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Abstract

Motility or spontaneous motion of eukaryotic cells, such as white blood cells, has been
extensively studied in the recent literature. A mechanism has been established based
on polymerization of actin filaments that pushes the cell wall forwards. However, many
features of this phenomenon remain incompletely understood and more insights from
modeling is desirable. We study the problem of understanding the origin and magnitude
of the velocity achieved by the moving cells, and compare it with existing experimental
results. We have developed and simulated a simplified model based on the relevant
features of eukaryotic protrusion, formulating main elements required to describe the
cellular motility. The main simplification is the isolation of a few actin filaments, whereas
other similar models have previously been built on more complicated cases of polymer
ensembles. The strength of the simplified model is that it clarifies the actual effective
elements of cellular protrusion. A computer program simulates the growth of an actin
polymer behind a cellular membrane and delivers the protrusion speed of the eukaryotic.
We also construct a real time 3D graphical representation of the movement process.
The results obtained are in reasonable agreement with experimental results for the cell
velocity. The agreement is actually improved compared to previous studies of more
complicated models, indicating that our simplified model indeed seems to work very
well. Moreover, the detailed graphical representation highlights the process in greater
detail than has previously been achieved.



Sammanfattning

Motilitet eller spontana rörelser hos eukaryota celler, såsom vita blodkroppar, har stude-
rats utförligt i den senaste litteraturen. En mekanism har fastställts utifrån polymerise-
ring av aktinfilament som driver cellväggen framåt. Fortfarande är mycket oklart kring
detta fenomen och fler insikter från modellering är önskvärt. Vi studerar problemet med
att förstå ursprunget och omfattningen av den uppnådda hastigheten hos de rörliga celler-
na, och jämför den med befintliga experimentella resultat. Vi har utvecklat och simulerat
en förenklad modell som bygger på de relevanta egenskaperna hos eukaryota utstick och
formulerat de viktigaste beståndsdelarna som krävs för att beskriva cellulär motilitet. Vår
huvudsakliga förenkling är isoleringen av några aktinfilament, medan andra liknande mo-
deller tidigare har byggts på mer komplicerade fall av polymerensembler. Styrkan i den
förenklade modellen är att den klargör de faktiska effektiva delarna av cellulära utstick.
Ett datorprogram simulerar framväxten av en aktinpolymer bakom ett cellulärt membran
och levererar hastigheten hos en eukrayots utstickningsmeknism. Vi konstruerar också en
grafisk realtidsrepresentation av rörelseprocessen i 3D. De erhållna resultaten är i rimlig
överensstämmelse med experimentella resultat för cellhastighet. Överensstämmelsen är
faktiskt förbättrad jämfört med tidigare studier av mer komplicerade modeller, vilket
visar att vår förenklade modellen faktiskt verkar fungera mycket bra. Dessutom återger
vår grafiska återgivning processen i högre detalj än vad som tidigare har uppnåtts.
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Chapter 1

Introduction and Background Material

The immune system of the human body is a highly complex mechanism protecting our
bodies from hostile organisms. To be able to reach the hostile organisms the immune
system deploys eukaryotic cells. They are able to transport themselves within the body
to catch alien organisms for chemical dissolution. Once dissolved, the threat has been
eliminated. How the eukaryotic cell move is the object of our modeling and simulation.
The goal of this essay is to present a three-dimensional model and visual simulation of
the cellular movement process. In the introduction and background material we cover all
the necessary expressions from biology on the micro-molecular level and characterize the
currently available research in this field. In the model and simulation chapter the model
is presented, we describe our model of protrusion, and discuss how it differs from the
observations presented in the introduction chapter and background material. All results
will be discussed, as well as the validity of our model. In the end chapter the project
will be summarized and concluded upon, along with suggestions for further work on the
topic and expansion of the project. The components of the movement mechanism of the
cell are illustrated in Fig. 1.1.

1.1 Background Concepts
The cytoskeleton is a framework of bound-together micro proteins. The interest lies in
its ability to grow in one direction, and at the same time contract in another, in order
to transport the whole cell in a given direction. The construction consists of a nexus of
beams and wires throughout the cell body, with ends connected to or very close to the
cell wall. The edge being pushed forward is the leading edge of the cell. The ends closest
to the wall are called barbed ends, and the ends pointing away from the membrane at
the other end of the filament is a pointed end. The cytoskeleton can grow by means of
nucleation or autocatalysis.

Treadmilling is the mechanism by which the cell moves. It involves the expansion of
the outer edge of the cell wall with a corresponding contraction on the opposite side. The
force pushing the cell forward is made possible by a sticking mechanism, which latches
the cell to a surface beneath, see Fig. 1.2. The process gives rise to motility, which is
forward mobility of the cell. When the cytoskeleton pushes a cell wall forward it is called
protrusion.

Actin is the main component building up the cytoskeleton. It is a protein with a
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Figure 1.1: Sketch of the components of the mechanism enabling protrusion of the cell
membrane. Details are discussed in the text. Figure has been adapted from Biophysics
of Actin Filament Dynamics in Nonmuscle Cells by T. D. Pollard, see Ref. [1].

variety of binding options. To date there are between 60 and 150 known actin binding
proteins, dependent upon definition. Free actin proteins are called G-Actin, which later
self-associate with other G-Actin monomers in order to build and construct filaments.
This process is called polymerization. When filaments are disassembled they are depoly-
merized. An association of three or more G-Actin protein bodies in a filament is called
F-Actin. The actin molecule is polarized, with one pointed end and one barbed end.
Pointed ends bind to barbed ends.

Actin-Related Proteins (Arp) is a family of proteins that bind to actin. The Arp2/3-
complex is a unit composed of the Arp proteins; Arp2 and Arp3. It controls and induces
branching of existing filament constructions near the cell wall. The Arp2/3-complex
binds to an actin molecule, effectively making it a suitable mother for the binding of a
daughter actin molecule. The branch forms at a 70-degree angle between the mother and
the daughter molecule. Branching can occur both at the barbed ends, and from the sides
of the construction.

Capping is the action of putting a stop to further growth and the binding of new actin
molecules to existing filaments. There are a number of capping proteins, specializing on
capping free ends at different parts of the cytoskeleton. Capping is essential to stop
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Figure 1.2: Sketch of the treadmilling mechanism. The figure shows how the cell is able
to move by expanding its front wall and contracting its back wall, while sticking to the
surface underneath. Figure has been adapted from The Forces Behind Cell Movement
by R. Ananthakrishnan and A. Ehrlicher, see Ref. [2].

inefficient use of available actin and to change the direction of cell movement.
The Brownian ratchet is a model for describing how the cell can transform thermal

energy into forward movement. The cell wall fluctuates due to thermal energy, and as
a result performs Brownian movement. The fluctuations act against an opposing load
force, and movement backwards is constrained by the cytoskeleton. When the cell wall
diffuses forward, new actin molecules build on the cytoskeleton to secure the newly gained
grounds, see Fig. 1.3. This allows the cell to transform random thermal fluctuations into
ordered forward movement. Most remarkable is the ability of the cell motility mechanism
to convert energy into movement directly, without any conversion of the energy into heat
before it is utilized.

1.2 Previous Research and Project Context
The field of cellular motility is a very active and quickly developing area of research.
However, many problems need lots of further attention. Tremendous progress has been
achieved during the last two decades, with both actual measurements of the mechanical
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Figure 1.3: Sketch of the Brownian ratchet mechanism. An actin filament is pushing
against an obstacle. Due to a stochastic force from random collisions with other particles,
the obstacle will fluctuate and thus generate spacing between itself and the filament. If
this spacing is wide enough, free actin monomers will be able to attach to the filament,
hence generating a forward motion. Figure has been adapted from Harnessing Actin
Dynamics for Clathrin-Mediated Endocytosis by M. Kaksonen, C. P. Toret and D.G.
Drubin, see Ref. [3].

features of different cellular constructions, as well as computer modeling simulations.
Experiments on motility and single molecule biophysics are undergoing great devel-

opment. The process of self assembly has been investigated using computer software, as
well as using a synthetic solvent containing some of the proteins active in the process of
protrusion. Common methods of research combine lab work, involving actual cells and
beaks, fluorescent lighting, electron microscopy and freestanding computer modeling as
ways of investigation.

There are two different types of cellular movement cases based on actin polymeriza-
tion; the propelled rocketing escape movement of the Listeria monocytogenes, the Shigella
and Rickettsia bacteria and a general cellular protrusion and adhesion movement mecha-
nism of locomotion, the treadmilling process of lamellipod motion. We are going to focus
on the latter, although both mechanisms are similar, but not identical.
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1.2.1 Brownian ratchet
The Brownian ratchet has many applications outside of cell biology, for example within
particle separation [4], and comes in a variety of models. It is a model for how chemical
reactions generate directed motion from random Brownian fluctuations. The traditional
model assumes the filaments to have infinite rigidity, to be single stranded, and that they
grow perpendicular to the surface they are pushing [5].

The so-called elastic ratchet model relaxes the traditional infinite stiffness assumption
and allows bending of the filaments, see Fig. 1.4. The greater the opposing load force, the
more the filaments bend against the membrane surface. The actin beams are modeled as
double wrapped helixes. Needing less than half of an actin molecular diameter spacing
in between the membrane and filament to allow for the attachment of another actin
monomer at the leading edge. Each node is treated separately, and thus the rest of the
cytoskeleton is infinitely rigid. The protrusion velocity is assumed be independent of the
size of the membrane, and only depends weakly on the load force, being almost constant
up until a stall force that stops the movement almost instantly. The larger the membrane,
the smaller the load force per filament [6].

1.2.2 Dynamic Filaments
Chains of bound actin molecules can be treated as slender rods, which are exposed to
bending and buckling. The greatest difference between a micro rod and a normal-sized
rod is its persistence length. The persistence length is the shortest distance beyond which
thermal bending does not play a significant role in the form taken by the beam. The
actin rods show evidence of being isotropic and homogenous, with the flexural rigidity
proportional to the Young’s modulus, E. Experimental results for some mechanical data
are gathered in Tab. 1.1.

Experimental results show that the speed at which the cell is able to move its outer
surface tends to a limiting velocity that is independent of the prevailing load force. When
the load force is increased, the membrane at first slows down. This allows for a number
of new filament ends to expand and reach the surface. When new filament ends tend
close to and start pushing the membrane the membrane starts moving again and the rate
by which new filaments join will slow down to zero as the limiting equilibrium speed is
reached [6, 7].

The actin molecules organize themselves together into a double-wrapped helix. Due
to the binding nature of the molecules the Young’s modulus tends to the theoretical
value of materials held together by van der Waals bonds. The helical symmetry forces
the filaments to keep a straight orientation. Every actin monomer is polarized, enabling
filaments to grow quicker at one end than at the other, the speed by which differs by a
factor of ten between the two ends. The growth is quicker at the barbed end [8].

The way the filaments organize themselves at the leading edge in branches protect
the filaments from depolymerization. Instead of regarding the structure at the leading
edge as a simple network of treadmilling filaments, a more appropriate description is
an advanced nexus treadmilling structure. It allows for a greater amount of possible
nucleation sites at the leading edge and a thicker density of barbed ends, furthermore it
allows for greater flexibility in changes in the direction of movement [9].
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Figure 1.4: Principle of the elastic ratchet mechanism. The difference between the elastic
ratchet and the Brownian ratchet is the method of elongation. The elastic ratchet bends
away from the membrane, then binds to new actin, and pushes the obstacle when bending
back to the straight position. Figure has been adapted from Harnessing Actin Dynamics
for Clathrin-Mediated Endocytosis by M. Kaksonen, C. P. Toret and D.G. Drubin, see
Ref. [3].

1.2.3 Branching and the Arp2/3-complex
There is currently no commonly accepted model for how the growth of the cytoskeleton
depends on the existing network density and the force applied to the membrane. Whether
filaments grow exclusively from the network sides or at the network ends, or a combination
of the two, is a matter of great uncertainty.

Autocatalytic modeling means that the growth of the cytoskeleton is only allowed at
existing branches. The existing filament ends catalyze new network growth automatically.
Nucleation modeling does not require there to be existing filaments for polymerization.
The rate of new filament growth is thus independent of the existing number of filaments
and only on the amount of free actin to bind to [10].

Assuming a combination of side and end branching gives a moderate fit of the Brow-
nian ratchet model with experimental data on cell movement [11]. The most supported
method of branching is the side branching model. When an aging effect is incorporated,
effectively a greater probability of branching at younger filaments is assumed, which
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Parameter Observed value
Persistence length 15 µm
Young’s modulus E 2 GPa
Maximum load force per filament 5 pN
Average number of filaments 5000
Force for all filaments 25 nN
Average interfilament distance 20 nm
Actin microfilament diameter 6 µm
Length of repetition for double-wrapped actin constructions 36 nm
Full period of double-wrapped actin constructions 72 nm
Actin concentration in vitro 4 · 10−6 monomers/nm3

Simulated actin concentration span 4 · 10−6 to
1 · 10−2 monomers/nm3

Table 1.1: The basic mechanical properties of the actin filaments of the protrusion mech-
anism of eukaryotic cells [8].

leads to a better alignment with experimental data. The average number of branches
at a filament has also been modeled, as well as the average number of caps placed on
components of a nexus during the movement process. It is found that, independent of
the concentration of certain branching stimulating particles and proteins, the average
number of daughter branches per filament is constant. Based on a model where destruc-
tion only happens after first having the filament dissociated and then depolymerized, it
is found that the average number of branches from a mother filament is far less than
unity [12]. Experiments show that only the autocatalytic model supports the observed
behavior under certain concentrations of catalytic proteins and concentrations of both
actin and Arp2/3, when experimentally moving a bead in a solution [13].

The density of the network close to the membrane is vital for the maximum force
exerted by the system. Certain capping and uncapping proteins govern the number of
growing filaments. The cell needs to manage free barbed ends far away from the surface
by capping them, stopping them to grow any further and consume available building
blocks [14]. The cell has to strike a balance when it comes to the amount of free barbed
ends. Too many binding sites will use up all the available monomer building bricks, but
too few will not be able to generate the necessary force for protrusion. A greater turnover
of actin monomers and a larger number of available actin will enhance the velocity of the
cell [15].

With electron microscopy the angles between the branches in a network have been
measured to 70◦ ± 7◦. The Arp2/3 complex caps the barbed end, and affects the growth
speed by increasing the rate of nucleation of new actin molecules according to the end
branching model [16]. This supports a combination of side and end branching. It does
not matter which one of side or end branching that occurs, since uncapping effects and
the branching direction dominate the resulting cytoskeleton structure [7].
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Chapter 2

Model and Simulation

The goal is to model and simulate the self-assembly of the cytoskeleton. By specifying a
model and creating a computer program we will extract the simulated speed of a moving
eukaryotic cell. The simulation will include the cell membrane as a disk, actin monomers
and branching proteins. They will exist in three-dimensional space and interact with each
other according to physical principles. We will display the motion of the cellular mem-
brane throughout the process, with the position presented in a graph. The programming
language is Python with an add-on package called Visual Python.

2.1 Model
The foundation of cellular protrusion lies in the utilization of Brownian movement. The
diffusion exhibited by all particles is a net sum of collisions with other particles through-
out the cell, every one of which is summed over and whose effect a random Brownian
force will collectively represent.

The cell wall is modeled as a membrane, a disk with a radius of 100 actin diameters.
It has infinite stiffness in order to be locked into one direction and not exhibit tilting.
Stretches or deformations of the disk are not allowed. A stochastic force acts on the disk,
modeling the net effect of all fluid particles.

The actin molecules are assumed only to interact with other objects when bound in
chains. Then they are affected by a repulsive and a bending potential from the neighbors.
When hitting the membrane the actin molecule changes its direction to the opposite.
An actin molecule at the end of a filament is always activated for elongation, and the
attachment of Arp activates any actin for branching. When approaching an activated
molecule the actin will attach itself if it is close enough and if the angle of approach is
within a pre-specified interval. New actin is created stochastically at a random coordinate
at the membrane.

Arp2/3-complex is treated as a massless point particle. When it encounters an actin
globe it attaches itself to it and activates the actin protein for branching into two new
branches with an angle of 70 degrees between them. The Arp2/3-complex is generated
at a randomly assigned coordinate at the membrane disk, facing the opposite direction
of desired movement, and diffuses away from that point at the disk. When colliding with
the disk it does not exert any force on the disk, but bounces off the disk in the opposite
direction.

The values for parameters used in the simulation are found in Tab. 2.1.
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Parameter Set value
Diameter of monomer σ 5 nm
Friction constant monomer ξmon 0.0226 kg/s
Friction constant Arp ξArp 0.0226 kg/s
Friction constant membrane ξMem 0.4520 kg/s
Repulsive potential constant K 0 or infinite
Bending potential constant KB 100 kBT

Table 2.1: Values of the parameters used in the simulation.

2.2 Analytical Treatment
For simplicity, only the membrane and neighboring monomers within polymer filaments
were allowed to interact trough forces given by the bond-repulsive potential and the bend
potential. The bond-repulsive potential is given by

ΦB,R =
1

2
K

�

i,j

(Ri,j −D0)
2, (2.1)

where Ri,j is the distance between the centers of the ith and the jth monomer, D0 is the
diameter of a monomer and K is a constant. The potential results in a repulsive force if
Ri,j is less than D0 and an attractive force if Ri,j is greater than D0. For illustration see
Figs. 2.1-2. In order to derive the total force on i the sum is taken over all neighboring
monomers j. If i has an attached front-, back-, and branched monomer the sum consists
of three terms.

Figure 2.1: Sketch of two monomers bounded in a filament repelling each other due to
the potential given in Eq. (2.1).
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Figure 2.2: Sketch of two monomers bounded in a filament attracting each other due to
the potential given in Eq. (2.1).

The polymer has a bending stiffness, resulting in the bending potential ΦB, given by

ΦB =
1

2
KB

�

i

(cos θi − cos θ0)
2, (2.2)

where θi is the angle between the line connecting the ith and the i + 1th monomer and
the line connecting the i − 1th and the ith monomer, see Fig. 2.3. θ0 = 0 if i + 1 is a
monomer attached to the front of the ith monomer as in Fig. 2.5, and θ0 = 70◦ if i + 1
is branched monomer as in Fig 2.4. The potential ΦB is zero if i θ = θ0 which means
that the force will try to straighten the polymer out or keep a 70-degree angle between
branched polymers. The sum in Eq. (2.2) consists of two terms if i has a branched
monomer attached to it and only one term if i has no branched monomers attached to
it.

Figure 2.3: Sketch of a straight polymer whose monomers has been displaced. A force
striving to straighten out the polymer acts on the monomers, which is given by Eq. (2.2).
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Figure 2.4: Sketch of a branched polymer with no forces acting on it except the force
due to the bend potential. The angle between branched polymers is θ0 = 70 degrees.

Figure 2.5: Sketch of a straight polymer with no forces acting on it except the force due
to the bend potential. The polymer is completely straight, thus the angle between the
lines connecting monomers, is θ0 = 0 degrees.

The branched ends in a polymer interact with the membrane trough a repulsive
potential

ΦR =
1

2
K

�

j

(Rj −D0)
2, Rj < D0,

where Rj = |xj − xmembrane| is the distance from monomer j to the membrane, xj is
the x-position of monomer j and xmembrane is the position of the membrane. The sum
runs through all monomers j that are at the front in every filament. The force resulting
from the potential will only be repulsive due to the constraint Rj < D0. All monomers
that overlap with the membrane will contribute a repulsive force pushing the membrane
forward.

Taking the gradient of a potential in Cartesian coordinates gives the force on
monomer i,

Fi = −∇i(ΦR + ΦS + ΦB). (2.3)

A particle in a fluid undergoes a Brownian motion, due to frequent collisions with
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other particles. This motion can be described using the Langevin equation,

mv̇ = −ζv + F (t),

where −ζv is a viscosity force, and F (t) is a random force due to the sum of collisions.
The average of this random force is zero, because over time there will be as many particles
colliding from one direction as from the opposite. That is

�F (t)� = 0.

This random force is uncorrelated in time, ζ0, the force at a time t0 + ∆t is independent
of the force at a time t0,

�F (t)F (t�)� = Aδ(t− t�).

Since the random force is the average of a large number of independent random terms,
this force has a Gaussian distribution with variance A. According to the central-limit
theorem. Hence the probability to encounter a force F is

P [F (t)] =
1√
2πA

e−
1

2A

R
F 2(t)dt.

We want to derive a discretized equation for the position of a particle, that is possible
to implement in our computer program. In the high-friction limit, the particle quickly
relaxes to its stationary state and the term v̇ can be neglected [17]. Implementing the
force from Eq. (2.3), the one-dimensional Langevin equation reduces to

ζiẋ = − ∂φ

∂xi
+ Fi, �Fi(t)� = 0, �Fi(t)Fj(t)� = 2kBT ζδ(t− t)δij, (2.4)

where the subscript i indicates which particle we are referring to. To obtain the change
in position between two consecutive timesteps, we integrate, from t0 to t0 + ∆t,

ζi

� t0+∆t

t0

∂xi

∂t�
dt� =

� t0+∆t

t0

− ∂φ

∂xi
dt� +

� t0+∆t

t0

Fi(t
�)dt�.

∆t is chosen to be very small, and it is thus possible to approximate ∂φ
∂xi

as a constant.
We obtain

ζi(x(t0 + ∆t)− x(t0)) ≈ − ∂φ

∂xi
∆t +

� t0+∆t

t0

Fi(t
�)dt�,

and form the mean,

�ζi(x(t0 + ∆t)− x(t0))� ≈ �− ∂φ

∂xi
∆t�+

� t0+∆t

t0

�Fi(t
�)�dt�.

The second term on the right-hand side vanishes due to Eq. (2.4),

ζi�(xi(t0 + ∆t)− xi(t0))� ≈ − ∂φ

∂xi
∆t. (2.5)

13



When φ = 0, we also want our discretized version to satisfy the equilibrium condition
[17]

�(xi(t0 + ∆t)− xi(t0))
2� =

2kBT

ζi
t.

We calculate

�(xi(t0 + ∆t)− xi(t0))
2� =

1

ζ2
i

�
� t0+∆t

t0

Fi(t
�)dt�

� t0+∆t

t0

Fj(t
��)dt���

=
1

ζ2
i

� t0+∆t

t0

� t0+∆t

t0

�Fi(t
�)Fj(t

��)�dt�dt��

=
1

ζ2
i

� t0+∆t

t0

� t0+∆t

t0

2kbT ζiδ(t
� − t��)δij

=
2kBT

ζj

� t0+∆t

t0

dt�

=
2kbT

ζj
∆t.

That is

�
�(xi(t0 + ∆t)− xi(t0))2� =

�
2kBT

ζj
∆t. (2.6)

From Eqs. (2.5-6), we obtain the total discretized equation to first order in ∆t, for the
position of particle i,

ζixi(t + ∆t) = xi(t)−
∂φ

∂xi
∆t +

�
2kBT ζi∆tξi,

where ξi is a Gaussian random number with variance 1.
Consider a monomer i in a polymer chain. It has two neighbors, one to the left and

one to the right. It will neither attract nor press on those, depending if they overlap
with i or are pulled away from i. If i is pushing on i + 1 as in Fig. 2.7, i + 1 will also
push back on i due to Newton’s third law. The force will have equal magnitude and be
of opposite direction. Thus for each pair of monomers, there is only a need to calculate
the interaction force once.

In the simulation the whole polymer chain is stepped through, monomer by monomer,
calculating the force on a monomer i due to its front monomer i + 1, see Fig. 2.6. The
force on the front monomer i + 1 due to its back monomer i is taken to be equal of
magnitude and opposite directed. The step is repeated for monomer i + 1. Thus in each
calculation only the front monomer is taken into consideration. If a branched monomer
exists it also has to be accounted for.

The force on monomer i, Fi due to the i + 1th monomer is

Fi = −∇iΦB,R = −∇i
1

2
K(Rij −R0)

2,
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Figure 2.6: Here u and v are position vectors for the ith and i+1th monomers respectively,
F is the force interaction between two monomers.

where

Rij = |v − u| =
�

(xi+1 − xi)2 + (yi+1 − yi)2 + (zi+1 − zi)2

= ∇i
1

2
K(

�
(xi+1 − xi)2 + (yi+1 − yi)2 + (zi+1 − zi)2 −R0)

2

= K(1− R0�
(xi+1 − xi)2 + (yi+1 − yi)2 + (zi+1 − zi)2

)(xi+1 − xi, yi+1 − yi, zi+1 − zi).

The force on monomer i + 1, Fi+1 due to the ith monomer is −Fi.

If a more general case is taken into consideration where a monomer i has three
monomers bounded to it in a polymer chain, see Fig. 2.7, we will have three forces.
By substituting i + 1 by i + 2 in the equation for the force above, we will obatin force F2

and F3. The force F1 has already been derived in the previous step in the algorithm.

Figure 2.7: F1, F2 and F3 are forces on monomer i due to monomers i− 1, i+1 and i+2
respectively. In totalt there are three contributions to the force on the ith monomer.

In order to derive the force due to bend potential, the angle θ has to be calculated.
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Figure 2.8: u and v are vectors connecting two consecutive pairs of monomers in a
polymer chain.

The expressions for the vectors are u = (xi − xi−1, yi − yi−1, zi − zi−1) and
v = (xi+1 − xi, yi+1 − yi, zi+1 − zi). For these vectors we have that

cos θi =
u · v

|u| · |v| . (2.7)

Taking the gradient of the potential gives the force

FB = −∇iΦB = −∇i
1

2
KB

�

i

(cos θi − cos θ0)
2. (2.8)

Inserting the expression Eq. (2.7), the value for θ0 and perform the derivation gives
in Eq. (2.8) the force. If monomer i has a branched monomer attached to it there will
be two terms in ΦB.

2.3 Code Description
The simulation was run for different concentrations of G-Actin, spanning several orders
of magnitude from 4 · 10−6 to 1 · 10−2 monomers/nm3. The code was written mainly on a
workstation with the Linux version Ubuntu 10.04 LTS installed. The CPU was an 2.93
Ghz Intel Core 2 Duo with 3.8 Gb DDR RAM. The version of Python was 2.7, with an
add-on package called Visual Python. Every simulation run took between 3 and 4 hours.

The program code is divided into classes. The main code body is in the class “main”,
and a class called “node” contains all objects properties. Every object is represented by
an instance of node with the equivalent properties. The stochastic force is modeled by a
random force function.

The node class stores the values of the monomer diameter, Boltzmann’s constant,
temperature, constants K and KB used in the potentials, along with the values for an-
gle comparisons and time steps. The actin node object stores its position and which
monomer is in front, which is to the back, whether there is a branching connection be-
tween it and another monomers, whether the node has an Arp connected to it, as well
as what color it has and the value of the friction constant ζ. All these parameters are
determined with the creation of a node object, along definitions of allowed angles for

16



attachment. The Arp and membrane node object store the coordinates.

The method “out of range” checks if the object has traveled beyond the specified
parameters, it demands the object whose position is to be checked, the position of the
membrane, as well as the allowed position parameters. If the object is outside of the
allowed perimeters, it has its position changed to coordinates, under an uniform random
distribution, within the allowed space.

The method “has front” returns the value “true” if the link in front of the object is
occupied, and “false” if it is free. It takes only the object itself as an argument.

The method “move random” adds randomly assigned values to changes in existing
three-dimensional values, generated by a Gaussian distribution, due to Brownian motion.
It takes the object itself and a movement factor as arguments. The movement factor scales
the added movement according to different criteria.

The method “new potential” assigns a change in the coordinates of the object being
sent to the method, and to the branch and front objects to the object, if there exists a
branch. The potential is the interaction between monomers in filament chains, according
to Eq. (2.1).

The method “update position” adds values to coordinates, using the changes in the
values calculated by the potential functions and random force functions. It uses the
scaling factor ζ and adjusts the change accordingly.

The method “move bend” has the same functionality as the new potential method,
creating position changes to straighten the filament out. This will generate a force on
each object in the chain pushing it opposite of the current bent direction.

The method “check attachment of Arp” takes an object as an argument, the current
polymer and the diameter of the monomers. If the distance between the filament/object
and the Arp is small enough, it returns the value “true”, and if attachment is not possible
it returns the value “false”.

The method “apply vector” creates a vector between the center of a free monomer
and the center of a monomer in a polymer. This vector is later used to calculate angles.

The method “check angle” takes the object itself and that at the front end as inputs,
and calculates the angle between them.

In the main part of the code settings for display, graphics and management of objects
are set. Three scenes are defined, one for a graph displaying the covered distance of the
membrane, a tree-like representation of the network and one plot with the monomers
attached to each other. The boolean “visual on” indicates whether the simulation is run
live or first displayed at the end. In the head of the class the diameter of the monomers,
the end time, the start time and the time steps are defined. Lists are used for every
object in the simulation, one with just the objects that are at the front of the protru-
sion mechanism, one for the filaments, and one for all the free monomers. There is
also one list for all the branching proteins Arp. One list called “visual” contains all the
visual representations created from each computational object. Constants are defined
for the coefficients governing sensitivity to Brownian forces and concentration of actin
and Arp. The starting position of the membrane, number of monomers in the filament,
space perimeters for the free objects, as well as the radius of the membrane is set. If the
boolean “visual on” is set to false no objects is added to the visual list, until in the last
time step. Otherwise the screen is updated every time step. The function governing the
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concentration calls the methods for creating new Arp and new free monomers when the
concentration of them is beneath a pre-specified value. A basic capping function goes
through all the objects in the front list, and if it is situated outside the permitted zone,
it is removed from the front list. When the filament grows the permitted zone expands
accordingly.

The method “check attachment of monomer” checks if a particular monomer is within
a distance short enough for annexation to any of the monomers at filament ends. The
function checks the position to every front-list object. If the distance between the
monomer and the filament is small enough, and the distance to the membrane allows
it, then the monomer is attached to the filament. When the annexation occurs the
monomer is removed from the list of monomers and appended to the list of the polymer,
there after the appropriate links are established, the new attachment becoming the old
front as back, and the old getting the new as front. The old front is removed from the
front list and the new is appended. If the angle is right for a branching, the same is
executed as above.

The method “create monomers” creates the initial monomers spread out in front of
the membrane. It creates node objects with the characteristics of the monomers, and
does this within the allowed perimeters. Every created node object is not only put into
the monomer list, but also in the visual list directly, if the visual on setting is activated.

The method “create Arp” has the same functionality as create monomers, but here
the node objects are created with the characteristics of the Arp molecules, and added to
that list respectively.

The method “move membrane” calculates the effect the contact with the filaments
and monomers will have on the membrane, according to Eq. (2.1). It also calls the “move
random” method.

The method “create membrane” creates only one object, the membrane, and adds a
cylindrical object to the list of visual objects.

The method “create polymer” takes a number of polymers that are to be created
initially, and their respective starting positions. Moreover, it takes directional coordinates
in three dimension in order to know where to point the filaments. The method first
scales the directional coordinates to get them of unit length and then creates nodes, one
monomer diameter each from each other. They are put into the list of all objects, and
the outermost monomer is put into the front list.

The method “move Arp” moves the Arp objects by calling the objects own move
random function. Every monomer in the polymer, that has not an Arp attached to it,
is checked for sufficiently short distance to an Arp, and has it attached if the distance is
short enough.

The method “move polymer” has the same functionality as the “move Arp” method,
but calls every potential deciding function in the node appropriate for the monomers in
the filament, depending upon whether it has links to a branch and/or a front object.

The method “move monomer” calls the nodes own move random method, and checks
if the monomer is to be attached to anything after having been moved.

The method “update” goes through the list with all the objects, and updates their
own positions with the calculated changes. This is also performed for all the object in
the list with visual objects.
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2.4 Results
The results were obtained both as plots over the position of the membrane as a function
of time, shown in Fig. 2.9. 3D visualizations of the actin network, shown in Fig. 2.10.
The average speed of the membrane was calculated to be a few nanometers per second.
This speed is only weakly dependent on the concentration of G-actin, see Fig. 2.11. The
calculated speed coincides well with experimental results [18, 19]. In the obtained data,
there is no obvious difference between the two cases of fixed versus free ends. When
reaching a certain concentration of Arp the whole simulation becomes cloggy, without
any visible branched network at all. A higher degree of branching gives a more dense
structure.

Figure 2.9: Plot showing the position of the membrane as a function of time. From
the average slope of the curve, we estimate the average speed of the membrane to 0.18
µm/min. Here the concentration is set to 10−3 molecules/nm3.
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Figure 2.10: Snapshot of a simulation, corresponding to Fig. 2.9, after a simulated time
of 20 seconds. The red spheres represents monomers activated by Arp2/3 complex, and
the green spheres monomers that have not.
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Figure 2.11: Plot of the membrane velocity as a function of log of actin concentration.
The red dots are simulations run with fixated back ends, and the blue dots are simulations
run with loose back ends.
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Actin Concentration (molecules/nm3) Protrusion Speed (µm/min)
4 · 10−6 0.108
5 · 10−5 0.090
5 · 10−4 0.174
5 · 10−4 0.214
8 · 10−4 0.270
1 · 10−3 0.195
1 · 10−3 0.210
1.2 · 10−3 0.225
1.2 · 10−3 0.243
1.2 · 10−3 0.263
1 · 10−2 0.255

Table 2.2: The protrusion speed as a function of actin concentration when the ends at
the back of the network is fixed. The data is collected in Fig. 2.11.

Actin Concentration (molecules/nm3) Protrusion Speed (µm/min)
1 · 10−5 0.180
1 · 10−4 0.032
1 · 10−4 0.038
1 · 10−4 0.073
1 · 10−4 0.101
5 · 10−4 0.116
5 · 10−4 0.167
5 · 10−4 0.176
5 · 10−4 0.191
5 · 10−4 0.192
5 · 10−4 0.211
8 · 10−4 0.255
1 · 10−3 0.220
1 · 10−3 0.225
1.2 · 10−3 0.252
1.4 · 10−3 0.375
5 · 10−3 0.333
1 · 10−2 0.210
1 · 10−2 0.390

Table 2.3: The protrusion speed as a function of actin concentration when the ends at
the back of the network is loose, as opposed to fixed. There is no difference between the
speeds achieved under fixed as opposed to barbed end structures. The data is collected
in Fig. 2.11.
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2.5 Discussion
Our work is a first step in the direction of understanding eukaryotic motility and the
forces and speeds involved in cellular protrusion. Our scaling down of the system was a
very effective way of analyzing and understanding the complex process.

Having compared our results with those obtained in a similar experiment performed
by Lee and Liu [20], we have found both discrepancies and similarities. While Lee and
Liu obtained a typical speed of the membrane displacement of 3600 µm/min, the speeds
obtained by us were in the range 0.05 to 0.4 µm/min. These results are comparable
to results from in vitro experiments, that have shown an average speed of the same
magnitude as ours [18, 19]. This discrepancy probably originated from a difference in
depolymerization rate. As Lee and Liu observed, the speed decreases with decreasing
depolymerization rate, and while we approximated it to zero, Lee and Liu used a depoly-
merization rate five orders of magnitude larger than motivated by in vitro experiments.
Lee and Liu performed a mathematical error where by mixing up the mean-square radius
and the motion along each coordinate axis, they got a variance three time higher than it
should have been. This increased the speed of the growth of the filaments, thus increased
the average speed of the membrane protrusion.

Even though the results obtained in the simulation corresponded well to laboratory
experiments, there are reasons to investigate the validity of our model. The forces on
the membrane from the inside respectively from the outside were assumed to cancel
each other out on average, leaving only the Brownian motion. Therefore we omited the
interaction between the free monomers and the membrane, and also any external force
on the membrane. Modeling the monomer dynamics, we did not take into account the
interaction between free monomers or between free monomers and filaments, thus created
mechanical artifacts. The capping and depolymerization mechanism were omitted, since
they were active far away from the membrane and the modeling of actin polymerization
was preformed close to the membrane. We modeled the filaments as single stranded,
while in reality they are double stranded. This would be more relevant when allowing
depolymerization. It could, nevertheless, play a role in the growth speed of the filaments,
and should be subject to further research. We restricted our simulation to a membrane
with a radius of only 50 nm, compared to a white blood cell, which have a radius of a
few µm. The small size of the set up led to a very low number of free monomers under
realistic monomer concentration. To compensate for the small size of the system we
increased the concentration of monomers. Using a more powerful computer, one would
be able to model a larger membrane, a greater amount of initial polymers, and lower and
more realistic monomer concentrations. This upscaling would eliminate the statistical
fluctuations that occur when looking at a small system with few particles.

The actin monomers had a longer mean-collision time in our model than is observed
in vitro. We used a mean-collision time of 1 ms, while the in vitro mean-collision time
has been experimentally found to be of the order of 1 µs. How this affects the results
and simulation process is a suggestion for further improvement of the model.

The conclusion that the speed is independent of whether the pointed ends are fixed or
loose is consistent with the results obtained by Lee and Liu. The opposing force resulting
from monomer-membrane interaction was absorbed throughout the polymer chain, and
after traveling through N monomers, the force was reduced with a factor of 2−N . As
a result, this force became negligible after a few monomers, compared to the Brownian
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motion.
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Chapter 3

Summary and Conclusions

We have created and simulated a simplified model of cellular protrusion in three dimen-
sions, by construction of a computer program that simulates and visualizes the process
graphically in 3D. We have studied a small membrane with a radius of 50 nm and by
simplifying we have created a model, having omitted all but the interactions between poly-
mers and the membrane, internal forces of the polymer, the Arp triggering of branching
and the Brownian motion of the particles. Despite simplifications our results correspond
well with results from in vitro experiments, with speeds in the range 0.05 to 0.4 µm/min.
Every execution of the simulation took roughly three to four hours, and we performed
around thirty simulations in total.

We have run simulation for a wide span of actin concentrations, spanning from 4 ·10−6

to 1 · 10−2 monomers/nm3. The concentration of branching proteins, Arp, is set to be
very low on average. Most of the time no free Arp molecule exists, due to the miniature
size of the system.

We conclude that one achieves correspondence with real protrusion speeds by isolating
filament constructions for a small system. The pointed ends in the network need not
be fixated in order for the construction to properly absorb forces from the membrane,
since the forces propagate and are divided among monomers quickly. When the Arp
concentration reaches a certain threshold the whole construction becomes cloggy.

As opposed to other simulations performed within this field, for example in New
Proposed Mechanism of Actin-Polymerization-Driven Motility, by Lee and Liu, we have
reached results that correspond well to in vitro values.

With the help of greater computer power a larger simulation of a macro system may
be performed, incorporating a larger amount of filaments, monomers and Arp molecules.
The statistics we have performed would benefit from expansion, for a larger span of
monomer concentrations and attachment angles.

Future development of the simulation should include an upscaling of the system.
This because it would be possible to look at lower and more realistic actin concentrations
without having the statistical fluctuations that occur in a small system with few particles.
The scaling up of the whole system would also enable the usage of a more realistic mean-
collision time, in accordance with a lower concentration of actin monomers.
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