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Abstract 
 

We study the problem of packing spheres of different radii into a rigid 
container. The spheres are packed as densely as possible so they neither 
overlap nor cross the boundaries of the container. The packed spheres are 
then meshed in preparation for finite element analysis. The spheres are 
meshed individually (separately) without taking care of the contact 
surface between spheres or containers wall. The last step is the 
hydrostatic pressing of the spheres made of elastic-plastic materials and 
with simplified contact conditions. Such simulations are of interest to the 
metallurgist because they can show differences in structure between grain 
surfaces and centres. 
                                                           
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 





 

 

                                         
Mikro-mekanisk modellering av metallpulver 

 
 

Sammanfattning 
                                                              
Vi studerar problemet att packa kulor med olika radier i en behållare. De 
packas så tätt som möjligt, så de varken överlappar eller korsar 
behållarens väggar. Kulorna element-indelas (”meshas”) som 
förberedelse för finita element-analys. Kulorna meshas individuellt utan 
särskild behandling av kontaktytan mellan områden eller 
behållarväggarna.  Det sista steget är hydrostatisk pressning av kulorna 
modellerade med elasto-plastiskt material med förenklade kontaktvillkor.  
Sådana simuleringar är intressanta för metallurgen eftersom de kan 
förklara olikheter i struktur mellan kornens ytor och mitt. 
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Chapter 1 
 
This chapter starts with an introduction to the problem, following a brief 
background and scope of work it ends up with a short summary of the 
proposed method. In fact this chapter can be taken as a brief summary of 
the project.     
 

1.1 Introduction  
   
Powder metallurgy (PM) is a growing technology with annual worldwide 
metal powder production exceeding one million tonnes. It uses elemental 
or alloy powder to manufacture metal components. The materials 
produced by this technology have several characteristics. There are two 
main reasons for using these products 
 

1. Cost savings compared to other techniques. 
2. Unique properties attainable only by this method. 
 

PM process uses more raw materials and it also causes energy savings. 
The high precision forming capability of PM generates components with 
near net shape, intricate features and good dimensional precision pieces 
are often finished without the need of machining [1]. 
 

1.2 Background 
 
This problem stems from powder metallurgy which is being used since 
1920s. The manufacturing process is comprised of three main steps.  
 

1- The material to be used in the process is powdered and mixed with 
a suitable lubricant. 

2- This mixture is poured in a die (or mould) and is pressured which 
gives a compact that is cohesive and can be handled easily for the 
next stages. 

3- Lastly the compact is heated at high temperature (but less than the 
melting point of powder) so that the powder particles weld together 
to give sufficient strength to the desired material object. This last 
part is called sintering and in certain special cases the second and 
third step are combined which is called hot pressing or pressure 
sintering.   
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The detailed information about the process of powder metallurgy, its 
characteristics and applications can be read from [1].  
 

1.3 Scope of Work 
 
The aforementioned process of powder metallurgy can be studied using 
mathematical modelling and the above three steps can be achieved as 
follows. 
 

1. Fill a box with spheres of different radii. 
2. Mesh the spheres individually (separately) using finite element 

methods. 
3. Apply pressure and heat to press the spheres which are supposed to 

be made of elastic-plastic materials up to plastic limits. 
                                                                                                              
When we fill a box with spheres of different radii there will be voids 
(empty spaces) between the spheres and our aim is to pack the spheres as 
densely as possible (giving a high packing density). We can try to get a 
high packing density but still can’t cross a certain limit (this will be 
discussed in the later sections). These densely packed spheres will be 
meshed using finite element methods which will further increase the 
density. Lastly the meshed spheres will be applied to high pressure and 
temperature to press them up to limits of plasticity (before fracture or 
cracking) and this analysis is expected to give a better understanding of 
the powder metallurgy process.   
 

1.4 Method 
 
In the present work we shall model the powder metallurgy process using 
computer simulations. The modelling process is comprised of three steps. 
First step is to fill a box with spheres of different sizes. Secondly we will 
mesh the individual spheres within the box. Lastly the box is applied to 
high pressures and temperature to compress the spheres up to plastic 
limits. The detailed discussion of these steps is as follows        
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1.4.1 First Step  
 
The metal powder is approximately spherical with different size and we 
can treat them as spheres of different radii. If we fill a box with spheres of 
different radii (metal powder) there will be voids and shaking the box will 
give more space thus allowing us to add more spheres (powder).  
Repeating the same process will give us a densely packed box of spheres 
of different radii (metal powder). This is our first task but we will start 
with a two dimensional problem first and then will extend the same 
technique to three dimensions. The problem of filling a square (box) with 
circles (spheres) of identical or different radii is called circle (sphere) 
packing problem. Proportion of the surface covered by circles (spheres) is 
called packing density which is an important parameter. The regular (or 
lattice) packing is one in which the centres of circles (or spheres) form a 
symmetric pattern and it works only for identical circles (or spheres). In 
random packing there is no such symmetry and the positions of centres of 
circles (or spheres) are chosen arbitrarily. We will deal with this kind of 
packing. The circles (or spheres) are packed randomly so that they neither 
overlap nor cross the boundaries of the object in which they are packed. 
We need a high packing density which requires circles (or spheres) to be 
as densely packed as possible. 
 

1.4.2 Second Step     
 
From the first stage we will get a box filled with spheres of different size. 
In this step those spheres will be meshed into tetrahedrons or 
hexahedrons using finite element methods. The different spheres will be 
meshed separately without taking care of the contact surface among 
spheres. The mesh size for each sphere will depend on the curvature 
(size) of the sphere. It will be directly be proportional to the curvature 
(size) of the sphere. 
 

1.4.3 Third Step 
 
The box containing meshed spheres which are supposed to be made of 
elastic-plastic materials (say steel or iron) will be applied to high pressure 
and temperature. The idea is to compress them so that they form a more 
dense structure. The box will be pressed from upper side while the lower 
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side and the side walls will be kept from moving. This analysis will give 
us a better understanding of the powder metallurgy process.   
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Chapter 2 
 
This chapter serves as an in depth study of the packing problem. 
In the first section we have given an introduction of the circle and sphere 
packing problem. In the second section we have done a literature study of 
the packing problem where we end up with our selected method. In the 
third section we have implemented our selected method and in the last 
section we have shown the results. 
 

2.1 Introduction to The Circle and Sphere Packing problem 
 
Packing problems are a class of optimization problems where we try to 
pack objects together (usually inside a container), as densely as possible. 
In Packing problem we are given a ‘container’ which is usually a two or 
three dimensional convex region, or an infinite space and ‘objects’ which 
can be of same or different shapes, some or all of the objects must be 
packed into the container. Usually the packing must be without any 
overlap with an aim to find a configuration with the maximum density. In 
some variants the overlapping of objects with each other or with the walls 
of the container is allowed but should be minimized. 
By definition Circle packing is an arrangement of circles inside a given 
boundary such that no two overlap and some (or all) of them are mutually 
tangent. The generalization to spheres is called sphere packing. The 
associated “packing density”, η is the proportion of the area or volume of 
the object (area for circles and volume for spheres) covered by the circles 
(or spheres). This is of main interest in packing problems because we 
want to pack as many circles (or spheres) as possible in the given space. 
A regular arrangement (or lattice arrangement) is one in which the centers 
form a very symmetric pattern called lattice arrangement and contrary to 
it is called irregular arrangement. Because of symmetry the regular 
arrangements are easier to handle than irregular ones, for example to 
measure the packing density. According to [2] the densest packing of 
circles in a plane is the hexagonal arrangement where center of circles are 
arranged in a hexagonal lattice as shown in figure 1 (a). 
The Packing density of this arrangement is given by. 
 
                                   Ηh = π/√12 ≈ 0.9069 
 
Axel Thue in 1890 proved that the hexagonal lattice is the densest of all 
possible circle packings, both regular and irregular. 
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For the case of packing circles in simple bounded shapes the influence of 
container walls is important. The hexagonal packing is generally not 
optimal for small number of circles as shown in figure 1 (a). There are 
also many problems that involve packing unequal circles or circles with 
two different radii. 
 
                                  
                                                                        
     

            
                                                             

(a) (b) 
 

Figure 1: (a) Identical circles in a hexagonal packing arrangement, the densest 
packing possible. (b) Identical circles in a square packing arrangement. 

            
                                                                                                    
The circle packing theorem gives the relations between circles in the 
plane whose interiors are disjoint. A circle packing is a connected 
collection of circles whose interiors are disjoints. The intersection graph 
or the contact graph is the graph having a vertex for each circle, and an 
edge for every pair of circles that are tangent. The theorem states that for 
every connected simple planner graph G there is a circle packing in the 
plane whose intersection graph is (isomorphic to) G. 
In sphere packing the lattice (or regular) arrangement is one in which the 
centers of the spheres form a very symmetric pattern and these 
arrangements are periodic. The irregular arrangements (in which the 
spheres do not form a lattice) can still be periodic, but also aperiodic. The 
high degree of symmetry in regular (lattice) arrangements makes it easier 
to classify them and to measure their densities. 
In sphere packing, the close packing of spheres in 3D is the regular (or 
lattice) arrangement of identical spheres in space so that they are as 
densely packed as possible. 
There are three kinds of lattice arrangements or periodic packings for 
identical spheres namely cubic lattice, face-centered cubic lattice, and 
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hexagonal (close-packed) lattice [5]. These lattice arrangements or 
periodic packings can easily be formed by hand. The face-centered cubic 
lattice, and hexagonal (close-packed) lattice arrangements are discussed 
with detail in [3]. 
The Kepler Conjecture [4] in 1611 stated that no packing of identical 
spheres in 3D has density greater than that of the face-centered cubic or 
hexagonal packing. 
 
                              This density is π/3√2 ≈ 0.74048 
 
And perhaps this was the first investigation about the densest packing of 
spheres. This conjecture was proved by Thomas Hales using computer 
calculations but it is not yet completely verified [4]. The packing density 
of random close packing is about 0.64 [5]. 
The random close packing of spheres is the irregular arrangement of 
spheres so that they are as densely packed as possible and this packing 
technique will be used in our powder filling problem. 
 

2.2 Literature Review of Packing Problem 
 
In the last section we have given a very brief introduction of the circle 
and sphere packing problem and in this section we shall do a literature 
study of the problem.  
Circle and sphere packing problems are nonlinear optimization problems 
with a wide range of applications in the real world. 
These problems have different formulations for example,  
1- Given a two or three dimensional geometric object Ω of fixed size, the    
problem is to pack it with circles or spheres of same radii or different 
radii.  
2- Given a number of circles or spheres of same radii or different radii 
find a two or three dimensional geometric object Ω of minimum size in 
which the given items (circles or spheres) can be packed. 
To start with the packing of equal circles in a unit square, from the 
optimization point of view the idea here is to place a given number of 
equal circles without overlapping into a unit square maximizing the 
diameter of the circles as the objective function which is equivalent to 
placing a given number of points into the unit square where the objective 
function to be maximized is the minimal distance between the pairs of 
points [6]. Packing of identical circles in a unit square is discussed in [7] 
where a review of the results obtained for packing up to 10 circles is also 
made. They find optimal solutions for packing 10 to 20 circles in a unit 
square. The optimal packing of 28 identical circles in a unit square is 
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obtained in [6]. It took 57 hours to get the solution which was an 
improvement over earlier methods. In [8] the optimal packing of 28, 29 
and 30 identical circles in a unit square is achieved using better  
algorithms in 53, 50 and 21 hours respectively.  
In both [6, 8] computations were made under same computing 
environments. Packing identical circles in a unit square is also tackled in 
[9] using a technique of minimization of the energy function. Presenting a 
review of the earlier found results for n ≤ 20 (circles), best results for 21 
≤ n ≤ 50 are obtained and are also displayed pictorially. An analysis of 
the packing density is also made showing an increase in the packing 
density with the number of circles. A very large database for packing 
large number of circles (of equal and different radii) in different two 
dimensional convex objects is kept in [10]. It also contains a huge data 
for packing equal spheres in a cube. The idea of a weak central force is 
used in [11] for the random packing of equal size circles in a plane. The 
packing of bimodal distribution of circles with different ratios is also 
made. The problem of Close packing of circles with different radii in a 
rectangle is solved in [12]. Given the number of circles of different radii 
and width of the rectangle fixed. The problem is to minimize the length of 
the rectangle so that all the circles are closely packed. Packing of 
different size of circles (and spheres) in a circle (and sphere) is dealt in 
[13]. Given ‘n’ objects (circles or spheres) of different size the problem is 
to find the smallest container (larger containing circle or sphere) so that 
all objects can be packed into the container without overlapping each 
other. The packing of spheres of different size into a parallelepiped is 
tackled in [14]. In [15] packing of identical circles in a rectangle is dealt. 
The dimensions of the rectangle and the radius of circles are given and 
the problem is to pack as many circles as possible. The same technique is 
also extended for packing circles of same radii into a circle. For a given 
number of identical or different size circles (or spheres), the problem to 
find smallest object in which the circles (or spheres) can be packed is 
treated in [16]. The problem is solved for different kind of two and three 
dimensional containing objects. In [17] an improvement for packing 
identical circles in different two dimensional objects studied in [16] is 
made. In fact the techniques developed in [15, 16, 17] can be applied to 
pack circles (or spheres) of different size in different type of two (or 
three) dimensional convex objects. The method described in [16] is used 
for our packing problem.   

2.3 Packing Model / Implementation 
 
In the last section we have done a literature study of the packing problem  
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both in two and three dimensions. In this section we shall do the 
implementation of the selected method [16]. For the given number of 
circles (or spheres) the problem is to find the smallest object within which 
these circles (or spheres) can be packed. Different types of two and three 
dimensional objects are treated. The detailed model is discussed in two 
dimensions and the same technique is extended for three dimensions. 
 

2.3.1 Nonlinear Model 
 
To find the smallest object in which the given number of items (circles or 
spheres) can be packed is modeled as  
 
               Minimize      the object dimensions 
               Subject to      fitting the items inside the object     
                                     Non-overlapping of items   
 
 

So we have to find the smallest convex object (circle, square, triangle or 
any desired shape) in which we can pack all given items so that they 
neither overlap (each other) nor cross the boundaries of the packing 
object. This method will pack the circles (or spheres) as densely as 
possible which is our objective. 

2.3.2 Non-overlapping constraints 
 
Initially the region is divided into small grid like regions and the given 
circles are distributed randomly within that region using probability 
distribution function.  
 
                                                                  d (ci,cj) 
                                               
                 
   
                                                                         
                         
                          r               
                          I                                    sphere j 
           sphere i                                                                    
                            

Figure 2: Two circles can’t overlap if the distance between their centres is greater 
than or equal to the sum of their radii.  

 

 
         ci         
          
       ri 

        

     cj 

            

      rj      
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To check the overlapping between circles the distance between their 
centres must be greater than or equal to the sum of their radii as shown in 
figure 2. 
To check the possible overlap (between circles) our attention goes to the 
N-body problem (computing the gravitational force between N particles 
in the three dimensional space) where each particle exerts a force on all 
the other particles, implying pair wise interactions. But if we consider the 
circles well distributed over the region then we don’t need to check the 
possible overlap for each pair of circles. To detect which pairs will 
contribute or not [16] makes a partition of the region (as said earlier) into 
squared regions such that the circles corresponding to adjacent or same 
regions needed to be considered to check the overlap, figure 3. This 
works for circles of uniform and random size. 
 
 
 
         
         
 
 
                                                         δ=2r   
                                                                             
            
 
                                                ci                       cj                                        
                                                                                                 
 
 
 
 
 
 
                                                                                                                                                  
 

Figure 3: If two items are in non-adjacent regions then they can’t overlap. In the 
picture d(ci, cj) ≥ δ = 2r, so the items do not overlap.   

 
For a squared object, the total number of squared regions needed to cover 
it is (N reg)

2, where Nreg = (Lub/.δ) and Lub is an upper bound for the 
squared region to make sure that any point in the space belongs to the 
region (figure 4), δ = 2r for uniform circles and δ = 2maxi{ri} for circles 
of different size. 
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The CPU time of the partitioning approach is compared against the CPU 
time of the naive approach for an increasing number of randomly 
distributed identical circular items and the result is plotted [16] which 
shows a clear advantage of the partitioning approach as the number of 
items increase. 
 
 
 

 
 
 
Figure 4: The space is partitioned into regions in such a way that the object is covered 
by squared regions. Items whose centres are in non-adjacent regions can’t overlap.     

 
 

2.3.3 Object dimensions and placing constraints 
 
Minimizing the object area by fitting the circles within the object is the 
concept of minimizing object dimensions.  
Since the object here is a square, to minimize its area is equivalent to 
minimize its side L. Assume that the bottom left corner of the object 
(square) is at the origin and its sides are along the coordinate axes, fitting 
of a circle with radius ri and center ci is modeled by ri ≤ ci ≤ L − ri .  
Similar cases for two and three dimensional objects are tabulated in [16]. 
 

ci .  

 
  . cj 

 
6 
 
5 
 
 
4 
 
3 
 
 
2 
 
 
1 
 
 
 

Reg ci = (2,3) Reg cj = (4,3) 

Optimal object 

Object upper 
bound 

Squared bounded 
region of size δ 

          0        1          2          3          4          5          6 
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2.3.4 Numerical experiment 
 
The aim is to find a global solution of the nonlinear problem. To increase 
the probability of finding a global solution [16] run a local solver starting 
from several random initial points. With the given number of circles to be 
packed and the shape of the object, first an upper bound for the parameter 
(or parameters) that defines the object dimension is computed. Then the 
circles are distributed randomly within the overestimated object and the 
local solver is run starting from this randomly generated configuration as 
initial guess. The process is repeated to a maximum allowed CPU time T 
and the best local solution is returned as a solution. 
For the numerical computations Algencan [18, 19], an Augmented 
Lagrangian method for smooth general-constrained minimization is used 
as a local solver. The results are plotted [16] for different two and three 
dimensional objects. 

2.4 Results 
 
In this section the results of numerical experiments are presented.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5: Packing of 15 spheres of different radii in a cylinder of radius 8.40 and 
height 15.53. 
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The figure 5 shows the packing of spheres of different radii in a cylinder. 
It gives a packing density of 51 %. The graphical results are obtained 
using Visual Molecular Dynamics (VMD) [22]. Positions of the centre of 
spheres and their corresponding radii are given in table 1. The results of 
this step will be taken as input for the next step where these spheres will 
be meshed. Because in the real powder filling problems a small object 
may contain a large number of spheres. The results of CPU time and 
packing density for packing 1000 spheres of unit radius in different 3 
dimensional objects are presented in table 2.                                                                         
                                                                                                                             

                                                                       

Table 1: Packing of 15 spheres of different radii in a cylinder whose height is 15.53 
and radius is 8.40. 

 
 
Object Constraint Density Trial CPU time (Sec) 

Cylinder Minimizing surface 51.85 % 13 53698.56 
Cube Minimizing size of the 

region 
33.38 % 1 14519.16 

Cuboid Minimizing surface 60.49 % 17 33253.34 

3D strip Minimizing size of the 
region 

57.73 % 3 32961.00 

 
Table 2: Packing of 1000 spheres of radius 1 in different three dimensional objects. 
Here trial indicates how many times the local solver is run until the best found local 
solution is obtained.  

.  

Radii of the 
sphere 

Coordinates of centres of the corresponding spheres 

1.0 -6.97641095E+00 1.71968089E+00 8.13746008E+00 
1.5 -6.13763731E+00 -3.15327597E+00 6.26215378E+00 
2.0 -1.17760411E+00 6.29400104E+00 2.00000000E+00 
2.5 -7.67146676E-01 5.85095243E+00 7.42276028E+00 
3.0 4.83078889E+00 -2.42038081E+00 1.25306757E+01 
3.5 3.32607311E+00 3.60260798E+00 3.64973485E+00 
4.0 2.21400777E+00 -3.80611326E+00 4.00000000E+00 
4.5 -2.49440821E+00 -3.00217226E+00 1.10306757E+01 
4.0 -4.14722464E+00 1.47947842E+00 4.00000000E+00 
3.5 3.13337348E+00 3.77140785E+00 1.15165502E+01 
3.0 -3.26451037E+00 4.30554719E+00 1.25306757E+01 
2.5 5.90311902E+00 3.41814994E-02 7.72706460E+00 
2.0 -3.67506209E+00 -5.23997983E+00 4.85929188E+00 
1.5 1.13335366E-01 6.90070240E+00 1.39837116E+01 
1.0 2.53318702E-01 -7.11714978E+00 1.40189798E+01 
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Figure 6 (a) (left) shows packing of 100 spheres with radii having mean 
10 and standard deviation 2. It gives a packing density of 50.11% with 
CPU time 4180.47 Seconds and number of trials 3.                                                                                                                
Figure 6 (b) (right) shows packing of 1000 spheres of unit radius in a 
cuboid minimizing its surface. It gives a packing density of 60.49%.    
 
 
 
 

        
                
                           (a)                                                                  (b)  
 

Figure 6: (a) Packing of 100 spheres of different radii in a cylinder. (b) Packing of 
1000 spheres of same radii in a cuboid.  
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Chapter 3 
 
This chapter is related to the finite element meshing of spheres packed 
inside the cylinder. In the first section we have given a short introduction 
to finite element methods and in second section the proposed meshing 
algorithm is presented. In the last section we have implemented the 
method and presented our results.  
 

3.1 Introduction to Finite Element Methods 
 
There are many mathematical problems that cannot be solved using 
analytical methods. In such cases we use numerical methods where we try 
to find approximate solutions using numerical techniques like finite 
difference method, finite volume method and finite element method.  
For our task of meshing and pressing of spheres we have used finite 
element method. 
The finite element method is a numerical technique for finding 
approximate solutions of partial differential equations where we either 
eliminate the partial differential equation completely or change it into a 
system of ordinary differential equations, which are then solved using 
numerical techniques like Euler’s method and Runge-Kutta method.   
First we change the original partial differential equation into its weak or 
variational form which is then discretized in a finite dimensional space. 
This gives us a finite dimensional problem whose solution will 
approximately solve the original partial differential equation. 
 

3.2 Meshing Algorithm 
 

3.2.1 Introduction 
 
The next step is to mesh the spheres individually in the cube (box) using 
finite element methods. The matlab mesh generation software developed 
by [20] is used for this task. The method is simple and it allows the users 
to modify it for their own problems.  
The software uses distance function to represent the geometry (shape) of 
the meshing object (here spheres). The algorithm uses a simple analogy 
between a triangular mesh and the truss structure. A force function is 
associated to each bar of the truss and an equilibrium problem is solved 
using the concept of force-displacement for truss bars at each step 
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(iteration). The equilibrium forces displace the nodes at each step 
(iteration) and the Delaunay triangulation adjusts the nodes for new 
structure (of truss). Apart from representing the shape of the meshing 
object the distance function is also used to determine if a node is inside or 
outside the region. Also to determine the closest boundary point if the 
node is moved outside the boundary. 
 

3.2.1 Algorithm 
 
In this algorithm triangular mesh is related to truss structure, the edges of 
triangles correspond to bar and vertices correspond to joints of the truss. 
The authors use the results that any set of points in a plane can be 
triangulated by the Delaunay algorithm [21]. There is force displacement 
relationship ƒ (ℓ, ℓo) associated with each bar with ‘ℓ’ the current length 
and ‘ℓo’ the unextended length of bar. 
At every boundary node there is a reaction force to keep the node from 
moving outside. The node positions (which are our unknowns) are found 
by solving force equilibrium equation. All mesh points are collected in a 
vector p 
                                         p = [x  y] 
 
The corresponding force vector F(p) with horizontal and vertical 
components at each mesh point is 
              F(p) = [Fint,x(p)  Fint,y(p)] + [Fext,x(p)  Fext,y(p)] 
 
Where Fint  are the internal force from the bars, and Fext are the external 
forces (reactions from the boundaries). 
These forces depend on the topology of the bars connecting the joints 
which is given by the Delaunay triangulation of the mesh points. We have 
to solve the system F(p) = 0 for a given set of equilibrium positions ‘p’. 
One way to solve F(p) = 0 is by introducing an artificial time-dependence 
and solving the resulting system by numerical methods. The points that 
go outside the region are moved back by the external reaction forces. 
The force displacement relationship ƒ(ℓ,ℓo) for each bar can be expressed 
in many ways. The force function expressed by [20] is  
 
                ƒ(ℓ, ℓo) = k(ℓo-ℓ)  if ℓ< ℓo    
                             = 0          if ℓ≤ ℓo 

 
                                                                   
For uniform mesh ℓo is constant and same is our case, since we will mesh 
the circles but for the complex geometries we need different mesh size for 
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different parts of the geometry. The above algorithm is discussed in 2D 
but the same technique is also implemented in 3D and will be used for 
meshing spheres. 
 

3.3 Implementation and Results 
 
The packed spheres obtained in the previous step are meshed in this step. 
 
 
 
 
                                                    

     
Figure 7: Meshing of a single sphere. 
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The spheres are meshed individually (separately) using a meshing 
software [20]. Figure 7 shows tetrahedral mesh of a single sphere; all 
spheres are meshed in the same way but with difference mesh size 
depending on the radius of the radius of the sphere.  
The next figure 8 shows the meshing of all spheres packed in a cylinder 
(of the previous section)   
 
 
                                      

 

Figure 8: Meshing of all 15 spheres inside the cylinder.                                         
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Chapter 4 
 
This chapter is related to the last stage of our modelling process. First 
section is a very short introduction and second section is a description of 
the micromechanical model. In the last section we have presented the 
results.   

4.1 Introduction 
 
In the first step we packed a box (cylinder) with spheres of different size 
which were meshed in the next step. This step involves the pressing of 
these spheres made of elastic-plastic materials up to plastic limits (before 
fracture). The detailed description of the process is as follows. 

4.2 Description of Micromechanical Model 
 
When a material object is pressed by external force i.e., pressure it obeys 
the hook’s law up to a certain limit called the elastic limit and the 
corresponding stress strain relationship is linear. But if the stress exceeds 
a certain limit (which is different for different materials) then the material 
begins to deform permanently and no longer returns to the previous state 
when the pressure is released. The corresponding stress strain relationship 
is nonlinear in this case. On further increasing pressure the material will 
fracture. 
The LS-DYNA FE-Analysis software is used for simulations in this part. 
The data of the mesh spheres from the last part was not compatible as 
input for this stage. Therefore the input data used for spheres at this step 
is coordinates of centres of spheres and there radii. And the spheres are 
meshed in LS-Prepost which is a pre and post processing tool for LS-
DYNA.  
The input at this stage is a box (cylinder) filled with meshed spheres of 
different size which are supposed to be made (having properties) of 
elastic-plastic material. This cylinder is subject to high pressure so that 
metallic spheres undergo plastic deformation. The pressure is applied 
from the top face while the bottom face and the side walls are kept from 
sliding (moving). The graphs of the results from this analysis are 
presented in the next section. 

4.3 Results 
The results of the analysis from LS-DYNA are shown in this section. 
At this stage a lot of information is obtained including animation of the 
pressing process. The important results are presented here pictorially.  
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Figure 9 and figure 10 shows the initial and final stages of von Mises 
stress. Figure 11 shows final stage of the plastic strain and figure 12 
shows the final stage of pressure. It is observed in the final stages of the 
compression that the plastic strain is largest in the particle surfaces in 
contact with other particles and the cylinder. This means that the micro-
structure of the grain surfaces may be significantly different from the 
interior. Similar behaviour would be observed with very large number of 
particles. 
 
 
 
 
 

 

 

 

 

Figure 9: Initial stage of von Mises stress.                                                      

 
 

                                  
 
 

 

 

 

 

 

 

 

 

 

Figure 10: Final stage of von Mises stress. 
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Figure 11: Final stage of Plastic Strain. 

 
 
 
 
 
 

 
 

Figure 12: Final stage of Pressure. 



 

 22 

4.5 Conclusion 
 
At first stage to pack spheres of different size in a cylinder. A literature 
review was done to study the problem in detail. Different methods for 
packing items (circles and spheres) in two and three dimensional convex 
objects were studied. Our selected method [16] for packing problem was, 
given the number of spheres of different radii find the smallest object of 
desired type e.g., cylinder or cube in which they can be packed without 
any overlapping. The authors of this method [16] implemented the 
packing methods in fortran77 and used their own developed optimization 
software called ALGENCAN [18, 19]. The objective was to implement 
their method in matlab. But after unsuccessful attempts the already 
available fortran77 code (to pack spheres of same size) written by the 
authors of [16] was changed to pack spheres of different size. A 
maximum packing density of 60.49% was achieved for packing 1000 
spheres of unit radii in a cuboid. For spheres of different radii a packing 
density of 50.11% was obtained for packing 100 spheres in a cylinder. 
While theoretically a random close packing of spheres has packing 
density of about 64%. 
The results of packing density for packing 1000 spheres of unit radii 
showed no improvement in packing density as number of spheres 
increase. Two experiments for packing spheres with radii having mean 10 
and standard deviation 2 gave different packing densities. This is because 
the method we used run local solver and repeat the process until the 
maximum allowed CPU time and return the best local solution as solution 
of the problem which is not necessarily an optimal solution. It was also 
observed that sometimes the best local solution was found in the 
beginning. 
The complete process of powder metallurgy has been modelled here in 
three steps for a cylinder packed with 15 spheres of different sizes. This 
gives a better understanding of the manufacturing process in powder 
metallurgy. 
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