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Abstract

Studying general relativity, with spacetime as a curved four-dimensional pseudo-Rieman-
nian space, much of ones physical intuition is lost. Furthermore, there no longer exists
any canonical way to visualise this space, in which all other physics take place. In this
paper, different representations of the Schwarzschild solution are studied, in an attempt
to build up an intuitive understanding of the behaviour of test particles in the vicinity
of a spherically symmetric and stationary source of gravity, such as a black hole. Three
representations of the Schwarzschild solution will be studied; the original Schwarzschild
representation, as well as the Fronsdal embedding and Kruskal-Szekeres transform.



Sammanfattning

När man studerar allmän relativitetsteori, där rumtiden är ett krökt fyrdimensionellt
pseudo-Riemannskt rum, förlorar man mycket av ens fysikaliska intuition. Dessutom
finns inte längre något naturligt sätt att visualisera sig det rum i vilket all annan fy-
sik äger rum. I denna rapport kommer olika framställningar av Schwarzschlidlösningen
att studeras, i ett försök att bygga upp en intuitiv förståelse för hur testpartiklar uppför
sig i närheten av en sfäriskt symmetrisk och stationär gravitationskälla, så som ett svart
hål. Tre represenationer av Schwarzschildlösningen kommer att studeras - Schwarzschilds
orginalrepresentation, Fronsdals inbäddning samt Kruskal-Szekeres-transformen.
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Chapter 1

Introduction

General relativity was in 1915 purposed by Albert Einstein as a generalization of the
theory of special relativity, valid for arbitrary frames. The notion that laws of physics
should hold in any coordinate system led Einstein to take a geometric approach to gravity,
and he showed that gravity can be considered equivalent to the curvature of spacetime
itself. The result of Einstein’s work was Einstein’s field equation, which mathematically
describes the curvature of spacetime as a function of the energy and mass distribution in
space and time. In general, this equation is difficult to solve, but for some simple symme-
tries, it can be solved analytically. The first solution was found by the German physicist
Karl Schwarzschild, shortly after Einstein published his work. The Schwarzschild solu-
tion describes the curvature of spacetime due to a spherically symmetric non-rotating
body [3].

In the Schwarzschild solution there exist two points of special interest, namely two
singularities. It will be shown that only one of these singularities is a true physical
singularity. The other point, the event horizon, is nothing but a coordinate singularity;
the result of an unfortunate choice of local coordinates that give rise to seemingly singular
behaviour along the radial axis at a fixed distance from the source. If the source is dense
enough to be contained completely within the event horizon, we get a black hole; a body
so dense that the mere curvature in its vicinity is enough to trap light, and all matter,
within it.
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Chapter 2

Background Material

2.1 Mathematics
The theory of general relativity requires many advanced mathematical concepts to be
fully understood, with a primary focus on differential geometry. In this section we present
some basic concepts of the underlying mathematics needed to gain an orientation of the
subject.

2.1.1 The Metric Tensor

To describe position in an n-dimensional space, we need a coordinate system in which all
points in that space could be represented. We will thus need n linearly independent basis
vectors {ei} for our coordinate system. This set of n basis vectors will form a base for
this space. The basis vectors need not be orthonormal, nor orthogonal, and they may be
position dependent. To help us describe our coordinate system, we introduce a matrix
called the metric tensor or simply the metric, whose elements are the scalar products of
the corresponding basis vectors, namely

gij ≡ ei · ej.

For a flat Euclidean space, the metric elements will be constant, but this is not generally
true for curved spaces. The metric is also central to calculate the scalar product between
two vectors u and v

u · v =
n∑
i=1

uiei(x) ·
n∑
j=1

vjej(x) =
n∑

i,j=1

uivjei(x) · ej(x) =
n∑

i,j=1

gij(x)uivj,

and to perform coordinate transformations from one base to another. Upon solving the
Einstein equation, its solution will be on the form of a metric tensor, a measure of how the
mass and energy has deformed the initially flat spacetime. The sought-after gravitational
force is then interpreted as this curvature of spacetime.

We shall here briefly discuss an important example, namely the Minkowski metric,
which describes a four-dimensional flat space, in which time is treated simply as a position
in the four-dimensional spacetime and where space and time can be transformed into
each other using Lorentz transformations. The Minkowski space has coordinates xµ =
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(x0, x1, x2, x3) = (ct, x, y, z) and we will call a vector in such a space x. Knowing that
the infinitesimal length interval for this space is ds2 = dx · dx = −c2dt2 + dx2 + dy2 + dz2

or, in matrix notation,

ds2 = (dx0dx1dx2dx3)


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



dx0

dx1

dx2

dx3

 .

This can written as ds2 = ηµνdx
µdxν , where ηµν is the metric gµν for the Minkowski

space.
To understand the principle of relativity better, we consider the equivalence principle,

which says that physics should be independent on the frame of reference. Mathematically
this corresponds to the notion that any physical equation should be covariant under
coordinate transformations. A tensor is a mathematical object which describes relations
between vectors independently of the coordinates, fulfilling precisely the condition just
mentioned. Therefore, one often looks to use this, and formulate all physical equations
as four-tensors. For example, in general relativity, the general field equation, which is
solved to determine the curvature of spacetime, is a tensor equation.

Given a set of basis vectors {ei}, we denote a set of orthogonal basis vectors by {ei}.
The orthogonality translates into the identity ei · ej = δji . Furthermore, the inverse gij
of the metric gij is given by gij ≡ ei · ej, which naturally is orthonormal to the metric
gij. Any vector u can for a complete set of basis vectors {ei} be expanded as u = uie

i,
with ui being the projections of u on the {ei} bases, u ·ei. These are called the covariant
components of u and are visualised as the perpendicular projections on the original basis
vectors, and therefore parallel to the inverse basis, and vice versa for the contravariant
components. This simplifies the scalar product u · v = (uiei) · (ujej) = uivi and yields
the transformation rules ui = giju

j and ui = gijuj.
To eventually reach the field equation, one needs to find the curvature of the metric,

which involves the first- and second order derivatives of the metric. To study this further,
we first need to consider the concepts of parallel transport and affine connections, which
will be discussed in brief later on.

2.1.2 Manifolds

Central to the study of general relativity is the mathematical field of differential geometry;
the study of geometry using integral and differential calculus. At the core of differential
geometry is the concept of manifolds. Roughly speaking, a manifold is a topological space
that locally looks like an Euclidian space Rn. Thus, in a neighborhood Ui of every point
a in a manifold M there exists a smooth function φ : Ui → Rn called a chart, and the
collection of all charts in M is called an atlas of M . Using the definition given in R.M.
Wald’s General relativity [1], we can formally define an n-dimensional smooth manifold
M as a set A with a collection of subsets {Ai} satisfying

1.
⋃
Ai = A, i.e. {Ai} covers A,

2. ∀ Ai ∃ (φi : Ai → Bi ⊂ Rn) such that φi is bijective, and Bi is an open subset of
Rn,
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3. If Aα∩Aβ 6= ∅ then the composite map φβ ◦φ−1α : Rn → Rn is infinitely continuously
differentiable.

For a manifold M it is generally not true that there exist any global chart φ covering
the whole manifold M . Instead, we have a set (atlas) of local charts {φi} that maps
points from the open subsets Ai to Rn. Consider for example an ordinary 2-sphere. Using
spherical coordinates (θ, φ) to parametrize the surface, the point (π

2
, φ) is no longer one-

to-one, as any angle φ will give rise to the same point on the sphere. This is an example
of how the spherical coordinates is not a global coordinate chart.

There are many common geometrical objects that falls under the definition of a man-
ifold. For example, any n-sphere for n ≥ 0 is a manifold, as is the trivial example Rn.
The easiest way to visualize a manifold is to think of a curved, smooth, m-dimensional
body embedded in a higher-dimensional Euclidian space Rn. It is important to remember
however that this embedding is not in any way required by the definition of a manifold;
a manifold can exist without any embedding at all.

Tangent Spaces and Derivatives of Manifolds

On a manifold, or any curved geometry, the common notion of vector spaces loses much
of its meaning. For example, as Wald states in his book General Relativity [1], there no
longer exists a natural way to add two points on a sphere, and still end up with a third
point on the sphere. Furthermore, as we want to avoid thinking of a manifoldM as being
embedded in higher-dimensional Euclidian space, we need to find a definition of vectors
as an intrinsic structure of the manifold, independent of embedding.

On a manifold, we define a vector field X as the derivation of the algebra of all smooth
functions f : M → R3 [2]. We see that this definition will satisfy linearity and Leibniz
rule, as expected. Furthermore, a tangent vector v in a point p ∈ M is given by the
equivalence class of smooth curves γ through p, where

γ1 ∼ γ2 ⇒
d

du
xi(γ1(u))|u=p =

d

du
xi(γ2(u))|u=p for i = 0, 1, . . . , n.

The set of all such tangent vectors forms the tangent space TpM in the point p [2].

Affine Connections and Parallel Transport

In Euclidian geometry, one can think of tangent vectors in different points p and q to
coexist in the same tangent space. This property is lost when studying curved geometries,
as the coordinate functions themselves now depend on the position. For example, addition
of two vectors a ∈ TpM and b ∈ TqM for different points p, q ∈ M is no longer well-
defined. To regain the possibility of comparing tangent vectors in different points on a
manifold, we make use of the concept of affine connections.

An affine connection is a mathematical object relating the tangent spaces of points in
a neighbourhood of a point p ∈ M . Using this, it is possible to define differentiation of
tangent fields on M similarly to differentiation of functions f : M → V where V is some
fixed vector space. Using the definition provided in Relativity Theory by Mickelsson,
Ohlsson and Snellman [2], an affine connection ∇X of a vector field X on M is defined
as an function on the set of vector fields to itself

∇X : D1(M)→ D1(M)
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with the following properties:

1. ∇X(Y ) is linear in Y for any X

2. ∇fX+gY (Z) = f∇X(Z) + g∇Y (Z) for all vector fields X, Y, Z and all functions
f, g ∈ C1(R)

3. ∇X(fY ) = f∇X(Y )+(Xf)Y for all vector fields X, Y and all functions f ∈ C1(R).

We are now set to define the concept of parallel transport. The following definition
is given by Mickelsson, Ohlsson and Snellman in Relativity theory [2]. For a given curve
γ(t) from p ∈ M to q ∈ M with tangent field X(t), and an affine connection ∇X(t), a
vector field V can be said to be parallelly transported along γ(t) if it fulfills the following
equation

∇X(t)V
i = 0.

Geodesics

The geodesic between two given points a and b can be seen as the curve γ that is, in
some respects, as straight as possible. Mathematically, this means that the curve γ is
a geodesic if its tangent vectors are parallel as they are transported along it. One can
show that this requirement translates into the geodesic equation

∇γ̇ γ̇ = 0.

Geodesics have the physical interpretation of the path taken by an inertial test particle.

2.2 Physics

2.2.1 The Einstein Equation

The field equation for gravity, the Einstein equation, which describes the curvature of
spacetime, is written using tensor notation as

Gµν = κTµν ,

where Gµν is the so called Einstein tensor, κ some scalar and Tµν the energy-momentum
tensor. In this report we will not discuss the Einstein equation in any detail, but rather
motivate its upcoming and structure, and study one analytical solution, the Schwarzschild
solution.

The Principle of Equivalence

The force of gravity acting on a particle of mass m is f = mg. This stems from the
Newtonian gravitational force f (r) = −GN

mM
r2

r̂, with GN being Newton’s constant. It
can be put in the form of a field equation

f (r) = mg (r)

if we define g (r) = −GN
M
r2
r̂. Newton’s second law reads f = ṗ, which tells us how the

particle move due to all forces acting on it, whereas we in the gravitational equation find
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only one force acting on the particle. Now consider two freely falling objects, one of mass
ma the other mb. We know empirically (and through a delicate thought experiment)
from Galileo that both objects will fall with the same acceleration independent of their
different masses, that is r̈a = r̈b = g. Einstein took this fact into deep consideration
and concluded that a measurement taking place in free fall will not be able to detect any
gravitational effect on a particle in that frame, since all bodies accelerate the same. This
means that in a frame of free fall, the force of gravity is transformed away. He stated
this [3] as a principle of nature; the principle of equivalence:

Physics in a frame freely falling in a gravity field is equivalent to Physics in an inertial
frame without gravity or Physics in a non-accelerating frame with gravity g is equivalent
to Physics in a frame without gravity but accelerating with a = −g.

This means that every physical equation should be independent of the coordinates chosen
as a frame of reference. This led Einstein to propose that gravity was the curvature of
space and time.

Interpretation

In the general theory of relativity, the concept of gravity is generalized from the Newto-
nian description as an action-at-a-distance force to a force that is interpreted as a geo-
metric property of spacetime, due to the curvature caused by mass and energy. Einstein
was motivated by the principle of equivalence to propose that gravity is a manifestation
of the curvature of spacetime. Gauss made this notion concrete by defining the intrin-
sic curvature K of a space as a function of the second partial derivatives of the metric,
in three dimensions. This concept was further generalized to n dimensional spaces by
the introduction of the Riemannian curvature tensor, which shows up in the Einstein
equation. When solving the Einstein equation

Gµν = κTµν ,

one wishes to extract the metric of the spacetime from the term Gµν , which incorporate
the metric. From the metric one can finally deduce the equations of motion of a body in
the particular spacetime, by solving the geodesic equation.

2.2.2 The Schwarzschild Solution

The Schwarzschild Metric

Outside a spherically symmetric mass and energy distribution, the metric can be de-
scribed using the intrinsic coordinates (t, r, θ, ϕ). The Schwarzschild metric is gµν =
diag(g00, grr, r

2, r2sin2θ) where the unknown scalar functions are g00 = (grr)
−1 =

−1 + 2GNM
rc2

. Here we also introduce the Schwarzschild radius r∗ = 2GNM
c2

, where M is
the mass of the gravitational source. This distance is in general very small, compared
to the radius of the source. If a star with mass M at the end of its life shrinks beyond
its Schwarzhild radius, it will become a so called black hole. Far away from the spherical
source the metric should be equivalent to the flat Minkowski metric diag(−1, 1, 1, 1). As
such, g00 and grr are just measures of how large the deviation from flat space will be at
some given point.
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The fact that a spherical symmetry implies only two unknown scalar functions is most
easily observed when considering the isotropy of spacetime. From [3] we learn that the
infinitesimally small length interval ds2 = gµνdx

µdxν must consist of each of the terms
quadratic in dx and dt; that is dx2, dt2 or dxdt. As gµν = gµν(t,x) we get the most
general form

ds2 = Adx · dx +B(x · dx)2 + Cdt(x · dx) +Ddt2,

with A,B,C and D being scalar functions. With the spherical coordinates (r, θ, ϕ) we
have

x = rr̂, dx = drr̂ + rdθθ̂ + r sin θdϕϕ̂,

and the interval will be

ds2 = A′r2(dθ2 + sin2 θdϕ2) +B′dr2 + C ′drdt+D′dt2.

Now, we can transform away the cross term drdt by introducing a new time coordinate
t′ such that t→ t′ = t+ f(r) and noticing that dt2 = dt′2 −

(
df
dr

)2
dr2 − 2

(
df
dr

)
drdt. The

coefficient of the cross term is C ′ − 2D df
dr

so the choice of f(r) should be so as to satisfy
C ′ − 2D′ df

dr
= 0. We also make the choice of r2 → r′2 = A′(r, t)r2 and we end up with

ds2 = g00(r, t)c
2dt2 + grr(r, t)dr

2 + r2(dθ2 + sin2 θdϕ2)

as laid out earlier.
We will not go into details of how the scalar functions g00, grr are derived, and instead

simply accept them as true, and try to interpret the coordinates they represent. Since
the Schwarzschild metric is a diagonal matrix, and contain no cross terms of t and r,
it creates the possibility to study the time and space independently. In the metric we
identify the proper radial distance, namely the distance according to a person near the
spherical source, as dρ =

√
grrdr = (1 − r∗

r
)−

1
2dr. For intervals ∆ρ we note that if we

move far from the source, r is still large and space is flat, but as we approach the center
of the source, the distance ∆ρ goes to infinity, and the metric becomes singular.

Singularities in the Metric

The Schwarzschild metric has some very interesting properties, which are easily spotted,
but much harder to grasp. With the metric described as

ds2 =

(
1− r∗

r

)
c2dt2 −

(
1− r∗

r

)−1
dr2 − r2

(
dθ2 + sin2 θdϕ2

)
we clearly see that the metric is singular at r = 0 as well as at θ = 0 and π (stemming from
the fact that the inverse metric contains an inverse sin2 θ which are all due to our choice of
coordinates) and at the point r = r∗, henceforth called the event horizon. This apparent
singularity is due only to a poor choice of local coordinates, and can be removed through
a coordinate transformation. The r = 0 singularity is however a physical singularity,
similar to the singularity due to the 1

r2
- dependence in Newtonian gravity.

As previously stated, the radial point r = r∗ is not a true singularity, but it is
still a point of interest, as it is the point past which no signals can ever go. This
can be seen by studying a measurement of the proper time dτ =

√
−g00dt. Doing
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this, dt = 1√
−g00dτ = (−1 + r∗

r
)−

1
2dτ , which means that it takes an infinitely long time,

measured by a person far away from the source, for a photon to reach the event horizon.
In the following chapter, our aim is to explore the features of the event horizon by rec-

ognizing that it can be coordinate-transformed away with a proper choice of coordinates,
for example the systems constructed by Eddington and Finkelstein, Kruskal and Szekeres
[8] [10] and the embedding of the 4-dimensional spacetime in a 5 + 1 - dimensional space
found by Fronsdal [5].

Leading up to this however, there have been several contributors who have advanced
the understanding of the event horizon singularity, and a short description of the history
of the problem and its solution should be mentioned. Karl Schwarzschild published his fa-
mous 1916 paper Über das Gravitationsfeld eines Massenpunktes nach der Einsteinschen
Theorie [11], in which the metric, with its apparent singularities, is presented. About a
month later, he followed this up with a paper on the gravitational field of a sphere, now
with the metric displaying the singular term as a function of the radius and mass of the
sphere. The critical values of mass and radius for which the metric becomes singular is
now called the Schwarzschild radius, with the mass being incorporated in the r∗-term
as seen in Section 2.2.2. This was the first non-trivial solution to Einstein’s field equa-
tions, and was quite astonishingly found in closed form only about a year after Einstein
published his revolutionary new theory of general relativity.

According to Gravitation [7], Arthur Eddington was the first to find a coordinate
system in which the metric was not singular at r = r∗, but he does not seem to have rec-
ognized how important this result was. The Belgian priest and astronomer Georges-Henri
Lemaître appears to have been, in 1933, the first to really grasp that the r∗ singularity
is not a true ditto, and he came up with a coordinate system in which the r∗ radius is
traversed in a sound manner. However, both his and Eddington’s representations were
flawed, and did not cover all of space. This was first pointed out by the Irish math-
ematician and physicist John L. Synge in a 1950 paper, in which he presents the first
set of complete coordinates. In 1959 Fronsdal, who was unaware of Synges important
work, showed by means of embedding the spacetime in higher-dimensional spaces, how
the whole spacetime with the Schwarzschild metric could be represented without any sin-
gularity outside r = 0 [5]. The following year, the physicist Martin D. Kruskal and the
mathematician George Szekeres independently discovered the more general, and for in-
terpretations the most transparent coordinate representation for describing the complete
Schwarzschild geometry, namely the Kruskal-Szekeres coordinates [8] [10].
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Chapter 3

Investigation

3.1 Problem
To visualize a curved space is highly difficult, and often one needs to use a different
approach to get a better idea of what a geometry looks like. The Schwarzschild metric,
despite its simplicity, is no exception to this. This chapter will study different ways of
visualizing the Schwarzschild metric for a black hole, both within and outside the event
horizon. It will also show different ways of ensuring that the event horizon is nothing
but a coordinate singularity, as opposed to the physical central singularity at center of
the spherical body.

3.2 Model
There are many ways of understanding the Schwarzschild solution and the behaviour of
a test particle in the vicinity of a black hole. We will first consider the Schwarzschild
solution in itself, working with the geodesic equation to determine the paths taken by
test particles in the neighbourhood the black hole. We are then going to look at different
ways of embedding the solution in a higher-dimensional Euclidian space, and use this to
get a better understanding of it. Finally, we will use a coordinate transformation, from
the Schwarzschild coordinates to the Kruskal-Szekeres coordinates, to get a picture of the
maximally extended Schwarzschild solution, to more easily see the behaviour of particles
in this geometry, and to show that the event horizon is a coordinate singularity.

3.2.1 The Schwarzschild Solution and the Geodesics of a
Test Particle

The Schwarzschild metric is the exterior solution to Einstein’s equation for a spherically
symmetric and non-rotating source, and looks like

(gµν) =


(
−1 + r∗

r

)
0 0 0

0
(
−1 + r∗

r

)−1
0 0

0 0 r2 0
0 0 0 r2 sin2 θ

 ,
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where r∗ is the Schwarzschild radius. To derive the Schwarzschild orbitals, we begin by
considering the Schwarzschild metric, parametrized by the proper time τ

dτ 2 =

(
1− r∗

r

)
dt2 −

(
1− r∗

r

)−1
dr2 − r2dθ2 − r2 sin2 θdϕ2, (3.1)

assuming c2 = 1. We observe that any orbital will be limited to some plane of motion,
and as such, we can choose our coordinate system so that θ = π

2
. This yields

1 =

(
1− r∗

r

)(
dt

dτ

)2

−
(

1− r∗

r

)−1(
dr

dτ

)2

− r2
(
dϕ

dτ

)2

= A. (3.2)

To solve the equation above, we will use variational calculus. We define a functional

L[γ(τ)] =

∫
ds =

∫
dτ

(
ds

dτ

)
=

∫
dτ

√
gµν

dxµ

dτ

dxν

dτ
=

∫
dτ
√
A =

∫
dτF (t, r, ϕ).

(3.3)
This can be extremized using the Euler-Lagrange equations

d

dτ

∂F̄

∂ṫ
− ∂F̄

∂t
= 0, (3.4)

d

dτ

∂F̄

∂ṙ
− ∂F̄

∂r
= 0, (3.5)

d

dτ

∂F̄

∂ϕ̇
− ∂F̄

∂ϕ
= 0, (3.6)

where · denotes a derivative with respect to the proper time τ . From the first equation,
using that it suffices to extremize F 2 = F̄ we obtain(

1− r∗

r

)
ṫ = C1, C1 ∈ C

⇒
(
dt

dτ

)2

= C2
1

(
1− r∗

r

)−2
,

and similarly, using the third equation, it follows that(
dϕ

dτ

)2

=
C2

r4
, C2 ∈ C.

These two equations, put into equation (3.2), yields(
dr

dϕ

)2

=

(
dr

dτ

)2(
dτ

dϕ

)2

=

(
dr

dτ

)2(
dϕ

dτ

)−2
=
r4

C2

[(
1− r∗

r

)(
1 +

C2

r2

)
− C2

1

]
.

After a change of variables, using u = 1
r
, this becomes(

du

dϕ

)2

=
1

C2

[
(1− r∗u)

(
1 + C2u

2
)
− C2

1

]
.

This equation can be solved analytically, using the Jacobi elliptic functions, to find the
geodesic of any given test particle, by just plugging in the boundary conditions.
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Another approach, perhaps more transparent, is to define an effective potential, and
using this to characterize the orbits. Following the derivation outlined in Schutz [4], we
start off by considering conserved quantities on the particle’s trajectory. We know that
the particle’s relativistic momentum p will be independent of any fixed coordinate xα
if the metric tensor gµν is independent of the said coordinate. Using this, we observe
that the time independence of the Schwarzschild solution implies that p0 is constant.
Moreover, the spherical symmetry of the metric implies that also pϕ is constant. Using
this we introduce the following constants of motion

E ≡ −p0
m
, L ≡ pϕ

m
.

These constants can be seen as relativistic counterparts to the energy and angular mo-
mentum of the particle. Since any motion in a spherically symmetric geometry will take
place in a single plane, we can choose this plane to be the equatorial plane, and as such
θ = π

2
, and pθ = 0. Given this, and using the identity p · p = m2, the following equation

is obtained

p · p = gµνp
µpν = m2E2

(
1− r∗

r

)−1
−m2

(
1− r∗

r

)−1(
dr

dτ

)2

−m2L
2

r2
= m2

⇒
(
dr

dτ

)2

= E2 −
(
L2

r2
+ 1

)(
1− r∗

r

)
.

Now an effective potential is defined as

V 2(r) ≡
(
L2

r2
+ 1

)(
1− r∗

r

)
,

and the above equation can be written as(
dr

dτ

)2

= E2 − V 2(r).

From this we observe that E2 ≥ V 2(r). Now consider a particle falling in towards the
black hole from r =∞ , with a fixed energy EA. If E2

A = V 2(r0) for some r0, this point
will be a turning point of the particle. To study what happens at this point, one can
compute the second derivative

d

dτ

(
dr

dτ

)2

= 2
dr

dτ

d2r

dτ 2
= −dr

dτ

dV 2(r)

dτ

⇒ d2r

dτ 2
= −1

2

dV 2(r)

dτ
.

Doing this, it can be seen that the sign at r = r0 is positive, and as such, the particle
will turn away from the black hole, and continue towards r = ∞. This orbit is called
a hyperbolic orbit. Observing Figure 3.1, a test particle can exhibit different behaviour,
depending on its energy and angular momentum. If a particle have an angular momentum
corresponding to the red curve, and a sufficiently low energy, it will travel in a hyperbolic
orbit, as seen above. If its energy is high enough for the particle to pass to the radius
of point A, it may still fall into the black hole. The point A represents an unstable
circular orbit for the particle, and point B represent the stable circular orbit. The maron
curve, representing a particle without any angular momentum, shows the particle falling
straight into the black hole.
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Figure 3.1: The principal look of the effective potential as a function of the radial distance
from the source.

3.2.2 Embedding Diagrams

To have a way of visually representing a manifold, an embedding in a higher-dimensional
Euclidian space can be used. Commonly, we assume that θ = π

2
and t fixed, and look at a

cross section of the spherical source and the manifold surrounding it. This is a standard
approach, and is covered in most text books on the subject, for example in Cheng [3]. A
line element ds2 is given by

ds2 =

(
1− r∗

r

)−1
dr2 + r2dϕ2

and in cylindrical coordinates this becomes

ds2 = dz2 + dr2 + r2dϕ2

=

[(
dz

dr

)2

+ 1

]
dr2 + r2dϕ2.

From this we can solve for z, using that

dz

dr
=

√
r∗

r − r∗
.

Doing this, we see that z(r) can be expressed as

z(r) = 2
√
r∗(r − r∗).

This result can be plotted, and doing so one obtains Flamm’s paraboloid, as seen in Figure
3.2.
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Figure 3.2: Principal look of a black hole cross-section embedded in higher-dimensional
Euclidean space.

3.2.3 The Fronsdal Embedding

The Fronsdal solution [5] is a complete and analytical extension of the Schwarzschild
solution through an embedding of the Schwarzschild metric in a (5 + 1)-dimensional
Minkowski space. With this representation, Fronsdal showed that the event horizon
singularity is due to a bad choice of local coordinates. Moreover, Fronsdal showed that
no set of coordinates can be chosen such that the time coordinate becomes a global
coordinate, while the gravitational field remains stationary. Fronsdal used the results
previously obtained by the mathematician Kasner [6] and modified the time dependence
in such a way that the Schwarzschild metric was embedded in a pseudo-Riemannian
space, given by the coordinates

Z1 =
√

2
(
1− 1

r

)
sinh

(
t
2

)
Z2 =

√
2
(
1− 1

r

)
cosh

(
t
2

)
Z3 = g(r) Z4 = r sin θ sinϕ
Z5 = r sin θ cosϕ Z6 = r cos θ

with
ds2 = dZ2

1 − dZ2
2 − dZ2

3 − dZ2
4 − dZ2

5 − dZ2
6 .

Some elementary algebra yields (
dg

dr

)2

=
r2 + r + 1

r3
.

The coordinates above can be used to completely eliminate t, ϕ, θ and r, although r is
often allowed to remain in the equations, as Z3 is a monotonously increasing function of
r. Eliminating t,ϕ and θ, we obtain

Z2 = ±
√

4− 4

r
+ Z2

1 ,

Z3 =

∫
dr

√
r2 + 2r + 1

r3
,

Z2
4 + Z2

5 + Z2
6 = r2.
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The Schwarzschild metric forms a hypersurface in this embedding, and the results above
shows that this surface is complete and analytic for all r such that 0 < r <∞.

As a result of the two different branches of Z2, no global time that covers the whole
surface can be found. Instead, it can be shown that the largest fraction of the surface
for which one can define a global time coordinate is one of the halves given by Z1 = Z2

and Z1 = −Z2. This will be studied more thoroughly in the section on Kruskal-Szekeres
coordinates, where we will also see a graphical representation of these results.

3.2.4 Kruskal-Szekeres Coordinates

A complete description of the spacetime in the vincinity of a black hole was given by
Kruskal in 1960 [8]. It is an analytic extension of the Schwarzschild metric that eliminates
the event horizon singularity. It does not, however, do anything to the r = 0 singularity,
as this is not a coordinate singularity, and as such, cannot be taken care of through a
mere coordinate transform. We will below present a derivation of the Kruskal-Szekeres
metric, beginning with a study of the Schwarzschild coordinates and their short-comings
and then constructing the Eddington-Finkelstein coordinates which are the chronological
as well as logical predecessors of the Kruskal-Szekeres coordinates.

Approaching r∗ in Schwarzschild Coordinates

The following derivation is as presented by Cheng [3]. We start by considering the
worldline of a photon in free fall towards a black hole. The photon’s speed (squared) is
(1/dt2)(dx2 + dy2 + dz2) = c2, and as ds2 is defined by ds2 = −cdt2 + dx2 + dy2 + dz2 we
see that ds2 = 0. For simplicity we choose to study a completely radial trajectory of the
photon, that is dθ and dϕ vanishes, and left is

ds2 = −
(

1− r∗

r

)
c2dt2 +

(
1− r∗

r

)−1
dr2 = 0. (3.7)

We can now solve this for t as a function of r and thereby produce a plot of the photon
trajectories close to the Schwarzschild radius. Straightforwardly, one obtains

cdt = ± dr

1− r∗

r

, (3.8)

where the plus and minus sign come from taking the square root of the expression and
corresponds to outgoing (+) and infalling (−) photons. When integrated from some
reference points (r0, t0) to (r, t) we find that

c(t− t0) = ±
(
r − r0 + r∗ ln | r − r

∗

r0 − r∗
|
)
, (3.9)

which can, by noting that r0, t0 and r∗ are constants, be written more neatly as

ct = ±(r + r∗ ln |r − r∗|+ c0), (3.10)

with c0 being some constant. In Figure 3.3 we see the worldlines of the photon and can
observe several important notions concerning the pathological behaviour of the coordi-
nates close to the event horizon. In the figure, c and r∗ are put to 1.
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Figure 3.3: Diagram of the Schwarzschild coordinates with lightcones close to r = r∗

with the scale c = 1, r∗ = 1.

As incoming light (green lines) travels towards r∗ it will come indefinitely close, but
never pass this apparent barrier. Likewise is the situation for outgoing light (blue lines)
from within the event horizon. The most peculiar effect of the event horizon portrayed
in Schwarzschild coordinates is the tipping over of the lightcones as one passes it. This
clearly represents the discontinuity that this choice of coordinates suffers from. Outside
the event horizon the lightcones are timelike, as they should be, preserving the notion of
causality, which must be obeyed by a particle. This however is not the case beyond r∗,
because there the lightcone is now spacelike, and for the worldline of a particle to remain
timelike, it is forced to move towards the singularity at r = 0. Although the inevitable
fall towards r = 0 sis a true statement, the fact that worldlines becomes discontinuous
at the event horizon spawned a search for more well-behaved coordinates.

Eddington-Finkelstein Coordinates

In this subsection we will see that the apparent singularity of r∗ vanishes when looking
through the eyes of a different coordinate system. The construction of the coordinates
rests upon attaching a coordinate frame to an infalling photon, traveling towards a black
hole. The time observed in this frame will be denoted t̃. The photon will follow a straight
line tilted −π

4
radians, in a (r, t̃) diagram. As we have earlier observed, ds2 = 0 for light,

which then gives us the equations for the infalling photon

ds2 = −c2dt̃+ dr2 = 0⇒ cdt̃ = ± dr ⇒ ct̃ = −r + constant. (3.11)

If we now compare this to the equation for an infalling photon in the Schwarzschild
coordinates

ct+ r∗ ln |r − r| = −r + constant, (3.12)
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we find the coordinate transformation between t and t̃ to be

ct→ ct̃ = ct+ r∗ ln |r − r∗| ⇒ cdt̃ = cdt+
r∗

r − r∗
dr. (3.13)

We now want to express the Schwarzschild line element, which we recall to be

ds2 = −
(

1− r∗

r

)
c2dt2 +

(
1− r∗

r

)−1
dr2 + r2dΩ2, (3.14)

in terms of t̃, with dΩ2 being short for
(
dθ2 + sin2 θdϕ2

)
, the so-called solid angle. From

this we see, after some algebra, that the line element can be written as

ds2 = −
(

1− r∗

r

)
c2dt̃2 + 2

r∗

r
cdt̃dr +

(
1− r∗

r

)
dr2 + r2dΩ2. (3.15)

This expression no longer displays any singular behaviour as r → r∗.
To gain understanding of how the Eddington-Finkelstein coordinates behaves, we can,

as done by Cheng [3], rewrite the above expression, and make it more accessible, by the
introduction of a new variable v ≡ ct̃ + r. Its differential is dv = cdt̃ + dr, which will
facilitate the algebra. We insert the v coordinate in (3.15), which transforms the metric
into

ds2 = −c2dt̃2 + dr2 +
r∗

r
(c2dt̃2 + 2cdt̃dr + dr2) + r2dΩ2 (3.16)

= −
(

1− r∗

r

)
dv2 + 2dvdr + r2dΩ2. (3.17)

The radial path of a photon is again characterized by that dϕ, dθ and ds vanishes, so we
conclude that

−
(

1− r∗

r

)
dv2 + 2dvdr = 0. (3.18)

This equation can then readily be solved for dv, and then transformed back to a relation
between t̃ and r

dv =
2dr

1− (r∗/r)
= cdt̃+ dr ⇒ ct̃ =

∫ r

r0

dr
r + r∗

r − r∗
= r + 2r∗ ln |r − r∗|+ C. (3.19)

Here r0 is an arbitrarily chosen reference point, which is then absorbed in the latter
constant C. The above relation resembles very closely that of the outgoing worldlines
of photons in the Schwarzschild coordinates, see equation (3.10). Equation (3.18) is also
fulfilled if du = 0, which implies that

dv = cdt̃+ dr = 0⇒ ct̃ = −r. (3.20)

This relation corresponds to a gradient of −1 in the (r, t̃)-diagram (Figure 3.4), and
thus represents the infalling photon. With these two solutions taken together we can
again construct a plot of the photon worldlines and corresponding lightcones near the
Schwarzschild radius r∗, which can be seen in Figure 3.4.
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Figure 3.4: Diagram of the Eddington-Finkelstein coordinates with lightcones close to
r = r∗ with the scale c = 1, r∗ = 1.

The tipping over of the lightcones is no longer discontinuous at the event horizon,
because the infalling lines (in green) are straigh. This means that light can indeed
travel past the event horizon. Still though, the Eddington-Finkelstein coordinates are
not completely well-behaved, due to the discontinuity of the outgoing worldlines (in
blue). Despite this shortcoming, they are extensively used in discussions of gravitational
collapse and black holes [7], as they describe the in-fall quite satisfactory.

Furthermore, if one would instead construct another new variable u ≡ ct̃ − r to
better understand (3.15), as is done in [7], a similar relation between distance and time
is obtained. Namely, we would conclude that the line element of (3.15) transforms into

ds2 =

(
1− r∗

r

)
du2 + 2dudr = 0 (3.21)

with solutions

ct̃ = −r − 2r∗ ln |r − r∗| or ct̃ = +r. (3.22)

These relations are the negative of those when using v and thus the first one in (3.22)
represents ingoing photons and the latter outgoing. Having found another relation be-
tween distance and time we should pause to think over what this might imply. One can
think of the behaviour of the worldlines becoming discontinuous as defining the event
horizon. Recall that when using v, we found the outgoing worldlines to be discontinuous
at a certain radius (r = r∗) and by using u we note that it is the ingoing worldlines that
are discontinuous, which seem very paradoxical. This problem will be resolved in the
following section.
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Derivation of the Kruskal-Szekeres Coordinates

In his 1960 paper Maximal Extension of Schwarzschild Metric [8] Kruskal finds, as he
himself expressed, ” (...) a choice of coordinates seemingly simpler and more explicit than
any introduced so far to this end”. He seeks a spherically symmetric coordinate system
with the requirement that radial light rays have slopes of ± 1 in a (t, r) diagram. Thus,
he proposes new coordinates u and v to be constructed from

ds2 = f 2(du2 − dv2) + rdΩ2, (3.23)

and furthermore requires f to depend only on r, as well as being limited and non-
vanishing as (u, v) → (0, 0). Identifying (3.23) with the Schwarzschild metric (3.14), we
can work out the new coordinates u and v as functions of the old coordinates t and r.
In the paper no explicit derivation is given, but can be found in for example [7], which
is used below. We start by examining our old Eddington-Finkelstein variables u and v
(see Section 3.2.4) and try to use something similar to these, instead of the explicit r and
t. The reason for this is that our utmost goal is to remove the singular behaviour of r,
which stems from the

(
1− r∗

r

)−1 term in the metric. A simple relation between u, v and
r, t is seen from

v − u = 2r, (3.24)
v + u = 2ct̃, (3.25)

Using these, instead of the regular r and t coordinates, the line element will still contain
the usual singular term. To remedy this we have to construct functions ũ = f(u) and
ṽ = g(v), which does not physically change the surfaces u and v, but will help us to
transform the singular −(1 − r∗

r
) term away. In [7] the authors suggest that we use the

exponential function for this matter, because of the presence of the singular logarithm
term in the former coordinate relations between r and t as seen in the Schwarzschild
Eddington-Finkelstein (3.19) systems. Trying this, we obtain

exp (v + u) = exp (2ct̃) = exp (2r + 2r∗ ln |r − r∗|) = (r − r∗) exp (2r + 2r∗). (3.26)

The power of this suggestion is easily seen, and we understand that a proper calibration
of new coordinates ũ, ṽ can accomplish a removal of the singular term. We now let c = 1
for brevity. After some experimentation one finds that with

ũ ≡ −
( r
r∗
− 1
)1/2

exp (r/2r∗) exp (−t̃/2r∗), (3.27)

ṽ ≡
( r
r∗
− 1
)1/2

exp (r/2r∗) exp (−t̃/2r∗), (3.28)

this is obtained.
This clearly shows that we have fulfilled our goal of removing the apparent singular

nature of the event horizon. The metric still remains singular as r → 0, in accordance to
previous predictions. The coordinates ũ, ṽ are interpreted as so called null coordinates,
which we in this paper have not previously introduced. They are of little interest on their
own, as they can be replaced by the spacelike and timelike u, v by
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u =
1

2
(ṽ − ũ) ≡

√
r

r∗
− 1 exp (r/2r∗) cosh (t/2r∗), (3.29)

v =
1

2
(ṽ + ũ) ≡

√
r

r∗
− 1 exp (r/2r∗) sinh (t/2r∗), (3.30)

for r > r∗, where we have called t̃ = t for brevity. Similarly for r < r∗ we have

u ≡
√

1− r

r∗
exp (r/2r∗) sinh (t/2r∗), (3.31)

v ≡
√

1− r

r∗
exp (r/2r∗) cosh (t/2r∗). (3.32)

Lastly, the line element ds is then given by

ds2 =
4r∗3

r
e−r/2r

∗
(du2 − dv2) + r2dΩ2, (3.33)

which once and for all shows that we have obtained our goal of removing the coordinate
singularity.

Interpretation and Use of the Kruskal-Szekeres Coordinates

As we will see, the Kruskal-Szekeres coordinates presents us with a startling fact; the
singularity at r = 0 are in fact two singularities. Using the identity sinhx2− coshx2 = 1
with the expressions for u and v in (3.30), we can implicitly define r as( r

r∗
− 1
)

exp
r

r∗
= u2 − v2. (3.34)

In the region far away from the black hole, when r � r∗, we see that (3.34) can be
simplified to read

u2 � v2, (3.35)

The presence of the quadratic terms in (3.35) forces us to accept that there are two
regions of spacetime corresponding to r � r∗, namely

u� |v| and u� −|v|. (3.36)

This seems to imply that there are two regions exterior to a single black hole. Before fur-
ther interpretation we extract another peculiar fact about spacetime in Kruskal-Szekeres
coordinates. Again, we use (3.34) and simply insert r = 0 to reach the conclusion that
the singularity in (3.33) is now manifested in the equations

v2 − u2 = 1⇒ v =
√

1 + u2, v = −
√

1 + u2., (3.37)

which leads us to believe that there are two singularities. Mathematically this is cor-
rect because Einstein’s field equations are still fulfilled as there has been no particular
mathematical violation in the transformations leading us from the Schwarzschild repre-
sentation to the Kruskal-Szekeres coordinates. Nevertheless, the physical interpretations
of this needs great care. In Figure 3.5, a diagram of the Kruskal-Szekeres coordinate
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Figure 3.5: Diagram of the Kruskal-Szekeres coordinates for some specified r and t.

system is presented, with u on the x-axis and v on the y-axis for some constant values
of r and t.

Studying Figure 3.5 we can infer that worldlines are no longer discontinuous when
approaching r∗ as in the previous coordinate representations. As seen, curves of constant
r are the hyperbolic curves whilst those of constant t are straight lines through the
origin. Especially, the worldlines for light in the Kruskal-Szekeres representation, are
by construction lines tilted π

4
radians, as can be verified by letting ds2 = 0 in the line

element (3.33). Therefore any radial worldline which makes an angle of less than π
4
with

the v-axis describes time-like, casual, motion.
Szekeres, who independently found these coordinates, argues in his 1960 paper On

the Singularities of a Riemannian Manifold [10] that from a physical point of view one
should identify each point (−u, −v) with (u, v). This could be permissible because the
metric (3.33) will be the same if one makes the proposed identification. He then makes
the remark that as the metric (3.33) is well-behaved in the whole region u2 − v2 > 1
(0 < r < ∞) ”it seems difficult to find any physical justification (apart from a purely
utilitarian one) for this identification process”. This apparent solution is pointed out in
[7] to be false as this identification leads to causality violations in which a particle could
meet itself, going backwards in time. Another suggestion has been proposed, so as to
only identify the singularities at r = 0 with each other. Then one would be lead to
believe that a particle falling in from region 1 in Figure 3.5, towards the singularity in
region 2 could suddenly re-emerge from the singularity in region 4 out to region 3, but
this cannot be as the particle cannot withstand the infinite gravitational forces of the
singularity in region 2 and therefore should be destroyed.

Let us however visually examine these regions further by constructing an embedding
diagram. Approaching r = 0, a particle experiences greater and greater gravitational
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force, corresponding to a larger curvature. This is represented by Figure 3.2. Here
though, we have two solutions for the same r and t, corresponding to the plus and minus
sign of (3.36), and one way this can be visualised is by considering constant surfaces of
one of the variables u, v and again construct an embedding diagram. We do this by setting
t = 0 in (3.30) which implies v = 0 and study this space-like hypersurface which extends
from u = +∞ (r =∞) into u = 0 (r = r∗) and continuing out to u = −∞ (r =∞). In
Schwarzschild coordinates this will correspond to a surface of constant time and we can
directly use the former embedding as described in Section 3.2.2, with u being a function
of r and thus proportional to height. Here the positive u’s correspond to the upper
”throat” as seen in Figure 3.2 connected at r = r∗ to a ”throat” upside-down, like the
shape of an hour glass.

The mouth of these two regions leads out to flat Euclidean spaces. This "wormhole"
is also called a Einstein-Rosen bridge and was first discussed in the 1935 paper [9] by the
aforementioned. The principal look of a Einstein-Rosen bridge can be seen in Figure 3.6.

Now, consider a particle moving in the vicinity of the bridge’s gap with help of the
diagram of the Kruskal-Szekeres coordinates (see Figure 3.5). If it goes from region 1
(upper throat) through the event horizon, the particle could continue to the other side
(lower throat) into a separate part of spacetime, region 3. It is argued in [7] that such a
wormhole passage would be extremely unstable and moreover should not exist.

Figure 3.6: An embedding of the spacetime close to r∗ in Kruskal-Szekeres coordinates,
a so called Einstein-Rosen bridge.

A particle moving in the vicinity of a black hole will not be sheltered by a wormhole to
allow it to travel to another part of space as it approaches the event horizon. Coming to
close, the particle will, as have been discussed before, spirally or radially travel towards
its ultimate fate; the infinite gravitational forces in the singularity of the black hole.
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Chapter 4

Summary and Conclusions

As seen in the model descriptions above, different ways of representing the same solution
can yield very different results. Few are the apparent similarities between Schwarzschild’s
original representation, and the representation found by Kruskal and Szekeres more than
forty years later. While it is often sufficient to work in the original representation, it can
sometimes lead to false conclusions. An example of this has been observed in the case of
the event horizon singularity; a singular point arisen solely from a poor choice of local
coordinates.

Working directly with the Schwarzschild solution and its geodesics is a very efficient
when describing the orbits of test particles around black holes and other spherically
symmetric sources of gravity. Using the idea of effective gravitational potential of the
source, and the energy of the test particle, the different orbits can easily be identified and
distinguished between. In this representation, it is easy to discover the elliptical as well
as the hyperbolic orbits. Moreover, the close connection to classical energy and angular
momentum further helps to strengthening the intuitive understanding of the behaviour
of test particles.

The possibility of using the Schwarzschild solution on the above form, together with
a fictional embedding in a higher-dimensional Euclidian space, has little to offer other
than a way of graphically visualizing the radial behaviour of the stationary subspaces of
the Schwarzschild solution. More fruitful are the coordinate transformations presented
by Fronsdal and Kruskal and Szekeres. Fronsdal constructed a complete and analytical
extension of the Schwarzschild solution, through an embedding of the original metric in
a (5 + 1)-dimensional Minkowski space. With this representation, Fronsdal was able to
show that the event horizon was in fact a coordinate singularity. Moreover, Fronsdal
found a mathematical description of the curious behaviour of the time coordinate, due
to a lack of a global time coordinate for a stationary gravitational field.

Kruskal and Szekeres were finally able to arrive at the same conclusion as Fronsdal, but
in a more explicit fashion. The Kruskal-Szekeres representation shows the non-singular
nature of the event horizon, in similar fashion as Fronsdal’s representation. Moreover, this
representation of the solution suggest the existence of so-called white holes, a hypothetical
object behaving like the opposite of a black hole, as well as wormholes, connecting these
white and black holes and possibly parts of the universe, otherwise spatially separated.
However it is argued that these two objects are highly improbable to exist and a particle
traveling towards the singularity will be destroyed there.

Lastly, the nature of the Kruskal-Szekeres coordinates is such that light cones drawn
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in the Kruskal diagram, see Figure 3.5, make out an angle π
4
to the coordinate axis,

just as in the Minkowski diagram. This is helpful when studying the behaviour of test
particles in time, as the intuition built when studying event diagrams in special relativity
can be directly transferred to this case.
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