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Abstract

In this paper, we analyse the properties of an electrical circuit containing Josephson
junctions in series. Our approach is looking at the quantum mechanical phase di�erence
between each pair of superconducting electrodes. Since the di�erential equations mod-
elling the behaviour of this arrangement are nonlinear, we mostly work with numerical
methods in MATLAB to obtain the solutions. From this point we will proceed with
investigating the IV-characteristics and frequency dependent transmission of signals in
the circuit when driven by DC and AC current.



Sammanfattning

I denna rapport undersöker vi egenskaperna hos en elektrisk krets innehållande Joseph-
sonövergångar i serie. Vårt tillvägagångssätt är att undersöka den kvantmekaniska fasskill-
naden mellan varje par av supraledande elektroder. Eftersom ekvationerna som beskriver
uppsättningen är ickelinjära, arbetar vi mestadels med numeriska metoder i MATLAB
för att erhålla lösningarna. Från det här tar vi steget vidare till att undersöka IV-
karakteristik och frekvensberoende transmission av signaler genom Josephsonövergångar
med DC- och AC-ström.
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Symbols and Variables

Symbol Description Unit
φ Phase of the Supercurrent Radians [rad]
ϕ Phase Di�erence of two Supercurrents Radians [rad]
Ekin Kinetic Energy Joule [J]
t Time Second[s]

V,U Potential Di�erence, Voltage Volt [V]
I Current Ampere [A]
IC Critical Current of the Josephson Junction Ampere [A]
Iext External, Driving Current Ampere [A]
C,C0 Capacitance Farad [F]
R Resistance Ohm [Ω]
m Mass Kilogram [kg]
l Length Meter [m]
α Angle Radians [rad]

β (Pendulum model) Damping Constant [kg·m·rad−1·s−1]
β (RCSJ Model) Joined Constant -

F Force Newton [N]
τ Dimensionless Time -
xi Variable for Reduction of Order (see Section 2.1.3) -
L Inductance Henry [H]

A,B,S,I Matrices/Vectors (see Section 2.2.3) -
ω Frequency of the AC current Hertz [Hz]
N Number of Josephson Junctions in Series -

And physical constants

Symbol Name Value and Unit
e Elementary Charge 1.602 · 10−19 [C]
~ h-bar/Reduced Planck Constant 1.054 · 10−34 [Js]
g Constant of Gravity 9.82 [ms2]

We also introduce these abbreviations

JJ Josephson Junction
DC Direct Current
AC Alternating Current
RCSJ Resistance Capacitor Shunt Junction
SQUID Super Conducting QUantum Interference Device
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Chapter 1

Introduction and Background Material

Historical Background

In 1911, the Dutch physicist Heike Kamerlingh Onnes discovered superconductivity (zero
electrical resistance) when studying the resistance of mercury at temperatures close to
zero Kelvin. He �rst thought that there was a short circuit in his equipment causing
the strange results. The experiment was repeated once again yielding the same result,
convincing Onnes that this was a real phenomenon[1].

The Welsh scientist Brian Josephson did further research in this area of physics.
Through theoretical studies of superconductivity, he predicted the characteristics of su-
percurrents tunneling through the forbidden area inside insulators. This e�ect was later
to be called the Josephson e�ect and in 1973 he was awarded the Nobel prize in physics
for his discoveries.

A Josephson Junction (JJ) is an electrical component consisting of two supercon-
ducting electrodes with a thin insulator between. This insulator would classicaly stop
the current �ux, but in a quantum mechanical view the current can tunnel through the
barrier under certain circumstances. In the two superconducting electrodes the electrons
form quantum mechanical wave functions Ψ1 ∝ eiφ1 ,Ψ2 ∝ eiφ2 with individual phases,
φ1, φ2. The phase di�erence between these two wave functions is ∆ϕ = φ2−φ1 (which we
for simplicity just call ϕ). The kinetic energy for a Cooper pair consisting of two coupled
electrons accelerated over a potential V (Ekin = 2eV ) must be equal to the energy of the
phase di�erence E = hϕ̇. From this Josephson worked out the following two equations
describing the voltage over and current through the JJ [2] [3]

VJosephson =
~
2e
ϕ̇, (1.1)

IJosephson = IC sinϕ. (1.2)

These two relations between the phase di�erence and V, I are the foundation for
analysis of Josephson e�ect and junctions. Together with basic concepts in investigation
of electrical circuits and quantum mechanics, several of the phenomena that occur in
experiments today are well understood.
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Applications

Josephson junctions and the theory describing them have several uses today, all from ap-
plications in the �eld of physics like the SQUID (Superconducting QUantum Interference
Device) to uses in medical service. More precisely in MRI (Magnetic Resonance Imaging)
which is a way to "take pictures" of the inside of the body. The SQUID is a device which
contains JJs and it reacts to very weak magnetic �elds and is therefore a good measuring
device. The old MRI machines require very strong magnetic �elds in order to get good
images of the body, up to several Tesla. But if we use SQUIDs instead we might reduce
the strength of the applied magnetic �eld down to milli- or even micro-Tesla.

One of the quantities in physics that can be measured with the greatest precision is
frequency. In metrology the frequency dependent JJ can be used to de�ne the standard
volt unit. This is done by applying a AC voltage with a �xed frequency. From the
relation (1.1) you can derive which frequency that yields a given voltage.

Outlines of This Report

Equation (1.1) and (1.2) will be the starting point for our research and we begin with
a simple circuit containing only one JJ powered by a DC source and break this circuit
down to the elementary behaviour of it. Furthermore we will investigate a more advanced
circuit where we have replaced the DC power source with an AC power source. The last
step will be to expand the model so it can describe several JJs in series and look at the
transmission of the current through the circuit.
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Chapter 2

Investigation

The purpose with this report is for us to understand what happens when you apply
an alternating current to a circuit consisting of an arbitrary number of JJs in series.
We split up this problem into smaller parts where the �rst part is to understand the
complex behaviour of a single JJ with a direct current power source, by studying the
IV-characteristics for the circuit. The next step will be to put several of JJs in series and
lastly applying an AC current and to study the transmission of a signal.

2.1 RCSJ Model for a Single Junction

2.1.1 Model

As stated above, our starting point is the two equations (1.1) and (1.2). We can model
the JJ with a resistor and capacitor in parallel with a Josephson shunt (a shunt is an
electrical device which lets a current pass through it).

Figure 2.1: Three ways to create a Josephson junction. The black �elds represent super-
conductors and the grey corresponds to insulators. In (1) the two superconductors are
separated by a very thin layer of an insulator. (2) has a small deformation/scratch and
(3) has a bridge of insulating material connecting the conductors.
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Figure 2.1.1 motivates the RCSJ model (Resistance Capacitor Shunt Junction model)
for the JJ, which is a common way to describe the junction. In a JJ the cooper-paired
electrons face no resistance but there is still a current contribution from single electrons
and holes tunnelling through the junction. This current is modelled by introducing a
resistor in parallel (in reality this behaviour is nonlinear but the usual way is to approx-
imate it with a resistor). The reason for a capacitor is that two superconductors can be
seen as two charged elements close together, which is exactly how we model a capacitor.

Figure 2.2: Model of one Josephson Junction, including the four currents.

According to Kircho�'s voltage law we know that the voltage over each component
in the parallel circuit is the same and is equal to the voltage over the Josephson shunt,
which is described by Eq. (1.1). Basic electric circuit analysis gives us the behaviour of
the capacitor and the resistor

Icapacitor(t) = CV̇ , (2.1)

Iresistor(t) =
V

R
. (2.2)

Using Eq. (1.1), (2.1) and (2.2) the expressions for the current through each of these are
described by

Icapacitor =
C~
2e
ϕ̈, (2.3)

Iresistor =
~

2eR
ϕ̇. (2.4)

Since Kircho�'s current law holds for the circuit as well, we can just sum the three currents
(equations (1.2),(2.3) and (2.4)) obtain the total current which gives us a nonlinear
di�erential equation of second order for ϕ

Iext = Icapacitor + Iresistor + Ishunt =
C~
2e
ϕ̈+

~
2eR

ϕ̇+ IC sinϕ. (2.5)
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This equation is very similar to the one describing a pendulum in classical mechanics
where α is the angle between the equilibrium position and the present position

ml2α̈ + βα̇ +mgl sinα = F. (2.6)

The factors in front of the derivatives in Eq. (2.6) can be interpeted as force of motion (as
in Newtons law F = ma), β is a damping constant (β = 0 is the case with zero friction,
ideal conditions) and F as the sum of external forces. Converting this into Eq. (2.5) the
constant infront of ϕ̇ can be thought of as a damping factor, which in electrodynamics is
equal to resistance and the current IC as a force. Interpreting the equation this way, we
can note that increasing the current is equal to putting the pendulum into motion with
an external force.

Introducing a potential U = I0(1 − cosϕ) − Iϕ [5], we might plot the potential as a
function of the current.

Figure 2.3: Washboard potential for di�erent I-values. The most tilted curve represent
an external current higher than IC and the horizontal zero applied current.

Putting a particle in the potential with zero tilt causes the particle to lay still in the
valley, but if we tilt it beyond a critical point, the particle starts rolling down the slope
and gains momentum. Then if the tilt is decreased slightly below the critical point, the
particle still overcomes the uphill slopes, because of the momentum it carries. This kind
of behaviour is called hysteresis.

Applying this to our model for the JJ gives us a way to predict the behaviour of it.
Tilting the slope is equivalent of increasing the external current and the motion of the
particle represents a rotating phase di�erence (which according to Eq. (1.1) equals a
voltage across the JJ). The critical point corresponds to a critical external current, Ic
(this happens when dU

dϕ
> 0 for all values of ϕ), from where the voltage becomes nonzero

and starts to increase. Taking the momentum-thinking into account, we expect a voltage
even if we decrease the current below Ic.
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2.1.2 Analytical Calculations

Dimensionless Form

Starting from Eq. (2.5) we can rewrite the equation in a much more compact and
dimensionless form by introducing a new time variable τ as [4]

τ =
2eICR

~
t. (2.7)

We have to rede�ne all of the time derivatives in terms of the new variable τ by applying
the chain rule.

ϕ̇ =
dϕ

dt
=
dϕ

dτ

dτ

dt
=
dϕ

dτ

2eICR

~
, (2.8)

ϕ̈ =
d

dt

(
dϕ

dt

)
=

d

dt

(
dϕ

dτ

2eICR

~

)
=

2eICR

~

(
d

dt

(
dϕ

dτ

))
=

2eICR

~

(
d

dτ

(
dϕ

dt

))
=

2eICR

~

(
d

dτ

(
dϕ

dτ

2eICR

~

))
=

(
2eICR

~

)2
d2ϕ

dτ 2
. (2.9)

Replacing the time derivatives with Eq. (2.8) and (2.9) into Eq. (2.5) we end up with

the �nal equation for describing one JJ containing only two constants, β = 2eICR
2C

~ and
IC

Iext/IC = β
d2ϕ

dτ 2
+
dϕ

dτ
+ sinϕ. (2.10)

From here on, we use the dot notation for the derivatives with respect to τ , even
though they are not pure time derivatives. Therefore the �nal equation which we solve
with MATLAB is

Iext/IC = βϕ̈+ ϕ̇+ sinϕ. (2.11)

To summarise what we have done so far; we have set up a model of the JJ circuit and the
equations describing the behaviour of it. We continue with the numerical treatment of
the problem in order to make an IV-characteristic (current versus voltage) of the circuit.
This is a common analysis method for electrical circuits in general.
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2.1.3 Numerical Analysis

In this section we describe how to reduce the second order di�erential equation (2.11) to a
system of �rst order di�erential equations, then how to solve the system with MATLAB.

The usual way to tackle this kind of problem starts with introducing new variables
for the existing variables and their derivatives. Therefore we de�ne

x1 = ϕ, x2 = ϕ̇. (2.12)

ẋ1 = ϕ̇ = x2, ẋ2 = ϕ̈. (2.13)

These new variables let us rewrite Eq. (2.11) to the system

{
ẋ1 = x2,

ẋ2 = 1
β

(Iext − x2 − Ic sinx1) .
(2.14)

We now have a system of �rst order for the unknowns, which can be solved with numerical
methods, i.e. using MATLAB.

Everything is now set up and we can start to plot the IV-characteristics for the circuit
with di�erent (�xed) values of β and IC . According to the washboard model described
in Section 2.1.1 we expect something to happen at the critical current IC ; we choose
to solve the ODE system with current values (discrete) evenly spread over the current
interval 0 ≤ I ≤ 2IC and then back to zero. For every value of I, we give the system
time to stabilize (can be done by plotting the phases and check if they have stabilized
or not). This procedure is equal to �rst turning up the current very slowly to 2IC , and
then back to zero.

Due to the behaviour of the circuit, the phases (and the voltages since Eq. (1.1)
holds) will be oscillating around some value even though they have "stabilized" so we
can not take the �nal value of the voltage directly. An experiment in reality measures
the average value, or RMS, which motivates us to take the time average of the oscillating
signal. This value is saved together with the belonging current. When all the voltages
have been calculated they are plotted versus the current.
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2.1.4 Results and Discussion

The system (2.14) is now solved with the methods described in the previous section
2.1.3. For β = 2, which is a slightly underdamped system (dominant resistance, i.e. high
friction in the pendulum model), the result is shown in Fig. 2.4

Figure 2.4: These two pictures shows IV characteristics for di�erent values of β. The
topmost graph has β = 1 and the bottommost has β = 5. We see that increasing β gives
rise to more hysteresis.

As predicted we have zero voltage across the junction until we increase the external
current above a critical point. This is in analogy with the tilted washboard slope where
the particle eventually starts to roll down. From this point the voltage changes ohmically
with increasing current.

When the current is decreased we can clearly see a hysteretic behaviour as expected.
This is analogous to the case of the rolling particle which has gained enough momentum
when going down, in order to keep roll when the slope is tilted upwards.
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2.2 RCSJ Model for Junctions in Series

The �nal step will be to switch the DC voltage source to a source supplying an AC
current and to study the transmission of the signal through the circuit. Increasing the
current up to, and over the critical current of the JJ might give rise to some strange
behaviour of the resonance peak [6]. The model for a single JJ says that if the phase
di�erence over one JJ is small, we can linearise the sine term, which leads to a inductive
response for the JJ. Putting an inductance parallel with a capacitor leads to a �lter with
a resonance peak. If the current is low enough, the linearisation is a good approximation
of the JJ and we might interpret the JJ as a �lter. But increasing the current closer to
the critical current causes the resonance peak to change. The main task of this chapter
2.2 is to study how the resonance peak changes with altered current amplitude.

2.2.1 Model

The JJ is still modelled as the RCSJ model. Experimentally, when increasing the number
of JJs, we now have to put a capacitor between each of the JJs in order to reduce high-
frequency noise from disturbing the measurement. Even though we do not have any such
noise in our theoretical model, we have to take this into acount to understand how it
a�ects the system. We can therefore draw the following schematic picture (Fig. 2.2.1) of
the circuit for three JJs.

Figure 2.5: Picture of the new experiment model. The X marks JJs and C0 is the
capacitors connected to ground.

Since we can approximate the JJ with an inductance for small phase di�erences, and
therefore use theories for �lters (RLC-�lter in this case). One of the important quantities
of �lters is the resonance frequency, which is described ωR = 1√

LC
[5]. The de�nition of

voltage across an conventional inductance is V = LdI
dt
, from which we can isolate L. This

gives us

L = V

(
dI

dt

)−1
. (2.15)

In our case, I is equal to IC sinφ. This together with Eq. (2.15) and (1.1) yields

L =
~φ̇
2e

1

IC φ̇ cos(φ)
=

~
2eIC cos(φ)

≈ ~
2eIC

. (2.16)
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Using Eq. (2.16) we can express the ωP as

ωP =
1√
LC

=

√
2eIC
~C

. (2.17)

This gives us a value for the resonance frequency; we expect to see a peak around this
value.

2.2.2 Analytical Calculations

As stated above, the next step is to put several of these JJs in series with a grounded
capacitor in between each junction and check the transmission of a signal. Starting with
the easiest setup, two JJs with one capacitor in between, we can use Kircho�'s law for the
current once more in the junction where the current branches into one capacitor current
and one current heading for the next JJ. We end up in almost the same equation as Eq.
(2.11), but with an extra contribution from the current which goes through the capacitor

Iext
IC

+
C

C0

φ̈1︸ ︷︷ ︸
ICapacitor1

= β(φ̈1 − φ̈0) + (φ̇1 − φ̇0) + sin (φ1 − φ0). (2.18)

If we increase the number of JJs in series to three, the following equations are obtained



C

C0

φ̈1︸ ︷︷ ︸
ICapacitor1

= β(φ̈1 − φ̈0) + (φ̇1 − φ̇0) + sin (φ1 − φ0)− Iext
IC

C

C0

φ̈1︸ ︷︷ ︸
ICapacitor1

+
C

C0

φ̈2︸ ︷︷ ︸
ICapacitor2

= β(φ̈2 − φ̈1) + (φ̇2 − φ̇1) + sin (φ2 − φ1)− Iext
IC
.

(2.19)

A pattern can be seen, which gives the i:th equation the following form

C

C0

k∑
i=1

φ̈i = β(φ̈k − φ̈k−1) + (φ̇k − φ̇k−1) + sin (φk − φk−1)−
Iext
IC

. (2.20)

With this general formula for the k:th equation (where k is the index of the current JJ
we are looking at), we can easily build an equation system which describes the phases
{φi}Ni=0. The system for N JJs has the following structure

C
C0
φ̈1 = β(φ̈1 − φ̈0) + (φ̇1 − φ̇0) + sin (φ1 − φ0)− Iext

IC
C
C0
φ̈1 + C

C0
φ̈2 = β(φ̈2 − φ̈1) + (φ̇2 − φ̇1) + sin (φ2 − φ1)− Iext

IC
...

C
C0

k∑
i=1

φ̈i = β(φ̈k − φ̈k−1) + (φ̇k − φ̇k−1) + sin (φk − φk−1)− Iext
IC

...

C
C0

N∑
i=1

φ̈i = β(φ̈N − φ̈N−1) + (φ̇N − φ̇N−1) + sin (φN − φN−1)− Iext
IC
.

(2.21)
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The next step that we have to do is to solve this for the phases. It is done in Section
2.2.3 using numerical methods.

2.2.3 Converting From Analytical Form Into Numerical Form

As we solved the equation system in Section 2.1.3, the �rst step is to reduce the second
order nonlinear equation system (2.21) to a system of �rst order. Therefore, we are
introducing new variables

x1 = φ1, x2 = φ̇1, x3 = φ2, x4 = φ̇2, ..., x2N−1 = φN , x2N = φ̇N . (2.22)

ẋ1 = φ̇1 = x2, ẋ2 = φ̈1, ..., ẋ2N−1 = φ̇N = x2N , ẋ2N = φ̈N . (2.23)

Substituting Eq. (2.22) and (2.23) into system (2.21) expands the system with N un-
knowns, to a system with 2N unknowns. Rearraging the terms yields



ẋ1 = x2
C
C0
ẋ2 − βẋ2 + βφ̈0 = x2 − φ̇0 + sin (x1 − φ0)− Iext

IC
...

ẋ2k−1 = x2k

C
C0

k∑
i=2

ẋ2i−2 − βẋ2k + βẋ2k−2 = ẋ2k − ẋ2k−2 + sin (x2k − x2k−2)−
Iext
IC

...

ẋ2N−1 = x2N

C
C0

N∑
i=1

ẋ2i−2 − βẍ2N + βẍ2N−2 = x2N − x2N−2 + sin (x2N−1 − x2N−3)−
Iext
IC

(2.24)

where C0 is the capacitor connected to ground and C is the capacitor integrated in the
JJ. It is possible to rewrite this as matrices by moving all the time derivatives to the left
side and everything else to the right side. This yields

A ˙̄x = Bx̄+
Iext(t)

βIC
I − 1

β
S + constant vector, (2.25)

where A and B are (2N x 2N) constant matrices, S is a (2N x 1) vector with the
sine-terms as rows, I is the current vector with size (2N x 1) containing the external
current and the constant vector contains initial values (which are set to zero). The ma-
trices are sparse or very sparse which motivates sparse methods. See code in Appendix
A for further programming details when solving the system where A and B are (2N x
2N) constant matrices, S is a (2N x 1) vector with the sine-terms as rows, I is the current
vector with size (2N x 1) containing the external current and the constant vector contains
initial values. The initial values are set to zero for simplicity, changing the initial condi-
tions results in transients in the solution, which die out as time moves on. Since we are
interested in stable solutions, we are letting the di�erential equation solver in MATLAB
solve for a very long time. Therefore the choice of initial conditions does not a�ect the
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�nal solutions.

For N = 2 we end up with the following system (with initial conditions φ̈0 = φ̇0 = φ0 = 0)


ẋ1 = x2
C
C0
ẋ2 = β(x2) + (φ̇1 − φ̇0) + sin (φ1 − φ0)− Iext

IC

ẋ3 = x4
C
C0
φ̈1 + C

C0
φ̈2 = β(φ̈2 − φ̈1) + (φ̇2 − φ̇1) + sin (φ2 − φ1)− Iext

IC
.

(2.26)

From this, we can easily note the similarities with Eq. (2.25).
Translating the equation system (2.26) into the very same form, the matrices A, B, I

and S are constructed as

A =


1 0 0 0
0 1 0 0
0 0 1 0

0 −
(

1 + C
C0

)
0 1



B =


0 1 0 0
0 0 0 1
0 1

β
0 − 1

β

0 0 0 0


I =

(
0 1 0 1

)T
S =

(
0 sin (x1) 0 sin (x3 − x1)

)T
After this short example a generalization into N JJs is straight forward. The size of the
matrices are 2N x 2N and 2N x 1 and have the following structure

A =



1 0 0 0 0 0 . . . 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

0 −
(

1 + C
C0

)
0 1 0 0 0

0 0 0 0 1 0 0

0 C
C0

0 −
(

1 + C
C0

)
0 1 0

...
. . . . . . . . .

...

0 C
C0

. . . C
C0

0 −
(

1 + C
C0

)
0 1
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B =



0 1 0 0 0 0 . . . 0
0 − 1

β
0 0 0 0 0

0 0 0 1 0 0 0
0 1

β
0 − 1

β
0 0 0

0 0 0 0 0 1 0

0 0 0 1
β

0 − 1
β

. . .
...

...
. . . . . . 1

0 . . . 0 0 0 1
β

0 − 1
β


S =

(
0 sin (x1 − φ0) 0 sin (x3 − x1) . . . 0 sin (x2N−1 − x2N−3)

)T
I =

(
0 1 0 . . . 0 1

)T
.

The pretty messy system of coupled di�erential equations in Eq. (2.21) has now been
reduced to a much neater form Eq. (2.25) of �rst order. To solve this matrix di�erential
equation several di�erent methods can be used, but we chose to use the built-in methods
distributed with MATLAB simply because they should be good enough for our problem.
For details regarding our solution method, please see Appendix A. Note that if the code
is written in a smart way, a lot of computation time can be saved, especially for large
number of JJs.

2.2.4 Writing the Code and Executing the Program

All that is left now is to write the code, let MATLAB do the numeric calculations and
interpret the results that we end up with. Since we had a great deal of trouble writing a
program that actually worked as we wanted, we chose to add this section to simplify the
understanding of our approach to the problem.

What is needed from the program that we have to write can be summarized as:

• Constants that can be changed by the user (number of JJs, strength of the external
current, value of the capacitors/resistance, between which frequencies ω we want
to plot etc.)

• Choose how detailed solution is needed (step size for the equation solver)

• From the constants above build the matrices described in the previous Section 2.2.3,
independent of the N the user chooses

• Solve the system and plot the solution in a suitable way

Constants are easy to add, this causes no problem. The tricky part comes when we
have to construct the matrices and make the code e�cient enough to be able to run for
very large number of JJs or very short step sizes in a reasonable time period. If we begin
with the matrices, the �rst step is to search for any symmetry that can be utilized to
simplify the construction of the code. We chose to build the matrices in the main program
and then make them global. The A matrix is inverted directly after constructing it, since
inverting a matrix is very time consuming for the computer so we want to do it as few
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times as possible. With this method, we just have to invert it once. The matrix B and
the vectors I and S are easy to build.

The matrices are sent into a function �le which builds Eq. (2.25) multiplied with the
inverse of A which results in the return of a vector valued ODE of �rst order. This is
solved with ode45 in MATLAB in the main �le. The solutions are then plotted.

We must stress the importance of the choice of parameters. If i.e. the external current
is increased to much, the nonlinearity of the JJs causes the system to become much more
nonlinear and vice versa. Depending on what we want to study, we really have to be
careful with the parameters.

Some comments about the choice of solving method. We chose to use MATLABs
built-in di�erential equation solver ode45 due to several reasons. Of course, writing a
Runge-Kutta method of some order or similar algorithm for solving ODEs is not hard
but it might be hard to optimize it enough to make it e�cient; our equation systems are
nonlinear, which takes a lot of time solving even with an e�ective method like MATLABs
solvers. Since we did not have time enough to do all this optimization and since our main
goal is the physical part of the problem we do not want to waste time with trying to
invent even better methods than the ones already invented. In the choice between the
di�erent methods in MATLAB (ode23, ode23s, ode45, ode113 i.e.), we ended up with
ode45; it seem to be the best suited solver for our problem.

2.2.5 Results

Solving with methods described earlier, but for di�erent parameter values, i.e. the num-
ber of JJs or strength of the external current the �gures 2.7, 2.8 and 2.9 are obtained.
Figure 2.6 shows how the phases behave in a certain point of the circuit.

Figure 2.6: Two phase plots. The one in top have non stabilized phase. In the bottom-
most graph the time interval is greater which gives the solution time to settle to a stable
oscillation.
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In Fig. 2.6 we see that the phases oscillate, a bit non regular for small time values. It
stabilizes around some �xed value when it has had time to settle. We have to be really
careful with the time interval that we choose to solve for, since we want the phases to
stabilize. The oscillation also motivates that some kind of time average have to be used
to get the mean values of the quantities we are after.

Figure 2.7: Resonance top for a single JJ. We note the similarity with the resonance peak
for a RLC-�lter.

Figure 2.7 displays an almost prefect resonance curve, precisely what we expected
from the theory and approximations.
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Figure 2.8: Several JJs in series. The blue line on the bottom is for N = 1 and the top
is for N = 50 (N = 1, 5, 10, 50 seen from the bottom). For greater number of JJs we see
that the peak gets wider.

Figure 2.8 shows the resonance peak for di�erent number of JJs. Increasing the
number of JJs results in a wider and more unregular peak.

Figure 2.9: This multi plot shows how the resonance peak starts to tip over, as a rolling
wave which is heading to the beach, for higher strengths of the external current. The
bottommost curve is for Iext = 0.1IC and the one on the top is for Iext = 1IC . The
number of JJs for this picture is N = 10.
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Stepping up the current from 0.1Ic to 1.0IC for a �xed number of JJs yields Fig. 2.9.
Exactly as predicted, the resonance peak enter a chaotic phase when getting close to the
critical current, we might even suspect several solutions in the chaotic frequency zone.

As we can see in the the frequency-voltage graph 2.7, it is very similar to the properties
of a classical band pass �lter. This means that the Josephson shunt behaves like an
inductance in our circuit. What happens when we increase the amplitude of the external
current is that the voltage curve starts to fall over just like an ocean wave. At this point
we can no longer obtain an unambiguous solution, we probably have multiple solutions
at the same frequency value. To be able to plot these multiple solutions we tried solving
the equation system for increasing frequency but instead of zero initial values for the
phases, we used the values from the previous frequency solutions. Then we tried the
same procedure but with decreasing frequency but none of the attempts yielded any
di�erent results.

2.2.6 Discussion

Erik Tholén (Department of Nanostructure Physics, KTH) has made studies on circuits
with similar behaviour, which has been published in report [7] and his Doctorial Thesis
[8]. We found two graphs that give us veri�cation for the results we derived. One �gure
(Fig. 2.10) which is based on both experimental data and expected theoretical data
plotted together and one �gure (Fig. 2.11) with theoretic data for the so called Du�ng
oscillator.

Figure 2.10: Bi�uctuation graph taken from [7]. We do, in this graph as well, notice the
striking likeness to our results.

Figure 2.10 is, as stated above, data plotted for an experiment consisting of weak-links
(weak-links can be vizualised as a wire with a little scratch, like (2) in Fig. 2.1.1. Their
behaviour is very alike JJ's). The result we found by numerical analysis of the similar
circuit are much the same. He do notices a hysteretic behaviour at the peak when the
applied signal is slightly higher than the critical signal. This is not obvious in our graphs
since it is hard to understand what really happen in the unstable area.
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Figure 2.11: Graph as shown in Tholén's thesis [8]. The similarities with the uppermost
graph are convincingly alike our results.

Figure 2.11 shows the solution of the Du�ng oscillator. This oscillator is described
by

d2x

dt2
+
ω0

Q

dx

dt
+ ω2

0x+ αx3 = F0 cos(ωt) (2.27)

which is very similar to Eq. (2.11), except for the cubic power of x (we will not explain
the equation in detail, all that we are interested in is the similarities with our equation).
Therefore the soulutions should behave similar as well. For di�erent values of his pa-
rameter F0 he notice the wave like behaviour, exactly the same as we experience in our
experiment. His theoretical values clearly show one possible way to �gure out what really
happens in the chaotic area; several solutions might be one possibility.
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Chapter 3

Summary and Conclusions

In this report we have studied the behaviour of the Josephson junction, which is an
electrical component with interesting properties. We started o� trying to understand
the behaviour of a single Josephson junction driven by a DC current and plotting IV
characteristics. The equation describing this system is analogous to the one describing
a classical pendulum. This gave us a chance to get a more tangible picture of the
physical interpretation. We also used the washboard potential comparison, with the
rolling particle, in order to understand the hysteretic behaviour.

After understanding the nature of the Josephson junction by studying the DC case,
we immersed ourselves in the theory of this component by applying an AC current. The
next step was to put several of these devices in series and to investigate the transmission
of a signal. We noted a few strange behaviours of the transmission for di�erent parameter
values, which is exactly what we wanted to study. What we saw was that the number of
junctions and the strength of the external current a�ected the look of the resonance peak.
The reason for this strange behaviour is the nonlinearity which yields chaotic solutions.

We have not found much research on this speci�c problem formulation. Therefore we
have not been able to compare our results with experimental data. Several experiments
have been done on circuits with similar properties, which has has given us at least some
veri�cation.

For those of you who are interested in this topic, we have a few ideas for further
research.

• Investigate the chaotic region further, what is really happening there?

• IV charateristics for AC currents.

• Add a DC current to the AC current.

• Apply an external magnetic �eld to loops of JJs (SQUIDs).

• Optimize the code/write a better equation solver.

Finally, we want to quote Leon Lederman:
One of the major ingredients for professional success in science is luck. Without this,

forget it.
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Appendix A

MATLAB Code

We used MATLAB to solve the numerical problems that we ran into. Since the matrices
obtained are sparse, sparse methods are very well suited for this problem. MATLAB is
well equipped with sparse methods, both for storing and handling sparse matrices which
is very good for our problem. We also chose to use the built-in di�erential equation
solver ode45, simply because it should be very optimized already and our main task were
to solve the problem and interpret it in a physical manner rather than improve already
existing methods for solving numerical problems. This code is for solving the Eq. (2.25).

clc

clear all

close all

global beta Ic I0 w C A N B I S R ee h_

xax = 'Frequency [Hz]'

yax = 'Transmitted voltage [V]'

ee = 1.6022e-19; %Electron charge

h_ = 1.05457e-34; %Planck constant/h-bar

Ic = 1e-5; %Critical current

C = 1e-12;%1e-15; %Parallel capacitor

R = 1e-3; %1e-3; %Parallel Resistance

Iext1 = Ic*[0.1 0.2 0.3]; %Example how to use several external currents

% Iext1 = Ic*0.1; %External current amplitude

C2 = 1e-14; %Grounded capacitor

%beta = 2*ee*Ic*R^2*C/h_; %Different values for beta, depending

beta = 1e1; %on if we want underdamped/overdamped

L = sqrt(h_/(4*pi*ee*Ic)); %Josephson inductance

wp = 1/sqrt(L*C); %Plasma frequency

wend = wp*1e-9; %Frequency interval

antal_steg = 250; %Number of steps

W = wend/antal_steg:wend/antal_steg:wend;

n1 = [5]; %Number of junctions
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for ijk = 1:length(n1)

% N = 10; % # Josephson Junctions

N = n1(ijk);

phi00 = zeros(2*N,1);

%%%%%%%% Constructing the Matrices

bas = [0 1];

I = bas';

A = spalloc(2*N,2*N,N^2+2);

A = A + diag(ones(2*N, 1));

if N == 1

B = [0 1; 0 -1/beta];

I = bas';

else

a = [];

pos = -(N-1)*2;

for i = 1:N-1

a = [bas a];

if pos == -2

A = A + -(1+C2/C)*diag(a,pos);

else

A = A + C2/C*diag(a,pos);

end

pos = pos + 2;

end

A = sparse(inv(A));

B = spalloc(2*N,2*N,3*N);

supd = [1];

d = bas;

subd = [];

for i = 1:N-1

supd = [supd bas];

d = [bas d];

subd = [subd bas];

I = [I; bas'];

end

B = sparse(diag(supd,1) -1/beta*diag(d) + 1/beta*diag(subd,-2));

for j = 1:N-1

end

I = sparse(I);

end

%%%%%%%%

for k = 1:length(Iext1)
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I0 = Iext1(k);

V = [];

for i = 1:length(W)

tic;

w = W(i);

tend = 50*pi/w;

ts = 0:tend/1e3:tend;

[T,X] = ode45(@longJJarray,ts,phi00); %ode solver

X = Ic*R*X; %Rescaling the phases

T = T*2*ee*Ic*R/h_; %Rescaling the time

Vave = sqrt(trapz(T,(X(:,2*N)).^2)/(T(end) - T(ceil(length(T)*3/4))));

%Average voltage

V = [V Vave];

toc;

i

g = 1;

h = 1;

while g < N %Change the initial condition

phi00(g) = X(end,h);

h = h+2;

g = g+1;

end

end

plot(1/(2*ee*Ic*R\h_)*W,V,'.-') %Plotting (rescaled) frequency

xlabel(xax,'FontSize',24)

ylabel(yax,'FontSize',24)

set(gca,'FontSize',24)

hold all

end

end

%%%%% Used to plot a phase

% subplot(2,1,1)

% set(gca,'FontSize',20)

% plot(T(1:200),X(1:200,1))

% xlabel('Time','FontSize',24)

% ylabel('Phase Amplitude','FontSize',24)

% subplot(2,1,2)

% set(gca,'FontSize',20)

% plot(T,X(:,1))

% xlabel('Time','FontSize',24)

% ylabel('Phase Amplitude','FontSize',24)

And function �le longJJarray.m as
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function f = longJJarray(t, x)

global beta Ic I0 w N A B I S h_ ee R

bas = [0 1];

S = spalloc(2*N,1,N);

S(2) = sin(x(1));

if N ~= 1

for j = 1:N-1

S(2*j+2,1) = sin(x(2*j+1)-x(2*j-1));

end

end

end
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