constraint equations on asymptotically hyperbolic manifolds. In the view of
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the counterexample [DGH10, Proposition 1.6] this appears to be a di�cult
problem, and so far we have only been able to obtain the following partial
results.

• Ln-near CMC case: there is a positive constant Ch depending only on

(Σ, h) such that if
∥∥∥dττ ∥∥∥Ln

< 1
2

√
n−1
n Ch then the limit equation (1.16)

does not admit any non-zero solution W for any α ∈ (0; 1].

• L∞-near CMC case: Let f : Σ→ R be a continuous function such that

Ric ≤ −fh. If
∣∣∣dττ ∣∣∣2h < n

n−1f then the limit equation (1.16) does not

admit any non-zero solution W for any α ∈ (0; 1]. As a consequence,
if (Σ, h) is Einstein with Ric = −(n− 1)h, then the limit equation has

no solution if
∣∣∣dττ ∣∣∣2h < n.

• Since dτ
τ → 0 at in�nity and since we can always �nd f → n − 1 at

in�nity such that Ric ≤ −fh, we see that the conditions of the L∞-
near CMC case are satis�ed outside some relatively compact set Ω. In
the view of [Loh98, Theorem 4.1] there exist metrics which coincide
with h outside Ω, are arbitrarily close to h in C0-norm in Ω, and
have arbitrarily low Ricci curvature inside Ω. This means that given
an asymptotically hyperbolic manifold (Σ, h0) and τ we can always
approximate h0 by a metric h in C0-norm so that the limit equation
(de�ned with respect to h and τ) admits no non-zero solution.

It should also be noted that in Paper B we introduce a new class of
weighted Sobolev spaces called weighted local Sobolev spaces, which stands
in some sense halfway between weighted Sobolev and Hölder spaces. Apart
from embedding theorems, density results, Young inequalities etc. for this
class of functions, we prove the Fredholm theorem for weighted local Sobolev
spaces, in parallel to the results of [Lee06] for weighted Sobolev and weighted
Hölder spaces.



Chapter 2

Problems related to mass of

asymptotically hyperbolic

manifolds

Suppose that we are given two manifolds (M1, g1) and (M2, g2) which �look
alike� at in�nity. We then may ask a question: under which minimal ge-
ometric assumptions can we determine if these two manifolds are identical
or di�erent? If one of the manifolds, say (M1, g1), is the Euclidean space
then (under suitable assumptions) for (M2, g2) one can de�ne an invariant
at in�nity called mass. Provided that the dimension of (M2, g2) is less than
8 or if (M2, g2) is a spin manifold, the so-called positive mass theorem holds:
if Scalg2 ≥ 0 then the mass is always nonnegative and is equal to 0 if and
only if (M2, g2) is isometric to the Euclidean space. In this part of the
introduction we de�ne asymptotically hyperbolic manifolds as those whose
geometries tend to that of the hyperbolic space at in�nity. We discuss the
concept of mass for such manifolds and give some background on the topics
that we deal with in this thesis, most importantly the positive mass theorem
and Penrose(-like) inequalities. Finally, we give an overview of Papers C, D,
and E.

Recall that an initial data set is a triple (M, g,K), where M is an n-
dimensional manifold, g is a positive de�nite metric and K is a symmetric
(0,2)-tensor. In what follows it will be assumed that all initial data sets
satisfy the dominant energy condition,

µ ≥ |J |g, (2.1)

17
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where µ and J are determined by the constraint equations µ := 1
2
(
Scalg −2Λ− |K|2g + (trgK)2

)
,

J := divgK − d(trgK).

The value of the cosmological constant Λ will be clear from the context.

2.1 Mass and related questions in the

asymptotically Euclidean context

The classical positive mass theorem is a statement about asymptotically
Euclidean manifolds. Since the study of mass of asymptotically hyperbolic
manifolds was to a large extent motivated by this beautiful mathematical
result, in this section we recall the de�nition of asymptotically Euclidean
initial data sets and their mass, and also brie�y review the current status of
the positive mass conjecture and the Penrose conjecture in the asymptotically
Euclidean setting. In this section it is assumed that Λ = 0.

An initial data set (M, g,K) is called asymptotically Euclidean if outside
a compact setM is di�eomorphic to the complement of a ball in (Rn, δ) and if
in the Cartesian coordinates xi, i = 1, . . . , n, induced by this di�eomorphism
g and K have the following asymptotic behaviour:

|gij − δij |+ r|∂kgij |+ r2|∂2
klgij | = O

(
r−(n−2)

)
, (2.2a)

Kij + r|∂kKij | = O
(
r−(n−1)

)
, (2.2b)

where r = |x| =
√
δijxixj .

For asymptotically Euclidean initial data the total ADM energy-moment-
um vector [ADM62] is de�ned through the coordinate expressions

EADM = lim
r→∞

1
2(n− 1)ωn

∫
Sr

(∂jgij − ∂igjj) νi dµδ,

(PADM )i = lim
r→∞

1
(n− 1)ωn

∫
Sr

(Kij − (trgK)gij) νj dµδ,

where Sr is the sphere of radius r in Rn, ν is the outward unit normal to Sr,
ωn is the volume of the n-dimensional unit sphere. Under some additional
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decay conditions on g and K (see [Bar86]) these quantities are independent
of the choice of coordinates xi. The total ADM mass is de�ned as

mADM =
√
E2
ADM − |PADM |2,

where |PADM |2 = δij(PADM )i(PADM )j .
Abusing terminology slightly, in this section by the positive mass conjec-

ture we will mean the conjecture that if the dominant energy condition (2.1)
is satis�ed then EADM ≥ 0. An important particular case when K ≡ 0 is
known as the Riemannian positive mass conjecture . The dominant energy
condition (2.1) in this case becomes Scalg ≥ 0.

The �rst proof of the Riemannian positive mass conjecture was obtained
in dimension 3 by Schoen and Yau in [SY79b]. The argument is by contra-
diction: assuming that Scalg ≥ 0 and EADM < 0 it can be shown that there
is a minimal hypersurface in M such that its properties are incompatible
with the Gauss-Bonnet theorem. It was subsequently shown in [SY79a] that
this proof extends by induction to dimensions less than 8. Namely, assuming
that M has dimension 4 ≤ k ≤ 7, Scalg ≥ 0 and EADM < 0, it is possible
to construct a minimal hypersurface in M which is conformally related to
a scalar �at asymptotically Euclidean manifold with negative ADM energy.
This would contradict the induction assumption that the positive mass the-
orem holds in dimension k−1. The complications in higher dimensions arise
because in general minimal surfaces can have singularities of codimension 7.

Shortly after these results were obtained, Schoen and Yau were able to
prove the general positive mass conjecture in dimension 3 by reducing it to
the Riemannian case. A crucial idea in their proof (see [SY81]) is to consider
a smooth function f onM whose graph Σ inM×R equipped with the prod-
uct metric has mean curvature equal to the trace of K (trivially extended to
be a tensor de�ned over M × R) on Σ. Schoen and Yau observed that the
metric induced on Σ can be conformally changed to an asymptotically Eu-
clidean metric with zero scalar curvature without increasing the mass. The
prescribed mean curvature equation that f is supposed to satisfy is known as
the Jang equation and appears �rst in [Jan78]. A substantial part of [SY81]
is devoted to the construction of a solution and its careful analysis. In par-
ticular, Schoen and Yau have shown that a solution to the Jang equation can
be obtained by solving a sequence of regularized equations and then taking
the limit of the graphs of the solutions when the regularization parameter
tends to zero. This yields a hypersurface in M × R which is not necessar-
ily a graph: in fact, it might have asymptotically cylindrical components.
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Nevertheless, its structure and asymptotics are well understood so that the
reduction argument described above can still be applied.

An alternative proof of the positive mass conjecture in dimension 3 was
discovered by Witten in [Wit81]. Witten's method works in all dimensions
under the restrictive topological assumption that (M, g) is spin [Bar86].

Some recent developments in the area are the following. In [Eic12] Eich-
mair extended Schoen and Yau's proof of the general positive mass conjec-
ture in dimension 3 to dimensions less than 8 using geometric measure theory
methods. Another proof of positive mass conjecture in dimensions less than
8 (in fact, the proof of the stronger statement that EADM ≥ |PADM |) was
given by Eichmair, Huang, Lee and Schoen in [EHLS11]. It is a modi�cation
of Schoen and Yau's proof of the Riemannian positive mass conjecture with
minimal surfaces being replaced by marginally outer trapped surfaces (see
below). The Riemannian positive mass conjecture in dimension 8 and higher
has been addressed by Lohkamp [Loh06].

The rigidity part of the Riemannian positive mass conjecture says that
the only Riemannian manifold (M, g) with Scalg ≥ 0 and EADM = 0 is the
Euclidean space. This claim is proved in all situations when the Rieman-
nian positive mass theorem is valid. A similar result is available for general
asymptotically Euclidean initial data sets.

In the early 70s Penrose proposed an inequality which can be viewed
as a strengthening of the positive mass theorem for a spacetime containing
black holes. Namely, he conjectured that for a 3-dimensional initial data set
(M, g,K) satisfying (2.1) it should be true that

m ≥

√
A

16π , (2.3)

where m = mADM is the ADM-mass of (M, g,K), and A is the total area of
the event horizons of the black holes. Penrose's motivation for this inequality
goes as follows (see e.g. [BC04], [Mar09]). Let us solve the Einstein equations
with the initial data (M, g,K) and suppose that the resulting spacetime is
such that the Bondi mass is de�ned for all times t. Here the Bondi mass is
interpreted as the total mass of the isolated physical system measured after
the loss due to the gravitational radiation up to that time (see e.g. [Ste90,
Section 3.11] for the exact de�nition). It is therefore non-increasing and equal
to mADM when t = −∞. Now, from physical considerations, it is reasonable
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to believe that at late times the spacetime will become stationary (meaning
that all slices t = const are identical), and electrovac (vacuum except for
electro-magnetic �elds associated with black holes). Roughly speaking, all
stationary electrovac black hole solutions of the Einstein equations �t into a
three parameter family of charged Kerr (or Kerr-Newman) solutions (see e.g.
[Wal84, Section 12.3] or [Heu96]). Each metric in this family is characterized
by the ADM mass of its slicesmKerr, the angular parameter a, and the charge
e. The area of the respective horizon is computed as

AKerr = 4π
(

2m2
Kerr − e2 + 2mKerr

(
m2

Kerr − a2 − e2
)1/2

)
. (2.4)

Finally, by the Hawking area theorem [HE73, Proposition 9.2.7] the area of
the event horizons of the black holes is non-decreasing. Summing up, we
have

m ≥ mKerr ≥

√
AKerr
16π ≥

√
A

16π ,

as conjectured. Note that Kerr-Newman solutions with a = e = 0 are known
as Schwarzschild spacetimes. Their metric outside the horizon can be written
as

γSchw = −
(

1− 2m
r

)
dt2 + dr2

1− 2m
r

+ r2σ,

where σ is the standard round metric on the sphere S2. Restricting to the
slice t = 0, we get the Riemannian metric

gSchw = dr2

1− 2m
r

+ r2σ.

It is clear from (2.4) that the gSchw realizes the equality case in the Penrose
inequality.

There is however one complication: it is problematic to compute the
right hand side of (2.3) with A being the area of the event horizons of the
black holes. Indeed, the event horizons are not determined in terms of local
geometry of (M, g,K), but are formed of points which cannot escape to the
future timelike in�nity along future directed timelike curves. In order to
locate them one needs to know the entire evolution of (M, g,K), which is
equivalent to solving the Einstein equations. For this reason in the mathe-
matical formulation of the Penrose inequality the event horizons of the black
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holes are replaced by apparent horizons. This replacement is in a sense jus-
ti�ed by singularity theorems of Hawking, Penrose and others (see [Sen98]
for review).

A compact oriented surface Σ ⊂ M is called an apparent horizon (or a
marginally outer trapped surface) if Σ satis�es

HΣ + trΣK = 0,

where HΣ is the trace of the second fundamental form of Σ computed with
respect to the outgoing normal ν of Σ, that is S(X,Y ) = g(∇Xν, Y ) for any
vectors X and Y tangent to Σ, and trΣK is the trace of K restricted to
the tangent space of Σ for the metric induced by g. This means that if we
view (M, g,K) as immersed in a space-time, the expansion of Σ in the future
outgoing light-like direction vanishes. Further, it is necessary to assume that
Σ is outermost, that is Σ contains all other apparent horizons in its interior.
In principle, Σ may be disconnected.

In what follows we deal with the following version of the Penrose conjec-
ture:

m ≥

√
|Σ|
16π , (2.5)

where |Σ| denotes the area of the outermost apparent horizon Σ and m is
the ADM mass of (M, g,K). Further, equality is expected to hold only if
(M, g) is isometric to a spacelike hypersurface in the Schwarzchild spacetime
(outside the horizon) with second fundamental form K and Σ being the
intersection of M with the horizon.

This conjecture can be generalized to higher dimensional manifolds. All
the statements are the same except for the inequality which in dimension n
reads

m ≥ 1
2

( |Σ|
ωn−1

)n−2
n−1

,

where ωn−1 is the volume of the unit (n − 1)-sphere. Note also that the
metric induced on the t = 0 slice of the Schwarzschild spacetime outside the
horizon in spatial dimension n is

gSchw = dr2

1− 2m
rn−2

+ r2σ, (2.6)

where σ is the standard round metric on the unit sphere Sn−1.
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The general Penrose inequality being a very di�cult problem (see how-
ever [BK10], [BK11], [HK] for recent progress), in this discussion we con-
sider only the Riemannian case K ≡ 0. In this case the outermost apparent
horizon is an outermost minimal surface, m = mADM = EADM , and the
dominant energy condition reads Scalg ≥ 0. Some important heuristic ideas
regarding the possible proof of the Riemannian Penrose conjecture in dimen-
sion 3 were developed already in 70s by Geroch in [Ger73], and Jang and
Wald in [JW77]. These ideas are concerned with the technique known as the
inverse mean curvature �ow.

The inverse mean curvature �ow is a family {Σt}t of connected hyper-
surfaces evolving by the equation

∂x

∂t
= ν(x)

H
,

where H is the mean curvature of Σt and ν is the outward pointing unit
normal. Thus the family {Σt}t is obtained by �owing the initial hypersurface
Σ0 in the direction of the outward pointing normal with a speed given by
the inverse of the mean curvature. This �ow exists for short times, but in
general may develop singularities. For instance, if one starts the �ow from a
�thin� torus of revolution then in a �nite time there will appear regions with
zero mean curvature, and the �ow does not make sense after that. Now,
recall that for a 2-dimensional hypersurface Σ ⊂ M its Hawking mass is
de�ned as

mH(Σ) =

√
|Σ|
16π

(
1− 1

16π

∫
Σ
H2 dµg

)
,

where H is the mean curvature of Σ. The Hawking mass has two useful
properties:

• If Sr is a coordinate sphere of large radius inM then limr→∞mH(Sr) =
mADM .

• The Hawking mass is non-decreasing with respect to the inverse mean
curvature �ow: ∂t (mH(Σt)) ≥ 0.

With all these preliminaries at hand, a heuristic proof of the Penrose in-
equality goes as follows. Suppose Σ = Σ0 is an outermost connected mini-
mal surface and assume that the inverse mean curvature �ow equation with
initial data Σ0 has a family of smooth solutions Σt for 0 ≤ t <∞ such that
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for large t the surface Σt is asymptotic to a coordinate sphere of large radius.
In this case we have√

|Σ|
16π = mH(Σ) ≤ lim

t→∞
mH(Σt) = m,

which yields (2.5).
The main di�culty in making this formal proof rigorous is to understand

how to deal with singularities. Besides, in certain cases there must be a
topology change if Σt for large times are to resemble coordinate spheres.
These problems were not resolved until 2001, when the weak inverse mean
curvature �ow was introduced by Huisken and Ilmanen [HI01]. The rough
idea is to allow the �ow to jump before it develops a singularity. For this it
is convenient to rewrite the �ow as an equation for the level sets Σt := {x :
u(x) = t} of a function u. If Σt is a solution to the inverse mean curvature
�ow then

div
( ∇u
|∇u|

)
= |∇u|. (2.7)

This level set formulation allows jumps in a natural way: if u is constant on
an open set Ω, then we request that the level set �jumps� across Ω. Another
formal explanation of how the weak inverse mean curvature �ow works is
as follows. As long as Σt is strictly outer minimizing (i.e. for any surface
Σ 6= Σt enclosing Σt we have |Σt| < |Σ|) we continue with the classical
inverse mean curvature �ow. But at any time t when Σt stops being strictly
outer minimizing, we jump from Σt to its strict minimizing hull (i.e. the
unique smallest strictly minimizing surface enclosing Σt).

It is easy to prove that the Hawking mass does not decrease at jump times
and that Σt are asymptotic to coordinate spheres for large times. However,
it is not known whether the jump times are discrete. For this reason the rig-
orous construction by Huisken and Ilmanen requires a certain regularization
of (2.7). See [HI01] or [Sch05, Section 9] for more details.

Another proof of the Penrose inequality was given by Bray in [Bra01]. A
very rough idea is to construct a conformal �ow of metrics {gt}t on M , such
that

• g0 = g, and limt→∞ gt = gSchw.

• The area of the outermost apparent horizon Σt is preserved by this
�ow: |Σt| = |Σ| for any t > 0.
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• The ADM mass is non-increasing along this �ow: ∂t (mADM (gt)) ≤ 0.

In this case we obviously have

mADM (g) ≥ lim
t→∞

mADM (gt) =

√
|Σ|
16π .

Bray's proof extends to dimensions less than 8 [BL09], whereas the inverse
mean curvature �ow argument of Huisken and Ilmanen seems to be strongly
dependent on the fact that the dimension of the manifold is equal to 3.

As for dimensions greater than 7, a simple proof of the Riemannian Pen-
rose inequality was given by Lam for an asymptotically Euclidean manifold
given as a graph in Rn+1 of a smooth function on Rn [Lam10]. An example
of such a manifold is provided by the n-dimensional Schwarzschild solution
(2.6), see e.g. [HW12, Proposition 2.6]. A key point in Lam's argument is
that the scalar curvature of such manifolds can be written as the divergence
of a one form involving the integrand for the mass mADM . The application
of the divergence theorem then allows to write the mass as the sum of the
bulk integral which is nonnegative because of the assumption Scalg ≥ 0 and a
boundary integral which can be estimated from below using the Alexandrov-
Fenchel inequality (see [Lam10, Lemma 12]) by the expression appearing in
the right hand side of the Penrose inequality. By similar methods, the results
of [Lam10] were extended in [dLG11] to a broader class of asymptotically
Euclidean hypersurfaces in Riemannian product manifolds (M ×R, g+ dt2),
where (M, g) is asymptotically Euclidean.

The equality case of the Penrose inequality for asymptotically Euclidean
graphs was recently addressed in [HW12] and [dLG12b]. In [dLG12b] the au-
thors work under an additional ellipticity assumption and use the results of
[HL99] to conclude that the graph satisfying the equality case in the Penrose
inequality is in fact the Schwarzschild graph. In [HW12] no additional as-
sumption is required. Using ideas developed in their earlier work [HW11] the
authors show that an asymptotically Euclidean graphical hypersurface with
minimal boundary and non-negative scalar curvature must be mean convex.
As a consequence, maximum principles for the scalar curvature equation can
be derived, which makes it possible to conclude that the graph hypersur-
face satisfying the equality case in the Penrose inequality is identical to the
Schwarzschild graph.
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Closing this section, we brie�y comment on another interesting issue
known as the near-equality case of the positive mass theorem. We know
that the Euclidean space is the only asymptotically Euclidean manifold with
nonnegative scalar curvature and zero mass, so naively any asymptotically
Euclidean manifold with nonnegative scalar curvature and mass near zero
should be close to the Euclidean space in some sense. In order to formulate
and prove a precise theorem that captures this idea one needs to under-
stand which aspects of the geometry of a complete asymptotically Euclidean
manifold of nonnegative scalar curvature can be bounded by the mass. Ini-
tially, this question was studied by spinor methods (see e.g. [Fin09]), and
estimates for the L2-norm of the curvature tensor (over the manifold minus
an exceptional set) in terms of mass were obtained. Another approach was
taken by Lee in [Lee09] where the near-equality case of the positive mass
theorem is considered for asymptotically Euclidean manifolds (M, g) which
are harmonically �at down to radius R. This means that outside a compact
set (M, g) has zero scalar curvature and is conformal to (R3 \BR(0), δ) with
the conformal factor U approaching 1 at in�nity (in this case U is harmonic
by the Yamabe equation). Note that any asymptotically Euclidean manifold
with nonnegative scalar curvature can be perturbed to the one which is har-
monically �at down to some radius R so that the mass changes arbitrarily
little [Bra01, Section 2]. In this context Lee proves the following statement:

Let (M, g) be an n-dimensional asymptotically Euclidean, harmonically
�at down to radius R manifold, such that the positive mass theorem holds.
Then for any α > 1, and ε > 0 there exists δ > 0 such that

If m(g) < ε then for all |x| ≥ αR we have |U(x)− 1| ≤ ε
(
R

|x|

)n−2
.

Clearly, this result means that when the mass becomes small, the metric
converges uniformly to the Euclidean metric on |x| ≥ αR for any α > 0.
Moreover, since U is harmonic, all its derivatives are controlled by the bound
on supU , which implies that the curvature also converges to zero uniformly.

It should be pointed out that this result of Lee is an ingredient in Bray
and Lee's proof of the Riemannian Penrose inequality in dimensions less than
8 [BL09].
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2.2 Asymptotically hyperbolic initial data sets

and their mass

There are two di�erent ways to de�ne what an asymptotically hyperbolic
manifold is. The �rst one has already been discussed in Section 1.3: it is a
conformal compacti�cation approach motivated by the relation between the
hyperbolic space and the round conformal sphere. The second way, which
will be described below, resembles the approach that one uses to de�ne
asymptotically Euclidean geometries. More precisely, one determines what
it means for a manifold to be asymptotic to the hyperbolic space in a well-
chosen chart. We follow Chru±ciel and Herzlich, see [CH03] and [Her05].

Let Hn denote n-dimensional hyperbolic space and let b denote its metric.
The hyperbolic metric is expressed in polar coordinates by b = dr2+sinh2 r σ,
where σ is the standard round metric on Sn−1.

Set N := {V ∈ C∞(Hn) | Hessb V = V b}. This is a vector space with a
basis of the functions

V(0) = cosh r, V(1) = x1 sinh r, . . . , V(n) = xn sinh r,

where x1, . . . , xn are the coordinate functions on Rn restricted to Sn−1. If we
consider Hn as the upper unit hyperboloid in Minkowski space Rn,1 then the
functions V(i) are the restrictions to Hn of the coordinate functions of Rn,1.
The vector space N is equipped with a Lorentzian inner product η character-
ized by the condition that the basis above is orthonormal, η(V(0), V(0)) = 1,
and η(V(i), V(i)) = −1 for i = 1, . . . , n. We also give N a time orientation by
specifying that V(0) is future directed. The subset N+ of positive functions
then coincides with the interior of the future lightcone. Further we denote
by N 1 the subset of N+ of functions V > 0 with η(V, V ) = 1, this is the unit
hyperboloid in the future lightcone of N . All V ∈ N 1 can be constructed as
follows. Choose an arbitrary point p ∈ Hn. Then the function

V := cosh db(p, ·)

is in N 1.

De�nition 2.1. A Riemannian manifold (M, g) is said to be asymptotically
hyperbolic if there exist a compact subset Ω and a di�eomorphism at in�nity
Φ : M \ Ω → Hn \ BR, where BR is a ball in Hn, for which Φ∗g and b are
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uniformly equivalent on Hn \BR and∫
Hn\B

(
|e|2 + |∇be|2

)
cosh r dµb <∞, (2.8a)

∫
Hn\B

|Scalg +n(n− 1)| cosh r dµb <∞, (2.8b)

where e := Φ∗g−b and r is the (hyperbolic) distance from an arbitrary given
point in Hn.

In contrast to the asymptotically Euclidean case, the mass of an asymp-
totically hyperbolic manifold is not a number, but a linear functional on the
(n+ 1)-dimensional space N de�ned above. We brie�y sketch a very formal
explanation for this, as given in [Her05, Section 3.2], where references to the
sources of actual computations can be found.

Suppose that we want to write the Einstein equations for a Lorentz met-
ric γ on an (n + 1)-dimensional manifold N as a Hamiltonian system, at
least formally. For this the Einstein equations have to be written as a �rst
order system, and there is a classical way to do this. Namely, assume that
some reference metric β is given on N , e.g. the Minkowski metric or the
anti de Sitter metric. We then �x an initial slice M in N and identify a
neighbourhood of M with M × [−ε, ε], the later factor being timelike. Let g
and b be the metrics induced on M ×{t} by γ and β respectively, then, very
roughly speaking, one can consider the di�erence g − b, and the di�erence
between the corresponding fundamental forms as unknowns. In order to en-
sure that γ is asymptotic to β, it is reasonable to take M to be a constant
curvature (0, if β is the Minkowski metric, and −1 if it is the anti de Sitter
metric) Riemannian hypersurface in (N, β), and also to assume thatM×{t}
is given by the �ow of a Killing vector �eld X of β. The Einstein equations
split into two subsystems: the constraint equations for the initial data and
the evolution equations. If X is hypersurface orthogonal in β then the mass
is formally a Hamiltonian for the evolution equations when one restricts it to
metrics and second fundamental forms in the solution space of the constraint
equations. Clearly, one gets one Hamiltonian function for each choice of X,
and if two choices are related by an isometry of β which globally preserves
M , then the corresponding Hamiltonians should be related.

If one considers P = Rn+1 with β being the Minkowski metric, M = Rn,
and X = ∂t then one obtains the asymptotically Euclidean mass as de�ned
in Section 2.1, and this mass is unique as the time translation is �xed by the
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action of the isometry group ofM seen as acting on N . However, in the case
when (P, β) is the anti de Sitter space and M is the hyperbolic space, there
is a large space of hypersurface orthogonal Killing vectors: all of them can
be written as an element of the (n + 1)-dimensional space N times a unit
normal vector toM with respect to β. The computations of the Hamiltonian
in this case yield the following de�nition.

De�nition 2.2. [CH03, Her05] The mass functional of (M, g) with respect
to the chart Φ is the linear functional HΦ on N de�ned by

HΦ(V ) = lim
r→∞

∫
Sr

(
V (divb e− d trb e) + (trb e)dV − e(∇bV, ·)

)
(νr) dµb,

where Sr is the surface of constant r and νr is the unit outer normal to Sr.

That the mass integral converges follows from the �rst variational formula
for the scalar curvature [Bes87, Theorem 1.174]:

d

dt
(Scalb+te)|t=0 = divb divb e−∆b trb e− 〈e,Ricb〉.

Indeed, since Ricb = −(n− 1)b, for any V ∈ N we have

V
d

dt
(Scalb+te)|t=0 = V (divb divb e−∆b trb e)− 〈e,Hessb V − (∆bV )b〉

= divb(V divb e− V d trb e− e(∇bV, ·) + (trb e)dV ).

Applying the divergence theorem we obtain

HΦ(V ) =
∫
SR

(
V (divb e− d trb e) + (trb e)dV − e(∇bV, ·)

)
(νr) dµb

+
∫
Hn\BR

(
V (Scalg −Scalb) +Q(e, V )

)
dµb,

where Q(e, V ) is a polynomial expression that is linear in V and quadratic
in e and its �rst derivatives. From (2.8a) and (2.8b) it is now obvious that
HΦ(V ) is �nite.

If Φ is a chart at in�nity as in De�nition 2.1 and A is an isometry, then
A ◦ Φ is also such a chart, and it is easy to check that

HA◦Φ(V ) = HΦ(V ◦A−1). (2.9)
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Moreover, if Φ1 and Φ2 are charts at in�nity as in De�nition 2.1, then
by imposing an additional decay condition we can ensure that there is an
isometry A of b such that Φ2 = A ◦ Φ1 modulo lower order terms which do
not a�ect the mass functional. This is a content of [CH03, Theorem 2.3], and
the proof relies on the phenomenon known as a �miraculous cancellation�:
due to our special choice of N , the di�erence between the mass integrands
computed in the charts Φ1 and Φ2 can be transformed into a divergence term
plus o(e−(n−1)r)-terms.

We say that the functional HΦ is timelike future directed if HΦ(V ) > 0
for all 0 < V ∈ N+. In this case the mass of the asymptotically hyperbolic
manifold (M, g) is de�ned by

m := 1
2(n− 1)ωn−1

inf
N 1

HΦ(V ). (2.10)

Observe that if HΦ is timelike future directed then in the view of (2.9)
we may replace Φ by A ◦ Φ for a suitably chosen isometry A so that m =

1
2(n−1)ωn−1

HΦ(V(0)). Coordinates with the property m = 1
2(n−1)ωn−1

HΦ(V(0))
will be called balanced.

Example 2.3. The substitution ρ = sinh r brings the hyperbolic metric
b = dr2 + sinh2 r σ into the form b = dρ2

1+ρ2 + ρ2σ, where σ is the standard

round metric on the unit sphere Sn−1. Let us now assume that there is
a relatively compact set Ω such that M \ Ω = [R,∞) × Sn−1 for some
R ≥ 0 up to a di�eomorphism and that the metric g with respect to this
di�eomorphism has the form

g = dρ2

1 + ρ2 + ρ2(σ + ρ−nα+ h),

where α is a symmetric 2-tensor on Sn−1 and h = h(ρ, ·) is a ρ-dependent
family of symmetric 2-tensors on Sn−1 such that (ρ∂ρ)k∂lθhϕψ = O(ρ−(n+1))
for 0 ≤ k + l ≤ 1, where θ, ϕ, ψ are coordinates on Sn−1. In this case

H

(
V(0) =

√
1 + ρ2

)
= (n+ 1)

∫
Sn−1

trσ αdµσ. (2.11)

The function trσ α is called the mass aspect function.
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2.3 Positive mass theorem for AH initial data sets

An asymptotically hyperbolic manifold (M, g) can be viewed as a maxi-
mal (zero mean curvature) spacelike hypersurface in a spacetime satisfying
the Einstein equations with negative cosmological constant Λ = −n(n−1)

2 .
Clearly, in this case the dominant energy condition (2.1) becomes Scalg ≥
−n(n − 1). Assuming that (M, g) is spin, Chru±ciel and Herzlich and, un-
der more restrictive asymptotic conditions, Wang have proven the following
positive mass theorem.

Theorem 2.4. [CH03, Theorem 4.1], [Wan01, Theorem 1.1]. Let (M, g) be
an asymptotically hyperbolic spin manifold in the sense of De�nition 2.1 with
Scalg ≥ −n(n−1). Then the mass functional is either timelike future directed
or zero, where the last case can happen if and only if (M, g) is isometric to
the hyperbolic space.

Sketch of the proof. The proof is an adaptation of Witten's argument used
to prove the positive mass theorem for asymptotically Euclidean manifolds.
Since M is a spin manifold there is a spin structure and an associated spin
bundle ΣM on (M, g). On ΣM we de�ne the connection ∇̂g by

∇̂gXϕ = ∇gXϕ+ i
2X · ϕ.

Here ∇g is the Levi-Civita connection for the metric g, ϕ is a section of the
spinor bundle, and the dot denotes the Cli�ord action of tangent vectors on
spinors. Spinors which are parallel with respect to ∇̂g are called (imaginary)
Killing spinors.

On the hyperbolic space there is a space of Killing spinors of maximal
dimension which can be explicitly described, see e.g. [Bau89]. It turns out
that for any Killing spinor ϕs on Hn its squared norm Vs := |ϕs|2 is an
element of N . Conversely, every element of N of the form V(0)−

∑n
i=1 aiV(i),

where (a1, . . . , an) ∈ Sn−1, is given as Vs for some Killing spinor ϕs.
Using the connection ∇̂g we de�ne the Dirac operator D̂g by

D̂gϕ :=
n∑
i=1

ei · ∇̂gei
ϕ,

where ei, i = 1, . . . , n, is an orthonormal frame for g. A key point in the
proof is the observation that the Schrödinger-Lichnerowicz formula for D̂g
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has a boundary term related to the asymptotically hyperbolic mass. In fact,
if (M, g) is an asymptotically hyperbolic manifold with a chart Φ : M \K →
Hn \BR at in�nity, then the Killing spinor ϕs on Hn can be pulled back to
a spinor Φ∗ϕs on M \K. Then it can be shown that there exists a spinor ψs
on M such that D̂gψs = 0 and ψs − Φ∗ϕs → 0 at in�nity, and in this case
the Schrödinger-Lichnerowicz formula for D̂g tells us that∫

M

(
|∇̂ψs|2 + Scalg +n(n− 1)

4 |ψs|2
)
dµg = 1

4HΦ(Vs).

Since Scalg ≥ −n(n− 1) we have HΦ(V ) ≥ 0 for every V ∈ N .
If HΦ(Vs) = 0 for some Vs then the respective ψs is a non-trivial Killing

spinor. This combined with the fact that (M, g) is asymptotically hyperbolic
yields that (M, g) must be the hyperbolic space, see [Bau89, Theorem 3] and
[AD98, Lemma 4.11].

A proof of positive mass theorem for asymptotically hyperbolic manifolds
which does not require the spin assumption was obtained by Andersson, Cai,
and Galloway in dimension less than 8 [ACG08, Theorem 1.3]. The decay
assumptions are as in [Wan01], and it is additionally required that the mass
aspect function (see Example 2.3) is either positive, or negative, or zero.
Using the analogue of the minimal surface technique introduced by Schoen
and Yau to classify compact manifolds of nonnegative scalar curvature (see
[SY79c]), the authors prove the following rigidity result: if (M, g) has Scalg ≥
−n(n−1) and is isometric to Hn outside a compact set then (M, g) is globally
isometric to Hn. This result is then used to show that (M, g) cannot have a
negative mass aspect function. Namely, it is proved that if the mass aspect
function of (M, g) is pointwise negative then one can deform g to a metric ĝ
which is equal to g up to rescaling in a neighbourhood of a chosen point p and
is isometric to the hyperbolic metric near in�nity. Since the scalar curvature
inequality Scalĝ ≥ −n(n − 1) is retained in this deformation construction,
(M, ĝ) should be globally isometric to the hyperbolic space which contradicts
the fact that its mass aspect function is negative at some point. Since in
the setting of [ACG08] the mass is de�ned via (2.11), the nonnegativity of
the mass follows. In the case of the vanishing mass aspect function one can
prove that the manifold is Einstein, and from the respective rigidity results
(see e.g. [Qin03]) it follows that (M, g) is isometric to the hyperbolic space.

Concluding this section, let us consider the initial data sets (M, g,K)
where (M, g) is an asymptotically hyperbolic manifold and K 6≡ 0. Depend-
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ing on whether we interpret (M, g) as a hypersurface in an asymptotically
anti de Sitter spacetime or as a hypersurface asymptotic to a null cone in an
asymptotically Minkowski spacetime, we have to assume that either K → 0
or (g−K)→ 0 as we approach the in�nity. In [Zha04] Zhang de�nes the total
energy, total linear momentum, and total angular momentum for asymptot-
ically hyperbolic initial data sets and proves a version of the positive mass
theorem [Zha04, Theorem 4.1] by the spinor method.

2.4 Penrose conjecture for AH manifolds

Despite its di�culty, the Riemannian Penrose inequality is simpler then the
general Penrose inequality. Another situation where simpli�cations arise is
when the initial data set (M, g,K) is umbilic, that is when K = g. It does
not make sense to consider umbilic initial data sets in the asymptotically
Euclidean setting since K would not satisfy the required decay conditions
(2.2b). However, such initial data sets �t nicely into the context of asymp-
totically hyperbolic manifolds: for instance, the standard hyperboloid in the
Minkowski spacetime has K = g. In this section we closely follow [Mar09,
Section 6].

Let us assume that (M, g) is an asymptotically hyperbolic manifold and
that K = λg, where λ is either 0 or 1. As we have seen before, in the case
λ = 0 the dominant energy condition reads Scalg ≥ −n(n−1) because of the
presence of the cosmological constant Λ = −n(n−1)

2 . Similarly, since the case
λ = 1 arises when the cosmological constant vanishes, the dominant energy
condition is again Scalg ≥ −n(n − 1) in this case. It is also clear that in
the case λ = 0 the apparent horizons are minimal hypersurfaces in (M, g),
whereas in the case λ = 1 they are hypersurfaces of constant mean curvature
n− 1.

The model examples of asymptotically hyperbolic initial data sets in the
context of the Penrose inequality are the following.

When λ = 1 the umbilic spherically symmetric slice of Kruskal spacetime
[Wal84, Section 6.4] is a 3-dimensional asymptotically hyperbolic manifold
with the metric

g = dρ2

1− 2m
ρ + ρ2 + ρ2σ,

where σ is the standard round metric on the unit sphere S2. It is straight-
forward to check that Scalg = −6 and that the hypersurface {ρ = 2m} has
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mean curvature 2.
When λ = 0 the example is provided by the slice t = 0 of the anti de

Sitter-Schwarzschild space. Recall that the metric outside the horizon of the
anti de Sitter-Schwarzschild space in (spatial) dimension n ≥ 3 and of mass
m ≥ 0 is given by

γAdS−Schw = −
(

1 + ρ2 − 2m
ρn−2

)
dt2 + dρ2

1 + ρ2 − 2m
ρn−2

+ ρ2σ, (2.12)

where σ is the standard round metric on the sphere Sn−1 [Mar09, Section
6]. Restricting to the slice t = 0, we get the following Riemannian metric:

gAdS−Schw = dρ2

1 + ρ2 − 2m
ρn−2

+ ρ2σ. (2.13)

This manifold can be doubled to a complete asymptotically hyperbolic man-
ifold with Scal = −n(n − 1), and it can be shown that the only minimal
surface in the resulting manifold is {ρ = ρ0(m)}, where ρ0(m) is the unique
solution of

1 + ρ2 − 2m
ρn−2 = 0,

see [ST07, Section 2] for details in dimension 3.
The conjectured form of the Penrose inequality in the asymptotically

hyperbolic setting is as follows. Suppose that (M, g) is an n-dimensional
asymptotically hyperbolic manifold with Scalg ≥ −n(n − 1), then it is ex-
pected that

m ≥ 1
2

( |Σ|
ωn−1

)n−2
n−1

+ (1− λ)
( |Σ|
ωn−1

) n
n−1

 , (2.14)

where m is the total mass, ωn−1 is the volume of the (n − 1)-dimensional
unit sphere, and λ = 0 or λ = 1 depending respectively on whether Σ is an
outermost minimal or outermost with mean curvature n− 1 hypersurface in
(M, g). In the case of Σ being outermost minimal this inequality was �rst
proposed in [Gib99], while the other part of the conjecture �rst appears in
[Wan01]. The validity of this conjecture is supported by the fact that when
λ = 0 the t = 0 slice of the anti de Sitter-Schwarzschild space satis�es the
equality in (2.14). Moreover, in dimension 3 the right hand side of (2.14)
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is equal to the Hawking mass of the hypersurface Σ with mean curvature
(n− 1)λ.

Compared to the asymptotically Euclidean case very little is known about
the proof of the above conjecture. For some time it was believed that Huisken
and Ilmanen's inverse mean curvature �ow method could possibly be adapted
to validate (2.14) in dimension 3 (see e.g. the discussion in [BC04, Section
4.1]). However, a recent result by Neves [Nev10] shows that such an adap-
tation is problematic: roughly speaking, one can construct 3-dimensional
asymptotically hyperbolic manifolds with scalar curvature −6 such that the
solution Σt to the inverse mean curvature �ow starting on the outermost
apparent horizon Σ0 has limt→∞mH(Σt) > m, where mH is the Hawking
mass, m is the mass of the manifold.

Even though the inverse mean curvature �ow technique may fail to prove
(2.14), the validity of the Penrose conjecture in the asymptotically hyperbolic
setting still remains open. Apart from the result of Paper C which will be
described in Section 2.5, the following partial results are available:

• In [CGGK07] the following is proved. Suppose that (M, g) is a 3-
dimensional asymptotically hyperbolic manifold whose metric outside
a compact set coincides with (2.13) on {ρ ≥ ρ′} for some ρ′ ≥ ρ0(m).
Suppose that (M, g) has the only apparent horizon Σ and suppose
that the surface Σ(V ) of the least area such that Σ(V ) and Σ bound
the volume V is connected and coincides with the sphere ρ = const
for large V . Then (2.14) (with λ = 1) holds. The idea of the proof
is that the function m(V ) := m(Σ(V )) is non-decreasing in V , while
limV→∞m(V ) = m.

• In [dLG12a] the authors prove that (2.14) with λ = 1 holds for n-
dimensional asymptotically hyperbolic graphs with Scal ≥ −n(n − 1)
in any dimension n ≥ 3. The method is an adaptation of the argument
used in [dLG11], see Section 2.1.

2.5 Overview of Paper C

In Paper C we adapt the arguments of [Lam10] and [HW12] to the asymptot-
ically hyperbolic setting. In particular, we prove Penrose type inequalities
for asymptotically hyperbolic manifolds given as graphs of asymptotically
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constant functions over hyperbolic space Hn. We consider such graphs as
submanifolds of Hn+1.

As usual, let b = dr2 + sinh2 r σ be the metric on Hn, where σ is the
standard round metric on Sn−1. As a model ofHn+1 we takeHn×R equipped
with the metric b = b + V 2ds ⊗ ds, where V = V(0) = cosh r. Let Ω be a
relatively compact open subset and let f : Hn \ Ω → R be a continuous
function which is smooth on Hn \ Ω. We consider the graph

M := {(x, s) ∈ Hn × R | f(x) = s}.

De�ne the di�eomorphism Φ : M → Hn \ Ω by Φ−1(p) = (p, f(p)). The
push-forward of the metric induced on M is

g := Φ∗b = (Φ−1)∗b = b+ V 2df ⊗ df.

We will study the situation whenM is asymptotically hyperbolic with respect
to the chart Φ, that is when

e = V 2df ⊗ df

satis�es (2.8a)-(2.8b) and

|e| = V 2|df |2 → 0 at in�nity. (2.15)

We also assume that Φ are balanced coordinates at in�nity, so that the
mass of M is given by (2.10) with V = V(0). In addition, we request that
|df | → ∞ when we approach ∂Ω and that f is locally constant on ∂Ω. In
this case Σ := ∂M is a minimal surface and |Σ| = |∂Ω|.

If M is as above then a computation shows that the scalar curvature
appears in the divergence of a 1-form involving the integrand for the asymp-
totically hyperbolic mass:

V (Scal +n(n− 1))

= divb
[ 1

1 + V 2|df |2
(
V divb e− V d trb e− e(∇V, ·) + (trb e)dV

)]
.

(2.16)

Integrating this expression over Hn \Ω by the divergence theorem we obtain

HΦ(V ) =
∫
Hn\Ω

V [Scal +n(n− 1)]√
1 + V 2|df |2

dµg +
∫
∂Ω
HV dµb, (2.17)
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where H is the mean curvature of ∂Ω with respect to b. Since Scal ≥
−n(n− 1) we have

HΦ(V ) ≥
∫
∂Ω
V H dµb.

From this formula we can derive several Penrose-like inequalities. If we
assume that H ≥ 0, and that Ω contains an inner ball centered at the origin
of radius r0 then using the Ho�man-Spruck inequality (see e.g. [Tan83]) we
obtain

m ≥ n− 2
2n(n− 1)n

n
n−1

V (r0)
( |∂Ω|
ωn−1

)n−2
n−1

,

and by the Minkowski formula [MR91, (4') with a = (1, 0, . . . , 0)] we get

m ≥ 1
2V (r0) |∂Ω|

ωn−1
.

Although these two inequalities are reminiscent of the Penrose inequality
(2.14), they are not optimal. Another way to proceed is to recall that Hn

can be given as the graph of the function V : Rn → R in Rn,1, so we
have the obvious relation between the Euclidean and the hyperbolic metrics:
b = δ − dV ⊗ dV . In this case we have∫
∂Ω
HV dµb =

∫
∂Ω
H̃ dµδ + (n− 1)

∫
∂Ω
b(dV, ν) dµb

+
∫
∂Ω

1
1 + |∇TV |2

(
S̃(∇TV,∇TV )V − |∇TV |2b(dV, ν)

)
dµb,

where ν is the outgoing unit normal to ∂Ω, ∇TV is the gradient of V with
respect to the metric induced by b on ∂Ω, S̃ and H̃ are the second funda-
mental form and the mean curvature of ∂Ω computed with respect of δ. In
order to get rid of the last term on the right we assume that the second fun-
damental form S of ∂Ω with respect to b satis�es S ≥ b, which is equivalent
to ∂Ω being h-convex (see e.g. [BM99]). The �rst term in the right hand
side can be estimated from below by Alexandrov-Fenchel inequality, just as
in [Lam10]. To estimate the second term on the right we rely on [BM99,
Theorem 2], which gives a lower bound for b(dV, ν) on ∂Ω in the case when
∂Ω is h-convex. To sum up, we have the following inequality

m ≥ 1
2

( |∂Ω|
ωn−1

)n−2
n−1

+ sinh r0
|∂Ω|
ωn−1

 . (2.18)
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Importantly, this inequality coincides with (2.14) when Ω is the ball of radius
r0.

Modifying slightly the argument used by Huang and Wu in [HW12] to
address the equality case of the Penrose inequality for asymptotically Eu-
clidean graphs (see Section 2.1), we can prove that if the equality in (2.18)
is attained, then the graph hypersurface is identical to the t = 0 slice of the
anti de Sitter-Schwarzschild spacetime.

2.6 Overview of Paper D

The work done in this paper was motivated by Schoen and Yau's work [SY82].
The note [SY82] contains a sketch of the proof that the Bondi mass, rep-
resenting the total mass of an isolated physical system measured after the
loss due to the gravitational radiation, is positive. According to the authors,
the positivity of the Bondi mass can be proven using the Jang equation, by
an argument similar to the one used in [SY81] to prove the general positive
mass theorem for asymptotically Euclidean initial data sets. More speci�-
cally, they propose to consider a hypersurfaceM in the 4-dimensional Bondi
radiating spacetime with mass m such that the hypersurface is asymptotic
to the given null cone and such that the induced metric g and the second
fundamental form K have certain asymptotic behaviour. This choice of M
is supposed to ensure that the solution f of the Jang equation on M is
such that the induced metric g + df ⊗ df on its graph is asymptotically Eu-
clidean with ADM mass p equal to a positive multiple ofm. Next, the metric
g + df ⊗ df can be conformally transformed to a scalar �at asymptotically
Euclidean metric with ADM mass equal to p minus a nonnegative quantity.
It now only remains to apply the Riemannian positive mass theorem, and
the positivity of the Bondi mass will follow, provided that one can make all
the steps in this sketch of the proof rigorous. It should be noted that this
work was developed further in [HYZ06]. However, the authors' claim that
all arguments from [SY81] can be adapted to the described initial data set
(M, g,K) still needs veri�cation. In fact, (M, g,K) is no longer asymptoti-
cally Euclidean, it is asymptotically hyperbolic. For instance, it is clear that
the barriers at in�nity used in [SY81] cannot be used in the setup of [SY82]
and [HYZ06] since they do not have the correct asymptotics.

It is very tempting to try to adapt the argument of [SY82] and thereby
obtain a proof of the positive mass theorem for asymptotically hyperbolic
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initial data sets (M, g,K) with (g −K) → 0. In this paper we make a �rst
step in this direction and prove that a solution to the Jang equation exists
for such initial data sets.

We brie�y sketch our argument. We assume that (M, g,K) is a 3-
dimensional asymptotically hyperbolic initial data set, and, roughly speak-
ing, it is assumed that g has asymptotic behaviour as in Example 2.3 and
that (g −K)→ 0 at in�nity su�ciently fast.

Recall that if (x1, x2, x3) are local coordinates on M , then the Jang
equation reads (

gij − f if j

1 + |df |2g

) Hessgij f√
1 + |df |2g

−Kij

 = 0, (2.19)

where gij andKij denote the components of g andK in these coordinates, gij

is de�ned by gikgkj = δij , f
i = gijfj (with fj = ∂jf) are the components of

the gradient and |df |2g = gijfifj is the square of its norm. The components of
the second covariant derivative (or Hessian) of f are computed as Hessgij f =
∂i∂jf − Γkij∂kf , where Γkij are Christo�el symbols of the metric g in the
coordinates (x1, x2, x3). This equation can be written as

Hg(f)− trg(K)(f) = 0,

where

Hg(f) := HΣ =
(
gij − f if j

1 + |df |2g

)
Hessgij f√
1 + |df |2g

is the mean curvature of the graph Σ of f : M → R viewed as the hypersur-
face in M × R with the standard product metric, and

trg(K)(f) := trΣK =
(
gij − f if j

1 + |df |2g

)
Kij

is the trace of K (trivially extended to be a tensor de�ned over M ×R) with
respect to the induced metric on Σ.

If (M, g) is the hyperboloid in Minkowski spacetime viewed as the graph
of the function t =

√
1 + ρ2 on R3, where ρ2 = (x1)2 + (x2)2 + (x3)2, then

f =
√

1 + ρ2 is a solution of the Jang equation. Moreover, let us naively
plug

f =
√

1 + ρ2 + ξ ln ρ+ ψ +O(ρ−1+ε), (2.20)
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where ξ, ψ ∈ C2(S2), into (2.19). For this we need to assume that O(ρ−1+ε)-
term is in C2, with derivatives having certain decay. If we request that the
leading coe�cients in the asymptotic expansion of the left hand side should
vanish we get

ξ = 1
8π

∫
S2

trσ αdµσ, (2.21a)

∆S2
ψ = 1

2 trσ α−
1

8π

∫
S2

trσ αdµσ. (2.21b)

Observe that ξ coincides (up to a constant multiple) with the mass of (M, g)
in balanced coordinates (see Example 2.3, Equation (2.11)).

Motivated by this heuristic result, we seek the solution to the Jang equa-
tion in the form (2.20) with ξ and ψ determined by (2.21a)-(2.21b).

First, we construct the so-called barriers f+ and f− on {ρ ≥ ρ0}, where
ρ0 > 0 is su�ciently large. The upper barrier f+ is a locally C2 supersolution
of the Jang equation with (∂ρf+)ρ=ρ0 | = −∞, the lower barrier f− is de�ned
similarly. These two functions are expected to have the same asymptotic
behaviour as f , which makes it di�cult to �nd them by inspection. This
situation is di�erent from the asymptotically Euclidean case, where f is
expected to approach zero at in�nity, hence the barriers can be chosen to
be relatively simple explicitly given functions. Our construction of barriers
is inspired by the situation in the spherically symmetric case, where there
exists a substitution which allows to rewrite the Jang equation as a �rst order
ordinary di�erential equation [MÓM04]. It turns out that under certain
assumptions on f we can think of the Jang equation Hg(f) − trg(K)(f) =
0 on an asymptotically hyperbolic manifold as an �asymptotic� ordinary
di�erential equation. This approach is very convenient since natural sub-
and supersolutions of this �asymptotic� ODE give rise to barriers for the Jang
equation provided that they take certain values on the boundary {ρ = ρ0}.

Once the barriers are constructed we solve a sequence of boundary value
problems

Hg(f)− trg(K)(f) = τnf in BRn ,

f = φn on ∂BRn ,

where BRn = {ρ ≤ Rn}, and the function φn is chosen so that f− ≤ φn ≤ f+.
It is assumed that Rn →∞ and 0 < τn → 0 as n→∞. Moreover, the value
of τn is adjusted so that the respective solution fn satis�es τn|fn| ≤ µ1,
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τn|dfn|g ≤ µ2, where µ1 and µ2 depend only on (M, g,K). These uniform
estimates make it possible to derive the so-called local parametric estimates
for Σn uniform in n, which are later used to prove the existence of the
limit hypersurface Σ when n→∞. This hypersurface has a �nite number of
components, each of them being either graphical or cylindrical, and there is a
graphical component (fΣ, UΣ) such that its domain of de�nition UΣ contains
{ρ ≥ ρ0}. Our choice of φn ensures that f− ≤ fΣ ≤ f+, meaning that fΣ has
asymptotic expansion (2.20), with α and ψ determined by (2.21a)-(2.21b).

With further information about the asymptotic behaviour of the deriva-
tives of fΣ we would be able to prove that Σ considered as a submanifold
of M × R with the induced metric is asymptotically Euclidean and that its
ADM mass is equal to the asymptotically hyperbolic mass of (M, g) up to a
positive multiple. However, to obtain this information is harder than in the
asymptotically Euclidean case, since the rescaling technique used for this
purpose in [SY81] does not work on asymptotically hyperbolic manifolds.
This issue will be dealt with in our future work, where we also plan to adapt
the rest of the argument from [SY82].

It should be pointed out that the described method is just a slight mod-
i�cation of the method which was used in [SY81] to construct a solution to
the Jang equation on an asymptotically Euclidean manifold. A crucial dif-
ference is the construction of barriers based on the observation that the Jang
equation can be viewed asymptotically as an ordinary di�erential equation.

2.7 Overview of Paper E

In this paper we adapt the argument of [Lee09] (see Section 2.1) to the
asymptotically hyperbolic setting. We consider asymptotically hyperbolic
manifolds which are also conformally hyperbolic outside a ball of �xed radius,
and for which the positive mass theorem holds. We prove that when the
masses of such manifolds tend to zero, their metrics must converge uniformly
to the Euclidean metric.

More speci�cally, our setup is as follows. For some R0 > 0 we de�ne a
class A(R0) to be the class of 4-tuples (M, g,Φ, U) such that

• (M, g) is a complete asymptotically hyperbolic Riemannian manifold
with respect to Φ, where Φ : M \K → Hn \BR0 is a di�eomorphism,
K is a compact subset of M ,
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• Scalg ≥ −n(n− 1) on M , and Scalg = −n(n− 1) on M \K.

• U is a positive function on Hn \ BR0 such that U → 1 at in�nity and

Φ∗g = U
4

n−2 b,

• the coordinates Φ at in�nity are balanced,

• the positive mass theorem holds for any asymptotically hyperbolic met-
ric on M .

We note that if (M, g,Φ, U) ∈ A(R0) then its mass can be computed as

mg = C(n)
∫
Sn−1

v dµσ,

where C(n) is a constant which depends only on the dimension and v is the
function on Sn−1 appearing in the asymptotic expansion

U = 1 + ve−nr +O(e−(n+1)r).

We prove the following result.

Theorem 2.5. Let R1 > R0 and ε > 0. Then there is a constant δ > 0 such
that

|U − 1| ≤ εe−nr

on Hn \BR1 for all (M, g,Φ, U) ∈ A(R0) with mg < δ.

Observe that since U satis�es the Yamabe equation

−4(n− 1)
n− 2 ∆bU − n(n− 1)U = −n(n− 1)U

n+2
n−2 (2.22)

on Hn \ BR0 it can be shown that all its derivatives are controlled by the
bound on sup(U − 1).

Sketch of the proof. The overall strategy follows [Lee09].
We �rst make the following observation. For (M, g,Φ, U) ∈ A(R0) let Ũ

be the conformal factor which relates g to a metric g̃ with Scalg̃ = −n(n −
1). Then we can show that the di�erence between U and Ũ is uniformly
controlled by the di�erence of the respective masses mg and mg̃ on Hn \BR1 .
This allows us to assume without loss of generality that Scalg = −n(n− 1),
which will be convenient when carrying out the rest of the argument.
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Let V g be the unique solution to the equation ∆gV = nV and let χ be a
smooth compactly supported function which is equal to 1 on a certain �xed
annulus AR1,R2 . For

T := R̂ic
g
− H̊ess(V g)

V g
,

where R̂ic
g
and H̊ess are the traceless parts of the Ricci tensor and the

Hessian, we de�ne a one-parameter family of metrics gs := g − sχT . Let
λs be the metric with Scalλs = −n(n − 1) conformally related to g and set
H(s) := Hλs

Φ (V ).
Importantly, we can derive the uniform estimate

|Ḧ(s)| ≤ Λ

for any (M, g,Φ, U) ∈ A(R0), and s ∈ [−s0, s0] for some s0 > 0. As a
consequence, it follows from the Taylor formula that

0 ≤ H(s) ≤ H(0) + sḢ(0) + Λ
2 s

2,

where we have used the fact that the positive mass theorem holds for any
metric on M . If we set s = −

√
2H(0)/Λ in this formula we get

Ḣ(0) ≤
√

2ΛH(0) = C(n,Λ)
√
mg,

where C(n,Λ) is a constant which depends only on n and Λ. Here we can
explicitly compute

Ḣ(0) =
∫
M
χV g

∣∣∣∣∣R̂ic
g
− H̊ess(V g)

V g

∣∣∣∣∣
2

g

dµg.

We now argue by contradiction and assume that there is a sequence
(Mk, gk,Φk, Uk) of elements of A(R0) such that the masses mgk tend to zero
while |Uk − 1| ≥ ε as k → ∞. In this case we can construct functions U∞
and V∞ on Hn \ BR′0 , where R0 < R′0 < R1, as limits of some subsequence
of Uk and V gk so that

R̂ic
g∞ = H̊ess(V g∞)

V g∞
(2.23)

holds on AR1,R2 . By analyticity, the same inequality holds everywhere on
Hn \ BR′0 . From Equation (2.23) and the fact that mgk → 0 when k → ∞
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one can deduce that U∞ = 1, a contradiction. The proof is completed once
we show that

|U − 1| ≤ C

 sup
Hn\BR1

|U − 1|

 e−nr
holds on Hn \BR1 .

We also give a simpler proof of the above result for spin manifolds. This
argument is based on the fact that the mass controls a certain functional
which measures how close (M, g) is to allow a Killing spinor, and this func-
tional in turn depends continuously on the conformal factor U .
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